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Abstract

For a class of reduced games satisfying a monotonicity property, we introduce
a family of set-valued solution concepts based on egalitarian considerations and
consistency principles, and study its relation with the core. Regardless of the re-
duction operation we consider, the intersection between both sets is either empty
or a singleton containing the lexmax solution (Arin et al., 2003). This result
induces a procedure for computing the lexmax solution for a class of games that
contains games with large core (Sharkey, 1982). We extend the previous analysis
by using the notion of the anti-dual game (Oishi and Nakayama, 2009). We find

parallel results for the lexmin solution.

A class of balanced games, called exact partition games, is introduced. Within
this class, it is shown that the egalitarian solution of Dutta and Ray (1989) be-
haves as in the class of convex games. Moreover, we provide two axiomatic
characterizations by means of suitable properties such as consistency, rationality
and Lorenz-fairness. As a by-product, alternative characterizations of the egali-
tarian solution over the class of convex games are obtained. Using the notion of
anti-duality to axioms (Oishi et al., 2016), we obtain additional axiomatizations
of the egalitarian solution on the domain of exact partition games but also on
the domain of convex games. On the domain of balanced games, new axiomatic

characterizations of the Lorenz maximal core are obtained.

We introduce the Lorenz stable set and provide an axiomatic characterization

III
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v Abstract

in terms of constrained egalitarianism and projection consistency. On the domain
of all coalitional games, we find that this solution connects the weak constrained
egalitarian solution (Dutta and Ray, 1989) with its strong counterpart (Dutta
and Ray, 1991).
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Introduction

This dissertation focuses on egalitarianism-based solution concepts in the frame-
work of cooperative games with transferable utility (games hereafter). One of
the main goals of game theory is to describe rules (or solution concepts) that
will lead to binding agreements among a set of agents so that the output of a
joint venture can be distributed. Nevertheless, in many real-life situations there
is a tension between cooperation and private interests. Thus, the rules proposed

must be supported by a set of properties (or axioms).

In this setting, and under the assumptions that agents believe in egalitari-
anism, as a social value, but their individual preferences dictate selfish behav-
ior, Dutta and Ray (1989) introduce the weak constrained egalitarian solution
(WCES). This solution concept is defined in a recursive manner and it selects the
Lorenz maximal allocation within the Lorenz core, which is a proper extension of
the core (Gillies, 1953). Although the WCES prescribes, at most, one allocation
for the whole group of agents, in general this solution fails to satisfy existence
and it is difficult to compute. However, for convex games (Shapley, 1971), Dutta
and Ray (1989) provide an algorithm to determine the WCES and show that it
exists, lies in the core and Lorenz dominates every other core element. From an
axiomatic viewpoint, Dutta (1990) was the first to characterize the WCES using
two properties: consistency (or reduced game property), with respect to the max

reduced game (Davis and Maschler, 1965) and the self reduced game (Hart and

3
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Mas-Colell, 1989), and constrained egalitarianism. Consistency is an outstanding
property widely used in the axiomatic approach that relates the solution of a
game to the solution of the reduced game that results from some players leaving.
Constrained egalitarianism is a prescriptive property that fixes the solution for
two person games. Alternative characterizations of the WCES over the domain
of convex games can be found, among others, in Klijn et al. (2000), Hougaard
et al. (2001) and Arin et al. (2003). Recently, Oishi et al. (2016) obtained new
axiomatic characterizations of the WCES on the domain of convex games, by

applying the notion of anti-dual axiom.

As we have mentioned above, the WCES lacks general existence properties. To
overcome this drawback, the Lorenz maximal allocations can be used from a set
of payoff vectors satisfying some minimal requirements. Although the output of
this approach is not necessarily a unique distribution, all of them are on the same
Lorenz curve. On the domain of balanced games, this approach was suggested
by Dutta and Ray (1989), and latter assumed by Arin and Inarra (2001) and
Hougaard et al. (2001). To deal with the question of uniqueness, Arin and Inarra
(2001) and Yanovskaya (1995) introduced the lexmin solution, and Arin and
Inarra (2001) introduced the lexmax solution. Both are single-valued solutions,
dual to each other, based on the lexicographical order. On the domain of weak
superadditive games, Dutta and Ray (1991) introduced the strong constrained
egalitarian solution (SCES), a solution concept that selects the Lorenz maximal
allocations within the equal division core (Selten, 1972). On the domain of all
games, and inspired by the algorithm of Dutta and Ray (1989), Branzei et al.
(2006) introduced the equal split-off set, a discrete set-valued solution concept

that coincides with the WCES on the domain of convex games.

The present dissertation aims to contribute to the study of egalitarianism in

the framework of games from a theoretical point of view as follows. First, on the
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domain of all games, we introduce a family of discrete set-valued solutions that
extends some of the aforementioned well-established egalitarian rules to certain
domain of games. These solutions are defined sequentially and, at each step of
the process, the payoffs to the players are determined by applying principles of
fairness and consistency. We analyze the intersection between these solutions
and the core, and we show that, for a kind of reduction operation satisfying
monotonicity in payments, it is either the empty set or a singleton containing the
lexmax solution. This result induces a procedure for finding the lexmax solution
on a domain that includes games with large core. We extend the previous analysis
by making use of the notion of anti-dual game (Oishi and Nakayama, 2009), and
we find parallel results for the lexmin solution. All these results are collected in

Chapter 1.

Second, we extend Dutta and Ray’s-analysis (1989) by introducing the class of
exact partition games, rich enough to include convex games, dominant diagonal
assignment games (Solymosi and Raghavan, 2001) and also non-superadditive
games, where the WCES behaves as it does in convex games. Within this class,
we provide axiomatic characterizations of the WCES that can be extended to the
class of convex games. One of this axiomatizations can be applied to the class of
balanced games characterizing the Lorenz maximal core. Using the notion of anti-
duality to axioms (Oishi et al. 2016), we obtain additional axiomatizations of the
WCES on the domain of exact partition games but also on the domain of convex
games. On the domain of balanced games, new axiomatic characterizations of
the Lorenz maximal core are obtained. The first part of Chapter 2 contains these

results.

Third, in the last part of Chapter 2 we focus on the axiomatic approach
of the Lorenz maximal allocations in the imputation set. Within the domain

of essential games, we observe that this solution is single-valued and admits a
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characterization of the WCES similar to that given by Dutta (1990), but using
the projected reduced game (Funaki, 1998). We call this solution the Lorenz
stable set. The reason is that it can be interpreted as a sort of stable set a la
von Neumann-Morgenstern (1944) although the usual order in R is replaced by
the Lorenz order. Finally, we connect the WCES and the SCES by means of the
Lorenz stable set.

All the chapters contain a section with concluding remarks that highlight our

main contributions and give some directions about possible future research.
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Chapter 1

Reduced games and egalitarian

solutions!

1.1 Introduction

Transferable utility coalitional games (games, for short) describe situations in
which a group of agents (or players) can get benefits from joint efforts. The
question is how to distribute all the gains from cooperation among the players
by making use of suitable properties. A solution is a mapping that assigns a set
of feasible payoff vectors to each game. In this context, several solution concepts
have been defined with the aim of accommodating egalitarianism and some par-
ticular interests. That is, to allocate the total worth of a coalition as equally as
possible among its agents, while satisfying some individual requirements. One of
the best known concepts is the weak constrained egalitarian solution (Dutta and

Ray, 1989). For convex games, Dutta and Ray (1989) devised an algorithm to

ISome results of this chapter have been published at International Journal of Game The-
ory. Reference: Llerena, F. and Mauri, L1. (2016) Reduced games and egalitarian solutions,

International Journal of Game Theory, 45: 1053-1069.

11
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find their egalitarian allocation and show that it belongs to the core and Lorenz
dominates every other core element. Hokari (2002) generalizes their algorithm by
defining non-symmetric extensions of this solution. Unfortunately, the class of
convex games is the only standard class of games for which existence is guaran-
teed. In order to widen the domain of games for which egalitarian solutions exist,
Dutta and Ray (1991) introduced the strong constrained egalitarian solution, a
parallel concept that selects the Lorenz-maximal imputations in the equal division
core (Selten, 1972). Related studies are Arin and Inarra (2001), Hougaard et al.
(2001) and Arin et al. (2003, 2008), who introduced other egalitarian solutions
based on the notion of the core. Inspired by the Dutta and Ray (1989) algorithm,
Branzei et al. (2006) introduced the equal split-off set, a non-empty set-valued

solution that is well defined for all games.

Consistency (or the reduced game property) is an outstanding property that
plays an important role in the axiomatization of a considerable number of solu-
tions. Informally, a solution is consistent if it makes coherent choices in both the
original game and the reduced game.? In this chapter, we introduce a family of
solution concepts based on egalitarian considerations and consistency principles,
and study its relation with the core. The central idea is that agents in a coalition
that maximizes average worth share this value equally among them and leave the
game. Then, the remaining agents play a suitable reduced game, in which agents
in a coalition with the highest average worth again divide it equally among its
members. The process stops when all agents have been paid. The output of this
sequencial procedure is a finite set of efficient allocations that can be supported

by an egalitarian criterion and a weak consistency property.

The chapter is organized as follows. Section 1.2 contains notation and ter-

minology. In Section 1.3 we introduce the concept of admissible subgroup corre-

2See Thomson (2011) for an essay of consistency.
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spondence a and the associated a—maz reduced game. For a given «, we define
the a—reduced equal split-off set. This set and the core have different qualitative
properties. For instance, the a—reduced equal split off set is always non-empty
and finite, while the core is convex and its non-emptiness is not granted, except
in balanced games. However, the intersection between them provides surprising
results. For any admissible subgroup correspondence « satisfying a monotonicity
property, weaker than the transitivity of the reduction operation, we find that
when the intersection between both sets is non-empty, it becomes a singleton
containing the lezmaz solution of Arin et al. (2003). In Section 1.4, for a class
of games that includes games with a large core (Sharkey, 1982), we show that
the reduced equal split-off set a la Davis and Maschler (1965) turns out to be a
singleton and it coincides with the lexmax solution. We also provide a procedure
for finding the lexmax solution on this domain. To end this section, we connect
the Davis and Maschler reduced equal split-off set with the weak constrained
egalitarian solution on the domain of convex games. Section 1.5 complements
the previous analysis by introducing, for a given «, the anti-dual solution of the

a—reduced equal split-off set, and studying its relationship with the core.

1.2 Notation and terminology

The set of natural numbers N denotes the universe of potential players. A coali-
tion is a non-empty finite subset of N and let N := {N |0 # N C N, |N| < oo}
denote the set of all coalitions of N. A transferable utility coalitional game
(a game) is a pair (N,v) where N € N is the set of players and v : 2V — R
is the characteristic function that assigns to each coalition S C N a real number
v(S), with the convention that v() = 0. Given S, T € N, we use S C T to indi-
cate strict inclusion, that is, S C T but S # T. By |S| we denote the cardinality

of the coalition S € N. By I we denote the class of all games.
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Given N € N, let RY stand for the space of real-valued vectors indexed
by N, x = (2;)ien, and for all S C N, x(S) = >, .gx;, with the convention
z(P) = 0. For each € RY and T C N, z)r denotes the restriction of z to
T: zr = (xi)ier € RT. Given two vectors z,y € RY, x > y if z; > y;, for all
it € N. We say that x > y if x > y and for some j € N, z; > y;. Given N, a
set m = (Py,...,P,), where P, C N for all : € {1,...,m}, with m < |N|, is a
partition of N if the following conditions hold: (i) P; # () for all s € {1,...,m},
(ii) U, P, = N and (i), N P; =0, for all 4,5 € {1,...,m}, i # j.

The set of feasible payoff vectors of a game (IV, v) is defined by X*(N,v) :=
{x € RN |z(N) <v(N)}. A solution on a class of games I" C T is a mapping o
which associates with each game (N, v) € I" a subset o (N, v) of X*(N,v). Notice
that o is allowed to be empty. A solution on a class of games IV C T' is said
to be single-valued if |o(N,v)| = 1 for all (V,v) € I". The pre-imputation
set of (N,v) is defined by X(N,v) := {z € R |z(N) = v(N)}, and the set
of imputations by I(N,v) := {z € X(N,v)|z; > v({i}), foralli € N}. A
game is essential if it has a non-empty imputation set. By I'gss we denote the
class of essential games. The core of (N, v) is the set of those imputations where
each coalition gets at least its worth, that is C(N,v) = {x € X(N,v) | z(S) >
v(S) forall S € N}. A game (N,v) is balanced if it has a non-empty core.
By 'y we denote the class of balanced games. A game is superadditive, if
v(S)+v(T) <v(SUT) for all S, T C N with SNT = . A game (N, v) is convex
(Shapley, 1971) if, for every S, T C N, v(S) +v(T) <v(SUT)+v(SNT). The

class of convex games is denoted by I'c,,. Recall that I'c,, C 'y C I'gys.

Given N € N, for any z € RY, denote by & = (%1, ..., 4,) the vector obtained
from x by rearranging its coordinates in a non-increasing order, that is, 1 > &5 >
... > Zy. In a similar way, for ) # T'C N, Z)p denotes the vector obtained from

the restriction of x to T by ordering its coordinates in a non-increasing way:
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T, > Tjry > ... > T, where t = |T'|. In addition, denote by = = (71,...,7,)
the vector obtained from x by rearranging its coordinates in a non-decreasing
order, that is, 7; < Z < ... < Z,. For any two vectors y,z € RY, we say
that y Lorenz dominates z, denoted by y =, z, if 25:1 yj > Zle zj, for
all k € {1,...,|N|} with at least one strict inequality. If y(N) = x(NN), Lorenz
domination can be defined equivalently as follows: y =, x if Z§:1 g; < Z?Zl z;,

for all k € {1,...,|N|} with at least one strict inequality.

1.3 Reduced equal split-off set and the core

The egalitarian solution of Dutta and Ray (1989) is the output of a sequential
procedure where the game is reduced each time the payoffs to players in a coalition
maximizing average worth are assigned. Then, a reduced game is defined by only
taking into account the whole group of players outside the game. Following this
idea, but taking into account other notions of reduced games that allow for more
coalitional options, we define a family of solutions and study its relation with the
core. The equal split-off set of Branzei et al. (2006) turns out to be a particular
case when we reduced the game a la Moulin (1985).

A single-valued egalitarian solution that will play an important role in our
analysis is the lexmax solution of Arin et al. (2003). For any two vectors z,y €
RY | we say that x <., y if z = y or z; < y; or there exists k € {2,...,|N|} such
that z; = y; for 1 <i <k —1 and z}, < yx. For a balanced game (N, v), the lex-
max solution is defined as Lmaxz(N,v) = {x € C(N,v) | & <ep g for ally € C(N,v)}.
For any balanced game (N, v), the lexmax solution is a singleton and it is Lorenz
undominated within the core.

Next we introduce the concept of admissible subgroup correspondence

inspired by the work of Thomson (1990) and also used by Izquierdo et al. (2005).
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Definition 1. An admissible subgroup correspondence o : N — N is a corre-
spondence that associates with each N € N a non-empty list a(N) of coalitions

of N.

We denote by A the set of all admissible subgroup correspondences. Given
a,a’ € A, we write « < o’ if for all N € N, a(N) C a’(N).

Now we introduce the a—max reduced game by using the notion of ad-
missible subgroup correspondence a. This game is defined over a set of agents
where each subgroup evaluates its worth by considering the coalitional restric-
tions determined by «. Examples of admissible subgroup correspondences a can
be given by taking into account several aspects of coordination between players:
communication, hierarchies, geographical areas, law requirements, or the size of

the subgroups.

Definition 2. Let (N,v) be a game, a € A, ) # N' C N and x € RE where
N\ N C K C N. The a—mazx reduced game relative to N' at x is the game
(N, 72" (v)) defined by

0 if S =10,
ree(@)(8) =1 max  {(SUQ) -2(Q)} #0+SC N, (1.1)
v(N) —xz(N\N') if S = N'.

The interpretation of the a—max reduced game is as in Davis and Maschler
(1965) but here the options of members in N’ to cooperate with members in
N\ N’ are restricted by the admissible subgroup correspondence . The Davis
and Maschler reduced game is a particular case when a(N) = 2V for all
N € N. Other well-known reduced games can also be obtained by taking a
suitable admissible subgroup correspondence. For instance, the complement
reduced game proposed by Moulin (1985) is defined by a(N) = {N} for all
N € N, or the projected reduced game (Funaki, 1998) by a(N) = {0} for all
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N € N. Another example is a(N) = {0, N}, for all N € /. This correspondence
formalizes a dichotomous situation where each coalition may stand alone or join
the whole group of players. The above reduction operations will be denoted by
apu, o, ap and ap, respectively.

A well-known property related with the notion of reduced game is consis-

tency.

Definition 3. Let o be a solution on TV C T'. Given a € A, we say that o satisfies
a—consistency on I if for all N € N, all (N,v) € T”, all N' C N, N' # (), and
all z € o(N,v), then (N',7Y (v)) € " and xn € o (N, 75 (v)) .

On the domain of convex games, the weak constrained egalitarian solution of
Dutta and Ray (1989) satisfies avpys— consistency (Dutta, 1990). On the domain
of balanced games, the core also satisfies apys— consistency (Peleg, 1986). Using
the same proof as Peleg (1986), it can be easily shown that the core satisfies

a—consistency for all a € A.

Proposition 1. On the domain of balanced games, the core satisfies a-consistency,

for all a € A.

Proof. Let (N,v) be a balanced game, o € A and « € C(N,v). Take ) # N’ C
N. For every S C N’, there exists Q* € a(N \ N’) such that

M @)(S) =  max {v(SUQ)—=z(Q)} =v(SUQR") — 2(Q%)

Qea(N\N')

< 2(SUQY) - 2(Q") = a(S).

Moreover, rY (v)(N') = v(N) — (N \ N') = 2(N) — (N \ N') = 2(N').
Then, zn € C’(N’ N (v)) and (N', 7Y’ (v)) is balanced. O

/

I a:n ) a T

It is quite straightforward to see that the lexmax solution is apjs-consistent
on the domain of balanced games. Let (N,v) be a balanced game and z =

Lmaz(N,v). Take ) # N’ C N and suppose zy # Lmaz (N',r) (v)). By
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apy—consistency of the core, x|y € C (N’, rg];MJ(v)), and thus it holds 7 <jes

Zjnv, where y = Lmax (N',r)’ (v)). Notice that z = (y,zxn) € C(N,v).

’ apM,T

3

But Z <., #, which leads a contradiction.” This completes the proof of the

following proposition.

Proposition 2. On the domain of balanced games, the lexmaz solution satisfies

Q.ppg-consistency.

However, as shown Example 1 bellow, the lexmax solution is not a-consistent

for any o € {ap, ap,ap}.

Example 1. (Dutta and Ray, 1989) Let (N,v) be a balanced game with set of

players N = {1,2,3,4} and characteristic function as follows,

S vS) S vS) S v(S) S v(S)
{1} 0 {122 0 {123} 105 {1234} 2
20 0 {13} 0 {124} 0
(3} 0 {14} 0 {134} 19
{44 0 {23} 105 {234} 1.9

{24y 0
(34} 1.9

Let us first show that x = (0,0.1,0.95,0.95) is the lexmaz solution. Notice that
x € C(N,v) and & = (0.95,0.95,0.1,0). Suppose that x # Lmax(N,v) = y.
Then, § <iex &. Since y € C(N,v), yz +ya > v({34}) = 1.9. Ify; > L2 =0.95
or Ys > % = 0.95, then 91 > 0.95 in contradiction with 1j; < 1 = 0.95. Thus,
ys = ys = 0.95, J1 = 9o = 0.95 and g3 < 23 = 0.1. Since yo+ys3 > v({23}) = 1.05

3The following property is well known (see, for instance, Potters and Tijs, 1992). For any
n € N we define the map 6 : R® — R”™ which arranges the coordinates of a point in R"
in non-increasing order. Take z,y € R"™ such that §(z) is lexicographically not greater than
O(y). Take now any z € RP and consider the vectors (z, 2), (y,2) € R*™P. Then, (z, 2) is

lexicographically not greater than 6(y, z).
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and y3 = 0.95, we have that yo > 0.1, which implies y3 > 0.1. But then y3 = 0.1
and, by efficiency, y = z. Finally, taking into account that the lexmax solution is
a singleton we conclude that x = Lmax(N,v).

Next we show that the lexmaz solution is not a-consistent for any o € A* =
{an,ap,ap}. Indeed, consider the a-max reduced game ({12} ,riﬁ?(v)). It can
be checked that, for any o € A*,

rid (0)({1}) = r&2 () ({2}) = 0 and i (v)({12}) = 0.1.

Hence, Lmaz ({12} ,ri}i}(v)) = (0.05,0.05) # (0,0.1) = 2/(12).

Associated with o € A we introduce the a—reduced equal split-off set.

Definition 4. Let (N,v) be a game and o € A. We say that m = (T, ..., T;) is

an a—ordered partition of N if

v(S) Tody T (0)(8)
T —_— d T ’
1€ arg @;IIS%XN{ 1S } and Ir € arg @#sgzv{%?&{...u:rk,l { S|

for each k =2,...,t, where

® I = <v|g1|), N v|(;;1|)> € RTl and

o 15, € RI1V-YTk 45 recursively defined as follows:

Th—1,i ifieTiU.. . UTy_q,
LL’kﬂ' = MT - (12)
1V UT
Taco: () (k) .,
if v € Ty.
|Tk;| f k

We call the payoff vector x; € RY as the a—reduced equal split-off allocation

generated by .

Definition 5. Let (N,v) be a game and o € A. The a—reduced equal split-
off set of a game (N,v), denoted by ¢*(N,v), is the set of all a—reduced equal

split-off allocations.
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For o = a; we recover the equal split-off set of Branzei et al. (2006). The

next example illustrates the above procedure.

Example 2. Let (N,v) be a game with set of players N = {1,2,3,4} and char-

acteristic function:

S wvS) S v S v(S) S v(S)
{1y 1 {12} 4 {123} 9 {1234} 11

{2} 2 {13} {124}y 7
(3} 3 {14} {134} 6
4y 2 {23} (234} 9

{24}
{34}

[ D & L e

The procedure to obtain an a—reduced equal split-off allocation, o € A, is as
follows. In the first step of the process we take an arbitrary coalition T that
mazximizes the average worth of the game (N,v). Then, every player i € T}

”|(TT11|), If T # N, we consider the a—maz reduced game relative

Tecelves T; =
to N\'T\ at xjy, € R™. Again, we choose an arbitrary coalition Ty C N \ T
that maximizes the average worth in this reduced game and every player i € T

N\T-
raa L (Ty)
T2

receives xr; = The process stops when a partition of N of the form
= (T1,Ts,...,Ty), for some 1 <t < |NJ|, is reached. Repeating this process
for each of the coalitions that maximize the average worth of the original game
and the successive reduced games, we obtain the set of a—reduced equal split-off

allocations.

The following diagrams show how are obtained both ¢*F (N, v) and ¢“PM (N, v).
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ap—reduced equal split-off allocations:
S ws) ¥ 8 ws) S w(s) 5
1y 1 1 {12} 4 2 {123} 9 3
{2} 2 2 {13} 4 2 {124y 7 2.3
{3y 3 3 {14} 6 3 {134} 6 2
{4y 2 2 {23} 5 2.5 {234} 9 3
{24} 6 3 {1234} 11 275
{34} 6 3
2 X Y ’
T = {14} T1 = {123} =4} |[1={234 |[ 1 = 31} T = {3}
7 b 7 333 ) (737 73) (737373) (7 7373) (7 73? )
L= =1 (124} w8124 o) (9)
(3,3,3,2) (2,3,3,3) Srap,e (V&) — "1
y Y \
{23} AY4 {1‘5) AY4 } \ {1} 1 1
s vt I | IEPRRCO At - OIC | RO R TOICN (PR 2
{4} 2 2
{12} 4 2
{14} 6 3
{24} 6 3
l {124} 8 2.6
T, = {3} T> = {12} J
3,3) (2.5,2.5,3,3) r y X
3 T = {14} |[ T = {24}
L (3, ,3’ 3) ( 737 37 3)
Y 12
3,2,3,3 -
6239 = | =1
(3,2,3,3) || (2,3,3,3)

Thus, the ap—ordered partitions of N, m
({3},{14},{2}), generate the payoff vector (3,2,3,3).
({24}, {3}, {1}), ms = ({234} ,{1}) and 75 =

ate the payoff vector (2,3,3,3). In addition, the allocation (2.5,2.5,3,3) is gen-

tions w3 =

erated by mg =

({34} ,{12}) and the allocation (3,3,3,2

)bZ/W7=

({14}, {3} ,{2}) and m

({123}, {4}).

The ap—ordered parti-

({3} .{24} ,{1}) gener-
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apy—reduced equal split-off allocations:

S wS) ¥ s s S w(s) &
1y 1 1 {12} 4 {123} 9 3
{2v 2 2 {13} 4 {124y 7 2.3
{3, 3 3 {14} 6 3 {134} 6 2
4y 2 2 {23} 5 25 {234} 9 3
{24} 6 3 {1234} 11 275
(34} 6 3
— 4 ¥ ] Y ’
n={14} [m=023 || m =124} |[ 1 =230 || 0 = {34} Ty = {3}
[ @3, ,,3) ] (3,3,3, ) ][ (,3,,3) ][ (,3,3,3) ][ (,,3,3) ] (,,3,)

r y Y A Y
R el B el [ DI L i PN G - U
Tapp e [S]
{2} 3 3 {1} 3 3 {1} 3 3 1} 1 1
{3} 3 3 {3} 3 3 {2} 3 & 21 2 2
{23} 5 2.5 13} 5 2.5 12} 5 2.5 4y 3 3
¥ ¥ Y "4 LT f12} 6 )
Ty = {3} = {2} Ty = {3} Ty = {1} Ty = {1} T = {2} Y ou 6 3
(3, ,3,3 3, ,3) (,3,3,3) (3,3, ,3) (3, ,3,3) (,3,3,3) {24} 6 3
v v 7 V| (e 8 2.6
rs={2 [ =03 [ = | =06 [ =@ |[ =0 } /
[(3233)][ 3323)][(2,3,3,3) ][ (3,3,2,3)][(3,2,3,3)][(2,3,3,3) j \
— J
Ty = {4} Ty = {14} Ty = {24} Ty = {12}
[ (,,3,3) ][ (3, ,3,3) ][ (,3,3,3) ][ (3,3,3,) ]
¥ v Y

r 12 {123 (u><s>‘ T = {2} T = {1} Ts = (4}
s i, m(“ﬂS)[’Mi\ (3,2,3,3) (2,3,3,3) (3,3,3,2)

{1} 3
{2} 3
{12} 5 245
\ F * v
T3 = {1} T3 = {2}
3, ,3,3) (,3,3,3)
y 2

n= | =
(3,2,3,3) (2,3,3,3)
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The allocation (3,2, 3, 3) is generated by the aupyr-ordered partitions mp =({14}, {3}, {2}),

m=({3}, {4}, {1}, {2}), m3 = ({3}, {14} ,{2}) and my = ({34}, {1},{2}). The
partitions =, = ({234}, {1}), m = ({24}, {3}, 1), @ = ({34}, {2}, {1}),
s = ({3},{4},{2},{1}) and 75 = ({3},{24},{1}) produce (2,3,3,3). More-
over, m, = ({14},{2},{3}) and w}; = ({24},{1},{3}) produce the alloca-
tion (3,3,2,3); and both w1, = ({123},{4}) and 75 = ({3},{12},{4}) provide
(3,3,3,2).

Similarly, we can calculate the a—reduced equal split-off set for o € {apr, ap}.
As we can see in table below, the different a—reduced equal split-off sets are finite

and different from each other.

Allocation | ¢“M(N,v) | ¢“F(N,v) | ¢*PM(N,v) || ¢*P(N,v)
(2,3,3,3) X
(3,3,3,2) X X X X
(3,2,3,3) X X X
(3,2.5,2.5,3) X
(3,3,2,3) X
(2.5,2.5,3,3) X

In order to analyze the relation between the a—reduced equal split-off set and
the core of a game, we consider a family of admissible subgroup correspondences

that satisfies a monotonicity property.

Definition 6. Let o € A. We say that « satisfies monotonicity in payments if
for all N € N, all (N,v) € T, and all x € ¢*(N,v) generated by 7 = (T1,...,Ty),
it holds that for all k < h <t, x; > x; for alli € T}, and all j € T},.

We denote by Ao, the set of admissible subgroup correspondences satisfying

monotonicity in payments.
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A natural requirement on a € A is that the associated a—max reduced game
should be transitive, in the sense that the repeated use of the reduced game does

not depend on the order that players leave the game.

Definition 7. Let « € A. The a-max reduced game is said to be transitive if

N (r%(v)) =rNo(v), for all N € N, all (N,v) € T, all coalitions ) # N" C

Ot,ﬂL"N/
N’ C N and all payoff vector x € RE with N \N"C K CN.

We denote by A; the set of admissible subgroup correspondences such that
the associated a—max reduced game is transitive. It can be easily checked that
ap,ay € A;. To show that apy € Ay see, for instance, Chang and Hu (2007).
The next lemma states a sufficient condition on o € A to guarantee transitivity

of the associated a—max reduced game.

Lemma 1. Let « € A. If for all N € N and all ) # N" ¢ N C N it
holds (N \ N") D {Q1U Q2| Q1 € a(N'"\ N") and Q3 € a(N \ N')}, then the
associated a—max reduced game is transitive.
Proof. Let N € N, (N,v) a game, ) # N” € N’ C N and » € RX, where
N\N"CKCN.

For T = () or T = N”, the equality rY, (rX (v)) (T) = rY, (v)(T) follows

T N a,r o,x
straightforwardly.
For every ) # T C N”, there is Q1 € a(N'\ N”) and Q2 € (N \ N’) such
that
NN N/ - N/
i (@)@ = max @) UQ) - 2(Q)]

= L ()(TUQ1) —x(Qu)

= e {o(TUQLUQ) —2(Q)} — (@)
= v(TUQ1UQ2) — 2(Q2) — 2(Q1)

< e {o(TUQ) —2(Q)}

= N ()(T).

a,x
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On the other hand, there is Q* € a(N \ N”), Q" = Q7 U Q; with Q] €
a(N"\ N”) and Q% € a(N \ N’), such that

rax (@) = v(TUQ") —2(Q)
= o(TUQIUQ;) — 2(QTUQ3)

S pmax {v(TUQIUR) —z(R)} — z(Q])

= LT UQ) - =(Q))
< max {rgj;(u)(TUS)—x(S)}

Sea(N'\N")
= 0 () ().
Hence, Té\{;lN’ (rév;:(v)) (T) = Ti\{;(v)(T), which concludes the proof. O

The next two propositions state that transitivity is a sufficient but not neces-

sary condition to satisfy monotonicity in payments.
Proposition 3. A; C A,.on.

Proof. Let (N,v) be a game, o € A; and z € ¢*(N,v) generated by 7 =
(Th,...,T;),witht > 1. For k € {1,...,t — 1}, let us denote N, = N\T1U...UT}.

Let No = N and v = r}o(v). For k <t —1,i €T} and j € Tj41, we have

N, Ni_
A ) (T N ()(Thgr)  Tadg (Ta,’% 1(@)) (Th41)
v =—————>andz; = = (1.3)
| T T | T
We distinguish two cases:
e Case 1: Ty, = Nj. In this situation, for j € Ty,
Nk_1 Nk_1
o, N — - la.x T
5 = (0)(Ni—1) = raa (V)(Th) (1.4)

| V|
Suppose x; > x;, for i € T, and j € Tj41. Then, combining (1.3) and (1.4)

we obtain N
Np_1 Taz ' (V
r (v)(Ng_1) > T,

a,x

f(T’“)w L IT)
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or, equivalently,

rast (0)(Nimy) _ o (0)(Ty)

| N1 | T |

. o rag (0)(T)
in contradiction with the fact that T € arg max ).
0ATCNy_, |T|

e Case 2: Ty 1 C Ni. In this case, there is Q* € «(T}) such that, for all

J € Tit,

Ni_1 * * 7"51\7];_1 v) (1]
ras ! () (Thn U Q) — Q] Pt
| T4

If z; > x; for i € T}, then combining (1.3) and (1.5) we have

o (0)(T})

* Tarx *
N1 (0) (Thyr U Q) > T (| Thqr| +1Q7)

o,z

or equivalently,

Tos ' (0)(Ther U Q) - ros (0)(Ty)
T U Q7| |Tk| ’

. o rag " (v)(T)
in contradiction with the fact that 7, € arg  max e
0#ATCNy_1 T

x; < z; foralli e Ty, all j € Ty1y and all k € {1,...,¢t— 1}, which con-

. Hence,

cludes the proof. O
Proposition 4. ap € A,,., but ap & A;.

Proof. Let (N,v) be a game and = € ¢*2(N,v) generated by m = (11, ...,T}),
with t > 1. For k € {1,...,t— 1} let us denote Ny = N\ Ty U... UTj. Let

No=N and v = TéVgI(v) For k<t—1,i €T, and j € Ty, we have

ras s (0)(Ty) rok o (0)(Tet1)
r; = ——————=> and x; =
|T5| | Tyt

If £ <t—1, we distinguish two cases:
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V(Tk41)
[Tl

e Case 1: z; =
In this situation,

N, —1 N —1
. V(Ti1) _ rapa (0)(Thir) _ rapa (0)(Th) _
T T T | Thet1] B T

Iz

where the first inequality follows from the definition of ap and the second

Ni_1
« X T
one from the fact that T}, € arg max rape (0)(T) .
0ATC Nj,_, T

U(T1U...UTkUTkJrl)—:E(Tlu...UTk)
| Th41]

o Case 2: z; =

Ni—1

Notice first that z(Ty) = 1oz (v)(T)). Then,

’U(Tl Uu...uU Tk U Tk-i—l) - ZL‘(Tl Uu...U Tk—l) — [L‘(Tk)

ZL’j:

| The41]
o T U T — o(Th)
a | The1]
Ng_1 Nk-1
_ Tape (0)(Th U Thr) — rape (0)(Th)
Tt
Ne_
)T
g ‘Tk’ (3]

where the first inequality follows from the definition of ap and the second

Ng-1
(0% X T
one from the fact that T, € arg max M .
PATCN,_; T

If i € Ti_; and j € T3, then z; = U(TlU"'UT“luthT)trx(Tlu"'UTH). Thus, as in

the above Case 2 it can be shown that z; < ;.

To see that ap ¢ A;, consider the game (N, v) with set of players N = {1,2,3,4,5}

and characteristic function as follows:
v({4}) =0.95, v({14}) = v({134}) = 1.9, v({23}) = v({123}) = 1.05,

v({34}) =1, v({234}) = 2.8, v({1234}) =2, v({12345}) = 3.8

and v(S) = 0, otherwise.
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Take x = <0.95, 0.6 5, 0.6 g, 0.95,0.6 5) Routine verification shows that

r {235} (ri2553 (v)) ({23}) = 1.85 > r25}(v) ({23}) = 1.05.

DT {1235} ap,T ap,T

]

Our main result in this section (Theorem 1) states that for any a € A,,on,
the intersection ¢*(NN,v) N C'(N,v) is either the empty set or the lexmax solu-
tion. Before doing this, we need some preliminary results. The first one states
that if the grand coalition N is a coalition maximizing average worth, then any
a—reduced equal split-off set, o € A0, i a singleton containing the equal

split-off allocation.

S
Proposition 5. Let (N,v) be a game and o € Ayon. If N € arg max {U( )}

5]
then ¢*(N,v) = {(”&%...,%)}.

Proof. Let (N,v) be a game and o € Ap,. If N € eurgnqayzw;,ésg\,{%}7

then z = (“l%v‘),...,ﬂ N)> € ¢*(N,v). Suppose there is y € ¢*(N,v), y # =z,

|
generated by m, = (S1,...,S;). Foralli € Sy, y; = 2; = v|(]<[v‘)'

y(N) = z(N), and thus y(N \ S1) = (N \ S1). Moreover, since a € Ao, We
v(S1) _ v(

By efficiency,

have 1; < © |) = 7 Jq) = x;, for all i € N\ S;. This inequality, together with
y(N\ S1) = x(N\ Sy), imply x; = y;, for all i € N. O]

Combining monotonicity in payments with Proposition 5, we obtain an inclu-
sion between the intersections of the a—reduced equal split-off sets with the core,

depending on the order of the admissible subgroup correspondences o € A, 0.

Proposition 6. Let a,a’ € Aypn such that o < «’. Let (N,v) be a balanced
game and x € ¢*(N,v) NC(N,v). Then, v € ¢ (N,v) N C(N,v).

Proof. Let (V,v) be a balanced game and o, a’ € A, with @ < a’. Notice
first that for all ) # N’ C N and all y € RY it holds
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N’ N’
Ta’,y(v>(R) > ra,y(v)<R)7 (16)

for all R C N'.

Let z € ¢%(N,v) NC(N,v) be generated by m, = (11, T, T3, ..., T;) and 2! €
¢*'(N,v) be generated by 7,1 = (T}, Ss,...,Ss). If t = 1 then, by Proposition
5, 9*(N,v) = ¢~ (N,v) = {(”<N) .,“<N>)}. Assume ¢ > 1. For all i € T3,

INT 2 * 0 IN]

x; = 2}, and by a’—consistency of the core

vy € C (N\Tl,riVsTf(v» : (1.7)

By monotonicity in payments, for all + € T, and all j € S5, it follows z; > ;.

z(T3)
| 7%

> max;es, {2;} > 252 Thus,

Since x; = x3, for all i,k € Ty, we have z; = EAR

taking all this into account together with (1.6) and (1.7), we obtain the chain of

inequalities
N\Ty N\T:
roa (0)(T) _ a(Ty) _ 2(S)) rann (v)(S2) - rant (0)(T3)
T3] L] = 18]~ [So) T I
ran O(T2) AT (0)(Ty)
B |15 T

which implies

PN )T) T @)(Sh) T (0)(T)

| T3] B |5 B | T2
Thus, there is 2> € ¢ (N,v) generated by m, = (Ty,T3, Rs,...,R,) and

such that 22 = x; for all i € Ty U Ty. Again by a’—-consistency of the core we

have zy\run, € C (N \ Ty UTy, pVNIT2 (U)), and by monotonicity in payments

al,z?
x; > xj, for all i € T, j € R3. Since x; = x; for all i,k € T3, we have

T

2(Is) ﬁfﬁ. Thus, as before, we have that

|75

T = T 2 MaXjery {25} 2

Té\i;ﬁUTz (U) (T3) B Tié\fl\’gUTg (2}) (Rg) Tivl\’z;l UTs (U) (Tg)

|75 B | R B T3]
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Hence, there is z* € ¢*'(N,v) generated by 7 = (T1, Ty, T3, Py, . . ., P,) and
such that 23 = x; for all i € T} UT, U Ty,
Following this process step by step we find that = € ¢’ (N,v) N C(N,v). O

Remark 1. Observe that ¢*(N,v) N C(N,v) C ¢* (N,v) N C(N,v), whenever

a < a'. However, in general, $*(N,v) € ¢*' (N, v), as shown the neat example.

Example 3. Let (N,v) be a balanced game with set of players N = {1,2,3,4}
and characteristic function:

S w(S) S v(S) S v(S) S v(S)

1y 0 {12} 10 {1,2,3} 13 {1,2,3,4} 15

{2} 5 {1,3} {1,2,44 11
{3} 3 {1,4) {1,3,4} 10
{44 2 {2,3} {2,3,4} 10

{2,4}

{3,4}

It is not difficult to verify that ¢*P(N,v) = {x = (5,5,3,2),y = (4,5,4,2)},

where x is generated by m, = ({1,2},{3},{4}) and y by m, = ({2}, {1, 3}, {4}).
Moreover, p*M (N,v) = ¢*P(N,v) = ¢*PM(N,v) = {(5,5,3,2)}.

g &Y oo O o

Now we have all the tools to state the main result of this section.

Theorem 1. Let (N,v) be a balanced game, o € Apon and © € ¢*(N,v) N
C(N,v). Then, Lmax(N,v) = {x}.

Proof. Let (N,v) be a balanced game, a € A,,0n and z € ¢*(N,v) N C(N,v).
Since a < apyy, from Proposition 6 we know that = € ¢®P(N,v). Let m =

(S1,52,...,Ss) be an appr—ordered partition of N generating z. If s = 1, then,

v(N) v(N)
[N[ 77 IN]

by Proposition 5, x = ( ) = Lmax(N,v). If s > 1 suppose, on the

contrary, x # Lmax(N,v). Let y = Lmaxz(N,v). As apy € Amon, we know
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v(S1)
[S1]

that for all i € Sy, z; = > x; for all j € N. Since y € C(N,v), there is

11 € 51 such that y;, > %, and thus §; > y;, > U\(SSIIR'

with the fact that § <., & imply y;, = 4. If S1\ {i1} # 0, then y(S1 \ {i1}) =

y(Sy) — v|§l‘) > v(S)) — UI(;II) =51\ {i1} |”‘(511|). Hence, there exists at least some

player iy € S7 \ {i1} such that y;, > ”‘(glll) = x;,. Since ym} <lex mm}, we

This inequality together

conclude that y;, = x;,. Following this process we can check that y, = z for all
k € Si, and s0 Ynv =iex Ty Where N’ = N\ S;. Now consider the reduced game

(N’ rV’ (v)) Since yis, = x|s,, by apy—consistency of the core, xn/,yn €

> apmyy
C’(N’,révj;M’y(v)). Moreover, as apy € Ay, x|n € ¢*PM (N’,T(JIV];ij(v)) being
mn = (S2,...,Ss) an apys—ordered partition of N’ generating x|x-. On the other

hand, by apas—consistency of the lexmax solution yn, = Lmax (N’, réVJ;ny(v)).
Now from the reasoning above we can see that y, = x;, for all k£ € Sy. Following

this line of argument we conclude that = = y. m

Remark 2. [t is worth to point out that monotonicity in payments is a necessary
condition to guarantee that the intersection between the core and the a—reduced
equal split-off set, whenever non-empty, coincides with the lexmax solution. In-

deed, let o € A be defined as follows: for each N € N

a(N) :={0,N,S C N such that |S| = 2}.

Consider the balanced game (N,v) where N = {1,2,3,4,5,6} and the char-
acteristic function is given by: v({1,2}) = 6, v({3,4}) = 5, v({1,3,5}) = 8.5,
v(N) =14 and v(S) = 0 for any other S C N. It can be checked that ¢*(N,v) =
{r =(3,3,2.5,2.5,3,0)} where = € C(N,v) and it is generated by the a-ordered
partition =, = ({1,2},{3,4},{5},{6}). Notice that 3 = x4 = 2.5 < 3 = x5, which
shows that o ¢ Apon. Moreover, p*PM (N, v) = {y = (3,3,2.75,2.25,2.75,0.25) }.
Since y € C(N,v) and apy € Apon, from Theorem 1 we know that y =

Lmax(N,v), being y # x.
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From Theorem 1, a natural question arises: given a balanced game (V,v), is
there some a € A, such that Lmax(N,v) € ¢*(N,v)? Although in general
this fact is not true (see Example 4 below), in Section 1.4 we will see that for
some classes of games the lexmax solution can be interpreted as an apy;—reduced

equal split-off allocation.

Example 4. Let (N,v) be a balanced game with set of players N = {1,2,3} and
characteristic function:

S w(S) S v(S) S v(S)

1y o {12} 1 {123} 1

20 0 {13} 1

B3V 0 {23} 0

For all « € A, ¢*(N,v) = {(0.5,0.5,0),(0.5,0,0.5)} and Lmax(N,v) =

(1,0,0).

1.4 Davis and Maschler reduced equal split-off set
and the lexmax solution

In this section, we show that on a class of games that includes games with large
core (Sharkey, 1982) the lexmax solution turns out to be the unique apy-reduced
equal split-off allocation. We first show that the Davis and Maschler reduced
equal split-off set becomes a singleton when intersects with the core. Before

proving it, we need a technical lemma.

— v(T) —1;
Lemma 2. Let (N,v) be a game, Ml—argQ);rngang{ i }, Ni={ie S|S e M}
and x € ¢*PM (N, v) generated by the apy—ordered partition m, = (1y,...,T}).
Let Y U...UTp ={i € N|x; > x; forall j € N}. If Ny # N, then Ny =
TU...UTy !

4As shown Example 4, Lemma 2 does not hold if N; = N.
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Proof. Let (N,v) be a game and x € ¢*PM (N, v) generated by 7, = (11,...,T}).

Let T U...UTp = {i € N|x; > z; forall j € N}. Notice first that ¢* < ¢
T

since, otherwise, x = (”(N) ”(N)> which implies N € arg max {U( )}, in

INT 7= IN] o2rcnN | |T|
contradiction with Ny # N.

First we show that TYU.. . UT, C Ny. Let ¢t € TYU.. . UT,-. If i € Ty, clearly
i € Ny. If i € T), for some h € {2,...,¢*}, then there is Q* C T3 U...UT},_1 such
that

() _ g )(m) (T U Q7) — Q|5
T |Th| ||

v(Ty) _ v(ThUQ")
Th] — |ThUQ*|

(1.8)

X

Reordering terms in (1.8), we have that , which implies T}, U

0ATCN
To show the reverse inclusion, take i € N; and suppose ¢ & 11 U ... U T-.

T
Q" € arg max {%}, and thus i € Ny.

Then, there is R* € M, such that i € R*. Next we show that R*\ T3 U... U
Tpe # Tpryr U ... UT,. Indeed, if R*\NTYU...UTy = Tpyq U...UT,, then
N=T,U...UT;UR" As we have seen before, Ty U... U T, € N;. This

T
inclusion, together with R* € arg max {%}, imply N; = N, a contradiction.

P£CN
Hence,
N\Tluu.uTq* N\Tlu...uTq* .
o(Th) > leppz () (Tg*41) >~ Tapye (V) (R*\T1U...UT =)
T | Ty 1] = |[R*\T1U...UT x|
(1.9)
o W) —e(RO{TU.UT} v(R*)—| R* N{T1U...UT, } 57t

|R*\T1U...UTQ*‘ |R*\T1U...UTq*‘ ?

where the first inequality follows from the definition of 73 U ... U T}, the second
N\T1U...UT
one from Ty € arg max Tapr (0)(T)
i 0ATCN\TU...UT T
the definition of the apy—max reduced game and the fact that R*\ T3 U... U

, and the last one from

Ty # Tyra U ... UT,. From (1.9) it follows % > vg?, in contradiction with

T
R* € arg max o(T) . Hence,i€eThU... UTp and Ny =T U... UTe. O
o2TcN | |7
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Theorem 2. Let (N, v) be a game. If x € ¢*PM (N, v)NC(N,v), then ¢*PM (N, v) =
Lmaz(N,v) = {x}.°

Proof. Let x € ¢*P¥(N,v)NC(N,v). From Theorem 1 we know that Lmax(N,v) =
{z}. Suppose there is y € ¢*PM(N,v) \ C(N,v). Let m, = (11,...,T;) and
my = (51,...,8s) be two apy—ordered partitions of N generating = and y, re-

spectively. Let

T1UUTq*:{ZEN‘Z}EZ}fOI’aH]GN} (110)
SiU...USy ={i € N |y >y, forall j € N}. '

T
Denote M; = arg max u(T) and Ny = {i € §|S € M;}. We distinguish
o2TcN | |7

two cases.

e Case1: Ny =N
If T} = N then, by Proposition 5, ¢ (N,v) = {z}. If T} # N, then
for all i € Ty, x; = ”|(TT11|). Let k € {2,...,t} and i € Ty. Since N = Ny,
there is R € M, such that i € R. As z € C(N,v), z(R) = z(R\ T1) +
z(RNTy) > v(R) or, equivalently, x(R\ T1) > v(R) —z(RNTy) = v(R) —

RN Ty = o(R) (1— 'RWTI') = Wp\ 1y = TR\ Ty|. Since

[T1] |R] IR [T
apy € Apmon, for all @ € R\ T, we have x; < (@) Combining both

T4
inequalities we obtain, for all i € R\ T}, x; = vlgll)' Therefore, for all
i,j € N, x; = x;. Finally, by efficiency, z = (U‘%),...,ﬁ%)) and, by

Proposition 5, we conclude ¢*P¥ (N, v) = {z}.

5Yanovskaya (2009) provides a similar result proving that if the equal split-off set of Branzei
et al. (2006) intersects with the core, then it is single-valued and coincides with the weak
constrained egalitarian solution of Dutta Ray (1989). However, for arbitrary « € Ao, this
statement is not true. For instance, in Example 3, ¢**(N,v) = {(5,5,3,2),(4,5,4,2)} and
(5,5,3,2) € C(N,v).
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e Case 2: Ny # N
Let ¢* and p* as defined in (1.10). Notice that ¢* < t and p* < s since,
otherwise, N € M, contradicting N; # N. From Lemma 2, Ny = T} U
. UTy = S1U...U Sy, which implies x; = y; for all ¢ € N;. Thus,
the reduced games (N \ Nl,réng\ﬁfz(v)) and (N \ Nl,révgﬁfy(vD coincide.
By apy—consistency of the core, zjyn, € C <N \ Nl,ri\gﬁfx(v» . Since
apu € Ap, T\, Y NN, € OOPM (N \ Nbﬂ%ﬁfm(v)).

Now define

Tq*+1U...UTk:{Z'EN\N1|ZEiZijOI'aHjEN\N1}
SprprU...US,={ie N\ N, |y, >y, foraljeN\N}.

N\N; T
Denote M; = arg  max %L(U)()
PATCN\Ny ‘T’

If Ny = N\ N; then, as in Case 1, z; = y; for all ¢ € N \ Ny, and thus

}anngz{i€S|S€Mg}.

x = y. Otherwise, again from Lemma 2, we have that Ny = T+, U. . . UT}, =
Spry1 U ... US, and z; = y; for all i« € Ny. Repeating this argument we
conclude that z = y. O]

Let us denote by Iy, ,,, the subclass of balanced games such that (V,v) € I'
if and only if ¢*PM (N, v) N C(N,v) # 0.

apDM

Remark 3. It is worth to mention that there are games (N,v) and admissible
subgroup correspondences o € Ayon such that ¢*(N,v) N C(N,v) # 0 with o #
apy. For instance, the class of games under the assumption of Proposition 5
satisfies the condition above for all o € A,on. Another example is the class
of conver games. As we have commented before, on the domain of all games
the equal split-off set of Branzei et al. (2006) coincides with ¢“M. For convex
games, these authors show that ¢“M reduces to a singleton containing the weak

constrained egalitarian solution of Dutta and Ray (1989), which is a core element.
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This fact, together with Proposition 6, means that ¢*(N,v) N C(N,v) # 0 for all

a> ay, @ € Apon, and all conver games (N, v).

Next we show that the class of games with large core is strictly included in
Copu
The concept of large core is based on the notion of aspiration. An aspiration
of the game (N, v) is a vector z € R such that z(S) > v(S) for all S C N. We

denote by A(N,v) the set of aspirations of the game (N, v).

Definition 8. The core of a game (N,v) is large if for all y € A(N,v), there
exists x € C(N,v) such that x < y.

By I'j. we denote the class of games with large core.

Theorem 3. I';, C T

DM

Proof. Let (N,v) be a game with large core and = € ¢*P¥ (N, v) generated by
m=(T1,...,T;). We will see that x = Lmaz(N,v).
S
Denote M; = arg max {Ul(TR} and Ny ={i € S|S € M}
We distinguish two cases.
e Case 1: Ny = N
From Arin et al. (2003) it follows that Lmax(N,v) = {(vf]ifv‘), ey U(N)) }
Hence, N € M; and, by Proposition 5, $*P¥(N,v) = Lmax(N,v).

e Case 2: Ny # N
Take S € M, and define y* € RM as follows:

yl = U|(TS|)’ for all i € N;. (1.11)

Let hU...UT; ={i € N | z; > z; for all j € N}. Notice that ¢* < t since,
otherwise, N € M, in contradiction with N; # N. Since T1U.. . UT, = N;

(Lemma 2), we have that zn, = y'.



UNIVERSITAT ROVIRA I VIRGILI
ESSAYS ON EGALITARIANISM-BASED SOLUTION CONCEPTS FOR COOPERATIVE TU-GAMES

LlGcia Mauri Masdeu

Davis and Maschler reduced equal split-off set and the lexmax solution 37

Let (N \ Ny, w') be the reduced game relative to N\ Ny at y' defined as

follows:

w'(P) =0 and w'(R) = max{v(RUQ) — 3" (Q)}, for al R C N \ N;.

QTN
(1.12)
wh(S) .
Denote M, = arg max and Ny = {i € S|S € M}.
o£scn | |S|
Take S € My and define y? € RN1YM2 a5 follows:
(S
y2 =yl ifie Ny, andy?i=— (5) ifi € Ny, (1.13)

where y! is defined in (1.11).

e Case 2.1: If Ny, = N\ Ny, from (1.12) and (1.13) it is not difficult
to verify that (a): y?> € A(N,v) and (b): for a given i € N, there is
R' C N such that ¢ € R" and y*(R’) = v(R'). Since (N,v) has a large
core, there is z € C(N,v) such that z < y?. This inequality, together

with both conditions (a) and (b), imply y? < z for all i € N. Hence,
y> = z € C(N,v). From the efficiency of ¢?, it follows that

w!(S) ranmz(v)(S)
My = arg@;rgaéxjv{ B } = arg@;r}qagXN {T ,

(1.14)

and ran (0)(S) = wl(S), for all S € Ms.

We claim that Ny = N\ N; € M,. Indeed, suppose that Ny ¢ M. For all

i € Ny, y? = %, where S € My. Since y? is efficient, v(N) = y*(Ny) +

y*(N2) = y'(N1) + |N2|% >y (N1) + w!(Na) = y' (N1) + 0(N1 U Na) —

y'(Ny) = v(N), getting a contradiction. Thus, Ny € My. By Proposition 5,
and taking into account (1.14), we have that ¢*pM (N \ Ny, réﬁﬁ@(v}) =

{ny\ Nl}' By definition, and considering that Ny = T} U ... U T« and

apu € A, we get xjv\ny, € ¢OPM <N\N1,révjj\ﬁfx(v)). Thus, zjnN, =
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To see that the set of games with large core is strictly included in T’

y\2N\N1' Since x|y, = y', we have that © = y?. As y* € C(N,v), from
Theorem 2 we conclude that ¢*2¥ (N, v) = Lmax(N,v) = {z}.

e Case 2.2: If Ny # N\ Ny, first observe that expression (1.14) holds. Let
Ty U...UTp ={ie N\ Ny|x; > xjforall j € N\ N} From Lemma

2 we know that Ny = T U... U T)-.

Let (N \ Ny U Ny, w?) be the reduced game relative to N \ Ny U Ny at y?

defined as follows:

w?(0) = 0and w?(R)= max {v(RUQ)—y*(Q)}, for all R C N\ N;UN,.

QCN1UN2

(1.15)

Denote M3 = a a w'(S) and N3 = {i € S| S € M}

note Mz = arg max n = {i :

3 g(i);ésgN S| 3 3
Take S € M and define y3 € RN1UN2UNs a5 follows:
2(S

y? =y? if i € NyUN,, and y} := U"é' ), if i€ Ns, (1.16)

where y? is defined in (1.13).

e Case 2.2.1: If N3 = N \ N; U Ny, following the arguments above, we
obtain that z = y* € C(N,v) and ¢*P(N,v) = Lmax(N,v) = {z}.

e Case 2.2.2: If N3 # N \ N; U Ns, repeating the same procedure, in a

finite number of steps we will get the result.

apy s CON-

sider the game (NN, v) with set of players N = {1, 2, 3} and characteristic function

v({1}) = v({2}) = 0, v({3}) = =1, v({1,2}) = v({1,2,3}) = 1 and v({1,3}) =
v({2,3}) = 0. The core is C(N,v) = {(a,1—a,0) € R¥s.t. a € [0,1]} and

¢°r¥(N,v) = {(3,4,0)}. Hence, (N,v) €T

Let y = (1,1, —-1) € A(N,v).

apM

Clearly, there is no z € C'(N,v) such that x < y. This concludes the proof. [

Combining Theorem 2 and 3 we obtain the next result.
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Corollary 1. Let (N,v) be a game with large core. Then, P (N,v) = Lmax(N,v).

The proof of Theorem 2 provides a procedure for calculating the lexmax so-

lution on I" by using the Davis and Maschler reduced game.

DM

PROCEDURE 1: The input is a game (N,v) € T’ and the output is a

apM

payoff vector F* € RV,

S
e Step 1: Let M; = arg@;nsaéxN{%} and N; = {i € S|S € M;}. Every
player in N; receives YT - where Ty € arg max v(5) . That is, F} =
Tl 0£sCn | |S] T

”‘(TT;') for all 7 € N;.

apn,zt [T1] VEY

e Step 2: If N; # N, let us denote w = p\ (v), being 2! = (U(Tl) . ”(T1)> €

S
RM. Let My, = arg  max {M} and Ny = {i € S|S € My}. Every

o£scN\M | |9
player in N, receives “J‘(TZT), where Ty € M,. That is, FY = wI(TZT) for all
1 € Ns.

e The process stops when an ordered partition (N1, Na, ... N;) of N, for some

1 <t < |NJ, is reached.

Interestingly, the above algorithm can be applied in a more general setting: if

the input is an arbitrary game, not necessarily belonging to I' and the output

apM
is a core element, then it coincides with the lexmax solution.
Let us denote by F? the allocation generated by Procedure 1 when the input

is the game (N, v).

Theorem 4. Let (N,v) be a balanced game. IfFY € C(N,v), then Lmax(N,v) =
F?.

*

Proof. Let (N,v) be a balanced game and 7 = (Ny,..., N;) be the ordered
partition of N generating F?. Recall that Ny = {i € S| S € M;}, where M; =

S
arg @%%XN{U&’)}' If Ny = N then, by efficiency, F? = (v(N) _.'71,‘(]37'))7 and
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thus Lmax(N,v) = FU. If Ny # N, let Lmax(N,v) = y and suppose y # F!. Let
S € M. Since apy € Apon, the same argument used in the proof of Theorem
1 leads to F, = y; for all « € S. Consequently, FY, = y; for all « € N;. Hence,

m <lex le. Now consider the apy—max reduced game (N \ Ny, w),

oo (V)

where w = r, " g

Since yn, = F:\va by apyr—consistency of the core
ka’|]\[\]\,1,y|]v\]\f1 € C(N \ Ny,w). Moreover, by apy—consistency of the lexmax
solution yjx\n, = Lmaz (N \ Ny, w). Since FY v, y, = FY, as before we can check
that y; = FY, for all i € N,. Following this process step by step, and considering
that apy € A;, we conclude that F! = Lmax(N,v). O

In order to identify other kind of balanced games where the allocation F?

belongs to the core, let us introduce exact games (Schmeidler, 1972).

Definition 9. A balanced game (N, v) is exact if for every coalition S C N there
is x € C(N,v) such that v(S) = z(95).

The exactification (N, v¥) of an arbitrary balanced game (N, v) is the unique
exact game with the same core as the original game (N,v), that is, for each
S C N, vE(S) = min{z(S) | z € C(N,v)}.

Note that if for two balanced games (N,v;), (IV,v9) we have C(N,v;) =
C(N,vg) # 0, then Lmaxz(N,v;) = Lmaxz(N,vs). Thus, the lexmax solution is
invariant with respect to exactification. This open a natural question: on the
domain of exact games, can Theorem 4 be applied? It was noted by Biswas et al.
(1999) that any exact game (N, v) with |[N| < 4 has a large core, and therefore
Lmax(N,v) = F!. By contrast, if |[N| > 5, there are exact games (N,v) not
having a large core. Unfortunately, as shown Example 5 for exact games with
more than four players our procedure for finding the lexmax solution does not

work.

Example 5. (Biswas et al. 1999) Let (N,v) be an exact game with |[N| = 5,

where the characteristic function is defined by v(S) = min{z(S),y(S)}, being
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r=(1,-1,-1,0,0) and y = (0,1,0,—1, —1).
S wS) S vS) S w(S) S v(S)
1y 0 {12} 0 {123} -1 {1234} -1
{20 -1 {13} o {124} 0 {1235} -1
(3} -1 {14} -1 {125} 0 {1245} -1
{4} -1 {15} -1 {134} -1 {1345} -2
(5} -1 {23} —2 {135} -1 {2345} —2
{24} -1 {145} -2 {12345} -1
(25} -1 {234} -2
(34} -1 {235} -2
(35} -1 {245} -1
{45} -2 {345} -2

We can check that M, =arg max {”|(§|) }:{{1} {12}, {13}, {124}, {125}}

and Ny = N. Then, F? = (0, 0,0,0:O) and F? ¢ C(N,v).

We end this section linking the apy;—reduced equal split-off set with the
egalitarian solution of Dutta and Ray (1989).

On the domain of convex games, Dutta and Ray (1989) show that the weak
constrained egalitarian solution, denoted by FL, is the unique Lorenz maximal
allocation in the core, and hence it coincides with the lexmax solution. This,
together with the fact that convex games have large core, leads to the following

corollary.

Corollary 2. Let (N,v) be a convex game. Then, ¢*PM(N,v) = EL(N,v).

1.5 Anti-dual reduced equal split-off set

To complement the analysis provided in the previous sections, for a given admis-

sible subgroup correspondence o € A we introduce the anti-dual solution of ¢¢,
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denoted by (qﬁa)“d, and study its relation with the core.

The notion of duality applied to solutions and properties has been very suc-
cessful in the axiomatic approach of bankruptcy problems (see, for instance, Au-
mann and Maschler, 1985; Herrero and Villar, 2001; Thomson and Yeh, 2008),
and it has also play a role in the general framework of games connecting different
economic models and solutions. However, its applicability is limited because of
some well-established domains of games are not closed under the dual operator:
for instance, the dual game of a balanced game is not a balanced game, and the
dual game of a convex game is not a convex game. To overcome this difficulty,
Oishi and Nakayama (2009) define the anti-dual game to be the dual game with
opposite sign. They show that both balancedness and convexity of a game are
preserved under the anti-dual operator, and solutions such as the core, the nucle-
olus or the Shapley value of the anti-dual game are obtained by multiplying the
corresponding solution in the original game by —1. In this section, we show that
the anti-dual solution of the lexmax is the lexmin solution (Arin and Inarra,
2001; Yanovskaya, 1995). Making use of this relation, we provide a characteriza-
tion of the lexmin solution. Finally, we prove that for any monotonic admissible
subgroup correspondence « € A,,,,, the intersection between (gba)ad and the core
is either the empty set or the lexmin solution. Additionally, we find out that
(¢O‘DM)ad becomes a singleton containing the lexmin allocation when intersects

with the core.
Let us first introduce some additional definitions.

Given a game (N,v), the dual game (N,v?) is defined by setting, for all
S C N, v¥S) =v(N)—v(N\S). Let I'* be a class of games such that, for all
N € N, it holds (N, v), (N,v%) € I'*. Given a solution o on I'*, the dual solution
of o, denoted by ¢¢, is defined by setting o¢(N,v) = o(N,v%). A solution ¢ on
['* is self-dual if for all (N,v) € T'*, o(N,v) = 0%(N,v).
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Given a game (N,v), the anti-dual game is (N, —v?). Let I'** be a class
of games such that, for all N € N, it holds (N,v), (N, —v?) € I'**. The class
of balanced games and the class of convex games are examples of I'**. Given a
solution o on I'**, the anti-dual solution of o, denoted by ¢%, is defined by
setting 0%4(N,v) = —a(N,—v%). A solution ¢ on I'** is self-anti-dual if for
all (N,v) € T**, o(N,v) = 0*(N,v). Some well-known self-anti-dual solutions
are, among others, the core (on the domain of balanced games) and the weak

constrained egalitarian solution (on the domain of convex games).

Definition 10. For a balanced game (N,v), the lexmin solution is defined as

Lmin(N,v) = {z € C(N,v)| X Rjew —y forall y € C(N,v)}.

For any balanced game (N,v), the lexmin solution is a singleton and then
sometimes we write x = Lmin(N,v). It is quite straightforward to see that the

lexmin is the anti-dual of the lexmax solution.

Proposition 7. Let (N,v) be a balanced game. Then,
Lmin(N,v) = L*%maz(N,v).

Proof. Let (N, v) be a balanced game and x = Lmin(N,v). We must check that
—x = Lmax(N, —v?), that is, —x <, 3 for all y € C(N, —v?). By the definition
of lexmin solution, —z <., —y for all y € C(N,v). Now, taking into account
that the core is self-anti-dual, C'(N,v) = —C(N, —v?), the above inequality is
equivalent to —z <., J for all y € C (N, —v). This concludes the proof. O]

Due to the anti-dual relation between the lexmax and the lexmin solutions,
and a characterization of the former provided by Arin et al. (2008), we get a
similar one for the lexmin solution.

Given a game (N, v) and an allocation z € RY, we say that a coalition S C N

is tight at = if 2(S) = v(S). Let us denote by T (v, z) the set of all tight coalitions

6See Oishi et al. (2016) for others examples of self-anti-dual solutions.
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at . By T¢(v,z) we denote the set of all tight complement coalitions at z, that

is, T¢(v,2) ={S C N |z(N\S)=0v(N\S)}

Definition 11. (Arin et al., 2008) Given N € N, let T = (I,...,1,) be an
ordered partition of N and let C be a collection of subsets of N. We say that the
pair (Z,C) has property 1 if = = (0,...,0) € RY is the unique solution to the

following system of (in)equalities:
(1) z(N) =0,
(2) z(S) >0 forall S €C,

(8) forallk € {1,...,p}, if zz =0 foralli € Iy U...Ulx_1, then z; <0 for all
1€ Ij.

Definition 12. Let N = {1,...,n} be a finite set of players and x € RN. We
define the ordered partition of N induced by x, Z(x) = (I1,...,1,), as follows:

I = {ieNl|x;>uzg forallk € N},

I, = {ie N\ Ny |x;>uxy forallk e N\ I},

Ip = {ieN\Ilu...U]p_1|I'iZkaOTCLHk’EN\]lu...Ulp_l}.

Given Z(x) = (Iy,...,1,), we define the complement ordered partition of N in-
duced by x, Z°(x) = (If,...,I%), as I{ = I,,..., IS = I;.

’Tp p
Lemma 1 in Arin et al. (2008) says that for a given balanced game (N, v),
x = Lmaz(N,v) if and only if (Z(z), T (v, z)) has property L7 Here, the anti-dual
operator bring us a parallel characterization for the lexmin solution in a direct

way.

"The characterization of the lexmax solution provided by Arin et al. (2008) (Lemma 1) has
some resemblance with the characterization of the nucleolus (Schmeider, 1966) enunciated by

Kohlberg (1971) (Theorem 2).
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Lemma 3. Let (N, v) be a balanced game and x € C(N,v). Then, x = Lmin(N,v)
if and only if (Z¢(x), T¢(v,x)) has property 1.

Proof. Let (N,v) be a balanced game and x = Lmin(N,v). By Proposition 7,
Lmin(N,v) = L®maz(N,v), and from Lemma 1 in Arin et al. (2008) we know
that —z = Lmax(N,—v?) if and only if (Z(—x), T (—v¢, —x)) has property I.
Taking into account that Z(—z) = Z¢(z) and v(N) = z(N), we obtain

T(—v",—z) = {SCN|—u(S)=—v"(9)},
= {SCNI[z(N\S)=v(N\S)},
= Tv,x).

Hence, x = Lmin(N,v) if and only if (Z¢(x), T¢(v, z)) has property L. O

Finally, we state the anti-dual results of Theorems 1 and 2.

Theorem 5. Let (N,v) be a balanced game, o € Amopn and x € (¢*)* (N, v) N
C(N,v). Then, Lmin(N,v) = {z}.

Proof. Let @ € Appn and z € (¢*)** (N, v)NC(N,v). Then, z € —¢*(N, —v?)N
C(N,v) or, equivalently, —z € ¢*(N,—v?) N C(N,—v?). From Theorem 1 we
know that Lmaz(N,—v?) = {—z}. Since Lmin(N,v) = —Lmaz(N, —v?), we
conclude that Lmin(N,v) = {z}. O

Theorem 6. Let (N,v) be a balanced game. If z € (¢*PM)* (N,v) N C(N,v),
then (¢*PM)* (N, v) = Lmin(N,v) = {x}.

Proof. Let z € (¢°P*)* (N, v) N C(N,v). Then, z € —¢*>¥ (N, —v%) N C(N, v)
or, equivalently, —z € ¢*PM (N, —v?)NC(N, —v?). From Theorem 2 we know that
¢prM (N, —v?) = Lmax(N, —v?) = {—x}. Since Lmin(N,v) = —Lmax(N, —v?),

we conclude that

(6°220)% (N, v) = =6 (N, =) = ~Lmaa(N, ") = Lmin(N,v) = {x}. O
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The next example shows that Theorem 6 does not hold on the domain of games
with large core, unlike what happens for the lexmax solution (see Corollary 1).
This example also illustrates that largeness of the core is not preserved by the

anti-dual operator.

Example 6. Let (N,v) be a game with set of players N = {1,2,3} and charac-
teristic function v({1}) = —1, v({2}) = v({3}) = 0 and v({1,2}) = v({1,3}) =
v({2,3}) = v({1,2,3}) = —1. The core of this game is C(N,v) = {(—1,0,0)}
and clearly it has large core since (—1,0,0) < z for any aspiration x € A(N,v).

However, for any o € A,
(¢*)* (N, v) = —¢*(N, —v?) = {(~0.5,—0.5,0), (—0.5,0, —0.5)},

where Lmin(N,v) = {(—1,0,0)}.
Notice that $*PM(N,v) = Lmax(N,v) = {(—1,0,0)}.

We end this part stating sufficient conditions to guarantee when the output

of Procedure 1 is the lexmin solution.

Theorem 7. Let (N,v) be a balanced game and F;”d the allocation generated by
Procedure 1 when the input is the anti-dual game (N, —v?). IfF e C(N,—v?),
then Lmin(N,v) = —F;".

Proof. By Theorem 4, Lmaz(N, —v?)=F;". Since Lmin(N,v)=—Lmaz(N, —v),
we conclude that Lmin(N,v)=—F;*", O

1.6 Conclusions

For each admissible subgroup correspondence o € A (Thomson, 1990), we have
introduced the a—reduced equal split-off set, ¢®, a discrete set-valued solution

concept based on egalitarian and consistency principles. Surprisingly, when we
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consider any a € A satisfying a monotonicity property in payments, weaker
than the transitivity of the reduction operation, the intersection between ¢® and
the core is either the empty set or a singleton containing the lexmax solution
(Arin et al., 2003). Moreover, if we make use of the Davis and Maschler (1965)
admissible subgroup correspondence, apy € A, and ¢*PM intersects with the
core, then it coincides with the lexmax solution. We have identified a subclass
of balanced games, that includes games with large core (Sharkey, 1982), where
this occurs. Within this subclass, we have provided a procedure to calculate the
lexmax solution. Although on the full domain of balanced games this procedure
does not work, if the output is a core element, then it matches the lexmax solution.

Finally, we find parallel results for the lexmin solution (Arin and Inarra, 2001;
Yanovskaya, 1995) by considering the anti-dual solution of ¢, (¢*)**. Interest-
ingly, for a given balanced game (N, v), if the input in the procedure defined to
calculate the lexmax solution is its anti-dual game (N, —v?) and the final output
is a core element x, then = coincides with the lexmin solution. Unfortunately,
unlike what happens for the lexmax solution, for games with large core this “anti-
dual procedure” does not work. Thus, in future research it could be interesting
to design mechanisms to find the lexmin solution in this domain. Although the
lexmax solution has been axiomatized on the domain of games with large core
(Arin et al, 2003), as far as we know, there is no proper characterization for the
lexmin solution in this domain. This, together with axiomatic characterizations
of ¢*, could be interesting topics for future investigations. Further studies should
also examine the relation between ¢® and its anti-dual counterpart ((bo‘)ad with
other egalitarian solutions such as the equal division core (Selten, 1991). Recall
that Dutta and Ray’s strong constrained egalitarian solution (1991) selects the

Lorenz-maximal allocations within the equal division core.
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Chapter 2

On the weak constrained

egalitarian solution and other

Lorenz maximal imputa‘cioms1

2.1 Introduction

As we have commented in Chapter 1, on the domain of transferable utility coali-
tional games (games, for short), different solution concepts have been motivated
by the idea of egalitarianism. One of the most prominent is the weak constrained
egalitarian solution (WCES), introduced by Dutta and Ray (1989). This solu-
tion is defined in a setting where agents believe in equality as a desirable social
goal, but their individual preferences dictate selfish behavior. The WCES yields,

whenever it exists, the unique Lorenz maximal imputation within the Lorenz

!Some results of this chapter have been published at Mathematical Social Sciences and
Economics Bulletin. Reference: Llerena, F. and Mauri, L1. (2017) On the existence of the
Dutta-Ray’s egalitarian solution. Mathematical Social Sciences, 89: 92-99. Reference: Llerena,
F. and Mauri, L1. (2015) On the Lorenz-maximal allocations in the imputation set. Economics

Bulletin, 4: 2475-2481.
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core, which is a proper extension of the core. Although this is a sharp result
because the Lorenz domination generates a partial ranking, this solution lacks
general existence properties. In fact, the class of convex games (Shapley, 1971)
is the only standard class of games in which its existence is guaranteed. On this
domain, Dutta and Ray (1989) describe an algorithm for finding their egalitarian
allocation and show that it belongs to the core and Lorenz dominates every other
core element. Unfortunately, several examples in the same paper show that, in a
general domain, these assertions are not true: there are games with a nonempty
core where the WCES does not exist, and vice-versa, games where both the core
and the WCES exist but the latter does not lie in the core, or games where
the WCES belongs to the core but does not Lorenz dominate every other core
element. On the domain of balanced games, an alternative route, already sug-
gested by Dutta and Ray (1989) and latter adopted by Arin and Inarra (2001)
and Hougaard et al. (2001), is to focus on the Lorenz maximal allocations within
the core. A problem with this solution concept is that it is not single-valued. To
overcome this drawback, Arin and Inarra (2001) and Arin et al. (2003) propose
single-valued solutions which are derived from the application of the Rawlsian
criterion on the core. On the domain of convex games all these solution concepts

produce the same outcome.

The characterization of the non-emptyness of the WCES on the full domain of
games is still an open problem and, in our opinion, a nontrivial task. A little step
in this direction is to observe that the statements of both Theorem 1 and Theorem
2 in Dutta and Ray (1989) hold under weaker conditions than convexity. With
this objective, in Section 2.3 we introduce a subclass of balanced games called
exact partition games. This class of games is rich enough to include convex games
and dominant diagonal assignment games (Solymosi and Raghavan, 2001), but

also nonsuperadditive games. On the domain of exact partition games, in Section
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2.4 we use Lorenz order to provide two axiomatic characterizations of the WCES
by means of suitable properties such as consistency (a la Davis and Maschler,
1965), rationality and two new properties inspired by von Neumann and Mor-
gensten’s notion of stable sets (1944). As particular cases, we obtain alternative
characterizations of the WCES over the domain of convex games, and of the set of
Lorenz maximal allocations within the core over the domain of balanced games.
In Section 2.5 we obtain additional axiomatizations of these solutions by making

use of the anti-duality notion for linking solutions and properties as introduced

in Oishi et al. (2016).

In the second part of this chapter, we consider the domain of essential games.
In particular, we interpret the Lorenz maximal allocations in the imputation set as
a kind of stable set a la von Neumann-Morgenstern. There, a stable set is defined
as a subset of imputations satisfying internal stability and external stability, where
the notion of stability is defined by means of a domination relation that uses
the standard order in R. Unfortunately, finding stable sets is a difficult task
and neither existence nor uniqueness are guaranteed. In Section 2.6, we propose
combining the idea of internal and external stability with the Lorenz order. In this
way, a set of imputations V is said to be Lorenz stable if it satisfies internal Lorenz
stability (no element in V is Lorenz dominated by other element in V) and external
Lorenz stability (every element outside V is Lorenz dominated by some element
in V). Clearly, this definition leads to selecting the Lorenz maximal allocations in
the imputation set. We find that the Lorenz stable set is a singleton and can be
computed with a simple formula. We also provide an axiomatic characterization
similar to the ones given by Dutta (1990) to characterize the WCES. Finally,
in Section 2.7 we connect the Lorenz stable set with the WCES and Dutta and
Ray’s strong constrained egalitarian solution (1991) (SCES). Some final remarks

conclude the chapter. We begin with some preliminaries.
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2.2 Notation and terminology

Together with the notation and terminology introduced in Chapter 1, here we
will use the additional one.

Two games (N,v) and (N,v') are strategically equivalent if there is a
vector (dy,...,d,) € RY and a > 0 such that for all coalitions S C N, v/(S) =
av(S) + > ,cgdi. A solution o on I C T satisfies covariance if for all two
strategically equivalent games (N, v), (N,v") € IV, o(N,v') = ao(N,v)+ .y di-

A coalition S is an equity coalition of (N,v) if S € argmaxpspcy {%}.
In addition, S is a maximal (w.r.t. inclusion) equity coalition of (N,v)
if S € argmaxpzrcn {%} and there is no 7' € argmaxp.pcny {%} such
that S C T. Given a coalition S € N and a set A C R%, EA denotes the
set of allocations that are Lorenz undominated within A. That is, FA =
{r € A|Pye Asuch that y =, 2} . Given a game (N, v), the Lorenz core is
defined in a recursive way as follows. The Lorenz core of a singleton coalition
is L({i},v) = {v({i})}. Now suppose that the Lorenz core for all coalitions of
cardinality & or less have been defined, where 1 < k& < |N|. The Lorenz core of a

coalition S C N of size (k + 1) is defined by
L(S,v) = {z € R® | 2(S) = v(S) and 3T C S and y € EL(T,v) such that y > 27} .

Note that, for all S C N, C(S,v) C L(S,v). The WCES, denoted by EL,
selects the vectors that are Lorenz undominated within the Lorenz core. For
all (N,v) € I', |[EL(N,v)| < 1 (Dutta and Ray, 1989). The strong Lorenz
core (Dutta and Ray, 1991) is defined in a similar way, but replacing > by
>. Dutta and Ray (1991) show that the strong Lorenz core, denoted by L*
coincides with the equal division core when the coalition structure is N and

there are no restrictions on coalition formation (see Selten, 1972 for details).

That is, given an essential game (N,v), L*(N,v) = {x € I(N,v) | for all § #
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S C N, there isi € S with z; > U‘(SS‘)}. The SCES, denoted by EL*, chooses the
vectors Lorenz-undominated within the strong Lorenz core. The constrained
egalitarian solution, denoted by CFE, is a single-valued solution defined for

two person games as follows: let (N, v) be a game with N = {4, j} and suppose,

without loss of generality, v(i) < v(j), then CE;(N,v) = max {”(év),v(j)} and
CE;(N,v) =v(N)— CE;(N,v).

The next two observations will be useful to prove our results.

Remark 4. (Hougaard et al. 2001 p. 153) Let N be a finite set of players, and
let SC N, S #0. If xg, ys € RY, 25(S) = ys(S) and zys € RN\ then xg

Lorenz dominates ys if and only if (atg, ZN\S) Lorenz dominates (ys, ZN\S).

Remark 5. Let N be a finite set of players, c € R and (x1,...,3,) € RN, It is
well-known that if Y, x; = ne, then x is Lorenz dominated by (c, ..., c) € RY.
If Y ien @i >ne, let e = Y.y x; —ne and define 2 = (v — £,..., 1, — £). Note
that z¢; = 7; — £ <y, foralli € N. Thus, x¢ is Lorenz dominated by (c, ..., c)

which implies, for allk =1,...,n, &1 4 ...+ I > 9 + ... + 25 > ke.

2.3 Exact partition games

On the domain of convex games, Dutta and Ray (1989) show that the WCES
picks the payoff vector that is obtained by the following algorithm.

Let (N,v) be a convex game and FL(N,v) = {z}.

Step 1: Define v;1 = v. Then find the unique coalition 77 C N such that for all

T CN, (i) 2 > 20 and (i) if 251 = 90 and T # Ty, then |Ti] > |T).

Uniqueness of such a coalition is guaranteed by convexity of (IV,v). For all ¢ € T7,

€Tr; = Gl <T1) .
T

Step k: Suppose that T1,...,Tr_1 have been defined.
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Let N, = N\ {T1 U...UT,_1} and let (N, vx) be the marginal game defined

as follows:
’Uk(S) = U(T1 U...u Tk:—l U S) — ’U(Tl Uu...U Tk—l)y (21)

for all S C N,

It can be shown that (N, vg) is convex. Then find the unique coalition T}, C Ny
. v T v T .. . v, T v, T

such that for all T C N, (i) % > %) and (if) if % = %00 and T # T,

then |T;| > |T|. For all ¢ € Ty,

. v (Tk) _ v(ThU...UTy) —o(TyU...UT, )
" T ||

By construction, the WCES satisfies the following conditions: if 7 = (T3, ..., T})
is the ordered partition of N induced by EL(N,v) = {z}, then

o (Cl): zy=uzj;foralli,jeT,and k=1,...,t,
e (C2): z(ThU...UTy) =v(ThU...UTy), forall k=1,...,¢t,
o (C3): oy >u;itieTy, jeTy,and k<h<t

The idea underlying this procedure is that agents in the unique maximal

v(T1)
|71 |

(w.r.t. inclusion) coalition 7} maximizing the average worth share equally
the amount v(7}) among them and leave the game. Then, the remaining agents
N \ T; play a suitable reduced convex game where, again, agents in the unique
maximal coalition with highest average worth divide its worth equally among its
members. The process stops when all agents have been paid.

Theorem 2 in Dutta and Ray (1989) states that, on the domain of convex
games, the output of this algorithm is the WCES and that it belongs to the core.
Theorem 3 in the same paper tells us that, for convex games, the WCES Lorenz
dominates every other core element. Nevertheless, an analysis of the proofs of

the aforementioned results reveals that much weaker conditions than convexity

are sufficient to guarantee the same results.
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Definition 13. Let N = {1,...,n} be a finite set of players and x € RY. We
define the ordered partition of N induced by x, m = (N1, ..., Np,), as follows:

N, = {ieN|x;>uxy for allk € N},
Ny = {i € N\ Ny|z; > xy for allk € N\ Ny},

Np = {ie N\NU...UNy_1|x; >ap forallk e N\ N U...UNp_1}.

Theorem 8. Let (N, v) be a balanced game, x € C(N,v) and let m = (Ny,..., Npy)
be the ordered partition of N induced by x. Ifx (N U...UNg) =0 (Ny U...UNy),
forallk =1,...,m, then EL (N,v) ={z} and x >, y, for ally € C (N,v)\{z}.

Proof. First we show that x >, y, for all y € C' (N, v) \ {z}.
Assume, without loss of generality, that z; > x9 > ... > z,,. Then, the vector
obtained from x by rearranging its coordinates in non-increasing order is T = z.

Let us denote

v(N) ifk=1

C —

v(NlLJ...UNk,lUNk)—'U(N1U...UNkfl) lf k > 1
[Nk

forall k=1,...,m, (m >1).

Notice that z; = ¢; for alli € Ny and k=1,...,m. Let y € C (N,v), y # x.
From Remark 4 we may suppose, without loss of generality, x; # y; for all i € N.
Since y(Ny) > v(Ny) = x(Ny) = ¢1|Ny|, and by Remark 5, we have that for all
t=1,...,]MVy|,

ter <Yy, o F YN (2.2)

with at least one strict inequality.

Next we are going to prove that, for all t =1,... | N|,

x(Ny) + teg < y(Np) + ?171721 4+ ...+ yTN\Qt. (2.3)



UNIVERSITAT ROVIRA I VIRGILI
ESSAYS ON EGALITARIANISM-BASED SOLUTION CONCEPTS FOR COOPERATIVE TU-GAMES
LlGcia Mauri Masdeu

Chapter 2: On the weak constrained egalitarian solution and other Lorenz
60 maximal imputations

If y(N2) > 2 (Ny) = |Na|cs, again by Remark 5, tcy < gy, + ... + YNy, for all
t =1,...,|N2|. This set of inequalities, together with (2.2), lead to expression
(2.3).

If y(N2) < x(N3), let us denote 1 = y(Ny) — x(Ny) > 0 and B; = z(Ns) —
y(Ny) > 0. Let z € R defined as z; = y; + Iff_lzl for all i € N,. Since z(Ny) =
y(N2) + B1 = 2(N2), by Remark 5 we have ¢; < 21 = Jn,, + U/f,—;‘ < Yngy + B,
which implies 3 > ¢y — yjn,,. This last inequality, together with y (N; U Ny) >
v (N1 UN;) =2 (NyUNy), lead to

01 =y(N1) —2(Ny) > 2(Na) —y(N2) = 51 > 2 — Zﬁ@y (2.4)
Now from (2.4) it follows

T(N1) + ca < y(N1) + Ung,- (2.5)

|N2|
If |N3| > 2 and Zy/‘ﬁ% > (|No| = 1) ¢, then from Remark 5, tc; < Yn,, +

=2
oo+ YNy forall t = 1,... [ Ng| — 1, which leads, together with (2.5), to (2.3).

|N2|
Otherwise, if |[Ny| > 2 and Zmz < (| N3] = 1) ¢, let us denote
i=2

| N2

P2 =y(N1) + Jivyy — 2(N1) — ¢z and By = (INa| = 1) ca = > s, > 0.
=2

From (2.4) it follows 3 > B> > 0. Next we show that 35 > c3 — Jn,,. Choose
k € Ny such that y, > y; for all i € Ny and define z € RN\ g 2 = Y; + ﬁ
for all i € Ny \{k}. Since z(No\{k}) = y(No\{k}) + B2 = x(N3) — 2, by Remark
5 we have ¢y < 21 = Yny, + ‘Nfﬁ < Y|Nay + B2, which implies By > ¢3 — Jjng,-
Since g > [y, we obtain

2 > Co — YNay- (2.6)

Now from (2.6) it can be checked that 2(N1) + 2c; < y(N1) + Yng, + Yinos-
Applying the same reasoning for t = 3,...,|Ny| we obtain (2.3).
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Following the same line of argument it can be proved that, forallk =3,... ;' m

and all t =1,...,|Ngl,

t
JI(NlU...UNk_l)—f—tCk < y(Nlu...UNk_1)+Zy/|]V\kj. (27)

=1

Finally, combining (2.2), (2.3) and (2.7) we get

ri=c < Yn, <N
1+ za =201 < YNy, T YN, ST+ B2
i+t =a(N) < y(N) ST+ Yy
931—|—...+IL‘|N1|+1:$(N1)+02 < y(N1)+?//|]721§@\1+--~@\|N1|+1

Ty 4o+ XNy Ny = x(Nl UNQ)

IN

Y (NTUN) <G1 A+ - Ying 43|

with at least one strict inequality,? which means that z =, ¥.
To see that EL(N,v) = {x}, we replicate the induction argument used by
Dutta and Ray (1989) to prove their Theorem 2 (step 2).?
Note first that FL (Ny,v) = {:c|N1}. Next we see that forallt =1,...,m—1, if
EL(N1U...UNy,v) = {zn5u.un }, then EL (N U ... U Ngq,v) = {2)mu. 0N }-
Suppose that EL (Ny U...U N, v) = {I\Nlu...UNt} but EL (N1 U...U Nyq,v) #
{$|N1U...UN,5+1} , for some t. Since 2 (N;U...UNyyq) = v (N7 U...UNyyq) and
xz € C(N,v), we have

x|N1U...UNt+1 - O (Nl J...uU Nt-i-laUlNlU...UNH_l) Q L (Nl J...uU Nt+1,1}) s

2This strict inequality follows from expression (2.2).
3We describe in detail the induction argument for the convenience of the reader.
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and thus there exists y € L (N1 U...U Ny, v) with ¥ >, 2)n,0..uN,,,- Then,

Ui S T
Y1+ Y2 S (2.8)
gl +...+ Q‘Nlu..‘UNt+1‘ = I +.oo+ x|N1U...UNt+1|

with at least one strict inequality.

Since y (N U...UNyy1) =2 (N1 U...UNyy),ify; >z forallj € NyU...U
Ni41 then we would have y = x|n,u..un, ., , in contradiction with y > 2|n,u..uN,,; -
As a consequence, the set J = {j € NyU...UNy|y; < z;} must be non-
empty. Take then ¢* = min{k € {1,...,t+1}|TJ N Ny # 0}. We claim that,

y; < a; for all ¢ € Ny-.

Indeed, if ¢* = 1, for all i € N; it follows from (2.8) that y; < ¢ < 77 = x;. If
gt > 1, from y; > x; for all i € N; and expression (2.8) we have y; = x; for all
i € Ni.Then, again from (2.8), we obtain gjn,|+1 < |n,+1- The repetition of the
same argument leads to y; = z; for all i« € Ny U ... U Ngp_;. Now, taking into

account (2.8) and the definition of 7 we obtain, for all i € N,

Yi < YIN1U...UNx_|+1 < LIN1U..UNg»_1|+1 = T4-

Note that ¢* < ¢, since otherwise y (N7 U ... U Nyyq) < x (N7 U...UNgq).

So, denote T'= N; U ... U N,-. By hypothesis, EL(T,v) = {x‘T}. But then,
since y; < x; for all 7 € T and there exists j* € Ny such that y;« < z;-, we
conclude that y ¢ L(N;U...U Nyyq,v), getting a contradiction. This means
that EL(N,v) = {z}. O

Remark 6. Under some conditions of positivity, a similar result was stated by
Sdnchez-Soriano et al. (2014). In that paper, Proposition 2 says the following:

The vector a = (1, a1, ly,a9 ..., 1,,a;) such that ay > ag > ... > a; > 0 and
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22:1 n; =n, where 1,, = (1,...,1) € R™ for alli=1,...,t, Lorenz dominates
each other element x € R™ satisfying > .1 x; > nyaq, ng"z x; > Z?Zl n;a;,
o i 2 Yo s, and Y07 @ = 3, .

In our context, this implies v(Ny U ... UN;) > 0, for alli =1,...,m, being
(N1,..., Nu) a partition of N as described in Definition 13. At this point, it is
important to point out that the WCES fails to satisfies covariance (see Dutta and
Ray, 1989) and so the problem of existence of the WCES and the properties of
Lorenz domination can not be solved just by looking at positive games.

Let us show an example to illustrate this point. Let (N,v) be a game with
N ={1,2,3} and v({1}) = 0.8, v({2}) = —1, v({3}) = =2, v({12}) = —0.1,
v({13}) = —0.8, v({23}) = —3.5 and v({123}) = —1.5. Letx = (0.8,—0.9,—1.4) €
C(N,v). Then, the ordered partition of N induced by x is m = ({1},{2},{3}),
with x1 = v({1}) > 0, 1 + 22 = v({1} U {2}) < 0 and x; + 29 + 23 =
v({1} U {2} U {3}) < 0. From Theorem 8, EL(N,v) = {x} and x Lorenz dom-
inates every other core element. However, this last assertion can not be derived

from Proposition 2 in Sdnchez-Soriano et al. (2014).

Theorem 8 generalizes both Theorem 2 and Theorem 3 in Dutta and Ray
(1989), and it can be useful to check that a core element is the WCES.
Let us introduce the class of games that satisfies the conditions stated in

Theorem 8.

Definition 14. A game (N,v) is an exact partition game if there exists a core
element x such that the ordered partition of N induced by x, m = (Ny,..., Npy,),
satisfies t(N1 U ...UNg) =v(NyU...UNg), forall k =1,...,m.

Let I'gp denote the class of exact partition games. This class is large enough

to include convex games and dominant diagonal assignment games,* but also

4Using different arguments, Llerena (2012) shows that on the class of dominant diagonal

assignment games, the T-value (Tijs, 1981) satisfies the requirements of Theorem 8.
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nonsuperadditive games.

Example 7. Let (N,v) be a balanced game with set of players N = {1,2,3} and

characteristic function:

S wuS) S v S v(S)
{1y 1 {12} 0o {123} 9
{2y 1 {134 7
{3 1 {23} 0

This games is not supperadditive since v({12}) < v({1}) + v({2}), but (N,v) €
Lpp. Indeed, take x = (3.5,2,3.5) € C(N,v). The ordered partition of N induced
by x, m = ({13},{2}), satisfies x1 + x5 = v({13}) and x(N) = v(N). Hence,
EL(N,v) ={z} and (N,v) € Tgp.

2.4 Axiomatic characteritzations

The main concern of this section is to characterize the WCES over the domain
of exact partition games, ['gp. As particular cases, we obtain new axiomatic
characterizations over the class of convex games.

On the domain of convex games, the first characterization was provided by
Dutta (1990) by means of constrained egalitarianism and consistency with respect
to both the max reduced game (Davis and Maschler, 1965) and the self reduced
game (Hart and Mas-Colell, 1989). Constrained egalitarianism is a prescriptive
property that imposes to select, for two person games, the Lorenz maximal al-
location within the core. Consistency is a sort of internal stability requirement
that relates the solution of a game to the solution of an associated game when
some players leave the original game.

A solution o on IV C T satisfies
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e Constrained egalitarianism if for all N € N with |[N| = 2, and all
(N,v) € I, it holds o(NV,v) = CE(N,v).

Note that any two person exact partition game is convex. Thus, the WCES
satisfies constrained egalitarianism on I'gp.

To define consistency, we need to introduce the notion of reduced game.

Definition 15. (Davis and Maschler, 1965) Let (N,v) be a game, ) # N' C N

and v € RN. The maz reduced game relative to N’ at x is the game (N, T]]\V/[/x(v))

defined by
0 if S =0,
Mre@)(8) = max {u(SUQ)—2(Q)} fI£SC N, (29)
v(N) = z(N\ N') if S =N

Remark 7. The max reduction operation is transitive (see, for instance, Chang
and Hu, 2007). That is, r%’rw/ (ri . (v)) =L (v), for all N € N, all (N,v) €
', all coalitions ) # N”" C N' C N and all payoff vector x € R¥.

In the max reduced game (relative to N’ at z), the worth of a coalition S C N’
is determined under the assumption that S can choose the best partners in N\ N/,
provided they are paid according to . Max consistency says that in this max
reduced game, the original agreement should be confirmed.

A solution o on IV C T satisfies

e Max consistency if for all N € N, all (N,v) € I, all N' C N, N’ # 0,

and all x € o(N,v), then (N’,?"]J\\Zx(v)) cI”and zp €0 (N’,rﬁzx(v)) :

e Weak max consistency if for all N € N, all (N,v) € I, all N C N
with 1 < |N'| < 2 and all z € o(N,v), then (N/,r%x(v)) € I and 5 €
o (N’,r]]\\}:z(v)) )
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e Rich player max consistency if for all N € N, all (N,v) € I" and all x €
o(N,v), if Ny C N, N; # N, is the set of players with highest payoff (w.r.t.
x), then (N\Nl,rjj\\;\ivl( )) eI” and zm\n, €0 (N \ Nl,r]]\\;\évl (v)) :

Weak max consistency applies the condition of maz consistency to reduced
games with at most two players. Rich player max consistency weakens max con-
sistency just requiring this condition when rich players leave the game. Clearly,

mazx consistency implies both weak and rich player max consistency.
Proposition 8. The WCES satisfies max consistency on I'gp.

Proof. For two person games, mazx consistency clearly holds. Let (N,v) € I'gp
and x = EL(N,v) with |[N| > 2. Since the max reduction operation is transitive
(see Remark 7), it is enough to see that, for alli € N, <N \ {i}, TN\{Z (v )) €lpp
and zy\ (i3 = EL <N \ {i}, rN\{ }( ))

Let m = (Ny,..., N,,) be the ordered partition of N induced by x. We distin-

guish two cases:

1) Ifmzl,thenx:(”&V'),...,qu,v')EC’(NU) Let ¢ € N. By maz con-

sistency of the core (Peleg, 1986), x|a € C <N \ {i}, TN\{ }( )) Hence,
<N \ {Z} TN\{ }< )) € I'gp and T|\N\{i} = EL <N \ {Z} Ty \{ }( ))

2) If m > 1, take k € {1,...,m} and i € Nj;. The ordered partition of N\ {i}
induced by |y is either 7" = (Ny, ..., Np—1, Np \ {1}, Ny, ..., Ni), if
|INg| > 1, or @’ = (Ny, ..., N1, Nka1, - - ., Npy), otherwise.

From the max consistency of the core, the definition of max reduced game
and the fact that x(N;U...UNg) = v(NyU...UNg) for all k € {1,...,m},

we have
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e For he{l,...,k—1},

(N1 U...UNp,)

IV

() (NL UL U N)
> U(Nlu...UNh)
(N1 U...UNp),

which means that
_ N\{3}
(N U UN) =1 (0)(Np UL U N). (2.10)

e For h € {k,...,m},

(N1 U UN\ iU UNG) > i P o) (VUL UNG \ {i} UL U NG)
> U(Nlu...UNkU...UNh)—xi

= x(NIU...UNk,U...UNh)—xi
z(N1U...UN\{i}U...UNp),

which means that

2(N{U. . .UN\{i}U. . .UN,) = ry 9 (0) (N UL LUNG\ {i}U. . .UN,,).
(2.11)

From (2.10) and (2.11) it follows that x|y ;) satisfies the conditions stated
in Theorem 8 (w.r.t. 7'). Hence, we conclude that (N \ {z},rﬁ\iz}(v)) €
I'gp and zy\ iy = EL (N \ {i},rﬁ\{i}(v)) ) O

»

To prove that max consistency together with constrained egalitarianism char-
acterize the WCES over the class of convex games, Dutta (1990) invokes converse
max consistency, which is the dual property of maz consistency. This property
is crucial in his proof of uniqueness.

A solution o on IV C I' satisfies
e Converse max consistency if for all N € N/ with |[N| > 3, all (N,v) € I”
and all z € RY with 2(N) = v(N), if for all N’ C N with |N'| = 2,

(N’,r]\]%x(v)) celVand 2y €0 (N',T]\]%x(v)) , then z € o(N,v).
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Converse max consistency says that if the projection of an efficient allocation
x is chosen for every two player max reduced game, then x should be chosen for
the original game.

Unfortunatly, Example 8 bellow reveals that the WCES is in conflict with

converse maz consistency on I'gp.
Example 8. (Arin and Inarra, 2001) Let (N,v) be a balanced game with set of
players N = {1,2,3,4} and characteristic function:

S wS) S vS) S w(S) S v(S)

(1} o {122 0 {1230 0 {1234 4

{2} 0 {13} {124} 0
(3} 0 {14} {134} 0
{44 0 {23} {234} 0

{24}
{34}
Take x = (1,1,1,1) € C(N,v). The ordered partition of N induced by x is
7= ({N}) and x(N) = v(N). Hence, EL(N,v) = {z} and (N,v) € I'gp. Now

S NN

choose y = (2,2,0,0) € C(N,v). Below, we describe the maz reduced games
(N’,rﬁ:y) relative to N' C N at y with |N'| = 2,
S r}{vlfy} (v) S r]{\}?y} (v) S T;[\}z} (v) S r}{\/l[?’; (v)
{1} 2 {12} 4 {1} 2 {13} 2
{2} 2 {3y 0
S riy) S ) S rpe) S ()
1y 2 {4y 2 2r 2 {23} 2
{4} 0 {33 0
S i) S mple) S rple) S i)
{2} 2 {24} 2 {3} 0 {34} 0
{44 0 {4 0
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Routine verification shows that the corresponding constrained egalitarian so-

lutions associated with the different max reduced game are:

CE({12hr{i () = 22 =y CE({13Lr{ 1) = (2.0) = s,
CE ({14}, ri )) =(2,0) =ypy CE ({23} riry (v )) = (2,0) = Y23,

CE ({241,110 () = 2,0) =yay  CE ({34}, 757 (1) = (0,0) = yygan.

However, y # EL(N,v).

To be precise, Dutta (1990) only uses bilateral max consistency, that is, maz
consistency for only two person games, together with constrained egalitarianism,
to characterize the WCES on I'¢,,. Let us see that on I'gp, these two properties
do not characterize the WCES. To do this, we introduce the egalitarian core (Arin

and Inarra, 2001).

Definition 16. The egalitarian core of a balanced game (N, v), denoted by E,C,
is the set E,C(N,v) = {x € C(N,v) | x; > z; = S;j(x) = 0}, where S;j(x) =
max{v(S) —z(S) i€ S,7¢ 5,5 C N}.

Arin and Inarra (2001) show that the egalitarian core satisfies max consis-
tency and constrained egalitarianism on I'g,. Note that a two person balanced
games is an exact partition game since the constrained egalitarian solution is a
core element satisfying the conditions stated in Theorem 8. Thus, the egalitarian
core satisfies bilateral maz consistency and constrained egalitarianism on I'gp. In
Example 8, EL(N,v) = {(1,1,1,1)} and (2,2,0,0) € E,C(N,v), which means
that EL(N,v) # E,C(N,v). The same example also illustrates that the egal-
itarian core is not mazx consistent on I'gp. Indeed, consider the max reduced
game (N \ {4}, TN\{4}( )> with y = (2,2,0,0). As the reader can easily check,
E,C (N\{4} P )) {(2,2,0)} and (N\{4} P8 (y )) ¢ Tip.
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The second characterization of the WCES provided by Dutta (1990) uses self
consistency (Hart and Mas-Collel, 1989). This property is defined for single-
valued solutions.

A single-valued solution o on IV C I" satisfies

e Self consistency if for all N € N, all (N,v) € I" and all N' C N, N’ #£ (),
then (N’,r§,(v)) € I" and, for all i € N', 0;(N,v) = o; (N, 7§, (v)),
where (N, 7} (v)) is the self reduced game of (N, v) relative to N and

o definded as follows:

0 if R=10,
ré\{a(v>(R) = v(RU (N\N/)) — Z o (RU (N\N/)aU\RU(N\N’)) if) #RC N'.
iEN\N'
(2.12)

In the self reduced game (relative to N’ at o), the worth of a coalition R C N’
is the worth of R U (/N \ N’) in the original game minus the sum of the payoffs
that the solution assigns the members of N \ N’ for the subgame faced by the
group RU (N \ N'). Self consistency states that in this self reduced game, the
original agreement should be accepted. The next example shows that the WCES

fails to satisfies self consistency on I'gp.

Example 9. Let (N,v) be a balanced game with set of players N = {1,2,3} and

characteristic function:

S wS) S vS) S w(S)
1y 2 {12y 4 {123} 4
{2y 1 {13} 2
{3 0 {23} 15

Take x = (2,2,0) € C(N,v). The ordered partition of N induced by x, m =
({12} ,{3}), satisfies x1 +x2 = v({12}) and 2(N) = v(N). Hence, from Theorem
8 we have that EL(N,v) = {z} and (N,v) € I'gp.
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Let N' = {13}. Then,

Té’V;EL(U)({l}) = v({12}) — ELy ({12}, ) =4 —2=2,
r¥p(0)({3}) = v({23}) — ELy ({23}, v)p231) =1.5—1=05 and (2.13)
rYp () ({13}) = w(N) = ELy(N,v) =4-2=2,

Note that (N’ ré\f’EL(v)) has no imputations. Thus, the WCES is not defined and
(N/, Té\{;_;;L(U)) g FEP-

In order to characterize the WCES within the domain of exact partition games,

together with consistency property, we will make use of the following properties.

A solution o on IV C T satisfies

Nonemptiness if for all N € /' and all (N,v) € I”, it holds (N, v) # 0.

Efficiency if for all N € N, all (N,v) € TV and all z € o(N,v), then
z(N) = v(N).

Individual rationality if for all N € N, all (N,v) € ", all z € o(N,v)
and all i € N, then x; > v({i}).

Core selection if for all N € N, all (N,v) € ", all z € (N, v) and all
S C N, then z(S) > v(95).

Rich player feasibility if for all N € N, all (N,v) € I” and all x €
o(N,v), it holds x(Ny) < v(NVy), where N; denotes the set of players with

highest payoff (w.r.t. z).

Internal Lorenz stability if for all N € N, all (N,v) € I" and all z,y €

o(N,v), neither x >, y nor y >, x.

External Lorenz stability (over the core) if for all N € N and all
(N,v) e I, if z € C(N,v) \ o(N,v), then there is y € o(N,v) such that

Yyrr .
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Efficiency says that all the gains from cooperation should be shared among
the players. Individual rationality means that the proposed solution can not be
improved upon by a single player, while core selection extends this impossibility
to any coalition. Note that core selection, together with the feasibility assumption
of a solution, imply efficiency. Rich player feasibility states that the total amount
received by players with the highest payoff can not exceed what they can get for
themselves. Internal Lorenz stability is a natural requirement in an egalitarian
framework. FExternal Lorenz stability (over the core) gives priority to the social
goal of equality in front of particular interests, in the sense that if a core element
is not an outcome of the solution is because there is an allocation in the solution
which is more egalitarian (w.r.t. the Lorenz criterion).

Next, we state our first characterization result.

Theorem 9. The WCES is the unique solution on I'gp that satisfies weak max
consistency, individual rationality, internal Lorenz stability and external Lorenz

stability (over the core).

Proof. Proposition 8 implies weak maz consistency, and individual rationality
comes from the fact that the WCES selects a core element. [Internal Lorenz
stability is because the WCES is single-valued, and external Lorenz stability (over
the core) follows from Theorem 8.

In order to show uniqueness, suppose there is a solution o # EL satisfying
the above four properties. Let (N,v) € I'gp. Note that external Lorenz stability
(over the core) implies nonemptiness. If |N| = 1, by nonemptiness and individual
rationality (and feasibility) o(N,v) = EL(N,v). Suppose |[N| > 2. We first show
that o(N,v) C C(N,v). Let z € o(N,v) and i € N. Then, weak maz consistency
and efficiency for one person game imply z; = r}{\}}x(v)({z}) =v(N) = iemiy Tis
which proves efficiency. To check coalitional rationality, let ) # S C N and i €
N\S. Chose k € S and consider the max reduced game ({zk}, r}fﬁ(v)) By weak
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max consistency, Ty € O ({zk},r}ﬁ’(@)) and, by individual rationality, x; >

ri (W) ({k}) > v(S) —a(S\ {k}), which implies 2(S) > v(S). Hence, z € C(N, v).
Let us denote z* = EL(N,v). If 2* ¢ o(N,v), by external Lorenz domination
(over the core) there is y € o(N,v) such that y >, z*, a contradiction. Hence,
x* € o(N,v). Finally, by internal Lorenz stability we conclude that o(N,v) =
EL(N,v).

To see that the properties in Theorem 9 are logically independent we introduce

the following solutions:

e Let oy defined as follows: o1(N,v) = v*(N,v), for each (N, v) € I'gp, where
v* denotes the prenucleolus (Schmeidler, 1969).> Then, o, satisfies weak
max consistency, individual rationality, internal Lorenz stability, but not

external Lorenz stability (over the core).

e Let 0y defined as follows: g9(N,v) = C(N,v), for each (N,v) € 'gp. Then,
0o satisfies weak max consistency, indiwidual rationality, external Lorenz

stability (over the core), but not internal Lorenz stability.

e Let o3 defined as follows: o3(N,v) = EI(N,v), for each (N,v) € 'gp. That
is, o3 chooses the Lorenz maximal allocations in the imputation set. Ller-
ena and Mauri (2015) show that this solution is single-valued and Lorenz
dominates all core elements. Then, o3 satisfies individual rationality, inter-
nal Lorenz stability, external Lorenz stability (over the core), but not weak

max consistency.

5Given a game (N,v), the excess of a coalition () # S C N at a payoff vector z € RY
is v(S) — z(S). The prenucleolus is the pre-imputation that minimizes, with respect to the

lexicographic order, the vector of excesses over the set of pre-imputations.
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e Let 04 defined as follows: for each (NV,v) € I'gp

EL(N,v) it [N|>3or [N =1,

O'4(N, U) =

where (x;,z;) = EL({i,j},v). Then, o, satisfies weak maz consistency,
internal Lorenz stability, external Lorenz stability (over the core), but not

individual rationality.

It is well-known that the max reduced game of a convex game relative to a
core element is also convex (see, for instance, Hokari, 2002). Moreover, on this
domain the WCES selects the unique Lorenz maximal allocation within the core

(Dutta and Ray, 1989). Thus, Theorem 9 holds on the domain of convex games.

Theorem 10. The WCES is the unique solution on I'c,, that satisfies weak maz
consistency, individual rationality, internal Lorenz stability and external Lorenz

stability (over the core).

Defined on the domain of convex games, o1, 09, 03 and o4 show the indepen-
dence of the properties in Theorem 10.

Although the WCES satisfies nice properties on the domain of convex games,
and some of them are inherited on the domain of exact partition games, its exis-
tence is not linked to the nonemptiness of the core. On the domain of balanced
games, an alternative track is to put the attention on the Lorenz maximal allo-

cations within the core.

Definition 17. The Lorenz mazximal core of a balanced game (N,v), denoted by

EC(N,v), is the set EC(N,v) = {x € C(N,v) |y € C(N,v)such that y =, z}.

Example 4 in Dutta and Ray (1989) shows that the Lorenz maximal core is
not single-valued. This instance also confirms that the WCES not always Lorenz

dominates other core allocations when the game is not exact partition. On the
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domain of balanced games, the Lorenz maximal core is a proper subset of the
egalitarian core (Arin and Inarra, 2001), and Example 8 above illustrates that
this feature also holds on the domain of exact partition games. Thus, on I'gp, the
egalitarian core becomes a singleton if and only if it coincides with the WCES.
By definition, the Lorenz maximal core satisfies individual rationality and
internal Lorenz stability. FExternal Lorenz stability (over the core) follows by
compactness of the core. Arin and Inarra (2001) and also Hougaard et al. (2001),
show that the Lorenz maximal core satisfies max consistency. Since weak max
consistency and individual rationality imply core selection, uniqueness follows
directly from internal Lorenz stability and external Lorenz stability (over the core).
Thus, properties in Theorem 9 also characterize the Lorenz maximal core on the

domain of balanced games.

Theorem 11. The Lorenz mazimal core is the unique solution on I'gy that sat-
isfies weak max consistency, individual rationality, internal Lorenz stability and

external Lorenz stability (over the core).

Solutions o1, 05 and o3 defined on I'g,;, together with solution o5 defined

bellow, show that the properties in Theorem 11 are logically independent.

e Let o5 defined as follows: for each (N, v) € T'py

EC(N,v) if [N| >3or|N|=1,

o) = o
{(@i, ), (zj, i)} i N ={i,j},

where (z;,2;) = EC({3,j},v). Then, o5 satisfies weak max consistency,
internal Lorenz stability, external Lorenz stability (over the core), but not

indwidual rationality.

Our second characterization is by means of nonemptiness, rich player max

consistency, core selection and rich payer feasibility.
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Theorem 12. The WCES is the unique solution on I'gp that satisfies nonempti-

ness, rich player max consistency, core selection, and rich player feasibility.

Proof. Proposition 8 implies rich player max consistency, nonemptiness and core
selection follow from the fact that the WCES selects a core element, rich player

feasibility comes from the structure of the WCES on I'gp.

In order to show uniqueness, suppose there is a solution ¢ # FEL satisfy-
ing the above four properties. Let (N,v) € I'gp, FL(N,v) = {z} and 7 =
(N1, Na, ..., N,) be the ordered partition of N induced by z. First, we will see
that N; is the unique maximal equity coalition of (N,v). Let R C N be an

, for all £ € Ny. Since x € C(N,v),
UI(Jfl)' Thus, for each & € N, it holds

% > ;> ﬂg“) > ”&VI‘ , which means that |R‘) = % Hence, N;

equity coalition. Recall that z, = N‘

there exists ¢ € R such that x; >

T —

is an equity coalition. Suppose that R\ Nj # (). Then,

(R) = Y mi+ Yy a= IN; N R| S |N’ ) 4 > o

1€EN1INR 1€ER\ N1 1€ER\ N1

< |N1NR| |(N|)+|R\N1‘ |( |)_ ]<N|)|R| v(R),

contradicting x € C'(N,v). Hence, R C Nj.

By nonemptiness, o(N,v) # (. Let y € o(N,v) and #’ = (Ry, Ra, ..., Ry)

be the ordered partition of N induced by y. By core selection and rich player

v(R1)
|2

feasibility, y; = for all ©+ € Ry. If Ry = N, by core selection y =

Otherwise, since x =, y, 1 < gy; which means that y; > ) for all i € Ry.

v(R1) ’U(Nl
Rl 2 Wl

\N\

Hence, This, together with the fact that /Ny is the unique maximal
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equity coalition of (N,v), leads to Ry C Nj. Suppose that |R;| < |Ny|. Then,

i’l = ?)1
I = 1+
:151+...+£13“|R1| = 3)1—1—...—1-@“31‘

Tr4 . gy F TRy > Y1 T YR Ry

in contradiction with >, y. Thus, Ry = N; and z; = y; for all i € Ny,
which imply (N \ Ny, T]\A/[[\ivl(v)> = <N \ Ry, rﬁ’\fl(v)) . By rich player maz con-
sistency, ym\n, € O (N\Nl,rjj\\;};vl (v)) and z;m\ny, = EL <N \ Nl,rﬁxvl(v)»
with (N \ Ny, 7"]]\\251 (v)) € I'gp. Applying the same arguments as before, it can
be checked that Ny = Ry and x; = y; for all 7« € N,. Following this reasoning step
by step we reach x = y. Thus, we conclude that o = FL. O]

To see that the properties in Theorem 12 are logically independent we intro-

duce the following solutions:

e Let o defined as follows: og(N,v) = { (”|(]<,V|), e U‘(]f,vl)> } NC(N,v), for each
(N,v) € 'gp. Then, og satisfies rich player maz consistency, core selection

and rich player feasibility, but not nonemptiness.

e Let o; defined as follows: o7(N,v) = {z € C(N,v) | 2(Ny) = v(Ny)}, for
each (N,v) € I'gp, where N; denotes the set of players with highest payoff
(w.r.t. z). Then, o7 satisfies nonemptiness, core selection and rich player

feasibility, but not rich player max consistency.

e Let oy defined as follows: og(N,v) = {(”&V‘), . ”|(]]VV|)>} , for each (N,v) €

I'gp. Then, oy satisfies nonemptiness, rich player max consistency and rich

player feasibility, but not core selection.

e Let gg defined as follows: oo(N,v) = EL(N,v) if [N] > 3, and o9(N,v) =
C(N,v) if |[N| < 2, for each (N,v) € I'gp. Then, g satisfies nonempti-
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ness, rich player maz consistency and core selection, but not rich player

feasibility.
Theorem 12 also holds on the domain of convex games.

Theorem 13. The WCES is the unique solution on I'c,, that satisfies nonempti-

ness, rich player max consistency, core selection and rich player feasibility.

Definded on the domain of convex games, o4, 07, 0g and o9 show the inde-
pendence of the properties in Theorem 13.

Finally, let us point out that on the domain of balanced games, the proper-
ties stated in Theorem 13 do not characterize the Lorenz maximal core since it
fails to satisfy rich player feasibility. In fact, nonemptiness, core selection and
rich player feasibility are incompatible on this domain. Indeed, suppose there
is a solution o on I'g, that satisfies these three properties and consider Exam-
ple 1 in Dutta and Ray (1989): let (N,v) with N = {1,2,3} and v({i}) = 0
for all i € N, v({12}) = v({13}) = v({123}) = 1 and v({23}) = 0. Since
C(N,v) = {(1,0,0)}, by nonemptiness and core selection o(N,v) = {(1,0,0)},
in contradiction with rich player feasibility. As was noted by these authors, this
game has no WCES. Nevertheless, Example 4 in the same paper describes a non
exact partition balanced game where the WCES belongs to the core, satisfies
rich player feasibility and its restriction to the complementary set of players with
highest payoff coincides with the WCES of the corresponding max reduced game.
Actually, in this example the WCES coincides with the lexmax solution (Arin
et al., 2003). Let us recall the definition. For any two vectors z,y € RY, we
say that © <., y if © = y or &y < y; or there exists k € {2,...,|N|} such that
x;=y; for 1 <i <k —1and z; < yg. For a balanced game (N, v), the lexmax
solution is defined as Lmax(N,v) = {x € C(N,v) | & =, yfor ally € C(N,v)}.
For any balanced game (N, v), the lexmax solution is a singleton and it is Lorenz

undominated within the core.
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Next we show that the compatibility of these properties leads to the lexmax

solution.

Theorem 14. Let IV C T'py be a subclass of balanced games such that there
exists a solution o that satisfies nonemptiness, rich player maz consistency, core

selection and rich player feasibility. Then, o coincides with the lexmax solution.

Proof. Let o be a solution satisfying these four properties on I". Let (N,v) € T",
x € o(N,v) and ™ = (N1, Ny, ..., N,,) be the ordered partition of N induced by
x. If m = 1, by core selection x = (”(N) . LN)) = Lmaz(N,v). If m > 1

NP N
suppose, on the contrary, x # Lmaz(N,v) = y. By core selection and rich
player feasibility, x(Ny) = v(N7). Moreover, for all 1 € Ny, z; = ”|(NA?‘) > z; for all
o(N1) _

J € N\N;y. Sincey € C(N,v), there exists i; € Ny such that y;, > x;, and

[ V1]

=>

thus ¢1 > y;;, > z;, = ;. This inequality, together with the fact that y <.,

anly gl - @1 and Yiy, = Tiy- If ’N’ > 17 then y<N1 \ {Zl}) = y(Nl) — Y, =

v(N- V(N . v(N . . . N\ {: v(N-
y(Ny) — ‘(Nll‘) > v(Ny) —ﬁ =N\ {ia}] |(N11|), which implies y‘gvll\\{{l.ll}}l) > ‘(Nll‘).

N L
v|(N11‘) = xy,. Since 1 > y;, > Ty, =

Hence, there exists io € Ny \ {i1} with y;, >
1 = 11, we have y;,, = z;,. Following this process we can check that y, =
for all £ € Nj, which means that <N\N1,r1\]\/[[7\ivl(v)) = <N\]\71,7”1\]\/[17\21]\]1 (v))
Moreover, by rich player max consistency, (N \ Ny, r]\]\;[\évl(v)> € I"and znN, €
o (N \ Nl,r]]\\%v ! (v)> In addition, by mazx consistency of the lexmax solution,
yn\N, = Lmax (N \ Ny, rﬁ\;f ! (v)) . Now following the reasoning above we obtain
xr = yi for all k£ € Ny. Repeating this line of argument, we can conclude that
o (N,v) = Lmax(N,v). O

The class of exact partition games, and also the class of convex games, are
instances of subdomains of balanced games satisfying the assumptions of Theorem
14 where the WCES coincides with the lexmax solution. However, there are other

subdomains. Indeed, let IV be the domain of balanced games where the lexmax

solution satisfies rich player feasibility and rich player maz consistency. Note
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that I # 0 since I'gp C I”. Now consider the following example.

Example 10. (Dutta and Ray, 1989) Let (N,v) be a balanced game with set of

players N = {1,2,3,4} and characteristic function as follows:

S wsS) S vS) S w(S) S v(S)
v 0 {12} 0 {123} 1.05 {1234} 2
{2y 0 {13} 0 {124} 0
{3} 0 {14} o0 {134} 19
{44 0 {23} 105 {234} 19

{24} 0
{34} 1.9

Here, EL(N,v) = (0.05,0.05,0.95,0.95) ¢ C(N,v) which implies (N,v) ¢
I'gp. Moreover, z = Lmax(N,v) = (0,0.1,0.95,0.95). Let us check that (N,v) €
IV, Note first that z3 + z4 = v({34}) = 1.9. Now consider the max re-
duced game <{12} r{12}( )) Then, 7‘}{\}2;(1))({1}) =0, 7“]{\/1[2;(1))({2}) = 0.1 and
T}{\}i}( )({12}) = 2= 1.9 = 0.1. By max consistency of the lexmax solution,
Lmaz ({12} P2 )) — 22y = (0,0.1). Thus, 25 = r{i?(v)({2}). Finally,
Lmazx ({1} 7“{1} (v )> =1 rﬁ}x( )({1}). Hence, (N,v) € I".

2.5 Anti-dual axioms

Recently, Oishi et al. (2016) apply the notion of anti-duality to axioms in order
to obtain new axiomatic characterizations of the WCES on the domain of convex
games. In this section, we use this approach to provide additional axiomatizations
of the WCES on the domain of exact partition games, that also hold on the
domain of convex games, and of the Lorenz maximal core on the domain of
balanced games.

Let us first remember some definitions on duality.
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Given a game (N,v), the dual game (N,v?) is defined by setting for all
S C N, vHS) =v(N)—ov(N\S). Let I'* be a class of games such that, for all
N € N, it holds (N, v), (N,v?) € I'*. Given a solution o on I'*, the dual solution
of o, denoted by ¢?, is defined by setting o?(N,v) = o(N,v?). A solution ¢ on
I'* is self-dual if for all (N,v) € T'*, o(N,v) = 0%(N,v).

Given a game (N, v), the anti-dual game is (N, —v?).

Let I'** be a class of games such that, for all N € N, it holds (N, v), (N, —v?) €
[**. The class of balanced games and the class of convex games are examples of
I'**. Given a solution o on I'**, the anti-dual solution of o, denoted by ¢,
is defined by setting 0%¢(N,v) = —o (N, —v%). A solution o on I'** is self-anti-
dual if for all (N,v) € T**, o(N,v) = 0%(N,v). Some well-known self-anti-dual
solutions are, among others, the core (on the domain of balanced games) and the
WCES (on the domain of convex games).®
Making use of the anti-dual solution, Oishi et al. (2016) introduce the concept

of anti-dual axioms.
Definition 18. Given two azioms A and B, we say that

e A and B are anti-dual to each other if for all solution o satisfying A it
holds that o satisfies B, and conversely, for all solution o satisfying B it

holds that 0 satisfies A.

o A is self-anti-dual if for all solution o satisfying A it holds that o also
satisfies A.

In order to apply the anti-duality approach on the domain of exact partition

games ['gp, first we need to see if ['gp is closed under the anti-dual operator.

Proposition 9. The class of exact partition games I'gp is preserved under the

anti-dual operator.

6See Oishi et al. (2016) for others examples of self-anti-dual solutions.
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Proof. Let (N,v) € Tgp. Then, there exists © € C'(N,v) such that the ordered
partition of N induced by x, 7 = (Ny, ..., N,,), satisfies (N U. . .UN) = v(NU
...UN,) forall k = 1,...,m. It is straightforward to check that —z € C'(N, —v?)
and the ordered partition of N induced by —z is #’ = (N, ..., V1) satisfying
—2(N,,) = —v4Ny), —2(Np U Npppy) = —04(N,,, U N,,_1), and so on. Hence,
(N, —v%) € Tgp. O

The following remark will be of help to prove that the WCES is self-anti-dual
on the domain of exact partition games, and that the Lorenz maximal core is
self-anti-dual on the domain of balanced. This fact will allow us to detect new

axiomatic characterizations of these solutions by means of the anti-dual axioms

of the ones involved in Theorems 9, 10, 11, 12 and 13.

Remark 8. Given N € N, for any z,y € RY with x(N) = y(N) it holds that

Tp Yy = —T > —Y. (2.14)
For any x € RY, denote by T = (T1,...,T,) the vector obtained from x by
rearranging its coordinates in a non-decreasing order, that is, 11 < T < ... < Ty,.

Let x,y € RN with x(N) = y(N). We know that

k k
Ty = ) ;> (2.15)
j=1 j=1
for all k € {1,...,|N|} with at least one strict inequality. Or equivalently,
k k
Ty = Y &< 0 (2.16)
j=1 j=1

for all k € {1,...,|N|} with at least one strict inequality, where &1 > ... > &,
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and gy > ... > Uy. Combining (2.15) and (2.16) we obtain,
koo koo
Trry < Zj:l Tj =2 Zj:l Yj
koo koo
ko ko ’
— Zj:l —xj < Zj:l —Y;j
= x>y
forall k€ {1,...,|N|} with at least one strict inequality.

Now we have all the tools to state that both the WCES and the Lorenz

maximal core are self-anti-dual.

Proposition 10. On the domain of exact partition games U'gp, the WCES is

self-anti-dual.

Proof. Let (N,v) € I'gp and x = EL*(N,v). Notice that € C'(N,v). Then,
v =—FEL(N,—v?) <= —x =,y forall y € C(N,—v?) (by Proposition 9 and
Theorem 8) <= x =, —y for all —y € —C(N, —v?) = C(N,v) (by Remark 8)
< x = FEL(N,v). O

The same proof can be applied to show that the WCES is self-anti-dual on

the domain of convex games.”

Proposition 11. On the domain of balanced games, the Lorenz maximal core is

self-anti-dual.

Proof. Let (N,v) be a balanced game. We must show that EC(N,v)
EC%(N,v). Take z € EC(N,v) and suppose that x ¢ FC* (N, v). Then, —z &
EC(N,—v%) and so there is y € C(N, —v?) such that y =, —z or, equivalently,
—y »¢ « (by Remark 8) where —y € —C(N, —v?) = C(N,v), in contradiction
with z € EC(N,v). Similarly it can be checked that EC*¢(N,v) C EC(N,v). O

"Qishi et al. (2016) use an alternative proof to claim that the WCES is self-anti-dual on the

domain of convex games.
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Now, we are going to determine the anti-dual axioms of the ones that appear
in the above characterizations. It is quite natural to expect that the anti-dual
axiom of individual rationality will recommend that the payoff assigned to a player
should be bounded from above by his marginal contribution to the grand coalition.

Formally, a solution ¢ on I'" C T satisfies

e Upper boundedness if for all N € N, all (N,v) € I”, all z € o(N,v) and
all i € N, then z; < v(N) —v(N \ {i}).

From the Lorenz equivalence formulate in (2.14), it comes that both internal
Lorenz stability and external Lorenz stability (over the core) are self-anti-dual.
In the next two propositions we assume that, if z,y € o(N,v), then z(N) =

y(N), for all game (IV,v) and all solution o.

Proposition 12. Let o be a solution on a domain I'* such that, for all (N,v) €
I'"* and all z,y € o(N,v), it holds that x(N) = y(N). If o satisfies internal

Lorenz stability, then o also satisfies it.

Proof. Let o be a solution on I'** satisfying the above conditions. Let (N,v) €
I and x,y € 0%(N,v). Then, —x, —y € o(N, —v?). By internal Lorenz stability
of o, neither —x >, —y nor —y >, —x. From Remark 8 this is equivalent to
neither =, y nor y =, x, which mean that 0% also satisfies internal Lorenz

stability. O

Proposition 13. Let o be a solution on a domain I'"™* such that, for all (N,v) €
I'* and all x,y € o(N,v), it holds that x(N) = y(N). If o satisfies external

Lorenz stability (over the core), then 0% also satisfies it.

Proof. Let o be a solution on I'** satisfying the above conditions. Let (N,v) €
' and z € C(N,v) \ 0%(N,v). That is, z € C(N,v) \ —o(N, —v?). Since the
core is self-anti-dual, x € C%(N,v) = —C(N, —v?%). By external Lorenz stability
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(over the core) of o, there is y € (N, —v%) such that y =, —z. From Remark 8
this is equivalent to —y =, z, where —y € —o (N, —v?) = 0%¢(N,v). Thus, %
also satisfies external Lorenz stability (over the core). [

Oishi et al. (2016) show that max consistency is self-anti-dual, and that
complement consistency (Moulin, 1985) and projected consistency (Funaki, 1998)
are anti-dual to each other. With the aim to generalize these results, we make
reference to the notion of admissible subgroup correspondence (Thomson,

1990).

Definition 19. An admissible subgroup correspondence o : N'— N is a corre-
spondence that associates with each N € N a non-empty list a(N) of coalitions

of N.

We denote by A the set of all admissible subgroup correspondences. For a

given a € A, we define the a-max reduced game.

Definition 20. Let (N,v) be a game, « € A, ) # N’ C N and x € RX where
N\ N C K C N. The a—mazx reduced game relative to N' at x is the game
(N, 72" (v)) defined by

Lo,

0 if S =10,
rea(@)(8) = ¢ max {u(SUQ) -2(Q)} #O£SCN, (218)
v(N) —xz(N\ N') if S = N'.

The max reduced game is a particular case when a(N) = 2V for all N € N.
The complement reduced game (Moulin, 1985) is defined by a(N) = {N} for all
N € N, and the projected reduced game (Funaki, 1998) by «(N) = {0} for all
N € N. The above reduction operations will be denoted by aps, oy and ap,
respectively.

Given a € A and the corresponding a-max reduced game, we introduce a-

consistency.
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Definition 21. Let o be a solution on I" C I'. Given o € A, we say that o
satisfies a-consistency on T if for all N € N, all (N,v) € T, all N' C N,
N'#0, and all x € o(N,v), then (N',rY (v)) €T" and zx € o (N, v, (v)).

Given a € A, the associated complement admissible subgroup corre-

spondence, denoted by o € A, is defined by setting, for all N € N,
a’(N)={N\S|Se€aN)}. (2.19)

For a given a € A, we will show that a-consistency and a‘-consistency are
anti-dual to each other. From the observation that apy = a%,, and oy = afp
(or ap = af;), the Oishi’s results can be obtained as particular cases. To do this,

we need a previous lemma.

Lemma 4. Let (N,v) be a game, a € A, ) # N' C N and v € RE where
N\ N CK CN. Then, forall S C N,

L)) = — (rL ) (9). (2.20)

Proof. We can distinguish two cases:
e If)£SCN,
N (—oh)(S) = a —H(SUQ) +
i (=0?)(S) Qeg(lﬁw){ v(SUQ) + 2(Q)}

= max  {—v(N) +o(N\SUQ)+z(Q)}

Qea(N\N")

= —u(N)+ I {v(N\SUQ) +2(Q)}

= o)+ eV AN+ max {o(N\SUQ) +a(Q) —x(N\ N}

= —U(N)+:L'(N\N/)
b e {o((V'S)UN\N'UQ) — 2N\ N UQ))

a(N\N')

_ (U(N) —z(N\N)— max {o((N'\S)UQ) - :'f(@)})

QEac(N\N")
= — (rX,()(N) = ri  (0)(N'\ S))
= — (L) (9).
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o If S =N,

rgj’_m(—vd)(N’) = —v¢N)+z(N\ N
= —(u(N) = 2(N\ N"))
= = (¥, )" (V).
O

Proposition 14. On a domain I, and for a given a € A, a-consistency and

a‘f-consistency are anti-dual to each other.

Proof. Let o be a solution on a domain I'** satisfying a-consistency, with o € A.
Let N € NV, (N,v) € I, 2 € 0%(N,v) and ) # N’ C N. By definition,

z € —o(N, —v?). Since o satisfies a-consistency, —zx € o (N',r)"_(—v?)). By

Lemma 4, r)" (—v?) = — (rﬁ/’x(v))d, and thus —z|y € o (N’,— (rﬁfc’,x(v))d)
Hence, x|y € —0 (N’, - (rojtﬂ:z(v))d> = gd (N’,rgc:m(v)), which prove that o

satisfies a“-consistency. In a similar way it can be showed that if a solution o
satisfies a®-consistency, then its anti-dual 0% satisfies a-consistency. O]

From the fact that max consistency is self-anti-dual it comes directly that
weak max consistency also does. Hence, by replacing individual rationality by
upper boundedness in Theorems 9, 10 and 11 we obtain the following additional

axiomatizations.

Theorem 15. On the domain of exact partition games I'gp, the WCES is the
unique solution that satisfies weak max consistency, upper boundedness, internal

Lorenz stability and external Lorenz stability (over the core).

Theorem 16. On the domain of conver games I'c,,, the WCES is the unique
solution that satisfies weak maz consistency, upper boundedness, internal Lorenz

stability and external Lorenz stability (over the core).
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Theorem 17. The Lorenz mazimal core is the unique solution on I'g, that sat-
1sfies weak max consistency, upper boundedness, internal Lorenz stability and ex-

ternal Lorenz stability (over the core).

To check that properties in Theorems 15, 16 and 17 are independent it is
enough to consider the anti-dual solutions of the ones used to prove the indepen-
dence of the properties in Theorems 9, 10 and 11.

Finally, to obtain the anti-dual results of Theorems 12 and 13, notice first that
nonemptiness and core selection are clearly self-anti-dual. The anti-dual axioms
of rich player max consistency and rich player feasibility are, respectively, the
following.

A solution o on IV C T satisfies

e Poor player max consistency if for all N € A/, all (N,v) € I" and all x €
o(N,v), if Ny € N, N; # N, is the set of players with lowest payoff (w.r.t.
x), then (N \ Nl,rj\j\;}ivl(v» eI” and zy\w, €0 (N \ Nl,r]]\\;’\évl (v)) :

e Bounded minimum payoff property if for all N € N/, all (N,v) € T”
and all x € o(N,v), it holds x(Ny) > v(N) — v(N \ N;y), where N; denotes
the set of players with lowest payoff (w.r.t. z).

Poor player max consistency is a weaker version of maz consistency that only
applies when players with the lowest payoffs leave the game. Bounded minimum
payoff property simple says that the total amount received by the set of players
with lowest payoff should be, at least, his marginal contribution to the grand
coalition.

Indeed, let o be a solution satisfying rich player max consistency on a domain
**. Let (N,v) € I** and * = EL(N,v). Then, x = —EL(N,—v?). If N
denotes the set of players with lowest payoff w.r.t. x, then Ny contains the players

with highest payoff w.r.t. —x. Thus, by rich max consistency of o, we have that
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—zn, = EL (N \ Nl,r]]&}ivé(—vd)). By Lemma 4, and taking into account that
d
mazx consistency is self-anti-dual, rﬁ}ivé(—vd) = — <r]]\v4\iv ! (v)) . Hence, x|y, =

—FEL (N \ Ny, — (TAA/[[\;VI (v))d) = EL% (N \ Nl,rﬁ}ivl (v)) , which proves that
the anti-dual of the WCES satisfies poor player mazx consistency.

To check that bounded minimum payoff property is the anti-dual of rich player
feasibility, consider a solution o satisfying rich player feasibility on a domain I™**.
Let (N,v) € T** and * = EL(N,v). Then, z = —EL(N,—v%). As before, if
N7 denotes the set of players with lowest payoff w.r.t. x, then N; contains the
players with highest payoff w.r.t. —xz. By rich player feasibility of o, —x(Ny) <
—v4(Ny) = —v(N) +v(N \ Ny) or, equivalently, 2(Ny) > v(N) — v(N \ Ny).

Now, by replacing rich player max consistency and rich player feasibility in
Theorems 12 and 13 by poor player max consistency and bounded minimum payoff

property, respectively, we can state the following characterizations.

Theorem 18. On the domain of exact partition games I'gp, the WCES is the
unique solution that satisfies nonemptiness, poor player max consistency, core

selection and bounded minimum payoff property.

Theorem 19. On the domain of convexr games I'c,,, the WCES s the unique
solution that satisfies nonemptiness, poor player max consistency, core selection

and bounded minimum payoff property.

To check that properties in Theorems 18 and 19 are independent it is enough
to consider the anti-dual solutions of the ones used to prove the independence of

the properties in Theorems 12 and 13.

2.6 Lorenz stable set

Until now, we have considered the core as the reference set from which to select

Lorenz maximal allocations. On the domain of exact partition games (an also
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on the domain of convex games) this leads to the WCES. However, on the whole
domain of balanced games, the set of Lorenz maximal core allocations is not
a singleton and the WCES may not exist. To overcome this drawback, Dutta
and Ray (1991) introduce the SCES, a solution concept that chooses the Lorenz
maximal allocations in the equal division core (Selten, 1972). In this section,
we focus on the axiomatic approach of the Lorenz maximal allocation in the
imputation set. We call this solution the Lorenz stable set. The reason is that it
can be interpreted as a kind of stable set a la von Neumann-Morgenstern where
the domination relation is base on the Lorenz order. Finally, we observe that the
WCES and the SCES are connected by the Lorenz stable set.

Given an essential game (N, v), for X C I(N,v) we denote by L£Y(X) the set
of all imputations Lorenz dominated by some imputation of the set X. Formally,
LY(X) ={y € I(N,v)|3x € X,z >, y}. A non-empty set of imputations
VY C I(N,v) is a Lorenz stable set for the game (N, v) if it satisfies the next

two conditions:

1. Vis internally Lorenz stable: no imputation in )V Lorenz dominates another

imputation in V. Formally, V N LY (V) = 0.

2. Vis externally Lorenz stable: any imputation outside the set V is dominated

by some imputation in V. Formally, V U L(V) = I(N,v).

On the domain of essential games, we find that the Lorenz stable set is a
singleton and admits a formula that has the same flavor of the constrained equal
awards rule for bankruptcy problems. On this domain, we provide an axiomatic
characterization of this solution, similar to the ones provided by Dutta (1991) by

only changing the notion of reduced game.

Definition 22. Let (N,v) be an essential game. The vector IV € RY is defined
as

I! := max{v(i), A}, (2.21)



UNIVERSITAT ROVIRA I VIRGILI
ESSAYS ON EGALITARIANISM-BASED SOLUTION CONCEPTS FOR COOPERATIVE TU-GAMES
LlGcia Mauri Masdeu

Lorenz stable set 91

for all i € N, where \ is chosen so as to achieve efficiency.

Theorem 20. Let (N,v) be an essential game. Then, there is a unique Lorenz

stable set V. Moreover, V = {I"}.

Proof. Let (N,v) be an essential game with N = {1,...,n}. Define the game
(N,v*) as follows: v*(S) = . qv(i) for all S C N, and v*(N) = v(N). Notice
that (N, v*) is convex and C'(N,v*) = I(N,v). Since for convex games the WCES
Lorenz dominates every other point in the core, we only need to check that
EL(N,v*) = {I'}. Assume, w.lo.g, v(1) > ... > v(n). If v(1) < @, then
EL(N,v*) = {I” = (v*(N), o U*;N)>} . Otherwise, take k € {1,...,n — 1},

n

n > 2, and define the vector

. (v(1>, (e, M) = (US)—+J; (k) o) = (v(i)jk. L+ v(k))) |

Observe that IV = y*" | where k* = min{k € {1,...,n — 1} |yF > v(i) for all i €

N}. Let P = {S1,...,Sn} be the partition of N generated by the Dutta and Ray

(1989) algorithm to compute EL(N,v*). Denote EL(N,v*) = {z}. Notice that

m > 2 because v(1) > Y Tt can be easily checked that z = v(i) for all i € S),

andall h € {1,...,m—1}, and z; = U(N)_Z\ge,,ﬁ\sm

o) for all i € S,,,. Hence, z = /"

where k = |S; U...US,,_1|. Suppose k > k*. By the minimality of k£*, we have

2z < y¥ foralli € {1,...,k* ..., k}. Moreover, for all i > k, since i € S,, and
k € Sp_1, we have z; < 2, = v(k) < yf = yF . Then, 2(N) < y* (N) = v(N), a
contradiction. Hence, k = k* and EL(N,v*) = {I"}. O

From Theorem 20 and the characterization of Lorenz domination given by
Hardy et al. (1934),® it follows that the Lorenz stable solution selects the allo-

cation in the imputation set that minimize the Euclidean distance to the equal

8If x and y are two vectors in R™ with Z?=1 T, = Z?=1 1, the following statements are

equivalent: (a) x Lorenz dominates y; (b) for any strictly concave function U : R — R, we

have >0 U(z;) > Yoi, Uys)-
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division payoff vector. Formally, for all essential game (N, v),

, U(N))2
I" = arg min T; — . 2.22
gmGI(N,U) N ( ‘N‘ ( )

As we have mentioned before, on the domain of convex games Dutta (1990)
characterizes the weak constrained egalitarian solution (Dutta and Ray, 1989)
by means of constrained egalitarianism and either maz consistency or self consis-
tency. Interestingly, on the domain of essential games, replacing maz consistency
or self consistency by projected consistency (Funaki, 1998) we characterize the

Lorenz stable set.”

Definition 23. (Funaki, 1998) Let (N,v) be a game, ) # N’ C N and v € RX
where N\ N' C K C N. The projected reduced game relative to N’ at x is the
game (N',rN,(v)) defined by
’ v(S if 0 S C N/,
. (v)(S) = (5) f 7 (2.23)
v(N)—x(N\N') if S=N"

In the projected reduced game (relative to N’ at ), when players in N \ N’
leave the game, for a proper subcoalition S C N’ cooperation is no longer possible
with them. Projected consistency tell us that in the projected reduced game the
initial agreement should be adopted.

A solution ¢ on IV C T satisfies

e Projected consistency if for all N € N, all (N,v) e I, all N' C N, N’ #
0, and all z € o(N,v), then (N’,r},(v)) € I' and x5+ € o (N, 1}, (v)) .

The next result connects consistency and constrained egalitarianism with ef-

ficiency.

9 Projected consistency has been used to characterize, among others, the equal division core

(Bhattacharya, 2004) or the undominated core (Llerena and Rafels, 2007).



UNIVERSITAT ROVIRA

I VIRGILI

ESSAYS ON EGALITARIANISM-BASED SOLUTION CONCEPTS FOR COOPERATIVE TU-GAMES

LlGcia Mauri Masdeu

Lorenz stable set 93

Lemma 5. Let 0 be a single-valued solution on I'gss that satisfies constrained
egalitarianism and either projected consistency, max consistency or self consis-

tency. Then, o satisfies efficiency.

Proof. Let o be a single-valued solution on I'g,s that satisfies constrained egal-
itarianism and projected consistency. Let ({i},v) be a one-person game and for
some j € N\ {i} consider the essential game ({7, j},v") defined by v'(i) = v'(ij) =
v(i) and v'(j) = 0. By constrained egalitarianism, o({i,j},v') = (v(7),0). It is
easy to check that ({i},v) = ({z}, r%i(vﬂ) where x = o({i,7},v"). By projected
consistency, o({i},v) = o ({i},rg}w(v’)) = 0;({1,7},v") = v(i), which implies
efficiency for one-person game. Let N € N with |[N| > 2, (N,v) € I'gss and
i € N. Let us denote x = o(N,v). By projected consistency and efficiency for
one-person game, o;(N,v) = o; ({z},r}ﬁi(v)) =0(N) =3 enay 75 (N, v), which
proves efficiency.

The same reasoning holds replacing projected consistency by either max con-

sistency or self consistency. L]

Theorem 21. On the domain of essential games, the only single-valued solution
satisfying projected consistency and constrained egalitarianism is the Lorenz stable

set.

Proof. Constrained egalitarianism is obvious. Next we prove projected consis-
tency. Let N € N, (N,v) € T'gg, © = 1" and (T, rp,(v)) be the projected
reduced game relative to § # 7' C N at x. Since zjp € I(T,r},(v)), we have
(T,75,(v)) € Pgys. Let y = I'7+™ be the Lorenz stable set of (T,rp,(v)) and
suppose y # . Then, y >, x7. Now consider the vector z = (zn\1,y) € RV,
Since z € I(N,v), x >, z, which implies zp >, y, a contradiction.'® Hence,
xip = y. To prove uniqueness, let o be a single-valued solution on I'g, satis-

fying constrained egalitarianism and projected consistency. From Lemma 5 we

10See Remark 4.
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know that these two properties together imply efficiency. For |[N| = 1 and
IN| = 2 uniqueness follows from efficiency and constrained egalitarianism, re-
spectively. Let (N,v) € T'ggs with N = {1,2,...,n},n > 3, and z = o(N,v).
Let T'= {i,j} C N. By constrained egalitarianism and projected consistency,
zir = o(T, 1}, (v)) = CE(T,rp,(v)). Thus, z € I(N,v). If #; = ... = x,, then
x = I". Otherwise, suppose, w.l.o.g., xr1 > ... > x4 = ... = x,, for some
ke{l,...,n—1}.Forie{l,... k},let T'={i,i+1}. By projected consistency,
zip = CE(T,r},(v)). Since x; > 41, ¥; = v(i) for all i € {1,...,k}. Now, by
efficiency we obtain z; = Y= v®) g0 411 € {k+1,...,n}. Thus, for all

n—k
i € N, z; = max{v(i), \} being A = 2M=Ct-vlk) opg 4 =17, O

n—=k

The axioms in Theorem 21 are independent. For instance, the single-valued so-

lution o defined, for all N € A and all (N, v) € gy, as o1(N,v) = (”(N) . ”(N)> :

[N[ > N

satisfies projected consistency but not constrained egalitarianism. The single-
valued solution oy defined, for all N € N and all (N,v) € gy, as o2(N,v) =
CE(N,v) if [N| = 2, and 02(N,v) = (v(i));en otherwise, satisfies constrained
egalitarianism but not projected consistency.

The above characterization opens an interesting question: on the domain
of essential games, which is the set of rules that emerges from substituting in
Theorem 21 projected consistency by either max consistency or self consistency.

As we will see, the combination of these properties leads to imposibility results.
Theorem 22. There is no single-valued solution on I'gss that satisfies

1. mazx consistency and constrained egalitarianism.

2. self consistency and constrained egalitarianism.
Proof.

1. Suppose, on the contrary, there is a single-valued solution on I'g, that

satisfies max consistency and constrained egalitarianism. By Lemma 5,
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o satisfies efficiency. Next we see that it also satisfies individual ratio-
nality. Let (N,v) € Igs. If [N| = 1 or |[N| = 2, by efficiency and
constrained egalitarianism we have that o(N,v) € I(N,v). If |[N| > 3,
choose two arbitrary players 7,7 € N and consider the max reduced game
({z Jts r i ]}( )), being x = (N, v). By maz consistency and constrained
egalitarianism, oy j3(N,v) = CE ({2 it 7"{”}( )) > (v(i),v(4)). Hence,
o(N,v) € I(N,v). Let (N,v) € I'gss with N = {1,2,3} and characteristic
function as follows: v(i) = 0 for all ¢ € N, and v(S) = 1 for any other
coalition S C N. Denote o(N,v) = z. By individual rationality 0 < z; < 1,
for all i € N. Now consider the max reduced game ({1 2}, r{l 2}( ))
Note that r]{\}:i}(v)(l) = r]{éi}( )(2) = max{0,1 — 23} = 1 — 3, and
r}}i}( )(12) = 1 —x5. By max consistency, ({1 2}, r{l 2}( )) € I'gss, which
means that 2(1 —x3) < 1 —z3 or, equivalently, 1 < x3. This, together with
the fact that x3 < 1, imply x3 = 1. In a similar way, it can be checked that

xr1 = x9 = 1, contradicting efficiency.

. Suppose, on the contrary, there is a single-valued solution on I'g,, that

satisfies self consistency and constrained egalitarianism. By Lemma 5,
o satisfies efficiency. Let (N,v) € T'ge with N = {1,2,3} and char-
acteristic function as follows: wv(i) = 0 for all i € N, and v(S) = 1
for any other coalition S C N. Now consider the self reduced game
({1 2}, ril 2}(0)). Recall that ri5 (v)(1) = v(13) — o3 ({1,3},0,03),
riy (0)(2) = 0(23)— 03 (2,3} viay) and rgy” (0)(12) = o(N) =03 (N, v).
1
Hence, rélf}(v)(l) = rélf}( )(2) = 1—1 = 1. By self consistency,
({1 2}, r{l 2}(1))) € I'gys, which implies 1 + 2 < v(N) — o3(N,v) = 1 —

By constrained egalitarianism, o3 ({1,3},0‘{1,3}) = 03 ({2,3},v|{273}) =

o3(N,v) or, equivalently, o3(N,v) < 0. In a similar way, it can be checked

that o1(N,v) <0 and oy9(NV,v) < 0, contradicting efficiency. O
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2.7 Connecting the weak and the strong con-
strained egalitarian solutions

Dutta and Ray (1991) characterize the class of superadditive games in which
WCES and SCES coincide. Here we show that, on the domain of all games,
the unique weak constrained egalitarian allocation happens to be a strong if
and only if the two set of allocations are singleton containing the Lorenz stable
allocation. Consequently, for superadditive games we find an easy way to check

when coincidence occurs.

Theorem 23. Let (N,v) be an game. Then, the following statements are equiv-

alent:
(i) EL(N,v) N EL*(N,v) # 0.
(i1)) EL(N,v) = {I"}.

(iii) EL(N,v) = EL*(N,v) # 0.

Proof. (i) = (ii): Let EL(N,v) N EL*(N,v) = {y} and let us assume, w.l.o.g.,

that y; > y2 > ... > y,. If y; = y,, then y = (U‘(Jffvl),...,vl%vw and so y = I".
If y1 > yn, then T = {i € N|y; >y,} # 0. Let j* € T, by Lemma 2 of Dutta
and Ray (1991)!! there exists an equity coalition R containing j* and such that

o) — y and R C {ie Ny, <y;~} U{j*}. If |R| = 1, then y;» = v(j*).

IR

Otherwise, if |R| > 2, then EL(R,v) = {(”lgfjlh . v|g§>) } Since y € EL(N, v)
there exists ¢* € R such that y; > % = y;+, getting a contradiction. Then
R = {j*}. Thus, y; = v(i) for all i € T and, by efficiency, y; = W, for

k . k .
all i € N\T. We know that I" = <v(1), k), e YO ”<N>‘n2_;;1”(”)

HTemma 2 in Dutta and Ray (1991) states the following: For some S C N, lety € EL*(S,v).
Foranyi € S, if y; > migl yj, then there exists an equity coalition T' containing i and satisfying:
JE

(i) S = yi and (i) T C {k € S|yx < i} U {i}.
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where k = min{j € N|%jﬂ:1”m >u(j+ 1)} Since y € I(N,v), |T| =t >
k. Suppose t > k. For all i € {1,... k}, I? =y; = v(i), for alli € {k+1,...,t},
I > v(i) =y, and for all : € {t+1,...,n}, I! =TV > v(t) = y(t) > y;.- But
then, v(N) = I"(N) > y(N) in contradiction with y(N) = v(N). Hence, k =t
and y = I".

The implication (ii) = (iii) follows from L(N,v) C L*(N,v) C I(NN,v) and the
fact that IV Lorenz dominates every other point in the imputation set. Obviously
(iii) = (1). O

As a consequence of Theorem 23 we obtain the following corollary for super-

additive games.

Corollary 3. Let (N,v) be a superadditive game. Then, the following statements

are equivalent:
(i) EL(N,v) = EL*(N,v).
(ii) IV € C(N,v).

Proof. Notice first that for superadditive games, EL*(N,v) # (). From Theorem
23, EL(N,v) = EL*(N,v) # 0 implies EL(N,v) = EL*(N,v) = {I"}. On this
domain, both solution coincide when the unique strong constrained egalitarian
allocation belongs to the core (Dutta and Ray, 1991), thus I" € C(N,v). Con-
versely, since C'(N,v) C L(N,v) C L*(N,v) and I" Lorenz dominates every other
point in the imputation set, we have EL(N,v) = EL*(N,v) = {I"}. O

2.8 Conclusions

We have introduced a subclass of balanced games, called exact partition games
['gp. This class is large enough to include convex games and dominant diagonal

assignment games, but also nonsuperadditive games. On I'gp, we have shown that
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the WCES behaves as it does in convex games, that is, it exists, belongs to the
core and Lorenz dominates every other core element. We have also provided two
axiomatic characterizations. The former uses weak max consistency, individual
rationality, internal Lorenz stability and external Lorenz stability (over the core).
The second characterization uses nonemptiness, rich player max consistency, core
selection and rich player feasibility. Interestingly, both characterizations hold over
the domain of convex games. The first one can also be extended to balanced games
characterizing the Lorenz maximal core on this domain. On the full domain of
games, nonemptiness, core selection and rich player feasibility are incompatible.
Nevertheless, we observe that if these properties, together with rich player maz
consistency, can be reconciled on an admissible subdomain of balanced games,
then they determine the lexman solution. Although we have not reached any
definitive conclusion, the above characterization leads us to conjecture that if the
WCES exists and belongs to the core, then it coincides with the lexmax solution.
Since the WCES is self-anti-dual (see Oishi et al., 2016), in Section 2.5 we studied
the anti-dual axioms of the ones used in the above characteritzations and found

new axiomatizations.

For future research, it could be worthwhile studying whether the characteriza-
tions of the WCES given by Klijn et al. (2000), Hougaard et al. (2001) and Arin
et al. (2003) over the domain of convex games can be extended to I'gp. It could
also be interesting to analyze what sort of solutions emerge if the properties used

in these axiomatizations are compatible on the whole domain of balanced games.

On the domain of essential games, we have introduced the Lorenz stable set
and shown that it is single-valued and selects the unique Lorenz maximal alloca-
tion in the imputation set. Dutta (1990) characterizes the WCES on the domain
of convex games by using constrained egalitarianism and either maz consistency

or self consistency. On the domain of essential games, we have shown that these
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properties are incompatible together. However, by replacing max consistency and
self consistency with projected consistency we obtain a parallel characterization of
the Lorenz stable set. Finally, we find that this solution connects the WCES with
the SCES. Another interesting issue for future research would be to investigate an
alternative axiomatic characterization of the Lorenz stable set by replacing the

prescriptive property of constrained egalitarianism with other suitable properties.
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