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On reduced games and the lexmax solution

Francesc Llerena and Lltcia Mauri *

Abstract

For a family of reduced games satisfying a monotonicity property, we
introduced the reduced equal split-off set, an extension of the equal split-off
set (Branzei et. al, 2006), and study its relation with the core. Regardless
of the reduction operation we consider, the intersection between both sets
is either empty or a singleton containing the lexmax solution (Arin et al.,
2008). We also provide a procedure for computing the lexmax solution for
a class of games that includes games with large core (Sharkey, 1982).

1 Introduction

In the context of transferable utility coalitional games (TU-games, for short), sev-
eral solution concepts have been defined with the aim of accommodate together
egalitarianism and particular interests. That is, to allocate the total worth of a
coalition as equally as possible among its agents, while satisfying some individual
requirements. One of the best known is the weak constrained egalitarian solution
(Dutta and Ray, 1989). For convex games, Dutta and Ray (1989) devise an algo-
rithm for finding their egalitarian allocation and show that it belongs to the core
and Lorenz dominates every other core element. Unfortunately, the class of convex
games is the only standard class of TU-games for which existence is guaranteed.
In order to widen the domain of games for which egalitarian solutions exist, Dutta
and Ray (1991) introduced the strong constrained egalitarian solution, a parallel
concept that selects the Lorenz-maximal imputations in the equal division core
(Selten, 1972). Related studies are Arin and Inarra (2001), Hougaard et al. (2001)
and Arin et al. (2003, 2008), who introduced other egalitarian solutions based on
the notion of the core. Inspired by the Dutta and Ray (1989) algorithm, Branzei et
al. (2006) introduce the equal split-off set, a non-empty set valued solution for all
TU-game. In this paper, we generalize this solution concept by considering a fam-
ily of reduced games, and study its relation with the core and existing egalitarian
solutions.

*Dep. de Gestié d’Empreses, Universitat Rovira i Virgili-CREIP,
e-mail: francesc.llerena@urv.cat (Francesc Llerena), llucia.mauri@urv.cat (Llacia Mauri).



The paper is organized as follows. Section 2 contains notation and terminol-
ogy. In Section 3 we introduce the concept of admissible subgroup correspondence
« and the associated a-max reduced game. For a given «, we define the a-reduced
equal split-off set. This set and the core have different qualitative properties. For
instance, the a-reduced equal split-off set is always non-empty and finite, while the
core is convex and its existence is not granted, except for balanced games. How-
ever, the intersection between them provides surprising results. For any admissible
subgroup correspondence satisfying a monotonicity property, weaker than transi-
tivity of the reduction operation, we find out that when the intersection between
both sets is non-empty, then it becomes a singleton containing the lexmax solution
of Arin et al. (2008) (Theorem 1). In Section 4, for a class of games that includes
games with a large core (Sharkey, 1982), we show that the reduced equal split-off
set associated with the Davis and Maschler (1965) reduced game turns out to be a
singleton and it coincides with the lexmax solution (Theorem 2 and Theorem 3).
Finally, we provide a procedure for computing the lexmax solution on this domain
(Theorem 4).

2 Notation and terminology

The set of natural numbers N denotes the universe of potential players. A coali-
tion is a non-empty finite subset of N and let N := {N | # N C N, |N| < oo}
denote the set of all coalitions of N. A transferable utility coalitional game (a
game) is a pair (N,v) where N € A is the set of players and v : 2V — R is the
characteristic function that assigns to each coalition S C N a real number v(5),
with the convention that v(f) = 0. Given S,T € N, we use S C T to indicate
strict inclusion, that is, S C T but S # T. By |S| we denote the cardinality of the
coalition S € N. By I" we denote the class of all games.

Given N € N, let RY stands for the space of real-valued vectors indexed by N,
x = (2;)ien, and for all S C N, z(S) = > ,cg x;, with the convention z(0)) = 0. For
cach z € RN and T C N, zjr denotes the restriction of z to T zr = (2;)ier € R”.
Given two vectors x,y € RN, x > vy if 2; > v;, for all i € N. We say that = > y if
x > yand for some j € N, z; > y;. Given N, aset 7 = (Py,..., Py), where P, C N
foralli e {1,...,m}, withm < |N|, is a partition of N if the following conditions
hold: (i) P, # 0 for all ¢ € {1,...,m}, (ii) U™, P, = N and (iii) ;N P; = 0, for all
ije{l,...,m}, i#j.

The set of feasible payoff vectors of a game (N, v) is defined by X*(V,v) :=
{x € RV |z(N) < v(N)}. A solution on a class of games I" C T is a mapping
o which associates with each game (N,v) € I" a subset o(N,v) of X*(N,v).
Notice that o is allowed to be empty. The pre-imputation set of (N,v) is
defined by X(N,v) := {z € RV |z(N) = v(N)}, and the set of imputations
by I(N,v) = {z € X(N,v)|z; > v({i}), forall i € N}. The core of (NV,v)
is the set of those imputations where each coalition gets at least its worth, that
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is C(N,v) = {x € X(N,v) | 2(S) > v(S) forall S C N}. A game (N,v) is
balanced if it has a non-empty core. A game (NN, v) is convex (Shapley, 1971) if,
for every S, T C N, v(S)+v(T) <o(SUT)+v(SNT).
Given N € N, for any € RY | denote by & = (%1, ...,2,) the vector obtained
from x by rearranging its coordinates in a non-increasing order, that is, Z; > 5 >
. > &,. In a similar way, for § # S C N, Zp denotes the vector obtained
from the restriction of x to T' by ordering its coordinates in a non-increasing way:

Ty, > Ty, > ... 2 T|r,, where t = |T|. For any two vectors y,x € RY with
y(N) = z(N), we say that y weakly Lorenz dominates z, denoted by y =, z,
if Z;‘f’:l 75 < Z?ﬂ z;, for all k € {1,...,|N|}. We say that y Lorenz dominates

x, denoted by y >, x, if at least one of the above inequalities is strict. For
any two vectors z,y € RY, we say that z <., v if z = y or ; < y; or there
exists k € {2,...,|N|} such that z; = y; for 1 < i < k—1 and x; < y;. For
a balanced game (NNV,v), the lexmax solution (Arin et al. 2008) is defined as
Lmax(N,v) = {x € C(N,v) | % <, §for ally € C(N,v)}. For any balanced game
(N, v), the lexmax solution is a singleton and it is Lorenz undominated within the
core, and then sometimes we write x = Lmax(N,v).

3 Reduced equal split-off set and the core

Branzei et al. (2006) propose a set valued solution concept for arbitrary coalitional
games, called the equal split-off set, inspired by the Dutta-Ray (1989) algorithm
for finding their egalitarian solution for convex games. Each equal split-off alloca-
tion is the output of a sequential procedure where the game is reduced each time
the payoffs to players in a coalition maximizing average worth are assigned. Then,
a reduced game is defined by only taking into account the whole group of players
outside the game. Following this idea, but considering reduced games allowing
more coalitional options, we define a family of solutions that generalize the equal
split-off set and study its relation with the core.

Next we introduce the concept of admissible subgroup correspondence
inspired by the work of Thomson (1990) and also used by Izquierdo et al. (2005).

Definition 1. An admissible subgroup correspondence o : N — N is a corre-
spondence associating with each N € N a non-empty list a(N) of coalitions of

N.

We denote by A the set of all admissible subgroup correspondences. Given
a,a’ € A, we write o < o' if for all N € N, a(N) C a’(N). For each a € A, we
define the associated a—max reduced game.

Definition 2. Let (N,v) be a game, « € A, ) # N’ C N and v € RE where
N\ N C K C N. The a—mazx reduced game relative to N' at z is the game



(N’ r (v)) defined by

0 if S =0,
L )(8) = { pmax, {v(SUQ) — (@)} #0#Sc N, )
v(N) —z(N\ N') if S = N

The interpretation of the a-max reduced game is as in Davis and Maschler
(1965) but here the options of members in N’ to cooperate with members in N \
N’ are restricted by the admissible subgroup correspondence . The Davis and
Maschler reduced game is a particular case when a(N) = 2V for all N €
N. Other well-known reduced games can also be obtained by taking a suitable
admissible subgroup correspondence. For instance, the complement reduced
game proposed by Moulin (1985) is defined by a(N) = {N} for all N € N,
or the projected reduced game (Funaki, 1998) by a(N) = {0} for all N € N.
Another example is a(N) = {@), N}, for all N € N. This correspondence formalizes
a dichotomous situation where any coalition may stand alone or join the whole
group of players. Other examples of admissible subgroup correspondences can
be given by taking into account several aspects of coordination between players:
communication, hierarchies, geographical areas, or the size of the subgroups. The
above reduction operations will be denoted by apys, anr, ap and ap, respectively.

A well-known property related with the notion of reduced game is consistency.

Definition 3. Let o be a solution on 1" CT'. Given o € A, we say that o satisfies
a-consistency on I if for all N € N, all (N,v) € T, all N' C N, N’ # 0, and all
x € o(N,v), then (N’,ré\f;(v)) el andzy €0 (N’,rév,;(v)) :

On the domain of convex games, the weak constrained egalitarian solution of
Dutta and Ray (1989) satisfies apys-consistency (Dutta, 1990). On the domain
of balanced games, the core also satisfies apy/-consistency (Peleg, 1986). Using
the same proof as Peleg (1986), it can be easily shown that the core satisfies a-
consistency for all a € A.

Proposition 1. On the domain of balanced games, the core satisfies a—consistency,

for all a € A.

It is quite straightforward to see that the lexmax solution is ap,/-consistent
on the domain of balanced games. Let (IV,v) be a balanced game and z =
Lmax(N,v). Take O # N’ C N and suppose x|y # Lmax (N’ rN' (v)) . Since

7 DM LT

zn € C (N’,rN' (v)), it holds § <, TN+, where y = Lmax (N’ rV' (v))

QDM T > apM,T

Notice that z = (y, x|N\N/> € C(N,v). But 2 <., 2, which leads a contradiction.!

IThe following property is well known (see, for instance, Potters and Tijs, 1992). For any
n € N we define the map 6 : R — R”™ which arranges the coordinates of a point in R™ in non-
increasing order. Take z,y € R™ such that 6(z) is lexicographically not greater than 6(y). Take
now any z € R? and consider the vectors (z, z), (y, 2) € R"*P. Then, 0(z, z) is lexicographically
not greater than 6(y, z).



This complete the proof of the following proposition.

Proposition 2. On the domain of balanced games, the lexmax solution satisfies
Q.pp—consistency.

Associated with o € A we introduce the a-reduced equal split-off set.

Definition 4. Let (N,v) be a game, o« € A and 7 = (11,...,T;) be a partition of
N. We say that 7 is an a-ordered partition of N if

S
Ty € arg max {U()} and T}, € arg

gy (0)(9)
0£SCN ( |S]

-
max
0£SCN\T1U...UT},_ { |S]
for each k= 2,...,t, where

— (»(Ty) v(Th) T
° xl—(ml‘ ey \T11|)ER1 and

o 1, € RT1U-YTk s recursively defined as follows:

Tr—1, Zf’L eTiu...U kal,
Tk = TN\Tlu...uTk,l(U) T, (2)
Sl ifi € Ty.
T},

We call the payoff vector x;, € RN as the a-reduced equal split-off allocation
generated by .

Definition 5. Let (N,v) be a game and a € A. The a-reduced equal split-off
set of a game (N,v), denoted by RESO(N,v,«a), is the set of all a-reduced equal
split-off allocations.

For a = avpy we recover the equal split-off set of Branzei et al. (2006). Example
1 illustrates the above procedure.

Example 1. Let (N,v) be a balanced game with set of players N = {1,2,3,4} and
characteristic function:

S wS) S vS) S w(S) S v(S)
iy 0 {12} 10 {123} 13 {1234} 15

{22 5 {13} 8 {124} 11
{3} 3 {14} {134} 10
{4}y 2 {23} {234} 10

{24}
{34}

ot Oy O O



It is not difficult to verify that RESO(N,v,ap) = {x = (5,5,3,2),y = (4,5,4,2)},
where x is generated by ™ = ({1,2},{3},{4}) and y by 7¥ = ({2},{1,3},{4}).
Moreover, RESO(N,v,apy) = RESO(N,v,ap) = RESO(N,v,apy) = {(5,5,3,2)}.

In order to analyze the relation between the a-reduced equal split-off set and
the core of a game, we consider a family of admissible subgroup correspondences
that satisfies a monotonicity property .

Definition 6. Let o € A. We say that a satisfies monotonicity in payments
if for all N € N, all (N,v) € T, and all x € RESO(N,v,a) generated by m =
(Th,...,T}), it holds x; > x; for alli € Ty, all j € T}, and all k < h < t.

We denote by A,,... the set of admissible subgroup correspondences satisfying
monotonicity in payments.

A natural requirement on a € A is that the associated a-max reduced game
should be transitive, in the sense that the repeated use of the reduced game does
not depend on the order that players leave the game.

Definition 7. Let o € A. The a-maz reduced game is said to be transitive if
rN” (Téﬁ(v)) =" (v), for all N € N, all (N,v) €T, all coalitions § # N" C

O(,illel

N’ C N and all payoff vector x € RE with N\ N” C K C N.

We denote by A; the set of admissible subgroup correspondences such that
the associated a-max reduced games is transitive. It can be easily checked that
ap,ay € A;. To show that apy, € A; see, for instance, Chang and Hu (2007).
The next two propositions state that transitivity is a sufficient but not necessary
condition to satisfy monotonicity in payments. The proofs are given in the Ap-
pendix.

Proposition 3. A; C A,.on-
Proposition 4. ap € A, but ap & A;

Our main result in this section (Theorem 1) states that for any o € Ao,
the intersection RESO(N,v,a) N C(N,v) is either the empty set or the lexmax
solution. Before to do this, we need some preliminary results. The first one states
that if the grand coalition N is a coalition maximizing average worth, then any
a-reduced equal split-off set, a € Ao, is a singleton containing the equal split-off
allocation.

S
Proposition 5. Let (N,v) be a game and o € Apop. If N € arg LGN {U‘(g|) } )

then RESO(N,v,a) = {(”‘%\fl), c U(N))} )



Proof. Let (N,v) be a game. If N € arg maxgp.scn {%} ,then z = (%, e ”‘%)

RESO(N,v,«). Suppose there is y € RESO(N,v,«), y # x, generated by 7, =

St,...,9). Foralli € S, y; = x; = vV By efficiency, y(N) = x(N), and thus
[V

y(N \ S1) = (N \ S1). Moreover, since @ € Apon, ¥i < ”l(SSll') = Ul(Jf,V‘) = x;, for all
i € N\ S;. This inequality, together with y(N \ Sy) = (N \ S1), imply z; = y;,
for all i € N. ]

Combining monotonicity in payments with Proposition 5, we obtain an order
relation between admissible subgroup correspondences a € A,,,,,, and the intersec-
tion of the a-reduced equal split-off set with the core.

Proposition 6. Let o, a’ € A0 such that o < «o'. Let (N,v) be a balanced game
and v € RESO(N,v,a) NC(N,v). Then, v € RESO(N,v,a’) N C(N,v).

Proof. Let (N,v) be a balanced game and o, @’ € A, ., with o < a’. Notice first
that for all  # N’ C N and all y € R, it holds
r, (0)(R) >l (v)(R), (3)

for all R C N'.

Let © € RESO(N,v,a) N C(N,v) generated by m, = (11,15, T3,...,T;) and
2! € RESO(N,v,a’) generated by 7,1 = (11,S5,,...,5s). If t = 1 then, by
Proposition 5, RESO(N,v,a) = RESO(N,v,a’) = {(ﬂ(]y‘), o ”‘(ZJVV')”. Assume
t > 1. For all i € T}, x; = z}, and by a’—consistency of the core

v € C (N \ Tl,riv,fﬁ (v)) . (4)
By monotonicity in payments, for all 7 € 75 and all j € Sy, z; > z;. Since x; =

for all 7, k € T, we have x; = m|%2‘) > maxjeg,{z;} > mlfs‘iz\)' Thus, taking all of this

into account together with (3) and (4), we obtain the chain of inequalities

" (M) _a(T) | a(Sy) | Tanst (0)(S2)  randt (0)(T)

|| L T[S T S| - ||
- rﬁllTl(v)(Tz) B ri (v)(T3)
- T3] || ’

which implies
AN (0)(T) _ rar (0)(S2) _ ran i (0)(Th)

a2t a’ 2!

|| B |:Ss| N ||

Thus, there is 22 € RESO(N,v,«a’) generated by w2 = (T}, T, Rs, ..., R,)
and such that z? = z; for all i € T} UTy. Again by a’-consistency of the core we

have zjx\run, € C (N \ Ty UTy, A (v)), and by monotonicity in payments

O[/722

) €



i > xj, for all 4 6 T3, J € R3. Since x; = zy, for all 4, k € T3, we have x; =

| , as before, we have that

rNDUT (o) (Ty) i YR (o) (Rs) DY (0)(T)

a’,z? a’,z?

T3] B | R N |T5]

Hence, there is 2° € RESO(N, v, a’) generated by 73 = (11,15, T3, Py, ..., P,)
and such that 2} = z; for all i € Ty U T, U Ts.

Following this process step by step we find that © € RESO(N,v,a’)NC(N,v).

]

Remark 1. Observe that RESO(N,v,a)NC(N,v) C RESO(N,v,a’)NC(N,v),
whenever o < «'. However, in general, RESO(N,v,a) ¢ RESO(N,v,a’), as
shown FErample 1.

Now we have all the tools to state the main result of this section.

Theorem 1. Let (N,v) be a balanced game, o € Apon and x € RESO(N, v, ) N
C(N,v). Then, Lmaz(N,v) = {z}.

Proof. Let (N,v) be a balanced game, o € A0, and x € RESO(N,v,a) N
C(N,v). Since @ < apyy, from Proposition 6 we know that € RESO(N, v, apyy).

Let m = (S, 52,...,Ss) be an apy —ordered partition of N generating x. If s = 1,
v(N) v(N)
N "0 TN]
the contrary, z # Lmax(N,v). Let y = Lmax(N,v). As apy € Apmon, We know
that for all i € Sy, z; = 21 > x; for all j € N. Since y € C(N,v), thereisi; € 5

1511
v(S1) S
|(Sl| , and thus ¢; > vy;, > \(511|)'

fact that § <, & imply y,, = @iy I S1\{ir} # 0, then y(S1\{ir}) = y(S1) - 452 >
0(Sy) =25 — 15\ {iy} |25 Hence, there exists at least some player iy € Sy )\ {i1}

S1] IS1]
such that y;, > ”‘(551') = T;,. Since Yn\ (i} Stex TN\{ir}, We conclude that y;, = Tig-

Following this process we can check that y;, = x;, for all k € S, and so v Sjex T/
where N = N\ S;. Now consider the reduced game (N’, r (v )) Since yjs, =

r|s,, by apy—consistency of the core, x|y, yn € C (N’, ry M )) Moreover, as

apym € At, TN € RESO (N,, Ctr,)My( )704DM) belng TN = (SQ, .. ,Ss) a dpy-
ordered partition of N’ generating x|x-. On the other hand, by apys-consistency of

then, by Proposition 5, z = ( ) = Lmax(N,v). If s > 1 suppose, on

such that y;, > This inequality together with the

the lexmax solution yy, = Lmazx (N ! a;M M )) Now from the reasoning above
we can see that y, = z, for all k£ € Sy. Following this line of argument we conclude
that x = y. O]

From Theorem 1 a natural question arises: given a balanced game (N, v), is
there some a € Ao, such that Lmax(N,v) € RESO(N,v,«)? Although in
general this fact is not true (see Example 2 below), in Section 4 we will see that for

8



some classes of games the lexmax solution can be interpreted as an apjs-reduced
equal split-off allocation.

Example 2. Let (N,v) be a balanced game with set of players N = {1,2,3} and
characteristic function:

S wS) S vS) S w(S)
T o0 {12y 1 {123} 1
{2 0 {13} 1
310 {230 0

For all « € A, RESO(N,v,a) = {(0.5,0.5,0),(0.5,0,0.5)} and Lmax(N,v) =
(1,0,0).

4 Davis and Maschler reduced equal split-off set
and the lexmax solution

In this section, we show that on a class of games that includes games with large core
(Sharkey, 1982) the lexmax solution turns out to be the unique app-reduced equal
split-off allocation. This result provides an alternative procedure for computing the
lexmax solution for games with large core.? Before proving it, we need a technical
lemma.

Lemma 1. Let (N,v) be a game, M; = arg maxg.rcn {%}, Ny ={ieS|SeM}
andx € RESO(N,v,apy) generated by the aupys-ordered partition m, = (Ty, ..., Ty).
Let U ...UTp = {i € N|lz; > x; forall j € N}. If Ny # N, then
Ny =TyU...UT;?

The proof of Lemma 1 is given in the Appendix.
The next result states that the Davis and Maschler reduced equal split-off set
becomes a singleton when intersects with the core.?

Theorem 2. Let (N,v) be a balanced game. If v € RESO(N,v,apy) NC(N,v),
then RESO(N,v,apy) = Lmax(N,v) = {x}.

Proof. Let v € RESO(N,v,apy) N C(N,v). From Theorem 1 we know that
Lmax(N,v) = {x}. Suppose there is y € RESO(N,v,apy) \ C(N,v). Let m, =

20n the class of games with large core, Arin et al. (2003) design a procedure for finding the
lexmax solution. Klijn et al. (2003) provide an algorithm for calculating the lexmax solution of
neighbor games.

3As shown Example 2, Lemma 1 does not hold if N; = N.

4For arbitrary o € A,0n this statement is not true. Indeed, in Example 1, RESO(N, v, ap) =
{(5,5,3,2),(4,5,4,2)} and (5,5,3,2) € C(N,v). Moreover, in general the a-reduced equal split-
off set is a discrete set containing more than one element (see Example 2).



(T1,...,T3) and m, = (S1,...,Ss) be two app-ordered partitions of N generating
x and y, respectively. Let

NU..UTpx={ieN|x;>xjforalje N} (5)
S1U...USyx={ieN|y >y, foralje N}

T
Let M; = argq);rénTaCXN{qﬁﬂ‘)} and Ny = {i € S|S € M;}. We distinguish two
cases.

e Case 1: Ny =N
If T} = N then, by Proposition 5, RESO(N,v,apy) = {x}. If T} # N, for
all 1 € Ty, x; = v|(TT11‘). Let k € {2,...,t} and i € Ty. Since N = Ny, there is

R € M suchthati € R. Asz € C(N,v), z(R) = x(R\T1)+z(RNTy) > v(R)
or, equivalently, z(R\ T1) > v(R) — 2(RNTy) = v(R) — |[RNT} o(Th) _

T
v(R) (1 - ME0) = s R\ 73] = SOV R\ 1. Since apy € Apon, |f01|r all
i€ R\Ty, z; < U‘(TTlll). Combining both inequalities we obtain, for all i € R\T1,
T; = U\%)' Therefore, for all 4,5 € N, x; = x;. Finally, by efficiency, z =
(v|(11vv|)> . ”&)) and, by Proposition 5, we conclude RESO(N,v,apy) =

{z}.

e Case 2: Ny # N
Let ¢* and p* as defined in (5). Notice that ¢* < t and p* < s since, otherwise,
N € M, contradicting N; # N. From Lemma 1, Ny = Ty U...UT, =
S1U...USy, which implies x; = y; for all ¢ € N;. Thus, the reduced games

(N \ Ny, PN\ (v)) and (N \ Ny, PN\ (’U)) coincide. By apjs-consistency

apM,T apM,Y

of the core, zjp\n, € C (N \ Ny, rM\M (v)) . Since apy; € Ay,

QDM T

x‘N\Nl,y‘N\NI € RESO (N\Nl,TN\NI (U),OzDM) .

QDM T

Now define

Tq*+1U...UTk:{i€N\N1|J,‘i21'ijI‘aHjGN\N1}

SprprU...US,={ie N\ N, |y, >y, foralljeN\N}.
{ Tapara () (T)

Let My = arg max
PATCTN\Ny

T
If Ny = N\ N; then, asin Case 1, z; = y; for alli € N\ Ny, and thus x = y. If
not, again from Lemma 1, we have that Ny = T« 1 U. . UT} = Sp11U. . .US),
and x; = y; for all ¢ € N,. Repeating this line of reasoning we conclude that

T =1y. O

}anngz{Z€S|S€MQ}

10



Now, we show that for games with large core the apy-reduced equal split-off

set coincides with the lexmax solution.

The concept of large core is based on the notion of aspiration. An aspiration
of the game (N, v) is a vector € RY such that z(S) > v(S) for all S C N. We

denote by A(N,v) the set of aspirations of the game (N, v).

Definition 8. The core of a game (N,v) is large if for all y € A(N,v), there

exists x € C(N,v) such that x < y.

Theorem 3. Let (N,v) be a game with large core. Then, RESO(N,v,apy) =

Lmax(N,v).

Proof. Let (N,v) be a game with large core and x € RESO(N, v, apy) generated

by # = (Th,...,T;).
If t = 1, by Proposition 5, RESO(N, v, apy) = Lmaz(N,v) = {(”(N)

IN] 2"

If t > 1, let M; = arg max {U(S)} and Ny ={i € §|S € M,}.

0£sCN | |S|
Take S € M, and define y* € R as follows:
yl = Uﬁ;), for all © € N;.

We distinguish two cases.

e Case1: Ny =N

v(N)
||

Notice first that y' € A(N,v). Since (N,v) has a large core, there exists 2 €
C(N,v) such that z < y'. Take i € N. Since, by assumption, N; = N, there
exists R € M, such that ¢« € R" and y'(R") = v(R?). Thus, 2(R") = v(R')
and y! = y'(R") — y"(R*\ {i}) < 2(R") — 2(R"\ {i}) = z;, which implies
yl = z;, for all i € N. Hence, y' € C(N,v). Now we claim that N € M;.

Indeed, suppose N & M;. Let S € M;. Foralli € N, y! =

v(S)
Is] -

By

efficiency, v(N) = y*(N) = |N|%SL > »(N), getting a contradiction. Hence,

5]

N € M; and, by Proposition 5, we have RESO(N,v, apy) = Lmax(N,v) =

(it )

e Case 2: Ny # N

Let WU...UT; ={i € N |z; > x; for all j € N}. Notice that ¢* < t since,
otherwise, N € Mj, in contradiction with Ny # N. Since Ty U...UT,» = Ny

(Lemma 1), we have that |y, = y'.

Let (N \ Ny, w') be the reduced game relative to N \ N; at y' defined as

follows:

w'(0) = 0and w'(R) = &%{U(R UQ)—y"(Q)}, forallRC N\ Ny. (7)

11
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1
Let M, = arg max {w (S)} and Ny = {i € S| S € My}.

P£SCN S|
Take S € M, and define y? € RNV a5 follows:
1S
y? =y, ifi € Ny, andy? = w‘é| ), if i € Ny, (8)

where y! is defined in (6).

o If Ny = N\ Ny, from (7) and (8) it is not difficult to verify that (a):
y> € A(N,v) and (b): for a given i € N, there is R* C N such that i € R’
and y?(R') = v(R'). Since (N,v) has a large core, there is z € C(N,v) such
that z < y?. This inequality, together with both conditions (a) and (b),
imply y? < z; for all i € N. Hence, y*> = z € C(N,v). From the efficiency of
y?, it follows that

1
M, = argmaxyp,scn {w‘é‘s)} = arg maxgLscn {

rapate(v)(S)
5] ’ ()
and 7ML ()(S) = w!(S), for all S € M.

DM T

We claim that Ny = N\ N; € M,. Indeed, suppose that Ny ¢ M. For all i €

No, y? = %, where S € M,. Since 3?2 is efficient, v(N) = y?(Ny)+y*(N2) =

yl(N1)+|N2’w|15(~]g) >y (V1) +w! (Na) >y (N1)+o(NUN2) =y (N1) = o(N),
getting a contradiction. Thus, Ny € M,. By Proposition 5, and taking into
account (9), we have that RESO (N \ Nl,révlj\ﬁfgg(v),ozDM) = {yﬁN\Nl}. By

definition, and considering that Ny = T} U ... U T, and apy € A, we get
l"N\Nl € RESO (N\Nl,TN\Nl (U)7Q{DM>. ThUS, {L’|N\N1 = y|2N\N1 Since

DM T

x|y, = y', we have that © = y>. As y* € C(N,v), from Theorem 2 we
conclude that RESO (N,v,apy) = Lmazx(N,v) = {z}.

o If Ny # N\ Ny, first observe that expression (9) holds. Let T+ 1U. . .UT},» =
{i € N\ Ny|z; > zj forall j € N\ N;}. From Lemma 1 we know that

NQZTq*+1U...UTp*.

Let (N \ Ny U Ny, w?) be the reduced game relative to N \ N; U Ny at y?
defined as follows:

w?(()) =0 and w?(R) = max {v(RUQ)—15*(Q)}, for all R C N\ N,UN,.

QCN{UN2
(10)
2(8
Let M5 = arg@;rgang {w’é‘ )} and N3 = {i € S|S € M;}.
Take S € M and define y* € RN1UN2UNs a5 follows:
2(S
y?=y? if i € NyUNy, and yf’::w( ) if i € N3, (11)

S|

12



where y? is defined in (8).

o If N3 = N\ Ny UN,, following the arguments above, we obtain that
r =y € C(N,v) and RESO(N,v,apy) = Lmaz(N,v) = {z}.

o If N3 # N\ N; U Ny, repeating the same procedure, in a finite number of
steps we will get the result. O]

Remark 2. The proofs of the above theorems provides a procedure for calcu-
lating the lexmax solution for some classes of games working as follows. Let
(N,v) be a balanced game: Step 1: Let M1 = argmaX@?ggCN{ |(S| } and Ny =

{i € 5|5 € M} Buery player in Ny receives 3fit, where Ty € argmaxpascy {57

Step 2: If Ny # N, let us denote w = 1> \™"* (v), being x' = (U(Tl) Um)) €

apa,zt [Th] 0" [T

RM. Let My = arg maxm;,gSCN\Nl {W} and Ny ={i € S| S € My}. Every player

in Ny receives ‘ 2 , where Ty € My. The process stops when a partition of N of
the form (Ny, Nz, ooy Ny), for some 1 <t < |NJ|, is reached.

Let us denote FV the payoff vector generated by the above procedure. Note
that F" is just the allocation constructed to proof Theorem 2 and Theorem 3.
In general, F” is not a core element. For instance, in Example 2, N; = N and
F* = (0.5,0.5,0.5) is not efficient. We claim that when F¥ belongs to the core it
coincides with the lexmax solution.

Theorem 4. Let (N, v) be a balanced game. IfFY € C(N,v), then F* = Lmax(N,v).

Proof. Let (N,v) be a balanced game and 7 = (Ny,...,NV;) be the parti-

tion of N generating FV. Recall that Ny = {i € S|S € M;}, where M; =
argmaxmigc]v{ fgf} If Ny = N then, by efficiency, F* = (UI%VI)""’UI%)>’
and thus F¥ = Lmax(N,v). If Ny # N, let y = Lmaz(N,v) and suppose
y # F'. Let S € M. Since apy € Anon, the same argument used in the

proof of Theorem 1 leads to F” =y; for all © € S. Consequently, F! = y; for all

1 € N;. Hence, y|N\N1 =<lew F‘N\N Now consider the reduced game (N \ Ny, w),

ivD\]]Zva (v). Since yn, = Fly,, by apy—consistency of the core

Fiviv ymav, € C (N \ Ny,w). Moreover, by apy—consistency of the lexmax
solution yjxn, = Lmax (N \ Ny, w). Since Fiy,y, = F¥, as before we can check
that y; = F7 for all « € N,. Following this process step by step, and considering
that apy € A;, we conclude that F¥ = Lmax(N,v). O

As we have seen in the Theorem 3’s proof, for games with large core F" is a
core element. This fact, together with Theorem 4, provide a necessary condition
for a game to have large core.

where w = r

Corollary 1. Let (N,v) be a balanced game. If ¥ ¢ C(N,v), then C(N,v) is not
large.

13



We end the paper linking the apj/-reduced equal split-off set with the egali-
tarian solution of Dutta and Ray (1989).

On the domain of convex games, Dutta and Ray (1989) show that the weak
constrained egalitarian solution (WCES, for short) is the unique Lorenz maximal
allocation in the core, and hence it coincides with the lexmax solution. This,
together with the fact that convex games have large core, lead to the following
corollary.

Corollary 2. Let (N,v) be a convex game. Then, RESO(N,v,apy) = WCES(N,v).
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Appendix

Proof of Proposition 3. Let (N, v) be a game, o € A; and © € RESO(N, v, a)
generated by = = (T1,...,T;), with ¢t > 1. For k € {1,...,t — 1}, let us denote
Ny =N\TiU...UT}. Let Ng= N and v = r}%(v). For k <t —1,i € T, and
J € Tky1, we have

N Ny _
_ Tc]:’,’%(v)(TkH) _ TQ’I;U\’I@fl (raﬁ l(v))(TkH). (12)

_ el O e
J

Ti = [T

[Tt [Tho1]

We distinguish two cases:
e Case 1: Tp,1 = Ng. In this situation, for j € Ty,q,

ok (V) (Ni—1) — gt (0)(Ti)
o | Vi ' (13)

Suppose z; > x;, for i € T}, and j € Tj41. Then, combining (12) and (13) we

obtain
rok (v)(Tk)

2 () (Vi) > T (N (1)

a,x

or, equivalently,
rah (W) (Ni-1) _ rih (0)(Th)

a,x T

| N1 T

Ng—1

in contradiction with the fact that Ty € arg maxgsrcy, {mzw(lv)(T)} .

14



e Case 2: Tyy1 C Ni. In this case, there is Q* € «(Ty) such that, for all
j < Tk+17 N
* o T L () (T
i (0)(Ther U Q) — |Q |$
- (14)
| Theq1]

If z; > x; for ¢ € T}, then combining (12) and (14) we have

Nk_1
7,Nkf1 (v)(Tk—H U Q*) > 7doz,ac (U)(Tk)
||

,T

l’j:

(k| + Q7))

or, equivalently,

T (0) (T U Q") - ras  (0)(Th)
|Th1 U Q| Tl

Tk~ (0)(T)
7] :

in contradiction with the fact that 7}, € argmaxpxrcn, {
Hence, z; < x; foralli € T, all j € T4y and all k € {1,...,t—1}, which concludes
the proof. O
Proof of Proposition 4. Let (N,v) be a game and x € RESO(N,v,ap) gen-
erated by m = (T3,...,T;), with ¢ > 1. For k € {1,...,t — 1} let us denote
Ny =N\T1U...UT}. Let Ny =N and v =r}° (v). For k <t —1,i € T} and
J € Ty+1 we have

Ng—1 Ny,
o Tap,z ('U)(Tk) R Ta ,x(v)(Tk-H) 15
r; = —po o T and r; = "2 Trei] ) (15)

If £ <t—1, we distinguish two cases:

V(Tt1)
[Th1] ~

o Case 1: 7; =
In this situation,

. v(T) ok 2(0)(Thy1) - okt (v)(Th)
T T T | Theq1| - Tk |

where the first inequality follows from the definition of ap and the second

Ng—1

one from the fact that T}, € arg maxp.rcn, {TQDTT(F)(T)} .

V(11U UTpUT 1) —z(ThU...,UT})
[Th41

o Case 2: z; =

15



Notice first that «(T}) = ri-1(v)(Tk). Then,

v(U...UT UTe) —z(Ty U .., UTq) — 2(Ty)

Y Ters]
< =1 (0) (T U Tiyr) — 2(Tk)
- Tyt
e () (T U Tegn) — ik (0)(Th)
| Tyt
B |T| v

where the first inequality follows from the definition of ap and the second

Ng—1

one from the fact that T}, € arg maxprcn, , {TQDTT(F))(T)} :

’L)(T1U...UTt,1UTt)—$(T1U...,UTt,1)
|T:|

Ifi € T,_y and j € T}, then z; =
Case 2 it can be shown that z; < x;.

To see that ap & Ay, consider the game (N, v) with set of player N = {12345}
and characteristic function as follows:

. Thus, as in the above

v({4}) = 0.95,v({14}) = v({134}) = 1.9, v({23}) = v({123}) = 1.05,v({34}) = 1,
v({234}) = 2.8,v({1234}) = 2,v({12345}) = 3.8 and v(S5) = 0, otherwise.
Take (0.95, 0.63,0.63,0.95, 0.63) . Routine verification shows that

20 e (P8P () ({23}) = 1.85 > r{2%) (v)({23}) = 1.05.

ap,T|{1235} ap,T ap,T

[
Proof of Lemma 1. Let (N,v) be a game and z € RESO(N, v, apyr) generated
by 7, = (I1,...,T;). Let ThU...UTp = {i € N|z; > z; forall j € N}

Notice first that ¢* < ¢ since, otherwise, z = (”‘%), cee ”|(]ifv‘)) which implies N €
arg maxgpLrc N {%}, in contradiction with N; # N.

First we show that 7Y U...UT,;» C Ny. Let e € TV U...UT-. If i € T}, clearly
i€ Ny. If i € T, for some h € {2,...,¢"}, then there is Q* C Ty U ... U T, such
that

o) Bt )@y o(TU Q) - QI

T; = — _aDM,T — 17

7 7 7 o
Reordering terms in (17), we have that ”‘%) = ”‘gﬁg‘?, which implies T, U Q* €
arg maxgprc N {%}, and thus 7 € V.

To show the reverse inclusion, take i € N; and suppose @ & Th U ... U T}-.
Then, there is R* € M; such that i € R*. Next we show that R*\ Ty U ... U

16



Ty # Ty U...UTy. Indeed, if R*\T7U...UTp = Tpopqy U...UT;, then

N =TiU.. . UT,~UR*. As we have seen before, T7U...UT,« C N;. This inclusion,
together with R* € arg maxp.rcn {%}, imply N; = N, a contradiction. Hence,

N\TU...UT = N\TU...UT
> To ) ALE (V) (Tg* +1) < Tapy.e (V) (R*\T1U...UT )
[P = [R*\T1U...UT |

v(T1)
71|

(18)

* * v (T
w(R*)—2(R*N{T1U..UTp} _ 0(R)—|R*N{T1U..UT }| 5t

- [RF\T1U...UT x| )

>
= [R*\T1U...UT |

where the first inequality follows from the definition of 77 U ... U T}, the second
NAT]U...UT
one from T~ € arg MAX)LTCN\T,U...UT, Tapy e ()(T)

7] , and the last one from

the definition of the apjp-max reduced game and the fact that R*\ 73 U ... U

Ty # Tpri1 U...UT,. From (18) it follows ”|(;;1|) > ”@?, in contradiction with

R* € argmaxQ)#TgN{%}. Hence,1 € T'U...UTp and Ny =T U...UTp. O
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