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This paper deals with controllers of fast-scale instabilities in DC-DC switching power converters
from a frequency domain standpoint with the aim of understanding their working principle and
hence simplifying their design. Some approaches for controlling fast-scale instabilities and their
limitations are revisited. Considering the frequency domain transfer function of already existing
controllers, a simple and extended notch filter centered at half of the switching frequency is
proposed to avoid these instabilities. However, a switching converter under this controller may
still exhibit the undesired slow-scale instability. Accordingly, the paper explores an alternative
approach based on amplifying the harmonic at the switching frequency. Numerical simulations
show that the new proposed controller can concurrently improve both fast-scale and slow-scale
stability margins. The results from the different controllers are contrasted in terms of stability
boundaries, indicating that the last one presents a wider stability range.

1. Introduction

Switching power converters are used in many power management applications due to their potential for
high efficiency and size reduction, despite they tendency to exhibit instabilities [Krein & Bass, 1990;
Fossas & Olivar, 1996; Mazumder et al., 2001; Chen et al., 2008; Xiong et al. , 2013; Zhao et al. , 2013].
Keeping high efficiency whilst guaranteeing stability is becoming challenging, especially for the new trends
in power management which demands further miniaturization and even on-chip integration of switching
power converters [Allard et al., 2004]. This requires to reduce the reactive components size, leading to an
increase of switching frequency in order to keep the same dynamics, which is in turn limited due to efficiency
constraints. This limitation results in an increase of converter output voltage ripple rendering the system
to be more prone to exhibit the so-called fast-scale instabilities (FSI) [Rodriguez et al., 2012]. This work
considers a voltage-mode controlled (VMC) buck converter with a PI compensator with transfer function
Gc(s) = kp(s+ωz1)s−1 along with an additional circuitry, namely an additional controller GFS(s) to avoid

1



May 29, 2014 7:41 Freqchaoscontrolv7˙IJBC

2 Author’s Name

Fig. 1. VMC buck converter with a compensator Gc(s) along with a FSI controller GFS(s).

the exhibition of FSI, as it is shown in Fig. 1. The exhibition of these kinds of instabilities is shown in Fig. 2
by increasing the proportional gain. A period-doubling bifurcation scenario is clearly observed giving rise
to sub-harmonic oscillations and ending up in chaotic behavior. FSI instabilities are characterized by the
exhibition of sub-harmonics at multiple of the switching frequency until the behavior turns into a chaotic
regime. Switching power converters can also exhibit other instabilities such as slow-scale instabilities (SSI),
characterized by a low-frequency oscillation.

Figure 2 was obtained by sweeping the controller gain and plotting a steady state representative state
variable (capacitor voltage) sampled at the switching frequency rate. Increasing the proportional gain has
been chosen as a simple way of increasing the ripple amount in the control path without modifying the loop
phase, but other approach to increase the ripple, such as reducing the inductance value or the switching
frequency, will also lead to occurrence of such instabilities [Rodriguez et al., 2012]. The following nominal
parameters used are used aiming the miniaturization of the converter: Vg =6 V, Vref =3 V, fs =50 MHz,
Vm =1 V, L =66 nH, C =20 nF, R =2.5 Ω and ωz1 =1 Mrad/s.
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Fig. 2. (a) Bifurcation diagram by increasing kp showing the route to chaos via period-doubling. kp,crit=4.3. (b) Time-domain
modulator input waveform vcon showing period-1 behaviour when kp=3 (top plot) and period-2 behaviour when kp=5 (bottom
plot).

In the past, in less demanding applications, the dynamics modeling of such converters has hitherto been
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carried out by means of average models [Middlebrook & Cuk, 1976], which are based on a design-oriented
circuit perspective facilitating the synthesis of conventional controllers in the frequency domain. However,
these models are inherently limited to only predict SSI since they do not fully take into account switching
fast dynamics.

Conversely, FSI have been predicted from a mathematical standpoint by deriving discrete-time models
[Hamill & Jeffries, 1988; Tse, 1994; di Bernardo et al., 1998], which despite having excellent prediction
accuracy, lack a design-oriented circuit-based perspective.

FSI or chaos control approaches have been widely explored previously from different standpoints [Chen
& Dong, 1993; Poddar et al., 1998]. One of the most relevant chaos control methods is the so-called time-
delay feedback control (TDFC) or Time-delay AutoSynchronization (TDAS) [Pyragas, 1992] or its further
extensions (ETDAS)[Pyragas, 1995]. Apart from the difficulty of implementing continuous-time delays, this
set of chaos controllers are either analyzed by studying their impact upon the discrete-time maps, or by
directly characterizing the effect of each chaos control parameter upon the converter stability, difficulting
the controller design itself.

This work deals with the synthesis of alternative chaos controllers, derived from a frequency domain
interpretation, with the ultimate aim of simplifying their design and implementation and considering a
unified approach for avoiding both SSI and FSI occurency in switching power converters.

The remaining of the paper is structured as follows. Section 2 explores the frequency response of delay-
based controllers as well as the effect of their parameters on stability boundaries. Subsequently, Section
III demonstrates that by modifying the controller frequency band around half of the switching frequency
through band-stop filters, control of FSI is feasible being its implementation possible using standard devices.
Finally in section IV a new controller is proposed which is based on a narrow band amplifier (NBA) centered
at the switching frequency which improve the stability boundary in both FSI and SSI terms, apart from
simplifying the implementability of the controller.

Fig. 3. Time-delay feedback control scheme. TDFC (β=0) and ETDFC (β 6=0).

2. Time-delay feedback chaos controllers: a frequency domain interpretation

This section revisits in the frequency domain time-delay feedback controllers in order to describe their op-
eration principle and the effect of their parameters upon stability. One of the most studied chaos controller
categories in the literature is the TDFC and its extension ETDFC [Batlle et al., 1997; Angulo et al., 2007],
whose block diagram is shown in Fig. 3.

From the controller structure, the generic TDFC Laplace-domain transfer function can be expressed
as:

GFS(s) = 1− γ e
sT − 1
esT − β (1)

where γ ∈ (0, 1) is a gain parameter and β is zero for the TDFC and it takes a non-zero value in the case
of ETDFC.
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Fig. 4. Bode diagram representation (magnitude and phase) of the TDFC with γ=0.2 and (dashed) γ=0.5 (solid). Vertical
dashed line indicates the switching frequency.

(a) (b)

Fig. 5. (a) Bifurcation diagram by sweeping γ in a VMC buck converter with TDFC for proportional gain kp= 5 (in period-
two without TDFC). (b) Stability boundary between Period-1, FSI and SSI as a function of γ and kp. kp,crit=4.3 (without
controller)

2.1. The time-delay feedback controller

This section explores the frequency response of the TDFC, obtained from particularizing the transfer
function given in Eq. (1) for β=0.

The frequency-domain representation depicted in Fig. 4 for different values of the parameter γ, shows
that the controller provides a frequency-selective comb-filter which attenuates the harmonics at half of the
switching frequency and its integer multiples. Note that the controller has a non-invasive nature since it
does not modify neither the DC component, nor the harmonic at the switching frequency. As it can be
observed, by increasing γ, the attenuation increases (only for γ up to 0.5), and an additional phase lag is
added.

The effect of γ upon exhibition of FSI is shown in Fig. 5. This figure shows that the controller leads
to improve the FSI boundary (even avoiding the chaotic behaviour), but with some strong limitations
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within the design-space. Namely, on the one hand, there exists a critical minimum value of γ to avoid FSI
exhibition, which depends upon the amount of ripple in the converter, considering the direct relationship
between fast-scale stability and ripple demonstrated in [Rodriguez et al., 2012]. On the other hand, simu-
lation results show that for a certain critical value of γ (which does not depend upon the ripple) the TDFC
yields to exhibit SSI. This is in agreement with the phase response given in Fig. 4 for which higher values
of γ lead to adding a phase lag to the loop gain, hence making the converter prone to exhibit SSI. This
fact, detrimental to SSI, opposes to the controller benefits in terms of FSI hence compromising the overall
stability of the system.

2.2. Extended time-delay feedback controller
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Fig. 6. Bode diagram representation (magnitude and phase) of the ETDFC with γ=0.5 and β=0.2 (solid) and β=0.5 (dash).
Vertical dashed line indicates the switching frequency.

The ETFDC includes an additional feedback inner loop depending upon a new parameter β as it is
shown in Fig. 3. Fig. 6 shows the effect of such parameter upon its frequency response. By increasing the
value of β and keeping γ constant, the phase response is smoothed, but on the other hand the attenuation
at half of the switching frequency decreases. In fact, this trade-off allows to use higher values of γ than
in the TDFC case, as it is shown in Fig. 7-a, hence improving the FSI boundary, but requiring a higher
minimum value of γ to control the instability.

Fig. 7-b shows the stability boundary surface, obtained from numerical simulations, by sweeping both
γ and β parameters. For low values of β and high values of γ, SSI is exhibited, whereas, as β is increased,
the system is more prone to exhibit FSI.

Regardless of the stability improvement in the ETDFC, both time-delay-based controllers have some
important limitation in terms of design and implementability. The first one arises because of the trade-off
between SSI and FSI exhibition, which requires a proper selection of γ and β parameters to avoid these
instabilities. The lack of a clear criteria to set up these parameters values leads to require a proper explo-
ration as it has been carried out in this section. The second one arises from the implementation difficulties
of time-delay-based controllers since both of them are based on a delay module whose implementation is
challenging in the analog domain.

3. Notch-filter-based chaos controllers

The chaos controllers studied in the previous section are based on eliminating the sub-harmonic components
from the feedback path to avoid the exhibition of FSI, by means of a delay-based structure, which has
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(a) (b)

Fig. 7. (a) Bifurcation diagram by sweeping γ in a VMC buck converter with ETDFC for β=0.2. (b) Stability boundary
surface, obtained from numerical simulations, in a VMC buck converter with ETDFC as a function of β and γ. FSI (white)
and SSI (black) boundaries are shown.

implementation difficulties in the analog domain. In [Lu et al., 2011] the time-delay magnitude of the TDFC
controller has been replaced by a notch and a high-pass filter in order to simplify its implementability but
the structure remains similar, hence not being aware to the design-standpoint.

Fig. 8. Bifurcation diagram by sweeping the proportional gain kp in a VMC buck converter with a pure notch filter (ξ1=0),
tuned at half of the switching frequency with ξ2=0.001. Vertical dashed line indicates the stability boundary without controller.

Time-delay-based approaches are based on an additional feedback loop to create a frequency response
GFS(s), which provides a comb-like filtering starting with a notch filter at half of the switching frequency.
The previous section has shown that their frequency response can be modified by changing γ and β
parameters.

This section explores the effect of a stop-band filter in the feedback path whose generic transfer function
is:
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Fig. 9. Bode diagram representation (magnitude and phase) of the stop-band controller as a function of ξ2 keeping constant
the attenuation ∆ξ=0.8 with ξ2=1 (dash-point) and ξ2=2 (solid). Dashed line indicates half of the switching frequency.

GFS,notch(s) =
s2 + 2ξ1ωn + ω2

n

s2 + 2ξ2ωn + ω2
n

(2)

Note that for the case of ξ1=0, the transfer function corresponds to a pure notch filter which only depends
upon the parameter ξ2, being the notch resonant frequency ωn to be tuned to one half of the switching
frequency i.e: ωn = ωs/2.

The bifurcation diagram in Fig. 8 shows that increasing the proportional gain leads the converter to
exhibit SSI, even for low values of ξ2 (ξ2 = 0, 001, high quality factor) because of the phase lag. Note that
the bifurcation point kp=4.2 is very close to the one obtained without controller, as it is shown in Fig. 2,
but in this case exhibiting SSI instead of FSI.

Alternatively and in a similar way as it has been carried out for ETDFC, it is possible to smooth
the magnitude and the phase of the transfer function by moving its zeros in Eq. (2) (for ξ1 6= 0). The
frequency response of the transfer function is shown in Fig. 9, in which the design-space can be described
as a function of ξ2 and the attenuation at half of the switching frequency ∆ξ = ξ1/ξ2 (∆ξ <1).

The exploration of the FSI stability boundary in Fig. 10, obtained from the discrete-time model, unveils
similar results as in the ETDFC case. This is, the FSI boundary depends upon the attenuation ∆ξ and
selectivity of the stop-band. The higher the attenuation is, the better stability is obtained in terms of
FSI, but, on the other hand, the system is more prone to SSI exhibition. Besides that, by increasing the
stop-band width (equivalently to increase ξ2) the tendency to exhibit SSI is reduced. It is worth mentioning
that by increasing ξ2, hence increasing the attenuation band, the results are close to those obtained from
a buck converter under a simple PI compensator without chaos controller, whose proportional gain before
FSI is exhibited, is k′p,crit = kp,crit/∆ξ.

4. Repetitive chaos controllers

The previous controllers are based on attenuating the frequency content at half of the switching frequency
to extend the stability margin in terms of FSI. However, the use of a so-called repetitive controller, shown
in Fig. 11, has been also used for subharmonic control purpose [Escobar et al., 2006; Corradini et al., 2008].
The s-domain representation of such a repetitive controller as a function of parameter γ is:

GFS(s) =
esT + γ

esT − γ (3)
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Fig. 10. (a) FSI boundary surface, obtained from a discrete-time model, in a VMC buck converter with a notch controller
tuned at half of the switching frequency, as a function of attenuation ∆ξ and ξ2. FSI (white) and SSI (black) boundaries. (b)
Time-domain modulator input waveform vcon with period-1 behaviour when kp=5 (top figure) and period-2 behaviour when
kp=6 (bottom figure). In both cases ξ2=2 and ∆ξ=0.8.

Fig. 11. Feed-forward repetitive controller structure.

The frequency response of this repetitive controller is shown in Fig. 12 along with that of TDFC.
Note that comparing with a simple TDFC, apart from attenuating the harmonic at half of the switching
frequency, the controller is amplifying not only at the switching frequency harmonics but also at the DC
component, hence losing the non-invasive nature that previous controllers had.

The bifurcation diagram and the stability boundary in terms of γ and the proportional gain kp are
shown in Fig. 13, which can be compared with the TDFC in Fig. 5, showing that the repetitive controller is
less stable in terms of SSI but more stable in terms of FSI. Regarding the SSI observed results, they agree
with the frequency domain interpretation, in which more phase lag is added by the controller. However, in
terms of FSI, the improvement of the stability margin compared to TDFC can be only attributed to the
amplification of switching frequency harmonic.

5. Narrow band amplifier chaos controller

The previous section suggests that FSI control can be accomplished not only by attenuating the harmonic
at half of the switching frequency but also amplifying the switching frequency harmonic.

Thus, this section is focused on providing the FSI control functionality from a feasible implementation
of such harmonic amplification. This is carried out by using a narrowband amplifier (NBA) centered at
the switching frequency. Note that in [Redl & Sun, 2009], enhanced ripple regulators are proposed based
on adding a single feedback path with an amplifier that improves the DC regulation while also “amplifies
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Fig. 12. Bode diagram representation (magnitude and phase) of the repetitive controller with γ=0.05 (solid) with a repetitive
controller (solid) and TDFC (dash). Dashed line indicates the switching frequency

(a) (b)

Fig. 13. (a) Bifurcation diagram by sweeping γ (with kp=3) in a VMC buck converter with a repetitive controller and (b)
Stability boundary between Period-1, FSI and SSI as a function of γ and kp with a repetitive controller (solid) and TDFC
(dashed line).

and shapes” the ripple voltage. The work points out that by means of such amplifier, based on a PID, the
controller can improve the FSI. However, in that work it is not justified why FSI is eliminated and a clear
cause of the effect of such amplifier upon the FSI has not been provided. Also, the approach is not applied
for the PWM VMC control but for ripple controllers.

The transfer function of the FSI chaos controller NBA GFS(s) can be described as in the case of a notch
filter in Eq. (2) but with ∆ξ >1 and the center frequency tuned to the switching frequency, ωn = 2πfs.
The magnitude and phase of such transfer function in the frequency domain is shown in Fig. 14. Apart
from the amplification at the switching frequency harmonic, a key additional advantage is the fact that it
notably improves the SSI boundary by adding a phase lead before the switching frequency (note that no
additional phase is added at the switching frequency).

Its effect upon FSI boundary is depicted in Fig. 15, which shows the stability boundary surface as a
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Fig. 14. Bode diagram representation (magnitude and phase) of an NBA tuned to the switching frequency (vertical dashed-
line) with ∆ξ=2 and ξ2=0.1 (solid) and ξ2=0.5 (dash).
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Fig. 15. (a) Stability surface obtained from the discrete-time model as a function of the proportional gain kp and parameters
ξ2 and ∆ξ. (b) Time-domain modulator input waveform vcon with period-1 behaviour when kp=5 (top figure) and period-2
behaviour when kp=8 (bottom figure). In both cases ξ2=0.6 and ∆ξ=1.5.

function of ∆ξ and ξ2. On the one hand, the parameter ξ2, which has a direct effect upon the width of the
amplification band, has an important effect upon the stability boundary so that as it increases, the FSI
boundary is worsened. This suggests that the benefits of the NBA controller on stability are limited by
such bandwidth, namely when both harmonics at the switching frequency and its half are amplified the
FSI boundary is not modified. On the other hand, it is possible to observe that the higher the amplification
is, the more stable the system is in terms of FSI.

The discussion and characterization of chaos controllers have been hitherto limited to the proportional
gain kp since it is one of the parameters that affects the high-frequency transfer function magnitude, and
then ripple component of the control path, but without modifying the phase. As it was mentioned at the
beginning of this work, the indirect aim of a chaos controller, apart from obviously improving the stability
margin, is that such improvement allows to expand the design-space towards miniaturization (for instance
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(a) (b)

Fig. 16. FSI boundary, obtained from the discrete-time model, of a VMC buck converter with an NBA as a function of
parameters ∆ξ, ξ2 and (a) the inductance L and (b) the switching frequency fs.

reducing the inductance value, which is related to the system area), without losing stability.
Simulations in Fig. 16 show the stability boundary as a function of the inductance (related to

area/volume occupancy) and switching frequency (related to efficiency). Note that both surfaces are similar
and the stability boundary is clearly improved, allowing to reduce both parameter values without losing
stability, when ξ2 <1 and ∆ξ > 1 (a narrow band amplification) with regards to the case of not using such
controller (∆ξ = 1).

6. Stability margins of the different controllers: a benchmark comparison

Up to now, different FSI controller approaches have been explored individually in terms of stability and
hence this section is focused on comparing them in stability terms. The parameters used in this section are
the same as in the previous sections but with Vref=1.2 V.

The stability boundaries, obtained by numerical simulations along with the discrete-time model, of
TDFC, ETDFC, notch-based controller, NBA are shown in Fig. 17. These boundaries have been obtained
by sweeping the PI compensator parameters, namely the proportional gain kp and the zero ωz1, due to
their capability to explore a wide design-space range including both FSI and SSI boundaries.

It is possible to observe that FSI appears when the proportional gain is increased and ωz1 lower ωRC
(depending upon the control), whereas SSI appear as ωz1 is closer to ωRC

The exploration shows that time-delay-based controllers have limited benefits, because of their negative
effect upon SSI boundary, hence reducing their advantages in terms of overall stability. It is interesting to
observe that the notch-based approach, which has been derived from such time-delay-based controllers, by
properly adjusting the damping factors (ξ1 and ξ2), can result in improved behavior.

The alternative approaches based on amplifying the switching frequency harmonic show a better be-
havior in terms of overall stability. The simple NBA is the only controller that concurrently improves both
stability boundaries.

7. Conclusions

This paper has revisited the controllers for fast-scale instability from a frequency domain standpoint in
order to better understand their principle of operation, study their effect upon stability boundaries and
provide new approaches to control such instabilities that facilitates the implementability of the controllers
and the performance of the system.

First the paper unveils that previous time-delay controllers are based on a comb-filter attenuating
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Fig. 17. Stability boundaries, obtained from the respective discrete-time model and numerical simulations, of a VMC buck
converter as a function of the PI compensator parameters kp and ωz1 by using different FSI controllers, adding a TDFC with
γ=0.05; a ETDFC with γ = 0.2 and β=0.5; a notch-based controller with ξ1=1.2 and ξ2 = 2; a repetitive controller with
γ=0.05; an NBA with ξ1 = 0.1 and ξ2 = 0.4. Vref=1.2 V

multiples of one half the switching frequency and demonstrates that their benefits in terms of fast-scale
stability boundary is detrimental to slow-scale boundary, hence limiting their global stability boundary.
Furthermore, the work has proposed a single notch-based controller as a substitute of such comb-filters
avoiding the implementation of time-delay modules, and obtaining similar results in terms of stability.

The study has also proposed an alternative fast-scale instability control method based on amplifying
the harmonic at the switching frequency, demonstrating its benefits on both fast-scale and slow scale
stability boundary. The work demonstrates that this controller allows to extend the fast-scale stability
boundary by exploring different parameters representative of converter miniaturization trends, and that
such boundaries depend upon the amplification band, provided that this is narrow enough to attenuate
the harmonic at the half of the switching frequency, and the amplification factor.

Finally, the overall stability analysis is studied by benchmarking and comparing all the previous con-
trollers showing that only in the case of a narrow band amplifier, the control of fast-scale instability is
not detrimental of slow-scale dynamic behavior, hence it can be considered as a key enabling controller to
improve converter miniaturization without losing stability.
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