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Abstract

Let (X, d) be a metric space. A set S C X is said to be a k-metric generator
for X if and only if for any pair of different points u,v € X, there exist at least
k points wy,ws,...wg € S such that d(u,w;) # d(v,w;), for all i € {1,...k}. Let
Ri(X) be the set of metric generators for X. The k-metric dimension dimy(X) of
(X,d) is defined as

dimg(X) = inf{|S]: S € Ri(X)}.

Here, we discuss the k-metric dimension of (V,d;), where V is the set of vertices
of a simple graph G and the metric d; : V x V' — N U {0} is defined by di(z,y) =
min{d(z,y),t} from the geodesic distance d in G and a positive integer t. The
case t > D(G), where D(G) denotes the diameter of G, corresponds to the original
theory of k-metric dimension and the case ¢ = 2 corresponds to the theory of k-
adjacency dimension. Furthermore, this approach allows us to extend the theory of
k-metric dimension to the general case of non-necessarily connected graphs. Finally,
we analyse the computational complexity of determining the k-metric dimension of
(V,dy) for the metric d;.

Keywords: metric dimension; k-metric dimension; k-adjacency dimension; metric
space; nondeterministic polynomial time.
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1 Introduction

The metric dimension of a general metric space was introduced in 1953 in [6] but attracted
little attention until, about twenty years later, it was applied to the distances between
vertices of a graph [20, 33, 34]. Since then it has been frequently used in graph theory,



chemistry, biology, robotics and many other disciplines. In 2013, in [4], the theory of
metric dimension was developed further for general metric spaces. More recently, this
theory has been generalised in [7, 9, 10, 11, 12, 36], again in the context of graph theory,
to the notion of a k-metric dimension, where k is any positive integer, and where the case
k = 1 corresponds to the original theory. Independently from our work, a similar approach
to k-metric dimension has appeared in [1, 2, 3], although the direction of such works are
more going in the algorithmic and computer science sense. The idea of the k-metric
dimension both in the context of graph theory and general metric spaces was studied
further in [5]. This paper deals with the problem of finding the k-metric dimension of
graphs where the metric used is not necessarily the standard one. Given a positive integer
t and the geodesic distance d in a graph G = (V, E) we consider the metric d; : VxV — R,
defined by d;(x,y) = min{d(x,y),t}. In this context, k-metric generators are called (k,t)-
metric generators and the k-metric dimension is called (k,t)-metric dimension. The case
t > D(G), where D(G) denotes the diameter of G, corresponds to the original theory of k-
metric dimension and the case ¢ = 2 corresponds to the theory of k-adjacency dimension.
Furthermore, we would point out that this approach allows us to extend the theory of k-
metric dimension to the general case of non-necessarily connected graphs. We will deepen
more about the main concepts as well as some basic results in Section 2.

Summary of our contribution
Our main contributions as well as their location within our article are listed below.

e In Section 3 we discuss a natural problem in the study of the (k,¢)-metric dimension
of a graph GG which consists of finding the largest integer k& such that there exists a
(k,t)-metric generator for G.

e Section 4 is devoted to study the problem of computing or bounding the (k, t)-metric
dimension. In particular, we give some basic bounds and discuss the extreme cases,
we construct large families of graphs having a common (k,t)-metric generator and
show that for ¢t > 2 the (k, t)-metric dimension of lexicographic product graphs does
not depend on the value of t. We also show that the (k,t)-metric dimension of the
corona product of a graph of order n and some nontrivial graph H equals n times
the (k,2)-metric dimension of H.

e Section 5 deals with the problem of computing the (k,¢)-metric dimension proving
that is NP-hard for the case in which k is an odd integer.

e Finally, in Section 6 we discuss some problems which are derived from or related to
our previous results.
2 Terminology and basic tools

Let (X,d) be a metric space. If X is a finite set, we denote its cardinality by |X]|; if X
is an infinite set, we put | X| = +00. A set A C X is called a metric generator for (X, d)
if and only if d(x,a) = d(y,a) for all a in A implies that x = y. Roughly speaking, if
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an object in x knows its distance from each point of A, then it knows exactly where it
is located in X. The class of metric generators of X is non-empty since X is a metric
generator for (X, d). A metric generator of a metric space (X, d) is, in effect, a global
coordinate system on X. For example, if (z1,...,2,) is an ordered metric generator of X,
then the map A : X — RP given by

Alz) = (d(a:, 21),. .. d(, xp)) (1)

is injective (for this vector determines x), so that A is a bijection from X to a subset of
R?, and X inherits its coordinates from this subset.

Now, a set S C X is said to be a k-metric generator for X if and only if for any pair
of different points u,v € X, there exist at least k points wq, ws,...w; € S such that

d(u,w;) # d(v,w;), for all i € {1,...k}.

Let Ri(X) be the set of k-metric generators for X. The k-metric dimension dimy(X) of
(X, d) is defined as
dimg(X) = inf{|S] : S € Rp(X)}.

As inf @ = 400, this means that dimy(X) = +oo if and only if no finite subset of X
is a k-metric generator for X. A set S is a k-metric basis of X if § € Ry(X) and

The k-metric dimension of metric spaces was studied in [5] where, for instance, it
was shown that if U is any non-empty open subset of any one of the three classical n-
dimensional geometries of constant curvature, namely Euclidean space R", Spherical space
S™ and Hyperbolic space H", then dimy(U) = n + k. If we consider the discrete metric
space (equivalently, a complete graph), then dim;(X) = |X| — 1 and dimy(X) = |X]|.
Furthermore, for £ > 3 there are no k-metric generators for the discrete metric space.
The reader is referred to [10, 11, 12] for previous results on the k-metric dimension of
graphs.

A basic and useful result on the k-metric dimension of metric spaces is the following
one.

Theorem 1 (Monotonicity of dimg(X) with respect to k [5]). Let (X,d) be a metric
space, and k a positive integer. Then,

(ii) of dimg(X) = 400 then dimgy1(X) = +oo.
In particular, dimg(X) + 1 > dim; (X)) + k.

Given a positive integer ¢ and a metric space (X, d), the function d; : X x X — R,
defined by

dt<x> y) = mln{d(x, y)a t} (2>

is a metric on X. If d(x,y) < t, then di(x,y) = d(z,y), so that the di-metric topology

coincides with the d-metric topology. Furthermore, if d(z,y) > 1, then di(x,y) = 1, so
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that if d(z,y) > 1 for all z,y € X, then the d;-metric topology coincides with the discrete-
metric topology (equivalently, the topology of a complete graph). The study of the k-
metric dimension of (X, d;) was introduced in [5] as a tool to study the k-metric dimension
of the join of two metric spaces, and it was introduced previously in the particular context
of graphs [14].

The next result shows that the k-metric dimension of a single metric space varies
when we distort the metric from d to d; as above. From now on, the k-metric dimension

of (X, d;) will be denoted by dim,(X).

Theorem 2. [5] Let (X,d) be a metric space, and k a positive integer, and suppose that
0<s<t. Then

dim} (X) > dim} (X) > dimg(X). (3)
However, it can happen that
tEeroo dim},(X) > dimy(X). (4)

If X has diameter D(X) < t, then the equalities in (3) are achieved. Furthermore, as
we will show in Theorem 20, the equalities in (3) can be achieved for some metric spaces
of diameter D(X) > ¢ > 2. Before giving an example which shows that (4) can hold, we
proceed to state the following result which shows that the study of dimy(X) should be
restricted to the case of bounded metric spaces.

Theorem 3. For any unbounded metric space (X,d) and any t > 0, dim’(X) = +oo0.

Proof. We shall show that dim!(X) < +4oc implies that (X,d) is bounded. Assume

that a finite set S C X is a l-metric basis of (X,d;) and take sp,s; € S such that

d(so,s1) = ma;c{d(s,so)}. Let B ={z € X : d(so,z) < t+d(so,s1)} If there are two
se

different points x1, 29 € X \ B, then dy(x1,s) = di(xs,s) = ¢, for all s € S, which is a
contradiction. Hence, either X C B or there exists z € X such that X \ B = {z}, in
which case X C {x € X : d(x,s9) <d(z,50)}. Therefore, (X, d) is bounded. O

We have learned from [5] that dimg(R™) = n + k and, according to Theorems 1 and 3
dim},(R") = 400, which shows that (4) can hold.

Let G = (V, E) be a simple and finite graph. If G is connected, then we consider the
function d : V. xV — NU{0}, where d(x, y) is the length of a shortest path between z and
y and N is the set of positive integers. Obviously (V] d) is a metric space, since d is a metric
on V. From now on, we will use the more intuitive notation dim},(G) instead of dim}, (V).
In this context, in order to emphasize the role of ¢ we will use the terminology, (k,1t)-
metric generator, (k,t)-metric basis and (k, t)-metric dimension of G = (V, E), instead of
k-metric dimension, k-metric basis and k-metric dimension of (V) d;), respectively. Notice
that when using the metric d; the concept of k-metric generator needs not be restricted
to the case of connected graphs, as for any pair of vertices x,y belonging to different
connected components of G we can assume that d(x,y) = +00 and so d;(x,y) = t. Hence,
we can consider that the metric dimension of a non-connected graph G equals the (k,t)-
metric dimension, where ¢ is greater than or equal to the maximum diameter among the
connected components of G.



We would point out the following dimension chain, which is a direct consequence of
Theorems 1 and 2. For any finite graph G and any integers £k > 1 and ¢ > 2,

dim(G) < dim;™(G) < dim}(G) < dim}_;(G) — 1 < dim;,,(G) — 1. (5)

Throughout the paper, we will use the notation K,,, K, ,,_,, Cy,, N,, and P, for complete
graphs, complete bipartite graphs, cycle graphs, empty graphs and path graphs of order
n, respectively.

We use the notation u ~ v if u and v are adjacent vertices and G = H if G and H are
isomorphic graphs. For a vertex v of a graph G, Ng(v) will denote the set of neighbours
or open neighbourhood of v in G, i.e. Ng(v) ={u € V(G) : u~ v}. If it is clear from the
context, we will use the notation N(v) instead of Ng(v). The closed neighbourhood of v
will be denoted by N[v] = N(v)U{v}. Two vertices z,y are called twins if N(z) = N(y)
or N[z] = NJy|.

For the remainder of the paper, definitions will be introduced whenever a concept is
needed.

3 On (k,t)-metric dimensional graphs

In this section we discuss a natural problem in the study of the k-metric dimension of a
metric space (X, d;) which consists of finding the largest integer k such that there exists
a k-metric generator for X. We say that a graph G is (k,t)-metric dimensional if k is
the largest integer such that there exists a (k,t)-metric basis of G. Notice that if G is a
(k,t)-metric dimensional graph, then for each positive integer r < k, there exists at least
one (r,t)-metric basis of G.

Given a graph G and two different vertices z,y € V(G), we denote by D¢ +(z,y) the
set of vertices that distinguish the pair z,y with regard to the metric d;, i.e.,

Doi(z,y) ={z €V : di(z,x) # di(z,y) }.

Throughout the article, if the graph G is clear from the content, then we will just write
Dy(x,y).

Note that a set S C V is a (k,t)-metric generator for G = (V, E) if |Dy(z,y) N S| > k
for every two different vertices x,y € V. It can also be noted that two different vertices
x,y € V belong to the same twin equivalence class of G if and only if D,(z,y) = {z,y}.
By simplicity, if G' has diameter D(G) and it is clear from the context that ¢ > D(G),
then we will use the notation D(z,y) instead of Dy(z,y).

Since for every pair of different vertices z,y € V' we have that |Dy(x,y)| > 2, it follows
that the whole vertex set V' is a (2,¢)-metric generator for G’ and, as a consequence, we
deduce that every graph G is (k, t)-metric dimensional for some k& > 2. On the other hand,
for any graph G = (V, E) of order n > 3, there exists at least one vertex v € V' and two
vertices x,y € V such that {z,y} € Ng(v) or di(z,v) = di(y,v) = t, so that v & Dy(x,y)
and, as a result, there is no n-metric dimensional graph of order n > 3. Comments above
are emphasized in the next remark.



Remark 4. Let t be a positive integer and let G be a (k,t)-metric dimensional graph of
ordern > 2. If n >3, then 2 < k < n — 1. Moreover, G is (n,t)-metric dimensional if
and only if G = Ky or G = Ns.

We define the following parameter 3,(G) = mir‘l/ {ID¢(z,y)|}. The next general result
RIS
was stated in [8] for the particular case of t = 2 and also in [10] for t > D(G).

Theorem 5. Any graph G of order n > 2 is (0;(G),t)-metric dimensional and the time
complezity of computing 0,(G) is O(n?3).

Proof. It G = (V, E) is a (k,t)-metric dimensional graph, then for any (k,t)-metric basis
B and any pair of different vertices z,y € V, we have |B N Dy(x,y)| > k. Thus, k <
9:(G). Now we suppose that k& < 9,(G). In such a case, for every z;,z; € V such
that |B N Di(z;,x;)| = k, the set Di(z;, ;) \ B must not be empty, so that the set
BU{z € Di(z;,z;)\ B : |BNDy(z;,z;)| =k} is a (k+ 1, t)-metric generator for G, which
is a contradiction. Therefore, k = 0;(G).

We now proceed to prove that the time complexity of computing 9,(G) is O(n?). We
assume that the graph G is represented by its adjacency matrix Ag. Hence, the problem
is reduced to finding the value of 9;(G). To this end, we can initially compute the distance
matrix Dg from the matrix Ag by using the well-known Floyd-Warshall algorithm [31,
35|, which has time complexity O(n?®). The distance matrix Dg is symmetric of order
n X n whose rows and columns are labelled by vertices, with entries between 0 and n — 1
(or 400 if G is not connected). Now observe that for every z,y € V(G) we have that
z € Diy(x,y) if and only if min{Dg(y, 2),t} # min{Dg(z, 2),t}.

Given the distance matrix of GG, computing how many vertices belong to Dy(z,y) for
each of the (g) pairs z,y € V can be checked in linear time. Therefore, the overall running
time of such a process is bounded by the cubic time of the Floyd-Warshall algorithm. [J

As Theorem 5 shows, in general, the problem of computing 9,(G) is very easy to solve.
Even so, it would be desirable to obtain some general results on this subject. In this
section we restrict ourself to discuss the extreme cases 0;(G) = 2 and 9;(G) =n — 1, and
to study the parameter 9,(G) for the particular case of paths and cycles.

If two vertices u,v of G belong to the same twin equivalence class, then Dy(u,v) =
{u,v}, and as a consequence, we deduce the following result.

Corollary 6. A graph G is (2,t)-metric dimensional if and only if t = 1 or there are at
least two vertices of G belonging to the same twin equivalence class.

An example of a (2,¢)-metric dimensional graph is the star K ,_1, whose (2, ¢)-metric
dimension is dimb(K;, ;) = n — 1 for any ¢ > 2, while examples of trees which are
not (2,t¢)-metric dimensional are the paths P, for n > 4 and ¢ > 2, as we will show in
Proposition 7.

Proposition 7. Let n > 3 and t be two integers. Then the following statements hold.
(i) If2 <t <n—2, then P, is (t + 1,t)-metric dimensional.

(i) Ift > n— 2, then P, is (n — 1,t)-metric dimensional.
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Proof. Since n > 3, Remark 4 leads to 2,(P,) € {2,...,n — 1}. Let {uy,us,...,u,} be
the set of vertices of P, where u; ~ w;,1, for alli € {1,...,n —1}.
We now consider two cases:

(i)

Assume that 2 <t < mn — 2. Since t > 2, it follows that n > 4. Since D;(uy,uz) =
{uy, ..., w1}, we have 0,(P,) < t+ 1. Let [, € {1,...,n} be a pair of integers
different from the pairs 1,2 and n — 1,n such that [ < r. We first assume that
r—1 >t Ifr—1¢€{t,t+ 1}, then |Di(uyu,)] > r—1+1>t+1. Now, if
r—1>1t+2, then |Dy(u,u,)| >r—1>t+1. We now assume that r — < ¢ — 1.
For a given vertex u; we define the ball of center u; and radius t — 1 as B; = {u; :
d(u;,u;) < t—1}. Notice that for any vertex u;, |B;| > t and the equality holds
if and only if i € {1,n}. Now, since n > t+2 and r — [ < ¢t — 1, we can claim
that |B)| > ¢+ 1 or |B,] > t+ 1. Hence, if [ # 1 and r # n, then |Dy(u;, u,)| >
|BIlUB,|—1>2(t+1)—(r—1+1)—1 > t+1. On the other side, if [ = 1, then r > 3
and so |Dy(uj,u,)| > |BiU By — 1 = [{uy,ugy ...ty a1} —1=r+t—2>t+1
The case r = n is analogous to the previous one. Therefore, 0,(F,) =t + 1.

Let t > n—2. For any pair of different vertices there exists at most one vertex which
is not able to distinguish them. Therefore, in this case 9;(P,) =n — 1.

]

Proposition 8. Let n > 3 and t be two integers. Then the following statements hold.

(i)

(1)
(iif)

n—1 n—2

If nis odd and 2 <t < orn is even and 2 <t <

metric dimensional.

, then C,, is (2t,t)-

-1
If n is odd and t > nT, then C,, is (n — 1,t)-metric dimensional.

-2
If n is even and t > nT’ then C,, is (n — 2,t)-metric dimensional.

Proof. Since n > 3, Remark 4 leads to 2 < 0,(C,,)) < n —1. Let V = {ug,ug, ..., up_1}
be the vertex set of the cycle C,,, where u; ~ u;,1 and the subscripts of u; € V' are taken
modulo n. We now consider three cases:

(i)

n—1

Assume that n is odd and 2 < ¢ < Since t > 2, we have that n >

5, and from Dy(u;, uip1) = {Ui—g—1),- .., Uirt} we deduce that 9(C,) < 2t. Let
n—1
If

l,r € {0,...,n — 1} be two integers such that | < r and r — [ <

—1
r—1< n

, then {wi_q—1y,...,w} U{ty, ..., urq-1)} C D(w,u,), and as a

—1
consequence, |Dy(u;,u,)| > 2t. If r —1 = n—, then {wi——9), ..., u, U} U

{ur—1, o U —2)} € Dy(wg,uy), and thus, |Dy(w,u,)| > 2t again. Therefore,
n—2

0,(C,,) = 2t. The case n is even and 2 <t <

previous one.

is completely analogous to the



n—1
(ii) n is odd and t > — For any pair of different vertices there exists exactly one

vertex which is not able to distinguish them. Therefore, 9,(C,,) =n — 1.

n—2
(iii) n is even and ¢t > — For any pair of vertices u;, u; € V, such that d(u;,u;) =

21, we can take a vertex u, such that d(u;,u,) = d(u;,u,) = l. So, Di(u;,u;) =
V A\ {t,upn}. On the other hand, if d(u;,uy) is odd, then [Dy(u;, uz)| > n — 2.
Therefore, 9,(C,,) =n — 2.

]

Once we have presented the two propositions above, we are now ready to present the
characterization of (n — 1,¢)-metric dimensional graphs.

Theorem 9. A graph G of order n > 3 is (n — 1,t)-metric dimensional if and only if
G=ZP, form<t+2, or G=C, for an odd integer n < 2t + 1, or G = K; U Ks, or
G = Nj.

Proof. Since n > 3, Remark 4 leads to 9;(G) € {2,...,n — 1}. If G is a path of order
n < t+2, then by Proposition 7 we have that G is (n — 1, t)-metric dimensional. If G is a
cycle of odd order n < 2t + 1, then by Proposition 8 it follows that G is (n — 1, ¢)-metric
dimensional. If G =2 K; U Ky or G = N3, then it is straightforward to see that G is
(n — 1,t)-metric dimensional.

On the other side, let G be a graph such that 9,(G) = n — 1. Hence, for every
pair of different vertices z,y € V(@) there exists at most one vertex which does not
distinguish x,y. Suppose G has maximum degree A(G) > 2 and let v € V(G) such that
{uy,us,uz} C N(v). Figure 1 shows all the possibilities for the links between these four
vertices. Figures 1 (a), 1 (b) and 1 (d) show that v,u; do not distinguish wus, uz. Figure
1 (c) shows that wuy, us do not distinguish v, uz. This analysis shows that 0,(G) < n — 2,
which is a contradiction and, as a consequence, A(G) < 2. If G is connected, then we
have that G is either a path or a cycle, and by Propositions 7 and 8, we deduce that
G =P, forn <t+2 or G=C(C, for an odd integer n < 2t + 1. From now on we
assume that G is not connected. Notice that each connected component is either a path,
or a cycle or an isolated vertex. If one of the connected components G’ has order at least
three, then there exist three vertices v, x,y such that N(v) = {z,y}. Neither v nor the
vertices of connected components different from G’ are able to distinguish x and y, which
is a contradiction. Thus, each connected component of G has maximum degree at most
one. Therefore, if K5 is a connected component of G, then G = K; U Ky, and if G is
empty, then n = 3. O]

4 On the (k,t)-metric dimension of graphs

In this section we study the problem of computing or bounding the (&, t)-metric dimension.
Since for any graph G of order n > 2, we have that 9,(G) = 2, dim;(G) = n — 1 and
dim}(G) = n, from now on we assume that ¢ > 2. To begin with, we consider the limit
case of the trivial bound dim}(G) > k.
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Figure 1: Possible cases for a vertex v with three neighbours uy, us, us.

Theorem 10. Let G be a graph of order n > 2. Then dim,(G) = k if and only if
ke{l,2}, n<t+1 and either G =2 K UP, 1 or G= P,.

Proof. 1t is readily seen that if k € {1,2}, n < ¢+ 1 and either G = K1UP,_; or G = P,,
then dim}(G) = k.

Conversely, suppose that dim}(G) = k and let S be a (k,t)-metric basis of G. Given
s € S and a non-negative integer r, we define the set

[ (s) ={v e V(G): di(v,s) =r}.

Since |S| = k and for any z,y € V(G), |S N Dy(x,y)| > k, we have that S C Dy(z,y),
i.e., for any s € S and z,y € V(G), di(s,x) # di(s,y). Hence, for any s € S and
any non-negative integer r, we have |I';(s)| < 1, which implies that n < ¢ 4+ 1 and also
G =Ky UP, ;or G= P,. Notice that the vertices in S must have degree at most one
and so we deduce that k = |S] < 2. O

The following result is a direct consequence of Theorems 1 and 5.
Theorem 11. For any graph G of order n and any k € {1,...,0,(G)},
dim}(G) < n —0,(Q) + k.
As the following result shows, the bound above is tight.

Remark 12. Letk > 1,t > 2 and n > 3 be three integers. Then the following statements
hold.

—
o

23 8
(i) For anyn > 4, dim?(P,) [:] 222 | dim3(P,) = [2H] and dim3(P,) [:] n—|22].
(i) Ift<n—2andk <t+1, thenk+1<dim}(P,) <n—t+k—1.
(iii) Letk+1<n<2t—k+3. Ifk>3 orn>t+2, then dim}(P,) =k + 1.

2
(iv) For any n > 4, dim (G, 2 ez g 3], aimdicn) D a2 and
dim3(C,,) = n.



v) Let k < 2t. Ifn is odd and t < "= orn is even and t < =2, then k+ 1 <
) )
dim} (C,) <n — 2t + k.

(vi) If nis odd, t > "5 and k < n — 1, then dim(C,) =k + 1.

(vii) Let n even and t > "T_Q If k < "7_2, then dim} (C,) = k + 1 and, if 5 <k<n-2,
then dim} (C,,) = k + 2.

Proof. By combining Proposition 7 and Theorems 10 and 11 we deduce (ii) and by com-
bining Proposition 8 and Theorems 10 and 11 we deduce (v) and (vi).

We now proceed to prove (iii). Let V' = {vy,vq,...,v,} be the vertex set of P,, where
v; ~ Vg1, forall i € {1,...,n — 1}, and set

S = {U[%W—Léj’v[ﬂ_@“’ SRR EY } '

Note that |S| =k + 1. If n <2t — k + 3, then for any pair of different vertices u,v € V'
there exists at most one vertex w € S such that d;(w,u) = d;(w,v). Thus, for every pair
of different vertices x,y € V, there exist at least k vertices of S such that they distinguish
x,y. So S is a (k,t)-metric generator for P,. Therefore, dimg(F,,t) < |S| = k + 1 and,
consequently, (iii) follows by Theorem 10.

Finally, we proceed to prove (vii). By combining Proposition 8 and Theorems 10 and
11 we deduce that for n even, t > ”T’Z and 1 < k <n—2, we have k+1 < dim‘,‘;(Cn) < k+2.

Let S be (k,t)-metric basis of C,,. Notice that |[S| =k +1or |[S|=k+2. If k> 3,
then there are two antipodal vertices, v and v, belonging to S. Thus, there exist at least
two vertices of (), which are not distinguished neither by u nor by v, which implies that
|S| =k + 2.

Suppose that k < 7. Since t > "T’Q, any set of k 4+ 1 consecutive vertices of C), is a
(k,t)-metric generator and, in such a case dim},(C,) = k+ 1. Therefore, the proof of (vii)
is complete. O

Let ©,x(G) be the set obtained as the union of the sets D;(x,y) that distinguish a
pair of different vertices z,y whenever |Dy(x,y)| = k, i.e.,

Dx(G) = U Di(z,y).

D (x,y)|=k

By a reasoning similar to that described in the proof of Theorem 5 we can check that
the time complexity of computing D, x(G) is O(n?).

Remark 13. For any (0,(G),t)-metric basis B of a graph G we have ®,5,c)(G) C B,
and as a consequence, dimy, ) (G) > [Dia,(c)(G)]

Proof. Since every pair of different vertices z,y is distinguished only by the elements of
Di(z,y), if |Di(u,v)] = 0:(G) for some u,v of G, then for any (9;(G),t)-metric basis B
we have Dy(u,v) C B, and as a consequence, D,,,()(G) € B. Therefore, the result
follows. O
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The bound given in Remark 13 is tight. For instance, for t > D(G) we have already
shown in [10] that there exists a family of trees attaining this bound for every k. Other
examples for any positive integer ¢ > 2 can be derived from the following result.

Theorem 14. Let G = (V, E) be a graph of order n > 2. Then the following assertions
hold.

(i) dimg, ) (G) = n if and only if Dyp,)(G) = V.
(i) If [Dio, ) (G)| =n — 1, then dimgt(G)(G) =n-—1

Proof. Suppose that D5, (G) = V. Since dimét(G)(G) < n, by Remark 13 we obtain
that dimj, ) (G) = n.

On the other hand, assume that dimgt(G)(G) = n. Note that for every a,b € V, we
have |Dy(a,b)| > 0,(G). If there exists at least one vertex z € V such that z ¢ D5, (G),
then for every a,b € V', we have |Dy(a,b) \ {z}| > 9:(G) and, as a consequence, V' \ {z} is
a (0:(G), t)-metric generator for G, which is a contradiction. Therefore, Dy, () (G) = V.

Finally, if |9y ,,(¢)(G)| = n—1, by Remark 13 and (i) we conclude that (ii) follows. [

Corollary 15. Let G be a graph of order n > 2. Then dimk(G) = n if and only if every
vertex of G belongs to a non-singleton twin equivalence class.

We will show other examples of graphs that satisfy Theorem 14 for & > 3. Let
Wi, = Ki + C, be the wheel graph and F}, = K; + P, be the fan graph. Since
V(F14) = D34(F14) and V(Wy5) = D44(Wi5), by Theorem 14 we have that dim§(Fy 4) =
5 and dim (W, 5) = 6.

4.1 Large families of graphs having a common (k,¢)-metric gen-
erator

The aim of this subsection is to show examples of large families of graphs (defined on a
common vertex set) having a common (k,t)-metric generator. We will use the notation
de.i(z,y) instead of d;(z, y) with the aim of emphasising that the distance has been defined
on G.

Let B be a (k,t)-metric basis of a graph G = (V, E) of diameter D(G), and let
D(G) = min{D(G),t}. For any r € {0,1,..., D;(G)} we define the set

B,(B)= | J{yeV: dau(x,y) <r}.

zeB

In particular, Bo(B) = B and By(B) = U Ng[z]. Moreover, since B is a (k,t)-metric
rEB
basis of G, |Bp,)-1(B)| > |V| — 1.

Assume that G % K,. Given a (k,t)-metric basis B of G we say that a graph
G' = (V,E') belongs to the family Gp(G) if and only if Ng(v) = Ng(v), for every
v € Bp,(¢)-2(B). In particular, if ¢ = 2, then G’ = (V, E’) belongs to the family Gg(G)
if and only if Ng/(z) = Ng(z), for every x € B. Moreover, if G is a complete graph, we
define Gg(G) = {G}. By the definition of Gg(G), we deduce the following remark.
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Remark 16. Let B be a (k,t)-metric basis of a connected graph G, and let G' € Gp(G).
Then for any b € B and v € Bp,g)-1(B), daz(b,v) = de +(b,v).

Notice that if Bp,q)—2(B) C V, then any graph G’ € Gp(G) is isomorphic to a graph
G* = (V, E*) whose edge set E* can be partitioned into two sets Ef, E3, where E} consists
of all edges of G having at least one vertex in Bpg)—2(B) and Ej is a subset of edges of a
VA BDt(G)—2(B)!)
2 Y
then Gp(G) contains 2! different graphs, where some of them could be isomorphic.

complete graph whose vertex set is V' \ Bp,g)—2(5). Hence, if | = (

Theorem 17. Any (k,t)-metric basis B of a graph G is a (k,t)-metric generator for any
graph G' € Gg(Q), and as a consequence,

dim},(G") < dim}(G).

Proof. Assume that B is a (k, t)-metric basis of a graph G = (V| E), and G’ € Gp(G). We
shall show that B is a (k,t)-metric generator for G’. To this end, we take two different
vertices u,v € V. Since B is a (k,t)-metric basis of G, there exists B,, C B such that
|Buw| > k and for every z € B, we have that dg(x,u) # dg+(z,v). Now, consider the
following two cases for u, v.

(1) u,v € Bp,()-1(B). In this case, since for every « € B,, we have that dg¢(z,u) #
dei(z,v), Remark 16 leads to dg ¢(x, u) # dgr +(z,v) for every x € By,.

(2) v € Bp,g)-1(B) and v € Bp,()-1(B). By definition of Bp,)-1(5), we deduce
that degr¢(z,u) < Dy(G) — 1 for every x € By,. Since v € Bp,()-1(B), we have that
der1(z,v) = Dy(G) for every x € By,. So, deri(x,u) < Di(G) —1 < Dy(G) = dgr 4(x,v)
for every x € By,.

Notice that since B is a (k,t)-metric basis of G, the case u,v € Bp,@)-1(B) is not pos-
sible. According to the two cases above, B is a (k,t)-metric generator for G’. Therefore,
dim} (G") < |B| = dim}(G). O

By Theorems 10 and 17 we deduce the following result.

Remark 18. Let B be a (k,t)-metric basis of a graph G of order n > t + 2 and let
G' € Gp(Q). If dim}(G) = k + 1, then dim}(G") = k + 1.

Figure 2 shows some graphs belonging to the family Gg(G) having a common (2, 2)-
metric generator B = {vg, v3,v4,v5}. In fact B is also a common (2, 2)-metric basis for all
graphs belonging to Gz(G). In this case, the family Gg(G) contains 2% = 1024 different
graphs, where some of them could be isomorphic.

4.2 The case of lexicographic product graphs

Let G be a graph of order n, and let H = {Hy, Ho, ..., H,} be an ordered family composed
by n graphs. The lexicographic product of G and H is the graph G o H, such that
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Figure 2: B = {vq, v3, 4,5} is a (2, 2)-metric basis of G and {G, G1, G, G4, G5} C Gp(G).

V(GoH) =Uyeve{w} x V(H;)) and (u;, v,)(uz, vs) € E(G o H) if and only if wu; €
E(G) or i = j and vus € E(H;). Figure 3 shows the lexicographic product of P; and
the family composed by {P,, K5, P5}, and the lexicographic product of P, and the family
{Hy, Hy, H3, H,}, where H; = H,; = K; and Hy = H3 = K5. In general, we can construct
the graph GG o H by taking one copy of each H; € H and joining by an edge every vertex
of H; with every vertex of H; for every wu; € E(G).

Q 2 0

@ O O

Figure 3: The lexicographic product graphs Py o {Py, K5, Ps} and Py o {Hy, Ho, H3, H,},
where H1 = H4 = K1 and H2 = H3 = KQ.

The standard concept of lexicographic product graph is the particular case when H; =
H for every ¢ € {1,...,n} and it is denoted as G o H for simplicity. Another particular
case of lexicographic product graphs is the join graph. The join graph G 4+ H is defined
as the graph obtained from disjoint graphs G and H by taking one copy of G and one
copy of H and joining by an edge each vertex of G with each vertex of H [19, 38]. Note
that G+ H = Ky 0 {G,H}.

The lexicographic product graph G oH is connected if and only if GG is connected and,
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in such a case, the relation between distances in G o and those in its factors is presented
in the following remark.

Remark 19. If G is a connected graph and (u;,b) and (u;,d) are vertices of G o H, then
d(“i,”j)a ZfZ 7é j7

d((ui7 b)v (uja d)) =

We would point out that the remark above was stated in [18, 21] for the case where
H; =2 H for all H; € H.

The lexicographic product has been studied from different points of view in the liter-
ature. For instance, the metric dimension and related parameters have been studied in
(11, 13, 23, 24, 26, 27, 32]. For more information on product graphs we suggest the books
[18, 21].

The following result allows to extend the results on the (k,t)-metric dimension of
lexicographic product graphs G o ‘H to results on the (k,2)-metric dimension of G o H,
and vice versa.

Theorem 20. Let G be a connected graph of order n > 2 and let H = {Hy,...,H,} be
a family composed by nontrivial graphs, and t > 2 an integer. A set A C V(G oH) is a
(k,t)-metric generator for G o H if and only if A is a (k,2)-metric generator for G o H,
and as a consequence,

dim} (G o H) = dim} (G o H).

Proof. By definition, any (k, 2)-metric generator for a graph is also a (k,t)-metric gener-
ator for ¢ > 2. Considering that any (k, D(G))-metric generator for a graph G is also a
(k,t)-metric generator for t > D(G), we only need to prove that any (k, D(G oH))-metric
generator for G o?H is also a (k, 2)-metric generator. For simplicity, we will use the termi-
nology of k-metric generator and k-adjacency generator. Let V(G) = {uq,...,u,}, let S
be a k-metric generator for GoH, and let S; = SN ({u;} x V(H;)) for every u; € V(G). We

differentiate the following four cases for two different vertices (u;,v), (u;,w) € V(G o H).

Case 1. ¢ = 7. In this case v # w. By Remark 19, no vertex from Sj, | # 7, distinguishes
(ui,v) and (u;,w). So it holds that |D((u;,v), (u;, w)) N S;| > k. Since for any vertex
(ui,x) € S; we have that d((u;,x), (u;,v)) = da((us, ), (us,v)) and d((u,x), (u;, w)) =

da((us, ), (us, w)), we conclude that
k < [Da((ui, v), (ui, w)) N Si| = [Da((ui, v), (us, w)) N S|.

Case 2. i # j and N[u;] = N[u;]. By Remark 19, no vertex from S;, I ¢ {7, s}, distin-
guishes (u;,v) and (uj,w). So |D((us,v), (uj,w)) N (S; US;)| > k. Since for any vertex
(u,z) € S; US; we have that d((u,x), (u;,v)) = dao((u, ), (w;,v)) and d((u, z), (uj, w)) =
do((u, x), (u;,w)), we conclude that

k< Do (uiy v), (g, w) N (S; U S))| = [Pl (wi v), (wg, w)) N S.
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Case 3. i # j and N(u;) = N(u;). This case is analogous to the previous one.

Case 4. 1 # j and w;,u; are not twins. Hence, there exists v, € V(G) \ {u;, u;} such
that do(u;, u;) # da2(w, u;). Hence, for any vertex (u;, z) € S; we have that

do((w, @), (i, v)) = do((u, ui) 7 do((w, uj) = do((wr, ), (uj, w)).
According to Case 1, we have that |S;| > k. Therefore, we conclude that
k< [Da((ui, v), (uj, w)) NS < [Da(ui, v), (ug, w)) OS],
In conclusion, S is a k-adjacency generator for G o H. The proof is complete. O

The reader is referred to [23, 32] for results on dim; (G o H), and to [11] for results on
dimy (G o H), where k > 2.

4.3 The case of corona product graphs

Let G be a graph of order n and let H = {H;, Hy,...,H,} be a family of graphs. The
corona product graph G ® H, introduced by Frucht and Harary [16], is defined as the
graph obtained from GG and H by joining by an edge each vertex of H; with the ith vertex
of G, for every H; € ‘H. Note that G ® H is connected if and only if G is connected. In
particular, if the graphs in H are isomorphic to a given graph H, then we use the notation
G ® H instead of G ® H.

The metric dimension and related parameters of corona product graphs have been
studied in [13, 14, 15, 17, 22, 24, 25, 29, 30, 37]. In this subsection we will show that if
t > 3 and H is composed by non-trivial graphs, then the (k, ¢)-metric dimension of G ®H
equals the sum of the (k,t)-metric dimensions of the graphs in . In Section 5 we will
show that this strong relationship is an important tool to investigate the computational
complexity of computing the (k,¢)-metric dimension of graphs.

Theorem 21. Let G be a connected graph of order n > 2, and ‘H a family of n non-trivial
graphs. For any integerst > 3 and k > 1,

dim},(G © H) Z dim? (H

HeH

Proof. We first introduce some notation. Let Vo = {uy,us,...,u,} be the vertex set of
G, and let H = {H;, Ha, ..., H,}. For every i € {1,...,n}, the vertex set of H; will be
denoted by V;, so that the vertex set of GO H is V = J_, Vi.

If there exists a (k, t)-metric basis S for GOH, then SNV is a (k, 2)-metric generator for
H;, as no vertex outside of V; is able to distinguish two vertices in V; and d;(v,v") = da(v,v")
for all v,v" € V;, where the distance d; is taken on G ® H. Hence,

dimf,(GOH) =S| = D[SV =) dim}(H,)
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We now proceed to show that W = |JI_, W; is a (k,t)-metric generator for G © H,
where W; C V; is a (k, 2)-metric basis of H;, for every H; € ‘H. To see this we differentiate
the following cases for two different vertices x,y € V.

Case 1: x,y € V;, i # 0. Since W; C W is a (k,2)-metric basis for H;, and d;(v,v") =
dy(v,v") for all v,v" € V;, we can conclude that |D;(z,y) N W| > k.

Case 2: x,y € V. Let v = u; and y = u;. For any z € W; we have d;(z,z) = 1 < di(z,y)
and so |Di(z,y) N W| > |W;| > k.

Case 3: z € Viandy e Vj, i # j. f y =u € Vo \ Ne(u;) or j # 0, then for any z € W,
we have di(z,z) <2 < 3 < di(z,y) and so |Dy(z,y) "NW| > |W;| > k. If y = w; € Ng(w),
then for any z € W, we have dy(z,y) < 2 < 3 < di(z,z) and so |Dy(z,y) "NW| > |W,| > k.

According to the three cases above we conclude that W is a (k, t)-metric generator for
G ® H and, as a consequence,

dimf (G OH) < [W| = Z\W\ Zdimi(ﬂ)
=1

as required. Therefore, if for every H; € H there exists a (k,2)-metric generator, then
dim} (G © H) = Y1, dim;(H;). On the other hand, if there exists H; € H such that
no subset of V; is a (k,2)-metric generator for H;, then no subset of V' is a (k,t)-metric
generator for G ® H, so that dim?(H;) = +oo and dim} (G ® H) = +oo, which implies
that dim},(G © H) = >, dim} (H;). O

5 Computational complexity

We next deal with the following decision problem, for which we prove its NP-completeness
for the case in which k is an odd integer.

(k,t)-METRIC DIMENSION PROBLEM

INSTANCE: A (K, t)-metric dimensional graph G of order n > 3, integers k,r
with 2 < k <t and such that 2 < k < k'.

QUESTION: Is dim}(G) < r?

In order to study the problem above, we analyze its relationship with the two decision
problems which are stated at next. We show that the first one of them is NP-complete,
and for the second one, it is already known as an NP-complete problem from [14].

(k,2)-METRIC DIMENSION PROBLEM

INSTANCE: A (K, 2)-metric dimensional graph G of order n > 3 and an integer k&
such that 2 < k < k.

QUESTION: Is dim{(G) < r?
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(1,2)-METRIC DIMENSION PROBLEM
INSTANCE: A connected graph G of order n > 3.
QUESTION: Is dim}(G) < r?

Since the problem above ((1,2)-METRIC DIMENSION PROBLEM) was proved to be
NP-complete in [14], we shall proceed as follows. We first make a reduction from the (1, 2)-
METRIC DIMENSION PROBLEM to the (k,2)-METRIC DIMENSION PROBLEM,
which shows the NP-completeness of this last mentioned problem. We further make
a reduction from the (k,2)-METRIC DIMENSION PROBLEM to the (k,t)-METRIC
DIMENSION PROBLEM, t > 3, showing the NP-completeness of our main problem.

We first consider a family of graphs Hj constructed in the following way (a sketch of

Hj is shown in Figure 4). Let k be an odd integer and let r = %

1. We begin with four vertices a, b, ¢, d such that a ~ b and ¢ ~ d.
2. Add r vertices a;, r vertices ¢;, k — 1 vertices b; and k — 1 vertices d;.

3. Add edges aa;, ba;, cc; and de; with ¢ € {1,...,r} and edges bb; dd; with j €
{1,...,k =1}

4. Add edges ab,_1 and cdj_1.

5. For each vertex w; such that w € {a,b,c,d} and (I € {1,...,r}orl e {l,....k—1}
accordingly), add r + 1 vertices wy,, ¢ € {1,...,7 + 1}, and edges w,w;, for every
q€{l,...,r+1}. For each w;, we shall denote by W, (namely A,;, B;, C; or D;) the
set of such vertices adjacent to wy.

6. With all the vertices of the sets A;’s and the sets B;’s, construct a complete multi-
partite graph K,y ,41 having k+r — 1 partite sets each of cardinality r 4+ 1 (each
partite set given by a set A; or by a set By).

7. Similarly, proceed with the sets C;’s and the sets D;’s to obtain another complete
multipartite graph K,1  ,41.

8. For every ¢ € {1,...,r} and j € {1,...,r + 1}, add the edges a; ;c,; with ¢ €

{1,...,r}.

9. For every i € {1,...,r} and j € {1,...,r 4+ 1}, add the edges b; ;d,; with ¢ €

{1,...,r}.

10. For every i € {r+1,...,2r} and j € {1,...,7 4+ 1}, add the edges b; ;d,; with
ge{r+1,...,2r}

We can easily check the following properties of Hj.

Remark 22. For any graph Hy the following follows.

(i) Hy has order R = %24'—26]“_1.
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Figure 4: An sketch of the graph Hs. The edges of the two complete bipartite subgraphs
induced by the A;’s and B;’s, and by the C;’s and D,’s, have not been drawn.

)
1€ {1,,/{3 - 2}), (S(bk_l) = 5<dk_1) =r+4 3, 5<ai,j) =9 Cij
ie{l,...;r} and j € {1,...,r +1}), and 0(b;;) = 0(d;;) = 3r(r
ie{l,....,k—1}and je{1,...,r +1}).

We now study the (k,2)-metric dimension of the graph Hj, for any odd integer k.
Remark 23. For any graph H,, with k being an odd integer, dim; (Hy) = R — 6.

Proof. Let S be a (k, 2)-metric basis of Hg. Notice that |Dy(a, b)| = [{a,b,by, ..., bp_a}| =
k and |Dy(c,d)| = |{c,d,dy, ..., dx_o}| = k, which implies that {a, b, by, ..., b2} C S and
{c,d,dy,...,dx—o} C S. On the other hand, notice that for any two vertices b, ;, b; , with
ie{l,....,k—1} and j,q¢ € {1,...,r + 1}, it follows |Ds(b;;, biy)| = k + 1. In this
sense, if | (J;_, B; U D;) \ S| > 2, then there are at least two vertices b; j,b; , or at least
two vertices d;;,d;, for some i € {1,...,k — 1} and j,q € {1,...,7 + 1} for which
|Da(bij, big)| < k—1or |Dy(d;j,dig)| < k — 1, respectively, and this is not possible.
Thus | (U;_, B:U D;)\ S| < 1. Similarly, we observe that | (U?lr—&—l B;UD;)\ S| <1and
[(U—; A; U ;)\ S| < 1. Consequently, at most three vertices of the sets A;’s, B’s, C’s
and D;’s do not belong to S.

Now, we note that |Ds(a,a;)| = k + 2, 7 € {1,...,r}, which means that at most two
vertices of the set {a,by_1,a1,...,a,} C Ds(a,a;) do not belong to S. Similarly, at most
two vertices of the set {¢,dy_1,c1,...,¢.} do not belong to S. If exactly two vertices
of the set {a,by_1,a1,...,a,} do not belong to S, then | (|UJ;_; 4;) \ S| = 0, otherwise
there is a vertex a; for which |Dy(a,a;)| < k. A similar reasoning can be deduced for the
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set of vertices {¢,d,dg_1,c1,...,¢.}. Consequently, we have either one of the following
situations.

e Exactly two vertices of the set {a,by_1,a1,...,a,} do not belong to S, | (U_; 4;) \
S| =0, | (U_, Ci)\ S| =1 and at most one vertex of the set {c,d, dy_1,¢1,...,¢}
do not belong to S, or

e at most one vertex of the set {a, b, by_1, a1, ...,a,} do not belong to S, | (U;_; 4:) \
S| =1, | (Ui—, Ci) \ S| = 0 and exactly two vertices of the set {c¢,dy_1,c1,...,¢}
do not belong to S, or

e cxactly two vertices of the set {a, by_1, a1, ..., a,} donot belong to S, | (J_; 4; U Cy)\
S| = 0 and exactly two vertices of the set {¢,dy_1,c1,..., ¢} do not belong to S.

Notice that it cannot happen: at most one vertex of the set {a,b,bx_1,a1,...,a,} do not
belong to S, | (U,_; 4:) \ S| =1, | (U, Ci) \ S| = 1 and at most one vertex of the set
{e,dk—1,c1,. .., ¢} do not belong to S, since in such case | (|J;_; 4; U C;) \ S| = 2, which
is not possible, as stated before.

In any of the situations previously described, we can deduce that at most four vertices
in the set {a,by_1,a1,...,a,} U{c,dyp_1,c1,...,¢} U (U;_; A; UC;) do not belong to S.
Finally, since at most two vertices of the sets B;’s and D,;’s do not belong to .S, we obtain
that at most six vertices of H do not belong to S, or equivalently, dimi (Hy) = |S| > R—6.

Now, let S" = V(Hy) \ {a1,c1,bk—1,dk—1,d1 1, dr11,1}. We will show that S is a (k, 2)-
metric generator for Hi. To this end, we consider the following table containing lower
bounds for the value |Dy(z,y) NS’| for some pairs of vertices z,y € V(Hy) (in some cases
the bounds are not the best ones, but enough to prove what we need).

a b af by a; biq
a - k k k k(r+1) | k(r+1)
b k - k—14+r| k+1 |[k(r+1)| k(r+1)
ar k E—14r - k k(r+1) | k(r+1)
by k E+1 k - k(r+1) | k(r+1)
aj; | k(r+1)| k(r+1) | k(r+1) | k(r+1) - k+1
big | k(r+1) | k(r+1) | k(r+1) | k(r+1)| k+1 -

On the other hand, |Dsy(a;, a;)NS'| > k+2, |Dy(bs;, b;,)NS'| > k+1, |Da(ai j, aig)NS'| >
k’, |D2(ai7j, ahq) N Sll Z k + 2 (l 7& Z), ‘DQ(bi,ja bi,q) N S/| 2 k and |D2(bi7]’, bl,q) N Sll Z k +3
(I #1).

A similar table and similar results as above can be done for vertices of type c,d.
So, it remains only those pairs of vertices such that one of them is of type a,b and the
other one of type ¢,d. For instance, |Dy(a,c) N S'| > k + 1, |Dy(a,d) N S| > k +r,
|Dy(b,c) N S| > k41, |Da(b,d) N S| > 2k + 2r — 2. The remaining cases are left to the
reader.

As a consequence of the situations described above, we have that S’ is a (k, 2)-metric
generator for Hy. Therefore, dim} (H}) < R — 6 and the equality follows. O
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In order to continue our exposition, we assume some notations. According to the
definition of corona product graphs G ® H (whether all the graphs in the family H
are isomorphic to a graph H) given in Subsection 4.3, from now on we will denote by
U = {uy,us,...,u,} the set of vertices of G and by V; the vertices of H;, i € {1,...,n}.
Moreover, the vertex set of G ® H is given by {uy, ug, ..., u,} U {(u;,v5) + w; € U, v; €
V;}. Now, given any connected graph G and an odd integer k, we shall construct a graph
G’ in the following way.

1. Consider the corona product graph G® N, where N, is the empty graph on r vertices
(recall r = 551).

2. For any vertex (u;,vj) € V(G ® N,) such that u; € U and v; € V}, add a copy of the
graph Hj, and identify the vertex (u;,v;) of G ® N, with the vertex b; in the copy
of Hk

We are now able to prove that the (k,2)-METRIC DIMENSION PROBLEM is NP-
complete, for k£ odd.

Theorem 24. For any odd integer k, the (k,2)-METRIC DIMENSION PROBLEM is
NP-complete.

Proof. 1t is not difficult to observe that the problem is in NP, since verifying that a given
set is a (k, 2)-metric generator can be done in polynomial time. Let G be any non-trivial
graph. We consider the graph G’ as described above and will prove that

k—1
dim} (G') = dim}(G) + %

dim3 (Hy). (6)
Let S, be a (k,2)-metric basis for Hy as described in the second part of the proof of
Remark 23. Let Sg be any (1, 2)-metric basis for G and let Sy be the union of the sets S
corresponding to the copies of Hy. In order to show that S = Sg U Sy is a (k, 2)-metric

generator for G', we analyze the following cases for any pair of different vertices x,y of
G

Case 1. z,y € V(G). Since every vertex in V(@) is adjacent to r = 51 vertices of S and
also |Dga(z,y)| > 1, it clearly follows that |Dgra(x,y) NS| > 2r + 1 = k.

Case 2. z € V(G) and y ¢ V(G). According to the degrees of vertices of Hy, (see Remark
22 (ii)) and the structure of S, we notice that if y & {a, ¢}, then |[N[y]NS| > r+2 and also,
by the construction of G', [(N[z]NS)\ N(y)| > r—1. Now, if y € {a, c}, then |[N[y]|NS| >
r+1and |(N[z]NS)\ N(y)| > r. Since in both cases (N[y]NS)N((N[z]NS)\ N(y)) = 0,
it follows |Dero(z,y) N S| > 2r +1 = k.

Case 3. z,y ¢ V(G). If x,y belong to two different copies of Hy, then |[N[z] N S| > r+1,

IN[y]NS| >r+1and (NjyjNnS)N(N[z]NS) = 0. Thus, |Dg 2(z,y) N S| > 2r+2 > k.
Now, if z,y belong to the same copy of Hy, then |Dgro(x,y) N S| > |Der 2(x,y) N Sk| > k.

20



According to the cases above, it clearly follows that S is a (k,2)-metric generator for

G’ and so, dim?(G’) < dim?(G) + "2 dim? (H,).

Now, consider a (k, 2)-metric basis S’ of G'. Let S” = S’ NV(G) and let u,v € V(G).
For the vertices a, b, by, bo, ..., by_o, corresponding to a copy of Hy, we have D¢ 2(a, b) =
{a,b,b1,by,...,br_2} and, as a consequence, the vertex b; corresponding to each copy of
Hj, must belong to S’. Hence, |Dgro(u,v) N (S"\ S”)| = 2r = k — 1, which implies that
S” must be a (1, 2)-metric generator for G. Furthermore, as we have shown in the proof
of Remark 23, to ensure that a set D C V(Hy) satisfies |D N Dy, 2(z,y)| > k, for any
pair of vertices x,y € V(Hy) \ {b1}, the cardinality of D must be greater than or equal to
R — 6 = dim} (H},), which implies that |S’ NV (H})| > dim{(H,) for all copies of Hj. As
a consequence,

n(k—1)

dim}(G') = [S'"NV(G)|+ Y 1S NV(Hy)| > dimd(G) + n(k—1)
=1

dim? (Hy)

and (6) follows. The reduction from the (1,2)-METRIC DIMENSION PROBLEM to the
(k,2)-METRIC DIMENSION PROBLEM is deduced by Remark 23 and (6). O

Our next step is the proof of the NP-completeness of our main problem: the (k,t)-
METRIC DIMENSION PROBLEM. To this end, we shall use a result already presented
in Subsection 4.3.

Theorem 25. For any odd integer k and any integer t > 2, the (k,t)-METRIC DIMEN-
SION PROBLEM s NP-complete.

Proof. Since verifying that a given set is a (k,t)-metric generator can be done in poly-
nomial time, the problem is in NP. Consider now any non-trivial graph H and let G be
any connected graph of order n > 2. By Theorem 21, dim},(G ® H) = ndimj(H). Thus,
the reduction from the (k,2)-METRIC DIMENSION PROBLEM to the (k,t)-METRIC
DIMENSION PROBLEM is deduced, and the proof is completed. O

6 Concluding remarks and future works

In this section we discuss some problems which are derived from or related to our previous
results. All these problems deserve a deeper study than we have yet given them.

e Computing the (k,t)-metric dimension.

It would be desirable to obtain specific results on dim},(G) for graphs satisfying
certain restriction, i.e., the case of product graphs. In particular, the problem of
computing the (k,2)-metric dimension (k-adjacency dimension) of corona product
graphs remains open.

e The simultaneous metric dimension of metric spaces.
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Given a family X = {(X,dM), (X,d?),...,(X,d")} of metric spaces, we define a
simultaneous k-metric generator for X to be a set S C X such that S is simultane-
ously a k-metric generator for each metric space (X,d®). We say that a smallest
simultaneous k-metric generator for X is a simultaneous k-metric basis of X', and its
cardinality the simultaneous k-metric dimension of X, denoted by Sdi(&X'). The si-
multaneous 1-metric dimension was introduced in [28], where the families of metrics
spaces are composed by graphs defined on the same vertex set, which are equipped
with the geodesic distance.

We now illustrate this with three examples.

Example 1. According to Theorem 20 we can claim that for any connected graph
G and any family H of non-trivial graphs, the family X of metric spaces obtained
from a graph G o H equipped with the metrics ds, ds, . . ., has simultaneous k-metric
dimension Sd;(X) = dim}(G o H).

Example 2. By Theorem 17 we have that the family of graphs Gg(G) defined
in Section 4.1 equipped with the metric d; has simultaneous k-metric dimension
Sd,(G) = dim}(G).

Example 3. For many reasons in mathematics it is often convenient to work with

bounded distances. For instance, there is a simple mechanism to convert a given
distance function d(z,y) into (in a sense, equivalent) a bounded distance function

d(z,y) = 1f§§(i?y)’ where 7 is a positive integer. Consider a metric space (X, d)
and the associated family of metric spaces X = {(X,d), (X,d"), (X,d®?),...}. Let
x,y,2 € X. Then d(z,y) # d(z, 2) if and only if dV(z,y) # d?(z, ), for all integers
i > 1. Hence, any k-metric generator of (X, d) is a k-metric generator of (X,d®)
and vice versa. Therefore, Sd;(X) equals the k-metric dimension of (X, d).

The lexicographic product of metric spaces.

The lexicographic product of two metric spaces can be defined in a similar way to
the lexicographic product of two graphs. Let (X,d) be a metric space. If there
exists £ > 0 such that
min  d(z,2") =t,
z,x' € X x#x’
then the lexicographic product of (X,d) and a metric space (Y,d') is the metric
space (X x Y, p), where

d(x,x'), if © # 2/,

p((z,y), (2',y)) =
min< d(y,y),2 min d(z,z)p, ifx=2a"
{2 _min i)
As with graphs, X oY always represents the metric space (X x Y, p), where in this
case t will be understood from the context. As in the case of graphs, the definition
above can be generalised to the product of a metric space times a family of metric
spaces.
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For any x,z" € X such that d(x,z’) = £ and any k-metric generator W of X oY, the
restriction of W to {x} X Y induces a (k,t)-metric generator for Y, as two vertices
in {z} XY are not distinguished by vertices outside of {x} x Y, which implies that
the projection of W on Y, Wy = {y : (z,y) € W}, is a (k,t)-metric generator
for Y. Hence, by Theorem 3 we can conclude that if (Y,d’) is unbounded, then
dimy(X oY) = 400. This means that the study of the k-metric dimension of X oY
should be restricted to cases where the second factor is bounded.

As an example we consider a simple and connected graphs G = (V| E) of order
n and a (non-necessarily bounded) metric space (Y, d’), where |Y| > 2. Then we
construct the lexicographic product G oY from the graph G and the metric space
(Y, d") equipped with the metric d(V) = lf -+ In this case, it is not difficult to check
that the k-metric dimension of G oY equals n times the (k,t)-metric dimension of

(Y, dY). We leave the details to the reader.

Computational complexity.

Theorem 25 allows to claim that computing the (k,?)-metric dimension of graphs
is NP-hard for the case in which k is an odd integer. It is probably not surprising
that the case k even has similar complexity. However, this case remains open and
it would be interesting to complete this study.
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