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An alternative to Kim and Warde’s mixed
randomized response model

Housila P. Singh and Tanveer A. Tarray*

Abstract

When open or direct surveys are about sensitive matters (e.g. gambling habits, addiction to drug
and others intoxicants, alcoholism, proneness to tax invasion, induced abortions, drunken driving,
history of past involvement in crimes, and homosexuality), non-response bias and response bias
become serious problems because people oftentimes do not wish to give correct information. To
reduce non-response and response bias, various alternative approaches have been proposed,
for example a randomized response survey technique, or a mixed randomized response model
using simple random sampling with a replacement sampling scheme that improves the privacy
of respondents, proposed by authors Kim and Warde. In this paper we have suggested an
alternative to Kim and Warde’s mixed randomized response model to estimate the proportion
of qualitative sensitive variable under the conditions presented in both the cases of completely
truthful reporting and less than completely truthful reporting by the respondents. Properties of
the proposed randomized response model have been studied along with recommendations. We
have also extended the proposed model to stratified random sampling. Numerical illustrations and
graphs are also given in support of the present study.
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1. Introduction

Warner (1965) was first to introduce a randomized response (RR) model to estimate the
proportion for sensitive attributes including homosexuality, drug addiction or abortion.
Greenberg et al. (1969) proposed the unrelated question RR model that is a variation
of Warner’s (1965) RR model. Since the work by Warner (1965), a huge literature
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has emerged on the use and formulation of different randomization device to estimate
the population proportion of a sensitive attribute in survey sampling. Mention may be
made of the work of Tracy and Mangat (1996), Chudhuari and Mukherjee (1988), Ryu
et al. (1993), Fox and Tracy (1986), Singh (2003), Singh and Tarray (2012, 2013a, b, ¢)
and the references cited there in.

Mangat et al. (1997) and Singh et al. (2000) pointed out the privacy problem with the
Moors (1971) model. Mangat et al. (1997) and Singh et al. (2000) have presented several
strategies as an alternative to Moors model, but their models may lose a large portion of
data information and require a high cost to obtain confidentiality of the respondents. Kim
and Warde (2005) have suggested a mixed randomized response model using simple
random sampling which rectifies the privacy problem.

In this paper we have suggested an alternative to Kim and Warde’s (2005) mixed ran-
domized response model and its properties are studied in simple random sampling with
replacement (SRSWR) and Stratified random sampling in both the cases of completely
truthful reporting and less than completely truthful reporting. Numerically we show that
the proposed mixed randomized response model is better than Kim and Warde’s (2005)
estimator.

2. The suggested model

Let a random sample of size n be selected using simple random sampling with replace-
ment (SRSWR). Each respondent from the sample is instructed to answer the direct
question “I am a member of the innocuous group”. If a respondent answers “Yes” to the
direct question, then she or he is instructed to go to randomization device R; consisting
of the statements (i) “I am the member of the sensitive trait group” and (ii) “I am a
member of the innocuous trait group” with respective probabilities P, and (1 — P;). If a
respondent answers “No” to the direct question, then the respondent is instructed to use
the randomization device R, consisting of the statements: (i) I belong to the sensitive
group, (ii) “Yes” and (iii) “No” with known probabilities P, (1 —P)/2 and (1 —P)/2
respectively. For the second and third statements, the respondent is simply to report
“Yes” or “No” as observed on the random device R, and it has no relevance to his ac-
tual status. It is to be mentioned that the randomization device R; is due to Tracy and
Osahan (1999). The survey procedures are performed under the assumption that both
the sensitive and innocuous questions are unrelated and independent in a randomization
device R;. To protect the respondent’s privacy, the respondents should not disclose to
the interviewer the question they answered from either R; or R,.

Let n be the sample size confronted with a direct question and n; and np
(=n—n;) denote the number of “Yes” and “No” answers from the sample. Note that the
respondents coming to R; have reported a “Yes” to the initial direct question, therefore
;1 = 1 in Ry, where 7, is the proportion of “Yes” answers from the innocuous question.
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Denote by ‘Y’ the probability of “Yes” from the respondents using R;. Then
Y=Prs+(1-P)ny=Prs+(1-P), (2.1)

where 7y is the proportion of “Yes” answers from the sensitive trait.
An unbiased estimator of 7tg, in terms of the sample proportion of “Yes” responses
Y , becomes

. Y—(1-Pp
nm:__%?_ﬁ, (2.2)

The variance of 7, is

V(ﬁ:al) — Y(l_Y) _ (1_7IS) [PlTCS—F(l—Pl)]

anlz n1P1
1 1— ) (1P

= g1 = gy Lmm)=P)] 23)
n Py

The proportion of “Yes” answers from the respondents using randomization device R,
follows:

(1-P)
2

X =Pnrs+ (2.4)

An unbiased estimator of g, in terms of the sample proportion of “Yes” responses X,
becomes

X—-(1-P)/2
ﬁmz——i?—ﬂl. (2.5)

The variance of 7 is given by

v y_xu—x)_ ns(1—ms) (1—P?)
b= nsz N n» 4n2P2

(2.6)

The estimator of 7tg, in terms of the sample proportions of “Yes” responses ¥ and X, is

~ ny . np .
Ty = — T + —Tpi
n n

ni (n—ny)

N nj
= —1Tla +
n

fip1, for0 < — < 1. 2.7)
n
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As both 7t,; and 7| are unbiased estimators, the expected value of 7, is

n n n n—n
LA 2y } ! —1-( 1)77:_9:715.

E(f,)=E [;ﬂ?al + ;7‘[1,1 = 77‘[5

Thus the proposed estimator 7; is an unbiased estimator 7tg.
Now the variance of 7; is given by

(1 —71'5)(1 —Pl):|
Py

+ (”2>zi [ng(l — )+ (1;202)]

(1-P?)
4P?

(2.8)

(1—715)(1—P1)] -

== |:1'L'5(1—7T5)+ P +I’l_2 |:7'L'S(1—7'E5)+

Since our mixed RR model also uses Simmon’s (1967) method when 7w; = 1, we can
apply Lanke’s (1976) idea to our suggested model. Thus using Lanke’s (1976) result for
P with T =1, we get

1
P= . 2.
2P (2.9)
Putting P = (2 — P;) ! in (2.6), we get
1— 1-P)(3-P
V(fy) = ns(l-ms)  (1-P)(3-h)
(n—mny) 4(n—mny)
1 (1—P1)(3—P1)
= 11— —_— . 2.10
(n—m) ms(1—ms) + ) (2.10)
Thus we established the following theorem.
Theorem 2.1 The variance of &, is given by
. mg(l—1m 1-P) [4A(1 —7g)+ (1 —A)P(3—P
n 4nP,
ni

forn=n;+nyand A = —.
n
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3. Efficiency comparisons

An efficiency comparison of the suggested model, under completely truthful reporting
case, has been done with Kim and Warde’s (2005) model.
From Kim and Warde’s (2005) model, we have

V(ﬁ'kw) _ TL'S(ln— 7'Cs) n (1 —Pl) [ API(:IP_ZTCS)_F(I —7(,)] ' (212)
1

From (2.11) and (2.12) we have V(#,) < V (7t ) if

[4)L(1 — 7'C5) + (1 —A)P1(3 —Pl)] < [A,Pl(l — 7'[5) + (1 —7(,)]
4 P

ie. if4—3P? 4+ P} > 0 which is always true.

Thus the proposed model is always better than Kim and Warde’s (2005) model.

An efficiency comparison of the proposed mixed randomized response technique
to that of Kim and Warde’s, we have computed the percent relative efficiency of
the proposed estimator 71, with respect to Kim and Warde’s estimator 7y, by using the
formula:

14
PRE (1, ) = 7' x 100

_ 4 [7‘[5(1 — 7'Cs) —|—{(1 —P])/P%}{Apl(l —7IS)+(1 —k)}] 7'Es(1 —Tfs) < 100
 [Ans(l—ms) H{(1=P)/PHAL(L = 75) + (1 = A)PL (3 — P1)}]

for different values of P;, n and n;.

We have obtained the values of the percent relative efficiencies PRE (7, 7,,) for
A =0.3,0.5,0.7 and for different cases of 7g, n, ny and P;. Findings are shown in Table
1 and its diagrammatic representation is given in Figure 1.

It is observed from Table 1 and Figure 1 that: The values of percent relative
efficiencies PRE (#;, 7t4,,) are more than 100. We can say that the envisaged estimator
fi; is always efficient than Kim and Warde’s (2005) estimator 7ty,,. Figure 1 shows results
for mg =0.1 and 0.6, A = 0.3,0.5,0.7 and different values of Py, n, ny.

We note from Table 1 that the values of the percent relative efficiencies PRE (7, 7x,,)
decrease as the value of P; increases. Also the values of the percent relative efficiencies
PRE (7, ft1,) increase as the value of A decrease for fixed values of 7y and P;.

We further note from the results of Figure 1 that there is large gain in efficiency
by using the suggested estimator 7, over the estimator 7y, when the proportion of
stigmatizing attribute is moderately large.



194 An alternative to Kim and Warde’s mixed randomized response model

1200

1000
o
Z = 800 7
= 2
& 5 600 ——0.6
5E 400 0.1
& 200 —_— -

0

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9
P

Figure 1: Percent relative efficiency of the proposed estimator 1,
with respect to Kim and Warde’s (2005) estimator fiy,,,.

4. Less than completely truthful reporting

The problem of “Less than completely truthful reporting” in randomized response model
has been tackled by several authors including Singh (1993), Mangat (1994 a,b), Tracy
and Osahan (1999), Chang and Huang (2001), Kim and Warde (2004), Kim and Elam
(2005), Nazuk and Shabbir (2010) and others. We write the proportion of “Yes” answers
from the two randomization devices R and R, incorporating the probability of truthful
reporting. Let 77 and 7, be the probabilities of telling the truth regarding the stigmatizing
question in the randomization device R; and R, respectively. The respondents in the
innocuous trait have no reason to tell a lie, they may lie for the sensitive trait.

Note that the respondents coming to R; have reported a “Yes” to the initial direct
question therefore 7, = 1 in R;. The probability of “Yes” answers from the respondents
using R; is given by

Y*:PIRST1+(1—P1). 4.1)
An estimator for the true population proportion 7ts of the sensitive trait is given by

. P*—(1=P
na(l) = %7 (42)

where ¥'* is the sample proportion of “Yes” response from the randomization device R.

Since Y* follows Binomial distribution B (n1, Y*), therefore the bias and variance of
the estimator 7, are respectively given by

B (7)) = ns(T1 — 1) (4.3)



195

Housila P Singh and Tanveer A. Tarray

CI'LIT 1S40 4! 89°VL1 S6'vCC 01'v0€ 6¢°6¢cY 80°'T0L yLECE] 60°0C9¢ €0 0oL 00¢ 90
6CCI1 124! LEEST 8C'88I1 (874 LS'8CE LEL8Y 9€'9¢8 S6°L861 0] 00§ 00s 90
< LO1 ILLTT €0Cel 0rcel 8¥°C81 CL'6CC eL'TIE L9 18y 689001 L0 00€ 00L 90
LEOTT 88'8¢1 SLOLT IL°LIT 06°06C eryviy I¥'6v9 S9°G6I1 L8OVIE €0 00L 00¢ 0]
99111 Se'LTl 8S°6v1 ST 18I LS'8CT L8 Y0€ 0S¥y 6CSEL L9°0891 0 00$ 008 0]
86901 6£911 0c'6cl SO°LY1L L6'CTLY 00°€lc SEI8C 6L°0ct 1249¢ L0 00¢ 0oL (0]
€LOI1 Srecl 6C0L1 8¥°SIT £6'78¢C 8¢€°00% Y1919 059011 19°66L¢ €0 00L 00¢ 0
Y8111 9¢'LTl 12%'14! LLLLT 8I°I¢CT £8°68¢C €S°0ly 11°699 €L L9V 0] 008 008 70
€0°L0T LOOTI 96°LC1 148 24! orI'L91 [N\ £€6'09¢ Ie6Le 18°6€L L0 00¢ 0oL 70
6¢'8I11 SLIYI OI'€L] IL°L1T €6'78¢C €LY6E 11°968 89°¢v01 0CT9¥sT €0 0oL 00¢€ €0
68°CI1 CL'8CI LT6v1 IELLT 08°LIT ¥9°08¢C CT68¢ 8CYI9 06'TICEl 0 008 00¢ €0
6S°L01 29911 96°LC1 €6yl LL €91 16161 8S°9YC vyr6eve 6599 L0 00¢ 00L €0
€Ceel CLLY] YT 081 S6'vCC 06°06C 65°96¢ L9°98¢ 0070001 6£CSET €0 00L 00¢ 0
LESTI yIcel ¥9°CC1 L96LIT 08°LIT 16°SLT CLYLE LY 9LS LTeoll 0] 00§ 008 0
¥6'801 YT8I11 0T'6Cl LT evl 1291 Y2061 §CoeT 0r'Lce 9L°96S L0 00€ 00L <0
89°1€1 Y091 8CTV61 1T6¢C 01'¥0€ STo0¥ L9°98¢ 61°'TL6 S0°10CC €0 00L 00€ 1o
1211 ceoel 96651 0r°'S81 8I°1¢CC 00°SLT 01°S9¢ ¢o'LYS SC00T1 0] 008 00$ 1’0
[A40! So' 1Tl €0'Cel 06'vv1 1291 0S°L81 8L'8¢CC £6°'60¢ S0'0sS L0 00¢ 0oL 1o
60 80 L0 90 0] 70 €0 40 ['0 u Tu
d v 0001 =u "

My a0ppunisa (GOOZ) S, 2PAVA pup wiry 0y 12adsa yjm *y 10ipusa pasodoad ayy fo Louaidiffo 2anv)aa ju224dg T a]qnJ,




196 An alternative to Kim and Warde’s mixed randomized response model

and

N Y*(I—Y*) (l—ﬂsTl)[l—Pl(l—ﬂfsTl)]
V(o)) = P -7 : (4.4)

So the mean square error (MSE) of the estimator 7,;) is given by

(1 —ﬁSTl)[l —Pl(l _TESTI)]
I”l]P]

MSE (1)) = { + (T — 1)2}. (4.5)

The proportion of “Yes” answers from the respondents using randomization device R,
is

1-P
X" =PnsT, + ( 3 ) (4.6)

Thus an estimator of 7t is given by

X*—(1-P)/2

P ) 4.7)

p(1) =

where X* is the sample proportion of “Yes” responses from the randomization device
R;.

Since X* follows Binomial distribution B (1, X*), therefore the bias and variance of
the estimator 7, (1) are respectively given by

B (fty1)) = ms(Ta— 1) (4.8)

and

X (1-X*)  [1-P(1-2n5Tr)?

V(A = = 4.9
(nb(l)) n2P2 4]’12P2 ) ( )
where ny +n, = n.
Thus the mean square error (MSE) of the estimator 7;(;) is given by
fi = T — . .
b(1) 41’12P2 s\£2

Now we propose the weighted estimator of 7tg as

A= [(%) Aoy + (%) ﬁh(l)} . @.11)
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Since the two randomization devices are independent, we can derive the bias and MSE
of 7t} respectively as

B(#7) = 15 [(ﬂ) (T, — 1)+ <”_"1> (Tz—l)] (4.12)

and

Ay A(l—ﬂsTl)[l—Pl(l—ﬂsTl)] (1—1)[1—P2(1—27'E5T2)2]
MSE (7;) = { P + Anp?
+m5A(T — 1)+ (1 - A)(T, — 1)]*}. (4.13)
Putting P = (2 — P;)~! [see Lanke (1976)] in (4.13), we get the MSE of 77 as

Tfs{ATl(l — ﬁsTl) + (1 —A)Tz(l — TE_gTQ)}

MSE (#}) = {

(1-P) [4A(1 —7sTy)+ (1= A)P (3 —Py)]
4nP1

+a5A(T — 1)+ (1-A) (T — D]*}. (4.14)

_l’_

Proceeding as above in a situation of “Less than completely truthful reporting” one can
easily derive the following bias and MSE of Kim and Warde’s estimator 7}, (say):

B(#},) = s [(%) (T, — 1)+ ("_n’“> (T, — 1)} (4.15)
MSE(ﬁZW) _ {TCS{ATI(I - 7T5T1) +}§1 —A)Tz(l —TEst)}
n (1=P) [AP (1 = 7sTy) + (1 = A)]
nPl2
+5A(T — 1) + (1 - A) (T — D]*}. (4.16)

From (4.14) and (4.16) we have

(1—-P) (1-2)(4—-3P2+P)
4nP12

MSE(#},) — MSE(#}) = (4.17)

which is always positive.
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Figure 2: Percent relative efficiency of the proposed estimator &}
with respect to Kim and Warde’s (2005) estimator ft};,.

Thus in the situation of “Less than completely truthful reporting” the proposed
estimator 77 is more efficient than Kim and Warde’s estimator 7} .

To have tangible idea about the performance of the proposed estimator #; compared
to estimator 7, we have computed the percent relative efficiency of the proposed
estimator 7t with respect to 7y, by using the formula:

MSE (7t}
PRE (47, #1,) — AZ?E—((TSV)) % 100
We have obtained the values of the percent relative efficiencies PRE (7}, 7},) for
A =0.2,0.3,0.4,0.5, n = 1000 and for different cases of mg, 71, 7> and P;. Findings
are shown in Table 2 and its diagrammatic representation is also demonstrated in
Figure 2.

It is observed from Table 2 that the values of percent relative efficiencies PRE
(7}, #7,,) are more than 100. We can say that the proposed estimator 7t; is more efficient
than Kim and Warde’s estimator 7. Figure 2 shows results for tg=0.1,0.2,0.3,0.4,0.5
and P =0.4,0.5,0.6,0.7, for Ty = 0.6, T, = 0.5, and n = 1000.

Table 2 conceals that the values of the percent relative efficiency of the proposed
estimator 7t; with respect to Kim and Warde’s (2005) estimator 7}, decrease as the
value of P increases. Higher gain in efficiency is seen when the sample size n and g are
small. However, the percent relative efficiency is more than 100 for all parametric values
considered here; therefore the proposed estimator 7 is better than Kim and Warde’s
estimator 7.
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5. An alternative mixed randomized response model
using stratification

5.1. An alternative to Kim and Warde’s (2005) mixed stratified
randomized response model

Stratified random sampling is usually obtained by partitioning the population into non-
overlapping groups called strata and selecting a simple random sample from each
stratum. A randomized response (RR) technique using a stratified random sampling
yields the group characteristics associated to each stratum estimator. We also note
that stratified sampling protects a researcher from the possibility of obtaining a poor
sample. Hong et al. (1994) suggested a stratified RR technique using a proportional
allocation. Kim and Warde (2004) suggested a stratified Warner’s RR model using an
optimal allocation which is more efficient than that using a proportional allocation. Kim
and Elam (2005) have applied Kim and Warde’s (2004) stratified Warner’s RR model
to Mangat and Singh’s (1990) two-stage RR model. Further Kim and Elam (2007)
have given a RR model that combines Kim and Warde’s (2004) stratified Warner’s RR
technique using optimal allocation with the unrelated question randomized response
model. Kim and Warde (2005) have suggested a mixed stratified RR model.

In the proposed model, the population is partitioned into strata, and a sample is
selected by simple random sampling with replacement in each stratum. To get the
full benefit from stratification, we assume that the number of units in each stratum is
known. An individual respondent in a sample from each stratum is instructed to answer
a direct question “I am a member of the innocuous trait group”. Respondents reply
the direct question by “Yes” or “No”. If a respondent answers “Yes”, then she or he
is instructed to go to the randomization device R;; consisting of the statements: (i)
“I belong to the sensitive trait group” and (ii) “I belong to the innocuous trait group”
with pre-assigned probabilities Q; and (1 — Q;), respectively. If a respondent answers
“No”, then the respondent is instructed to use the randomization device R, uses three
statements: (i) “ I belong to the stigmatizing group”, (ii) “ Yes” and (iii) “No” with
known probabilities P;, (1 —P;)/2 and (1 — P;)/2, respectively. For the second and
third statements, the respondent is simply to report “Yes” or “No” as observed on the
randomization device R >, and it has no relevance to his actual status. Let m; denote
the number of units in the sample from stratum j and »n as the total number of units
in samples from all strata. Let m;; be the number of people answering “Yes” when
respondents in a sample m; were asked the direct question and mj, be the number of

people answering “No’ when respondents in a sample m; were asked the direct question
L L
sothat n =Y m;= Y. (mj; +mj). Under the supposition that these “Yes” or “No”
j=1 j=1
reports are made truthfully, and Q; and P; are set by the researcher, then the proportion
of “Yes” answers from the respondents using the randomization device R;; will be
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Yj:QjTESj—Q—(l—Qj)TC]]. for j=1,2,...,L, (5.1)

where Y; the probability of “Yes” response in stratum j, 7tg; is the proportion of
respondents with the sensitive traits in stratum j, 7y; is the proportion of respondents
with the innocuous trait in stratum j, and Q; is the probability that a respondent in the
sample stratum j is asked a sensitive question.

Since the respondent performing a randomization device R;; answered “Yes” to the
direct question of the innocuous trait, if he or she selects the same innocuous question
from R, then 7t1; = 1, see Kim and Warde (2005, p. 217). Thus (5.1) reduces to

Yj:anS]+(l_Q]) fOr]II,Z,,L (52)
An unbiased estimator of 7g; is given by

. h-(-0) .

naj:M forj=1,2,...,L, (5.3)
Q;

where f/j is the proportion of “Yes” answers in a sample in stratum j and 7t,; is the

proportion of respondents with the sensitive trait in a sample from stratum j. The

variance of 7t,; is given by

V() = (=) [1 - 0,1~ ms;) for j=1,2,...,L. (5.4)
! mj1Q;

The proportion of “Yes” responses from the respondents using randomization device R j»
will be

X;=Pjms;+(1-P;)/2 forj=1.2,... L, (5.5)

where X; is the probability of “Yes” responses in stratum j. Thus an unbiased estimator
of mg; is given by

frp =L T forj=1,2,...,L, (5.6)

where X ; is the proportion of “Yes” responses in a sample from a stratum j and 7;; is
the proportion of respondents with the sensitive trait in a sample from stratum j.
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The variance of 7;; is given by

7'[5].(1—7'[5].) (I—sz)

(mj—mj1) — 4(mj—mj)P?

V(fty,) = for j=1,2,...,L. (5.7)

Putting P; = (2— Q;) ! [see Lanke (1976)] for j =1,2,...,Lin (5.7) we get

ms(1=7s;)  (1-0,)3-0)

(mj—mj) 4(m;—mjr)

V(fy,) = for j=1,2,...,L. (5.8)

Now we develop the unbiased estimator of 7tg;, in terms of sample proportion of “Yes”
responses ¥; and X,

A mij, mj—mjj .
Toms, = —2-fa, + ———1y, for0 <oy (5.9)
m; m; ’"J

The variance of 7,,s; is given by

V(fins ) = ”Sj(l_nsj)+(1—Qj)[4/1/(1—ﬂ'sj)+(1—lj)Qj(3—Qj)]’ (5.10)
! mj 4m;Q;

where mj=mj +mj and Aj = mjl/mj.
L
The unbiased estimator of tg = ) w;mg; is given by

J=1

L L
. . mj, mj—mjy .
= Y wiftms; = ij{—]?”aﬁj—,'/“bj} .11
= = mj mj
where N is the number of units in the whole population, N; is the total number of units
L
in stratum j, and w; =N;/N for j=1,2,...,L,sothatw= Y w; = L.

=1
The variance of the estimator 7 is given by

Lowj (1-0))4A;(1 —msj) +(1-2,)Q;(3— Q)]

Z — 9 7s; (1 —7s;) +

j=1 m; 4Qj

(5.12)

Here, the requirement of doing the optimal allocation of a sample size #n, is to know
Aj=mj/mjand mg;. In practice it is difficult to have information on A; = m; /m; and
nsj. However if prior information about A; = m;;/m; and mg; is available from past
experience, it assists to derive the following optimal allocation formula.
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Theorem 5.1 The optimal allocation of n to ny, ny... , n_; and ny to derive the
L

minimum variance of the ftg subject to n = Y, m; is approximately given by
j=1

1-0))[d2;(1-ms)+(1-2))0;(3—-0)] | /2
m; w; {nsj(l—nsj)+( 9 nsig“ 10 Q,)}} (5.13)
L —0; (1 —1res a0 (3—0 ) 1/27 ’
" ) wj{ﬂ:sj(l—rtsj)-l-(l 2,0 nszjt)QJ;(l Lt Q_,)}}

j=1

where mj =mji +mj and A; =mj; /m;.
Thus the minimal variance of the estimator s is given by

L —0. (1 — e 03011727
V(fcs)_%{zle[mj(l—ﬂsj)-l- e L N
" (5.14)

L
wheren =Y, mj, mj=mj +mj and A; = mj; /m;j.

j=1

5.2. Efficiency comparison

In this section we have made the comparison of proposed estimator 7tg with the proposed
mixed randomized estimator 7;, Kim and Warde’s (2005) mixed randomized response
estimator 7, and Kim and Warde’s (2005) stratified mixed randomized response esti-
mator 7t,,s. The comparisons are given in the form of following theorems.

Theorem 5.2 Assume that there are two strata in the population (i.e. L = 2) and
Aj =mj; /mj. The proposed estimator Tt of a stratified mixed RR is more efficient than
the estimator f; of a mixed model, where Py = Q1 = Q, and A = A1 = A,.

Proof. We denote by

a; = ng (1 —msp), a, = s (l —ms),

by — A(I—Pl)(l—TCM) by — A(I—Pl)(l—ﬂfsz) B (I—A)(I—Pl)(:S—P])
' P T P 0T 4

Then for L=2,P, = Q; = 02, A= A = A, and from (2.11) and (5.14) we have

1

Al —=P)(1 —wimtg) —woT
V(ﬁt)_;{wlﬁm+W2ﬂ52)(1—W1ﬂ51—Wzﬂsz)—i- ( 1 151 2752)

P +c

(5.15)
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and
1
V(fts) = {wiar +b1+ )2t wa(ay +by+¢)?)? (5.16)

Now subtracting (5.16) from (5.15) we have

n[V(f,) =V (fts) = wiwa {(Tfs1 — )’ + (\/(m +by+c)— \/(a2+b2+c)>2}

which is always positive.

Thus the proposed estimator 7tg of stratified mixed RR is more efficient than the
proposed estimator 7, (with L = 2) of a mixed model.

This proves Theorem 5.2.

Theorem 5.3 Suppose there are two strata in the population and Aj = mj; /m;. The
proposed estimator ftg of a stratified mixed RR is more efficient than Kim and Warde’s
(2005) estimator Ty, of a mixed model, where Py = Q1 = Q and A = A = A;.

Proof. For L =2, g = wiTts| +waTts2, P = Q1 = 02, A = A = A, and from Kim and
Warde (2005, Eq (2.10), p. 213) we have

1
V(ftm) = - {wimsi +wame) (1 —wims) —woms,)

+A(l —P)(1 —wims) —waTs) + (=AU -h) } . (5.17)

Py P?

From (5.16) and (5.17) we have

n[V(ft) =V (fts) = [wlwz {(ns1 — )+ <\/(a1 +b1+¢)—/(ar+by +c))2 }

+(1—;\)(1—P1)(4—3P12+Pf)] (5.18)

4p?

which is always positive.

Thus the proposed estimator 7 of a stratified mixed RR is more efficient than Kim
and Warde’s estimator 7, of a mixed model.

This proves the theorem.

Theorem 5.4 Assume that there are two strata in the population (i.e. L = 2) and
Aj =mj1/mj. The proposed estimator fts of a stratified mixed RR is more efficient than
Kim and Warde’s (2005) estimator f,,5, L = Q1 = Qr and A = A = A,.
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Proof. For L=2, P, = Q1 = Q», A = A1 = A, and from Kim and Warde (2005, Eq (4.12),
p- 218) we have

1
V(ftns) =~ {wl(al b+ en) 2 fwa(ar+ by + )V } (5.19)

where ¢; = (1 —A)(1—P;)/P2.
From (5.16) and (5.19) we have

2wiwsy (A] —|—A§)

VA A, + \/ATA]

2

n[V (fins) =V (fts) = (c1 —¢) | (Wi +w3)+

(5.20)

where
A1:(611+b1—|—61), Azz(a2+b2—|—cl),A’f:(al—l—bl—i—c) and Aéz(a2+b2+c),

Since

(1—=2A)(1—P)(4—3P2+P})
4p?

(c1—c)= >0,

therefore n[V (#,s) — V(fts) > 0.

It follows that the proposed estimator 7 s of stratified mixed RR is more efficient than
Kim and Warde’s estimator 7T,,s.

Thus the theorem 5.4 is proved.

If prior information on 7tg, T2, Wi, wa, s and A can be obtained and a researcher
set Qj, j = 1,2 then we can compute the percent relative efficiency of the proposed
estimator 7tg with respect to Kim and Warde’s estimator 7,5 (for L=2, A1 = A, = A)
by using the formula:

Vi
PRE (fi5, fims) = V((ZZS)) % 100

2

(Wl\/Bl +W2\/Bz)

= 5 % 100,

(wiv/Bi +w2y/B3)

where

(1-0)[A01(1 —mg)+(1-21)]
0}

B, = s, (1 — 7'!331) +



206 An alternative to Kim and Warde’s mixed randomized response model

B2 = (1 - )+ (= 2IRUTe) LA

03

B = [TCS1(1 )+ (1=01)[4A(1 = 751) +(1-2)01(3— Ql)]]

40,

B;: |:7TS2(1_7TSZ)+ 10,

(1-02)[4A(1 —ts2) + (1 =A)D2(3 — QZ)]]

We have computed PRE (7ts, ,5) for n = 1000, A = 0.2,0.4,0.6,0.8 and different
values of wy, wy, Q1, Q> , Tts1 and 7sp. Findings are depicted in Table 3. Pictorial
representation of PRE (7tg, 7t,,s) is also given in Figure 3.

We have set eight different values of Q; (j = 1,2) and four different values of A to
verify the percent relative efficiency of the suggested estimator 7t with respect to Kim
and Warde’s (2005) estimator #,,5. Table 3 and Figure 3 show that the value of percent
relative efficiency PRE (7ts, #,,5) decreases as the values of Q; (j = 1,2) and A increase.

The values of PRE (7ts, 7,s) are greater than 100 for all values of 7y, s, wi, w2,
01,0, and A considered here. So we can say that the envisaged estimator 7g is more
efficient than Kim and Warde’s (2005) estimator 7,,,s.

Figure 3 exhibits results from Tables 3 for 0; =0.1,0.3,0.5,0.7, 0, =0.2,0.4,0.6,0.8
and g =0.1,0.2,0.3,0.4,0.5.

Remark 5.1. Proceeding as in Section 4 and the procedure adopted in Kim and Warde
(2004) and Kim and Elam (2005, sec.4, p.4) the problem of “Less than completely
truthful reporting” can be studied for the proposed mixed stratified RR model.

3500
3000
o 2500
=
s >
= 2 2000
& S
- QO
5E 1500
o m
[}
~ 1000
500

Ts

Figure 3: Percent relative efficiency of the proposed estimator ftg
with respect to Kim and Warde’s (2005) estimator ft,,s.
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6. Discussion

In this article, we have proposed an alternative to Kim and Warde’s (2005) mixed ran-
domized response model to estimate the proportion of a qualitative sensitive character-
istic under the conditions presented in both the cases of completely truthful reporting
and less than completely truthful reporting by the respondents. We have also developed
the proposed model to stratified sampling. It has been shown that the proposed mixed
randomized response model is more efficient than Kim and Warde’s (2005) mixed ran-
domized response model.
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