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Poverty comparisons when TIP curves intersect

Miguel A. Sordd* and Carmen D. Ramés
Universidad de @diz

Abstract

Non-intersection of TIP curves is recognized as a criterion to compare two income distributions
in terms of poverty. The purpose of this paper it to obtain comparable poverty results for income
distributions whose TIP curves intersect (possibly more than once). To deal with such situations, a
sequence of higher-degree dominance criteria between TIP curves is introduced. The normative
significance of these criteria is provided in terms of a sequence C, of nested classes of linear
poverty measures with the property that, as the order n of the class increases, the measures
become more and more sensitive to the distribution of income among the poorest.
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1. Introduction

Since the seminal paper of Sen (1976) on poverty measurealange body of literature
dealing with this topic has been published. Because an irapbreason for measuring
poverty is to make comparisons, part of the literature hagldped by focusing on
partial poverty orderings, which require unanimity in pdyeankings for a class of
measures that obey some normative principles, with a fixegmp line (see Zheng
(2000) for a review of this topic).
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Poverty orderings are sometimes based on comparisons oturs. The TIP
(Three I's of Poverty) curve (Jenkins and Lambert, 1997) wlates the poverty gaps
of the bottomp proportion of the population. In order to introduce this diosamce
device, consider an income random varialevith distributionF and letF —* be the
corresponding right continuous quantile function defingd b

F~1(t) =sup{x: F(x) <t}, te[0,1].
Letz> O the poverty line. The proportion of poor peoplgX), is given by
rz(X) =sup{F(x):x< z},

and the censored quantile functibsi! is defined, for alt € [0, 1], as

F;l(t)z{ Fi(t) if t<r(F)
z if t>r,(F)

Censored quantiles are, therefore, just the incdmést) for those in poverty (below)
andzfor those whose income exceeds the poverty line. The pogamyassociated with
incomeF ~L(t) is defined agz— F,"%(t). The TIP curve (also sometimes referred to as
the Cumulative Poverty Gap curve or the Poverty Profile gusge Spencer and Fisher
(1992), Shorrocks (1995, 1998) and Jenkins and Lamber8d,2998b) associated to
X is given by

p
Gx(p,2) :/o (z—F,(t))dt, pe[0,1]. (1)
In this paper, motivated by the second-order TIP dominamiterion introduced by
Sordoet al. (2007), a family of higher-degree poverty orderings basedamparisons
of TIP curves is considered. Although one finds in the litermseveral results concern-
ing different notions of high-degree poverty orderingsliiling those by Shorrocks
and Foster (1987), Foster and Shorrocks (1988) or Zhen@®j18%igher-degree dom-
inance criterion based on TIP curves has not been considefede. The normative
significance of this family of orderings is provided in terofs classC of poverty mea-
sures which has attracted a growing interest in recent y{saesDavidson and Duclos
(2000), Duclos and @&goire (2002), Duclos and Araar (2006) and Scetlal. (2007)).
Members of this class have the following functional form:

1

x(®,2) = [ (z-F, (1) do(), @

where the poverty gaps are weighted with a continuous pibityadistribution, ®,
with supportA (®) C [0,1]. The clas<C, is analogous to the class of linear inequality
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measures proposed by Mehran (1976) for inequality indindsvaari (1988), for social
welfare indices. Following Duclos and Araar (2006), mersldC satisfy the following
axioms: Pareto (the measure does not increase wheneveoseacome increases),
focus (the measure depends only on the income of the poonmsyry (permuting the
incomes has no influence on the value of the measure) andatpti invariance (the
measure is not affected by the pooling of several identioglupations). In addition,
members of

C1 = {l (®,2) € Csuch thatp is concave (3)

satisfy the Pigou-Dalton Principle of Transfer (any meagsprving transfer from a poor
person to a poorer person that leaves unchanged theiveetamk in the distribution,
must decrease poverty). Duclos and Araar (2006, Sectidr) $Bows that the clasy;
can be characterized in terms of the first-degree TIP doro@ariterion as follows:

Gx(p,2) <Gy(p,z) forall pe [0,1] < Ix (P,z) < Iy (P,2),forall | (P,z) € C;.

As shown by Sordet al. (2007), when TIP curves intersect, comparable results are
possible by restricting attention to a claSswhose members satisfy the Diminishing
Transfer Principle, which strengthens the Pigou-Daltandfule of Transfer by requir-

ing that the reduction of poverty resulting from a transfent a poor person to a poorer
person is higher the poorer the recipient. Namely

C, = {I(®,2) € C; such thatg is convex, whera'(t) = ¢ (t) almost everywhere (4)
Specifically, Sordet al. (2007) show that
Ix (®,2) <ly (P,z),forall | (®,2) € C,

if and only if
p p
/Gx(t,z)dtg/ Gy(t,2)dt, for all p e [0,1] andGx(1,2) < Gy(1,2).  (5)
0 0

However, even (5) can be a strong requirement for many pailistfibutions, which
can fail to satisfy it. This justifies the convenience of eayhg a weaker criterion
to compare income distributions in terms of poverty. In ghéger, to deal with such
situations, a sequence of higher-degree poverty orderingih generalizes (5), is
considered and its normative significance is provided imseof a familyC,, of classes
of poverty measures which generalizes (4).

In Section 2, we introduce the famiy;, and thendegree TIP curve orderings. The
main characterization is stated in Section 3. An exampleiiengin Section 4 and
Section 5 contains final remarks and conclusions.
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2. Poverty measures and high-degree poverty orderings

The familyC given by functionals of the form (2) contains some importagasures. A
subclasss C C of particular interest emerges from considering the wefighttion

P(p)={1-(1-p"},n>1 (6)

As noted by Duclos (2000) and Duclos ande@oire (2002)|x (Pn,2), n > 1, depends
upon an ethical parameter which captures the sensitivity of poverty measurement
to “exclusion” or “relative deprivation” aversion: the gter the value oh, the more
weight is given to the relative deprivation of the poor. Thefer tolx (®n,2) = Sk(n, 2)
as the equally distributed equivalent (EDE) poverty gap ithaocially equivalent to
the actual distribution of poverty gaps and compare its @rigs with those of additive
poverty indicesSx(n, z) also can be interpreted as the higher poverty gap in a sarhple o
n randomly selected poor individuals. The cl&sontains some poverty measures that
are well known from the literature. It includes the so-adliper-capita income gap” or
FGT (1) proposed by Fosteat al. (1984) and is obtained when= 1 (that is,®,(t) is
the uniform distribution ori0, 1)). The Thon (1979), Chakravarty (1983) and Shorrocks
(1995) poverty indices are obtained whea- 2.

Two more general subclasses@fwhich turn out to be crucial in the course of this
work, are defined below. Leb() denote théth derivative ofd, i = 1,2, ...

Definition 1 C, is the class of indicesxl(®,z) € C such that® is at least n times
differentiable,(—1)' ®(+Y > 0fori=0,1,..,n—1 and(—l)”’ltb(”) is non-increasing
C; is the class of indices(®,z) € C, such thatd® (1) =0,i=1,...,n.

Forn=1 andn = 2, C, reduces to (3) and (4) respectively. Note tlBat; C Cy
for k=1,2,... Also, note thatsx(k,z) € C; for k > n+ 1. On the other hand, that not
every measure of interest Gf belongs tds, is shown by the measure proposed by Thon
(1983), obtained from (2) by choosing

c? 1 /c \2
PO = 4(c—1) c-1 <§_t> ,©>2

It can be shown, by an argument similar to that used by Du2@9(), that a
social decision-marker who employs (®,z) € Cy , with k > 1, is more sensitive to
transfers occurring within the lower part of the distrilmmtiand, ask increases, the
weight assigned to the effect of these transfers also isesea

As we follow in the next section, comparisons of income distions according to
the indices of the class€s andC;;, for all integern > 1, can be characterized by means

1. We also include i€, indicesl (®,2) whered™ exists except possibly at a countable number of points.

Thus, I (Pnx, 2), where®p is theniterated integration of a “wedge” function of the fordy (t) = (t —x)+ =
max{t —x,0}, x € (0,1), is included inC.
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of a family of stochastic orderings based on comparing TdRsand equally distributed
equivalent (EDE) poverty gaps. Given a poverty Iiz;edenoteG@(p, z) = Gx(p,2),
0< p<1, and define

G (p /G (t,2)dt, forn=2,3,... and 0< p< 1. (7)

Definition 2 Given two income random variables X and Y and a common poverty
line z we say that X dominates Y in the nth degree TIP curve ordedegdted by

X >1ipmg Y) if Sc(k2) > S/ (k,2) for k=1,2,....,n and GY(p,2) > G (p,2) for all
pel0,1].

Before obtaining further results, we need the followingyetsprove auxiliary
lemma.

Lemma 3 For any real value xdenote X = max{x,0}.
(i) For a fixed pe [0,1], the functions¥, 1, defined byWp1(t) = (t — p)™ and Wyn(t),
defined by

Won(t) /wpn L(X)dx n=2,3,. ®)

5<31t|sfyLIJ§3k (t)>0fork=1,2,...,n—1and lP(p'})](t) > 0 except att= p.
(ii) I x (Ppn,2) belongs to G, where
Ppn(t) =1—Won(l-t),n=1,2 ... 9)
We also need the following useful result.
Lemma 4 For each n> 2, we have
G (p,2) / G H(t,2d®; i (t), k=1,2,....n—1. (10)

Proof. Let n > 2 fixed. We use induction okto prove the lemma. Fd¢= 1, we have
from (9) that

l1-p+t if t<p

@upat)=1-(p-0* ={ 1P 1P (11)

The right-hand side of (10) equals

/G”l]tzdel ot /G”l]
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which ing?](p, z), the left-hand side. Fdc= 2, we have

1-t
qal_p,z(t):l_/o (U—1+p)"du (12)

By using the properties of the Riemann-Stieltjes integhad, right-hand side of (10)
equals

1
[ 6w 200s 5o = [ (p-td6f 1,2, (13)

Taking account thaﬁsg?*” (0,z) = 0, integration by parts in (13) yields

p
/ Gtz dt,
0

the left-side hand. Let > 3 and assume that the result holdsKor 1. It follows from
(8) and (9) that

1-t
q31,p7k (t) =1- s l|J1,p7|(,1(U)dU

and, therefore, the right-hand side of (10) equals
! n—k+1)
/O W pia(1-)d6l Ut 2). (14)

Taking into account (91_p k-1(0) =0if k>3 andGE?*k“} (0,z) =0, integration by
parts in (14) yields

1
/0 G Vit 2dds p i a (1),

which ing?](p, z) by applying the induction hypothesis. O

In the following result, we prove that, for each fixpd: [0,1], Gg?](p, z) belongs to
Cn.

Theorem 5 For each fixed e [0,1] and n> 1, G[F”](p, z) € Cy.
Proof. The proof consists in proving that
Ix(®1pn.2) = G (p.2) (15)

holds foralln=1,2,... Forn= 1, using (11), the left-hand side of (15) equals



Miguel A. Sordo and Carmen D. Ramos 71

1 B p B
/O (z—F,7H(t)) dpy_pa(t) :/ (z—F,71(t)) dt,

0

which isG (p, 2), the right-hand side. Far= 2, using (12), the left-hand side of (15)
equals

[ e-Frw)aes a0 = [* (5006t 1.2

which is, using integration by parts,
p
/ G (t,2)dt,
0

that is,Ggf] (p,2), the right-hand side. Let > 3. Taking into account (9), the left-hand
side of (15) equals

[ e R 0) a0 g0 = [ W1 0 s0-vd6E (p.2)
Integration by parts and the facts that
Wi pn-1(0)=0forn>3
and
c¥0,2=0

yield

1
- /0 G (p.2)dW;_pn 1(1—1) (16)

or, equivalently, using again (9),

L
/0 G (9. 2)dPy_p1(t).

which ing?](p, z) by Lemma 4. O

It is well-known thatSx(1,2z) (the per-capita income gap) @3](1, z) and(2,2)
(the Thon-Chakravarty-Shorrocks indice) is two times theaaunderneath the curve
G@(p, z). Now, we generalize these results by showing Bdh, z) is n! times the area

underneath the cur\@g?*l (p,2) foralln> 1.
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Theorem 6 For all n > 1, we have g(n,z) = n!Gg?](l, 2).

Proof. From (10) we have

1
Gll(1,2) = /0 G (t, 2)d®gn 1 (t). (17)
It can be easily shown from (9) that

(1_t>n71

cDO.n—l(t) =1- n—1
Therefore, integration by parts in (17) yields

n_l T /01<1—t>”‘1ddx”<t7z>

and this is the same as

1 1
o (z—F, 1 (t)) doby(t)

where®,(t) is given by (6), which ist-Sx(n, 2). O

3. Characterizations

Now, we characterize theth degree TIP curve dominance in terms of the class
defined in Section 2.

Theorem 7 Let X and Y be two income random variables. For integers we have
X >1ip(ng Y ifand only if k (®,2) > Iy (®,2) forall | €C,.

Proof. Necessary condition is immediate sirsgk, z) € C,fork=1,2,...,nand, from
Theorem 5,G£?](p, z) also belongs t&, for all p € [0,1]. Therefore, by hypothesis,
Sx(k,z) > Sy(k,z) fork=1,2,...,n anng?](p, 2) > G\[P](p, z), which meansX > p )
Y.

In order to prove the sufficient condition suppose, firstiatX >1p1, Y and take
Ix (@,2) € C;. Then,® is a concave distribution function d@, 1] and there exists some
non-negative, non-increasing and integrable funcfiauch that

QJ(t):/()t(p(x)dx
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Therefore,

1

|X(q>,z):/0 (z—FZ1(t))dq>(t):/Ol<p(t)de£?(t,z).

Via integration by parts, we have

(@.2 = p (V1.2 - [ G200 1), a9
Since
GQ](t,z) > G\[(l](t,z) forallt € [0,1]
(in particular,S¢(1,z) > Sy(1,2)),
¢ (1) > 0anddy (t) <0,
it follows from (18) thatlx (®,z) > Iy (P,z).

Now, Suppos& >tipnz Y and takd (@, z) € C,, with n > 2. The first step consists
in proving, by induction om, that
"2k 1 1 -1
Ix(®,2)= Y (-1 k(1) S(k.2) - / (—)" ot ()dGy Yt).  (19)

K=1 0

Forn =2, (19) is confirmed by using again the properties of the Riem8&tirltjes
integral:

Ix (®,2) = /O (z=F () do(t) = /0 "o/ (1)d6l,2),

which is the right-hand side of (19). Now suppose inducgitbht (19) holds fon and
show the result holds far+ 1. Let Ix (®,z) € C,,.1. Note, via integration by parts, that

/O "o 1 (10 dG! Yt 2) = o1 (1) Se(n—1,2) /0 "Gl Ut don (1)
which is the same as
" 1(1)Sc(n—1,2) —/OlCD” t)dGt,2). (20)

SinceC,;1 C Cy, by the induction hypothesis$; (®,2z) satisfies (19) and by replacing
(20) in (19) we obtain
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n-1

x(@2)= 3 (D@ Ska) - [ (-1 0d6 (2

k=1

as required. This proves that (19) holds forlal{®, z) € C,, for all n > 2. Next, observe
that, forlx (®,z) € C,, the function

at) = (-1)" oM (1) (21)

is increasing and concave 0@, 1) and we can write

a(t) = e ()~ [ pixdx (22)

whereu = o’ (almost everywhere) is non-negative and non-increasirig elasy to see,
by integration by parts, that (22) is the same as writing

1
alt) = (1) ~u(1) 1=+ [ (p=t)" du(p). 23
Substitution of (21) into (23) yields

()™M (1) = (-)" O (1) + (-1)" PN (1) (1) + (24)

(2™ [ (p—1)de" (p).

By substituting (24) into (19) and rearranging terms we hbhe¢

n—-1

Ix(®,2) = (1" (1)Sc(k )+ (25)
k=1

(1o [Fa-yaef o+

0
1 rp 1
1" [ [ (p-taey Y t.2de" (p).
0 Jo
(Fubini's Theorem has been applied in the last term). Since
P _
| -naei itz = e

and, consequently,

1
A(l-t)d@@*“(t,z):sx(n,z),
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(25) can be rewritten as follows:

(0.2 3 (D WS+ (-2 [ S (b2 (R (26)

We complete the proof by noting that

(—1)*tok(1)>0fork=1,....n,
Sx(k,z) > Sy(k,z), fork=1,...,n,

Gl (p,2) > Gl (p,2) forall pe [0,1]
and
(=1)"d®"(p) > 0. O

If we restrict attention to the clag¥,, then a comparison ofTIP curves is enough
to obtain a characterization. The proof of the next resuliibfes easily from (26).

Corollary 8 Let X and Y be two income random variables. For integersy we have

GY'(p,2) > G} (p,2) forall p € [0,1]
if and only if

Ix (P,2) > Iy (P,2) forall | €C,.

4. An example

It is well-known that empirical income distribution datawiell to lognormal form (see,
for example, Harrison (1981) and Cowell (1999)). Moreotieg, use of the lognormal
model is “probably the most standard approximation of ero@irdata distributions
in the applied literature” (Bourguignon, 2003, page 11)e $ambert (2009) and
references therein for applications of this model in povemalysis. Recall that a
lognormal random variabl¥ has a density function of the form

1 _('09X*H)2
f(x) = e 22 | x>0 0>0, ueR
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and the mean and the standard deviation are given, resplgchyE [X] = exp{u + "72}

andSD(X) = \/(e7” — 1) 2o,

In order to illustrate the applicability of the comparisoretinod proposed in this
paper, we have simulated two samples with sizesm= 100 from two underlying
lognormal distribution& andY, with respective mearis [X] = 9030 ancE [Y] = 9010
and standard deviatiorB8D(X) = SD(Y) = 310Q The reference poverty line is set at
z= 6500 (since(z) = 0.21 andFy(z) = 0.19, this choice appears to be a reasonable
poverty line for poverty comparisons between these méyels

In order to compare the poverty associated to these incoatgbtitions, we start
by comparing the corresponding “per-capita income g&es1, z) andSy (1,z), which
represent the sum of the poverty gaps of the poor. The evatuat these indices with
DAD 4.5 (a programme freely distributed by Ducletsal. (2006), designed to facilitate
the analysis of social welfare, inequality and povertyyegiSx (1,z) = 23667 and
Sy (1,z) = 23457 and we can say that poverty, as measured by this indexgasagrinX
than inY. However, “any choice of a single measure is apt to be arlit{&oster, 1984,
page 242), and different choices may produce different losians. We reduce this
arbitrariness by considering a broader class of povertysorea thars(1,z), given by

C1 = {l (®,2) of the form (2) such tha® is concavé.

Each member o€, is interpreted as a weighted sum of the poverty gaps of the poo
Obviously, it is impossible to check poverty orderings ftrnaeasures irC; and we
prefer to plot the corresponding TIP cur\,@g](p, 2) andG&l}(p, z). Following Duclos
and Araar (2006, Section 10.1), non-intersection of thesges is equivalent to the
unanimous ordering generated by the cl@gsUnfortunately, Figure 1 shows that the
TIP curves cross twice (the first is at aroupd= 0,11 and the second is at around
p = 0,19), therefore the inequalityx (P,2z) < Iy (P, z) fails to be satisfied for some
member ofC;. In other words, the comparison betwe¥randY in terms of poverty
measures iC; is ambiguous.

Fortunately, as we have shown in Section 3, an unambigualesing betweelX and
Y is still possible by focussing on a subclas€efand moving from the first degree TIP
ordering to the second degree TIP ordering (and, more gineacathe n-degree TIP
ordering,n > 2). The second degree TIP ordering requires the evaluafi@ (k, z)
and Sy (k,z) for k = 1,2, and the comparisons of the curv@@(p, z) and G\[(Z](p, 2).
The evaluation ofSx (2,z) and S, (2,z) with DAD 4.5 givesSx (2,z) = 44475 and
Sy (2,z) = 43971 Therefore, we have

S (1,2) > S/ (1,2) andS (2,2) > S/ (2,2).

2. In Spain, for example, the percentage of persons below thetgdivee is 19.6% (Quality of Life Survey,
2008, I.N.E.)
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Moreover, Figure 2 shows tha(BLf](p,z) is aboveG\[(z](p,z) for all p in (0,1)

(the curves are plotted up tp = 0.3; this is due to the fact that the second cross
between the TIP curves is at aroupd= 0.19; therefore, from thig on, Ggf](p, z) is

everywhere abov@\[(z](p, 2)). Thus, X >1ip(2 Y holds and from Theorem 7 it follows
thatly (®,2z) > Iy (P, z) for all measures in

Co = {I (®,2) € C; such thatd’ is convex .

We conclude this illustration by noting that increasingdlegree of dominance (moving
from the first degree TIP ordering to the second degree TIBring) makes poverty in
X unambiguously larger than M Since any index o€, not belonging taC; is more
sensitive to the distribution of income among the poorées, is equivalent to saying
that poverty inX is unambiguously larger than Miwhen sufficient weight is given to
the effect of income changes among the bottom of the digioibu

5. Final remarks

In this paper, we have tried to advance in obtaining companatverty results when
TIP curves intersect, by considering a sequence of doméeariteria (thendegree TIP
curve dominance) based on TIP areas &niddices. The normative meaning of these
criteria has been provided in terms of a cl@sof linear rank-based poverty measures
with the property that, the larger the valuerofthe greater the weight assigned to the
effect of income changes among the bottom of the distributio

Duclos and Gegoire (2002) have shown that the properties ofSfiredices compare
rather well with those of the GT (Fosteret al., 1984) additive indices. Some results in
this work confirm this conclusion. Given an income distribot~, a poverty linezand
a non-negative integer, theFGT (a) index is defined by

1
FGT,(F.2) = /O (z—X)*dF (x).

Foster and Shorrocks (1998a) note that

FGT, (F,z) = a!Fy.1(2) forall z, (27)
whereF; (x) = F (), R(X) = fg F1(t)dt, k= 1,2,.. and provide the following link
between the poverty order inducedds$T (a) for all z€ (0, ) and the(a + 1)th degree

stochastic dominance:

FGT,(F,z) > FGT,(H,2) Vze€ (0,0) <= Fy11(2) > Hg11(2)V z€ (0,)
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The relation
S(n,2) =nIGY(1,2) (28)

stated in Theorem 6 is somewhat similar to (27) and suggeatgste role played by
Sx(n,z) in the dual approach (in the sense of Duclos and Araar, 2808 important as
the role ofFGT indices in the primal one. The characterization

S(n,2) > S¢(n,2)V z€ (0,00) <= G (1,2) > G (1,2)V z€ (0, 0)

(which follows from Theorem 6) shows tht has unambiguously more poverty that
Y with respect to the poverty measusén, z) for all z € (0,) if, and onIy if, the area

underneath the cur\,@ o 1](p, z) is bigger than the area underneéiiﬁ z) for all
z€ (0,1). (28) also reveals an important interrelationship amonga[IWme ordermgs
by different members d&. Since

G127 > 61,2 = cl(1,2 >6¥1,2 fork>n
it follows from (28) that

Sx(n,z) > S¢(n,z2)Vz= Sx(k,z) > Sy (k,2)Vz, Yk > n.
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