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Information matrices for some elliptically symmetric
distributions

Saralees Nadarajah', Samuel Kotz?
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Abstract

The Fisher information matrices are derived for three of the most popular elliptically symmetric
distributions: the Pearson type I, Pearson type VIl and the Kotz type distributions. We hope the results
could be important to the many researchers working in this area.
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1 Introduction

The elliptically symmetric Pearson type II, Pearson type VII and the Kotz type
distributions are given by the joint pdfs

fxy) =

2, .2 N
N+1 (1_x +y 2pxy) 0

Al = p?

1-p°

(for N> -land -1 <p < 1),
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(for N > 0,r>0,s >0and —1 < p < 1), respectively. The bivariate 7-distribution and
the bivariate Cauchy distribution are special cases of (2) for N = (m + 2)/2 and m = 1,
N = 3/2, respectively. When s = 1, (3) is the original Kotz distribution introduced in
Kotz (1975). When N = 1, s = 1 and r = 1/2, (3) reduces to a bivariate normal density.
The parameter p is the correlation coefficient between the x and y components. For
details on properties and applications of these distributions see Johnson (1987), Fang et
al. (1990), Nadarajah (2003) and Kotz and Nadarajah (2004).

The aim of this note is to calculate the Fisher information matrices corresponding to
each of the pdfs given by (1), (2) and (3). This requires calculation of product moments
of the form E(X"Y"). A transformation which aides this task is:

(x) ) 1(\/1+p+\/1_p \/1+p_\/1_p)(g). W

Y 2 \/1+p—\/1—p \/l+p+\/1—p

Under this transformation, one can easily see that (1), (2) and (3) reduce to

fan = X2 o2), 5)
bis
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m
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al (N/5s)

respectively. Furthermore, the product moments for (5), (6) and (3) are given by
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P2 — 1 1 1
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respectively, if both p > 0 and ¢ > 0 are even integers (see, for example, Fang et al.
(1990)). If either p or g is odd then the moment equals to zero. Hence, the product
moment E(X"Y") for any m and n can be calculated by combining (4), (8), (9) and (10).
Certain relationships which express E(X™Y") in terms of product moments of (U, V) are
given in the Appendix (Section 5).

The calculations for the Kotz type distribution require additional moments of the
form

Jm,n) = FE

2 2 m 2 2 n
(X +Y 2pXY) {10g(X +Y 2pXY)H an
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and
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For this, apply the transformation
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Note that the jacobian of this transformation is:

Thus, (11) and (12) can be reduced to

/s
Jomm) = 257V P(m, n) (13)

AL (N/s) (1-p2)

and o g NI
K(m,n) = ST pQm. n) (14)

AW/ (1-p2)




46 Information matrices for some elliptically symmetric distributions

respectively, where P(m, n) and Q(m, n) denote the integrals

00 Vz N+m—1 n S
P(m,n) = f f < (log )" exp (=rz )dxdz
0 Jo z—x?

and

\f N+m 1 n
O(m.n) f f (log2f' exp (=72) .

Z—x2

Integrating with respect to the x variable yields

P(m,n) = g f N log 2)" exp (—rz*) dz
0

and

O(m,n) = ;—Tf N (log z)" exp (—rz°) dz.
0

These integrals can be calculated by using equation (2.6.21.1) in Prudnikov et al. (1986,

volume 1) to yield
() a
(m.n) 2s ((’)a/) [r s (15

a=N+m

and

(16)

awn = ()

Hence, (11) and (12) can be calculated by combining (13)—(14) and (15)—(16).
The exact forms of the information matrices are given in Sections 2, 3 and 4. The
calculations use the digamma function defined by ¥(x) = dlogI'(x)/dx.

a=N+m+1

2 Information matrix for Pearson Il

If (x,y) is a single observation from (1) then the log-likelihood function can be written
as

! +y =2
logL(N.p) - = 10g(N+1)—10g”‘Elog(l—P2)+Nlog(1 M)

1-p?
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The first-order derivatives are:

dlogL 1 2 +y? -2
ogl _ log(1 - Y =20
ON N+1 1 —p2
and
2N {px* + py* = (1 + p? 22 -l
dlogL Jo pX" + py p7) Xy (1 X +y —2pxy)
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The second-order derivatives are:
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Now, we can compute the elements of the Fisher information matrix. It is clear that
£ _62 log L _ 1
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By applying (8) and (17)—(19), one gets
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Finally, application of (8) and (17)—(24) yields

0%logL 2 2 2
B - 72{2N(N + DB, N — 1)p> + 4N(N + )B(2,N)p*> - 2p
dp 2(1-p?)

+N(N + 1)B(3,N = 1) + 4N(N + 1)B2.N) - 2.

3 Information matrix for Pearson VIl

If (x,y) is a single observation from (2) then the log-likelihood function can be written
as

log L(N, m, p) =

1 2,2 9
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The first-order derivatives are:
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Now, we can compute the elements of the Fisher information matrix. It is clear that
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By applying (9) and (17)—(19), one gets
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and

_&logL\ _ (N-DBQ2,N-Dmp
8N8p B l—pz '

By applying (9) and (17)—(24), one gets

om? 2

(_(92 logL) _ 2N(N-1DBQ2,N-1)+N(1-N)B3,N-1)—1
m

and
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Finally, application of (9), (17)—(19) and (25)—(31) yields

d*log L 1
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4 Information matrix for Kotz type

If (x,y) is a single observation from (3) then the log-likelihood function can be written
as

Nl
log L(N,r,s,p) = logs+ °

N 1
r —10g7r—10gF(—)+ (— —N)log(l —pz)
s 2
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The first-order derivatives are:
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Now, we can compute the elements of the Fisher information matrix. It is clear that
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By applying (10) and (19), one gets

E _62 log L 0
ONOdp

By applying (10) and (17)—(19), one gets

E d*log L Np
ordp )

By applying (10) and (17)—(24), one gets

s logL ~ 1+Ns(1+2p2)
(_ Ap? ) - 2(1—,02)2 .

By applying (13), one gets
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Finally, application of (17)—(19), (13) and (14) yields

+

E(_(?zlogL) _ Np +2Np{‘1’(1+¥)—logr}_Np{‘I’(l+¥)—logr}
Osop ) s(1-p?) s(1-p")" si-0)"

5 Appendix

The following relationships are needed for the calculation of the elements of the Fisher
information matrices. These relations follow directly from the transformation (4).
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E(XY) = L zl_sz(U2)+1_ 21_p2E(V2), (17)

E(Y?) = - 21_'0213(U2)+1+ Zl_sz(W), (18)

E(XY) = g{E(U2)+E(V2)}, (19)

E(X4)—2 l—pi+2—p2E(U4)_2 1_pi_2+p2E(V4)+37p2E(U2V2),(20)
E(Y)—2 1_p2+2_p25(v) ’ 1_p2_2+p2E(U4)+37sz(U2V2),(21)

E(X3Y)=p{1_ 41/)2}15(v4)+p{1+ 41p2}E(U4)+3;E(U2V2), (23)
E(X’Y?) = %Z{E(U“)+E(V4)} +(1 +%2)E(U2V2), (24)

_ 122 —_ 2 _ 2
E(X°) = M +(48p) Loe E(U°)+ < E(V°)
15p2{1— 1—p2} 15p2{1+ V1 —p2}

+ < E(UV*) + <

E (U4v2), (25)
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E(Y°) 3 (V) + : E(U°)
15p2{1— 1—p2} 15p {1+ 1/1—,02}
+ < E(U*V?) + < E(UV*), (26)
{2 P> =2 pz} p{Z—p +24/1 - p}
E(xY%) = < E(U°)+ < E(V°)

5p{2+p2+2 1—p2}

+ < E(UVY)
5p{2+p2—2 1—p2}

+ < E(U*V?), 27)

{2 P> —24/1— pZ} p{Z—p2+2 1—p2}

< E(V°)+ E(U°)
5p{2+p2+2 1—p2}

+ < E(U*V?)

5p{2+p -2 pz}

+ < E(UVY), (28)

pz{l—wll—pz} p2{1+ l—pz}
E(X2Y4) = : E(U6)+ E(V6)
4+ 11p? 2 —p2
+ i +(48+p) e E(U2V4)
4+ 11p% = (4 +p*) /1 - p?
+ i (;p) P E(U*V?), (29)
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pz{l— H} p2{1+ ﬁ}

E(X4Y2) = < E(V6)+ : E(UG)
+4+ 11p2+(48+p2) l_sz(U4vz)
4+ 1107 = (4 + p%) /1 = p2
+ il ( ;p) P E(U2V4), (30)
and
3 3p (4 +p%)

E(XY) = ZlE(U®)+E(VO))+ [E(U*v*)+E(UV2)). 3D
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