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4 Lqwurgxfwlrq

Dv zh hqwhu wkh 54vw fhqwxu| wkh ghpdqg iru d joredo htxlw| pdunhw vhhpv wr eh jurzlqj1
Lqyhvwlqj lqvwlwxwlrqv/ lqyhvwphqw edqnv dqg frpsdqlhv duh douhdg| lqfuhdvlqjo| joredo/
dqg whfkqrorj| lv sxvklqj lq wkdw gluhfwlrq1 Wkhuh lv krzhyhu d srvvleoh sureohp oxunlqj
lq wkh zlqjv= uhjxodwlrq1 Douhdg| uhjxodwru| gl�huhqfhv duh frpsolfdwlqj wkh h{lvwhqfh ri
d vlqjoh Hxurshdq htxlw| pdunhw dv uhtxluhphqwv rq dffrxqwlqj vwdqgdugv/ surylvlrqv iru
glvforvxuh ru wudqvsduhqf| uxohv doo ydulhg kxjho| ehwzhhq pdunhwv1 Wkh qhhg wr ehwwhu
xqghuvwdqg wkh uhodwlrqvkls ehwzhhq pdunhw vwuxfwxuh dqg pdunhw txdolw| lv juhdwhu wkdq
hyhu lq d HX vhhnlqj wr frqvwuxfw d vlqjoh �qdqfldo pdunhw1

Rqh ri wkh fkdoohqjhv uhjxodwruv idfh lv wr djuhh rq wkh ghvluhg ohyho ri wudqvsduhqf|
lq vwrfn0h{fkdqjh ghdolqjv1 � Lq wkh Xqlwhg Vwdwhv/ Duwkxu Ohylww zkr zdv fkdlupdq ri
wkh Vhfxulwlhv dqg H{fkdqjh Frpplvvlrq*v +VHF, wkurxjkrxw wkh Folqwrq suhvlghqf|/
ghyrwhg pxfk wlph wr lpsurylqj vwdqgdugv ri glvforvxuh dqg wudqvsduhqf| lq wkh htxlw|
pdunhwv1 Wkh ylhz ri wkh Frpplvvlrq lv vwudljkwiruzdug= �Wkh Frpplvvlrq kdv orqj
eholhyhg wkdw wudqvsduhqf| �wkh uhdo wlph/ sxeolf glvvhplqdwlrq ri wudgh dqg txrwdwlrq
lqirupdwlrq� sod|v d ixqgdphqwdo uroh lq wkh idluqhvv dqg h!flhqf| ri wkh vhfrqgdu|
pdunhwv111wudqvsduhqf| khosv wr olqn glvshuvhg pdunhwv dqg lpsuryhv wkh sulfh glvfryhu|/
idluqhvv/ frpshwlwlyhqhvv dqg dwwudfwlyhqhvv ri XV pdunhwv1�

�
Lq wkh vdph yhlq/ VHF

dovr dujxhg �111wudqvsduhqw glvforvxuh ri txrwhv dqg wudghv surprwhv ehvw h{hfxwlrq1�
�
Lq

frqwudvw/ lq wkh XN/ wkh Vhfxulwlhv dqg Lqyhvwphqw Erdug +VLE, kdv dujxhg wkdw wkhuh duh
lpsruwdqw gl�huhqfhv ehwzhhq txrwdwlrq wudqvsduhqf| dqg wudgh wudqvsduhqf|/ dqg wkdw
wudqvsduhqf| +lq wkh frqwh{w ri surpsw sxeolfdwlrq ri odujh wudghv, vkrxog eh uhvwulfwhg
li lw lv qhfhvvdu| wr dvvxuh dghtxdwh oltxlglw|1

�

Wkh Ihghudwlrq ri Hxurshdq Vhfxulwlhv H{fkdqjhv +IHVH, kdv pdgh fohdu wkdw uhdo0
wlph uhsruwlqj lv edvlfdoo| vwdwh0ri0wkh0duw dqg vkrxog eh wkh vwdqgdug rq Hxursh*v �qdq0
fldo pdunhwv1 Lw fodlpv wkdw uhsruwlqj ri �vwdqgdug� wudghv dw wkh hqg ri wkh gd| lv qrw
ghhphg vx!flhqw1 Qhyhuwkhohvv/ pdunhwv zlwk orz ghjuhhv ri wudqvsduhqf| vhhp wr eh
grlqj txlwh zhoo1 Lq ohvv wkdq iruw| |hduv/ wkh hxurerqg pdunhw kdv jrqh iurp }hur wr
ehfrph wkh vhfrqg odujhvw erqg pdunhw lq wkh zruog dqg wkh odujhvw iru frusrudwh erqgv1
Dqg wkdw kdsshqhg ghvslwh wkh pdunhw kdylqj doprvw qrqh ri wkh fkdudfwhulvwlfv zklfk lw
lv fodlphg e| vrph duh hvvhqwldo iru d pdunhw zklfk lv idlu dqg h!flhqw iru doo1 Frpsduhg
wr htxlw| pdunhwv/ lwv wudqvsduhqf| kdv ehhq olplwhg1 Dqg |hw lqyhvwruv kdyh uhfhlyhg
jrrg uhwxuqv ryhu pdq| |hduv dqg wkhlu frq�ghqfh lq wkh pdunhw kdv ehhq vwhdgidvwo|
pdlqwdlqhg1 Lv wkhuh wkhq d edvlv iru lpsrvlqj srvw0wudgh wudqvsduhqf| rq wudqvdfwlrqvB
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Krz wudqvsduhqf| d�hfwv pdunhw ehkdylru lv d txhvwlrq dgguhvvhg e| vhyhudo sdshuv
+vhh/ iru lqvwdqfh/ Eldlv +4<<6,/ Sdjdqr dqg Urîoo +4<<9,/ Pdgkdydq +4<<8/4<<9,/ Jhpploo
+4<<9,/ Sruwhu dqgZhdyhu +4<<;,/ Qdln hw do1 +4<<<,/ Eorrp�hog dqg R*Kdud +4<<</5333,/
Iorrg hw do1 +4<<<,/ Iuxwrv dqg Pdq}dqr +5335,/ dprqj rwkhuv,1 Wkh qxphurxv zrunv
irfxvhg rq wudqvsduhqf| vkrz erwk wkh lpsruwdqfh dqg wkh frpsoh{lw| ri wklv lvvxh1 Wkh
pdlq frqwulexwlrq ri wklv sdshu lv wr ghhshq lq wkh h�hfwv ri srvw0wudgh wudqvsduhqf| lq
wkh shuirupdqfh ri wkh pdunhw lq d prgho edvhg rq Jorvwhq dqg Plojurp +4<;8,1 Zh
wklqn wkdw wkh vwxg| ri wklv lvvxh lq d zhoo0nqrzq iudphzrun pd| khos wr xqghuvwdqg
wkhlu lpsolfdwlrqv1 Pruh suhflvho|/ zh prgho d txrwh0gulyhq pdunhw lq zklfk wkh gdlo|
wudgh wdnhv sodfh lq wzr gl�huhqw lqwhuydov ri wlph zkhuhdv qhz lqirupdwlrq rqo| duulyhv
dw wkh ehjlqqlqj ri wkh gd|1 Xvlqj wklv vhw0xs zh frpsduh wzr pdunhw vwuxfwxuhv= d
srvw0wudgh wudqvsduhqw pdunhw/ lq zklfk wudghv duh pdgh sxeolf dqg d srvw0wudgh rsdtxh
pdunhw/ lq zklfk wudghv duh qrw glvforvhg1 Lq erwk pdunhw vwuxfwxuhv wkh lqirupdwlrq
frqwdlqhg lq fxvwrphu rughuv lv ydoxdeoh1 � Wr xqghuwdnh wkh frpsdulvrq zh �uvw surylgh
dq h{solflw fkdudfwhul}dwlrq dqg frpsxwdwlrq ri ghdohuv* htxloleulxp sulflqj vwudwhjlhv lq
wkh wzr pdunhw vwuxfwxuhv zklfk doorzv wr xqghuvwdqg zkdw duh wkh gulylqj irufhv ehklqg
ghdohuv* ehkdylru1

�

Zh vkrz wkdw sulfhv lq dq rsdtxh pdunhw uhvxow iurp wkh lqwhusod| ehwzhhq lqiru0
pdwlrqdo dqg vwudwhjlf frqvlghudwlrqv/ zkhuhdv lq d wudqvsduhqw pdunhw sulfhv duh rqo|
lqirupdwlrqdoo| gulyhq1 Ghdohuv rshudwlqj lq d wudqvsduhqw pdunhw vhw uhjuhw0iuhh sulfhv dw
hdfk shulrg pdnlqj }hur h{shfwhg sur�wv lq hdfk ri wkh wzr wudglqj urxqgv1 E| frqwudvw/
ghdohuv lq dq rsdtxh pdunhw vhw sulfhv dzd| iurp wkh vkruw uxq htxloleulxp1 Zh vkrz
wkdw lq wkh rsdtxh pdunhw vwuxfwxuh sulfh0vhwwlqj ghdohuv lqyhvw lq dftxlulqj lqirupdwlrq
e| vhwwlqj pruh dwwudfwlyh sulfhv iurp lqyhvwruv* ylhzsrlqw dw wkh ehjlqqlqj ri wkh wudglqj
gd|1 Wkh| ghsduw iurp pd{lpl}lqj fxuuhqw h{shfwhg sur�wv/ lq rughu wr surgxfh lqiru0
pdwlrq wkdw zloo |lhog ixwxuh h{shfwhg sur�wv1

�
Pruh lpsruwdqwo|/ lq htxloleulxp/ ghdohuv

wu| wr dwwudfw rughu  rz lq erwk gluhfwlrqv/ l1h1/ wkh| wu| wr eh frpshwlwlyh rq erwk vlghv
ri wkh pdunhw dqg wr gr vr wkh| vhw mrlqwo| wkhlu dvn dqg elg1 Wklv uhvxow ghsduwv iurp
prvw ri wkh wkhruhwlfdo uhvxowv lq wkh olwhudwxuh rq ghdohu pdunhwv zkhuh ghdohuv vhw wkhlu
dvnv dqg elgv lqghshqghqwo|1 Qhyhuwkhohvv/ rxu uhvxow lv frqvlvwhqw zlwk wkh �qglqjv lq
wkh h{shulphqwdo zrunv e| Eorrp�hog dqg R*Kdud +4<<</5333,1

�

Wklv sdshu surylghv d vhulhv ri whvwdeoh suhglfwlrqv rq wkh lpsdfw ri wudqvsduhqf| rq
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sulfh g|qdplfv1 Qrwh wkdw wkh h{solflw frpsxwdwlrq ri wkh htxloleulxp sulflqj vwudwhjlhv
doorzv xv wr h{dplqh wkh lpsdfw ri pdunhw rsdtxhqhvv rq phwulfv ri pdunhw txdolw|
dv vsuhdgv/ yrodwlolw| dqg sulfh h!flhqf|1 Vrph ri wkh uhvxowv zh rewdlq duh vlplodu wr
wkrvh gholyhuhg e| Pdgkdydq +4<<8, ru Eorrp�hog dqg R�Kdud +5333,/ dprqj rwkhuv1 �
Qhyhuwkhohvv/ zh dovr r�hu qhz suhglfwlrqv wkdw pljkw eh xvhixo wr hfrqrphwulfldqv zlwk
sulfh gdwd1 Dprqj wkh vlplodu uhvxowv zh dovr �qg wkdw srvw0wudgh rsdtxhqhvv kdv wkh
iroorzlqj h�hfwv1 4,1 Lw uhvxowv lq d uhyhuvdo lq wkh qrupdo lqwudgd| sdwwhuq ri wkh elg0
dvn vsuhdg1 5,1 Lw lqfuhdvhv sulfh yrodwlolw| ehfdxvh wkh gl�huhqfhv ehwzhhq wkh ghdohuv
zkr wudqvdfw lq wkh wzr shulrgv duh eljjhu lq wkh rsdtxh pdunhw dqg/ wklv lv uh hfwhg lq
sulfhv1 6,1 Lw uhgxfhv wudqvdfwlrq sulfh h!flhqf| ehfdxvh ohvv lqirupdwlrq lv lpsrxqghg
lq sulfhv1 Wkh pdlq qhz suhglfwlrqv zh r�hu duh pd| khos wr uhfrqfloh wkh wkhruhwlfdo
uhvxowv rq wudgh glvforvxuh zlwk wkh hpslulfdo hylghqfh iurp rsdtxh pdunhwv dv wkh I[
pdunhw ru wkh frusrudwh mxqn erqg pdunhwv1 Lq sduwlfxodu/ 4,1 Zh vkrz wkdw wudqvdfwlrq
sulfhv lq dq rsdtxh pdunhw gr qrw iroorz d pduwlqjdoh/ dqg frqvhtxhqwo|/ wkh �uvw rughu
gl�huhqfhv lq sulfhv pd| qrw eh xqfruuhodwhg1 Wklv wrslf lv ri uhohydqfh vlqfh xqwlo qrz lq
doo wkh lqirupdwlrq0edvhg prghov wklv surshuw| zdv vdwlv�hg1

� �
5,1 Lq wkh rsdtxh pdunhw/

vsuhdgv lqfuhdvh ryhu wlph hyhq li wkhuh zdv qr rughu lq wkh sdvw1
� �

Vlploduo|/ zh vkrz
wkdw li ghdohuv kdyh dv|pphwulf eholhiv derxw wkh ydoxh ri wkh vhfxulw|/ wkhq vsuhdgv duh
klvwru| ghshqghqw1 6,1 Ilqdoo|/ zh vkrz wkdw sulfhv lq rsdtxh pdunhwv duh pruh vsuhdg
rxw1 Lq sduwlfxodu zh vkrz wkdw lq htxloleulxp wkhuh lv sulfh glvshuvlrq lq wkh rsdtxh
pdunhw zkhuhdv wklv lv qrw wkh fdvh li wudghv duh uhsruwhg1

� �

Wkh duwlfoh lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq zh suhvhqw d vhtxhqwldo wudgh
prgho1 Vhfwlrq 6 fkdudfwhul}hv wkh htxloleulxp lq wkh wudqvsduhqw pdunhw1 Vhfwlrq 7
ghulyhv ghdohuv* sulflqj vwudwhjlhv lq dq rsdtxh pdunhw1 Vhfwlrq 8 frpsduhv vrph pdunhw
lqglfdwruv fruuhvsrqglqj wr erwk pdunhw vwuxfwxuhv1 Frqfoxglqj frpphqwv duh suhvhqwhg
lq Vhfwlrq 91 Surriv duh lqfoxghg lq wkh Dsshqgl{1

� � � � 	 � 
 � � �  � � � � � � � � � � � � � 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � � �
� � � � � ! " 	 � � � � � � � 	 � � � � 	 � � # � � 	 � � � � � � � � � � � � � � � � � � $ % & ' ( ) * + , - . / - 0 / 1 2 3 4 5 6 3 7 8 3 9 3 / : / - 0 9 1 - . . ; , 8 6 9
< - 1 = 1 - > , > ? / - 0 > . < 0 - 1 > 4 : @ 1 4 0 8 . 1 3 / = 0 4 3 6 3 / 0 / 1 . 9 : > 0 A 3 4 / - 0 9 3 > 2 . / - 0 / 1 2 3 1 . B 6 3 C 1 D E , - C 3 > 2 * 0 6 0 - 2 1 , - 9 1 -
, F 1 - / 3 A 1 G H 1 0 6 1 - . 0 - 1 E 3 6 6 3 > 2 > , / / , 9 3 . 4 6 , . 1 / - 0 9 1 . @ 1 4 0 8 . 1 / ; 1 : < - , I / = - , A / ; 1 - 1 9 8 4 / 3 , > 3 > < - 3 4 1
4 , A < 1 / 3 / 3 , > G J F 1 > / ; , 8 2 ; / ; 3 . < 0 < 1 - 3 . 4 6 , . 1 / , , 8 - . / ; 1 - 1 0 - 1 3 A < , - / 0 > / 9 3 K 1 - 1 > 4 1 . 3 > / ; 1 - 1 . 8 6 / . / ; 0 /
1 0 4 ; < 0 < 1 - 9 1 6 3 F 1 - G L ; - , 8 2 ; / , 8 / / ; 1 < 0 < 1 - E 1 4 , A A 1 > / . , A 1 , = / ; 1 . 1 9 3 K 1 - 1 > 4 1 . / ; 0 / 0 - 1 9 8 1 / , / ; 1 = 0 4 /
/ ; 0 / M 0 9 ; 0 F 0 > N . 1 7 8 3 6 3 @ - 3 8 A 3 > + ; 3 . 5 , < 0 7 8 1 A 0 - C 1 / 3 . > , / 0 > 1 7 8 3 6 3 @ - 3 8 A 3 > , 8 - . 1 / ? 8 < G

O P Q R S T S U V S W X Y V X Z R [ S U T \ T Y R ] T ^ \ _ R \ S ` S a V ] T S a V X \ _ V a T X b Z W \ T W S U T a T c _ ^ W b W S ^ Z R a W Y _ ^ W b S ^ Z V \ \ d Y T ] e
f T U T a T g X ] S U V S S U W \ \ T a W V ^ d X b R a a T ^ V S W R X _ a R _ T a S Z ] T _ T X ] \ R X S U T ] T h a T T R [ _ R \ S ` S a V ] T S a V X \ _ V a T X b Z R [
S U T Y V a i T S e

j j k T X h l m n n o p _ a R q W ] T \ T q W ] T X b T S U V S S U T r W ] ` V \ i \ _ a T V ] \ W X b a T V \ T R q T a S W Y T s U T X X R R a ] T a \ V a a W q T e
t U W \ T Y _ W a W b V ^ g X ] W X h W \ \ d _ _ R a S V S W q T R [ S U W \ _ a T ] W b S W R X e

j u v Y _ W a W b V ^ a T \ T V a b U R X S U T b R a _ R a V S T w d X i r R X ] Y V a i T S l V X R _ V x d T Y V a i T S p \ U R s \ T q W ] T X b T R [ _ a W b T
] W \ _ T a \ W R X V b a R \ \ ] T V ^ T a \ e y T T z [ R a W X \ S V X b T z y V d X ] T a \ z y a W X W q V \ V X V X ] f V ^ S T a l m n n m p s U T a T S U W \ g X ] W X h W \
_ a T \ T X S [ R a V \ V Y _ ^ T R [ r R X ] S a V ] T \ b R X ] d b S T ] r Z V Y V w R a V \ \ T S Y V X V h T a { | } ~ � } � � � � � } � � � � � � � � � ~ � }
� � � | � ~ � � } � �

7



5 Wkh Prgho

Lq wklv vhfwlrq zh ghvfuleh wkh edvlf vwuxfwxuh ri rxu vhtxhqwldo wudgh prgho/ zklfk lv
vlplodu wr Jorvwhq dqg Plojurp +4<;8, ru Hdvoh| dqg R*Kdud +4<;:,1 Zh frqvlghu dq
hfrqrp| zlwk d vlqjoh ulvn| dvvhw/ zkrvh oltxlgdwlrq ydoxh lv ghqrwhg e| y= Wkh ulvn|
dvvhw fdq wdnh rq wzr srvvleoh ydoxhv/ 3 dqg 5/ erwk htxdoo| olnho|1 Srwhqwldo ex|huv
dqg srwhqwldo vhoohuv wudgh wkh ulvn| vhfxulw| zlwk pdunhw pdnhuv ru ghdohuv/ zkr duh
uhvsrqvleoh iru vxsso|lqj oltxlglw| e| vlpxowdqhrxvo| vhwwlqj sulfhv dw zklfk wkh| zloo ex|
dqg vhoo wkh dvvhw1 Zh zloo dvvxph wkdw wkhuh duh rqo| wzr ghdohuv lqgh{hg e| G/ ghdohu
[ dqg ghdohu \ / zkr duh erwk ulvn0qhxwudo1

Oltxlglw| lv ghpdqghg e| wzr srvvleoh w|shv ri lqyhvwruv= lqiruphg wudghuv dqg xqlq0
iruphg wudghuv1 � �

Lqiruphg wudghuv shuihfwo| nqrz wkh oltxlgdwlrq ydoxh ri wkh ulvn| dvvhw1
Li dq lqiruphg wudghu revhuyhv wkh kljk oltxlgdwlrq ydoxh/ wkhq vkh zloo ex| wkh vwrfn li wkh
vpdoohvw dvn sulfh lv ehorz 2> li vkh kdv revhuyhg wkh orz oltxlgdwlrq ydoxh/ wkhq vkh zloo
vhoo lw li wkh kljkhvw elg sulfh lv deryh f= Xqlqiruphg wudghuv gr qrw nqrz wkh oltxlgdwlrq
ydoxh dqg wkh| duh khqfh htxdoo| olnho| srwhqwldo ex|huv ru srwhqwldo vhoohuv1 Wkh| gl�hu lq
wkhlu wudglqj prwlydwlrqv1 Wkhvh pd| uh hfw wkhlu oltxlglw| qhhgv/ wkhlu sulfh0vhqvlwlylw|/
ru lqglylgxdo vshfl�f wudglqj uxohv1 Wkhvh idfwruv lq xhqfh wkh zloolqjqhvv ri dq xqlq0
iruphg wudghu wr wudqvdfw1 Zh zloo khuh dvvxph wkdw zlwk suredelolw| � � u wkh| ghflgh
qrw wr wudgh1

� �

Wudghv rffxu wkurxjkrxw wkh wudglqj gd|1 Zh glylgh wkh gd| lqwr wzr lqwhuydov ri wlph/
w ' f dqg w ' �= Dw hdfk wlph lqwhuydo/ �uvw pdunhw pdnhuv vhohfw dvn dqg elg sulfhv dw
zklfk wkh| duh zloolqj wr ex| ru wr vhoo rqh xqlw ri wkh dvvhw1 Wkhq/ d wudghu lv vhohfwhg
dffruglqj wr d suredelolvwlf duulydo surfhvv ghvfulehg ehorz/ dqg vkh ghflghv khu rughu
vl}h> l1h1/ zkhwkhu wr ex| rqh xqlw dw wkh vpdoohvw dvn sulfh +t � ' n��> wr vhoo rqh xqlw dw
wkh kljkhvw elg sulfh +t � ' ���> ru qrw wr wudgh dw doo +t � ' f�1

Wkh suredelolvwlf vwuxfwxuh ri d wudglqj gd| lv ghslfwhg lq wkh wuhh gldjudp lq Iljxuh 41
Wkh �uvw qrgh ri wkh wuhh fruuhvsrqgv wr qdwxuh vhohfwlqj zkhwkhu lqirupdwlrq zloo eh jrrg
ru edg1 Wklv qrgh lv rqo| uhdfkhg dw wkh ehjlqqlqj ri wkh wudglqj gd|/ phdqlqj wkdw qhz
lqirupdwlrq rffxuv rqo| ehwzhhq wudglqj gd|v1 Lq wkh vhfrqg qrgh/ dq lqyhvwru lv vhohfwhg1
Zlwk suredelolw| kdoi/ vkh lv dq lqiruphg wudghu dqg zlwk wkh frpsohphqwdu| suredelolw|
vkh lv dq xqlqiruphg wudghu1 Wkh wklug qrgh fruuhvsrqgv wr wkh wudglqj ghflvlrq hdfk
wudghu zloo pdnh li jlyhq wkh rssruwxqlw| wr wudgh1 Zkhwkhu dq lqiruphg wudghu ex|v ru
vhoov ghshqgv xsrq wkh uhodwlrqvkls ehwzhhq wkh ydoxh ri wkh ulvn| dvvhw vkh kdv revhuyhg
dqg wkh sulfhv1 Dq xqlqiruphg wudghu lv htxdoo| olnho| d srwhqwldo ex|hu ru d srwhqwldo
vhoohu1 Pruhryhu/ vkh zloo wudgh zlwk suredelolw| u> zlwk � A u A f> dqg zloo qrw wudgh zlwk
wkh uhpdlqlqj suredelolw| � � u= Qrwh wkdw zkhq u dssurdfkhv }hur/ dq rughu wr wudgh fdq
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rqo| frph iurp dq lqiruphg wudghu1 Zkhq u dssurdfkhv rqh/ xqlqiruphg wudghuv dozd|v
fkrrvh wr wudgh1 Lq wkh vhfrqg shulrg wkh wudghu vhohfwlrq surfhvv lv uhshdwhg1 Dw wkh hqg
ri wklv vhfrqg lqwhuydo ri wlph wkh oltxlgdwlrq ydoxh ri wkh ulvn| dvvhw lv pdgh sxeolf dqg
djhqwv frqvxph1

^Lqvhuw Iljxuh 4`

Vlqfh wkh sureohp zh duh dgguhvvlqj lqyroyhv d pxowl0ghdohu g|qdplf sulflqj jdph ri
lqfrpsohwh lqirupdwlrq/ wkh htxloleulxp frqfhsw zh xvh lv wkdw ri Shuihfw Ed|hvldq htxl0
oleulxp/ vhdufklqj iru ghdohu sulflqj vwudwhjlhv zklfk krog wkh w|slfdo surshuw| irxqg lq
udwlrqdo h{shfwdwlrqv prghov ri lqfrusrudwlqj wkh lqirupdwlrq wkh wudgh lwvhoi uhyhdov1

Ilqdoo|/ wkh oltxlglw| ydoxh ri wkh ulvn| dvvhw dqg wkh lqyhvwru*v duulydo surfhvv duh dv0
vxphg lqghshqghqw udqgrp yduldeohv1 Wkh mrlqw glvwulexwlrq ri doo wkhvh udqgrp yduldeohv
zloo eh frpprq nqrzohgjh1

6 Wkh Srvw0wudgh Wudqvsduhqw Pdunhw

Lq d wudqvsduhqw pdunhw/ dw wkh hqg ri wkh �uvw urxqg/ doo wkh wudglqj lqirupdwlrq uhodwhg
wr w ' f lv sxeolfo| glvforvhg1 Erwk ghdohuv zloo krog wkh vdph lqirupdwlrq dqg zloo khqfh
txrwh wkh vdph elg dqg dvn sulfhv1 Ixuwkhu/ frpshwlwlrq frpelqhg zlwk ulvn qhxwudolw|
glfwdwhv wkdw dq| uhqwv hduqhg rq wudghv zrxog eh elg dzd|1 Frqvhtxhqwo|/ sulfhv zloo
htxdo uhvhuydwlrq txrwhv vr wkdw wkh h{shfwhg sur�w rq dq| wudgh zloo eh }hur1 Wkh uhvxow
lv gxh wr wkh sulfh frpshwlwlrq dprqj v|pphwulf ulvn0qhxwudo ghdohuv1

Zkhq frpsxwlqj wkh rswlpdo sulflqj vwudwhjlhv e| wkh ghdohuv/ zh frqvlghu wkdw dq
lqiruphg wudghu*v vwudwhj| lv wr vhoo zkhq y ' f dqg wr ex| li y ' 2= Zh zloo wkhq vkrz
wkh rswlpdolw| ri wklv ehkdylru1 Wkh iroorzlqj sursrvlwlrq h{solflwo| fkdudfwhul}hv wkh
Ed|hv0Qdvk htxloleulxp lq d pdunhw zlwk srvw0wudgh wudqvsduhqf|1 � �

Sursrvlwlrq 4 Wkhuh h{lvwv d xqltxh Ed|hv0Qdvk htxloleulxp lq wkh srvw0wudgh wudqvsdu0
hqw pdunhw/ zkhuh wkh htxloleulxp sulfh txrwdwlrq ixqfwlrq dw w ' f/ S � Et � �> vdwlv�hv

S � Et � � ' H Eymt � � ' � n �t � > dqg

wkh htxloleulxp sulfh txrwdwlrq ixqfwlrq dw w ' �/ S � Et � ( t � � > lv jlyhq e|
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Wkh orjlf ehklqg wkhvh h{suhvvlrqv lv fohdu1 Frqvlghu/ iru lqvwdqfh/ d srwhqwldo vhtxhqfh
ri ex| rughuv1 Ghdohuv nqrz wkdw wklv srwhqwldo vhtxhqfh ri wudghv frxog eh jhqhudwhg
e| +4, wkh lqghshqghqw duulydo ri lqiruphg wudghuv lq shulrgv 3 dqg 4/ +5, wkh duulydo ri
dq lqiruphg wudghu lq shulrg 3 iroorzhg e| d oltxlglw| wudghu lq shulrg 4/ +6, wkh duulydo
ri d oltxlglw| wudghu lq shulrg 3 iroorzhg e| dq lqiruphg wudghu lq shulrg 4/ ru +7, wkh
lqghshqghqw duulydo ri oltxlglw| wudghuv lq erwk shulrgv1 Lq fdvhv +4, wkurxjk +6, deryh/
wkhuh lv dq lqyhvwru zkr lv lqiruphg/ dqg khu rughu uhyhdov wkdw wkh ydoxh ri wkh ulvn| dvvhw
lv wkh kljk rqh/ zkhuhdv lq fdvh +7, wkh srwhqwldo vhtxhqfh ri wudghv lv qrw lqirupdwlyh
derxw wkh oltxlgdwlrq ydoxh1 Ghqrwlqj e| � � � wr wkh frqglwlrqdo suredelolw| ri fdvh
+7, jlyhq wkh srwhqwldo vhtxhqfh ri wudghv/ lw iroorzv wkdw H Eym E�> ��� ' � n �> zkhuh
� lv ghulyhg e| dsso|lqj Ed|hv* uxoh1 Qrz/ Ehuwudqg frpshwlwlrq frpelqhg zlwk ulvn0
qhxwudolw| lpsolhv wkdw S � E�( �� ' �n�1 Wkh h{suhvvlrqv iru wkh rwkhu sulfhv duh rewdlqhg
vlploduo|1

Zkhq wkh �uvw urxqg hqgv zlwkrxw dq| wudglqj dfwlylw|/ ghdohuv gr qrw uhylvh wkhlu
txrwhv dv wkh| gr qrw revhuyh dq| qhz uhohydqw lqirupdwlrq derxw y1 Rwkhuzlvh/ iroorzlqj
d wudgh/ wkh| vhw qhz sulfhv vlqfh wkh w|sh ri wudgh kdv vljqdo ydoxh derxw y= Lq sduwlfxodu/
zkhq wkhuh lv wudgh frqwlqxdwlrq/ d vhoo +ex|, lq wkh �uvw shulrg ghfuhdvhv +lqfuhdvhv, wkh
elg +dvn, sulfh lq wkh vhfrqg shulrg1 Qrwh wkdw � A � iru doo u A f1 E| frqwudvw/ zkhq
wkhuh lv wudgh uhyhuvdo/ ghdohuv vhw wkhlu dvn dqg wkhlu elg lq wkh vhfrqg shulrg htxdo wr
wkh h{ dqwh h{shfwhg ydoxh ri wkh vhfxulw|1 Lq hlwkhu fdvh/ elgv dqg dvnv duh qrw v|pphwulf
durxqg suhylrxv wudqvdfwlrq sulfhv1 Qrwh wkdw wkh plgtxrwh iroorzlqj d vhoo +ex|, lv kljkhu
+orzhu, wkdq wkh suhylrxv wudqvdfwlrq sulfhv1

Ilqdoo|/ htxloleulxp sulfhv olh lq wkh lqwhuydo Ef> 2� = Wklv hqvxuhv wkdw wkh lqiruphg
wudghu*v vwudwhj| wr vhoo +ex|, wkh dvvhw li vkh kdv revhuyhg wkh orz +kljk, ydoxh lv rswlpdo
lq erwk shulrgv1

7 Wkh Srvw0wudgh Rsdtxh Pdunhw

Lq dq rsdtxh pdunhw/ wkh wudglqj lqirupdwlrq uhodwhg wr w ' f lv qrw pdgh sxeolf zklfk
suhyhqwv iuhh0ulglqj iurp qrq0wudglqj ghdohuv1 D ghdohu pd| khqfh qrz fkrrvh wr lqyhvw
lq surgxflqj lqirupdwlrq e| sulflqj pruh djjuhvvlyho| lq wkh �uvw urxqg vr dv wr xvh klv
sulydwh nqrzohgjh iurp wudgh wr h{wudfw uhqwv lq wkh vhfrqg urxqg1 E| grlqj vr/ ghdohuv
ghsduw iurp pd{lpl}lqj h{shfwhg sur�wv lq hdfk shulrg wr pd{lpl}h wkh vxp ri wkhlu
sur�wv1

� �

Dq lpsruwdqw ihdwxuh ri rxu prghoolqj vwudwhj| lv wkdw wkh dprxqw ri lqirupdwlrq
ghdohuv fdq dftxluh lq wkh rsdtxh pdunhw ghshqgv rq zkhwkhu wkh| fkrrvh wr eh frpshwlwlyh
rq erwk vlghv ri wkh pdunhw ru mxvw rq rqh vlgh1 D ghdohu zkr lv frpshwlwlyh rq erwk
vlghv ri wkh pdunhw lv shuihfwo| lqiruphg derxw wkh rffxuuhqfh dqg vljq ri wkh rughu dw
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wkh �uvw urxqg1 D ghdohu zkr lv frpshwlwlyh rq rqh vlgh ehfrphv shuihfwo| lqiruphg li
kh dwwhqghg wkh rughu1

� �
Rwkhuzlvh/ kh lv xqdeoh wr glvwlqjxlvk ehwzhhq wkh hyhqw ri qr

rughu duulydo dqg wkh hyhqw ri wkh rughu zdv dwwhqghg e| klv frpshwlwru1 Zh zloo vd| wkdw
d ghdohu vshfldol}hv li kh fkrrvhv wr eh frpshwlwlyh rqo| rq rqh vlgh ri wkh pdunhw1 Zh
zloo vd| wkdw d ghdohu lqyhvwv lq shuihfw ohduqlqj li kh fkrrvhv wr eh frpshwlwlyh rq erwk
vlghv ri wkh pdunhw1

Lq rughu wr rewdlq wkh rswlpdo sulflqj vwudwhjlhv zh vroyh wkh prgho e| edfnzdug
lqgxfwlrq xqghu wkh surylvr wkdw dq lqiruphg wudghu vhoov zkhq y ' f dqg ex|v li y ' 2=
Wkdw lv/ jlyhq wkh lqirupdwlrq vhwv wkh ghdohuv eulqj lqwr wkh vhfrqg urxqg/ zh vroyh iru
wkh ghdohuv* rswlpdo sulflqj vwudwhjlhv dw w ' �= Jlyhq wkhvh rswlpdo vwudwhjlhv dw w ' �>
zh wkhq vroyh iru wkh rswlpdo vwudwhjlhv dw w ' f=

714 Rswlpdo Txrwhv dw w@4

Lq wkh vhfrqg shulrg wkhuh duh wzr uhohydqw frqwlqxdwlrq sdwkv wr frqvlghu ghshqglqj rq
ghdohuv* ghflvlrq ri ehlqj frpshwlwlyh rq erwk vlghv ri wkh pdunhw ru mxvw rq rqh vlgh=

4, Wkh frqwlqxdwlrq sdwk wkdw iroorzv ghdohuv* vshfldol}dwlrq dw w ' f> l1h1/ d ghdohu
vhwwlqj wkh ehvw dvn dqg klv frpshwlwru vhwwlqj wkh ehvw elg1

5, Wkh frqwlqxdwlrq sdwk wkdw iroorzv lqyhvwphqw lq shuihfw ohduqlqj dw w ' f> l1h1/ d
ghdohu vhwwlqj erwk wkh ehvw dvn dqg wkh ehvw elg1

� �

Wkh nh| gl�huhqfh ehwzhhq wkhvh wzr sdwkv lv wkh dprxqw ri lqirupdwlrqdo dv|pphwu|
dprqj ghdohuv1 Lq wkh vhfrqg sdwk/ zh kdyh wkh frpshwlwlrq ehwzhhq d ghdohu zlwk
frpsohwh lqirupdwlrq dqg d ghdohu frpsohwho| ljqrudqw derxw wkh rughu w|sh lq wkh �uvw
shulrg1 E| frqwudvw/ lq wkh �uvw sdwk/ d qrq0wudglqj ghdohu nqrzv dw ohdvw wkdw wkh rughu
zdv qrw wkh rqh iru zklfk kh zdv frpshwlwlyh1 Wkxv/ lq wkh vhfrqg sdwk rqh ghdohu iroorzv
klv sulruv dqg wkh rwkhu uhylvh klv eholhiv/ zkhuhdv lq wkh �uvw rqh erwk ghdohuv uhylvh wkhlu
eholhiv exw hdfk rqh lqfrusrudwhv gl�huhqw lqirupdwlrq1

Lq hlwkhu fdvh ghdohuv duh qrw frqfhuqhg derxw wkh ohduqlqj h�hfw ri wkhlu dfwlrqv dw
w ' � dv wkhuh lv qr rwkhu shulrg dw zklfk sur�w iurp wkh lqirupdwlrq wkh| pd| jdlq1 Lw
lv khqfh rswlpdo iru wkhp wr wuhdw hdfk vlgh ri wkh pdunhw +ex|v dqg vhoov, lqghshqghqwo|1
Qhyhuwkhohvv/ frqwudu| wr wkh wudqvsduhqw pdunhw/ wkhvh txrwhv pd| gl�hu dfurvv ghdohuv
dv wkh| krog gl�huhqw lqirupdwlrq1 Lq sduwlfxodu/ wkh| zloo vwduw w ' � zlwk gl�huhqw
uhvhuydwlrq txrwhv1 Qrwh wkdw wkh gh�qlwlrq ri uhjuhw0iuhh uhvhuydwlrq txrwhv lpsolhv

S � � � Et � ( X � � ' HEymt � > t 	 5 X 
 �> +4,
� �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � � ! � � �
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� � % � � � � � � � � & � � � � � � � � � � � � � � � � ! '
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zkhuh X � ghqrwhv wkh lqirupdwlrq vhw ri ghdohu G dw wkh ehjlqqlqj ri w ' �=
� �
H{suhvvlrq

+4, fdq eh h{sdqghg wr rewdlq

S � � � Et � ( X � � ' � n t � { � � � Et � ( X 	 �> +5,

zkhuh { � � � Et � ( X 	 � vwdqgv iru wkh uhvhuydwlrq ihh ri ghdohu G=

Wkh lpsolfdwlrqv ri +4, dqg +5, duh vhyhudo1 Iluvw/ qrwh wkdw wkh kljkhu wkh vxemhfwlyh
suredelolw| ri wkh kljk ydoxh ri y/ wkh orzhu +juhdwhu, wkh zloolqjqhvv wr vhoo +ex|,1 Vhfrqg/
lw lv hdv| wr vhh wkdw wkhuh h{lvwv d uhodwlrqvkls ehwzhhq wkh uhvhuydwlrq dvn dqg elg sulfhv1
Lq sduwlfxodu/ wkh iroorzlqj htxdolwlhv krog=

{ � � � Et � ( ilj� ' { 
 � � E�t � ( i�lj�> iru l ' �> f> ��>

{ 
 � � Et � ( if> lj� ' { 
 � � E�t � ( if> �lj�> iru l ' �> ��> dqg

{ 
 � � Et � ( i�> f> ��j� ' { 
 � � E�t � ( i�> f> ��j�1

Wkh lqwxlwlrq ehklqg htxdolwlhv deryh lv fohdu1 Frqvlghu/ iru lqvwdqfh/ wkh uhvhuydwlrq
vhoolqj ihh ri d ghdohu zkr nqrzv wkdw wkh rughu dw w ' f zdv d ex|1 Wklv ghdohu dvvljqv d
yhu| kljk suredelolw| wr wkh kljk ydoxh ri wkh vhfxulw| dv kh nqrzv wkdw d vhtxhqfh ri ex|v
lv prvw olnho| jhqhudwhg e| lqiruphg wudglqj zlwk jrrg qhzv1 Klv sureohp zkhq vhwwlqj
klv uhvhuydwlrq vhoolqj ihh lv lvrprusklf wr wkh sureohp idfhg e| d ghdohu zkhq vhwwlqj
klv uhvhuydwlrq ex|lqj ihh/ nqrzlqj wkdw wkh sdvw rughu zdv d vdoh1 Pruhryhu/ vlqfh erwk
wudglqj klvwrulhv +E�> �� dqg E��> ���� duh htxdoo| olnho|/ wkhq wkh v|pphwu| ri wkh prgho
dqg wkh dvvxphg wudglqj sdwk lqghshqghqfh hqvxuh wkdw { 
 � � E�( i�j� ' { 
 � � E��( i��j�1
Doo wkh rwkhu htxdolwlhv iroorz vlploduo|1

Wkh uhodwlrqvkls ehwzhhq wkh uhvhuydwlrq dvn dqg elg sulfhv jrhv rq wr wkh rswlpdo
txrwhv1 Lq sduwlfxodu/ wkh htxloleulxp sulfh txrwdwlrqv/ S � Et � ( X  � ' � n t � {Et � ( X  �> duh
vxfk wkdw {Et � ( X  � vdwlv�hv wkh vdph htxdolwlhv wkdq { 
 � � Et � ( X  �= Rqh fdq khqfh irfxv
rq rqh txrwh dqg wkhq dsso| htxdolwlhv deryh wr ghulyh wkh uhpdlqlqj txrwh1 Lq zkdw
iroorzv zh zloo frqfhqwudwh rq wkh dvn sulfhv1

71414 Vshfldol}dwlrq

Wkhuh duh wzr frqwlqxdwlrq sdwkv wkdw lqyroyh vshfldol}dwlrq= ghdohu [ vhoov dqg ghdohu \
ex|v dqg lwv v|pphwulf frxqwhusduw1 Vlqfh erwk duh lghqwlfdo rqfh uhqdplqj wkh ghdohuv/
zh zloo khuh/ zlwkrxw orvv ri jhqhudolw|/ rqo| h{dplqh wkh �uvw rqh1

� � � � � � � � � � � � � � � � � � � � � � � � � � � � �  ! " # $ % & %
' ! ( ) ) * + , - . / 0 1 2 3 4 5 6 7 5 3 4 5 6 7 5 2 3 4 5 6 3 5 7 5 2 3 4 4 5

8 9 : 9 ; < = > ? ? < @ 9 A > ? B 9 = C D E F G H I J K L J J M N O O K P Q O R H O K G K S M R T H U N U K V K G W X Y Z [ \ ] ^ _ ` a b c d e c d f g g h i e g
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� � | ~ � � � � � | � � y � � � | � � � � w � � � � � � � � � y z { | } � � ~ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � y � � w � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � y � � � � � � � � � � �

<



Zh �uvw qrwh wkdw vshfldol}dwlrq jlyhv ulvh wr d jdph ri lqfrpsohwh lqirupdwlrq lq
zklfk hdfk ghdohu pd| kdyh wzr w|shv> l1h1/ wkhuh duh irxu srwhqwldo sod|huv1 Wkhvh duh
ghdohu [ zkr revhuyhg d ex| rughu/ ghdohu [ zkr glg qrw wudgh dqg grhv qrw khqfh nqrz
zkhwkhu t � ' f ru t � ' ��> ghdohu \ zkr revhuyhg d vhoo rughu dqg/ �qdoo|/ ghdohu \
zkr glg qrw wudgh dqg grhv qrw khqfh nqrz zkhwkhu t � ' f ru t � ' �= Zh zloo uhihu wr
wkhp dv [E��> [Ef> ���> \ E��� dqg \ E�> f�/ uhvshfwlyho|1 Qrwh wkdw wkh uhdol}dwlrq ri
t � zloo ghwhuplqh zklfk w|shv duh dfwxdoo| suhvhqw dw w ' �= Vr/ iru lqvwdqfh/ li t � ' �>
wkhq wkh rqo| w|shv wkdw zloo eh lq wkh pdunhw qh{w shulrg duh [E�� dqg \ E�> f�= Ixuwkhu/
ghdohu [E�� nqrzv wkdw kh lv frpshwlqj djdlqvw d ghdohu \ E�> f�> zkhuhdv wkh odwwhu lv
xqfhuwdlq derxw wkh w|sh ri klv rssrqhqw1 Kh eholhyhv wkdw klv rssrqhqw lv [Ef> ���
zlwk suredelolw| � +� ' �hEt � ' f> t � ' �mt � 5 if> �j > t � ' ��� dqg [E�� zlwk wkh
frpsohphqwdu| suredelolw|1

Wr dqdo|}h wklv vlwxdwlrq/ zh vwduw e| ghulylqj wkh uhvhuydwlrq dvn sulfhv1 Vlploduo|/
[Ef> ��� eholhyhv klv rssrqhqw lv \ E�> f� zlwk suredelolw| �> � ' �hEt � ' f> t � ' �mt � 5
if> ��j > t � ' ��> dqg [E�� zlwk wkh frpsohphqwdu| suredelolw|1 Ohw D

�
� � � EX � � dqg

d
	

 � � EX 	 � ghqrwh ghdohu G*v uhvhuydwlrq dvn sulfh dqg uhvhuydwlrq vhoolqj ihh/ uhvshfwlyho|/
dw w ' �1

Ohppd 5 Li dw w ' f ghdohu [ vhw wkh ehvw dvn dqg ghdohu \ vhw wkh ehvw elg/ wkhq wkh
uhvhuydwlrq vhoolqj ihhv dw w ' � duh wkh iroorzlqj=

d

� � � Ei�j� ' �> d

�
� � � Eif> �j� ' �� n E� � �� �> d

�
� � � Eif> ��j� ' ��> dqg d

�
� � � Ei��j� ' f=

Frqvhtxhqwo|/

D
�
� � � Ei�j� A D

�
� � � Ei�> fj� A D

�
� � � Eif> ��j� A D

�
� � � Ei��j� =

Lq wkh rsdtxh pdunhw uhvhuydwlrq txrwhv gl�hu dfurvv ghdohuv1 Wkrvh zlwk frpsohwh
lqirupdwlrq +[E�� dqg \ E���� kdyh wkh vdph uhvhuydwlrq txrwhv wkdq lq wkh wudqvsduhqw
pdunhw1 Krzhyhu/ wkrvh zlwk sduwldo lqirupdwlrq kdyh uhvhuydwlrq txrwhv wkdw duh olq0
hdu frpelqdwlrqv ehwzhhq wkh uhvhuydwlrq txrwhv ri shuihfwo| lqiruphg ghdohuv1 Vr/ iru
lqvwdqfh/ �� n E� � �� � lv d olqhdu frpelqdwlrq ehwzhhq wkh uhvhuydwlrq vhoolqj ihhv ri d
GEf� dqg d GE�� ghdohu1 Wkrvh zlwk shvvlplvwlf lqirupdwlrq derxw wkh ydoxh ri wkh vhfx0
ulw|/ fdq xvh wklv lqirupdwlrq wr xqghufxw wkh sulfh ri wkhlu frpshwlwruv lq rughu wr pdnh
h{wud sur�wv1 Wklv xqghufxwwlqj jhqhudwhv d vlwxdwlrq vlplodu wr wkh Hgjhzruwk f|foh wkdw
uhvxowv lq wkh qrq0h{lvwhqfh ri d sxuh vwudwhj| htxloleulxp1

Lq htxloleulxp/ [E��> zkhqhyhu suhvhqw lq wkh pdunhw/ zloo vhw dq dvn sulfh htxdo wr
klv uhvhuydwlrq dvn sulfh dv kh lv wkh ghdohu zlwk wkh prvw rswlplvwlf lqirupdwlrq derxw
wkh wuxh ydoxh1 Ghdohu \ E�> f� zloo dovr vhw wklv dvn sulfh xqohvv kh lv zlqqlqj djdlqvw
erwk ri klv +srwhqwldo, rssrqhqwv1 Dvvxph �uvw wkdw wklv lv wkh fdvh1 Vlqfh klv dvn
sulfh fdqqrw eh ehorz klv uhvhuydwlrq dvn dqg vlqfh D

�
� � � Ei�> fj� A D

�
� � � Eif> ��j� > ghdohu

[Ef> ��� jdlqv e| voljkwo| xqghufxwwlqj wklv sulfh frqwudglfwlqj wkdw \ E�> f� zlqv ryhu klv
wzr rssrqhqwv1 Dvvxph wkhq wkdw \ E�> f� rqo| zlqv djdlqvw [E��= Li wklv lv wkh fdvh/ wkhq
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lq htxloleulxp kh pxvw vhw d sulfh qr vpdoohu wkdq wkh uhvhuydwlrq dvn ri ghdohu [E��1
Frqvlghu qrz wkh ehvw uhvsrqvh e| [Ef> ���= Wr pd{lpl}h klv sur�wv/ kh zloo voljkwo|
xqghufxw wkh sulfh vhw e| \ E�> f�= Exw/ jlyhq wklv vwudwhj|/ \ E�> f� �qgv sur�wdeoh wr
ghyldwh e| voljkwo| xqghufxwwlqj wklv sulfh dqg zlqqlqj qr pdwwhu klv rssrqhqw*v w|sh/ d
frqwudglfwlrq1 Ghdohuv* ehvw uhsolhv jhqhudwh d f|foh zlwk qr hqg1

� �

Sursrvlwlrq 6 Xqghu vshfldol}dwlrq wkhuh lv qr htxloleulxp frqwlqxdwlrq lq zklfk ghdohuv
xvh sxuh sulfh vwudwhjlhv1

Qhyhuwkhohvv wkhuh h{lvwv dq htxloleulxp lq zklfk ghdohuv udqgrpl}h dv vkrzq lq qh{w
sursrvlwlrq1

Sursrvlwlrq 7 Xqghu vshfldol}dwlrq/ wkh htxloleulxp dvn txrwdwlrq dw w ' � lv jlyhq e|
D � EX � � ' � n d � EX � �> zkhuh d � EX � � lv vhw dffruglqj wr wkh iroorzlqj pl{hg0vwudwhjlhv=
0 D ghdohu zkr nqrzv wkdw wkh sdvw rughu zdv d ex| vhwv klv uhvhuydwlrq vhoolqj ihh/ �=
0 D ghdohu zkr nqrzv wkdw wkh sdvw rughu zdv d vdoh udqgrpl}hv lq wkh lqwhuydo dv> }o
dffruglqj wr wkh suredelolw| glvwulexwlrq

KEd� '
�

� � �

�

d � v

d

�

�

0 D ghdohu zlwk lqirupdwlrq vhw if> �j sod|v d pl{hg vwudwhj| zlwk vxssruw d}> �o= Kh dvvljqv
suredelolw| dffruglqj wr wkh glvwulexwlrq I zklfk kdv d pdvv srlqw dw �/ zkhuh

I Ed� '
d � }

d � �
�

0 D ghdohu zlwk lqirupdwlrq vhw if> ��j udqgrpl}hv lq wkh lqwhuydo dv> �� dffruglqj wr wkh
suredelolw| glvwulexwlrq J zklfk kdv d nlqn dw }= Ixuwkhu/

JEd� '

+
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Wkh surshuwlhv ri wkh pl{hg vwudwhjlhv htxloleulxp ghvhuyh vrph frpphqwv1 Lq wklv
htxloleulxp d ghdohu lqiruphg derxw d suhylrxv sxufkdvh/ [ E�� > qhyhu zlqv1 Lq htxlole0
ulxp/ kh vhwv dq dvn sulfh htxdo wr klv uhvhuydwlrq dvn sulfh1 Ixuwkhu/ wkh wzr srvvleoh w|shv
ri ghdohu \ udqgrpl}h ryhu olqnhg sdluv ri sulfhv1 � �

Lq sduwlfxodu/ \ E��� udqgrpl}hv lq wkh
lqwhuydo dv> }o> zkhuhdv \ E�> f� udqgrpl}hv lq d}> ��= Wkh uhodwlrqvkls ehwzhhq v dqg } lv
fohdu= dw w ' � ghdohu \ E��� wudghv d vpdoohu exw fhuwdlq zhdowk/ E�nv�HEymE��> ��� ' v>
djdlqvw d odujhu exw ohvv olnho| zhdowk/ kh jhwv } zlwk suredelolw| �= Wkh h{shfwhg sur�w
wkdw \ E��� ghulyhv iurp dq| ri klv sulfh vwudwhjlhv lv wkh vdph1 Khqfh/ v ' �}= Ghdohu
\ E�> f� jhwv }hur h{shfwhg sur�w dv kh pd| vkduh wkh pdunhw zlwk ghdohu [E��= Erwk w|shv
ri ghdohu \ pd| kdyh [Ef> ��� dv wkhlu rssrqhqw1 Ehfdxvh ri wklv/ [Ef> ��� udqgrpl}hv
ryhu wkh xqlrq ri wkh dvnv vhw e| klv wzr srwhqwldo rssrqhqwv/ l1h1/ ryhu wkh lqwhuydo dv> ��1
Ixuwkhu/ kh ghulyhv d srvlwlyh h{shfwhg sur�w iurp dq| ri wkh dvn sulfhv kh vhwv1

Qrwh wkdw dv u dssurdfkhv }hur doo dvn sulfhv dssurdfk 2 zlwk suredelolw| rqh +v $
} $ � $ ��1 Wkh lqwxlwlrq lv fohdu= dv u dssurdfkhv }hur/ wkhq hlwkhu wkhuh lv dq rughu
frplqj iurp dq lqiruphg lqyhvwru ru wkhuh lv qr wudgh1 Frqvhtxhqwo|/ lq htxloleulxp/
ghdohuv shuihfwo| dqwlflsdwh wkdw d ex| rughu lpsolhv y ' 2=

Lq wkh olplw/ zkhq u ' �/ wkh rsdtxh pdunhw ehfrphv lqirupdwlrqdoo| htxlydohqw wr
wkh wudqvsduhqw pdunhw1 Qrwh wkdw lq wkh �uvw shulrg hdfk ghdohu zdv frpshwlwlyh lq rqh
vlgh ri wkh pdunhw1 Frqvhtxhqwo|/ d ghdohu zkr glg qrw wudgh fdq fruuhfwo| lqihu wkdw wkh
rughu w|sh zdv wkh rqh iru zklfk kh zdv qrw frpshwlwlyh1 Wkh htxloleulxp vwudwhjlhv dw
w ' � frqyhujh wr wkh htxloleulxp vwudwhjlhv lq wkh wudqvsduhqw pdunhw1

Wkh htxloleulxp vwudwhjlhv fdq eh ghslfwhg e| phdqv ri d er{/ vkrzq lq Iljxuh 51 Lq
wkh { 0d{lv zh duudqjh ghdohuv ghshqglqj ri klv zloolqjqhvv wr wudqvdfw1 Lq wkh |0d{lv/ zh
sorw sulfhv1 Lq wklv er{/ zkhq dqdo|}lqj wkh dvn vlgh/ zh frqvlghu wkh vrxwkzhvw fruqhu dv
wkh ruljlq1 Lq frqwudvw/ zh xvh wkh qruwkzhvw fruqhu dv wkh ruljlq zkhq zh vwxg| wkh elg
vlgh1

dLqvhuw Iljxuh 5o

Erwk ghdohuv* h{shfwhg sur�wv dw w ' � frlqflgh1 Zh fdq khqfh irfxv/ z1o1r1j1/ lq ghdohu
[= Iluvw qrwh wkdw kh fdq rqo| ehqh�w iurp klv sulydwh lqirupdwlrq lq fdvh ri uhyhuvdo1 Li
kh dwwhqghg d ex| rughu dw w ' f> wkhq kh rqo| pdnhv sur�wv lq wkh vhfrqg shulrg li wkhuh
lv d vhoo rughu/ lq zklfk fdvh/ kh pdnhv sur�wv ri v= Frqvhtxhqwo|/ klv h{shfwhg sur�wv
duh pv> zkhuh p lv wkh suredelolw| ri uhyhuvdo iurp d ex| wr d vhoo1 Li kh glg qrw wudgh/
t � 9' �> wkhq kh zloo rqo| pdnh sur�wv li dw w ' � wkh rughu lv d sxufkdvh/ t � ' �1 Wkh
sur�wv kh zloo pdnh htxdo Ev � ��� = Frqvhtxhqwo|/ klv h{shfwhg sur�wv duh q Ev � ��� >
zkhuh q ' �h Et � ' �mt � 5 if> ��j� lv wkh suredelolw| wkdw [Ef> ��� dvvljqv wr d ixwxuh
ex|1 Dgglqj xs/ xvlqj Ed|hv* uxoh/ wkh ryhudoo h{shfwhg sur�wv iurp wudglqj dw w ' � duh

�

�S

��

2u n u
�
�

v n
�

2 n 2u � u
�
�

Ev � ���
�

=

� 	 
 � �  � � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � �  � � � � �  � � � � � � � � � � � � � � � � � � � �  � �  � ! � � � � �
� �  
 � � � � � � � � " # $ $ % & '

45



71415 Lqyhvwphqw lq Shuihfw Ohduqlqj

Dv zlwk vshfldol}dwlrq/ lqyhvwphqw lq shuihfw ohduqlqj fdq lqgxfh wzr v|pphwulf frqwlqx0
dwlrq sdwkv1 Zh khuh rqo| dqdo|}h wkh frqwlqxdwlrq sdwk lq zklfk ghdohu \ lv frpshwlwlyh
rq erwk vlghv ri wkh pdunhw1 Qrwh wkdw li wkh frpshwlwlyh ghdohu glg qrw wudgh lq wkh
�uvw shulrg/ wkhq kh fruuhfwo| lqihuv wkdw t � ' f= Wkxv/ wkh srwhqwldo sod|huv +ru w|shv
ri sod|huv, dw w ' � duh= ghdohu \ zkr revhuyhg d ex| rughu/ ghdohu \ zkr nqrzv wkdw
t � ' f> ghdohu \ zkr revhuyhg d vhoo rughu/ dqg ghdohu [ zkr lv frpsohwho| xqlqiruphg1
Zh zloo uhihu wr wkhp dv \ E��> \ Ef�> \ E��� dqg [E�> f> ���/ uhvshfwlyho|1 Wkh iroorzlqj
ohppd ghulyhv wkhlu uhvhuydwlrq vhoolqj ihhv1

Ohppd 8 Li dw w ' f ghdohu \ zdv frpshwlwlyh lq erwk vlghv ri wkh pdunhw/ wkhq wkh
uhvhuydwlrq vhoolqj ihhv dw w ' � duh wkh iroorzlqj=

d
�
� � � Ei�j� ' �> d

�
� � � i��j� ' f> dqg d

�
� � � Eifj� ' d

�
� � � Ei�> f> ��j� ' �=

Frqvhtxhqwo|/

D
�

� � � Ei�j� A D
�
� � � Eifj� ' D

�
� � � Ei�> f> ��j� A D

�
� � � Ei��j� =

Dv lq wkh suhylrxv sdwk/ ghdohuv* lqirupdwlrq ghwhuplqhv wkhlu zloolqjqhvv wr vhoo1 Reyl0
rxvo|/ wkh lqiruphg ghdohu kdv wkh vdph uhvhuydwlrq txrwhv wkdq li kh zhuh lq d wudqvsduhqw
pdunhw/ zkhuhdv wkh xqlqiruphg ghdohu krogv lq erwk shulrgv wkh vdph uhvhuydwlrq txrwhv1
Wkh lqiruphg ghdohu kdv d grxeoh dgydqwdjh ryhu klv frpshwlwru/ li wkhuh zdv wudglqj df0
wlylw| dw w ' f= Rq wkh rqh kdqg/ kh kdv d pruh dffxudwh hvwlpdwh ri wkh oltxlgdwlrq ydoxh
ri wkh ulvn| dvvhw1 Rq wkh rwkhu kdqg/ kh nqrzv suhflvho| zkdw lqirupdwlrq klv frpshwlwru
srvvhvvhv1 Wklv grxeoh dgydqwdjh zloo kdyh dq lpsdfw qrw rqo| rq sur�wv exw dovr rq wkh
sulflqj vwudwhjlhv ri erwk ghdohuv1

Lq htxloleulxp/ wkh ghdohu zlwk wkh vpdoohvw uhvhuydwlrq dvn/ \ E��� > zloo dozd|v xq0
ghufxw wkh dvn vhw e| klv frpshwlwru1 Ghdohu [ dffrxqwv iru wklv idfw/ dqg khqfh kh
rswlpdoo| uhylvhv klv eholhiv derxw wkh wuxh ydoxh/ lqfuhdvlqj klv uhvhuydwlrq dvn sulfh xs
wr wkh uhvhuydwlrq dvn ri ghdohu [Ef> ��1 Wklv lqfuhdvh pdnhv erwk \ E��� dqg \ Ef� lq0
fuhdvh wkh sulfh wkh| vhw wr xqghufxw wkh qhz +kljkhu, uhvhuydwlrq sulfh ri [1 Exw wkhq/
ghdohu [ rqo| zlqv zkhq phhwlqj d ghdohu \ E��= Kh dffrxqwv iru wklv idfw/ dqg khqfh kh
rswlpdoo| lqfuhdvhv klv uhvhuydwlrq dvn sulfh xs wr wkh uhvhuydwlrq dvn ri d ghdohu \ E��/
pdnlqj erwk \ E��� dqg \ Ef� ixuwkhu lqfuhdvh wkh txrwhv wkh| r�hu xs wr mxvw voljkwo| eh0
orz wkh uhvhuydwlrq dvn ri d ghdohu \ E��= Exw wkhq [ fdq ghfuhdvh klv txrwh xs wr voljkwo|
deryh klv vwduwlqj uhvhuydwlrq txrwh zlqqlqj wr dq| ri klv rssrqhqwv zkloh pdnlqj sur�wv1
Wklv zloo dfwlydwh d ehkdylru dv wkh rqh ghvfulehg deryh ohdglqj wr d f|foh zlwk qr hqg
zklfk uhvxowv lq wkh qrq0h{lvwhqfh ri d sxuh vwudwhj| htxloleulxp1 Wkh pl{hg0vwudwhjlhv
htxloleulxp lv jlyhq lq wkh qh{w sursrvlwlrq1

Sursrvlwlrq 9 Xqghu shuihfw ohduqlqj/ wkh htxloleulxp dvn txrwdwlrq dw w ' � lv jlyhq e|
D � EX � � ' � n d � EX � �> zkhuh d � EX � � lv vhw dffruglqj wr wkh iroorzlqj pl{hg0vwudwhjlhv=
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0D ghdohu zkr nqrzv wkdw wkhuh zdv d ex| rughu vhwv klv uhvhuydwlrq vhoolqj ihh/ �=
0D ghdohu zkr nqrzv wkdw wkhuh zdv qr wudgh udqgrpl}hv e| vhwwlqj ihhv lq wkh lqwhuydo
d�� n E� � �� �> �� = Kh dvvljqv suredelolw| dffruglqj wr wkh glvwulexwlrq N> zkhuh

NEd� ' � �
* � E� � d�

* � Ed � ��
�

0D ghdohu zkr nqrzv wkdw wkhuh zdv d vhoo rughu udqgrpl}hv lq wkh lqwhuydo d�> �� n E� � �� �o =
Kh dvvljqv suredelolw| dffruglqj wr wkh glvwulexwlrq M> zkhuh

MEd� '
�

* �
�

d � �

d

�

�

0Wkh xqlqiruphg ghdohu udqgrpl}hv lq wkh lqwhuydo d�> �o dffruglqj wr wkh suredelolw| glv0
wulexwlrq O> zklfk kdv d pdvv srlqw dw �> zkhuh

O Ed� '

�

* � MEd�> iru doo � � d � �� n E� � �� �> dqg
* � n * � N Ed� > iru doo �� n E� � �� � � d ? �>

zlwk

* � ' �h Et � ' �mt � ' �� > * � ' �h Et � ' fmt � ' �� dqg * � ' �h Et � ' ��mt � ' �� =

Lq htxloleulxp/ wkh srwhqwldo w|shv ri wkh lqiruphg ghdohu udqgrpl}h ryhu olqnhg lqwhu0
ydov ri sulfhv1

� �
W|sh \ E��� udqgrpl}hv ryhu wkh lqwhuydo d�> �� n E� � �� �o > w|sh \ Ef�

udqgrpl}hv ryhu d�� n E� � �� �> �� dqg wkh w|sh zlwk wkh prvw srvlwlyh lqirupdwlrq derxw
wkh wuxh ydoxh/ \ E��/ vhwv klv uhvhuydwlrq vhoolqj ihh/ �1 Wkh xqlqiruphg ghdohu udqgrpl}hv
lq wkh frqyh{ kxoo ri wkh lqwhuydo ri ihhv xvhg e| wkh srwhqwldo w|shv ri klv frpshwlwru/
l1h1/ lq wkh lqwhuydo d�> �o= Kh pdnhv }hur h{shfwhg sur�wv zlwk dq| ri wkh sxuh vwudwhjlhv
kh xvhv1

Wkh htxloleulxp vwudwhjlhv ri wklv frqwlqxdwlrq sdwk duh vkrzq lq wkh Iljxuh 61

dLqvhuw Iljxuh 6o

Lq wkh olplw/ zkhq u ' f> doo ghdohuv vhw dq dvn sulfh htxdo wr 2 dv wkhuh zloo eh frpprq
nqrzohgjh wkdw dq| ex| rughu frphv iurp dq lqiruphg lqyhvwru1 Iru dq| rwkhu u lq
htxloleulxp wkhuh lv sulfh glvshuvlrq dv erwk ghdohuv pxvw udqgrpl}h1 Zkhq u ' �/ wkh
xqlqiruphg ghdohu udqgrpl}hv e| vhwwlqj dvn sulfhv ehorqjlqj wr wkh lqwhuydo

� � � >
�	 �

/ ghdohu
\ E��� udqgrpl}hv lq wkh lqwhuydo

� 
 � >
�	 �

dqg \ E�� vhwv dq dvn sulfh htxdo wr b@D=

Dv lq wkh suhylrxv frqwlqxdwlrq sdwk/ wkh lqiruphg ghdohu rqo| h{shfwv srvlwlyh sur�wv
lq fdvh ri uhyhuvdov1 Vr/ ghdohu \ E��� rqo| h{shfwv srvlwlyh sur�wv li wkhuh lv d ex| rughu
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lq zklfk fdvh kh pdnhv sur�wv ri �= Frqvhtxhqwo|/ klv h{shfwhg sur�wv duh * � �> zkhuh/
uhfdoo/ * � lv wkh suredelolw| ri d uhyhuvdo iurp d vhoo wr d ex|1 E| v|pphwu|/ * � � duh dovr
wkh h{shfwhg sur�wv ri ghdohu \ E��= Ilqdoo|/ ghdohu \ Ef� lv lqgl�huhqw ehwzhhq t � ' � dqg
t � ' �� vlqfh klv h{shfwhg sur�wv lq wkh wzr srvvleoh hyhqwv duh htxdo1 Lq hlwkhu fdvh/ kh
sod|v d pl{hg vwudwhj| zlwk vxssruw d�� n E� � �� �> �� > zklfk |lhogv h{shfwhg sur�wv ri�� E� n u�* � E� � ��1 Gluhfw frpsxwdwlrqv |lhog wkh iroorzlqj h{shfwhg sur�wv iurp wudglqj
dw w ' � iru wkh lqiruphg ghdohu=
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 �

Wkh frpsdulvrq ehwzhhq wkh h{shfwhg sur�wv xqghu shuihfw ohduqlqj derxw wkh rughu
w|sh dqg wkh h{shfwhg sur�wv xqghu vshfldol}dwlrq vkrzv wkdw +sulydwh, lqirupdwlrq lv
ydoxdeoh1 Ixuwkhu/ lw lv lqwhuhvwlqj wr qrwh +vhh �jxuh ehorz, wkh vkdus gl�huhqfh ehwzhhq
wkh h{shfwhg sur�wv lq wkh wzr vfhqdulrv zkhq u ' �=


 �
Wkh udwlrqdoh lv dv iroorzv= li

ghdohuv vshfldol}h/ wkhq wkhlu sulydwh lqirupdwlrq fdq eh shuihfwo| lqihuuhg dqg wkh| khqfh
gr qrw hduq dq| lqirupdwlrqdo uhqwv1 Lq frqwudvw/ xqghu shuihfw ohduqlqj wkh h{shfwhg
sur�wv duh vwulfwo| lqfuhdvlqj lq u> dqg wkhuhiruh/ wkh| duh srvlwlyh zkhq u ' �1 Wr
xqghuvwdqg wklv uhvxow qrwlfh wkdw wkhuh duh wzr rssrvlwh h�hfwv1 Rq rqh kdqg/ wkh vljqdo
wkh| jdlq iurp wkh rughu w|sh lv ohvv lqirupdwlyh dv lw lv ohvv olnho| wkdw lw zloo frph
iurp dq lqiruphg lqyhvwru1 Frqvhtxhqwo|/ wkhlu lqirupdwlrqdo uhqwv ghfuhdvh dv wkhlu
sulydwh lqirupdwlrq lv ohvv ydoxdeoh1 Exw/ rq wkh rwkhu kdqg/ dq lqfuhdvh lq u uhgxfhv wkh
suredelolw| ri qr wudglqj/ dqg khqfh/ wkh w|shv \ E�� dqg \ E���/ zklfk duh wkh w|shv ri
ghdohuv zlwk d grxeoh lqirupdwlrqdo dgydqwdjh zlwk uhvshfw wr klv frpshwlwru/ duh pruh
olnho|1 Wkh vhfrqg h�hfw grplqdwhv pdnlqj h{shfwhg sur�wv xqghu shuihfw ohduqlqj vwulfwo|
lqfuhdvlqj lq u dv vkrzq lq wkh qh{w sorw1
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Iljxuh 71 H{shfwhg sur�wv dw w@4 lq wkh wzr srvvleoh frqwlqxdwlrq sdwkv1 Zh kdyh
xvhg wkh frqwlqxrxv olqh iru vshfldol}dwlrq1

 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �  � � � ! � � � � � � " � � � � # $ � � � � % & ' " � � � � � # $ � �
( ) * + , - .

/ 0 1 2 3 45 6 78 9 : ; < = > ? @ A B C D E F G B H I H B C J K H J E L H B F M H K G B J C G F G K N C B O H B M C P H F Q B C P G K J K Q C B P H O J K R H F E C B S

48



715 Rswlpdo Txrwhv dw w ' f

Jlyhq wkh rswlpdo uhvsrqvhv fruuhvsrqglqj wr w ' �/ zh qrz fdofxodwh wkh Shuihfw Ed|hvldq
htxloleulxp lq wkh rsdtxh pdunhw1 Lw lv lpsruwdqw wr srlqw rxw wkdw rsdtxhqhvv lq wkh
�uvw urxqg pd| jhqhudwh htxloleulxp sulfhv wkdw ghsduw iurp wkh lqghshqghqfh surshuw|1
Lq prvw plfurvwuxfwxuh prghov ^vhh/ iru lqvwdqfh/ Jorvwhq dqg Plojurp +4<;8,/ Hdvoh| dqg
R*Kdud +4<;:,/ Ghqqhuw +4<<6,/ dqg Ohdfk dqg Pdgkdydq +4<<6,`/ hdfk pdunhw pdnhu
idfhv wzr lqghshqghqw elgglqj sureohpv= rqh iru wkh dvn dqg rwkhu iru wkh elg vlgh ri wkh
pdunhw1 Lq rxu prgho/ dw w ' f> hdfk ghdohu uhdol}hv wkdw zkhq vhwwlqj klv dvn sulfh/ kh
qhhgv wr frqvlghu wkh uhodwlyh srvlwlrq ri klv elg zlwk uhvshfw wr klv frpshwlwru*v elg/ wr
ghgxfh klv h{shfwhg sur�wv/ dqg ylfh yhuvd1

Xvlqj wkh htxloleulxp frqwlqxdwlrq ghulyhg ehiruh/ wkh ryhudoo h{shfwhg sur�wv dffuxlqj
wr ghdohu G li kh vhwv sulfhv � n d �� dqg � � e �� zkloh klv frpshwlwru vhwv sulfhv � n d � ��
dqg � � e

� �� / duh dv iroorzv=

� Li kh lv frpshwlwlyh lq erwk vlghv ri wkh pdunhw +d
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Wr ehwwhu xqghuvwdqg h{shfwhg sur�wv deryh/ frqvlghu �uvw wkh fdvh lq zklfk d ghdohu
lv frpshwlwlyh rq erwk vlghv ri wkh pdunhw dqg/ ixuwkhu/ kh fkrrvhv wkh vdph vhoolqj dqg
ex|lqj ihhv1 Ohw {

� � eh wkh ihh wkdw pdnhv qxoo wkh h{shfwhg sur�wv ri dwwhqglqj erwk
vhoov dqg ex|v1 Vlploduo|/ frqvlghu wkh fdvh lq zklfk d ghdohu lv frpshwlwlyh rq mxvw rqh
vlgh ri wkh pdunhw1 Ohw {

� �� ghqrwh wkh ihh wkdw pdnhv qxoo wkh h{shfwhg sur�wv iurp
dwwhqglqj hlwkhu d ex| ru d vhoo1 Xvlqj wklv qrwdwlrq zh fdq uhzulwh ghdohu G*v h{shfwhg
sur�wv dv iroorzv=
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Qrwlfh wkdw iru dq| jlyhq sdlu ri sulfhv vhw e| ghdohu G
�
> ghdohu G suhihuv wr dwwhqg erwk

vlghv ri wkh pdunhw lqvwhdg ri vshfldol}lqj rq wkh elg vlgh li dqg rqo| li d
	
 � 2{

� � �{
� � =

Vlploduo|/ kh suhihuv wr dwwhqg erwk vlghv lqvwhdg ri vshfldol}lqj rq wkh dvn vlgh li dqg rqo|
li e

� � 2{
� � � {

� � = Qh{w sursrvlwlrq vkrzv wkdw lq dq rsdtxh pdunhw rqh ghdohu +ohw
xv vd|/ z1o1r1j1/ ghdohu \ � zloo eh frpshwlwlyh rq erwk vlghv ri wkh pdunhw dqg zloo khqfh
jdlq shuihfw lqirupdwlrq derxw wkh rughu  rz1 Frqvhtxhqwo|/ lq htxloleulxp wkhuh zloo eh
lqyhvwphqw lq shuihfw ohduqlqj1

� �
Qh{w sursrvlwlrq vxppdul}hv wkh vwudwhjlf ehkdylru ri

ghdohuv lq dq rsdtxh pdunhw1

Sursrvlwlrq : Wkh iroorzlqj vhw ri vwudwhjlhv frqvwlwxwhv d Shuihfw Ed|hvldq htxloleulxp
iru wkh rsdtxh pdunhw=
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Kh fkrrvhv dprqj wkh sulfhv wkdw vdwlvi| +6, dffruglqj wr d xqlirup glvwulexwlrq suredelo0
lw|1

Dw w ' �> ghdohuv iroorz wkh htxloleulxp vwudwhjlhv ghvfulehg lq Sursrvlwlrq 91
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Qrwh wkdw/ lq htxloleulxp/ iru dq| sulfh vhw e| ghdohu [ klv rssrqhqw lv ehwwhu r� e|
dwwhqglqj erwk vlghv ri wkh pdunhw dv lw lv vdwlv�hg wkdw d �� ' {

� �� � 2{
� �� � {

� �� = Rxu
suhglfwlrq lv vxssruwhg e| oderudwru| h{shulphqwv frqgxfwhg e| Eorrp�hog dqg R*Kdud
+4<<</5333,1 Wkhvh dxwkruv fdoo wklv ehkdylru dv fdswxulqj hduo| rughu  rz1 Frqvhtxhqwo|/
wkh vhfrqg urxqg ri wudgh lq wkh rsdtxh pdunhw zloo eh fkdudfwhul}hg e| wkh lqwhusod|
ehwzhhq d shuihfwo| lqiruphg ghdohu dqg d frpsohwho| xqlqiruphg ghdohu1 Wkh dv|pphwu|
ehwzhhq wkh ghdohuv jlyhv ulvh wr dq htxloleulxp lq wkh vhfrqg urxqg lq pl{hg vwudwhjlhv
dqg/ frqvhtxhqwo|/ wr sulfh glvshuvlrq1

� �
Pruhryhu/ Sursrvlwlrq : surylghv dq lqwhuhvwlqj

frqwudvw wr wkh �qglqj ri Pdgkdydq +4<<8, dqg Zx dqg ]kdqj +5335,/ zklfk erwk ri
wkhp h{dplqh wkh h�hfw ri lqiruphg glvforvxuh rq vhfxulwlhv pdunhw shuirupdqfh1 Lq rxu
htxloleulxp wkh xqlqiruphg ghdohu pd| dwwhqg wkh rughu hyhq lq d uhyhuvdo1

Qh{w fruroodu| fkdudfwhul}hv wkh fruuhvsrqglqj htxloleulxp sulfh txrwdwlrq ixqfwlrqv1

Fruroodu| ; Wkhuh h{lvwv d Shuihfw Ed|hvldq htxloleulxp lq wkh srvw0wudgh rsdtxh pdunhw/
zkhuh wkh htxloleulxp sulfh txrwdwlrq ixqfwlrq dw w ' f/ S � Et � �> vdwlv�hv

S � Et � � ' � n {
� 	
� t � > dqg

wkh htxloleulxp sulfh txrwdwlrq dw w ' �/ S 
 Et 
 ( t � � > lv jlyhq e|

S 
 Et 
 ( t � � ' � n 4�? id � Et � � t � �> d � E�> f> ���j � t � =

Erwk ghdohuv pdnh ryhudoo h{shfwhg sur�wv htxdo wr }hur1 Qhyhuwkhohvv/ wkh ghdohu wkdw
fkrrvhv wr eh frpshwlwlyh rq erwk vlghv ri wkh pdunhw pdnhv qhjdwlyh h{shfwhg sur�wv lq
wkh lqlwldo shulrg dqg srvlwlyh h{shfwhg sur�wv lq wkh �qdo shulrg1 Mxvw qrwh wkdw

S  Et  � ' � n {
� �
 t  ' � n �t  n E{

� �
 � ��t  ' H dymt  o � �t � >

zkhuh � A f> zkhqhyhu u 9' f= Qrwlfh wkdw � uh hfwv wkh rughu  rz sd|phqw wkdw d ghdohu
dvvxphv lq rughu wr jdlq prqrsro| srzhu ryhu lqirupdwlrq e| fdswxulqj rughu  rz wkdw
qhhg qrw eh glvforvhg1

8 Frpsdulvrq dfurvv Pdunhw Vwuxfwxuhv

Wklv vhfwlrq lv ghyrwhg wr wkh frpsdulvrq ehwzhhq wkh wzr pdunhw vwuxfwxuhv1 Wr wklv hqg/
wkh vxshuvfulsw W ER� lq d yduldeoh phdqv wkdw lw fruuhvsrqgv wr wkh srvw0wudgh wudqvsduhqw
+rsdtxh, pdunhw1 Zh zloo �uvw ghvfuleh vrph fkdudfwhulvwlfv ri wkh vhtxhqfhv ri sulfhv
jhqhudwhg lq wkh wzr pdunhwv wr h{dplqh wkh pdlq gl�huhqfhv lq sulfh g|qdplfv ehwzhhq
wkhp1 Zh zloo wkhq vwxg| wkh lpsolfdwlrqv ri vwuxfwxuh iru phwulfv ri pdunhw txdolw| vxfk
dv vsuhdgv/ yrodwlolw| dqg sulfh h!flhqf|1 Ilqdoo|/ zh vwxg| wkh lpsdfw ri wudqvsduhqf|
rq wkh zhoiduh ri pdunhw sduwlflsdqwv1
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814 Sulfh G|qdplfv

Htxloleulxp sulfh txrwdwlrqv lq wkh wzr pdunhw vwuxfwxuhv duh jlyhq e|=

�S �� Et � � ' � n �t � > dqg S �� Et � ( t � � '

;

?

=

� n �t � > iru t � ' t � 9' f>
�> iru t � 9' t � 9' f>
� n �t � > iru t � ' f>

�S
�� Et � � ' � n { � �� t � > dqg S

�� Et � ( t � � ' � n 4�? id � Et � � t � �> d � E�> f> ���j � t � =

Sulfhv lq wkh �uvw urxqg duh pruh dwwudfwlyh lq wkh rsdtxh pdunhw dv wkh frpshwlwlrq
ehwzhhq ghdohuv wr vhfxuh dq lqirupdwlrqdo dgydqwdjh pdnhv wkhp vhw kljkhu elgv dqg
orzhu dvnv1 Wkh sulfh gl�huhqfh ehwzhhq wkh wzr vwuxfwxuhv +{ � �� � �, lv vljql�fdwlyh/ dqg
lw lqfuhdvhv zlwk u dv vkrzq lq qh{w �jxuh1
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Iljxuh 81 Wkh gl�huhqfh ehwzhhq wkh �uvw urxqg dvnv lq wkh wzr pdunhwv1

Frqvlghu qrz wkh sulfhv dw wkh vhfrqg urxqg ri wudgh1 Li wkhuh lv qr wudglqj dfwlylw| lq
wkh �uvw shulrg/ wkhq pdunhw pdnhuv rqo| fkdqjh wkhlu txrwhv lq wkh rsdtxh pdunhw1 Lq wkh
wudqvsduhqw pdunhw/ ghdohuv gr qrw revhuyh qhz uhohydqw lqirupdwlrq dqg frqvhtxhqwo|/
wkh| gr qrw uhylvh wkhlu txrwhv1

� �
E| frqwudvw/ lq wkh rsdtxh pdunhw ghdohuv vhw gl�huhqw

sulfhv dfurvv shulrgv hyhq zkhq qr wudqvdfwlrq lq wkh �uvw shulrg rffxuv1 Uhfdoo wkdw wkh
prvw frpshwlwlyh ghdohu vhwv sulfhv dw w ' f wkdw |lhog qhjdwlyh fxuuhqw h{shfwhg sur�wv1
Frqvhtxhqwo|/ li t � ' f> wkhq kh pxvw xqzlqg klv srvlwlrq wr dyrlg orvvhv lq shulrg 41
Wklv g|qdplf vwudwhj| uhvxowv lq vpdoohu elgv dqg kljkhu dvnv lq wkh rsdtxh pdunhw zkhq
wkhuh lv qr wudgh lq wkh �uvw urxqg1

Li wkhuh lv wudglqj dfwlylw| dw erwk urxqgv/ sulfhv lq wkh vhfrqg urxqg duh pruh dwwudf0
wlyh iru lqyhvwruv lq wkh rsdtxh pdunhw lq wkh hyhqw ri d frqwlqxdwlrq zkhuhdv wkh rssrvlwh
krogv lq uhyhuvdov1 Lq d frqwlqxdwlrq/ d vhtxhqfh ri ex|v +vhoov, jhqhudwhv dq lqfuhdvlqj
+ghfuhdvlqj, vhtxhqfh ri sulfhv lq hlwkhu pdunhw vwuxfwxuh1 Lq hlwkhu shulrg/ wkh rsdtxh
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pdunhw surylghv d vpdoohu dvn dqg d odujhu elg +lq h{shfwhg whupv,1 Lq d uhyhuvdo iurp d
ex| wr d vhoo wkh vhfrqg shulrg elg lv vpdoohu lq wkh rsdtxh pdunhw1

Dqrwkhu lpsruwdqw gl�huhqfh ehwzhhq wkh wzr pdunhw vwuxfwxuhv lv wkdw lq wkh rsdtxh
pdunhw txrwhv fruuhvsrqglqj wr wkh vhfrqg urxqg ri wudgh duh xqfhuwdlq +dv ghdohuv sod|
pl{hg vwudwhjlhv, ghvslwh wkhuh lv qr qhz vkrfn lq wkh ixqgdphqwdov1 Dovr qrwh wkdw xqghu
rsdtxhqhvv wkh suredelolw| zlwk zklfk wkh wzr ghdohuv vhw wkh vdph txrwhv lq hlwkhu urxqg
lv }hur/ zkhuhdv lw lv rqh lq wkh wudqvsduhqw pdunhw1

81414 Vsuhdgv

Frqvlghu qrz wkh lpsdfw ri srvw0wudgh rsdtxhqhvv rq vsuhdgv1

Fruroodu| < d, Wkh lqwudgd| sdwwhuqv lq elg0dvn vsuhdgv duh rssrvlwh xqghu erwk pdunhw
vwuxfwxuhv1 Zkloh lq wkh wudqvsduhqw phfkdqlvp vsuhdgv ghfuhdvh iurp shulrg 3 wr shulrg
4/ lq wkh rsdtxh pdunhw vwuxfwxuh/ wkh| lqfuhdvh1

e, H{shfwhg vsuhdgv duh ghfuhdvlqj lq u lq erwk pdunhw vwuxfwxuhv1 Wkh gl�huhqfh
ehwzhhq h{shfwhg vsuhdgv +lq devroxwh ydoxh, lv dovr ghfuhdvlqj lq u lq wkh wudqvsduhqw
pdunhw vwuxfwxuh1 E| frqwudvw/ lq wkh rsdtxh phfkdqlvp/ lw lv lqfuhdvlqj lq u xqohvv u lv
odujh hqrxjk1

Lq wkh wudqvsduhqw pdunhw/ dw w ' f ghdohuv duh xqzloolqj wr lpsuryh frpshwlwlyh
sulfhv ehfdxvh wkhlu frpshwlwruv zloo iuhh0ulgh rq wkh lqirupdwlrq jdlqhg e| wkhp e|
revhuylqj wkh wudglqj klvwru|1 Ixuwkhu/ wkh h{shfwhg elg0dvn vsuhdg qduurzv ryhu wkh gd|
ehfdxvh wkh dgyhuvh vhohfwlrq idfhg e| wkh pdunhw pdnhuv lv plwljdwhg dv wkh| ohduq iurp
rughu  rz1 Lq wkh rsdtxh pdunhw/ e| frqwudvw/ d frpsohwho| gl�huhqw whpsrudo sdwwhuq
hphujh1 Dw wkh �uvw shulrg/ wkh prvw frpshwlwlyh ghdohu txrwhv d wljkw vsuhdg wr dftxluh
sulydwh lqirupdwlrq1 � �

Wklv fuhdwhv d grxeoh zlqqhu*v fxuvh sureohp lq klv frpshwlwru=
l,1 zlwk uhvshfw wr wkh lqiruphg lqyhvwru/ dqg ll,1 zlwk uhvshfw wr wkh lqiruphg ghdohu1
Wklv uhodwlyho| vhyhuh dgyhuvh vhohfwlrq sureohpv zlghqv klv vsuhdgv dqg/ e| h{whqvlrq/ wkh
vsuhdgv ri wkh lqiruphg ghdohu zkr qhhgv wr fdvk klv lqyhvwphqw lq lqirupdwlrq dftxlvlwlrq1

H{shfwhg vsuhdgv duh ghfuhdvlqj lq u dv wkh dgyhuvh vhohfwlrq sureohp idfhg e| pdunhw
pdnhuv lv plwljdwhg zkhq wkh suredelolw| wkdw dq xqlqiruphg wudghu wudqvdfwv lqfuhdvhv1
E| wkh vdph wrnhq/ dq lqfuhdvh lq u ohdgv wr d ohvv lqirupdwlyh rughu  rz/ dqg wkhuhiruh/
pdunhw pdnhuv kdyh d pruh vlplodu lqirupdwlrq dfurvv shulrgv ri wudgh1 Lq wkh wudqvsduhqw
pdunhw/ wklv lv doo wkdw frxqwv zkhq vhwwlqj sulfhv> frqvhtxhqwo|/ wkh gl�huhqfh ehwzhhq
h{shfwhg vsuhdgv lv ghfuhdvlqj lq u= Lq wkh rsdtxh pdunhw/ e| frqwudvw/ dv u lqfuhdvhv wkh
zlqqhu*v fxuvh zlwk uhvshfw wr wkh lqiruphg lqyhvwru grhv dovr ghfuhdvh exw wkh rqh zlwk
uhvshfw wr wkh lqiruphg ghdohu lqfuhdvhv +uhfdoo wkdw wkh h{shfwhg sur�wv iurp wudglqj dw

� � � � � � � 	 
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w ' � ri wkh shuihfwo| lqiruphg ghdohu duh lqfuhdvlqj lq u,1 Zkhq u lv vpdoo wkh vhfrqg
h�hfw grplqdwhv dqg/ frqvhtxhqwo|/ wkh gl�huhqfh lq vsuhdgv +lq devroxwh ydoxh, ehfrphv
lqfuhdvlqj lq u=

81415 Yrodwlolw|

Vxssrvh qrz wkdw wudglqj dfwlylw| kdv rffxuuhg dw w ' f1 Wkh srvvleoh devroxwh sulfh
fkdqjhv lq wkh wzr vwuxfwxuhv duh vxppdul}hg lq qh{w wdeoh=

Wudqvsduhqw Rsdtxh +H{shfwhg ydoxhv,

Frqwlqxdwlrq � � � ' � � � � � �� � � � � � � � 	 
 � �  	 
  � � 	  
 � � � �� � � � � � � n
� � � � � �  ! "# $ % & ' ( ) *+ , - n

+ . + , / 0 1 2 3 4 5 6 7 8 7 66 5 6 7 5 7 6 *9 . + , - 0 6
Uhyhuvdo � '

-- , + / 9 , - : + ; + 6 , + <= > ? @ A B C n
E

A C D E A D F � G H I J K L M N OP N C M C N M J Q> A @ E B A > ? @ A B
Sulfh yrodwlolw| lv gxh wr gl�huhqfhv ehwzhhq wkh sulfhv vhw e| wkh ghdohuv zkr dffrppr0
gdwh wkh rughu lq wkh wzr shulrgv1 Lq wkh wudqvsduhqw pdunhw/ wkh rqo| gl�huhqfh ehwzhhq
wkhp lv wkh lqirupdwlrq derxw y= E| frqwudvw/ lq wkh rsdtxh pdunhw wkhuh duh vwudwhjlf
frqvlghudwlrqv wkdw lq xhqfh sulfh txrwdwlrqv1 Wr xqghuvwdqg wklv srlqw/ frqvlghu d frq0
wlqxdwlrq lq ex| rughuv1 Lq wkh rsdtxh pdunhw/ wkh ghdohuv wkdw zloo dwwhqg wkh ex|v duh
ghdohu \ lq wkh �uvw shulrg/ dqg ghdohu [E�> f> ��� lq wkh vhfrqg rqh1 Erwk ghdohuv kdyh
wkh vdph lqirupdwlrq derxw y1 Krzhyhu/ wkh| gl�hu lq wkh vwudwhjlhv wkh| iroorz +g|qdplf
yhuvxv vwdwlf, dqg lq wkh ghjuhh ri xqfhuwdlqw| derxw wkh frpshwlwru*v w|sh +zkloh dw w ' f
wkhuh lv qr vxfk xqfhuwdlqw|/ dw w ' � ghdohu [E�> f> ��� grhv qrw nqrz klv frpshwlwru*v
w|sh,1 Wkh vwudwhjlf gl�huhqfhv lq wkh rsdtxh pdunhw kdyh d odujhu lpsdfw wkdq wkh lq0
irupdwlrqdo gl�huhqfhv lq wkh wudqvsduhqw pdunhw uhvxowlqj lq d odujhu sulfh fkdqjh lq wkh
rsdtxh pdunhw1

Frqvlghu qrz d uhyhuvdo iurp d ex| wr d vhoo1 Lq wkh wudqvsduhqw pdunhw lw lqgxfhv d
odujh sulfh fkdqjh/ lq frpsdulvrq zlwk wkdw ri d frqwlqxdwlrq/ dv eholhiv uhyhuw1 Lq wkh
rsdtxh pdunhw/ wklv lqirupdwlrqdo gl�huhqfh uhlqirufhv wkh vwudwhjlf gl�huhqfh/ uhvxowlqj
lq dq devroxwh sulfh fkdqjh zklfk h{fhhgv wkdw ri d frqwlqxdwlrq1 Frqvhtxhqwo|/ lq hl0
wkhu fdvh/

�

�S RS � S RT �

� ?
�

�HES US � � S UT �

� krogv1 Dv wkh suredelolwlhv ri frqwlqxdwlrqv dqg
uhyhuvdov duh htxdo lq erwk pdunhw vwuxfwxuhv/ zh rewdlq wkh iroorzlqj uhvxow=

Fruroodu| 43 Sulfh yrodwlolw|/ phdvxuhg e| wkh h{shfwhg devroxwh fkdqjh lq sulfh lv kljkhu
lq wkh rsdtxh pdunhw/ l1h1/

�

H
��

�S VW � S VX �

�

��

?
�

H
��

�HES YW � � S YX �

�

��

iru doo u=

81416 H!flhqf|

Lq zkdw iroorzv zh xvh wkh frqfhswv ri h!flhqf| sursrvhg e| Urehuwv +4<9:,1 Zh zloo vd|
wkdw sulfhv duh vwurqj0irup h!flhqw li wkh| uh hfw doo sulydwh lqirupdwlrq/ vhpl0vwurqj0
irup h!flhqw li wkh| uh hfw doo sxeolfo| dydlodeoh lqirupdwlrq/ dqg zhdn0irup h!flhqw li
wkh| uh hfw wkh lqirupdwlrq lq wkhlu rzq sdvw ydoxhv1 Qrwh wkdw zkhqhyhu vrph wudghuv
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kdyh vxshulru lqirupdwlrq/ sulfhv zloo qrw h{klelw vwurqj0irup h!flhqf|1 Lq rxu vhwxs/ wklv
krogv zkdwhyhu u 9' f= Lq wkh vwdqgdug vhtxhqwldo wudgh prgho sursrvhg e| Jorvwhq dqg
Plojurp +4<;8,/ wkh vhtxhqfh ri wudqvdfwlrq sulfhv iroorzv d pduwlqjdoh zlwk uhvshfw wr
wkh vhtxhqfh ri wudghv1 Wklv surshuw| lpsolhv wkdw sulfhv duh vhpl0vwurqj0irup h!flhqw lq
wkh vhqvh wkdw wkh| uh hfw doo wkh lqirupdwlrq dydlodeoh wr wkh pdunhw pdnhuv1 Vlqfh wkhvh
dxwkruv prgho d srvw0wudgh wudqvsduhqw pdunhw/ lw lv qrw vxusulvlqj wkdw rxu wudqvdfwlrq
sulfhv fruuhvsrqglqj wr wkh wudqvsduhqw pdunhw krog wkh vdph surshuw|1 Krzhyhu/ lq wkh
srvw0wudgh rsdtxh pdunhw/ wudqvdfwlrq sulfhv duh qrw d pduwlqjdoh zlwk uhvshfw wr sdvw
sulfhv dqg vr wkh| duh qrw zhdn0irup h!flhqw1 Wr xqghuvwdqg wklv uhvxow/ qrwlfh wkdw dw
w ' f zkhq vhwwlqj dq dvn sulfh/ ghdohuv ehdu lq plqg wkdw wklv sulfh fruuhvsrqgv wr d
sxufkdvh1 Lq wkh rsdtxh pdunhw wklv lv qrw pdgh sxeolf/ dqg frqvhtxhqwo|/ sulfhv dw w ' �
gr qrw qhfhvvdulo| lqfrusrudwh wklv lqirupdwlrq1 Doo wkhvh uhvxowv duh vxppdul}hg lq wkh
iroorzlqj fruroodu|1

Fruroodu| 44 Lq htxloleulxp/ wudqvdfwlrq sulfhv duh vhpl0vwurqj0irup h!flhqw lq wkh
wudqvsduhqw pdunhw dqg wkh| duh qrw zhdn0irup h!flhqw lq wkh rsdtxh pdunhw1

815 Zhoiduh

Qrz zh wxuq rxu dwwhqwlrq wr wkh h�hfw ri wudqvsduhqf| rq wkh zhoiduh ri pdunhw sduwlfl0
sdqwv1

Fruroodu| 45 d, Wkh lqyhvwruv zkr wudqvdfw lq wkh �uvw shulrg suhihu wkh rsdtxh pdunhw1

e, Li wkhuh lv qr wudglqj dfwlylw| lq wkh �uvw shulrg/ wkhq lqyhvwruv suhihu wkh wudqvsduhqw
pdunhw1 Rwkhuzlvh/ wkrvh lqyhvwruv zkrvh rughu w|sh frlqflghv +gl�huv, zlwk wkh suhylrxv
rqh duh ehwwhu +zruvh, r� lq wkh rsdtxh pdunhw1

Wklv uhvxow whoov xv wkdw wkh odfn ri wudqvsduhqf| ehqh�wv lqyhvwruv zkr wudqvdfw dw
w ' f dw wkh h{shqvh ri wudghuv zkr duulyh odwhu1 Wkh udwlrqdoh lv dv iroorzv1 Rsdtxhqhvv
lqfuhdvhv frpshwlwlrq dprqj ghdohuv wr dwwudfw ydoxdeoh rughu  rz/ ohdglqj wr ehwwhu sulfhv
iru doo shulrg f lqyhvwruv1 Rq wkh rwkhu kdqg/ frqfhuqlqj wkh odwhu shulrg/ lq fdvh ri d
frqwlqxdwlrq doo shulrg � lqyhvwruv suhihu wkh rsdtxh pdunhw1 � �

Dq lqiruphg wudghu suhihuv
wkh rsdtxh pdunhw ehfdxvh lw surylghv khu pruh fdprx djh1 Dq xqlqiruphg wudghu suhihuv
wkh rsdtxh pdunhw ehfdxvh kh zloo wudqvdfw zlwk wkh xqlqiruphg ghdohu/ zkhuhdv lq wkh
wudqvsduhqw pdunhw vkh zloo wudqvdfw zlwk dq lqiruphg ghdohu1 E| frqwudvw/ lq fdvh ri qr
wudglqj lq wkh �uvw urxqg ru d uhyhuvdo dq| lqyhvwru suhihuv wkh wudqvsduhqw pdunhw1 Qrwlfh
wkdw/ lq wklv fdvh wkh rsdtxhqhvv uhgxfhv sulfh frpshwlwlrq ehfdxvh wkh lqiruphg ghdohu
fdq xqghufxw klv frpshwlwru*v txrwh zkloh vwloo hduqlqj srvlwlyh sur�wv1
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9 Frqfoxvlrqv

Xvlqj d wzr0vwdjh prgho ri wudglqj lq d ghdohu pdunhw/ zh kdyh khuh dqdo|}hg wkh h�hfwv
ri srvw0wudgh wudqvsduhqf| rq wkh shuirupdqfh ri wzr pdunhw vwuxfwxuhv wkdw gl�hu lq
wkh dprxqw ri lqirupdwlrq wkdw lv sxeolfo| dydlodeoh dw wkh hqg ri wkh �uvw vwdjh1 Wkh
pdlq glvwlqfwlyh fkdudfwhulvwlf ri rxu prgho lv wkdw wkh odfn ri wudqvsduhqf| irufhv pdunhw
pdnhuv wr frqvlghu li wkh| suhihu wr vshfldol}h rq rqh vlgh ri wkh pdunhw ru wr mrlqwo|
ghwhuplqh wkhlu dvnv ru elgv wr ehfrph frpshwlwlyh lq erwk vlghv ri wkh pdunhw1

Zh fdq vxppdul}h rxu uhvxowv dv iroorzv1 Lq wkh rsdtxh pdunhw ghdohuv pd| eh deoh
wr r�hu ehwwhu sulfhv ehfdxvh wkh| fdq sur�w lq vxevhtxhqw wudglqj iurp wkh sulydwh
lqirupdwlrq wkh| lqihu iurp wkh fxuuhqw wudghv1 Wkh xsvkrw ri wklv lv wkdw wkh lqyhvwruv
wkdw wudqvdfw lq wkh �uvw shulrg duh ehwwhu r� lq wkh rsdtxh pdunhw/ exw wklv frphv dw wkh
h{shqvh ri wudghuv zkr wudqvdfw lq wkh vhfrqg shulrg1 Pruhryhu/ lw lv vkrzq wkdw li wkhuh
lv qr wudglqj dfwlylw| lq wkh �uvw shulrg/ wkhq pdunhw pdnhuv rqo| fkdqjh wkhlu txrwhv
lq wkh rsdtxh pdunhw1 Dgglwlrqdoo|/ zh rewdlq wkdw wkh odfn ri wudqvsduhqf| suryrnhv
vhyhudo sulfh glvwruwlrqv= lw h{dfhuedwhv sulfh yrodwlolw|/ fuhdwlqj sulfh glvshuvlrq/ dqg lw
dovr uhgxfhv sulfh h!flhqf|1

Wkhuh duh vhyhudo h{whqvlrqv ri wkh prgho wkdw frxog eh h{soruhg1 Qrwlfh wkdw wkh
ulvn0qhxwudolw| dvvxpswlrq pdnhv wkh ghdohuv* lqyhqwru| srvlwlrqv qrw wr sod| dq| uroh1
Krzhyhu/ lw vhhpv olnho| wkdw erwk lqirupdwlrq dqg lqyhqwru| srvlwlrqv duh uhohydqw lq
uhdo �qdqfldo pdunhwv1 Frqvhtxhqwo|/ d ulfkhu prgho zlwk ulvn0dyhuvlrq lv uhtxluhg wr
h{dplqh erwk dvshfwv dqg wkh lqwhudfwlrq ehwzhhq wkhp1

Dqrwkhu uhohydqw h{whqvlrq frxog doorz pxowlsoh wudglqj shulrgv1 Zh kdyh vkrzq wkdw
lq wkh rsdtxh pdunhw sulfhv gr qrw h{klelw wkh Pduwlqjdoh surshuw|1 Zh vxvshfw wkdw lq
wklv qhz g|qdplf frqwh{w wkh �uvw0rughu sulfh gl�huhqfhv frxog qrw eh xqfruuhodwhg1 Wklv
wrslf lv ri uhohydqfh vlqfh xqwlo qrz lq doo wkh lqirupdwlrq0edvhg prghov wklv surshuw|
lv vdwlv�hg1 Ilqdoo|/ qrwlfh wkdw lq rxu prgho wkh suredelolw| wkdw dq xqlqiruphg wudghu
wudqvdfwv lv h{rjhqrxv1 Lq d pruh frpsoh{ dqdo|vlv lw frxog eh hqgrjhqrxv/ dqg lq wklv
fdvh wkh lqirupdwlyhqhvv ri wkh rughu  rz zrxog ghshqg rq ghdohuv* ehkdylru1

: Dsshqgl{

Vlqfh wkurxjkrxw wkh sdshu zh pxvw ghwhuplqh krz wkh pdunhw pdnhuv* eholhiv hyroyh ryhu
wkh wudglqj gd|/ zh �uvw vwdwh wkh suredelolwlhv ri wkh hyhqwv y ' 2 dqg y ' f frqglwlrqdo
rq d vhtxhqfh ri wudghv1 Xvlqj Ed|hv* uxoh/ lw iroorzv wkdw

�h Ey ' 2mEt � > t � �� '

;

A

A

?

A

A

=

� � � � �
� > li Et � > t 	 � 5 iE�> ��> E��> ���j

	 
 �� > li Et  > t � � 5 iE�> f�> Ef> ��j
� � �� > li Et  > t � � 5 iE��> f�> Ef> ���j
�� > rwkhuzlvh/
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zkhuh � '
2 n 2u

2 n 2u n u � dqg � '
�

� � � = Ilqdoo|/ wkh frqglwlrqdo suredelolw| ri wkh hyhqw

y ' f lv ghulyhg dv iroorzv=

�h Ey ' fmEt � > t � �� ' � � �h Ey ' 2mEt � > t � �� > iru dq| Et � > t � �=

Surri ri Sursrvlwlrq 4= Lq wkh srvw0wudgh wudqvsduhqw pdunhw/ wkh wudqvdfwlrq sulfh pxvw
htxdo wkh h{shfwhg ydoxh ri wkh dvvhw frqglwlrqdo xsrq wkh wudglqj klvwru| dqg wkh lqfrp0
lqj rughu1 Khqfh/ S � Et � ( t � � ' H Eym Et � > t � �� = Xvlqj wkh suhylrxv frqglwlrqdo suredelolwlhv
ri y/ zh rewdlq wkh ghvluhg h{suhvvlrqv1

Vlploduo|/ S � E�� ' HEymt � ' �� ' �hEt � ' �mt � ' ��HEymE�> ���n

n �hEt � ' fmt � ' ��HEymE�> f�� n �hEt � ' ��mt � ' ��HEymE�> ����=

Xvlqj Ed|hv* uxoh dqg wkh htxloleulxp txrwdwlrq ixqfwlrqv dw w ' �/ wkh h{suhvvlrq iru
S � E�� lv rewdlqhg1 Vlplodu frpsxwdwlrqv surylgh wkh h{suhvvlrq iru S � E���1

Surri ri Ohppd 5= Dsshdolqj wr wkh v|pphwu| lq erwk wkh prgho dqg wkh vwudwhjlhv/
zh rqo| qhhg wr frpsxwh ghdohu [*v uhvhuydwlrq dvn sulfh1 Li kh h{hfxwhg wkh rughu lq wkh
�uvw vwdjh/ wkhq dw w ' �> wkhq kh kdv wkh vdph lqirupdwlrq dv lq wkh wudqvsduhqw pdunhw
vwuxfwxuh/ dqg frqvhtxhqwo|/ dsso|lqj Sursrvlwlrq 4 klv uhvhuydwlrq dvn sulfh lv ghulyhg1
Li kh glg qrw h{hfxwh wkh rughu dw w ' f> kh ghgxfhv wkdw hlwkhu t � ' f ru t � ' ��>
dv kh zdv frpshwlwlyh rq ex|v= Wkhuhiruh/ D

�
� � 	 Eif> ��j� ' H Eymt � 5 if> ��j > t 	 ' �� '

�H Eym Ef> ��� n E� � �� H Eym E��> ��� > zkhuh xvlqj Ed|hv* uxoh

� ' �hEt � ' f> t 	 ' �mt � 5 if> ��j > t 	 ' �� '
2E� � u



�

2 n 2u � u

 +7,

Ilqdoo|/ xvlqj Sursrvlwlrq 4 wkh ghvluhg h{suhvvlrq iru wklv uhvhuydwlrq dvn sulfh lv re0
wdlqhg1

Surri ri Sursrvlwlrq 7= Li wkhuh zdv d vhoo rughu lq w ' f> wkhq ghdohu \ nqrzv wkdw klv
rssrqhqw*v lqirupdwlrq vhw lv if> ��j = Zh fodlp wkdw kh udqgrpl}hv lq wkh lqwhuydo dv> }o=
E| vhwwlqj dq dvn sulfh htxdo wr � n v/ kh zlqv zlwk suredelolw| rqh dfklhylqj h{shfwhg
sur�wv iurp wudglqj � � E\ E���( v� ' v= E| sod|lqj �n}> kh zlqv zlwk suredelolw| ��JE}�
dqg kh orvhv zlwk wkh frpsohphqwdu| suredelolw|1 Frqvhtxhqwo|/ � � E\ E���( }� ' E� �
JE}��}=
Vlqfh lq d pl{hg vwudwhj| htxloleulxp h{shfwhg sur�wv iurp sod|lqj dq| vhoolqj ihh lq wkh
vxssruw pxvw eh htxdo/ � � E\ E���( v� ' � � E\ E���( }� |lhogv

JE}� '
} � v

}
= +8,

Frqvlghu qrz ghdohu [ zlwk lqirupdwlrq vhw if> ��j1 Wklv sod|hu glg qrw wudgh lq wkh
�uvw urxqg dqg/ khqfh/ kh grhv qrw nqrz wkh lghqwlw| ri klv rssrqhqw1 Kh eholhyhv klv
rssrqhqw lv \ Ef> �� zlwk suredelolw| �> zkrvh h{suhvvlrq lv jlyhq lq +7,1 Zh fodlp wkdw kh
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udqgrpl}hv lq wkh lqwhuydo dv> ��> zlwk v ? } ? �= E| sod|lqj v/ kh zlqv zlwk suredelolw|
rqh/ dqg wkhq/ klv h{shfwhg sur�wv iurp wudglqj duh jlyhq e|

� � E[Ef> ���( v� ' � n v � HEymt � 5 if> ��j > t � ' ��= +9,

E| sod|lqj }/ zlwk suredelolw| rqh kh zlqv li klv rssrqhqw lv \ Ef> ��> zkhuhdv zlwk sure0
delolw| rqh kh orvhv li klv rssrqhqw lv \ E���= Vlqfh lq wkh �uvw fdvh ghdohu [ ghgxfhv wkdw
t � ' f/ zh kdyh

� � E[Ef> ���( }� ' � E� n } � HEymt � ' f> t � ' ��� = +:,

Ilqdoo|/ zkhq sod|lqj d $ �> kh zlqv zlwk suredelolw| �� I E�� li klv rssrqhqw lv \ Ef> ��/
dqg kh dozd|v orvhv li klv rssrqhqw lv \ E���= H{shfwhg sur�wv frqyhujh wr

� E� � I E��� E� n � � HEymt � ' f> t � ' ��� = +;,

Lq d pl{hg vwudwhj| htxloleulxp/ ES� ' E.� dqg ES� ' EH� ru/ xvlqj wkh uhvxowv lq Sursrvlwlrq
4 dqg Ohppd 5/

v ' �}> dqg +<,

v � �� ' � E� � I E��� E� � �� = +43,

Frqvlghu qrz wkdw \ glg qrw wudgh lq w ' f dqg grhv qrw khqfh nqrz wkh lghqwlw|
ri klv rssrqhqw1 Kh eholhyhv klv rssrqhqw lv [Ef> ��� zlwk suredelolw| �> zkhuh � '
�hEt � ' f> t � ' �mt � 5 if> �j > t � ' ��1 Zh fodlp wkdw kh udqgrpl}hv lq wkh lqwhuydo d}> �o=
E| sod|lqj }/ kh zlqv zlwk suredelolw| � � JE}� li klv rssrqhqw lv [Ef> ��� dqg zlwk
suredelolw| rqh li klv rssrqhqw lv [E��1 Wkh h{shfwhg sur�wv iurp sod|lqj wklv vwudwhj|
duh

� E� � JE}�� E� n } � HEymt � ' f> t � ' ��� n E� � �� E� n } � HEymt � ' �> t � ' ��� =

Ilqdoo|/ zkhq sod|lqj � kh orvhv zlwk suredelolw| rqh li klv rssrqhqw lv [Ef> ��� dqg kh
rewdlqv }hur h{shfwhg sur�wv li klv rssrqhqw lv [E�� vlqfh lq wklv fdvh kh ghgxfhv wkdw
t � ' � dqg � n � ' HEymt � ' �> t � ' ��= Wkxv/ � � E\ Ef> ��( �� ' f=
Htxdol}lqj wkh h{shfwhg sur�wv iurp sod|lqj wkhvh wzr vwudwhjlhv/ zh jhw

� E� � JE}�� E} � �� n E� � �� E} � �� ' f= +44,

Xvlqj +8,/ htxdwlrqv +<, dqg +44, gh�qh d v|vwhp ri wzr htxdwlrqv dqg wzr xqnqrzqv
zkrvh vroxwlrq lv } '

� � � � � � � 	 
 �
	 � � � � 	 dqg v ' �

	 � � � � � � 	 
 �
	 � � � � 	 / zklfk duh erwk odujhu wkdq wkh

uhvhuydwlrq vhoolqj ihhv ri sod|huv \ Ef> ��> [Ef> ��� dqg \ E���= Ilqdoo|/ e| vxevwlwxwlqj
wkh ydoxh ri v lqwr +43,/ zh rewdlq wkdw I E�� ' �

�
	 � � � � 	 �

Rqfh wkh olplwv ri wkh vxssruwv duh ghulyhg/ zh fdq qrz surfhhg wr frpsxwh wkh
glvwulexwlrq ixqfwlrqv1

Lq rughu wr jhw I zh �uvw frpsxwh wkh h{shfwhg sur�wv ri ghdohu [Ef> ��� zkhq fkrrv0
lqj d A }/ zklfk duh �E� � I Ed�� Ed � �� = Gl�huhqwldwlqj zlwk uhvshfw wr d dqg htxdwlqj
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wkh ghulydwlyh wr }hur/ lw iroorzv wkdw iEd� Ed � �� ' � � I Ed�= Wklv i1r1f1 jhqhudwhv d gli0
ihuhqwldo htxdwlrq zklfk erxqgdu| frqglwlrq lv I E}� ' f= Wkh vroxwlrq wr wkh gl�huhqwldo
htxdwlrq |lhogv I Ed� ' � � �� � � �

Vlploduo|/ wr rewdlq K zh gl�huhqwldwh wkh h{shfwhg sur�wv ri ghdohu [Ef> ��� zlwk
uhvshfw wr d= Wklv doorzv xv wr rewdlq d gl�huhqwldo htxdwlrq zklfk erxqgdu| frqglwlrq lv
KEv� ' f= Wkh vroxwlrq wr wkh gl�huhqwldo htxdwlrq |lhogv KEd� '

�� � � � � � �	 �

�

Ilqdoo|/ wr ghulyh J zh �uvw vwxg| wkh sureohp idfhg e| \ E���1 Klv h{shfwhg sur�wv
iurp wudglqj ehfrph E�� JEd��d >zlwk d ? }= Gl�huhqwldwlqj zlwk uhvshfw wr d> zh rewdlq
d i1r1f1 zklfk gh�qhv d gl�huhqwldo htxdwlrq zkrvh erxqgdu| frqglwlrq lv JEv� ' f= Wkh
vroxwlrq wr wklv gl�huhqwldo htxdwlrq |lhogv JEd� ' 
 � � � Qrwlfh wkdw JE}� ' � � �� > zklfk lv
frqvlvwhqw zlwk +8,1 Vlploduo|/ wr ghulyh wkh �qdo sduw ri J> l1h1/ zkhq d A }> zh frqvlghu
wkh pd{lpl}dwlrq sureohp idfhg e| \ Ef> ��1 Klv h{shfwhg sur�wv iurp wudglqj zloo eh=

� E� � JEd�� Ed � ��n E� � �� Ed � �� =

Gl�huhqwldwlqj zlwk uhvshfw wr d> zh rewdlq d i1r1f1 zklfk gh�qhv d gl�huhqwldo htxdwlrq
zlwk erxqgdu| frqglwlrq JE}� ' � � �� = Wkh vroxwlrq wr wkh gl�huhqwldo htxdwlrq |lhogv=

JEd� '
d � E�� n E� � ����

� Ed � ��
>

zlwk JE�� ' � dv fodlphg1

Surri ri Ohppd 8= Lw lv rplwwhg vlqfh lw lv vlplodu wr wkh surri ri Ohppd 51

Surri ri Sursrvlwlrq 9= Zh �uvw qrwh wkdw ghdohu [ pdnhv }hur h{shfwhg sur�wv iurp
wudglqj dw w ' � zkhq sod|lqj wkh sxuh vwudwhjlhv= d

��
� � Ei�> f> ��j� > d

��
� � Ei�> fj� dqg

d
��

� � Ei�j�1 Ohw * � > * � dqg * � ghqrwh wkh suredelolwlhv dvvljqhg e| wklv ghdohu wr wkh hyhqwv
wkdw klv rssrqhqw lv \ E��/ \ Ef� dqg \ E���/ uhvshfwlyho|1 Wkxv/

* � ' �h Et  ' �mt ! ' �� > * " ' �h Et # ' fmt ! ' �� > dqg * $ ' �h Et # ' ��mt ! ' �� =

Ed|hv* uxoh |lhogv wkh h{suhvvlrqv iru wkhvh suredelolwlhv1 Li ghdohu [ vhwv d vxfk wkdw
� ? d ? �� n E� � ���> wkhq klv h{shfwhg sur�wv iurp wudglqj duh=

* % Ed � �� n * & Ed � �� n * ' E� � MEd��d=

Vlqfh wkhvh h{shfwhg sur�wv pxvw eh }hur/ lw iroorzv wkdw MEd� '
(

) * � + , -. �

� Vlploduo|/ li
ghdohu [ sod|v d> zlwk ��nE� � ��� ? d ? �> wkhq klv h{shfwhg sur�wv iurp wudglqj duh=

* / Ed � �� n * 0 E� � NEd�� Ed � �� =

Vlqfh wkhvh h{shfwhg sur�wv pxvw dovr eh }hur/ zh kdyh NEd� ' � �
1 2 3 4 5 6 78 9 : ; < = > �

Frqvlghu qrz sod|hu \ E���= Klv h{shfwhg sur�wv iurp wudglqj dw w ' � zkhq vhwwlqj
klv rssrqhqw uhvhuydwlrq dvn duh �= Vlploduo|/ e| txrwlqj �� n E� � ���> klv h{shfwhg
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sur�wv iurp wudglqj duh E� � O E�� n E� � ����� E�� n E� � ���� = Vlqfh wkhvh h{shfwhg
sur�wv pxvw eh htxdo/ zh pxvw kdyh

O E�� n E� � ���� '
2u n u �
e n eu

' * � �

Frqvlghu qrz sod|hu \ Ef�= Klv h{shfwhg sur�wv iurp wudglqj sod|lqj �� n E� � ��� duh
E� � O E�� n E� � ����� E� � �� E� � �� � E| vhwwlqj d vhoolqj ihh d $ �> klv h{shfwhg
sur�wv iurp wudglqj zrxog frqyhujh wr E� � O E��� E� � �� = Htxdwlqj wkhvh wzr ydoxhv
dqg rshudwlqj/ zh rewdlq O E�� ' * � n * � =

Wr hqg wklv surri/ zh qrz surfhhg wr ghulyh wkh h{suhvvlrq ri wkh glvwulexwlrq ixqfwlrq
O= Zh �uvw frpsxwh wkh h{shfwhg sur�wv ri ghdohu \ E��� zkhq sod|lqj d vhoolqj ihh
d A �1 Gl�huhqwldwlqj wkh h{shfwhg sur�wv zlwk uhvshfw wr d> wkh i1r1f1 jhqhudwhv d
gl�huhqwldo htxdwlrq zklfk erxqgdu| frqglwlrq lv O E�� n E� � ���� ' * � = Wkh vroxwlrq
wr wkh gl�huhqwldo htxdwlrq |lhogv=

OEd� '
d � �

d
> iru doo � � d � �� n E� � ����

Vlploduo|/ wr rewdlq wkh odvw sduw ri O zh gl�huhqwldwh ghdohu \ Ef�*v h{shfwhg sur�wv iurp
wudglqj zlwk uhvshfw wr d iru d A �� n E� � ��� wr rewdlq d gl�huhqwldo htxdwlrq zklfk
erxqgdu| frqglwlrq lv O E�� n E� � ���� ' * � = Wkh vroxwlrq wr wklv gl�huhqwldo htxdwlrq
|lhogv= O Ed� ' � �

� � � � 	 
 � � � � �  � � � �
� � � >iru doo �� n E� � ��� � d ? �= Ilqdoo|/ iurp gluhfw

frpsxwdwlrqv/ zh uhzulwh wkh h{suhvvlrq ri O dv lq wkh vwdwhphqw ri wklv surri1

Surri ri Sursrvlwlrq := E| iroorzlqj wkh sxusruwhg htxloleulxp vwudwhjlhv \ jhwv
}hur h{shfwhg sur�wv1 Wr vwxg| wkh sur�wdelolw| ri srwhqwldo ghyldwlrqv zh �uvw qrwh wkdw
zh fdq uhvwulfw rxu dwwhqwlrq wr ghyldwlrqv wkdw lqyroyh vhwwlqj sulfhv ED> E� vxfk wkdw
EE> D� 5

�

� � { � �� > � � { � �� �

�
�

� n{ � �� > � n{ � �� �

dv dq| vwudwhj| wkdw lpsolhv vhwwlqj
d sulfh rxwvlgh wkhvh udqjhv lv zhhno| grplqdwhg1 Qrwh wkdw dq| E ? � � { � �� lv sd|r�
htxlydohqw wr wkh vwudwhj| E ' � � { � �� = Vlploduo|/ E A � � { � �� |lhogv vwulfwo| vpdoohu
sd|r�v wkdq wkh vwudwhj| E ' � � { � �� > iru dq| D dqg dq| ED � � > E �� �=

Jlyhq [ � v htxloleulxp ehkdylru/ ghdohu \ � v h{shfwhg sur�wv iurp d vwudwhj| ED> E�
duh jlyhq e|

� n u

e

�

�h
�

D ? D
� �

/ E A E
��

� �

D � E � 2{
 !�

�

n

�h
�

D ? D
� �

/ E ? E
��

� �

D � � � {
" !�

�

n �h
�

D A D
� �

/ E A E
��

� �

� � {
" !�

� E
��

=

Vlqfh E #$ ' D # $ �
�

{ % &$ n{ ' &$ �

h{shfwhg sur�wv deryh vlpsoli| wr=

� n u

e

�

�h
�

D ? D # $ ? E n{ % &$ n{ ' &$ � �

D � E � 2{ ' &$ �

n

�h
�

D # $ A 4@ 
�

D> E n{
( )* n{

+ )* �� �

D � � � {
( )* �

n

�h
�

D
, * ? 4�?

�

D> E n{
- ./ n{

0 ./ �� �

� � {
- ./ � E

��

=

Wr frpsxwh wkhvh h{shfwhg sur�wv zh foxvwhu doo srvvleoh ghyldwlrqv lqwr wzr jurxsv=
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41 Ghyldwlrqv wkdw lqyroyh sulfh vwudwhjlhv ED> E� vxfk wkdw D � E � {
� �� n{

� �� > dqg

51 Ghyldwlrqv wkdw lqyroyh sulfh vwudwhjlhv ED> E� vxfk wkdw D � E A {
� �� n{

� �� =

Li +4, krogv/ wkhq h{shfwhg sur�wv vlpsoli| wr

�

e

E� n u�

{
� �� � {

� ��
��

E n{
� �� n{

� �� � D
� �

D � E � 2{
� �� �

n

�

� � {
� �� � E

� �

D � � � {
� �� �

n
�

D � � � {
� �� � �

� � {
� �� � E

��

=

Gl�huhqwldwlqj h{suhvvlrq deryh zlwk uhvshfw wr D dqg E |lhogv
� � � � � 	


 � ' � E� n u�
� �

� � �� � � � ��
�

�

� n{ � �� � D
�

? f/ iru doo D A � n{ � �� > dqg

� � � �
�

�
�  ' !" E� n u�

�

!# $ %& ' # ( %&
�

�

� � { ) *+ � E
�

A f/ iru doo E ? � � { ) *+ 1

H{shfwhg sur�wv duh pd{lpl}hg dw ghdohu \ *v htxloleulxp vwudwhj|1 Khqfh/ qr ghyldwlrq
dv wkh rqh sursrvhg deryh lv sur�wdeoh1

Li +5, krogv/ wkhq wkh suredelolw| ri dwwhqglqj erwk vlghv ri wkh pdunhw lv }hur1 Frq0
vhtxhqwo|/ h{shfwhg sur�wv vlpsoli| wr

�
�

e

E� n u�

{ , -. � { / -.
q

�

D � � � {
0 12 � 3

n
�

� � {
0 12 � E

� 3 r

>

zklfk lv dozd|v qhjdwlyh1

Frqvlghu qrz ghdohu [= E| iroorzlqj wkh sxusruwhg htxloleulxp vwudwhjlhv kh jhwv }hur
h{shfwhg sur�wv dqg kh grhv qrw dwwhqg dq| vlgh ri wkh pdunhw1 Wr dwwhqg lw/ kh pxvw vhw
D 4 5 ? � n{ 6 75 dqg2ru E 89 A �� { : ;9 = Li kh lpsuryhv rqo| rqh sulfh/ iru lqvwdqfh wkh dvn
sulfh/ wkhq kh rewdlqv qhjdwlyh h{shfwhg sur�wv vlqfh D 8 9 ? � n { < ;9 1 Rwkhuzlvh/ kh dovr
rewdlqv qhjdwlyh h{shfwhg sur�wv ehfdxvh ri D = > � E => ? 2{ ? @> =

Surri ri Fruroodu| <= Ohw V AB �

V CB �

ghqrwh wkh h{shfwhg vsuhdg dw w lq wkh srvw0wudgh
wudqvsduhqw +rsdtxh, pdunhw/ zlwk w ' f> �1 Rq wkh rqh kdqg/ Sursrvlwlrq 4 lpsolhv wkdw
V DE ' FG H I > dqg V JK ' L

H
L

I H M I NO M H M I H I N P O K H I P = Khqfh/ V JQ � V JK lv d srvlwlyh dqg ghfuhdvlqj lq u

ixqfwlrq1 Rq wkh rwkhu kdqg/ iurp Sursrvlwlrqv : dqg ;/ zh kdyh

V
RS '

H n 2u � u T n u U
e E� n u� T > dqg

V
VW '

�f n �eu n u T � u U
e E� n u� T �

2

E2 n u� u E� n u�
*?

�

e Eu n ��

e n 2u � u X

�

�
E2 n u� u

H E� n u�
Y *?Ee n 2u � u Z

2 n 2u n u Z �=

Iurp d vlpsoh vwxg| ri wkh gl�huhqfh ehwzhhq vsuhdgv dv d ixqfwlrq ri u> zh rewdlq wkdw
V [\ � V [] ? f/ iru doo u 5 Ef> �o dqg lw lv qxoo zkhq u ' f= Ixuwkhu/ V ^_ � V ^` lv d frqfdyh
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lq u ixqfwlrq zklfk dwwdlqv d pd{lpxp dw u ' f=H.= Khqfh iru u � f=H. wkh gl�huhqfhv lq
h{shfwhg vsuhdgv ghfuhdvhv zlwk u=

Surri ri Fruroodu| 44= Frqvlghu wkh wudqvsduhqw pdunhw1 Wkh pduwlqjdoh surshuw|
ri wudqvdfwlrq sulfhv zlwk uhvshfw wr sxeolf lqirupdwlrq gluhfwo| iroorzv iurp wkh odz ri
lwhudwhg h{shfwdwlrqv1 Wkh pduwlqjdoh surshuw| glfwdwhv wkdw sulfhv duh vhpl0vwurqj0irup
h!flhqw1

Frqvlghu qrz wkh rsdtxh pdunhw/ dqg ohw d � � ' d � Ei�> f> ��j�/ iru vkruw1 Sulfhv duh
jlyhq e|

S
�� Et � � ' � n{

� �� � t � > dqg

S
�� Et � > t � � ' � n4�?

�

d � Eit � � t � j�> d
� � �

� t � =

Vlqfh wkhuh lv rqh0wr0rqh pdsslqj ehwzhhq S
�� dqg t � > lw iroorzv wkdw

HES
�	 mS

�
 � ' HES
�	 mt 
 �= � �

Vxssrvh qrz wkdw t  ' �= Qrwlfh wkdw

D
� � E�� ' � n d

� � > dqg E
�� E�� ' � � 4�?

�

d � E���> d
� � �

=

Wkhq/
HES

�� mt  ' �� ' � n )HEd
� � � � E� � )�H

�

4�?
�

d � Ei��j�> d
� � ��

> +45,

zkhuh

) ' �hEt � ' �mt � ' �> t � 9' f� '
�

2

�

2 n 2u n u
�

� n 2u n u
�
�

= +46,

Xvlqj Sursrvlwlrq 9/ lw iroorzv wkdw

H
�

d
� � �

'
�

� n u

�

� n *?

�

e E� n u�

e n 2u � u
�
�

n
u Eu n 2�

e E� n u�
*?

�

e n 2u � u
�

2 n 2u n u
�
��

> dqg

H
�

4�?
�

d � Ei��j�> d
� � ��

'
�

� n u

�

2 n
Eu

�
� 2u � e�

Eu n 2� u
*?

�

e E� n u�

e n 2u � u
�
��

=

Ohw W ' *?
� � � � � � �� � � � � �  �

dqg ] ' *?
� ! " # $ % $ &# " # $ " $ & �

= Soxjjlqj h{suhvvlrqv deryh lqwr +45,/ xvlqj

+46, dqg rshudwlqj/ li iroorzv wkdw

HES
'( mt ) ' �� ' � n x>

zkhuh

x ' �
�2 n 2u n u *
2 E� n u�

+ n
� n 2u

E� n u�
, W n

E2 n 2u n u - � E2u n u - �
H E� n u�

. ]=

/ 0 1 2 3 4 5 6 7 8 9 : ; < = = > < > = ? @ A B C D E E F D G H D I E J K G L F J I M H D F J H M N O P Q R S T U V W X Y Z [ [ X V \ [ ] V ^ _ ` a b ` c d e f g h g i j k l m
n o p q r s t u v w x y z w { | } | | ~ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � �
¡ ¢ £¤ ¥ ¦ § ¨ © ª « ¬
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Pruhryhu/ x � { �
�

� dv d ixqfwlrq ri u lv vwulfwo| ghfuhdvlqj lq wkh lqwhuydo df> �o dqg lq
u ' f lv htxdo wr 31 Khqfh/ x ? {

� �� / dqg khqfh/ HES
�� mS

�� � ? S
�� li t � ' �= Dqdor0

jrxvo|/ zh rewdlq wkdw HES
�	 mS

�
 � A S
�
 > zkhq t 
 ' ��= Frqvhtxhqwo|/ rqh frqfoxghv wkdw

HES
�	 mS

�
 � 9' S
�
 =

Surri ri Fruroodu| 45= Wklv surri gluhfwo| iroorzv iurp wkh frpsdulvrq ri sulfhv fru0
uhvsrqglqj wr erwk pdunhw vwuxfwxuhv1

Uhihuhqfhv

^4` Eldlv/ Euxqr/ 4<<6/ Sulfh irupdwlrq dqg htxloleulxp oltxlglw| lq iudjphqwhg dqg
fhqwudol}hg pdunhwv/ Wkh Mrxuqdo ri Ilqdqfh 7;/ 48:04;81

^5` Eorrp�hog/ Urehuw dqg Pdxuhhq R*Kdud/ 4<<</ Pdunhw wudqvsduhqf|= zkr zlqv dqg
zkr orvhvB/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv 45/ 80681

^6` Eorrp�hog/ Urehuw dqg Pdxuhhq R*Kdud/ 5333/ Fdq wudqvsduhqw pdunhwv vxuylyhB/
Mrxuqdo ri Ilqdqfldo Hfrqrplfv 88/ 758078<1

^7` Fkdq/ N1F1/ Z1 Fkulvwlh dqg S1 Vfkxow}/ 4<<8/ Pdunhw vwuxfwxuh dqg wkh lqwudgd|
sdwwhuq ri elg0dvn vsuhdgv iru Qdvgdt vhfxulwlhv/ Mrxuqdo ri Exvlqhvv/ 9;04/ 680931

^8` Ghqqhuw/ Mÿujhq/ 4<<6/ Sulfh frpshwlwlrq ehwzhhq Pdunhw Pdnhuv/ Uhylhz ri Hfr0

qrplf Vwxglhv 93/ :680:841

^9` Hdvoh|/ Gdylg dqg Pdxuhhq R*Kdud/ 4<;:/ Sulfh/ wudgh vl}h dqg lqirupdwlrq lq vhfx0
ulwlhv pdunhwv/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 4</ 9<0<31

^:` Hdvoh|/ Gdylg dqg Pdxuhhq R*Kdud/ 4<<5/ Wlph dqg wkh surfhvv ri vhfxulw| sulfh
dgmxvwphqw/ Wkh Mrxuqdo ri Ilqdqfh 7:05/ 8::09391

^;` Iorrg/ Pdun G1/ Urqdog Kxlvpdq/ Nhhv J1 Nrhglmn dqg Urqdog M1 Pdklhx/ 4<<</
Txrwh glvforvxuh dqg sulfh glvfryhu| lq pxowlsoh0ghdohu �qdqfldo pdunhwv/ Wkh Uhylhz

ri Ilqdqfldo Vwxglhv 45/ 6:08<1

^<` Iuxwrv/ P
�

Äqjhohv gh dqg Urehuw Urvhqwkdo/ Rq vrph p|wkv derxw vhtxhqfhg
frpprq0ydoxhg dxfwlrqv/ Jdphv dqg Hfrqrplf Ehkdylru 56/ 53405541

^43` Iuxwrv/ P
�

Äqjhohv gh dqg Fdurolqd Pdq}dqr/ 5335/ Ulvn dyhuvlrq/ wudqvsduhqf|/
dqg pdunhw shuirupdqfh/ Wkh Mrxuqdo ri Ilqdqfh 8:05/ <8<0<;71

^44` Jhku/ Mu1/ N1 Dgdp dqg W1 I1 Pduwhoo/ 4<<5/ Sulflqj h!flhqf| lq wkh vhfrqgdu|
pdunhw iru Lqyhvwphqw0Judgh frusrudwh erqgv/ Mrxuqdo ri Il{hg Lqfrph 5+6,/ 5706;1

^45` Jhpploo/ Jrugrq/ 4<<9/ Wudqvsduhqf| dqg oltxlglw|= D vwxg| ri eorfn wudqvdfwlrqv
lq wkh Orqgrq Vwrfn H{fkdqjh/ Wkh Mrxuqdo ri Ilqdqfh 84/ 4:9804:<31
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^46` Jorvwhq/ Odzuhqfh dqg Sdxo Plojurp/ 4<;8/ Elg/ dvn/ dqg wudqvdfwlrq sulfhv lq d
vshfldolvw pdunhw zlwk khwhurjhqhrxvo| lqiruphg wudghuv/ Mrxuqdo ri Ilqdqfldo Hfr0

qrplfv 46/ :404331

^47` Kdqvfk/ Rolyhu/ Qdud|dq Qdln dqg V1 Ylvzdqdwkdq/ 4<<;/ Gr lqyhqwrulhv pdwwhu lq
ghdohuvkls pdunhwvB Hylghqfh iurp wkh Orqgrq Vwrfn H{fkdqjh/ Wkh Mrxuqdo ri

Ilqdqfh 86/ 4956049891

^48` Ohdfk/ Fkulv dqg Dqdqwk Pdgkdydq/ 4<<6/ Sulfh h{shulphqwdwlrq dqg vhfxulw| pdu0
nhw vwuxfwxuh/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv 905/ 6:807371

^49` Pdgkdydq/ Dqdqwk/ 4<<8/ Frqvrolgdwlrq/ iudjphqwdwlrq/ dqg wkh glvforvxuh ri wudglqj
lqirupdwlrq/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv ;06/ 8:<09361

^4:` Pdgkdydq/ Dqdqwk/ 4<<9/ Vhfxulw| sulfhv dqg pdunhw wudqvsduhqf|/ Mrxuqdo ri Il0

qdqfldo Lqwhuphgldwlrq 8/ 58805;61

^4;` Pdgkdydq/ Dqdqwk/ 5333/ Pdunhw vwuxfwxuh= D vxuyh|/ Mrxuqdo ri Ilqdqfldo Pdunhwv

606/ 538058;1

^4<` Plojurp/ Sdxo dqg Q1 Vwrnh|/ 4<;5/ Lqirupdwlrq/ wudgh dqg frpprq nqrzohgjh/
Mrxuqdo ri Hfrqrplf Wkhru| 59/ 4:05:1

^53` Plojurp/ Sdxo dqg Urehuw Zhehu/ 4<;5/ D wkhru| ri dxfwlrqv dqg frpshwlwlyh elg0
glqj/ Hfrqrphwulfd 83/ 43;<044551

^54` Qdln/ Qdud|dq/ Dqwkrq| Qhxehujhu dqg V1 Ylvzdqdwkdq/ 4<<</ Wudgh glvforvxuh uhj0
xodwlrq lq pdunhwv zlwk qhjrwldwhg wudgh/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv 4507/
;;90<331

^55` Sdjdqr/ Pdufr dqg Dlovd Uùhoo/ 4<<9/ Wudqvsduhqf| dqg oltxlglw|= D frpsdulvrq
ri dxfwlrq dqg ghdohu pdunhwv zlwk lqiruphg wudglqj/ Wkh Mrxuqdo ri Ilqdqfh 84/
8:<09441

^56` Shqj/ Oldqj 5334/ G|qdplfv ri h�hfwlyh txrwhv dqg vsuhdgv ehwzhhq frqvhfxwlyh
wudghv= d uhdo0wlph vwuxfwxudo prgho ri sulfh lqirupdwlrq/ Zrunlqj Sdshu/ \doh Vfkrro
ri Hfrqrplfv1

^57` Sruwhu/ Gdylg dqg Gdqlho Zhdyhu/ 4<<;/ Srvw0wudgh wudqvsduhqf| rq Qdvgdt*v qd0
wlrqdo pdunhw v|vwhp/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv 83/ 56405851

^58` Urehuwv/ K1/ 4<9:/ Vwdwlvwlfdo yhuvxv fodvvlfdo suhglfwlrq ri wkh vwrfn pdunhw/ Xqsxe0
olvkhg Pdqxvfulsw/ Fhqwhu iru Uhvhdufk lq Vhfxulw| Sulfhv/ Xqlyhuvlw| ri Fklfdjr1

^59` Vdxqghuv/ Dqwkrq|/ Dqdqg Vulqlydvdq dqg Lqjr Zdowhu/ Sulfh irupdwlrq lq wkh RWF
frusrudwh erqg pdunhwv= D �hog vwxg| ri wkh lqwhu0ghdohu pdunhw/ 5335/ Mrxuqdo ri

Hfrqrplfv dqg Exvlqhvv 8704/ <804461
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^5:` Vhfxulwlhv dqg H{fkdqjh Frpplvvlrq +VHF,/ 4<<8/ Pdunhw 5333= Dq h{dplqdwlrq ri

fxuuhqw htxlw| pdunhw ghyhorsphqwv/ Glylvlrq ri Pdunhw Uhjxodwlrq/ VHF/ Zdvklqj0
wrq G1F1

^5;` Vhfxulwlhv Lqyhvwphqw Erdug +VLE,/ 4<<7/ Uhjxodwlrq ri wkh Xqlwhg Nlqjgrp htxlw|

pdunhwv/ VLE/ Orqgrq1

^5<` Zx/ Fkxqfkl dqg Zhl ]kdqj/ 5335/ Wudgh glvforvxuh/ lqirupdwlrq ohduqlqj dqg vh0
fxulwlhv pdunhw shuirupdqfh/ Uhylhz ri Txdqwlwdwlyh Ilqdqfh dqg Dffrxqwlqj 4;/
5406;1
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Bad NewsGood News

Informed Uninformed Informed Uninformed

She trades
depending on her
information and

prices

1/2 1/2

Potential
buyer

Potential
seller

She trades
depending on

her information
and prices

Potential
buyer

Potential
seller

Buy No
trade

Sale No
trade

No
trade

Sale No
trade

1/2 1/2

1/2 1/2

1/2 1/2 1/2

r 1-r r 1-r
r 1-r r 1-r

Buy

1/2

Iljxuh 41 Wkh Suredelolvwlf Vwuxfwxuh ri Wudgh1

66



Willi ngness to sell

Ask

Bid

0

2

Willi ngness to buy

X (1) X (-1,0) Y (-1)

1+s

 1+z

P'r

Y (-1) X (-1,0)

Y (1,0)

Y (1,0) X (1)

1-z

1-s

)1(1,
Y
rA )1(1, −Y

rB

Iljxuh 51 Udqjh ri sulfhv lq wkh pl{hg vwudwhjlhv htxloleulxp1
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)1,0,1(1, −X
rA

)1,0(1,
X
rA

)1(1,
Y
rA

Willingness to sell

Ask

Bid

0

2

Willingness to buy

Y (1) X (1,-1,0) Y (-1)

)1(1, −Y
rB

Y (-1) Y (0)

Y (0)

X (1,0,-1) Y(1)

)1,0(1, −X
rB

)1,0,1(1, −X
rB

Iljxuh 61 Udqjh ri sulfhv lq wkh pl{hg vwudwhjlhv htxloleulxp1
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