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SUMMARY

Two main methods for controlling switching converters exist in the literature. The direct one is the Voltage Mode
Control (VMC) which suffers from some disadvantages such as slow response to load variations and an input-
voltage-dependent total loop gain. The Current Mode Control (CMC) can overcome these problems but at the
expense of extra cost and more complex control design. V' concept is a new promising control technique for
designing VMC of buck-type converters with an optimal response similar to CMC. In this paper, the dynamics
and the stability of buck converters under V' control is studied. In particular, subharmonic oscillation limits in
the parameter space are addressed. First, a closed-loop state-space model is derived and then used to formulate an
analytical matrix-form expression for predicting the stability limit of the system. Using this expression, multi-
parametric stability boundaries are obtained. It is shown that the equivalent series inductance of the output
capacitor can narrow the stability region. It is also demonstrated that the integral action in the feedback loop
of a V! controlled buck converter has a negligible effect on the subharmonic oscillation boundary. The theoretical
analysis is validated through numerical simulation of the circuit-level switched model of the system.
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2 A.EL AROUDI ET AL.

1. Introduction

One of the key factors affecting the dynamic behavior and the performances of switched mode
power converters is the control mode used. Conventional Voltage Mode Control (VMC) is a simple
single feedback loop with only the output voltage as a control variable. However, its first generation
version features poor response in front of load changes [1]. Also, the total loop gain in conventional
VMC schemes is input-voltage-dependent making the controller design conditioned by this parameter.
Current Mode Control (CMC) utilizes the inductor current as an additional control variable, which
improves the transient response [[1]] at the expense of extra cost and more complex controller design.
Therefore, VMC is still preferred by many designers because its disadvantages can be dealt with
by using different techniques. For instance, voltage feed-forward [2] in which the slope of the ramp
modulator signal is modified proportionally to the input voltage provides an input-voltage-independent
total loop gain. Different ripple-based VMC control schemes have been also proposed to improve
the load transient response of switching converters. For instance, V2 control was proposed in [3H5] by
using the parasitic output voltage ripple instead of the inductor current as an additional feedback signal.
The V2 control technique is composed of two voltage loops. One slow outer voltage loop responsible
for regulating the output voltage and another fast inner voltage loop to improve load transient response.
Therefore, the VZcontrol only uses the output voltage but it works properly only with a non-ideal output
capacitor characterized by a high Equivalent Series Resistance (ESR). The V2I~ was proposed in [6]
by adding the capacitor current information using only the output voltage and by taking into account
the Equivalent Series Inductance (ESL) of the output capacitor whose value becomes significant at high
switching frequencies. Recently, it has been proved in [[7] that the V21 control can be implemented as a
type-1II VMC [_8] with a single feedback path and measuring only the output voltage hence introducing
the V! control concept. It has also been shown that such a VMC can exhibit a kind of feed-forward
of the output current under some design conditions hence having similar time response to the one
corresponding to the previous controllers. Accordingly, low-cost, very fast controllers that only sense
the output voltage can be used. This is possible because the output voltage contains the information
of almost all the signals of the buck converter power stage. By exploiting this feature, a conventional
VMC can be designed to behave as a CMC in terms of system response speed in front of load changes.
A detailed discussion on deriving the V! control can be found in [7]. In that work it has been shown

that by only using the output voltage in the feedback loop and with an appropriate choice of the poles
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STABILITY BOUNDARIES OF DC-DC BUCK CONVERTERS UNDER V! CONTROL 3

and the zeros of the compensator, an extremely fast response under load steps can be achieved similar

to the results obtained when ripple-based control and CMC strategies are used.

The development of new controllers for switching converters must be accompanied with accurate
tools to predict their dynamical behavior to enhance their performances. The design of such converters
would require a comprehensive knowledge about suitable ways of their modeling and stability analysis,
particularly, with novel and advanced control techniques. The desired behavior of any power electronic
system is a periodic orbit with the same period as the external clock and the modulating ramp signals
used to generate the duty cycle of the driving PWM signal. However, due to the presence of switching
nonlinearities, it is possible that undesired instabilities in the form of subharmonic oscillations take
place. This important issue was not addressed in [7] and the stability limit under the new V! controller
was not determined. We will show that the system can exhibit subharmonic oscillation if the system
parameters are inappropriately selected based on conventional design guidelines based on averaged
models or simplified discrete-time models. The effect of the main parameters such as the duty cycle,
the slope or amplitude of the ramp modulator, the poles and the zeros of the controller as well as that
of the parasitic parameters such as the ESL of the capacitor are revealed. The integral action will be

shown to have a negligible effect on the subharmonic oscillation boundary in this control strategy.

Multi-parametric stability boundaries of switching converters are usually tackled by using numerical
techniques such as in [9,/10], semi-analytical approaches like in [[11H14]] or analytical methods as
recently reported in [[15H17]. In this paper, we carry out study of of the stability limits of the buck
converter under the novel and advanced V! control strategy. Multi-parametric stability boundaries of

the system are determined by using an analytical approach.

The rest of the paper is organized as follows. Section 2 presents the system description along
with its state-space modeling and steady-state response. Subsequently, in Section 3 a closed-form
expression corresponding to subharmonic oscillation occurrence in switching regulators is derived
for the buck converter under V! control demonstrating that the integral action has a negligible effect
on the subharmonic oscillation boundary. Multi-parametric stability boundaries of the system are
presented in Section 4 which are also validated in Section 5 by numerical simulations performed
using a switched model implemented in PSIM® software. A comparison with conventional type-III
compensation design is also provided showing that the stability limits of the buck converter with the

two compensator designs are different. Finally, conclusions are presented in the last section.
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4 A.EL AROUDI ET AL.

2. System description and open-loop s-domain modeling

2.1. System description

Sw
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Figure 1. Schematic circuit diagram of a buck converter with the output capacitor modeled as an RLC network

and under type-III compensation scheme.

Fig. 1| shows the circuit diagram of a DC-DC buck converter under VMC. Like in [[7], a type-III
compensation scheme [8}|18] is used to implement V! control. The VMC network comprises an error
amplifier with the reference voltage v.o¢ on one pin input and the output v, from the buck converter
on the other pin. The activation of the high side and the low side switches Sy and Sy, is carried out as
follows: the error voltage e,, = vt — Vo 1S processed by means of the compensator, and the output v¢op
of this compensator is connected to the inverting pin of the comparator whereas a T'—periodic ramp
signal Vramp is applied to the non-inverting pin. The output of the comparator is connected to the reset
entry of an SR flip-flop while a T'—periodic clock synchronized with the ramp signal is connected to
its set entry in such a way that the switch Sy is turned ON (therefore u = 1) at the starting of each

period and it is turned OFF (u = 0) whenever vcon = Vramp. St 18 driven complimentarily to Sg.

2.2. The s-domain open-loop model of the power stage

Parasitic parameters of the output capacitor are included because of their effects on subharmonic
oscillation boundaries. In addition to the Equivalent Series Resistance (ESR) of the capacitor, its ESL is
also taken into account in the modeling. Note that the ESL is rarely specified by manufacturers or taken

into account by researchers. However, its value becomes significant at high switching frequencies.
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Figure 2. Schematic circuit diagram of a type-III compensator (a) and the modulus of its frequency response (b).

Details on accurate modeling of capacitors can be found in [[19]]. While, traditionally this parameter is
neglected for stability analysis, it has been shown in [11] that its effect cannot be ignored. Note that
with this parasitic effect, a new state variable i, the capacitor current, is added to the system dynamics.
The transfer function from the binary control signal « to the output voltage v, of the power stage can

be expressed as follows:

Rvg (L0082 + RcCs + 1)
Ho(s) LoLC n
g S3+(£+L70(1+&))52+L8+i
R R R LcC LoLC

Note that if the ESL L« is neglected, the previous transfer function mode becomes the conventional

transfer function of a buck converter without ESL []1]].

2.3. The s-domain model of the controller

As stated previously in the introduction, the V! control is inspired from the ripple-based VI control
[11]] and, as demonstrated in [7]], its corresponding e,,-to-v¢on transfer function can be expressed in a

similar way to a type-III controller as follows:

Wi (s/wa + 1)(s/ws2 + 1)
Ge(s) = s (s/wpr +1)(s/wp2 + 1) .

where W; is the integrator gain, w,; and w,o are two zeros and wp; and wyy are two poles to be
placed appropriately. Fig. [2| shows the schematic circuit diagram of a type-III compensation network
and its asymptotic Bode modulus plot. It can be noted that the network utilizes two zeros to improve
phase margin and to counteract the effects of the poles of the power stage. According to Fig. 2}a, the

zeros, the poles and the integrator gain are given by the following expressions in terms of the passive
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6 A.EL AROUDI ET AL.

components [§]:

1 1
wer = RyCy’ Y2 = (R1 + R3)C5
- Ci+ Oy o 1 _ 1
“p1 = RyC1Cy’ “r2 = R3Cy’ Wi= Ry (C1 + C9) ©)

3. State-space mathematical system modeling

3.1. State-space modeling of the power stage

Let us define x,, = (v, iz, ic)T to be the vector of the state variables of the power stage whose output
is the voltage v, which can be expressed as a weighted difference between the two state variables 7y,
(the inductor current) and i (the capacitor current), namely, v, = R(iz — ic). Accordingly, let

CJ = (0, R, —R). Therefore the state-space model of the power stage is as follows:

X, = Apx, +Bpygu, (4a)

Vo

CIx,, (4b)

where the overdot stands for taking the derivative with respect to time and the matrices A, and B, are

given by:

0 1
R &

. RrR%ne
" Le Lo Lo

’ Bp = (5)

o Nl o

All the variables and parameters appearing in (3)) can be identified in the schematic circuit diagram
of Fig.[I] Note that because the ESL of the output capacitor was taken into account, the model of the
power stage is of third order contrarily to the conventional second order model of the power stage of a

buck converter without an ESL.

3.2. State-space modeling of the V' compensator
Performing a partial fraction decomposition, (2)) can be rewritten in the following form:

Go(s) = Wig Wo | Wi 6)

)
s S+ wpr S+ wp2
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STABILITY BOUNDARIES OF DC-DC BUCK CONVERTERS UNDER V! CONTROL 7

where W1 and W,,, are feedback coefficients corresponding to the state variables vy,; and vp2 of the
controller. These coefficients can be expressed as follows:

Wiwpa (Wz1wa2 — wpr (Wa1 + waa) + w?))
Wp = , (7a)
Wzlwz2(wp1 - wp2)
Wiwpl (wzlwz2 — Wp2 (wzl + Wz2) + wgg)
Wp = — . (7b)
Wz1Wz2 (wpl - pr)
In a conventional design, the zeros are placed close to the LC resonant frequency of the buck

converter power stage, and one of the poles is placed at one half of the switching frequency [8]]. Several
design procedures are proposed in [7] for the new V! control design depending on the quality factor Q
of the impedance of the output capacitor. For a quality factor Q < 1/2, the zeros and poles for the V1

control scheme are selected as follows [7]]:

W; ky 1 R¢ )
T, W2 = 5, W =5 A W )

ko T kCT PN T ReCT PP T Le

where k, corresponds to the voltage feedback gain, and k; can be viewed as a virtual current feedback

Wz1 =

gain. Let x, = (vp1, vp2)T be the vector of the two state variables of the controller by excluding
the state variable v; of the integrator which is included separately in the model to have a well-posed
problem when solving for the system steady-state solution [16]. The equations describing the motion

of the controller can be written as follows:

Xc = Acxc + Bcem (93)
Vi = Upef — C;Xp. (9b)
Ucon = CIXC + Wi, 9¢)

where e, = Uper — C; X, is the error voltage which is also the input of the controller, v; is the integral

of the error and v.oy is the output of the controller. The matrices A ., B. and and C,. are given by:

et 0} g 1) g [ (10)
0 —Wp2 7 1 7 ng

A=

3.3. The complete closed-loop state-space model

Let us define the augmented state vector x = (x,, X.)T. Let the augmented matrices A, B, B, and C

be as follows:

A 0 B
A - 7 B=( "], (1n
~B.C] A, 0
0 0
B, = , C=— . 12)
Bcvref Cc
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8 A.EL AROUDI ET AL.

Then, the system with the plant model in (@a)-@b) and the controller model in (9a)-(©@b) can be
described by the following state-space model together with the switching condition (19):

x = Ax+Bu+B,, (13a)
Vi = et — CJxp, (13b)
Veon = —CTx+ W, (13¢)

The expression of the solution x(t) at time ¢ of the system starting at an initial condition x(t) at time

instant ¢ takes the following form [27]]:
t
x(t) = eAtt)x(ty) + / A drB,w. (14)
to

Remark : Because the state matrix A corresponding to the buck converter is invertible, we have used

the following formula whenever it was necessary:
t
/ A=) = A~1(eAlt=t0) _T). (15)
to
For the integral variable v;(¢) one can write:
¢
vi(t) = v;(to) + / Vret — CJXp(7)dr, (16)
to

where tg = nT foru = 1 (¢t € (nT,nT + d,T)) and t¢ = nT + d,T foru = 0 (¢t €
(nT + d, T, (n+ 1)T)). By taking into account the switching decision dictated by the PWM strategy,
the closed-loop model can be obtained. This switching decision imposes the following cycle-by-cycle

constraint in the time domain:

Ucon (dnT) - vramp(dnT) =0 (17)

where d,, is the duty cycle of the driving signal u within the switching period (nT, (n + 1)T), n € N,
defined as the ratio between the ON time duration and the entire switching period (nT, (n + 1)T).

According to the definition of the vector C in (T2)), the control voltage can be expressed as follows:
Veon (t) = —CTx(t) + Wyv;(t). (18)
Hence becomes as follows:
— C™x(d,,T) + W;v;(dnT) — Vyamp(dnT) = 0. (19)

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21



STABILITY BOUNDARIES OF DC-DC BUCK CONVERTERS UNDER V! CONTROL 9

4. Analytical multi-parametric prediction of subharmonic oscillation boundary

4.1. The steady-state value of the integral variable

Let D be the steady-state duty cycle D = lim,,_,, d,. In the presence of an integrative feedback loop,
the value of D is imposed by the relationship between the steady-state average output voltage (voltage
reference vyor) and the input voltage v, as will be demonstrated below. In fact, according to @]) the
steady-state values of the integral variable at time instant DT’ within a switching cycle and at the final

of the same switching cycle can be calculated as follows:

DT
w(DT) = v;(0) + Wi / (et — v (1)) dt (20a)
0
T
v(T) = v(DT)+W; (vret — Vo(t))dt. (20b)
DT

By substituting (20B) in (20a), one obtains

T

DT
( +W; / vmf (t))dt + W; (Urcf - 'Uo(t))dt
DT

+W/1M (#))dt. @1)

For the integral variable v; to be T —periodic, i.e., for the equality v;(0) = v;(T) to hold, the following

condition must be fulfilled:

T
Wi / (Uret — Vo (t))dt = 0 = TUret — / v, (t)dt = 0, (22)
0
which implies that:
1 /T
vﬂz—/vmwzw, 23)
T Jo

where V,, stands for the average value of the output voltage v,. This means that the DC value of the
output signal is equal to the desired reference signal and that the DC component of the error signal is
zero. Note that this error signal is the input to the integrator and if it is not null, the average output
of the integrator will not converge to a steady state. Therefore, the DC value of the output voltage is
uniquely determined by v..¢. The previous analysis apply for any switching converter. In particular,
for the buck converter considered in this study, according to (@a)-(@b), the steady-state duty cycle D
is related to the DC component of the output voltage, demonstrated before to be equal to v..¢, by the

following expression:
Vo=CJ (sT—A,)"'B,|,_,Us = —CJA, 'B,u,D. (24)

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21



10 A.EL AROUDI ET AL.

where Uy is the DC component of the binary signal w in steady-state which coincides with the steady-
state duty cycle D. Solving the previous equation for D one obtains [/1]]:

p=—_ Yo _ U (25)
—CiA; Bpyg g

which agrees with steady-state analysis based on net volt-seconds assuming low ripple at the output
voltage [1]]. Hence, there is no need for solving the switching equation (T9) to determine the operating
duty cycle D in the presence of an integral action in the output voltage feedback loop such as in V?
control. Note that there is an infinite number of solutions for v;(0) and equivalently v;(DT) if these
values are to be determined from (20a)-(20Db) because even if v,(0) is fixed there are infinity of values
of v, (DT) that will give v,(0) = v,(T") depending on the value of D or equivalently v,ef. In fact, the
value of v;(0) = v;(T) is to be determined from the switching condition (19). From this condition, the
integral variable v;(DT) at time instant DT is given by the following expression:

vi(DT) = %(CT(X(DT) — tramp (DT))). 26)

?

Once the value of v;(DT) is obtained from the switching condition, the steady-state value v;(0) of
the integral variable at the beginning of the switching period can be obtained using the equation the

integrator variable dynamics:

T
vi(0) = vw(DT)+W; (Vref — vo(t))dt. (27
DT

4.2. The steady-state operating point of the non-integrative state-variables

Letus define ®; = eAPT, &, = eAU-D)T and ¥, = fODT eAtdt(B+B,) = A~Y(®,-1)(B+B,)
and ¥ = fo(lfD)T eAtdiB, = A7 (®(—1I)B,. Let x(0) and x(DT) be the steady-state value of the
T —periodic orbit x(¢) of the system at the start of each period and at the time instant DT respectively.
The steady-state values of the non-integrative state variables can be obtained by enforcing periodicity

and can be expressed as follows:

x(0) = (I — A7) "1 (@ W, + ), (28a)
x(DT) = (I - eAT) 1 (@, + ¥)). (28b)

AT is nonsingular because the integrator has been excluded from the vector of the

The matrix I — e
state variables x but has been included in the switching condition (19). Note that without excluding the
integral variable from x, the problem will be ill-posed and this matrix will be singular since the integral
variable cannot reach a constant steady-state without closing the loop by the switching condition [16].

With the aim to avoid such an ill-posedness problem, in [15] and in other works by the same author

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21



STABILITY BOUNDARIES OF DC-DC BUCK CONVERTERS UNDER V! CONTROL 11

of [15]], the pole of the integrator at the origin was replaced by a small pole § hence hiding the effect
of the integral action on the subharmonic oscillation boundary. Here, the nature of the integrator is
maintained and its effect on this undesired phenomenon will be explicitly revealed for the case of the

buck converter under V! control strategy.

4.3. An analytical expression for multi-parametric prediction of subharmonic oscillation

Switching converters can exhibit many kinds of periodic orbits. In engineering applications of these
systems, the fundamental T'—periodic orbit is the only acceptable operation regime and hence its
stability boundary has meticulously been investigated recently by many researchers [[11,20,(21]]. While
slow-scale low frequency stability boundaries can be detected by using an averaged approach, other
fast-scale instabilities boundaries such as those corresponding to subharmonic oscillation are mainly
due to the switching action which must be taken into account in order to predict this kind of instabilities.
The determination of the boundary of this phenomenon can be tackled from several points of view.
Although numerical approaches for multi-parameter stability boundary determination can be used to
obtain the critical values of the parameters, it is more useful and more accurate to have an explicit
expression for that purpose. Therefore, to accurately determine such boundaries, appropriate analytical
methods must be used. Our purpose in this paper is to use an analytical matrix-form expression for

predicting the stability limit of the system.

Let m, be the slope of the ramp modulator signal v;amp. Following the same procedures as in [16],
the boundary of subharmonic oscillation, as particularized for the buck converter considered in this

study, is given by the following equality:
me = —CT(I4+eAT)71®,(2A%(0) + (2B, + B)w) + W;e,(DT). (29)

where e,(DT) = vt — v,(DT) = V, — v,(DT) = V, — CTx(DT) is the voltage error at
time instant DT and x(DT') and x(0) are given in (28a) and (28b) respectively. Derivation details
are given in the appendix. Eq. 29) compresses all the parameters of the system in a single matrix-
form boundary condition and can be solved for any system parameters. By neglecting the term
W,e,(DT) corresponding to the integral action in we obtain the expression reported in [23]]
or [24]) respectively. Below we demonstrate that the integral action and the associated term W;e, (DT
have a negligible effect on the subharmonic oscillation boundaries and hence it can be dropped if only

subharmonic oscillation is of concern.

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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Vo Uref = Dvg

Vo Uref = Dvg Vo Uref = Dv!/

(a) Ideal (b) Dominating ESR (c) Dominating ESL

Figure 3. Waveforms of the output voltage ripple of a buck converter. (a) Ideal with null or very small ESR and

ESL, (b) Dominating ripple due to ESR. (c) Dominating ripple due to ESL.

4.4. The negligible effect of the integrator on subharmonic oscillation boundary in VMC

Fig. [3 shows the waveforms of the output voltage for the ideal case, with dominant ripple due to the
ESR and with dominant ripple due to the ESL. In all cases, it can be observed that the upper bound
of the term e, (DT) is the output voltage ripple Awv,, i.e., €,(DT) < Auv,. In this paper, the ESL of
the output capacitor is included in the model and the effect of this parasitic element will be studied.
The analysis reported here is valid when the ESR of the output capacitor dominates its ripple and the
ripple becomes triangular as well as when the ESL dominates this ripple showing a discontinuity of
the output voltage at the switching instants. The output voltage ripple in the presence of an ESR and
an ESL in the output capacitor can be approximated as follows [22]:

Av, = vgD(aD + B). (30)

where the coefficients « and S are given by:

a::T(T—l—RC),ﬁzzLLC (3D

L
Because in any practical design Lc < L, T? < LC and TRc < L, then a < 1 and 8 < 1.
Therefore, the ripple Av, is very small and since e,(DT) < Auw,, €,(DT) is also very small.
Moreover, in V! control, |W,1| > W, and |W,2| > W, and therefore the term W;e,(DT) can
be neglected in without a significant alteration of the results. This statement will be confirmed
later in Section 5 by numerical simulations. Therefore, in V! control, like in all VMC schemes, the
integral action has a negligible effect on the subharmonic oscillation boundary. A similar observation

was reported in [[13] based on a numerical study using the eigenvalues of the monodromy matrix.

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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Figure 4. Stability boundary of the buck converter under V! (a) and conventional type-IIT (b) compensation
designs. The boundaries obtained by ignoring the term corresponding to the integral action are also shown in

dashed line but both lines are superimposed because they are practically identical.

5. Validation of the theoretical results by using a circuit-level switched model

Consider a buck converter under a V! control strategy. Let us use the same practical parameter
values considered in [7]]. These are: the desired output reference voltage v.of = 1.5V, inductance
L = 1.5 pH, capacitance C = 42 uF, ESR of the capacitor R = 5 m(2, switching frequency
fs =300 kHz, k, = 1,k = 0.17 Q, output current 5, = 8 A (R = 0.1875 Q) and
W; = 21.23 krad/s. In [7], the output capacitor ESL parasitic values were 50 pH and 1.2 nH in
different tests. In this paper we sweep this parameter from 50 pH to 10 nH to reveal its effect on the
behavior of the system. The subharmonic oscillation boundary is first studied in the parameter space
(D, Vyr) where Vi, = m,T is the amplitude of the ramp modulator signal. The operating duty cycle
D is varied by varying the input voltage v, according to 23). To study the system under the V! control,
the zeros and the poles are selected according to (8). Fig.[d]shows the subharmonic instability boundary
from (29) for two different values of L. The stability area is above the curves. For low values of L,
the stability boundary corresponding to V! control scheme is very similar to the one corresponding to
a CMC for which a ramp modulator/compensator is needed only for duty cycle values larger than a
certain critical value D.. However, this critical value is no longer 0.5 as predicted by classical design
in a pure CMC [25]], but smaller and decreases when L¢ increases hence implying a reduction of the

stability region. For relatively large values of L, the ramp stabilizer is needed for almost all the range

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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Figure 5. Stability boundary of the buck converter under V* (a) and conventional type-III (b) compensation designs
by showing the effect of the ESL L¢ on the stability boundary.

of duty cycles and the needed ramp slope could even be larger for smaller values of the operating duty

cycles.

Fig. [5] shows a mesh plot of the stability region in the parameter space (D, L¢, Var) where the
critical duty cycle value D, is also plotted in the plan (D, L). Compared to the conventional type-III
compensation design with the same values of all other parameters, it can be observed that the converter
with V! control design with relatively small values of L¢ exhibits subharmonic oscillation only for
duty cycles larger than a critical value D, (depending on L) while the conventional type-III controller
requires a ramp compensator for, practically, all the range of operating duty cycle values. When Lo
increases, the boundary curves for both design methods are similar but the V' control design method
requires less ramp amplitude. The dynamics of the system with V! control design has been checked
by time-domain numerical simulations using a switched model implemented in PSIM®© software and
a good agreement was observed. First, let Lc = 50 pH (small). From Fig.[d] the converter is stable
without ramp compensation (m, = Vs = 0)if D < 0.44. Let V)y = 0 and D = 0.4. With these values
of parameters, the converter is stable as predicted in Fig. ] and confirmed by numerical simulations
from the switched circuit-level model depicted in Fig. [f(a). Let V3y = 0 and D = 0.45 < 0.5.
The converter exhibits subharmonic oscillation as predicted in Fig. @ and confirmed by the numerical
simulations shown in Fig. |§kb). Let V3y = 0.1 V and D = 0.45. The converter is stable as shown
in Fig. |§KC). Now let Lo = 10 nH (large). Let V) = 0.6 V and D = 0.2 the converter is stable
as predicted in Fig. @] and confirmed by numerical simulations from the switched circuit-level model

depicted in Fig. a). Let Vyy = 0.5 Vand D = 0.2, the converter exhibits subharmonic oscillation as

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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Figure 6. Time-domain waveforms using V! compensator for different values of D and Vas. Lc =50 pH.

predicted in Fig. ] and confirmed by the numerical simulations shown in Fig. [7}b.

Appendix: derivation of subharmonic oscillation boundary for the buck converter under the V*

control strategy

The content of this appendix is derived from the results presented in [[16] by particularizing them
for the case of the buck converter under the V! control strategy. Since we are concerned with in
the occurrence of the first subharmonic oscillation boundary, consider the converter working under

subharmonic regime with a 27-periodic orbit (see Fig.[A-T). This behavior is normally characterized by

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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Figure 7. Time-domain waveforms using vt compensator for D = 0.2 and different values of Vs. Lc =10 nH.

the exhibition, during two consecutive cycles in steady-state, of a narrow pulse, of duration (D —&;)T,
and another wide pulse, of duration (D + ;)7 in the driving signal u and also in other related square-
wave signals [16]. The parameter ¢; is a small quantity that vanishes at the onset of subharmonic
oscillation. During two consecutive switching periods in the time interval (0,27), let the crossing
between the control signal veon, and the T'—periodic signal vyamp occurs at ¢ = (D — &,)T and at
t = (14 D +¢&)T (see Fig. . For the buck converter considered in this study, and during the
switching cycle of duration T, the system has two phases defined by the system matrix pair (A, B;)
and (A, By) respectively, where B; = B+ B,. and By = B while during a switching cycle of duration
2T, the system has four phases defined by the matrix pair sequence (A, B;), (A, By), (A,B;) and
(A, By) respectively. Exhibiting a 27 -periodic regime, the sampled steady-state values of the state
variables at the switching instants (D — ;)T and (1 + D + ;)T can be obtained by using and

forcing 2T —periodicity. In doing so, these values can be expressed as follows

x((D—e)T) = ([I—-e*AT) 71 (&) (A-1a)
x(14+D+e)T) = (A-eAT) 1w, () (A-1b)
where
U_(5) = 2942300+ 21403+ P10, + Ty (A-2a)
\I’+(€t) = 636061@4 + 5360@1 + agﬁo + @3 (A—Zb)

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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Figure A-1. The ramp signal vramp, steady-state waveforms of the control signal veon () and the driving signal w

at 27" —subharmonic regime for the buck converter under V! control strategy.

and

- . (D—e)T

&, = P 2T \111:/ eATdrByw (A-3a)
0

_ . (1—D+e)T

&, = Py, ¥, = / eATdrBow (A-3b)
0

— o (D4e)T

&, = &7, T, = / eATdrByw (A-3¢)
0

. . (1—=D—e)T

B, = Py AT, W, = / eATdrBow (A-3d)
0

From the switching conditions at time instants (D —e;)T and (1 + D + ;)T the following equalities
hold:

—C™x(D—e)T) + Wiz;(D —e)T) = Vramp((D —e¢)T) (A-4a)
—Cx(1+D+e)T)+Wizi(L+D+¢e)T) = vramp((D+¢e)T) (A-4b)

Subtracting (A-4D) from (A-4a)), one obtains:
—CT(x((14+D+4e)T)—x((D—e)T))+Wi(z:(1+D+e)T) —z;((D—et)T)) = 2maesT (A-5)
The expression (A-3) can be written as follows
Meri (D) = maq (A-6)
where me,; (D) is the critical slope for subharmonic oscillation boundary given by

. 1
(D) = = Ji o

CT(x((1+D+¢e)T)—x((D—¢e)T)) + my (A-7)

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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where m is the term contributed by the integral variable and that can be expressed as follows:

1 (14+D+e)T
= W; I o (t)dt = Wie, (DT). A-8
mr Etlglo 2€tT [Dst)T ‘ ( ) ‘ ( ) ( )

On the other hand, by using (A-1a)-(A-1b)), the limit expression in (A-7) becomes

Mei(D) = —CT(I—e2AT)7! lim 1T(\Il+(et) —U_(g)) + Wieo(DT)  (A-9)

U, (e) =P _(50) = @380P,Py+ P3P0T; + P3P +

&

- 819,80, - :9.7; - 2,0, - T, (A-10)
in such a way that the limit in becomes as follows

lim ﬁ(‘h(ft) —W_(g) = ®,(2A(0T, + Ty) + (I—eAT)(By + Bo)w)A-11)

Using the expression of x(0) in ([28a), the previous equation becomes

sltigloﬁ(m(gt)—m,(gt)) — (- AT))(2Ax(0) + (By + Bo)w)  (A-12)

and the critical slope of the ramp modulator for exhibiting subharmonic oscillation is given by the

following expression
Meri(D) = —CT(I — A7) 11 — AT)®, (2A%(0) + (B1 + Bo)w) + Wie,(DT)  (A-13)
Because (I — e?AT)~1 = (I 4 A7)~ 11 — eAT)~1, (A-T3) can still be simplified as follows:

Meri(D) = —CT(I + A7) 1@, (2A%(0) + (2B, 4+ B)w) 4+ Wie, (DT) (A-14)

6. Conclusions

Subharmonic oscillation can be exhibited by DC-DC buck converters under the new V! control design
approach. In this work, an exact expression for locating the stability limit in buck converters under
this control strategy has been used to predict this undesired phenomenon. Generally speaking, the
equivalent series inductance Lo of the output capacitor can reduce the stability region and it must be
taken into account for accurate prediction of the system response. For low values of this parameter, the
stability boundary corresponding to V! control scheme is very similar to the one associated with peak
current mode control for which a ramp modulator/compensator is needed only for duty cycle values

larger than a certain critical value of the operating duty cycle. However, this critical value is no longer

Copyright © 2016 John Wiley & Sons, Ltd. Int. J. Circ. Theor. Appl. 2016; 00:1-21
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0.5 as predicted by a classical design approach [1,25]], but smaller and decreases when the parasitic
parameter Lo increases. For relatively large values of L, the ramp compensator is needed for almost
all the range of duty cycles and the needed ramp slope could even be larger for smaller values of the
operating duty cycles. This work provides a convenient means of accurate analytical stability boundary
determination of power buck converters under V! control for different applications and could help in
selecting the parameter values of the system to avoid such undesired behavior in a practical design.
As in all voltage mode control strategies, the integral action in the feedback loop is demonstrated to
have a negligible effect on the subharmonic oscillation boundary. Notice also that the fixed frequency
V1! control concept can be adapted to be used with variable frequency modulation schemes like in
V2 control strategies [3}5,26]]. The results presented here can be extended to these cases with a little

additional effort.
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