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4 Lqwurgxfwlrq

Rqh ri wkh prvw vxusulvlqj skhqrphqd lv wkh khwhurjhqhlw| lq suh0wudgh wudqvsduhqf|
h{klelwhg lq �qdqfldo pdunhwv1

�
Dxwrpdwhg olplw0rughu0errn v|vwhpv vxfk dv wkh Sdulv

Erxuvh dqg wkh Wrurqwr Vwrfn H{fkdqjh r�hu kljk ghjuhhv ri suh0wudgh wudqvsduhqf|
+qrw rqo| fxuuhqw txrwhv exw lqirupdwlrq rq olplw rughuv dzd| iurp wkh ehvw txrwh duh
glvvhplqdwhg,1 E| frqwudvw/ lq X1V1 pdunhwv jhqhudoo| rqo| wkh ehvw elg dqg wkh ehvw r�hu
lv glvsod|hg1

�
Idflqj wklv glyhuvlw|/ erwk dfdghplfv dqg sudfwlwlrqhuv kdyh vkrzq wkhlu

lqwhuhvw lq wkh hfrqrplf lpsolfdwlrqv ri suh0wudgh wudqvsduhqf|1

Wkhuh lv eurdg djuhhphqw wkdw wudqvsduhqf| grhv pdwwhu> lw d�hfwv wkh lqirupdwlyhqhvv
ri wkh rughu  rz dqg khqfh wkh surfhvv ri sulfh glvfryhu|1 Qhyhuwkhohvv/ wkh h{lvwlqj
olwhudwxuh vkrzv wkdw wkh nh| h�hfwv ri wudqvsduhqf| rq vhfxulw| pdunhwv duh frpsoh{
dqg frqwudglfwru|/ vlqfh wkh ghjuhh ri wudqvsduhqf| dqg wkh w|sh ri wudqvsduhqf| +suh0
wudgh ru srvw0wudgh, d�hfw pdunhw rxwfrphv1 Fkdqjhv lq wudqvsduhqf| uhjlphv dowhu wkh
lqirupdwlrq vhwv ri pdunhw sduwlflsdqwv/ fkdqjh wkhlu rswlpdo ehkdylru dqg khqfh lq xhqfh
wkh sulfh irupdwlrq surfhvv1 Sulfhv/ rq wkh rwkhu kdqg/ kdyh dq lpsdfw rq qrw rqo| wkh
idluqhvv dqg h!flhqf| ri wkh pdunhwv/ exw dovr rq wkhlu dwwudfwlyhqhvv1 Wkh hfrqrplf
olwhudwxuh kdv vkrzq vwhdg| lqwhuhvw lq wkh lpsolfdwlrqv ri wudqvsduhqf|1

Rxu sdshu lv forvho| uhodwhg wr wkh olwhudwxuh rq suh0wudgh wudqvsduhqf|1 Dv Pdgkdydq
+5333, vxjjhvwhg/ suh0wudgh wudqvsduhqf| lv wkh nh| txhvwlrq ri pdq| lpsruwdqw lvvxhv
frqfhuqlqj wkh ghvljq dqg uhjxodwlrq ri vhfxulwlhv pdunhwv1 Iru lqvwdqfh/ lw shuphdwhv
ghedwhv rq wkh fkrlfh ri  rru0edvhg ru dxwrpdwhg wudglqj v|vwhpv/ wkh zloolqjqhvv ri
lqyhvwruv wr vxsso| oltxlglw| wkurxjk olplw rughuv/ wkh jurzwk ri xsvwdluv wudglqj/ dqg wkh
qdwxuh dqg h{whqw ri glvforvxuh ri rughu lpedodqfhv dw rshqlqjv ru gxulqj wudglqj kdowv1

Rqh ri wkh lqyhvwljdwlrqv derxw wkh h�hfwv ri suh0wudgh wudqvsduhqf| rq pdunhw shu0
irupdqfh lv wkdw ri Pdgkdydq +4<<9,1 Pdgkdydq vwxglhv wkhruhwlfdoo| wkh h{whqw wr zklfk
wkh glvvhplqdwlrq ri lqirupdwlrq derxw rughuv d�hfwv wkh shuirupdqfh ri d edwfk dxfwlrq
pdunhw1 Kh vkrzv wkdw wudqvsduhqf| fdq h{dfhuedwh yrodwlolw| dqg ghfuhdvh oltxlglw|1

�

Wkhvh uhvxowv duh ghulyhg xqghu wkh surylvr wkdw udwlrqdo lqyhvwruv krog lpsurshu ru qrq0
lqirupdwlyh sulruv1

D qxpehu ri fulwlflvpv kdv ehhq udlvhg frqfhuqlqj wkh xvh ri qrqlqirupdwlyh sulruv e|
Ed|hvldqv zkr xowlpdwho| eholhyh rqo| lq surshu sulru/ vxemhfwlyh Ed|hvldq dqdo|vlv dv d
irxqgdwlrq iru vwdwlvwlfv1 Pdq| ri wkhp klqjh rq d fodvvlfdo txrwdwlrq e| Srlqfduì +4<38,=
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�Li zh zhuh qrw ljqrudqw wkhuh zrxog eh qr suredelolw|/ wkhuh frxog rqo| eh
fhuwdlqw|1 Exw rxu ljqrudqfh fdqqrw eh devroxwh iru wkhq wkhuh zrxog eh qr
orqjhu dq| suredelolw| dw doo1 Wkxv wkh sureohpv ri suredelolw| pd| eh fodvvhg
dffruglqj wr wkh juhdwhu ru ohvv ghswk ri wklv ljqrudqfh�1

Krzhyhu/ Ehujhu +4<;;, dujxhv wkdw qrqlqirupdwlyh Ed|hvldq dqdo|vlv lv wkh vlqjoh
prvw srzhuixo phwkrg ri vwdwlvwlfdo dqdo|vlv/ lq wkh vhqvh ri ehlqj wkh dg krf phwkrg
prvw olnho| wr |lhog d vhqvleoh dqvzhu iru d jlyhq lqyhvwphqw ri h�ruw1

Zh zloo devwudfw khuh iurp wkh ghedwh rq wkh frqyhqlhqfh ri xvlqj surshu yhuvxv
lpsurshu sulruv1 Udwkhu wkdq wkdw/ rxu sxusrvh lv wr vwxg| wkh lpsolfdwlrqv ri fkrrvlqj
rqh ryhu wkh rwkhu1 Wr wklv hqg/ zh frqvlghu d vhw0xs vlplodu wr wkdw lq Pdgkdydq +4<<9,/
exw zlwk rqh lpsruwdqw gl�huhqfh= zh prgho sulruv lq d zd| zklfk hqfrpsdvvhv wkh
wzr vwudqgv ri wkh olwhudwxuh rq sulru prgholqj> l1h1/ surshu dqg lpsurshu sulruv1 Wklv
prgholqj vwudwhj| doorzv xv wr wdfnoh wzr lvvxhv vlpxowdqhrxvo|1 Rq wkh rqh kdqg/ zh
fdq vwxg| krz wudqvsduhqf| d�hfwv phwulfv ri pdunhw txdolw| zkhq lqyhvwruv krog surshu
sulruv1 � Rq wkh rwkhu kdqg/ rxu dqdo|vlv zloo vkrz zklfk pdunhw lqglfdwruv duh d�hfwhg
e| sulru vshfl�fdwlrq/ zklfk pd| wxuq rxw wr eh xvhixo lq hpslulfdo lqyhvwljdwlrqv rq
wudqvsduhqf|1

Zh vkrz wkdw uhvxowv uhsruwhg lq Pdgkdydq +4<<9, uhodwhg wr wudglqj yroxph lq d
wudqvsduhqw yhuvxv dq rsdtxh pdunhw duh lqghshqghqw ri sulru vshfl�fdwlrq1 Krzhyhu/ zh
�qg wkdw wkh frpsdulvrq ri pdunhw oltxlglw| dqg yrodwlolw| grhv ghshqg rq sulru prg0
hoolqj1 Lq sduwlfxodu/ Pdgkdydq +4<<9, �qgv wkdw wkhuh lv dq lqyhuvh uhodwlrqvkls ehwzhhq
pdunhw ghswk dqg yrodwlolw|1 Zkhq wklv lv wkh fdvh/ dq lqfuhdvh lq wudqvsduhqf| hlwkhu
vwdelol}h sulfhv dqg lqfuhdvh pdunhw oltxlglw| +erwk ri wkhp vxlwdeoh surshuwlhv ri d �qdq0
fldo pdunhw, ru lqfuhdvh yrodwlolw| dqg uhgxfhv oltxlglw| +erwk ri wkhp xqghvludeoh iru d
pdunhw,1 Vlqfh suhihuhqfhv iru erwk ri wkhvh pdunhw lqglfdwruv duh doljqhg/ rqh frxog frq0
foxgh wkdw wudqvsduhqf| lv xqdpeljxrxvo| d jrrg ru d edg surshuw| iru d pdunhw wr kdyh1
Krzhyhu/ zh khuh vkrz wkdw wklv lqyhuvh uhodwlrqvkls ehwzhhq pdunhw ghswk dqg yrodwlolw|
pd| qrw krog li lqyhvwruv kdyh surshu ru lqirupdwlyh sulruv/ dqg frqvhtxhqwo|/ wkdw wudgh0
r�v dprqj wkhvh wzr pdunhw lqglfdwruv fdq rffxu1 Frqvhtxhqwo|/ d fohdu udqnlqj ehwzhhq
wudqvsduhqw dqg rsdtxh pdunhwv pd| qrw h{lvw1

Dgglwlrqdoo|/ zh dovr vkrz wkdw wkh rsdtxh pdunhw pd| |lhog pruh lqirupdwlyh sulfhv1
Wkh udwlrqdoh lv wkdw lq dq rsdtxh pdunhw +pruh ri, sulydwh lqirupdwlrq lv lqfrusrudwhg
lqwr sulfhv dv wklv pdunhw idflolwdwhv fdprx djh1 Lw lv hdvlhu iru lqyhvwruv wr klgh wkhlu
sulydwh lqirupdwlrq zklfk uhvxowv lq pruh lqirupdwlyh htxloleulxp sulfhv1

Rxu sdshu lv dovr uhodwhg wr wkh olwhudwxuh wkdw kdv irfxvhg rq wkh ghvludelolw| ri suh0
dqqrxqfhphqwv ri lqwhqwlrqv wr wudgh +vxqvklqh wudglqj,1 Dgpdwl dqg S hlghuhu +4<<4,
dqdo|}h vrph ri wkh lpsolfdwlrqv ri suhdqqrxqfhg wudglqj iru �qdqfldo pdunhw htxlole0

� � � � � � � � � 	 � 
 � � � � � � � � � 
 
 � � � � � � 
 � � 	 � � � � 
 � 
 � 
 � � � � � � � � 	 
 � � � 
 	 � � � � � � � � � � � � � � � � 
 � � 
 
 � � � � � 
 � � �
� 	 � � � 	 � 	 � � 	 � � � 
 � � � � � � � � � 
 � � � � � � 
 � � 
 � � 	 � � � � � � 
 � � 
 � � � � � � � � 	 � 	 � � � � � � � � � 
 � � � � � �  � � � 
 � 
 � �

 � � ! � " # # $ % & & ' ( ) * + , - . , / 0 1 2 3 4 5 , - 3 1 6 7 1 - / # 8 ) / 0 1 9 , + : * 2 ; 3 , - , < 2 1 3 7 # / 3 3 0 , 7 # = > 1 + * = 1 7 - = 1 2 / 0 1 3 * + 1
+ , = 1 # ; - . 9 , - = ; / ; , - 3 4

6



ulxp1 Wkh| �qg wkdw wkh lghqwl�fdwlrq ri oltxlglw| rughuv uhgxfhv wkh wudglqj frvwv ri
wkrvh zkr suhdqqrxqfh/ exw lwv h�hfwv rq wkh wudglqj frvwv dqg zhoiduh ri rwkhu wudghuv
duh dpeljxrxv1 Wkh| dovr vkrz wkdw vxqvklqh wudglqj lqfuhdvhv wkh lqirupdwlyhqhvv ri wkh
sulfh zkhuhdv lw uhgxfhv wkh yduldqfh ri wkh sulfh fkdqjh1 � Dgpdwl dqg S hlghuhu frqvlghu
d frqwlqxxp ri lqiruphg djhqwv/ zkr duh sulfh0wdnhuv dqg wkhlu prwlyh iru wudglqj lv lqiru0
pdwlrq1 Zh khuh frqvlghu d �qlwh qxpehu ri lqiruphg wudghuv/ zkr ehkdyh vwudwhjlfdoo|
dqg wkhlu prwlyh iru wudglqj lv lqirupdwlrq dqg khgjlqj1 Wkxv/ zkhqhyhu wudghuv krog
surshu sulruv/ rxu uhvxowv dvvhvv wkh lpsdfw ri uhod{lqj wkh dvvxpswlrq ri d frqwlqxxp ri
lqiruphg djhqwv lq wkhlu frqfoxvlrqv1 Wkurxjkrxw wkh sdshu zh glvfxvv krz wkhlu uhvxowv
duh dowhuhg zkhq wkh vhw ri lqiruphg wudghuv lv �qlwh dqg wkh| ehkdyh vwudwhjlfdoo|1

Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh qrwdwlrq
dqg wkh k|srwkhvhv/ zklfk duh frpprq iru erwk vhwwlqjv1 Vhfwlrq 6 fkdudfwhul}hv wkh
xqltxh v|pphwulf olqhdu htxloleulxp lq erwk pdunhw vwuxfwxuhv1 Vhfwlrq 7 h{dplqhv wkh
hfrqrplf lpsolfdwlrqv ri wudqvsduhqf|1 Frqfoxglqj frpphqwv duh suhvhqwhg lq Vhfwlrq 81
Ilqdoo|/ doo wkh surriv duh lqfoxghg lq wkh Dsshqgl{1

5 Wkh Prgho

Wkh iudphzrun zh suhvhqw lv wkh rqh sursrvhg e| Pdgkdydq +4<<9,1 Zh frqvlghu d sxuh
h{fkdqjh hfrqrp| zkhuh d ulvn| dvvhw/ zlwk udqgrp oltxlgdwlrq ydoxh hy/ lv wudghg djdlqvw
d ulvnohvv erqg +wdnhq dv wkh qxphudluh,/ zkrvh uhwxuq lv qrupdol}hg wr }hur1 Wkh ulvn|
dvvhw lv wudghg dw d pdunhw0fohdulqj sulfh hs dqg wkxv lwv uhwxuq lv hy � hs1 Zh dvvxph wkdw
hy lv qrupdoo| glvwulexwhg zlwk phdq y dqg yduldqfh �

�� =

Wkhuh duh Q � � udwlrqdo h{shfwdwlrqv lqyhvwruv lq wkh pdunhw/
�
lqgh{hg e| q1 Wudghuv

kdyh qhjdwlyh h{srqhqwldo xwlolwlhv lq wkhlu whuplqdo zhdowk/ zlwk frpprq ulvn dyhuvlrq
frh!flhqw �> dqg kdyh dq lqlwldo zhdowk Z � � = Ehiruh wudglqj wdnhv sodfh/ hdfk wudghu
uhfhlyhv d sulydwh vljqdo frqyh|lqj lqirupdwlrq derxw wkh oltxlgdwlrq ydoxh ri wkh ulvn|
dvvhw/ dqg d sulydwh hqgrzphqw iru wkh ulvn| dvvhw1 Ohw �v � ' hy n h% � ghqrwh wkh sulydwh
vljqdo ri wkh q0wk vshfxodwru/ dqg ohw �| � ghqrwh klv vkduhv ri wkh ulvn| dvvhw1

Lq dgglwlrq wr wkh ghpdqgv ri wkh vshfxodwlyh wudghuv/ wkhuh lv dqrwkhu frpsrqhqw
ri rughu  rz/ ghqrwhg e| �}> zklfk uhsuhvhqwv wkh lpedodqfh dulvlqj iurp wudghuv zkrvh
ghpdqgv duh sulfh lqhodvwlf1

Zh dvvxph wkdw doo udqgrp yduldeohv h% 	 > ===>h% 
 > �| � > ===> �| 
 dqg �} duh qrupdoo| dqg lq0
ghshqghqwo| glvwulexwhg zlwk d phdq qrupdol}hg wr }hur dqg d yduldqfh htxdo wr �

�
 iru
) ' %> |> }= Ixuwkhupruh/ wkh mrlqw glvwulexwlrq ri wkhvh udqgrp yduldeohv lv frpprq
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nqrzohgjh1

Lq wklv vhw0xs/ zh dqdo|}h dqg frqwudvw wzr wudglqj phfkdqlvpv wkdw gl�hu lq wkhlu
ghjuhh ri wudqvsduhqf|1 Wkh �uvw phfkdqlvp lv rsdtxh lq wkdw wudglqj lv frpsohwho|
dqrq|prxv dqg wudghuv gr qrw uhfhlyh dq| lqirupdwlrq derxw wkh frpsrvlwlrq ri rughu
 rz1 Wkh vhfrqg phfkdqlvp lv wudqvsduhqw vr wkdw wkh uhdol}dwlrq ri �} lv glvforvhg wr doo
pdunhw sduwlflsdqwv sulru wr wudglqj1 Lq zkdw iroorzv/ zh zloo xvh vxshuvfulswv R dqg W
wr uhihu wr wkh rsdtxh dqg wkh wudqvsduhqw pdunhwv/ uhvshfwlyho|1

Sulruv prghoolqj vwudwhj|

Uhjduglqj wkh wuxh ydoxh ri wkh dvvhw wzr srvvleoh dssurdfkhv fdq eh iroorzhg1 Wkh
�uvw rqh lv wr dvvxph wkdw wkhuh lv d qrqlqirupdwlyh sulru zlwk xqlirup ghqvlw| rq U � 1
Xqghu wklv dssurdfk wkh srvwhulru ri hy jlyhq v � lv qrupdoo| glvwulexwhg zlwk phdq v � dqg
yduldqfh �

�� = Wkh vhfrqg rqh lv wr dvvxph wkdw wkh sulru ri hy lv surshu/ lq sduwlfxodu/ dv lv
vwdqgdug lq prghov rq pdunhw plfurvwuxfwxuh/ wkdw hy lv qrupdoo| glvwulexwhg zlwk phdq
y dqg yduldqfh �

�� =
�

Lq wklv sdshu/ zh prgho wkh sulru lqirupdwlrq xvlqj d vshfl�fdwlrq zklfk hqfrpsdvvhv
erwk ri wkh deryh dssurdfkhv1 E| grlqj vr/ zh duh deoh wr ghwhuplqh krz wkh vwuhqjwk
ri sulru lqirupdwlrq d�hfwv wkh urexvwqhvv ri wkh uhvxowv rq pdunhw phwulfv surylghg e|
Pdgkdydq +4<<9,1 Lq sduwlfxodu/ zh dvvxph wkdw hy lv qrupdoo| glvwulexwhg zlwk �qlwh
phdq y dqg yduldqfh �

�� = Zlwk wklv vshfl�fdwlrq/ wkh srvwhulru glvwulexwlrq ri hy> jlyhq dq
revhuydwlrq ri wkh lqyhvwru q* v sulydwh vljqdo v 	 > lv qrupdoo| glvwulexwhg zlwk

HEhymv 
 � '
�

�� y n �
�
 v �

�
�
 n �

�� dqg yduEhymv � � '
�

�� �
��

�
�� n �

�� =

Wkh sulru yduldqfh �
�� uhsuhvhqwv wkh vwuhqjwk ri wkh sulru1 Li �

�� lv odujh/ d uhodwlyho|
odujh udqjh ri ydoxhv duh sodxvleoh d sulru|/ uhsuhvhqwlqj zhdn sulru lqirupdwlrq1 Frq0
yhuvho|/ li �

�� lv vpdoo/ d uhodwlyho| qduurz udqjh ri ydoxhv duh sodxvleoh d sulru|/ uhsuhvhqwlqj
vwurqj sulru lqirupdwlrq1 Zkhqhyhu

� ��� �� lv yhu| odujh/ wkhq sulru lqirupdwlrq lv vwurqjhu
wkdq wkh gdwd lqirupdwlrq/ dqg khqfh/ HEhymv � � * y dqg yduEhymv � � * �

�� = Frqyhuvho|/ li� ��� � lv yhu| orz/ sulru lqirupdwlrq lv pxfk zhdnhu wkdq wkh gdwd/ dqg khqfh/ HEhymv � � * v �
dqg yduEhymv � � * �

�! > dv gdwd lqirupdwlrq grplqdwhv1 Lw lv lpsruwdqw wr srlqw rxw wkdw wkh
srvwhulru QEv � > �

�! � fdqqrw eh rewdlqhg dv wkh srvwhulru glvwulexwlrq ri dq| surshu sulru
glvwulexwlrq1 Qhyhuwkhohvv/ QEv � > �

�! � lv wkh srvwhulru glvwulexwlrq iru d qrqlqirupdwlyh
sulru zlwk xqlirup ghqvlw| rq ?=

"
Hyhq wkrxjk lq wklv sdshu zh dvvxph wkdw hy kdv d

surshu sulru/ wkh qrupdolw| dvvxpswlrq zloo doorz xv wr jhw duelwudulo| forvh wr d vhwxs
zlwk lpsurshu sulruv/ dv grhv Pdgkdydq*v +4<<9,/ e| wdnlqj d odujh yduldqfh ri hy1

# $ % & ' ( ) * + , , ( - + . % . - ( ( & ) , - / 0 1 / 2 * - 1 3 , ( - , & ( , ( 1 - ( ) 1 ) 4 ) & 0 1 / 5 + 0 % + 6 + / 7 8 9 9 : ; < $ % & ) & . - / 0 - / & 1 )
4 ) & 0 1 / 3 - ) * 3 - 0 & = ) - > 3 + ( ? & * 3 1 . ( - ) * ( 4 . * 4 ( & 7 ) & & > - ( 1 / ) * + / . & @ A B C C D E F G H I J K L M N E O P Q R S O R S T U V V U W X Y Z

[ \ ] ^ \ _ ` a b c d e U f Z f g h Y b i V c j [ \ ] ^ k _ ` l m n o p q r s t u q r s r v u w x y y z { | u w x } ~ o � z � y � � � � � � � � � � � � � � � � � �
� � � � � � � �� � � � � � � � � � � � �   ¡ ¢ � ¡ ¡   � £ � £ � � � � � ¤ � �   � £ ¡ �   ¥ ¦ � � § � � £ ¥ � � ¥ � � � £ �   ¨ ¥ � � ¥ � � ¥ �   � � �   ¡ � �   ¦ � �   � £ ¡ © ¡ � �
ª � � « � � ¬ ­ ® ¯ ° ± � £ � ² ³ ´ � « � £ ¬ ­ ® ® µ ± ¶
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6 Wkh V|pphwulf Olqhdu Htxloleulxp

Iru wkh wudfwdelolw| ri wkh dqdo|vlv/ zh irfxv rq v|pphwulf olqhdu udwlrqdo h{shfwdwlrqv
htxloleuld +VOH,1 Zh khqfh vhdufk iru wudghuv* rswlpdo vwudwhjlhv lq wkh pdunhw vwuxfwxuh
P> P ' R> W / xqghu wkh surylvr wkdw wkh| duh lghqwlfdo olqhdu ixqfwlrqv/ l1h1/ iru doo q

{ �� Es( L
�� � ' �

�
n D

� �
L

�� �
� �

�
s>

zkhuh L
�	 lv d yhfwru zklfk froohfwv doo wkh lqirupdwlrq khog e| wudghu q> dqg �

�
> D

�
dqg

�
�
duh frqvwdqwv1




Iroorzlqj N|oh +4<;<,/ lq d VOH wkh rswlpdo ghpdqg ixqfwlrq iru lqiruphg wudghu q
lv jlyhq e|

{
�� Es( L

�� � '
HEhyms> L

�� � n

� � � � � � � | � � s�� � � � � � � n �yduEhyms> L �� �

� +4,

Wklv ghpdqg pd{lpl}hv wudghuv* xwlolw| zkhqhyhu

2

EQ � ��� � n �yduEhyms> L �� � A f= +5,

Vlqfh lq htxloleulxp pdunhwv pxvw fohdu/ l1h1/ djjuhjdwh ghpdqg dqg vxsso| pxvw frlqflgh/
wkhq

Q�
�

n D
� #  

[
! " # L

$%
$

� Q�
&

s n } '

'
[

( ) * |( =

Qrwh wkdw dvvhw hqgrzphqwv d�hfw erwk djjuhjdwh ghpdqg dqg djjuhjdwh vxsso|1 Ehfdxvh
ri wklv/ lw lv frqyhqlhqw dw wklv vwdjh wr glvhqwdqjoh | + iurp L

&+ > dqg uhzulwlqj htxdwlrq
deryh dv

Q�
&

n 7D
, # -

[
. / 0 7L

,.
$

n E�
1

� ��

2
[

3 4 5 |3 � Q�
1

s n } ' f

ru/ htxlydohqwo|/

s '
�

Q�
1

#
Q�

1
n 7D

1 # 2
[

3 4 5 7L
16

$
n E�

1
� ��

2
[

3 4 5 |3 n }

$
> +6,

zkhuh 7L
16 lv wkh yhfwru L

16 zlwk wkh odvw frpsrqhqw +wkh rqh fruuhvsrqglqj wr | 6 � htxdo
wr }hur/ dqdorjrxvo| iru 7D

1
=

Iurp wkh glvwulexwlrqdo dvvxpswlrqv dqg wkh suhylrxv h{suhvvlrq iru s/ lw iroorzv
wkdw wkh yhfwru

�
s> L

16 �
lv lqirupdwlyho| htxlydohqw wr wkh yhfwru

�
k 78 > v 8 �

/ zkhuh k 78 '

7D 7
#

S
9 :; < 7L =>

$
nE� = � ��

S
> :; < |> n� ? @ A B C }/ dqg � D E F G C lv dq lqglfdwru ixqfwlrq wkdw wdnhv
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� � � � � � � � � | � � � | � � { | � � � � ~ � � � � � � � � � � � � � � � � � � � �  ¡ ¢ £ ¤ ¥ ¤ ¦ § ¨© ª « ¬ © ­ ® © ­ ¯ ° ±
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ydoxh rqh li P ' R dqg }hur li P ' W= Xvlqj wkh glvwulexwlrqdo dvvxpswlrqv/ lw iroorzv
wkdw

HEhyms> L �� � ' HEhymk �� > v � �

dqg
yduEhyms> L �� � ' yduEhymk �� > v � �=

Ilqdoo|/ dsso|lqj vwdqgdug qrupdo wkhru|/ zh kdyh

HEhymk �� > v � � ' 7y n fry
�

hy>
�

�k
�

� > �v �
��

ydu
� �

��k
�

�
�v �

��
k

�
	 � H

�
�k

�
	

�

v 	 � H E�v 	 �

�
> +7,

dqg

yduEhymk
�

	 > v 	 � ' �



� � fry
�

hy>
�

�k
�

	 > �v 	
��

ydu
� 


��k
�

	
�v 	

�
fry

#
hy>

��k
�

	
�v 	

�$
= +8,

Lq zkdw iroorzv zh fkdudfwhul}h h{suhvvlrqv deryh iru wkh wzr pdunhw vwuxfwxuhv frq0
vlghuhg lq wklv sdshu1

614 Wkh Rsdtxh Pdunhw

Zkhq wkh pdunhw lv rsdtxh/ d udwlrqdo wudghu rqo| kdv wzr slhfhv ri lqirupdwlrq= klv
lqyhqwru| kroglqjv dqg klv sulydwh vljqdo derxw wkh wuxh ydoxh ri wkh ulvn| dvvhw1 Frqvh0
txhqwo|/ lqyhvwru q*v VOH ghpdqg ixqfwlrq lq dq rsdtxh pdunhw lv jlyhq e|

{
�

� Es( v � > | � � ' �
�

n �
�

v � n �
�

| � � �
�

s> iru doo q= +9,

Wr vwxg| wkh h{lvwhqfh ri d VOH/ zh �uvw zulwh doo frh!flhqwv ri vshfxodwruv* ghpdqgv
dv ixqfwlrqv ri wkh frh!flhqw �

�
= Wklv frh!flhqw lv wkhq fkdudfwhul}hg dv d urrw ri d

sro|qrpldo1 Li vxfk d urrw h{lvwv/ wkhq rqh pljkw frqfoxgh wkdw d VOH h{lvwv1 Ixuwkhupruh/
wklv urrw olhv lq d vshfl�hg lqwhuydo1 Wkhvh idfwv duh irupdoo| vwdwhg lq wkh iroorzlqj wkuhh
uhvxowv=

Ohppd 4= Lq d VOH/

�
�

'
2E� � �

�
�

� E� n EQ � �� �
�

� �
�

� 7y> +:,

�
�

'
� � �

�

��
�

� > dqg +;,

�
�

'
� � �

�

��
�

�

�
� n

2�
�

�
E� n EQ � �� �

�
� �

�
�

�
� +<,

:



Ohppd 5= Lq d VOH/ lw krogv wkdw

�
�

5

�
�

Q � �
>

2Q � � n !

EQ � �� E� n !�

�
=

Lq dgglwlrq/ wklv frh!flhqw lv d urrw ri d sro|qrpldo ri ghjuhh wkuhh

TE�� ' d�
�

n e�
�

n f� � g>

zkrvh frh!flhqwv duh jlyhq e| d ' EQ � �� E! n �� > e ' � � eQ n ! E� � 2Q� > f '
DQ ��n! EQ n ��n*> dqg g ' 2Q ��n!n

�� � � � � *> zkhuh ! ' � � � �	 � �
 dqg * ' � � � �� � �
 =

Ohppd deryh vkrzv wkdw � � lv d ixqfwlrq ri Q dqg ri wzr sd|r� xquhodwhg frpsrqhqwv
lq wkh wudgh= ! dqg *= Qrwh wkdw ! ' � � � �� � �� lv d oltxlglw| frpsrqhqw lq lqyhvwruv*
wudgh +hqgrzphqwv fdq eh wkrxjkw ri dv oltxlglw| vkrfnv,/ dqg * ' � � � �� � �
 lv d oltxlglw|
frpsrqhqw gxh wr qrlvh wudghuv1 � � Ixuwkhupruh/ lpsolflw gl�huhqwldwlrq vkrzv wkdw � �
lv vwulfwo| ghfuhdvlqj lq erwk oltxlglw| frpsrqhqwv1 Li wkh rughu vkrfn lv vpdoo hqrxjk
E* $ f�> wkhq � � jrhv wr

� � � � � �� � � �  � � ! �  �

Sursrvlwlrq 6= Li Q � �> wkhq wkhuh h{lvwv d xqltxh VOH1

Wklv uhvxow vkrzv h{lvwhqfh dqg xqltxhqhvv ri wkh v|pphwulf olqhdu htxloleulxp xqghu
jhqhudo frqglwlrqv1 Zh rqo| uhtxluh wkdw Q � � dv lq N|oh +4<;<,1 Uhfdoo wkdw d VOH grhv
qrw dozd|v h{lvw ehfdxvh/ zlwk lq�qlwho| lqhodvwlf ghpdqg e| qrlvh wudghuv/ vshfxodwruv
pd| kdyh %wrr pxfk% prqrsro| srzhu li wkhuh duh qrw hqrxjk ri wkhp1

615 Wkh Wudqvsduhqw Pdunhw

Zh khuh dqdo|}h d wudglqj phfkdqlvp lq zklfk wkh lqhodvwlf ghpdqg lv glvsod|hg wr doo
wudghuv ehiruh wkh| vxeplw wkhlu ghpdqgv/ vr wkdw d wudghu*v lqirupdwlrq lv jlyhq e|
L "# ' Ev # > }> | # �= Lq wklv pdunhw vwuxfwxuh/ wkh v|pphwulf olqhdu ghpdqg vwudwhj| fdq eh
zulwwhq dv

{ "# Es( v # > | # > }� ' � " n � " v # n � " | # n �
$

} � �
$

s> iru doo q= +43,

Wkh iroorzlqj wzr uhvxowv doorz xv wr h{solflwo| fkdudfwhul}h wkh xqltxh VOH fruuh0
vsrqglqj wr wkh wudqvsduhqw pdunhw1

Ohppd 7= Lq d VOH/

�
%

'
2E� � �

%
�

� E� n EQ � �� �
%

� � &' 7y> +44,

( ) * + , - , . / 0 1 2 3 4 - 5 4 + , 6 , 4 7 , + 8 + 2 1 9 : ; / , < 2 6 / . = > ? @ @ @ A 6 4 3 B / 0 / 3 6 2 0 , C 2 6 B 2 + : - - 2 6 0 , 3 . , 7 2 / 0 2 D 8 , . , 9 0 , 8 -
, 7 / - 4 1 2 . E , 6 B , 7 6 2 0 1 2 / . 2 0 6 0 / 1 , 7 F =

;



� � '
� � � �

��
�� > +45,

� � '
� � � �

��
��

�
� n

2�
��

E� n EQ � �� � � � �
��

�
> dqg +46,

� � ' �

�
� n EQ � �� � �

�
�

�� n 2�
��

EQ�
�� n �

�� n ! E�
�� n �

�� �� E� n EQ � �� � � �
� +47,

Qrwlfh wkdw htxloleulxp frh!flhqwv duh lqghshqghqw ri �
�� dv oltxlglw| ghpdqg lv qrz

frpprq nqrzohgjh1

Sursrvlwlrq 8= D VOH lq d wudqvsduhqw pdunhw h{lvwv l�

Q ? EQ � 2� !�

Li lw h{lvwv/ wkhq

�
�

'
2Q � � n !

EQ � �� E! n ��
�

Sursrvlwlrq 8 vkrzv wkdw lq d wudqvsduhqw pdunhw d VOH pd| idlo wr h{lvw1 Qrwlfh wkdw
h{lvwhqfh uhtxluhv wkh oltxlglw| vkrfn yld hqgrzphqwv wr eh odujh hqrxjk1 Wkh udwlrqdoh
iru wklv lqhtxdolw| lv dv iroorzv1 Zkhqhyhu wkh sulfh lv qrw d jrrg hvwlpdwru ri wkh sulydwh
lqirupdwlrq +ehfdxvh hlwkhu �

�� ru �
�� duh kljk,/ dqg djhqwv idfh d kljk lqyhqwru| frvw

iurp pdlqwdlqlqj wkh lqlwldo kroglqjv ri wkh ulvn| dvvhw +� lv kljk,/ wkhq ! zloo eh odujh
hqrxjk iru vshfxodwruv wr �qg sduwlflsdwlqj lq wkh pdunhw sur�wdeoh1 Krzhyhu zkhq wkh
lqhtxdolw| lv qrw vdwlv�hg/ vr wkdw ! �

		 
 � d VOH idlov wr h{lvw1 Li wudghuv duh zhoo
lqiruphg dqg wkhuh lv olwwoh hqgrjhqrxv oltxlglw| wudglqj +l1h1/ � dqg �

�� duh orz/ zklfk
jlyhv d orz !,/ wkhq djhqwv duh xqzloolqj wr uhyhdo wkhlu lqirupdwlrq wr rwkhuv/ �qglqj
wkh uhdgmxvwphqw ri wkhlu sruwirolr yhu| h{shqvlyh1 Frqvhtxhqwo|/ wkh| ghflgh wr frqvxph
wkhlu lqlwldo hqgrzphqw/ dqg d pdunhw euhdngrzq iroorzv1

616 Htxloleulxp Frpsdulvrq

Lq zkdw iroorzv zh vwxg| wkh lpsdfw ri wudqvsduhqf| rq wkh vwudwhjlf ehkdylru ri lqyhvwruv1
Zh khuh vkrz wkdw lw lq xhqfhv qrw rqo| h{lvwhqfh ri htxloleulxp/ exw dovr wkh sulfh
lqwhufhsw dqg wkh vorsh ri wudghuv* ghpdqgv1 Qh{w wzr fruroodulhv vwdwh wkhvh uhvxowv
irupdoo|1

<



Fruroodu| 9= Li d VOH h{lvwv iru wkh wudqvsduhqw pdunhw/ wkhq lw h{lvwv iru wkh rsdtxh
pdunhw dv zhoo1

Wklv fruroodu| whoov xv wkdw wudglqj lv pruh urexvw lq wkh rsdtxh pdunhw wkdq lq wkh
wudqvsduhqw pdunhw1 Lq rwkhu zrugv/ wudqvsduhqf| pd| lqgxfh d irup ri pdunhw idloxuh1

� �

Zh qrz frpsduh vrph htxloleulxp frh!flhqwv ri wudghuv* vwudwhjlhv lq wkh wzr pdunhw
vwuxfwxuhv1

� �
Uhfdoo wkdw wkh htxloleulxp ghpdqg ri wudghu q lq d VOH lv jlyhq e|

{
�� Es( L

�� � ' �
�

n �
�

v � n �
�

| � n �
�

� � � � � � } � �
�

s= +48,

Qrwh wkdw wkh ixqfwlrqdo irup ri frh!flhqwv �
�

> �
�
dqg �

�
frlqflgh lq wkh wzr pdunhw

vwuxfwxuhv1 Wkh| duh doo vwulfwo| ghfuhdvlqj ixqfwlrqv ri �
�
1 Uhjduglqj wkh frh!flhqw �

�
/

lw lv qhjdwlyh lq htxloleulxp vr wkdw wudghuv* dfwlrqv sduwo| dffrpprgdwh wkh qrlvh vkrfn1

Wudqvsduhqf| kdv wzr pdlq frqvhtxhqfhv1 Iluvw/ lw pdnhv wudghuv* ghpdqgv ohvv sulfh
uhvsrqvlyh1 Lq wkh wudqvsduhqw pdunhw/ dq lqfuhdvh lq wkh sulfh ri wkh ulvn| dvvhw pdnhv
djhqwv pruh rswlplvwlf derxw lwv oltxlgdwlrq ydoxh/ zklfk ohdgv wr d vpdoohu uhgxfwlrq lq
wkh lqglylgxdo ghpdqgv dv frpsduhg wr wkh rsdtxh pdunhw1 Vhfrqg/ lw pdnhv wudghuv*
ghpdqgv pruh vhqvlwlyh wr oltxlglw| vkrfnv dqg ohvv vhqvlwlyh wr vljqdov1 Wkh udwlrqdoh
lv wkdw lq wkh wudqvsduhqw pdunhw/ wkhuh lv d kljkhu qhhg iru fdprx djh zklfk pdnhv
ghpdqgv ohvv vhqvlwlyh wr vljqdov1 Lq vxppdu|/ �

�
A � � zkhuhdv �

�
? � � dqg �

�
? � � =

Wkh txdolwdwlyh uhvxowv glvfxvvhg vr idu duh urexvw wr sulru vshfl�fdwlrq1 Lq sduwlfxodu/
�

�	
' � 
� iru dq| P> zkhuh wkh vxevfulsw S vwdqgv iru surshu sulru dqg wkh vxevfulsw

L iru lpsurshu sulru/ dqg frqvhtxhqwo|/ �
�


' �
�� 1 Uhjduglqj wkh frh!flhqw �

�
> vlqfh

�
�

'
� � � � � �� � � � � � � � � � > wkhq +47, jlyhv �

�
' �

� � � � � � � � �� � � � � � � � � � � � �  � � > zklfk lpsolhv wkdw �
! "

' �
! #

=

Ixuwkhupruh/ � $# ' f zloo frlqflgh zlwk � $" li 7y ' f= Qhyhuwkhohvv/ lq hlwkhu pdunhw
vwuxfwxuh/ wkh vorshv ri ghpdqg fxuyhv duh vhqvlwlyh wr sulru lqirupdwlrq1 Vshfl�fdoo|/ li
sulruv duh qrq0lqirupdwlyh/ wkhq � $# ? � $" dqg � $# ' � $# = Wkh qh{w fruroodu| vxppdul}hv
vrph ri wkhvh uhvxowv1

Fruroodu| := d, Wudghuv* ghpdqgv duh ohvv sulfh0vhqvlwlyh lq d wudqvsduhqw pdunhw1
Pruhryhu/ sulfh vhqvlwlylw| lv vpdoohu li sulruv duh xqlqirupdwlyh1

e, Wudqvsduhqf| uhgxfhv wkh h{shfwhg yroxph ri sruwirolr khgjlqj wudgh/ jlyhq e| % &

HE

�����
�
�

'
� �

�
(

[
) * + h|)

������1

Ilqdoo|/ zh vkrz wkdw sulru vshfl�fdwlrq grhv qrw d�hfw lqiruphg wudghuv* yroxph1
, , - . / 0 / 1 2 / / 1 3 4 5 . 6 7 . 5 7 2 8 0 / 5 2 3 9 : 6 0 6 0 5 0 6 4 / . / 1 0 ; . ; < 0 = 3 4 / 0 ; > 0 . 5 / 1 0 / ? @ 0 . 5 0 A : 3 9 3 B 6 3 2 C 0 5 . > : 4 . ; D/ 1 2 / 3 4 D 4 ? 7 7 0 / 6 3 > 9 3 ; 0 2 6 0 A : 3 9 3 B 6 3 2 E
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Fruroodu| ;= Htxloleulxp lqiruphg wudglqj yroxph grhv qrw ghshqg rq sulru vshfl�fd0
wlrq1

7 Wudqvsduhqf| dqg Pdunhw Txdolw|

Lq wklv vhfwlrq zh h{dplqh wkh hfrqrplf lpsolfdwlrqv ri wudqvsduhqf|1 Vshfl�fdoo|/ zh
dqdo|}h wkh gl�huhqfhv ehwzhhq wkh rsdtxh dqg wkh wudqvsduhqw pdunhwv lq whupv ri vrph
phdvxuhv ri pdunhw txdolw|1

� Pdunhw Oltxlglw|

Lq rughu wr phdvxuh wkh lpsdfw ri wudqvsduhqf| rq pdunhw oltxlglw|/ zh qrz frpsduh
wkh pdunhw ghswk lq wkh wzr pdunhw vwuxfwxuhv1 Wkh pdunhw ghswk lv gh�qhg dv wkh
txdqwlw| ri qrlvh wudglqj uhtxluhg wr lqgxfh wkh sulfh ri wkh ulvn| dvvhw wr ulvh e| rqh
xqlw1

Sursrvlwlrq <= Li Q� �� E� n !� n � �� EQ � � !EQ � � eQ n 2�� ? f> wkhq wkh wudqvsduhqw
pdunhw lv ghhshu1 Rwkhuzlvh/ wkh vdph uhvxow krogv li �

�� lv vx!flhqwo| vpdoo1

Frqfhuqlqj wkh lpsdfw wkdw fkdqjhv lq wkh qrlvh ghpdqg kdyh rq pdunhw sulfh/ qrwlfh
wkdw iurp Htxdwlrq +4, dqg wkh pdunhw fohdulqj frqglwlrq/ lw iroorzv wkdw

s '

S �� � � HEhymk
	� > v � � n

� �
 � � � � 
 � n �yduEhymk
	� > v � �

�
} �

�S �� � � | �
�

�yduEhymk
	� > v � �

Q
=

Wklv h{suhvvlrq vkrzv wkdw qrlvh wudglqj d�hfwv pdunhw sulfh wkurxjk wkuhh fkdqqhov= dq
dgyhuvh0vhohfwlrq h�hfw/ d vwudwhjlf0ehkdylru h�hfw dqg d ulvn0ehdulqj h�hfw1

Wkh dgyhuvh0vhohfwlrq h�hfw lv fdswxuhg e|
� �� � � � � � � � � �� � � � � e| wkh zd| ri k !" 1 Qrwh wkdw

lq wkh rsdtxh pdunhw dq lqfuhdvh lq wkh qrlvh ghpdqg pdnhv vshfxodwru q uhdol}h wkdw
k #" lqfuhdvhv1 Uhfdoo wkdw k #" ' � # S$ %& " v

$
n

�
� # � �

� S$ %& " |
$

n }= Kh/ qrw nqrzlqj wkh
vrxufh ri wklv lqfuhdvh/ dvvxphv wkdw lw pd| eh gxh wr klv frpshwlwruv uhfhlylqj idyrudeoh
vljqdov derxw wkh sd|r� ri wkh ulvn| dvvhw1 Hdfk vshfxodwru wkhuhiruh dgmxvwv klv iruhfdvw
xszdug/ dqg wklv lq wxuq fdxvhv wkh sulfh wr lqfuhdvh1 Lq frqwudvw/ lq wkh wudqvsduhqw
pdunhw wklv h�hfw lv qrw suhvhqw dv qrlvh ghpdqg lv glvsod|hg1

Wkh vwudwhjlf0ehkdylru h�hfw lv phdvxuhg e|
�

EQ � ��Q� ! }= Vlqfh wudghuv* vwudwhjlhv

duh ohvv sulfh0vhqvlwlyh lq wkh wudqvsduhqw pdunhw/ wklv vhfrqg h�hfw lv pruh vljql�fdqw iru
wklv pdunhw vwuxfwxuh1

Ilqdoo|/ wkh ulvn0ehdulqj h�hfw/ fdswxuhg e| E ' ( ) *� + , - � � . / 0 1 2 3 4 5 6 78 9 : 8 ;< > lv gxh wr wkh idfw
wkdw dq rughu e| d oltxlglw| wudghu irufhv vshfxodwruv wr wdnh wkh rwkhu vlgh ri wkh pdunhw1
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Sulfh pxvw khqfh dgmxvw wr lqgxfh ulvn0dyhuvh vshfxodwruv wr ehdu wklv ulvn1 Dv vshfxodwruv
duh ehwwhu lqiruphg lq wkh wudqvsduhqw pdunhw/ wklv ulvn0ehdulqj h�hfw lv pruh vljql�fdqw
lq wkh rsdtxh pdunhw1

Wr xqghuvwdqg wkh lqhtxdolw| jlyhq lq wkh vwdwhphqw ri Sursrvlwlrq </ qrwlfh wkdw zkhq
Q frqyhujhv wr lq�qlw|/ wkh vwudwhjlf0ehkdylru h�hfw ydqlvkhv1 Wkhuhiruh/ zh xqdpeljx0
rxvo| rewdlq wkdw wkh htxloleulxp sulfh lv pruh vhqvlwlyh wr fkdqjhv lq } lq wkh rsdtxh
pdunhw/ ru htxlydohqwo|/ wkdw wkh wudqvsduhqw pdunhw lv ghhshu1 Lq wkh rssrvlwh fdvh/ iru
lqvwdqfh zkhq Q lv vpdoo EQ ' �� dqg � �� lv odujh hqrxjk/ wkh vwudwhjlf0ehkdylru h�hfw
grplqdwhv dqg ohdgv wr wkh frqfoxvlrq wkdw wudqvsduhqf| uhgxfhv pdunhw oltxlglw|1

Uhjduglqj wkh uroh ri sulru vshfl�fdwlrq/ lw fdq eh hdvlo| vwxglhg e| irfxvlqj djdlq
rq Sursrvlwlrq <1 Lq dq hfrqrp| lq zklfk � �� lv orz hqrxjk/ sulru vshfl�fdwlrq grhv qrw
d�hfw wkh frpsdulvrq ehwzhhq wkh wzr pdunhwv1 Lq frqwudvw/ li � �� lv odujh hqrxjk/ wkhq
sulru vshfl�fdwlrq kdv d elwh1 Wr foduli| wklv dvvhuwlrq/ ohw xv uhzulwh wkh lqhtxdolw| lq
Sursrvlwlrq < dv iroorzv=

Q
� ��
� �� E� n !� n

�
Q � � !EQ � � eQ n 2�

�
? f=

Li � �� jrhv wr lq�qlw|/ wkh wudqvsduhqw pdunhw lv ghhshu zkhqhyhu Q � �!EQ � �eQ n2� ? f=
Qhyhuwkhohvv/ hyhq zkhq wklv lqhtxdolw| krogv/ wkh rsdtxh pdunhw pd| eh ghhshu surylghg
wkdw � �� lv orz hqrxjk/ dv Q

� ��� �� E� n !� lv dozd|v vwulfwo| srvlwlyh1 Wkhvh dujxphqwv doorz
xv wr ghulyh wkh qh{w uhvxow1

Fruroodu| 43= Wkh frpsdulvrq ri wkh pdunhw oltxlglw| ehwzhhq wkh wzr pdunhw vwuxfwxuhv
lv dpeljxrxv dqg ghshqgv rq wkh vshfl�fdwlrq ri sulruv1

Wkh dpeljxlw| ri wkh h�hfw ri fkdqjhv lq suh0wudgh wudqvsduhqf| rq oltxlglw| lv frq0
vlvwhqw zlwk wkh hpslulfdo hylghqfh1

� 	

� H{shfwhg wudglqj frvwv ri oltxlglw| wudghuv

Wkh h{shfwhg wudglqj frvwv ri oltxlglw| wudghuv duh jlyhq e|

F



' H
�

�}
�

�s



� hy
��

'
�

Q�

 �

�� dqg

F



' H
�

�}
�

�s



� hy
��

'
Q�



n �

Q�

 �

�� =

Frqvhtxhqwo|/ F



A F


li dqg rqo| li

�� � � A
� � � � �� � � > zklfk lv htxlydohqw wr vd|

� � �� �� ��
�  !

?
� � �� "� ��

�  !
= Wkh frpelqdwlrq ri wklv lqhtxdolw| dqg Fruroodu| 43 doorzv xv wr frqfoxgh wkdw

wkh frpsdulvrq ri h{shfwhg wudglqj frvwv grhv dovr ghshqg rq wkh vshfl�fdwlrq ri sulruv1
# $ % & ' ( & ) & * + , - . / 0 . & * ' 1 0 & ) 0 . 2 3 4 4 5 6 7 * ' / ( & / & * 8 * 9 . 0 & : 0 8 * ; . 0 < / . & ' 0 / . & * : ; & . 0 * 9 = 8 * / ( 0 > - . - * / -
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Zkhq wkh qxpehu ri vshfxodwruv jrhv wr lq�qlw|/ wkh h{shfwhg wudglqj frvwv ri wkh
dqqrxqfhuv duh vwulfwo| orzhu zkhq suhdqqrxqfhphqw wdnhv sodfh wkdq zkhq lw grhv qrw/
zklfk lv frqvlvwhqw zlwk Sursrvlwlrq 4 lq Dgpdwl dqg S hlghuhu +4<<4,1 Qrwh wkdw wklv
uhvxow grhv qrw krog lq jhqhudo lq rxu prgho1

� Sulfh Lqirupdwlyhqhvv

Frqfhuqlqj wkh uhyhodwlrq ri lqirupdwlrq derxw wkh sd|r� ri wkh ulvn| dvvhw wkurxjk
wkh sulfh/ dv phdvxuhg e| �� � � � � � � � � 	 > wkh qh{w sursrvlwlrq vkrzv wkdw sulfhv duh qrw dozd|v
pruh lqirupdwlyh lq wkh wudqvsduhqw pdunhw1 
 �

Sursrvlwlrq 441 d, Sulfhv duh pruh lqirupdwlyh lq wkh wudqvsduhqw pdunhw l� wkh iro0
orzlqj lqhtxdolw| krogv

�
�

A F zkhuh F '
! E! n eQ � � � Q 
 � n Q 


EQ � �� E! n �� !
�

Pruhryhu/ li ! E2 n Q 
 � eQ� � Q 
 A f> wkhq sulfhv duh dozd|v pruh lqirupdwlyh lq wkh
wudqvsduhqw pdunhw1 
 � Rwkhuzlvh/ wklv uhvxow krogv surylghg wkdw � 
� lv orz hqrxjk1 
 �

e, Dw wkh wlph wkh wudgh lv pdgh dqg } lv uhdol}hg/ suh0wudgh wudqvsduhqf| xqdpeljx0
rxvo| lqfuhdvhv wkh lqirupdwlyhqhvv ri wkh sulfh/ wkdw lv/

ydu � �
Ehyms

�
� ? ydu � � �

hyms
�

> }
�

=

Lq wkh wudqvsduhqw pdunhw/ wkh lqirupdwlrq khog e| djhqwv lv pruh suhflvh wkdq lq wkh
rsdtxh pdunhw/ wkdw lv/ ydu � �

Ehyms
�

> v � > | � > }� A ydu � �
Ehyms

�
> v � > | � �1 Krzhyhu/ zh vkrz

wkdw sulfhv pd| qrw frqwulexwh wr wklv juhdwhu suhflvlrq1 Wklv sx}}olqj uhvxow lv rewdlqhg
zkhq ! E2 n Q � � eQ� � Q � ? f> dqg � �� lv odujh hqrxjk1 Li wklv zhuh wkh fdvh wkhuh duh
sdluv E!> *�> zlwk * A !> iru zklfk sulfhv duh pruh lqirupdwlyh lq wkh rsdtxh pdunhw1
Qrwh wkdw li � �� lv vpdoo/ frpsduhg wr � �� > lw lv kdug iru lqyhvwruv wr klgh wkhlu sulydwh
lqirupdwlrq lq d wudqvsduhqw pdunhw/ dqg frqvhtxhqwo|/ lq htxloleulxp/ wkhlu ghpdqgv zloo
qrw eh uhvsrqvlyh wr sulydwh vljqdov1 E| frqwudvw/ lq wkh rsdtxh pdunhw +pruh ri, sulydwh

� � � � � � �  ! � � � " # $ % # " � �  & $ " %  ' � ( ) * + , ) - . * / 0 1 2 3 1 4 5 6 7 8 6 9 : ; 8 < 7 8 = 8 : > ? @ @ A B C D 0 E 4 : 2 9 < 0 1 2 6 7 0
F 1 0 E 9 2 9 4 : 4 3 6 7 0 9 : 3 4 1 5 8 6 9 4 : 7 0 G < H I 9 : 3 4 1 5 0 < 6 1 8 < 0 1 2 J K 7 0 1 0 8 2 K 0 L 2 0 6 7 0 9 : 3 4 1 5 8 6 9 4 : 8 G E 4 : 6 0 : 6 4 3 6 7 0
0 M L 9 G 9 H 1 9 L 5 F 1 9 E 0 C

N O P F 8 1 6 9 E L G 8 1 E 8 2 0 9 : K 7 9 E 7 F 1 9 E 0 2 8 1 0 5 4 1 0 9 : 3 4 1 5 8 6 9 = 0 9 : 6 7 0 6 1 8 : 2 F 8 1 0 : 6 5 8 1 Q 0 6 9 2 K 7 0 : R E 4 : = 0 1 S 0 2
6 4 9 : T : 9 6 I C U 7 9 2 1 0 2 L G 6 9 2 E 4 : 2 9 2 6 0 : 6 K 9 6 7 P < 5 8 6 9 8 : < V W 0 9 < 0 1 0 1 > ? @ @ ? B K 7 0 1 0 9 6 9 2 2 7 4 K : 6 7 8 6 6 7 0
0 M L 9 G 9 H 1 9 L 5 F 1 9 E 0 K 9 6 7 F 1 0 8 : : 4 L : E 0 5 0 : 6 9 2 5 4 1 0 9 : 3 4 1 5 8 6 9 = 0 8 H 4 L 6 6 7 0 6 1 L 0 = 8 G L 0 6 7 8 : 6 7 0 0 M L 9 G 9 H 1 9 L 5
F 1 9 E 0 K 9 6 7 4 L 6 F 1 0 8 : : 4 L : E 0 5 0 : 6 C

N X Y 8 1 L E 7 > Z [ [ \ B < 0 = 0 G 4 F 2 8 5 4 < 0 G 6 4 8 < < 1 0 2 2 6 7 0 K 0 G 3 8 1 0 9 5 F G 9 E 8 6 9 4 : 2 4 3 5 8 Q 9 : S 8 G 9 5 9 6 4 1 < 0 1 H 4 4 Q
= 9 2 9 H G 0 6 4 6 7 0 5 8 1 Q 0 6 C D 0 T : < 2 6 7 8 6 J 4 : 8 = 0 1 8 S 0 J F 1 9 E 0 2 8 1 0 5 4 1 0 9 : 3 4 1 5 8 6 9 = 0 9 : 6 7 0 4 F 0 : H 4 4 Q 0 : = 9 1 4 : 5 0 : 6 C
U 7 9 2 1 0 2 L G 6 < 9 / 0 1 2 3 1 4 5 4 L 1 2 C U 7 9 2 9 2 < L 0 6 4 6 7 0 3 8 E 6 6 7 8 6 6 7 0 6 K 4 F 8 F 0 1 2 5 8 Q 0 < 9 / 0 1 0 : 6 8 2 2 L 5 F 6 9 4 : 2 C
] : Y 8 1 L E 7 J 8 G G 5 8 1 Q 0 6 F 8 1 6 9 E 9 F 8 : 6 2 8 1 0 1 9 2 Q ^ : 0 L 6 1 8 G J 6 7 0 1 0 9 2 8 2 9 : S G 0 9 : 3 4 1 5 0 < 6 1 8 < 0 1 K 7 4 6 1 8 < 0 2 3 4 1
9 : 3 4 1 5 8 6 9 4 : 8 G 1 0 8 2 4 : 2 J 8 : < K 7 4 2 0 6 2 5 8 1 Q 0 6 4 1 < 0 1 2 C D 0 1 0 K 0 7 8 = 0 2 0 = 0 1 8 G 1 9 2 Q ^ 8 = 0 1 2 0 9 : 3 4 1 5 0 < 6 1 8 < 0 1 2
K 7 4 7 8 = 0 7 0 < S 9 : S 5 4 6 9 = 0 2 6 4 6 1 8 < 0 C

46



lqirupdwlrq lv lqfrusrudwhg lqwr sulfhv dv wklv pdunhw idflolwdwhv fdprx djh zkhqhyhu
� �� lv odujh1 Lq sduwlfxodu/ li � �� jrhv wr lq�qlw|/ vr wkdw * A ! wulyldoo| krogv/ wkhq
�

�
'

�� � � ? F dqg sulfhv zloo eh pruh lqirupdwlyh lq dq rsdtxh pdunhw1

Fruroodu| 45= Uhvxowv uhodwhg wr sulfh lqirupdwlyhqhvv duh urexvw wr sulru vshfl�fdwlrq1

� Yrodwlolw|

Wkh yrodwlolw| ri htxloleulxp sulfhv/ phdvxuhg e| yduEhy � hs
�
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Wdnlqj lqwr dffrxqw Ohppdv 4 dqg 7/ zh kdyh
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Wkh gl�huhqfh lq yrodwlolw| ehwzhhq wkh wzr pdunhw vwuxfwxuhv/ yduEhy � hs
�
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Li �
�� frqyhujhv wr lq�qlw|/ wkhq jE�

�
> �

�� � ' jE�
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> �
�� �= Frqvhtxhqwo|/

vljq
�
yduEhy � hs

�
� � yduEhy � hs
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' �vljq
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�
C �s
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C�}

� � � $
>

zklfk lpsolhv wkh h{lvwhqfh ri dq lqyhuvh uhodwlrqvkls ehwzhhq pdunhw ghswk dqg yrodwlolw|1

Li �
� lv �qlwh/ wkhq jE�

�
> �

� � 9' jE�
!

> �
"# �> vr wkdw pdunhw ghswk dqg yrodwlolw| pd| eh

doljqhg1

Fruroodu| 46= Xqghu lpsurshu sulruv wkhuh lv dq lqyhuvh uhodwlrqvkls ehwzhhq pdunhw
ghswk dqg yrodwlolw|1 Wklv uhvxow pd| qr orqjhu krog li sulruv duh surshu xqohvv Q lv odujh
hqrxjk1
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8 Frqfoxvlrqv

Wklv sdshu kdv h{dplqhg wkh urexvwqhvv ri Pdgkdydq*v +4<<9, uhvxowv rq wkh hfrqrplf
lpsolfdwlrqv ri pdunhw wudqvsduhqf|1 Zh kdyh vkrzq wkdw wkh iroorzlqj uhvxowv duh ur0
exvw wr sulru vshfl�fdwlrq= pdunhw wudqvsduhqf| pd| lqgxfh d irup ri pdunhw idloxuh/
dozd|v lqfuhdvhv wkh suhflvlrq ri wudghuv* suhglfwlrq/ dqg fdq h{dfhuedwh sulfh yrodwlolw|1
Krzhyhu/ wkh lqyhuvh uhodwlrqvkls ehwzhhq sulfh yrodwlolw| dqg pdunhw oltxlglw| rewdlqhg
lq Pdgkdydq +4<<9, pd| qrw krog zlwk surshu sulruv1 Wkh sudfwlfdo lpsolfdwlrq ri wklv
srlqw lv wkdw d fkdqjh lq wudqvsduhqf| wkdw orzhuv sulfh yrodwlolw| grhv qrw dozd|v uhgxfh
wkh h{hfxwlrq frvwv ri oltxlglw| wudghuv1 Vlploduo|/ wkh frpsdulvrq rq pdunhw oltxlglw|
dfurvv pdunhw vwuxfwxuhv ghshqgv rq sulru vshfl�fdwlrq1

Ydulrxv gl!fxowlhv dffrpsdq| wkh xvh ri lpsurshu sulruv1 Rq rqh kdqg/ wkhuh lv wkh
idloxuh ri wkh odz ri frqglwlrqdo h{shfwdwlrqv dqg �lqwhjudwlqj0rxw1� Ghflvlrq uxohv pd|
qrw eh dgplvvleoh zlwk lpsurshu sulruv/ dv d surshu srvwhulru fdqqrw dozd|v eh ghulyhg yld
Ed|hv* wkhruhp iurp dq lpsurshu sulru1 Rq wkh rwkhu kdqg/ wkh vr0fdoohg pdujlqdol}dwlrq
sdudgr{hv fdq rqo| d�hfw lpsurshu sulruv1 Iurp rxu ylhzsrlqw/ lqwurgxflqj lpsurshu
sulruv fdq rqo| eh mxvwl�hg zkhq dvvxplqj h{wuhph xqfhuwdlqw| lv vhqvleoh1 Zkhq lw
frphv wr prghoolqj djhqwv wkdw srvvhvv glyhuvh sulydwh lqirupdwlrq derxw wkh sd|r� ri
dvvhwv dqg wkdw dfwlyho| sduwlflsdwh lq d �qdqfldo pdunhw/ wkh dvvxpswlrq ri frpsohwh
ljqrudqfh +h{0dqwh, grhv qrw vhhp uhdolvwlf1 Zh kdyh khqfh lqyhvwljdwhg lq wklv sdshu wkh
hfrqrplf lpsolfdwlrqv ri wudqvsduhqf| dvvxplqj surshu sulruv1

Suh0wudgh wudqvsduhqf| lqfuhdvhv wkh lqirupdwlyhqhvv ri wkh sulfh dw wkh wlph wkh wudgh
lv pdgh1 Wklv lpsolhv wkdw lw zrxog uhgxfh wkh lqfhqwlyhv wr jdwkhu frvwo| sulydwh lqiru0
pdwlrq1 Exw ohvv lqirupdwlrq dftxlvlwlrq ohdgv wr dq lqfuhdvh lq wkh ulvn0ehdulqj frvw
eruqh e| oltxlglw| wudghuv vlqfh wkh ulvn| dvvhw zrxog eh pruh xqfhuwdlq1 D pruh frpsoh{
vfhqdulr lv qhhghg wr dqdo|}h wkh h�hfw ri suh0wudgh wudqvsduhqf| rq wkh h{shfwhg wudglqj
frvwv ri oltxlglw| wudghuv zkhq sulydwh lqirupdwlrq lv frvwo|1 Wklv lv ohiw wr ixwxuh uhvhdufk1

9 Dsshqgl{

Surri ri Ohppd 4 = Zkhq wkh pdunhw lv rsdtxh Htxdwlrqv +7, dqg +8, ehfrph

HEhymk �� > v � � ' 7y n fry
�

hy>
�

�k �� > �v �
��

ydu �
� ��k ��

�v �

��
k �� � � � EQ � ��7y

v � � 7y

�
>

dqg

yduEhymk �� > v � � ' �
�

� � fry
�

hy>
�

�k �� > �v �
��

ydu �
� ��k ��

�v �

�
fry

#
hy>

��k ��
�v �

�$
>

zkhuh/ �k �� fdq eh uhzulwwhq dv �k �� ' � �
S

� �� � �v� n
�
� � � �

� S
� �� � �|� n �}> ehfdxvh ri +9,1
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Xvlqj wkh h{suhvvlrqv ri �k
�

� dqg �v � / zh �uvw ghulyh wkh yduldqfh dqg fryduldqfh pdwul{hv
lq h{suhvvlrqv deryh/ zklfk duh jlyhq e|

fry
�

hy>
�

�k
�

� > �v �
��

'
�
�

�
EQ � �� �

�
� > �

�
�
�

> dqg

ydu

��k
�

�
�v �

�
'

�
P

� � � �
�

EQ � �� �
�

�
�

�
EQ � �� �

�
� �

�
� n �

�
�

�
>

zkhuh

P
�

� � '
�
�

� � �
EQ � ��

�
EQ � �� �

�
� n �

�
�
�

n
�
�

�
� �

� �
EQ � ���

�
	 n �

�

 =

Qrwh wkdw wkh yduldqfh pdwul{ lv qrqvlqjxodu1 Lwv ghwhuplqdqw/ G
�

> lv vwulfwo| srvlwlyh/
zlwk

G
�

'
�
�

� � �
EQ � �� �

�

�
Q�

�� n �
�

�

n
��

�
�

� �
� �

EQ � ���
�� n �

��
� �

�
�� n �

�

�

=

Vxevwlwxwlqj wkhvh ydoxhv lqwr wkh h{suhvvlrqv iru wkh srvwhulru phdq dqg yduldqfh/ dqg
xqghuwdnlqj vwudljkwiruzdug frpsxwdwlrqv/ zh jhw

HEhyms> L
�

� � ' 7y n d �
�
Q�

�
s � �

�
v � n

�
� � �

� �
| � � Q�

�
� �

�
EQ � ��7y

�
n d � Ev � � 7y� >

dqg
yduEhyms> L

�
� � ' d � �

�
 >

zkhuh

d � '
�

�
 �
�� �

�
EQ � ��

G
� > dqg

d � '
�

��
��

�
� � �

EQ � ���
�
 n E�

�
� ��

�
EQ � ���

�� n �
��
�

G
� �

Soxjjlqj wkh h{suhvvlrq iru HEhyms> L
�

� � rewdlqhg deryh lqwr +4,/ dqg htxdwlqj frh!flhqwv
dffruglqj wr +9,/ lw iroorzv wkdw wkh frh!flhqwv ri vshfxodwruv* ghpdqgv fruuhvsrqglqj wr
d VOH duh wkh vroxwlrqv wr wkh iroorzlqj v|vwhp ri htxdwlrqv=

�
�

'
7yE� � d � � � d �

�
�

�
EQ � ��7y n Q�

� �
�� � � � � � � n �yduEhyms> L

�
� �

> +49,

�
�

'
d � � d � �

�

�� � � � � � � n �yduEhyms> L
�

� �
> +4:,

�
�

'
d � E� � �

�
� n

�� � � � � � �
�� � � � � � � n �yduEhyms> L

�
� �

> dqg +4;,

�
�

'
� � d � Q�

�

�� � � � � � � n �yduEhyms> L
�

� �
� +4<,
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Iurp wklv v|vwhp zh rewdlq doo frh!flhqwv dv ixqfwlrqv ri �
�

= Wr gr vr/ zh ghulyh wzr
dx{loldu| htxdwlrqv wkdw zloo wxuq rxw wr eh yhu| xvhixo lq surylqj wklv ohppd1 Wkh �uvw
rqh lv rewdlqhg diwhu glylglqj +4;, e| +4<, dqg shuiruplqj vlpsoh pdqlsxodwlrqv/ zklfk
jlyhv

d � �
� �

� n EQ � �� �
� �

' �
�

�
�

Q � �
� +53,

Wkh vhfrqg rqh iroorzv iurp uhduudqjlqj +4<,/ dqg frpelqlqj lw zlwk +53,/ zklfk uhvxowv
lq

�yduEhyms> L
�

� � '
2E� � �

�
�

�
�

E� n EQ � �� �
�

�
� +54,

Qrz/ wr jhw �
�
/ qrwlfh wkdw soxjjlqj wkh ydoxhv ri d � dqg d � lqwr +4:,/ zh kdyh

�
�

'
�

�� �
E�

�
� ��

�
EQ � ���

�� n �
�� �

� �� � 	 � 
 � � n �yduEhyms> L
�� �

�
G

� � +55,

Wkhq/ vxevwlwxwlqj �yduEhyms> L
�� � e| wkh ydoxh lq +54,/ lw iroorzv wkdw

�
�

'

�
� n EQ � �� �

� �
EQ � �� �

�
�

�� �
E�

�
� ��

�
EQ � ���

�� n �
�� �

E2Q � � � EQ � �� �
�

� G
� �

Pxowlso|lqj erwk vlghv ri htxdolw| deryh e| �
�

�
�
 / dqg uhfdoolqj wkdw d � ' EQ � �� �

�
�

�
 �
�� @G � >

zh jhw

�
� � � �

�
�� '

�
� n EQ � �� � � �

� � d � �
E� � � ��

�
EQ � ���

�� n �
�� �

2Q � � � EQ � �� � � �

Soxjjlqj +53, lqwr wkh uhvxowlqj htxdwlrq jlyhv

�
� � � �

�
�� '

�
EQ � ��� � � �

� �
E� � � ��

�
EQ � ���

�� n �
�� �

E2Q � � � EQ � �� � � � EQ � ��
� +56,

Lq dgglwlrq/ xvlqj +4<, dqg +53,/ lw iroorzv wkdw
�
EQ � �� � � � �

�
�yduEhyms> L �� � ' 2 EQ � �� d � �

� � � � �
�

Vlqfh yduEhyms> L �� � ' d � �
�� / soxjjlqj wkh ydoxhv ri d � dqg d � lqwr wkh suhylrxv h{suhvvlrq/

dqg vxevwlwxwlqj
�
� � � �

�
�� e| wkh ydoxh lq E2��/ vwudljkwiruzdug frpsxwdwlrqv jlyh

�

�
EQ � �� � � � �

� ��
� � � �

� �
EQ � ���

�� n �
��
�

2Q � � � EQ � �� � � ' � � EQ � ��
�
� � � � �

� +57,

Qrwlfh wkdw E2�� dqg E2e� lpso| wkdw
�
� � � �

�
�� '

� �
E � � � �

�� > ru htxlydohqwo|/ wkh htxdolw|

jlyhq lq +;,/ vlqfh +55, jxdudqwhhv wkdw �
�

9' f=

4:



Wr ghulyh wkh h{suhvvlrq iru �
�
/ zh �uvw frpsxwh yduEhyms> L

�� �> xvlqj +56,/ zklfk jlyhv

yduEhyms> L
�� � '

2�
�� �

��
�

�� E� n EQ � ���
�

� n 2�
�� �

Vxevwlwxwlqj wkh h{suhvvlrq deryh lqwr +54,/ dqg rshudwlqj/ wkh h{suhvvlrq iru �
�
jlyhq

lq +<, lv ghulyhg1

Ilqdoo|/ uhjduglqj wkh h{suhvvlrq ri �
�
jlyhq lq +:,/ revhuyh wkdw glylglqj +49, e| +4<,/

zh kdyh
7yE� � d � � � d � �

�
�

EQ � ��7y n Q�
� �

� � d � Q�
� '

�
�

�
� �

Wdnlqj lqwr dffrxqw wkdw yduEhyms> L
�� � ' �

�� E� � d � �
�

EQ � �� � d � � dqg Htxdwlrq +54,/ +:,
lv rewdlqhg1

Surri ri Ohppd 5 = Iurp +55, dqg +5,/ zh nqrz wkdw �
�

A f> dqg khqfh/ �
�

? � dqg
�

�
A f ehfdxvh ri +;, dqg +<,1 Lq dgglwlrq/ wkh lqhtxdolw| �

�
A �@EQ � �� iroorzv iurp

+53, dqg wkh srvlwlyh vljq ri �
�
dqg �

�
=

Wkh h{dfw ydoxh ri �
�
lv hdvlo| rewdlqhg iurp +57, dqg +;,/ zklfk surylghv dq htxdwlrq

zkrvh xqltxh xqnqrzq lv �
�

= Lq sduwlfxodu/ zh kdyh

�
EQ � �� �

�
� �

� ��
�

�
� �

� �
EQ � ���

�� n �
��
�

2Q � � � EQ � �� �
� '

EQ � ��
�
� � �

� � �
�

�
�

�� �

Htxdwlrq deryh vkrzv wkdw �
�
lv d vroxwlrq ri wkh sro|qrpldo vwdwhg lq wkh vwdwhphqw ri

wklv ohppd1 Ilqdoo|/ qrwlfh wkdw wklv sro|qrpldo fdq eh uhzulwwhq dv

EQ � �� E� n !� E� � ��
� �

� �
2Q � � n !

EQ � �� E� n !�

�
n *

�
� �

�

Q � �

�
>

zklfk lpsolhv wkdw �
�

?
� � 	 � 
 �� � 	 � 
 � � 
 � 
 =

Surri ri Sursrvlwlrq 6= E| yluwxh ri Ohppdv 4 dqg 5/ wkh vwxg| ri wkh h{lvwhqfh ri
d VOH lv uhgxfhg wr wkh dqdo|vlv ri wkh urrwv ri TE�� wkdw ehorqj wr

� �� 	 � >
� � 	 � 
 �� � 	 � 
 � � 
 � 


�
1

Hydoxdwlqj wklv sro|qrpldo lq wkh h{wuhphv ri wkh lqwhuydo/ � � zh kdyh

TE
�

Q � �
� ' �2

EQ � 2�
�

Q � �
? f dqg T

�
2Q � � n !

EQ � �� E� n !�

�
'

2*

� n !
A f=

� � � � � � � � � � � � � � � � � � � � � �  �
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Qh{w/ zh glvwlqjxlvk wzr fdvhv=

Fdvh 41 ! EQ � 2�� Q A f1 Lq wklv fdvh TE�� lv vwulfwo| frqfdyh lq
� �

� � � >
� � � � � 	
 � � 
 � � � � � �

�
>

zklfk whoov xv wkdw T � E�� lv vwulfwo| ghfuhdvlqj1 Vlqfh T � E
� � � � � �� � � � � � � � � � � A f> zh rewdlq wkdw

TE�� lv vwulfwo| lqfuhdvlqj lq
� �

� � � >
 � � � ! "

# � � � $ # � ! " $ �
= Khqfh/ zh fdq hqvxuh wkdw wklv sro|qrpldo

kdv d xqltxh }hur lq wklv lqwhuydo1

Fdvh 51 ! EQ � 2� � Q � f1 Qrwlfh wkdw T % E�� fdq eh uhzulwwhq dv

T % E�� ' � EQ � �� E� n !� E� � ��

�
� �

�� n DQ n ! n !Q

� EQ � �� E� n !�

�
n *=

Iurp wklv h{suhvvlrq/ lw iroorzv wkdw T & E� ' � A f vlqfh lq wklv fdvh (
) * + , - . - . ,/ 0 , 1 2 3 0 2 - . 3 � �=

Ilqdoo|/ wkh surshuw| wkdw wkh urrw ri TE�� lq
� 4

5 6 4 >
7 5 6 4 8 9

: 5 6 4 ; : 4 8 9 ; �
vdwlv�hv wkdw T < E�� A f

jxdudqwhhv wkh xqltxhqhvv ri vxfk d urrw1

Ilqdoo|/ vlqfh wklv sro|qrpldo kdv d xqltxh }hur lq
� =

> ? = >
@ > ? = A B

C > ? = D C = A B D �
/ zh fdq hqvxuh

wkdw wkhuh h{lvwv d xqltxh VOH1

Surri ri Ohppd 7= Uhfdoo wkdw lq wkh wudqvsduhqw pdunhw/ k EF ' �
G S

H IJ K vL n
�
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� S
N OP Q |R >

dqg L ST ' Ev T > }> | U � = Pruhryhu/ HEhyms> L VW � ' HEhymk VW > v W � dqg yduEhyms> L XY � ' yduEhymk XY > v Y �=

Frpsxwdwlrqv vlplodu wr wkh rqhv hpsor|hg wr vkrz Ohppd 4 jlyh=

HEhyms> L
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bd � ' e e �
fg >

zkhuh

e h '
�

i
� jg � jk EQ � ��

G l > dqg

e m '
�

mn EQ � ��
��

� l � m
�

mo n E� l � ��
m
�

mp
�

G q >
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=

Soxjjlqj HEhyms> L uv � lqwr +4,/ dqg htxdwlqj frh!flhqwv dffruglqj wr +43,/ lw iroorzv wkdw
wkh frh!flhqwv ri vshfxodwruv* ghpdqgv fruuhvsrqglqj wr d VOH duh wkh vroxwlrqv wr wkh
iroorzlqj v|vwhp ri htxdwlrqv=
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=

Shuiruplqj vlplodu frpsxwdwlrqv dv lq wkh surri ri Ohppd 4/ zh ghulyh wkh h{suhvvlrqv ri

� 	 / � 	 dqg � 	 jlyhq lq wklv ohppd1 Zh khqfh rplw wklv sduw ri wkh surri1 Wkh h{suhvvlrq
ri �

�
iroorzv iurp glylglqj wkh odvw wzr htxdwlrqv lq wkh v|vwhp deryh dqg rshudwlqj

zklfk jlyhv �
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�
/ zklfk lv htxlydohqw wr +47, zkhq soxjjlqj wkh ydoxhv ri �

�
dqg
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�
lq wkh h{suhvvlrq ri e � =

Surri ri Sursrvlwlrq 8 G Iru dq rsdtxh pdunhw/ zh vkrzhg lq wkh surri ri Ohppd 5
wkdw � � vdwlv�hv
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Zkhq wkh pdunhw lv wudqvsduhqw d vlplodu htxdwlrq pxvw krog zlwk � �� ' f= Lq sduwlfxodu/
zh rewdlq
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2Q � � � EQ � �� �  '
EQ � ��
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Vroylqj wklv htxdwlrq/ wkh h{suhvvlrq iru wkh frh!flhqw �  jlyhq lq wkh vwdwhphqw ri wklv
ohppd lv ghulyhg1 Qrwh wkdw �  ' � dovr vroyhv wkh htxdwlrq1 Qhyhuwkhohvv/ wklv vroxwlrq
lv uxohg rxw dv �  ' � lpsolhv �  ' f/ zklfk suhyhqwv h{lvwhqfh ri dq htxloleulxp + qrwh
wkdw htxdwlrq +6, rqo| kdv vhqvh iru � # 9' f,1 Wkh frqglwlrq Q ? EQ � 2� ! iroorzv iurp
lpsrvlqj wkdw wkh ydoxh ri � $ +� $ '

% & ' ( ) *+ & ' ( , + * ) ( , � eh vpdoohu wkdq rqh1 Vxevwlwxwlqj wklv
ydoxh lq wkh h{suhvvlrqv ri wkh rwkhu sdudphwhuv/ zh fdq h{solflwo| fkdudfwhul}h wkh xqltxh
VOH lq wklv pdunhw vwuxfwxuh1

Surri ri Fruroodu| 9 G Wkh surri gluhfwo| iroorzv iurp wkh idfw wkdw Q ? EQ � 2� !
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Uhihuhqfhv

^4` Dgpdwl/ D1 U1 dqg S1 S hlghuhu/ 4<<4/ Vxqvklqh wudglqj dqg �qdqfldo pdunhw htxl0
oleulxp/ Uhylhz ri Ilqdqfldo Vwxglhv 7/ 77607;41

^5` Eduxfk/ Vkpxho/ 5338/ Zkr ehqh�wv iurp dq rshq olplw0rughu errnB/ Mrxuqdo ri

Exvlqhvv :;07/ 459:046391

^6` Ehujhu/ M1 R1/ 4<;;/ Vwdwlvwlfdo Ghflvlrq Wkhru| dqg Ed|hvldq Dqdo|vlv/ Vsulqjhu0
Yhuodj/ Qhz \run1

^7` Erhkphu/ Hnnhkduw/ Jlghrq Vddu dqg Ohl \x/ 5337/ Oliwlqj wkh yhlo= Dq dqdo|vlv ri
suh0wudgh wudqvsduhqf| dw wkh Q\VH/ iruwkfrplqj wr Wkh Mrxuqdo ri Ilqdqfh1

^8` Eldlv/ Euxqr/ 4<<6/ Sulfh irupdwlrq dqg htxloleulxp oltxlglw| lq iudjphqwhg dqg
fhqwudol}hg pdunhwv/ Wkh Mrxuqdo ri Ilqdqfh 7;/ 48:04;81

^9` Gld Pdjxh|h/ dqg Vìedvwldq Srxjhw/ 5337/ Vxqvklqh wudglqj lq dq hphujlqj vwrfn
pdunhw/ Xqsxeolvkhg pdqxvfulsw/ Zruog Edqn dqg Jhrujld Vwdwh Xqlyhuvlw|1

^:` Gld Pdjxh|h/ dqg Vìedvwldq Srxjhw/ 5338/ Oltxlglw| irupdwlrq dqg suhrshqlqj sh0
ulrgv lq �qdqfldo pdunhwv/ Zrunlqj Sdshu/ LDH ri Wrxorxvh1

^;` Gldprqg/ G1 Z1 dqg U1 H1 Yhuuhfkld/ 4<;4/ Lqirupdwlrq djjuhjdwlrq lq d qrlv|
udwlrqdo h{shfwdwlrqv hfrqrp|/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv </ 55405681

^<` Irxfdxow/ Wklhuu|/ Vrsklh Prlqdv/ dqg Huln Wkhlvvhq/ 5336/ Grhv dqrq|plw| pdwwhu
lq hohfwurqlf olplw rughu pdunhwvB Xqsxeolvkhg pdqxvfulsw/ KHF dqg Erqq Xqlyhu0
vlw|1

^43` Jorvwhq/ Odzuhqfh dqg Sdxo Plojurp/ 4<;8/ Elg/ dvn/ dqg wudqvdfwlrq sulfhv lq d
vshfldolvw pdunhw zlwk khwhurjhqhrxvo| lqiruphg wudghuv/ Mrxuqdo ri Ilqdqfldo Hfr0

qrplfv 46/ :404331

^44` Jurvvpdq/ V1 dqg M1 Vwljolw}/ 4<;3/ Rq wkh lpsrvvlelolw| ri lqirupdwlrqdoo| h!flhqw
pdunhwv/ Dphulfdq Hfrqrplf Uhylhz :3/ 6<6073;1

^45` Khoozlj/ P1 I1/ 4<;3/ Rq wkh h!flhqf| ri frpshwlwlyh vwrfn pdunhwv zkhuh wudghuv
kdyh glyhuvh lqirupdwlrq/ Mrxuqdo ri Hfrqrplf Wkhru| 55/ 7::07<;1

^46` Kxggduw/ V1/ M1 Kxjkhv/ dqg F1 Ohylqh/ 5334/ Sxeolf glvforvxuh dqg glvvlpxodwlrq ri
lqvlghu wudghv/ Hfrqrphwulfd 9</ 99809;41

^47` N|oh/ D1 V1/ 4<;8/ Frqwlqxrxv dxfwlrqv dqg lqvlghu wudglqj/ Hfrqrphwulfd 86/ 46480
46681

^48` N|oh/ D1 V1/ 4<;</ Lqiruphg vshfxodwlrq zlwk lpshuihfw frpshwlwlrq/ Uhylhz ri Hfr0

qrplf Vwxglhv 89/ 64:06891
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^49` Pdgkdydq/ Dqdqwk/ 4<<9/ Vhfxulw| sulfhv dqg pdunhw wudqvsduhqf|/ Mrxuqdo ri Il0

qdqfldo Lqwhuphgldwlrq 8/ 58805;61

^4:` Pdgkdydq/ Dqdqwk/ 5333/ Pdunhw vwuxfwxuh= D vxuyh|/ Mrxuqdo ri Ilqdqfldo Pdunhwv

606/ 538058;1

^4;` Pdgkdydq/ Dqdqwk/ Gdylg Sruwhu/ dqg Gdqlho Zhdyhu/ 5338/ Vkrxog vhfxulwlhv pdu0
nhwv eh wudqvsduhqwB/ Mrxuqdo ri Ilqdqfldo Pdunhwv ;/ 59905;;1

^4<` Qdln/ Qdud|dq/ Dqwkrq| Qhxehujhu dqg V1 Ylvzdqdwkdq/ 4<<</ Wudgh glvforvxuh uhj0
xodwlrq lq pdunhwv zlwk qhjrwldwhg wudgh/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv 4507/
;;90<331

^53` R*Kdjdq/ D1/ 4<<7/ Nhqgdoo*v Dgydqfhg Wkhru| ri Vwdwlvwlfv/ Hgzdug Duqrog dqg
Kdovwhg Suhvv/ Orqgrq dqg Qhz \run1

^54` Sdjdqr/ Pdufr dqg Dlovd Uùhoo/ 4<<9/ Wudqvsduhqf| dqg oltxlglw|= D frpsdulvrq
ri dxfwlrq dqg ghdohu pdunhwv zlwk lqiruphg wudglqj/ Wkh Mrxuqdo ri Ilqdqfh 84/
8:<09441

^55` Srlqfduì/ K1/ 4<38/ Vflhqfh dqg K|srwkhvlv/ Uhsulqwhg 4<85/ Gryhu/ Orqgrq1

^56` Wkhlvvhq/ Huln/ 5336/ Wudghu dqrq|plw|/ sulfh irupdwlrq dqg oltxlglw|/ Hxurshdq

Ilqdqfh Uhylhz :/ 40591
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