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ABSTRACT. We determine the Weierstrass semigroup H (P, P1, ..., Py,) at seve-
ral rational points on the maximal curves which cannot be covered by the Hermi-
tian curve introduced in [35]. Furthermore, we present some conditions to find pure
gaps. We use this semigroup to obtain AG codes with better relative parameters
than comparable one-point AG codes arising from these curves.
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1. INTRODUCTION

Let X be a non-singular, projective, irreducible, algebraic curve of genus g > 1
over a finite field F 2 with genus ¢ (X') and #& (IF2) rational points. The Hasse-Weil
bound states that

[#X (Fp2) = (F+1)] < 2qg(X) .

In the case that #X (Fpz2) = ¢* 4+ 1+ 2¢g (X), the curve X is called an F 2-mazimal
curve. Maximal curves have been widely studied [16],[28]. We know that every
curve that is covered by an F 2-maximal curve also turns out to be an [ -maximal
curve, see [29].

In [19], Garcia and Stichtenoth presented an example of a maximal curve that
is not Galois, covered by the maximal Hermitian curve. Later, Giulietti and Ko-
rchmaéros [21] presented a family of maximal curves which cannot be covered by the
Hermitian curve, the GK-curve. Garcia, Guneri and Stichtenoth [18] present a gen-
eralization of this curve, the GGS-curves. In [35], Tafazolian, Teherdn and Torres
presented two families of maximum curves that could not be covered by the Hermit-
ian curve, the X, 4, and Y, s curves, and in [4] Beelen and Montanucci construct
another generalization of the G K-curve.

Curves with many rational points have been investigated to construct error-
correcting codes, the so-called algebraic geometric codes (AG codes), introduced by
Goppa [22], [23]. An important part of the study of AG codes are the Weierstrass
semigroups on rational points of the curve because there exists a close connection
between the parameters of one-point AG codes and their duals with the Weierstrass
semigroup at one point on the curve. Weierstrass semigroups have been used to
analyze the minimum distance, as in [25, 27 [15], to analyze the code redundancy
and to determine improved codes, as in [33] [7, 5], to bound the code length, as in

[20], or to analyze the weight hierarchy and the generalized Hamming weights, as
1
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in [24, 14, [6]. This way, an effort was put to explicitly compute Weierstrass semi-
groups of particular families of curves [8, 9 [32]. The case of one-point, two-point
and multi-point AG codes on the GK maximal curves were studied in [13], [II] and
[36],[3], respectively. In [2], Bartoli, Montanucci and Zini examined one-point AG
codes from the GGS curves, and in [26], Hu and Yang studied multi-point AG codes
on the GGS curves. They explicited bases for Riemann-Roch spaces using a related
set of lattice points and considered the properties from GGS curves to characterize
the Weierstrass semigroup and pure gaps in many rational places. In this contribu-
tion we determine the Weierstrass semigroup in many points of the X, s and YV, s
curves, using the concept of discrepancy introduced by Duursma and Park in [12].

This paper is organized as follows. Section 2 and Section 3 contain general results
on Weierstrass semigroups, basic facts related to AG codes and the basic proper-
ties of the [F2n-maximal curves X,p,  and ), .. In Section 4 we describe some
generators of the Weierstrass semigroup at rational points of those curves of the
form P, g0) and in Appendix A and Appendix B we prove that the genera of the
semigroups generated by these generators coincides with the genus of the curve,
thus proving that the described generators are, indeed, all the generators of the
Weierstrass semigroup. In Section 5 we determine the minimal generating set for
the Weierstrass semigroup H(Px, Py, ..., Py), where Py, ..., P, are rational points
on the curves with 1 < m < ¢. Finally, in Section 6 we present some results about
pure gaps and AG codes and we illustrate them with an example of a code with
better relative parameters than comparable one-point AG codes, and an example of
a quasi perfect code.

2. PRELIMINARIES

Let X be a non-singular, projective, irreducible, algebraic curve of genus g >
1 over a finite field F,. Fix m distinct rational points P;,..., P, on X and let
H(Py,...,P,) be the Weiertrass semigroup at Pi, ..., P,. Define a partial order <
on NJ* by (n1,...,nm) = (p1,...,pm) if and only if n; < p; for all i, 1 < i < m.

For uy,...,u; € Ny, where, for all k, u, = (ug,, ..., ux,, ), we define the least upper
bound (lub) of the vectors uy, ..., u,; in the following way:

lub{uy,...,w} = (max{uy,,...,uy},...,max{uy,,, ..., us,}) € N
Forn = (ny,...,n,) € Nyt and i € {1,...,m}, we set

Vi) :=={(p1,-,pm) € H(P1, ..., Pp) ; pi = ni}.

Proposition 2.1. [3I Proposition 3] Let n = (ny,...,n,) € Ny*. Then n is
minimal, with respect to <, in V;(n) for some i, 1 < i < m, if and only if n is
minimal in V;(n) for all i, 1 <i <m.

Proposition 2.2. [31] Proposition 6] Suppose that 1 <t <m < q anduy,...,u; €
H(Pl,...,Pm). Then lub{ul,...,ut} c H(Pl,,Pm)

Definition 2.3. Let I'(P,) = H(P,) and, for m > 2, define
L(Py,...,Py):={neN": for somei, 1 <i<m,n is minimal in V;(n)}.
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Lemma 2.4. [31, Lemma 4] For m > 2, I'(Py,..., Py,) € G(Py) X -+ x G(Pn) ,
where G(P;) is the set of gaps in P;.

In [31], Theorem 7, it is shown that, if 2 < m < ¢, then H(Py,...,P,) =

lub{ul,...,um} GNgLI u; EP(Pl,...,Pm)

or ((ui)jv SRR (ui)jk) € F(le, T P]k)

for some {j1,..., 7k} C {1,...,m} such that

g <--- <jgpand (W), == (w);, =0,

where {jri1,. - dm} ={1,...,m}\{j1,- -, g}

Therefore, the Weierstrass semigroup H (P, ..., P,,) is completely determined by

thesets I'(Py, ..., P) with 1 < ¢ < m. In [31], Matthews called the set I'( P, . .., Py,)
a minimal generating set of H(Py,..., Py).

3. THE CURVES &, 4,5 AND YV, o

3.1. The curve X,;, . Let a,b,s > 1,n > 3 be integers such that n is odd.
Let ¢ = p® be a power of a prime number p, b is a divisor of a, s is a divisor of
(¢"+1)/(g+1) and ¢ € F 2 with ¢?~* = —1. We define the curve X, , s over F 2.
by the affine equations

a/b—1
(1) eyt = t(x Z 2" and M -y,
q"+1 . . . : : :
where M = TEES This curve is absolutely irreducible, nonsingular, and maximal
s\q

+2 _pbqn _ Sq3 + q2 + (S _ 1)pb
2sp?

the curve X, 4,1 cannot be Galois covered by the Hermitian curve H,, : v?" 1 =

ud" + u over [F2n provided that b < a. A plane model of &, is given by the

equation

. From Theorem 3.5 in [35],

over [F2n of genus g =

x5 = (@) (Ha) + 1)
Let X, pn,s(Fp2n) be the set of Fn-rational points of X, s, and we will denote
a rational point P = (o, 8,7) € Xypn,s(Fgn) by Pl g), whereas Py = (0,0,0). Let
P, be the unique common pole of the functions z,y, 2 which define the function
field of &, . s, then we have the following divisors:

(x—a)=(q+ 1)MPus0 — (g+ 1)MP ,with t(a) = ¢4 and B € Fe ,

q/p®

2)  (—=B)=>_ MPu,p0) — Z%MPOO ,with t(a;) = 7! and B € F2 |

¢ q/p°

ZZP(%BJ POO,Wlth p; € F,p2 and cﬁ‘” t(og),Vi=1,...,q/p".

7j=1 i=1
From [35, Proposition 5.1], we have that H(P) = (5M, % (¢ + 1)M).
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3.2. The curve ), ;. Let n > 3 be an odd integer, let ¢ be a prime power, and let

s > 1 be a divisor of q(;:r_+11. We define the curve Y, s over IF2n by the affine equations

(3) it =29+ and M=y —y

where M = 512111)' This curve is maximal over [F 2 of genus ¢(Y, s) = qnﬁ_qn_gggﬂzﬁ_l.
From [35, Theorem 4.4], we know that the curve Vs s cannot be covered by the Her-
mitian curve Hz over Fs, in case ¢ > s/(s+1). A plane model of Y, ; is given by

the equation
25 = @) (@ 4 a)T - 1)

Let YV, s(Fp2n) be the set of Fn-rational points of Y, s, and we will denote a
rational point P = («, 3,7) € Yns(Fyp2n) by Plas), whereas Py = (0,0,0). Let Py
be the unique common pole of the functions x,y, z which define the function field
of Y, s, then we have the following divisors:

(x—a)=(q+ 1)MPugo — (g+ 1)MPy ,with o + o = 89" and 5 € F ,

q
4)  (y—B) =Y MPq, 50 — ¢MPx ,with af + a; = 37" and § € Fy2 ,
i=1

? q

(2) = ) Pl — ¢°Poo , with 8 € Fpe and 7 = af + o, Vi=1,...,¢q.
j=1 i=1
From [35] Proposition 5.1], we have that H(Py) = (¢M, ¢, (¢ + 1)M). For s = 1,
we have that Y, 1 = GGS(X)-curves.

4. THE WEIERSTRASS SEMIGROUP H (P, 3,))

Proposition 4.1. Let b < a.
The Weierstrass semigroup at Pa, g0y € Xapn1(Fg2n) is

n—2 1
H(Pa,50) = <q"+ 1—iM—j:0<i<p’0<j< q"—3pb_i%>
q

The Weierstrass semigroup at P g0y € Yn,1(Fg2n) is

n—2 1
H(Pa,0) = <Q"+1—iM—j:ng'gl,ogqun—B_i%>
q

(y - ﬁ)lzj 3 . .
- = +1—iM — j)P, , fo
—a ). (q iM = j)Pap » for
0 < i+ j < p’ Then the numerical semigroup containing all linear combinations
with non-negative integer coefficients of these values, i.e, S = (¢ +1—iM —j: 0 <
i +j < pP) is contained in H(Pp40)). By the proof in Appendix [A] we have that
the genus of the semigroup S is equal to g(X') and therefore the assertion follows.
— B
For n > 5 odd, we have that <M> = (¢"+1—1iM — j)Pupo , for
r—a )
0 <iM + j¢* < ¢" 'p°. Now, the numerical semigroup S’ = (¢" +1 —iM —j : 0 <

Proof. For n = 3, we have that <
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iM + jg* < ¢"'p°) € H(Pp0). By the proofs in Appendix Bl we have that the
genus of the semigroup S’ is equal to g(X) and therefore the assertion follows. We
can observe that if j = 0 then the maximal value for 7 is p® in 0 < iM +jq¢? < ¢"~1p°.
Furthermore,
n—1,b (M n n—2

q"p’ —ilg 2+ 1)/(g+1) < P —i 2‘1 +1 < 3 —id +1+z'q 21 .
q ¢*(g+1) q+1 q
The range of the parameters i, j follows now from the inequality i(¢—1)/¢* < 1. O

7 <

Remark 4.2. In [2| Proposition 4.3], Bartoli, Montanucci and Zini calculate the
Weierstrass semigroup H(Po,p,0)) for the curves Y1 in a different way. They ob-
served that this semigroup is independent of the choice of o and by [2, Lemma
8.1].

Example 4.3. For s = 1,n = 3,p = 2,a = 2,b = 1, and ¢ = 1, we have that
q = 4, M = 13, and the affine equations of the curve Xoy31 are y° = z + 2°
and z¥* = y'® —y with genus g = 212. In this case H(Py) = (65,32,26) and
H(P.p0) = (65,64,63,52,51,39).

Example 4.4. For s = 1,n = 5,p = 2,a = 2,b = 1 and ¢ = 1, we have that
q =4 and M = 205, and the affine equations of the curve Xo151 are y° = x + 2*
and z*% = y'® — y with genus g = 3572. In this case H(Py) = (1025,410,32) and
H(Pios0) = (1025,...,993,820,...,801,615,...,609).

Example 4.5. For s = 1,n = 3,q = 3, we have M = 7 and the affine equations
of the curve Y31 are y* = 2® + x and 2" = y? — y with genus g = 99. In this case
H(Py) = H(Pnp0) = (21,27,28).

Example 4.6. For s = 1,n =5,q = 2, we have M = 11 and the affine equations
of the curve Vs are y* = x + 2 and 2'* = y* — y with genus g = 46. In this case
H(Py) = (33,22,8) and H(Ps0) = (33,32,31,30,29,22,21).

5. THE WEIERSTRASS SEMIGROUP AT CERTAIN m + 1 POINTS ON THE CURVE C

"1
Let a,b,n,s =1,p,q = p*, M = d jl be as above, and let us fix the following
q

notation:

o C denotes either the curve X, ;.1 in subsection Bl or the curve ),; in
subsection
o P, € C(Fn) is the unique common pole of the functions x,y, z which define
the function field of C.
® P, := P, 00 €C(Fpn)fori=1,...,q/p% and for j =1,...,(¢* — q)/p", let
Qj = P, 5,0) € C(Fgn) such that §; # 0.
In this section, we determine the Weierstrass semigroup H(Py, P, ..., P,) for
1<m<gq/p® (b=0 when C=),,).
By the divisor of rational functions (x — ay), y and z given by (2)) and (@), we have
the following equivalences:

(5) (" + )P~ (¢"+1)Py,



6 ALONSO SEPULVEDA CASTELLANOS AND MARIA BRAS-AMOROS

(6) MP1+"'+MPq/pbN(q/pb)MPOOa

(7) P+---+ Pq/pb +Q1+- -+ Q(qB_q)/pb ~ (qg/pb)Poo.
Let 1<m< q/pb, and let 1 <k < M,0<i<qand j, > 0 be integers such that

<q2 —mp’ —prjz> (¢"+1) —igM — k¢* > 0.
(=1
So, the divisor

1 m
A= 50"+ 1)(¢* — mp’) — igM — kq*) P + Y _(iM + k)P,
=1
is effective and by (@), we have that
(8)
1 - , S w .
7 (((f —mp® —p° Z]g) (¢" +1) —igM — kq3> Poo—irZ(jg(q +1)+HiM+k) P ~ A
=1 =1

Next we state Duursma and Park’s definition of discrepancy [12), Section 5].

Definition 5.1. A divisor A" € Div(X) is called a discrepancy for two rational points
Pand @ on X if L(A") # LA —P)=LA —P—-Q) and L(A) # L(A' - Q) =
LA —P—-Q).

Lemma 5.2. [36, Lemma 2.6] Let n = (ny,...,ny) € H(Py,...,P,). Thenn €
D(Py, ..., Py) if only if the divisor A" = n1 Py + -+ + n,, Py, is a discrepancy with
respect to P and Q) for any two rational points P,Q € {Py,..., P,}.

Lemma 5.3. [I7, Noether’s Reduction Lemma] Let D be a divisor, P € C and let K
be a canonical divisor. If dim(L(D)) > 0 and dim(L(K —D—P)) # dim(L(K — D)),
then dim(L(D + P)) = dim(L(D)).

Proposition 5.4. The divisor A’ is a discrepancy with respect to P and Q) for any
two distinct rational points P,Q € {Px, P1,..., Py}.

Proof. From the equivalence in (§]), we have that there exists a function f € L(A’)
with pole divisor equal to A’. Thus, L£(A") # L(A" — P) for every rational point
Pe{P., P,...,P,}.

Now, we prove that L(K — A+ P) # L(K — A'+ P+ Q), where K is a canonical
divisor. Let K = 5 ((¢" + 1)(¢* = p*) = ¢* = ") Px, 50

/ 1 n 1 n -
K+P+Q—-A' = ﬁ((q +1)(q2—pb)—q3—pb)Poo+P+Q—ﬁ((q +1)(¢*—mp")—igM —kq®) Po

m 1 m
— > (iM+k)P, = ﬁ((q"—i—l)pb(m—1)—|—iqM—|—(k—1)q3—pb)Poo—l—P—i-Q—Z(iM—l—k)Pg :
=1 =1



Without loss of generality, we can assume that P = P, and () = P;. Thus,

1 m
K+Po+P—A = ﬁ((Q”+1)pb(m—1)+z’qM+(k—1)q3)Poo—(z’M+k—1)P1—Z(z’MJrk)Pg ,
=2
and we have that
Ky e —ag) - (r— ) € LK + P + P — A)\ L(K + P, — A/)
So, LIA'— P)) = E(A’ P, — Py). Since L(A") 7é LA —P) =LA — - P),
and L(A") # L(A" — Py), it follows that £L(A" — P) = L(A" — Py — Pl).
Now, if P # P, and ) # P, then we can suppose that P = P, and () = P,. In
this case, we have that
Kl —ag) (=) ELK+ P+ Py, — A)\ LK +P,— A).

As above we have that L(A" — P,) = L(A' — P, — P,) and that L(A"' — P,) =
L(A" — P, — Py). Therefore, the divisor A’ is a discrepancy with respect to P and
Q for any two distinct rational points P, Q) € {Py, Pi,..., P,}. O

As a consequence of () and Proposition [5.4] we have that the effective divisor

1 -y .
A= ((q —mp —pb23e> (¢" +1) —igM — kq ) Pt _(Jelq"+1)+iM+k) P,

p =1

is also a discrepancy with respect to P and () for any two distinct rational points
P,Qe{Py, P,...,P,}.

Theorem 5.5. Let a,b,n,s,p,q, M, Py, Py, ..., P, be as above. For 1 < m < q/p°,
let

1 -y . . .
Lpg1 = {(ﬁ <<q2 —mpb—PbZJz> (¢"+1) —@qM—kq3> gt + 1) +iM +k
(=1

,...,jm(q"+1)+iM—i—k>;1SkSM,OSiSq,ngO and

(q —mp® —p ng> q"+1) —igM — kq¢® >O}
Then, F(Poo,Pl,...,Pm):Fm+1.

Proof. By Proposition [5.4] we have that the divisor A’ is a discrepancy with respect
to P and @ for any two distinct rational points P,Q € {P,Pi,...,P,}. By
equivalence (§]), we can conclude that the divisor A is also a discrepancy with respect
to P and @ for any two distinct rational points P, Q € {Px, Pi, ..., Py }. Therefore,
by Lemma [5.2] we have that I',,11 C I'(Px, P1, ..., Pp).

Next, we show that I'(Ps, P,..., Pn) € Thir. Let no = (ng,ny,...,n,) €
['(Py, Pr ..., Py). By Definition 2:3] and Proposition [2.2] we have that n is minimal
in V,.(n) for all 0 < r < m. From Lemma 24, n = (ng,n1,...,nm) € G(Px) X
G(Py) x -+ X G(Py). Note that, as H(P)) = {(¢" +1—iM —j: 0 <i < p>0 <
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n—3

<@ 3P —i) + qu), for all 1 < ¢ < m. Then, by the form of the elements
q

in G(F,), we have that n, = j,(¢" + 1) + i,M + ky, for some j, > 0,0 < iy, < g and
1<k <M. Let
yq—iZM—k

(:1; — a1>j1+1 e (:1; — am>jm+1 ’

f=

then

=1
+(1(¢"+ )+ iIM+E)Pr+ -+ (" + 1) +iM + k)P, .

We conclude that f € H(Px, P1, ..., Py) and, as (f)e ~ A, then (f)s is a dis-
crepancy with respect to P and ) for any rational points P, Q € {Px, P, ..., Py}

1
So, by Lemma[5.2}, we have that f = (= ((¢* —mp® — p* Y212 je) (¢" + 1) — igM — kq?)
p

@+ 1) +iM + k... (" +1) +iM + k) € N(Pw, P1, ..., Pr).

Thus, f € V,.(n), for some 0 < r < m, and by Proposition 2.T] it follows that f is
minimal in V,.(n) for all , 0 < r < m. Furthermore, by minimality of f and n, we
have that f = n and so I'( Py, P1, ..., Pp) € Tpvs. O

(flee = z% <<q2 —mp’ —PbZﬂ) (¢" +1) —igh — k‘q3> P

Example 5.6. Using the values from Example[.3, we have the following divisors:

(x —ay) = 65P, —65Py
(y) = 13P 4+ 13P, — 26P
(2) = Pi+P+Qi+-+ Q30— 32
For this curve, taking m = 1, by Theorem [2.3, we have that I'( Py, P1) = {(455 —
260 — 655 — 32k,655 +13i+ k) :0<i<4,j >0, and 1 <k < 13}.
Taking m = 2, we have that
[Py, P1, P) = {(390 — 267 — 32k — 657, — 6572,6571 + 131 + k, 6575 + 131 + k) :
0<i<4,j1,jo>0, and 1 < k <13}.
Example 5.7. Using the values from Example[4.4), we have the following divisors:
(r —ay) = 10255, — 1025P,,
(y) = 205P; 4 205P, —410P,
(2) = Pi+P+Qi+-+ Q30— 32
Taking m =1, by Theorem[2.3, we have that I'(Ps, P1) = {(7175 — 410i — 10255 —
32k, 2051 + 10255 + k) : 0<i<4,5 >0 and 1 < k < 205}.
Taking m = 2, we have that
[(Po, P1, P2) = {(6150 —410i — 1025(jy + j2) — 32k, 205i + 10255 + k, 205¢ + 102572 + k)
0<i<4,j1,jo>0and1 <k <205} .
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Example 5.8. Using the values from Example[].5, we have the following divisors:
(x —ay) = 28FP, —28P,
(y) = TP+ TP, +7P; —21P,
(2) = P+ PR+P+Qi+ -+ Qu—27TP
For m =1, we have that
[Py, P) = {(224—210—28) — 27k, 7i+28j+k):0<i<3,7>0and 1 <k <T}.
For m = 2, we have that
['(Px, P, Po) = {(196 — 21i — 28(jy + j2) — 27k, Ti + 285y + k, 7i + 2855 + k) :
0<i1<3,j1,jo>0and 1 <k<T7}.
For m = 3, we have that
['(Ps, P1, P2, P3) = {(168 —21i — 28(j1 + jo + j3) — 27k, 7i + 2851 + k, Ti + 28j, + k,
Ti+28j3+k):0<i<3,71,72,73>0and 1 <k <T}.
Example 5.9. Using the values from Example[].6, we have the following divisors:
(r —ay) = 33P,—33P4
(y) = 11P +11P, —22P,,
(2) = Pi+ P+ Q1+ +Q—8Px
Form =1, we have that
['(Py,P1) = {(99—220—337j —8k,11i+33j+k):0<i<2,7>0and1 <k<11}.
For m = 2, we have that
(P, P, P2) = {(66 — 22i — 33(j1 + j2) — 8k, 11i + 3351 + k, 110 + 3355 + k) :
0<i<2j1,j2>0and 1 <k <11}.

6. PURE GAPS AND AG CODES

In [30], Homma and Kim introduced the concept of pure gap. An element (nq,...,ny) €
N§ is a pure gap at (Py,..., Py) if

l (Zn,P, —P]> =/ (Zn,ﬂ) for some j € {1,...,s}.
i=1 i=1

Carvalho and Torres [10, Lemma 2.5] showed that (ng,...,ns) is a pure gap at
(Pr,...,Ps)ifand only if £(3>7_, n;P;) = €(>_;_,(n; — 1)P;). The authors used this
concept to obtain codes whose minimum distances have bounds better than the
Goppa bound.

Theorem 6.1. [10, Theorem 3.3] Let Q1,...,Qn, Pi,..., Py be distinct F-rational
points of X and assume that m < q. Let (aq1,...,0m),(B1,...,0m) € NJ* and set
D=Qi+ - +Q, and G =" (i + ;i —1)P;. Let dq be the minimum distance of
the code Co(D,G). If (aq,...,cm), (P1,-..,Bm) are pure gaps at Py, ..., P, then
do > deg(G) — (29 — 2) + m, where g is the genus of X .
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Using the same notation as in Section Bl we calculate the pure gaps at several
points. The following results are stated in the same form as in [36].

Proposition 6.2. [36, Proposition 4.2] Let A = > " ja,P;, where (ao, ..., a,) €
C(Py,...,Pn). Let € {0,1,...,m}, if L(A—P,) = L(A=2P,), then (ag, a1, ... ,ap_1,a;—
1, @041, .., am) is a pure gap of H(Py, Py, ..., Py).
Corollary 6.3. [36, Corollary 4.3] If 2 < k < M, then ((¢*/p® — m)(¢" + 1) —
k@ k, ...,k k —1) is a pure gap of the Weierstrass semigroup H(Ps, Pi, ..., Py)
on the X, pn1 curve.
If2 <k <M, then ((¢*> —m)(¢" + 1) — kq®, k, ...,k k —1) is a pure gap of the

Weierstrass semigroup H(Px, Py, ..., Py) on the V,1 curve.
Proposition 6.4. [36, Proposition 4.4] Let « < 2g—1 and (a, 1,...,1) € G(Px, P, ..., Py).
If

(1) 3N, 8,7 € Ny, with X\ > m, such that \(¢" + 1) + BqgM + v¢* =29 — 1 — «,

or

(2) 29—2—a > (m—1)(¢"+1) and 3 B,y € Ny such that BgM +~v¢*> = 2g—1—a,

then (o, 1,...,1) is a pure gap.

In [1], the authors calculate the pure gaps in Kummer extensions defined by
y™ = f(x). The places Q1, ..., Q, are all the zeros and poles of f(x). They showed
the following theorem, where \; := vg,(f(z)) denotes the multiplicity of the place

Q-

Theorem 6.5. [1, Theorem 3.3] Let Py,..., P € Pr be pairwise distinct totally
ramified places in the Kummer extension F/K(x). Then (nq,...,ns) € N§ is a pure
gap at (Py, ..., Ps) if and only if for everyt € {0,...,m — 1} exactly one of the two
following conditions is satisfied:

(DL SRR

i=1 i=stl
, . ;—1 ;

@) {nmLt)\zJ _ LMJ forallic{1,...,s}.
m m

Proposition 6.6. [I, Proposition 3.9] On the V,1 curve, let Py and P, be two
totally ramified rational points that are different from Ps. Let a € {0,...,¢* — 3}
and 8 € {0,1}. Forn >5, if

ny = (B+1)¢"(¢* =g+ 1) +a(¢" +1) and
ny = (> =3)(¢"+1)+3¢"*(¢* —q+1) = (B+1)¢"*(¢* —q+1) —a(¢" + 1),

then the pair (ny,ns) is a pure gap at (P, Ps).

Proposition 6.7. [1, Proposition 3.10] On the Y, 1 curve, let P, be the unique
rational point at infinity and Py be a totally ramified rational point different from
P.. Fora €{0,...,q* — 2}, the pair

(n1,m9) = (1+a(g" +1),1+(¢* = 2)(¢" + 1) +¢" = 2¢° + 1 — (1 + a(q" + 1)))
is a pure gap at (Px, Pp).
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Proposition 6.8. On the X, ;1 curve, let Py and Py be two totally ramified rational
points that are different from P,,. Let a € {0,... ,Z—i — 3} and p € {0,1}. For
n>>5, if

n = (B+1)¢" (¢ — g+ 1) +alg” +1) and

ny = (% = 3)(@"+ 1) +3¢" P —q+1) = B+ 1)g" (¢ — g+ 1) —alg" +1),
then the pair (ny,ns) is a pure gap at (P, Ps).

Proof. The rational points P; and P, are zeros of t(x), and so \y = Ay = 1 in

t t—1
Theorem Let t € {0,...,q¢"}. We have that M =+ mt if and
q"+1 q"+1
only if ny +¢ =0 (mod ¢" + 1), which is equivalent to
t=q"+1-(¢"'=q"2+q"%) =0
t=q¢"+1—(2¢" ' —2¢"2+2¢"3) iff=1
No + t No + t—1
q"+1 q"+1
which is equivalent to
t=q¢"+1—(2¢" ' —2¢"2+2¢"3) if =0
t=¢"+1— ("' —¢"+q"?) =1
Then we verified the first condition in Theorem for these values of ¢. Indeed,
we have that

{nl +tJ N V2+tJ +%(q_ 0 V(njtl)J N {—tq?’/pr _

" +1 p ¢t +1 " +1

Analogously, { J if and only if ny +¢ = 0 (mod ¢" + 1),

L —1+5—-1)(g—1)

Ce el de ol el e
& —2+%(g—1)(g—2)

_Z_i—i_;,%@qz_QQ)‘f‘l:—l ift:q"—|—1—(2q"—1_2qn—2+2qn—3).

O

Remark 6.9. The parameters of the AG codes over the curves X,pn1 and YV,
cannot be compared with the parameters of the codes in MinT’s tables [34] since the
size of the corresponding alphabet is too large. However, the relative parameters of
these codes can be compared with the relative parameters of the AG codes constructed
from the GGS curves or induced by them. Given a [n,k,d|r, linear code, we have
that the relative parameters are k/n the rate and d/n the relative minimum distance,
and by the Singleton bound we have that % + % <1+ %

Example 6.10. Consider the curve Vs in Exvample[].0 over Fow. By Proposition
(6.4, taking o = 1 we have that (34,50) is a pure gap at Py, Py. By Theorem[6.1, we
have that the two-point code Cq(D,67Py + 99P;) has minimum distance dg > T8,
hence yielding a [3967,3846, > 78]y10 code. This code has better relative parameters
than the corresponding one-point AG code [3968, 3846, > TT]q10 given in [2, Table 1].
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Example 6.11. Consider the curve Xy131 over Fye given in Ezample [{.3 By
Proposition it follows that (230,1) is a pure gap at Py, P,. By Theorem [0,
we have that the two-point code Cqo(D, 459 Py + Py) has minimum distance dg > 40,
hence yielding a [n = 31231, k = 30982,d > 40] code. The bound on the minimum
distance 1is better than the one corresponding to the one-point AG code given in
[35, Corollary 5.5 (2)], defined over the same curve, whose Feng-Rao bound for the
minimum distance is dpr(249) = 39, hence yielding a [n = 31232, k = 30982, d > 39]
code.

Example 6.12. Consider the curve Xi131 of genus g = 3 over Fys. We have
that H(Py) = (3,4) and as the pole diwvisor (z2/y*)ee = 5Py, (22/y%)e = TH
then H(Py) = (3,5,7). For this curve, by Theorem [2.3, we have that T'( Py, Py) =
{(5,1),(1,2),(2,4)}. Take the divisor G = 4Py, + Fy. Using the MAGMA software,
one can see that the two-point AG code Cq(D, 4P+ Py) has parameters 111,108, 3].
This code is quasi perfect.
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APPENDIX A. GENUS OF S

In this section we will determine the genus of the semigroup S generated by
{@+1—iN—j:0<i+j<p’}, with ¢ = (p°)", for a prime number p, some
positives integers b, r, with » > 2, and N = ":TJ’II.

For this purpose we will first consider the numerical semigroup Sp ny x generated
by {KN +aN —j:0 < j <a < P}, where P, N, K are positive integers with
P|N-1,P|K—1, K < N. Notice that S = Spyx with K = ¢+ 1 — p’ and
P = p®, with a playing the role of p?—i, and j, N playing their own role. The required
conditions hold, indeed, P | N —1 since N —1 = ir_+11 —1=(*—q+1)—-1=¢*—¢q
and, similarly, P | K — 1.

A.1. Characterization. With the same notation as before, for an integer M > 0,
let Sy = {MKN+aN—j:0<j<a<MP}andlet Spy o = {(MKN+aN—j :
max{0,(M —1)P - K+1} <a < MP,0 < j <min{a, N — 1}}. It is obvious that
Spnx = Un=0Spy i and that g}‘{[MK C Splvk- Now, any element in Sy x is
in at least one set S f‘f;v i for some M’ < M. This can be proved by induction on
M. For M = 0 and for M =1 it is straightforward. For M > 1, suppose that an
element of S}‘D/{MK is { = MKN + aN — j for some particular 0 < j < a < MP.

Ifa>(M-1)P—K+1and j < N —1then (€ S{X{MK. Otherwise, if 0 < a <
(M—-1)P—K+1,then{ = (M —1)KN+(K+a)N—j =(M—-1)KN+d —j with
d=K+a<(M—-1)Pand0<j<a<d,sol¢€ S%]Q}K and the result follows by
induction. Ifa > (M —1)P—K+1but j > N—1, then suppose that @ is the quotient
of the division of j by N. Then { = MKN+ (a—Q)N —(j—QN) = MKN +d' —j'
witha =a—Q >a—j>0,and ¢’ <a < MP. Furthermore, j' = j — QN, which
is the remainder of the division of j by N, and which is between 0 and N — 1. So,
¢ € Sply k- Consequently, we also have Spn,x = Unr=0SPy -

Now, §%N7K C[(M—-1)(K+ P)N + 1,M(K + P)N]. Indeed, the minimum
of g}‘{[MK is at least (M — 1)(KN + PN) + 1 since the elements in §%N7K satisfy
MEN+aN —j > MKEN +((M—-1)P—K+1)N—N+1=MKN + MPN —
PN —-KN+N—-N+1= (M—-1)(K+ P)N + 1. On the other hand, the
maximum of §%N7 & 1s at most M (K + P)N since the elements in §%N7 5 satisfy
MEN +aN — j < MKEN + MPN — 0 = M(K + P)N.

In particular, the sets g}‘{N,K are disjoint and, so, Spy = I_IMzogf‘)f[N,K.

Let My = 551 41, My = 851 0y = KEN=2,
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A.2. Conductor of Spx k. Now we are ready to determine the Frobenius number
of Spn Kk, that is, its largest gap. The conductor of Spy k is then the non-gap of
Sp.n k right after its Frobenius number.

Observe that Sy = Uysmax{o.(v—1)p—i+1) Lo With I, = {MEKN +aN —j: 0 < j <
min{a, N — 1}}. Since j ranges from 0 to min{a, N — 1}, there are gaps between
the intervals I, and I, ; if and only if min{a, N — 1} < N — 1, i.e., if and only if
a < N —1. Since in g}‘{[N’K a ranges from max{0, (M —1)P — K + 1} to PN, the
inequality a < N — 1 occurs in §%N7K if and only if (M —1)P - K+1< N —1,
that is, if and only if M < w.

Let M = w. The last gap of Spy x will then be the gap previous to I, with
a=N—2in §%§7K, that is, the Frobenius number will be MpKN 4+ aN —a — 1
fora=N—2ie EEE2KN 4+ (N -2)N - N +1=5T2KN + N? - 3N + 1.

Simplifying by means of SAGE we obtain that the conductor of Spy k is
N?K + NK? + N?P —2NK —3NP + 2P

2 .

A.3. Genus. Let My =551 + 1, My = 851 My = 55022 = Mo+ M, — 1.

[ ] If 0 < M < MO then SP,N,K - SP,N,K aIld #ggN’K — Ziﬁz(a + 1) =
MP+1 b MP+1)(MP+2)
b=1 - 2

o If My < M < M, then #SPNK Zi\/H(JM yp-kr1latl) = Z%PJEIP K20 =
(MP+1)(MP+2) _ (MP—Po K+1)(MP P=K+2)  This is because if M < M, then
MP < N — 1, so j will always range from 0 to a. B
o If M > M then #([(M — 1)(K + P)N + 1, M(K + P)N]| \ S%MK) =
N-2 N—(M—1)P+K—2
Za:(M—l)P—K—i—l(N - a — 1) = b:l( " b -
(N_MP+P+K_2)2(N_MP+P+K_1). This is because if M > M; then MP > N —1
and so at some point @ = N — 1. In this case, [(M —1)(K+P)N+1, M(K +
P)NJ\Splyx ={MKN+aN—j:(M-1)P-K+1<a<N-2a+1<
j<N-—1}
Now, using the formulas Y3, _, M = "("2+1) and Y3, _, M? = w we get to
the final count of the genus:
g = (Mi(P+ K)N)

MO (MP +1)(MP +2
_Xﬂ g )

C =

M=1
My

MP-—P—-K+1)(MP—-P—K+?2
N 2:( ¥ )

M=My+1

(N—-MP+P+K—-2(N—MP+P+K—1)
py 5

M=M;+1

= (My(P+ K)N)
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1 3
—EPQMl(Ml +1)(2M;, + 1) — ZPMl(M1 +1) — M,
1
JFEPz(MI(M1 +1)(2My + 1) — Mo(My + 1)(2My + 1))
1
+1P(3 — 2P — 2K)(M;(M; + 1) — My(My + 1))
1

5 (P K = D)(P+ K = 2)(My — My)
+11_2P2(M2(M2 +1)(2M, + 1) — My(M; +1)(2M; + 1))

L EP(C2P K+ N) 4 3)(My(My + 1) — My(M; + 1))

4
1
+§(P+K+N—1)(P+K+N—2)(M2—Ml)
_ N?K+NK?*+4+ N?P+NKP—-3NK-3NP+P+1
- oP

A.4. Back to the originary problem. If we take N = %, K =q+1-
p’, P = p’ then the genus is g = W, while the conductor is ¢ =
P —203pP+2p?P — g2pb — qpP + g2+ qpb+p?* —pb

PP :

APPENDIX B. GENUS OF &’

q7l+1
g+l
g3 — ¢+ — ¢+ 1. We want to prove that the genus of the semigroup

S ="+ 1—iM —j:0<iM +jg* < q* 'p*) is q”“—p’;;:—q%q{

Suppose we have ¢ = p”, b | a, b # a, n odd, n > 3. Let M = — g -

B.1. Definition of S’ revisited.
Lemma B.1. Ifn > 3,

n—2 1
S/: <k(qn—1_qn—2)+€q+1_pb§k§q+1 andqn—3(q_pb)§€§k%>

q
Equivalently, by setting A =q" ' —q" 2, kg=q+1—p", by =q+1, o =q¢"3(q—

)+ 1,4 = qanfl, the semigroup S" is S" = (kA + 0 : ko < k < ki, by < < kty).

Proof. We can rewrite S’ as S = ((¢q+1— )M —j : 0 <iM + jg* < ¢"'p®). The
qnflpb
i

integer ¢ is then bounded as 0 < i < | |. The quotient and the remainder of
the division of ¢"~'p® by M are, respectively, p’ and p’(¢" 2 —¢" 3 +---+q—1)
(since this remainder is between 0 and M — 1). Consequently, 0 < i < p’. Now,
setting k = ¢ + 1 — 4, the bounds for k are ¢ — p* +1 < k < ¢+ 1. Hence, since
iM=(q+1—-kM=(q+1)M—-kM=q¢"+1—-kM,

S =(kM—j:q—p'+1<k<qg+1and0<q"+1—kM+j¢*<q"'p
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Finally, we want to replace the bounds for ¢" + 1 — kM + jq¢? by bounds on j.
Reorganizing them, we obtain
EM —q" = 1<jg* <kM —¢"+¢"'p" =1 =kM —¢" (¢ —p") = 1.
Since k < g+ 1, the lower bound is non-positive. So, 0 < jg?

for the wupper bound on j, 5 < kM _qn;(q_pb)_lJ =

nlkn2kn3 k2—k k_nfl_b_l n—2 _ _ n—
{ q" *+kq 4q-q q+k—q""*(g—p°) J quﬁjl#_ kq;gk l—q 3(q_pb)J:
{ nqul — "_3(q p’) —1+ MJ. By the bounds on k we deduce that
0 < q —k(q 1) < Pb( - ) < 1 SO

— q Y

,_ - b Y e S b

S'=(kM —j:q+1—p §k§q+1and0§j§kT—q (g—p°)—1)
q

Let now ( = k2 — j. Notice that kM — j = k(M — £=2) 4+ £ = k(g™ —

q"~2) + £. The bounds of £ are ¢"3(q —p*) +1 <1 < k:qn;;rl. O

Let G ={kA+0:ky<k<ky,lo<l<kli}andlet mG={a;+ - +a,:aq€
G}. Define B, = [(m — 1)(¢"+ 1) + 1,m(¢" + 1)| N mG.

Lemma B.2. The following statements hold.

(1) 8" ={0}Ul,,>; mG,
(2) S = {0} UU,y>1Bn.

Proof. First of all, notice that mG = [mkoA+ mly, mko(A+ (1)) U
mkoflrmfo-i-l
l(mk‘() + 1)A + mfo, (mk‘o + 1)(A + fl)l u.---u [mklA + mﬁo, mkl(A + fl)l
(mk‘o-i—l)z—méo-i-l mklflrmfoﬁ-l

(1) The first part is obvious and follows from the definitions.

(2) For the second part, it is obvious that the sets B, are disjoint and it is
obvious the inclusion D. Let us prove for all m the inclusion S’ N [(m —
1)(¢" +1) +1,m(q¢" +1)] C By, by induction on m.

First of all we need to see that S’ N[1,¢" + 1] = By. The smallest element
of 2G is 2(koA+ L) =2((¢ + 1 —p")(¢" ' —¢" ) +¢" (g —p") + 1) =
2Aq"+1=p"(¢" =" ") = AL 1200 =g ) >
"+ 1+ (" +1- 2pbq +1) > ¢" + 1 if 2p® < ¢ + 1, which is a consequence
of the fact that p® < q.

Now suppose m > 1. Since the maximum of mG is m(q" + 1), we have
mG C [0, m(¢"+1)]. Now it will suffice to see that mGN[0, (m—1)(¢"+1)] C
(m — 1)G and the result will follow by induction.

Notice that mG is the union of the sets of the form S, ; = [kA+mly, k(A+

t,)] for some k satisfying mkyo §~l~c < mky, while (m—1)G is the union of sets
of the form S(m_l) /2[]%“4 + mly, k(A + £,)] for some k satisfying (m — 1)ko <

k< (m— 1)k



18 ALONSO SEPULVEDA CASTELLANOS AND MARIA BRAS-AMOROS

Suppose that a € mG N [0, (m —1)(¢" + 1)]. If a € S, ; with mky < k <
(m—1)ky, then, since S,, ; € S,,_,;, wehavea € S, ;7 C (m—1)G. On the
other hand, if a € S, ; N[0, (m —1)(¢" +1)] with (m —1)k; < k < mky, then
a>kA+mly > (m—=1)kA+ (m —1)l. So, a € Sp—1,m-1)e, € (m —1)G.

[

B.2. Number of gaps by intervals. Let C,,, = [(m—1)(¢"+1)+1, m(¢"+1)]\ Bn.
In this section we wonder what are the elements in C,,. As before, we split the
elements in mG into (not necessarily disjoint) blocks of the form S, ; = [kA +

mly, k(A + £1)] for some k satisfying mko < k < mk;.

Lemma B.3. (1) Suppose that mko < k < mky. Then the gaps between Sy, (—1)
and Sy, are contained in [(m — 1)(¢™ + 1) + 1,m(¢" + 1)] if and only if
k > max (mko + 1,mq +m — q)
(2) max (mko + 1,mq+m — q) = mko + 1 if and only if m < M, := p*~°.

Proof. (1) Suppose that mky < k < mk;. Then the gaps between S, (,—1) and
Sk are contained in [(m—1)(¢"+1)+1, m(¢"+1)] if and only if (l{;—l)q;TJrll >
(m—1)(¢"+1), that is, if and only if £ > (m —1)(¢+1)+1=mqg+m —q.

(2) max (mko + 1,mqg+ m — q) = mko+1 if and only if mg+m—q¢ < m(qg+1—
p°) + 1, that is, if and only if —q¢ < —mp®+1, i.e., mp® < g+ 1. Now observe
that the quotient of the Euclidean division of ¢ 4+ 1 by p’ is p®~® while the
remainder is 1. So, the statement follows.

0]

Lemma B.4. (1) Suppose that mky < k < mky. Then there are gaps between

S, (k—1) and Sy if and only if k < min <mk1, qn_q_lm('zﬂ)z(ﬂfg(q_pb)H)) )

(2) If n > 3, min (mkl, qn_q+m(qz7ll),(§:;3(q_pb)H)) = mky if and only if m <
My == (q — 1)p**.
n n—3 b
3) If n = 3, min (mkl, Coermlet ) e >+1>> — mky if and only if m <
M, = (g —1)p*=° — 1.

Proof. (1) Suppose that mky < k < mk;. Then there are gaps between Sy, (x—1)

and Sy, if and only if (k—1)(A+4,) < kA4+mly—2, equivalently, (k—1)¢; <
mEO_Q_I_A’ equlvalently’ k S Mozif—"_“q_l_l — (q_l_l)m(q”73(q_pb;:—713—|——i+qn*1_qn72+
1= m(g+1)(q" "3 (g—p®)+1)—g—2+¢"—¢" " 2+¢" 241 __ ¢"—q—1+m((g+1)g" 3 (g—p®)+1)

- qn72+1 - qn72+1 .

(2) min (mkl, qn_q_1+m(‘2ﬂ)2(ﬁf3(q_pb)+l)) = mky if and only if m(¢ + 1) <

qn_q_“’m(‘;ﬂ)fﬂf?’(q_pb)H), that is, if and only if m(¢"™' +¢" 2 +q+1) <

¢"—q—1+m(g+1)(¢"*(g—p")+1),ie, m(¢g" ' +¢" 2 +q+1) < ¢"—q—
1+m(q"2(q—p")+¢" 3 (¢g—p") +q+1),ie,0 < g"—g—1—mp°(g+1)g"?,

: q"—q—1
e, m< Lp"(qul)q"*SJ
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Here we notice that the Euclidean division of ¢® —q — 1 by ¢"2p® + ¢"3p®
has quotient (¢ — 1)p®~® and remainder ¢" —q — 1 — (q — 1)p*~ (q" 2pb +
) =" -1 =" =" T TP =" g L
So, the statement follows.
(3) It can be proved as the previous item.

O

Lemma B.5. If (q— 1)p* " +1<m < gp*°® —1 then qn_q_Hm(‘fIﬁ);ﬂfB(q_pb)+1) is

. n_g—1 1 n—3(,_nb 1
not an integer and |42 +m(‘flj§,)2(il @ D | — 2 — g+ m(qg—p* +1).
q"—q—1+m(g+1)(¢"*(g—p")+1) _ ¢"—q+1 (D) ("3 (g=p)+1) 2 ¢P+g+l
Proof qn 2_;’_1 - n 2+1 _I_ m n 2+1 - q - qn72+1 _I_
b bg" -1 CHq+l |
m(g —p’+1) = mp* Lty = ¢ —q+m(q p+1)+q = —mp"E=
. . 1 n—3 1
Now, it is enough to see that 0 < g — g,:gjl —m bqn 7 < L.
2 n—3 2 n—3 b
?+q+1 brg" 21 *+q+1 (@2 -1p°\ _

On one ha“nd q_ 7L72_l’_1 _mp (qn72+1) Z q_ n 2+1 - (qp - 1)( n 2+1 ) - q_
q2+q+1 (qn 3 1)(1 _pb(qn73_1) o q2+q+1 qn—l q2 n— 3pb+p . n 1+qn 3 b pb+q+1 o
qn72+1_ n 2+1 - q_qn72+1_ n 2_;’_1 q_l_ n 2_;’_1 -
q+q”*3pb—pb+q+1 — 20+p°(@" D4

n—2+1 - n 2+1 >
On the other hand, q_q +g+1 mpbq” z 1 "' Ha—q®—g-1- (qp“ 2” P D) (¢" PPt
qn 1_q —1— qpa b(qn 3 b__ )_;pa b(qn 3pb p) (qn 3pb p) _ qn—l_q2 1— qn 1+q ;_qn72 q— qn 3pb+p _
q"2+1 qn—4+1
—1+q"72—q—q"73pb+pb _ q”’2+1—(2+q+(q”’3—1)pb) < 1
qn72+1 qn72+1 .
O

Lemma B.6. Suppose that mky < k < mky,. Then the number of gaps between

S h—1) and S is m(¢" (g — p*) + 1) — k< qul+1 O

Proof. The number of gaps between S, .—1y and Sy, is kA +mly — (b — 1)(A +
0)—1=mly—kl,+ A+, — 1, Whlch ylelds the formula in the statement. O

Lemma B.7. (1) There are gaps that are at least (m —1)(¢" 4+ 1)+ 1 and which
are smaller than the elements in Sy, mk, if and only if m < P>t = M.

(2) If m < p*=° = My, then the number of gaps between (m —1)(¢" +1) +1 and
Sk 05 q" —mp®(q" T — ¢"7 + ¢"70).

Proof. (1) There are gaps that are at least (m — 1)(¢" + 1) + 1 and which are
smaller than the elements in Sy, uk, if and only if mkgA+mfby > (m—1)(¢"+
1)+2. This is equivalent to m(q+1—p°)(¢" ' —¢""2) +m(q"3(¢—p°) +1) >
(m—1)(¢" + 1) + 2, that is, if and only if mq" — mqg"™' + mq"~* — mq"~

mq" 1p® +mqg"2p’ +mqg" 2 —mq"3p* +m > mg™ +m — ¢* — 1+ 2, which is
equivalent to ¢" —1 > mp®(¢" ' —¢" 2+ ¢" %) ie., m < Lpb(qn,lfq;,l2+qn,3)J.

Here we remark that the Euclidean division of ¢" — 1 by p®(¢"~ ! — ¢" 2 +
¢"~3) has quotient p?~° and remainder ¢" — 1 — (¢" — ¢" '+ ¢"2) = ¢" ! —
¢ 2 — 1. So, the result follows.

(2) It follows from the formula mkgA +méy — (m —1)(¢" +1) — 1 and a similar
simplification as before.
O
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Lemma B.8. Let Ms = qp®~* — 1. The set C,, is not empty if and only if m < Ms.

Proof. Tt is clear that for m < Ms, C,, # 0. For m > M,, C,, # () if and only if
¢"—q—1+m(g+1)(¢" (¢ —p") +1)

> 1) —q.
This is equivalent to ¢" —qg—1+m(qg+1)(¢"3(¢—p")+1—(¢"2+1)) > —q(¢" >+
1), which in turn is equivalent to ¢" — 1 — m(q + 1)(p°¢" %) > —¢"}, ie., m <
gn1-1 a—
L((ﬁl))i = L O

Corollary B.9. S’ = U B,
2

3 n+2__,b.n_ .3
Theorem B.10. The genus of S is T—"L5=1F0,

Proof. By Lemma[B.], LemmalB.2] Lemmal[B.3, Lemma[B.4], LemmalB.5 LemmalB.6,

Lemma [B.7], Lemma [B.8 and Corollary [B.9] it easily follows that the genus of S’ is

My
Z (qn i mpb(qn—l _ qn—2 + qn—3))
m=1
mky n—2 n
" +1 q"+1
- 1
Ly s (=g =) 4m -2 L)

m=1 k=mko+1

mk1

n—2 n
n—3 b q +1 q¢"+1
+ g E - +m—k + -1
<mq (q—p")+m p p

m=Mi1+1 k=mg+m—q

Mz ¢?—q+m(q—p°+1)

n—2 n
n—3 b q +1 q¢"+1
+ g E - +m—k + -1
(mq (g—p')+m | |

m=Mz+1  k=mg+m—q
— M1q" . pb(qn—l . n—2 + qn—3>M1(M1 + 1)/2

41 mky mki Ms  ¢*—q+m(q—p°+1)
(T - )221+Z DR S S

m=1 k=mko+1 m=Mi;+1 k=mg+m—q m=Mz+1  k=mg+m—q
My mkq Mo mkq Ms q2—q+m(q—pb+1)
— b
+ (" P(g-1p")+1) E m E 1+ E m E 1+ E m 5
m=1 k=mko+1 m=Mi;+1 k=mg+m—q m=M>+1 k=mg+m—q
TL 2 —I— 1 My mky mky Ms QQ_Q+m(q_pb+l)
el DN DL )N SEFESD SIS !
q m=1 k=mko+1 m=Mi1+1 k=mg+m—q m=Ma+1 k=mg+m—q

= Mq" —p"(¢" " — "4 M (M, +1)/2
n41
+ G'+—J)M+B+C)

qg+1

+ (" g-p")+ 1) (D+E+F)
n—2+1

— i——%G+H+0,

qg+1

1
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mkq

Z > 1_ka1 mhko) = (kl—ko)iMl(]W;+1)

m=1k=mko+1

mkq Mo
S5 10 S mh-mgmmrg+)
m=Mi1+1 k=mqg+m—q m=M;+1

FERIITA TANRISEPEEIRS o
m=M-,+1

(¢+1)(Mz — M)+ (ks — g — 1)(M?(M2 +1) ; My (M +1)

)

M;3(Ms +1) — Ma(Ma + 1))
2

M3
S (@ —mpt 1) = (@ + )My — M) — p¥(
m=Mo+1

M, "
Z m(mky —mko) = (k1 — ko) Z m? = (ky — ko)(Ml(Ml + 16)(2M1 + 1))

m=1 m=1
M2 2
Z m(mks —mg—m+q+1)=(¢g+1) Z m+ (kt —qg—1) Z m?
m=M; +1 m=M; +1 m=M;+1
Mo(Ms +1) — My(My +1 Mo(Ms +1)(2Ms + 1) — My (M7 +1)(2M; + 1
(g +1)( 2(M2 +1) — My( 1+))—|—(/€1—q—1) 2(Mz +1)(2M2 +1) — My (My +1)(2My + 1)

2 6
M3

Z m(q* — mp® + 1)

m=Ms+1

(¢ +1)( Ms(Ms + 1)(2M3 + 1) — My (M +1)(2M5 + 1)

Ms(Ms+1) — My(M2+ 1) b
) ) —p( 5
M, My 2 M,y
mk1 mkl—i—l —mko mko—f'l kl—ko
S ( ) . ( Z Lk Z
m=1
ki1 — ko Ml(M1+1) k%—k% Ml(M1+1)(2M1+1)
+
2 2 2 6
(k1 —ko)m(m +1) (ki — k§)My(M; +1)(2M; +1)
+
4 12
f (mkl(mk1+1)—(m(q+1)—q—1)(m(q+1)—Q)>
2

)

m=My;+1

+1 ki+ 2¢+1)(q+ 1) My(Ms+1) — My (M; + 1
_Q(q2 )(Mg—Ml)—i—( 1 (q2 )(g )) 2(Ma )2 1(My )
+k% —(q+1)% My(Mo +1)(2M2 + 1) — My (My + 1)(2M; + 1)

2 6

(M, — 2y 4 B Cat D@+ D)Ma(Mo+1) = Mi(My + 1))
2 1 1

" (k3 — (¢4 1)*)(Ma(My + 1)(2M3 + 1) — My (M + 1)(2M; + 1))
12

_qlg+1)
2

Mz ¢®—q+m(g—p’+1)

2 >,k

m=Mz+1  k=mg+m—q
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M.
- L (@ =qg+mg—p"+ 1))@ —qg+1+m(g—p"+1))— (mlg+1)—qg—1)(m(g+1) —q)
- > ; )

m=Mos+1

(> —q)(¢®> —q+1) —Q(q+1)(
2

((q=p"+1)(2¢* —2¢+ 1) + (¢ + 1)(2¢ + 1)) (M3(M3 + 1) — My(M3 + 1))

Ms — My)

+

4
(g =p"+1)* = (g + 1)) (M5 (M5 + 1)(2M5 + 1) — My(Mp + 1)(2M> + 1))
12
A SAGE simplification of this leads to
n+l,a—b . n _ 2 a—b a—b
— 1/2qn+1pa—b - 1/2qn - 1/2q2pa—b + 1/2qpa—b — q p q qp + qp

2
0J

We remark here that the result does not vary if we replace My = (¢ — 1)p*~° by
My=(q¢—1)p*" -1
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