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1. Introduction

Bankruptcy problems are one of the simplest, yet most interest-
ing, economic problems. In a bankruptcy problem, there is a group
of agents with rightful claims over a scarce estate. The question is
how to “fairly” share the estate among the agents. There is an ex-
tensive literature on bankruptcy problems from a game theoretical
perspective (cf. Aumann and Maschler, 1985; Curiel, Maschler, and
Tijs, 1987; O'Neill, 1982, as seminal papers) as well as from an ax-
iomatic perspective (cf. Dagan, 1996; Dietzenbacher, 2018; Gallice,
2019; Herrero & Villar, 2001; Moreno-Ternero & Vidal-Puga, 2020;
Moulin, 1987; Peters, Schroder, & Vermeulen, 2019; Tsay & Yeh,
2019). For a survey on bankruptcy literature we refer to Thomson
(2003, 2015).

Bankruptcy problems have been applied in a variety of
economic situations like in sharing the emission of CO,
(Gutiérrez, Llorca, Sanchez-Soriano, & Mosquera, 2018 and Duro,
Giménez-Gomez, & Vilella, 2020), passepartout problems (Estévez-
Fernandez, Borm, & Hamers, 2012), museum pass problems
(Bergantifios & Moreno-Ternero, 2015, 2016; Casas-Mendez, Frag-
nelli, & Garcia-Jurado, 2011, 2014), sharing the revenues from
broadcasting sport events (Bergantifios & Moreno-Ternero, 2019)
and in two-sided matching problems (Estévez-Fernandez, Borm,
& Lazarova, 2016). Recently, Ansink and Weikard (2012) analy-
ses the problem of sharing water in a transboundary river in the
framework of bankruptcy problems where the agents are linearly
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ordered (see Madani, Zarezadeh, & Morid, 2014, and Mianabadi,
Mostert, Zarghami, & van de Giesen, 2014, for instance). This lin-
ear order is given by the position in the river and the natural flow
of its water. Moreover, at each location along the river, there is ex-
actly one agent and the total water inflow at each location restricts
the maximum amount of water an agent can get. Allowing more
than one agent at each location enriches the problem since allows
the representation of its different uses, e.g. human consumption,
crop irrigation, electricity, industry, etc. By allowing to differenti-
ate amongst water uses, it is possible to take priorities of claimants
during drought times (Moulin, 2000; Thomson, 2003).

Estévez-Fernandez, Borm, and Hamers (2007), and Bergantifios
and Lorenzo (2019); Estévez-Fernandez (2012), and Bordley, Keisler,
and Logan (2019) in a more general setting, analyze allocation
of delay costs and expedition rewards in projects within a game
theoretical framework. In many projects, specially when develop-
ing high technology, there is a race against the clock and high
incentives are given in order to finish the project before the
planned time. For a project to be expedited, the activities need
to coordinate and cooperate for this aim. Estévez-Fernandez et al.
(2007) and Estévez-Fernandez (2012) model the allocation of rev-
enues from expedited projects using a bankruptcy approach where
the agents have a linear order based on the minimum slack of all
the “paths” in which they are involved. Besides, the slack of the
paths also restrict the maximum amount the activities in a path
can obtain from the total reward.

In this paper, we introduce sequential bankruptcy problems,
which form a theoretical framework that supports the works of
Ansink and Weikard (2012), Estévez-Fernandez et al. (2007), and
Estévez-Fernandez (2012), and Bergantifios and Lorenzo (2019). In
a sequential bankruptcy problem, there is an ordered partition of
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the set of agents, (Nq,...,N;), and r estates, Eq,..., E;, such that
the members in N; claim on E;, the members in N, claim on E;
and E;, and so forth. Moreover, each estate E; is not high enough
to satisfy the total claim of the members in N, ..., Nr. Relating it
back to the work of Ansink and Weikard (2012), the problem of
sharing water in a transboundary river can be modeled as a se-
quential bankruptcy problem where |N;| =1 for each I € {1,...,r}.
Regarding the work of Estévez-Fernandez (2012), the allocation of
revenues from expedited projects can be modeled as a sequential
bankruptcy problem where: (i) there are as many elements in the
partition of agents as groups of paths with same slack that are in-
volved in the project expedition and (ii) the total estate over which
a group can claim is the contribution of the group to the total re-
ward of the expedition.

We introduce the upwards mechanism for generalizing rules for
bankruptcy problems to rules for sequential bankruptcy problems.
This name is inspired in the literature of sharing water in a river.
Given a bankruptcy rule f, the upwards mechanism generates a
sequential bankruptcy rule by starting to share the estate “down-
stream” and, subsequently, moving upwards while updating the
claims at each stage of the procedure. We focus on three of the
most used rules for bankruptcy problems: the proportional, the
constrained equal awards, and the constrained equal losses rules.
Inspired in Dagan (1996) and Herrero and Villar (2001), we char-
acterize the upwards constrained equal awards rule by means of
upwards composition, the upwards constrained equal losses rule
by means of upwards path independency, and the upwards propor-
tional rule is characterize using upwards self-duality and upwards
composition, as well as upwards self-duality and upwards path in-
dependency.

The remainder of the paper is organized as follows.
Section 2 surveys bankruptcy problems and introduces sequential
bankruptcy problems. In Section 3, we introduce the upwards
mechanism and provide characterizations for the upwards con-
strained equal awards, the upwards constrained equal losses, and
the upwards proportional rules. We conclude with Section 4.

2. Preliminaries
2.1. Bankruptcy problems

In this section, we give a brief survey of existing concepts in
the literature of bankruptcy problems and introduce sequential
bankruptcy problems.

First, we present notation that will be used throughout the ar-
ticle. For x € R, x; = max{0, x}. Let N be a finite set. We denote by
0 c RN the vector with all zeros. For x € RN and S € N, xs € RS de-
notes the projection of x in RS and x(S) = Y, ¢X;. Let r e N, r < N|,

and let (Ny, ..., N;) be a partition of N. For I, ..., s € {1,...,r} and
x e RIN | we denote x'1--k e RIN with
Xll YYYYY s X] ifle{h,...,ls},

! ~ )]0 otherwise.
With minor abuse of language, for y; e RM, ..., yy € RN, we de-
note yh--I ¢ RN with
Yook = N i Le {h L

Ni Oy, otherwise.

In a bankruptcy problem, a finite group of agents have a right-
ful claim over a scarce estate. Formally, a bankruptcy problem is
described by a tuple (N, E, c¢) where N is the set of agents, E € R
is the estate, and ¢ € RY is the vector of claims, with ¢; the claim
of ie N on E, that satisfies c(N) > E. Let BN denote the set of
bankruptcy problems with set of agents N. For notational easiness,
a bankruptcy problem is denoted (E, ¢) € BN.
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For (E,c) € BN, the aggregate loss of a bankruptcy problem
is the difference between the total claim and the estate, that is,
L(E,c) = c(N) — E. If no confusion is to be expected, we write L in-
stead of L(E, ¢). For a claimant i € N, the minimal right of i is the
amount of estate available, if any, once all other claimants have
received their full claim. Another, less used, interpretation of the
minimal right of i is as follows. Pessimistically assuming that agent
i is going to pay the aggregate loss, his minimal right is the part of
the claim that is left, if any, after subtracting the aggregate loss:
mi(E, ) = (E - c(N\ {iD)+ = (¢; — D)+
If no confusion is to be expected, we write m; instead of m;(E, c). It
is well established that ;. ym; < E (cf. Curiel et al., 1987; O'Neill,
1982).

A bankruptcy rule is a function f that assigns to each
bankruptcy problem (E, ¢) € BN a vector f(E,c) e RN satisfying

0< f(E,c) <c and Zf,-(E,c) =E.
ieN

The three more relevant bankruptcy rules in the literature are
the proportional rule, the constrained equal awards rule, and the
constrained equal losses rule. The proportional rule, Prop, allo-
cates the estate among the agents proportionally to their claims:
For every (E,c) e BN, Prop(E,c) = ﬁc. The constrained equal
awards rule, CEA, allocates the estate as equal as possible among
the agents, considering that they do not get more than their
claims: For every (E,c) € BN, CEA(E, ¢) = (min{c;, a});cy With a €
R such that Y} ; ymin{c;, ¢} =E. The constrained equal losses
rule, CEL, allocates the losses as equal as possible among the
agents, considering that they do not get a negative amount: For
every (E,c) e BN, CEL(E, c) = ((¢; — B)+)icy With B € R such that
Y ien(ci— B)+ =E. For a survey on more bankruptcy rules and
their properties, we refer to Thomson (2003, 2015).

2.2. Sequential bankruptcy problems

Before defining sequential bankruptcy problems, we give two
introductory examples. Ambec and Sprumont (2002) initiated a
mainstream of literature on sharing the water of an interna-
tional river among the agents located along the river. Ansink and
Weikard (2012) further analyses this problem in the framework of
bankruptcy problems where the agents are linearly ordered. They
propose a mechanism that transforms bankruptcy rules into rules
for sharing water in a river. One feature of the problem in Ansink
and Weikard (2012) is that in each river location, there is exactly
one agent. We now consider that at each location, there may be
more than one agent. For instance, in one specific location, one
agent might represent the water needed for human consumption,
another might represent the water needed for crop irrigation, and
another one might represent the water needed for industry. By al-
lowing more than one agent at each river location, we can also
take priorities of claimants into account: under water shortage, hu-
man consumption may have priority over water needed for indus-
try. For more on bankruptcy problems with priorities, see Moulin
(2000) and Thomson (2003).

Example 2.1. Consider a river with three locations, 1,2,3, along the
river. We may assume that location 1 is the location that is most
upstream, location 2 is the location that is halfway, and location 3
is the most downstream one. In location 1 there is a total inflow
of E; = 6 units and there are two claimants, A and B, with claims
¢y =2 and cg = 3; in location 2 there is a total inflow of E, =5
units and there are three claimants, C, D, and E, with claims c- =
1, ¢cp =2, and ¢¢ = 3; and in location 3 there is a total inflow of
E3 = 3 units and there is one claimant, F, with claim cf = 5.

Here, the agents at location 1 have rights over the inflow of 6
units; the agents at location 2 have rights over the total inflow at



A. Estévez-Ferndndez, J.-M. Giménez-Gomez and M. Solis-Baltodano

Table 1
Planned and realization times of the activities and the paths in Example 2.2.
Activity Planned time Realization time Expedition
A 5 2 3
B 7 3 4
C 10 7 3
D 4 3 1
E 2 1 1
F 3 2 1
Path
A-B 12 5
C 10 7
D-E-F 9 6

locations 1 and 2 of 6+ 5 = 11 units; and the agent at location 3
has rights over the total inflow of the river: 6 +5 + 3 = 14 units.

In this specific situation, agents A and B have an inflow that
totally satisfies their claims and let 1 unit of water go downstream.
The agents C, D, and E have a total of 5+ 1 units of water inflow,
in order to satisfy their demands. Agent F has a claim of 5 and an
insufficient inflow of 3 units to satisfy his claim. Therefore, agents
A, B, C, D and E may not be able to fulfill all their claims.

Estévez-Fernandez et al. (2007), and Estévez-Fernandez
(2012) in a more general setting, analyze allocation of delay
costs and expedition rewards in projects within a game theoret-
ical framework. A project consists of a set of activities that are
interconnected and need to be carried out during a period of
time in order to achieve a particular aim. Examples of projects are
the construction of a building, the organization of a congress, or
the development of the hyperloop. A planned project specifies its
activities, their interconnections, and the planned time to carry
out each activity. This allows us to have a planned duration of
the project. In many projects, specially when developing high
technology, there is a race against the clock and high incentives
are given in order to finish the project before the planned time.
For a project to be expedited, the activities need to coordinate and
cooperate for this aim as the following example illustrates.

Example 2.2. Consider a project with six activities which intercon-
nections are given in Fig. 2.

The planned time of the activities are p(A) =5, p(B) =7,
p(C) =10, p(D) =4, p(E) =2 and p(F) = 3. Hence, the planned
time of the project is

max{p(A) + p(B). p(C), p(D) + p(E) + p(F)}
=max{5+7,10,4+2+3} =12.

The manager wants the project to be expedited. For this, he is will-
ing to pay a reward of € 1000 per unit of expedition. To expedite
the whole project, activities in path A-B need to be expedited. If
only activities in A-B are expedited and C, D, E, F act according
to plan, the project can have a maximum expedition of 2 units of
time. If C coordinates with A and B to expedite the project, while
D, E, and F act according to plan, they could increase the total ex-
pedition by at most one extra unit of time. To further expedite the
project, A, B and C also need the cooperation of activities in the
path D-E-F. Let the realization times of the project be those given
on Table 1.

In this situation, A claims € 3000, B claims € 4000, C claims €
3000, and D, E, and F claim € 1000 each. Here, A and B are needed
to bring the total expedition of the project (12 —7 =5), and have
rights over the total reward of € 5000. Activity C contributes to
the expedition of 10 — 7 = 3 units of time and has rights over €
3000 of the total reward. Activities D, E, and F contribute to the
expedition of 9 — 7 = 2 units of time and have rights over € 2000
of the total reward.
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We now introduce sequential bankruptcy problems. Let N
be a finite set of claimants and let (Ny,..., N;) be an ordered
partition of N. A sequential bankruptcy problem is a tuple
((Nq N;), (Eq E;), c) where E; Er € R; are the estates
to be shared among the claimants such that the members of N;
claim over E;, the members of N, claim over E; + E;, and, in gen-
eral, the members of N, claim over Zﬂle E, forle{1,...,r}; and
c e RY is the vector of claims satisfying c(N) > ¥} _; E;. Similar to
Ansink and Weikard (2012), we impose the following assumption
to guarantee meaningfulness of sequential bankruptcy problems.

Assumption:

...............

r

2

A=l

Let BM

.

of agents N= (J N, and ordered partition (Ny,...,N;). For no-
A=1

.
c(N;) = > E, foralllefl,... r}.
=l

----- Nr denote the set of bankruptcy problems with set

tational easiness, a sequential bankruptcy problem is denoted
(E,c) € BNi--Nr where E = (E;, ..., E).

For (E,c) e BNi--Nr | the aggregate loss for the members of
Ny is defined by Ly (E, c) = c(Ny) — E;. Unlike in bankruptcy prob-
lems, L, (E,c) may be negative. If no confusion is to be expected,
we write L, instead of Ly (E, c). Our assumption can now be re-
stated as

,
DL=) L, >0 forallle{1,....1}

A=l
where DL, represents the downwards aggregate loss for the mem-
bers of Nj, ..., Nr.

Example 2.3. The problem of sharing water in a river in
Example 2.1 can be seen as a sequential bankruptcy problem
where N = {A7 B,C,D,E, F}, N; = {A, B}, N, = {C, D, E}7 and N3 =
{F}; E; =6, E; =5, and E3 =3; and c = (2,3,1,2,3,5).

The expedition project problem in Example 2.2 can be seen
as a sequential bankruptcy problem where N = {A,B,C,D,E, F},
N] = {D, E, F}, N2 = {C}, and N3 = {A, B}, E] = 2000, Ez = 1000,
and E; = 2000; and c = (3000, 4000, 3000, 1000, 1000, 1000).

A sequential bankruptcy rule or rule is a function f that

vector f(E,c) € RN satisfying
0=<f(Eo=c

! !
ZZf,-(E,c)gZE,\ foreachl=1,...,r—1, and

A=1ieN;, =1

(2)

> Y fiE o) =

.
>E.
A=1ieN, A=1

For ke {1,...,r} and E; = ... = E, = 0, conditions (1) and (2) im-
ply xy, = Oy, for each [ € {1 k}.

3)

.....

2.3. Properties

One way to discern among several division rules is by looking at
their properties. We now pay attention to generalizing basic prop-
erties for bankruptcy rules to properties for sequential bankruptcy
rules. We first consider invariance under claims truncation (see
Curiel et al., 1987). It refers to the upper bound for claims. It says
that those claims that are over the estate should not be rewarded.
Hence the allocation should not depend on that part of the claim
that is greater than the maximum available quantity: For each
(E.c) e BN, f(E.c) = f(E.cF) where cf = min{c;, E} for all i e N.
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When considering sequential bankruptcy problems, the ques-
tion we first need to address is what is our reference point for
truncation. It is clear that claimants can never get more than the
“total estate” over which they are claiming. A rule f satisfies in-
variance under claims truncation if for each (E, c) € BNt--Nr|

f(E.c) = f(E,c)

where cl.E =min{c;, Y¥_, E,} for all i e Ny and all ke {1,...,r}.

We can relax invariance under claims truncation by consider-
ing the property for those sequential bankruptcy problems with
only one positive estate. A rule f satisfies weak invariance under
claims truncation if for each ke {1,...,r} and each E, > 0 with
(EX c) e BN,

FE, ©) = F(E¥, ™)

where Cf" = min{c;, E,} for all ieJ5_;N, and ciE" =0 for all i e
U’)‘;l] N,.. It readily follows that invariance under claims truncation
implies weak invariance under claims truncation.

Next, we consider equal treatment of equals (cf. Thomson,
2003). This property says that the same claims should be rewarded
with the same allocation: For each (E,c) e BN and i, j e N with
¢ =c¢j, fi(E,¢) = fi(E 0.

First, we need to decide when two claimants are considered
equal. For a start, they need to have equal claims. Besides, they
also need to hold their claim over the same amount of “total es-
tate”. A rule f satisfies equal treatment of equals if for each
(E,c) € BNi--Nr each k,l e {1,..., r} with Y¥_ E, =¥} _, E;, and
each i € Ny and j e N; with ¢; = ¢;,

fiE.c) = fi(E. ).

Therefore, if i € Ny and j € N;, with k <, are equals, then, ¢; =c;
and E;, ;1 =...=E =0.

To conclude, we generalize minimal rights first (cf. Thomson,
2003). It establishes a minimal level of allocation for each agent,
since it works as a lower bound. Firstly, for each claimant we
identify an amount considered to be a minimum right (the dif-
ference between the estate and the remaining claims if it is non-
negative, and zero otherwise). Then, each claimant receives its
minimal right, and the bankruptcy problem is revised to distribute
the remaining estate by applying the rule: For each (E,c) e BN,
f(E,c)=m(E,c) + f(E — YjeN m;(E,c),c—m(E, c)). In sequential
bankruptcy problems, the minimal right of claimant i € N} is the
part of the estate left, if any, after all other claimants have been
fully compensated. For this, we first need to define the additional
estate that is available to N, from the upstream claimants. Let
(E,c) € BNi--Nr and let AEy = 0. For [ =1,

AE; = (AEg + E1 — c(N1))4 = (AEg — L1) 4

is the part of the estate E; that the members of N; are not claiming
and is the additional estate for N,. Then, the members of N, can
guarantee a claim over E; + AE;. For l € {2,...,r— 1},

AE; = (AEi_1 +E —c(N))y = (AE_1 — L))+

is the additional estate for N, ; and the members of Ni,; can guar-
antee a claim over E; ; +AE. By the assumption on sequential
bankruptcy problems, AE; -y} _; 4L, <0 forle{1,....,r—1}.

The minimal right of i € N, k € {1,...,r}, is defined by

mi(E,c) = | ABi_y + Ex —cN \ (i) + Y (Ex —c(Ny)

A=kt +

.
= (AE 1 +a—) L

A=k +

We denote m(E,c) = (m;(E, ¢))jcn- If no confusion is to be ex-
pected, we write m; instead of m;(E, ¢) and m instead of m(E, c).

European Journal of Operational Research 292 (2021) 388-395

E1:6
{A, B}
CA:27 CB:3

E2:5\

{C,D, E}
cc=1,¢cp=2,cg=3

Fig. 1. Sharing the water in a river in Example 2.1.

A rule f satisfies strong minimal rights first if for each (E,¢) €
BNl,,..,Ny7

fFEE.)=m+flE=> my. .. E-Y mic—m

ieN; ieN;

with E; = min{c(N}),AE,_{ + E;} for l € {1,....1}.

Easily, m(E;, ..., Er, ¢) = m(E, c). Therefore, minimal rights first
is very restrictive since it implies f(E,c) = f(E;, ..., Er, ) for every
(E, ¢) € BN---Nr with m(E, ¢) = 0. We consider, for that reason, the
following alternative. A rule f satisfies minimal rights first if for
each ke {1,..., r} and each E;, > 0 with (E, ¢) € BNi--Nr|

)
f(gk,c):m+f(0,...,O,Ek—ZZmi,O,...,O,c—m>.

A=k icN;,

The following result provides an expression of the minimal
right of the claimants based on their claim and the aggregate loss
on the different sets of claimants. The proof follows straightfor-
wardly from the definition of minimal right and is, therefore, omit-
ted.

Proposition 2.1. Let (E, c) e BNt--Nr,

(i) AEq — Xk La = 121)@(}{{ D LM} <0 for every
kef{2,....1} o
(ii) For i e Ny, m;(E,c) = ]rg{l;(k { (ci D LM)+}.

3. Upwards mechanism for sequential bankruptcy problems

In this section, we introduce the upwards mechanism for se-
quential bankruptcy problems. It generalizes rules for bankruptcy
problems to rules for sequential bankruptcy problems. The name
of upwards mechanism is inspired by the connection of sequen-
tial bankruptcy problems and problems of sharing water in a river:
The mechanism starts allocating the estates from downstream and
moves upwards by updating the claims at each stage. We start this
section by reconsidering Example 2.1.

Example 3.1. Reconsider the problem of sharing water in a river
in Example 2.1 (see Fig. 1). As pointed out in Example 2.3,
it can be interpreted as a sequential bankruptcy problem
with N = {A,B,C,D,E F}, N; = {A,B}, N, = {C, D, E}, and N5 = {F};

E;=6,E,=5and E3=3;and c= (2,3,1,2,3,5).

To allocate the available water among the claimants, we will
use the constrained equal awards rule. First, recall that the water
inflow E3 can only be shared among the claimants in N3 as wa-
ter only flows downstream. We can apply the constrained equal
awards rule to (Ez, (Oy,.Oy,.cy,)) € BN:

x> = CEA(3, (0,0,0,0,0,5)) = (0,0,0,0,0,3).

Second, the water inflow E, can only be shared among the
claimants in N, and N3 as water only flows downstream. Since in
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Activity | Predecessors
A

B A

C

D

E D

F D, E
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7N
N7

Fig. 2. Activities interconnections and project representation in Example 2.2.

Table 2
Upwards mechanism applied to the constrained equal awards, constrained equal
losses, and proportional rules in Example 3.1.

Rule A B C D E F
CEA"P 13 13 1 2 28 5

Uj 2 2 2 2 2 2
b S S Y S« S
Prop 15 2z o 15 2% 4%

our first step agent F has already got 3 units of water, we need to
update his claim to 5 —3 = 2. We can now apply the constrained
equal awards rule to (5, (0,0,1,2,3,2)) € BN:

5 1 .1 1
x~ = CEA(5,(0,0,1,2,3,2)) = (O 0,1, 13 13 13)

Third and last, the water inflow E; can be shared among all
the claimants. Since in our second step agents C, D, E and F have
already got water, we need to update their claims: for C we have
1-1=0, for D we have 2—1} =2, for E we have 3-11 =12,
and for F we have 2 — 1; = 3 We can now apply the constralned
equal awards rule to (6, (2,3,0, 3,13, 2)) e BV:

1 2 2 5.5 2 .52
X = cea(6. (2’3’0’§’1§’§)):(15’1?0’?16’?)'
The upwards mechanism applied to the constrained equal awards
rule leads to the allocation:
B4 Xl = (1E 12.1,2,28 5)4

99 g’

In Table 2, we give the allocations obtained by applying the up-
wards mechanism to the constrained equal awards, constrained
equal losses, and proportional rules.

Given a bankruptcy rule f, the upwards mechanism gener-

ates a rule for sequential bankruptcy problems, fUP, that assigns
to each (E, c) € BNi-Nr 3 vector fUP(E, c) € RN defined by

r
fPE ) =)

k=1
where x" = f(Er, ¢") and, for k=r—1,...,1, x¥ is recursively de-
fined by
xk = f E’(7 '''' Z X

A=k+1

Recall that ck" = (O,,...,0n,_ . CN,. ... CN,)-

Our assumption on sequential bankruptcy problems and the
boundedness constraints of bankruptcy rules ensure that all the
problems above are bankruptcy problems.

Following the idea behind the upwards mechanism, a rule f is
an upwards sequential bankruptcy rule or upwards rule if for

every (E,c) e BNi-Nr_ x+1 — 0 and x¥ recursively defined by
r+1
X f<Ek7Ck,..,.r -y XA)
A=k+1
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fork=rr—-1,..., 2,1, imply
r
f(E.0)=) %
A=1
Recall that E": ,..., 0,E,,0 ,0). Thus, if f is an upwards

rule, it is the same to dlrectly apply f to (E,c), or to apply the
rule to (E", ¢") and, after updating the claims, work all the way up
to (E',d!), where d! represents the updated claims. Clearly, the
upwards mechanism generates upwards rules.

The following result states that the properties of invariance
under claims truncation, equal treatment of equals, and minimal
rights first in the class of bankruptcy problems are inherited in the
class of sequential bankruptcy problems by the upwards mecha-
nism. The proof is postponed to the supplementary material.

Proposition 3.1. Let f be a bankruptcy rule.

(i) If f satisfies invariance under claims truncation, then, fUP sat-

isfies invariance under claims truncation.

(ii) If f satisfies invariance under claims truncation, then, fUP sat-
isfies weak invariance under claims truncation.

(iii) If f satisfies equal treatment of equals, then, fUP satisfies equal
treatment of equals.

(iv) If f satisfies minimal rights first, then, fUP satisfies minimal
rights first.

Next, we turn our attention to the properties of duality (cf.
Aumann & Maschler, 1985), composition (cf. Young, 1988), and
path independence (cf. Moulin, 1987)." Two bankruptcy rules f
and fP are dual if f shares rewards in the same way as fP al-
locates losses and vice versa: For each (E,c) e BN, f(E,c)=c—
fP(L, c). A rule f is self-dual if fP = f.

The difficulty of generalizing duality to sequential bankruptcy
problems lies in how to define the losses at a given estate Ej,
since this estate is shared by agents in N, ..., Nr. We are going to
use an upwards approach, although other generalizations may also
be possible. Given (E, ¢) € BN1-Nr_ recall that DL, = 3"} _, L repre-
sents the downwards aggregate loss for the members of N, ..., N,
and DL, >0 for all ke {1,...,r} by assumption. We denote DL =
(DLy,...,DLy). It follows (DL¥, c)eBNi+Nr for all ke{1,...,r}. The
sequential bankruptcy problem (DLX,c) represents the problem
of sharing the sum of the downwards aggregate loss in groups
Ng.....N; among their members. Two rules f and fUPP are up-
wards dual if f shares rewards in the same way as fUPP allocates
downward losses in an upwards manner. The rule fUPD is the up-
wards dual rule of f if for each (E, c) € BN1-—Nr

fUP(E,¢) = ¢ — f(DL', ¢ — (2" — x2))
f(DL".c") and for k=r—1.....

.....

where x" = 1,

1 We follow here the nomenclature in Herrero and Villar (2001).
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The rule f is upwards self-dual if f = fUPD,

Remark 3.2. Let fUPP be the upwards dual rule of f and let

The following result establishes the one-to-one relation be-
tween an upwards rule and its dual. Besides, it shows that given
two dual bankruptcy rules, the corresponding upwards rules ob-
tained with the upwards mechanism are also upwards dual. The
proof is postponed to the supplementary material.

Lemma 3.3.

(i) Let f be an upwards rule and let fUPD be its upwards dual rule.
Then, fUPD is also an upwards rule and f is the upwards dual
rule of fUpD,

(i) Let f and g be two dual bankruptcy rules. Then, fUP and gUP
are upwards dual.

A bankruptcy rule f satisfies composition if given two
bankruptcy problems with same claimants and same claims, but
where one of the estates is higher than the other, it is the same
to directly apply f to the problem with the higher estate than
to first apply f to the problem with the lowest estate and sec-
ond apply f to the estates difference after updating the claims:
For each (E,c), (E’,c) e BN with E>E’ and x = f(E’,¢c), f(E,c) =
f(E',c)+ f(E—-E' c—x).

Ansink and Weikard (2015) have translated composition of
bankruptcy problems to rules for the river claims problem, which
can be analyzed in the context of sequential bankruptcy prob-
lems where each element of the partition has exactly one claimant.
They propose three composition properties: (i) river composition,
(ii) composition downstream, and (iii) composition upstream. Un-
fortunately, the updated estate vector combined with the updated
claims in the definition of river composition need not lead to a
sequential bankruptcy problem. Besides, their definition of compo-
sition upstream is equivalent to the concept of upwards rule.

The main challenge when generalizing composition to sequen-
tial bankruptcy problems is making sure that the updated es-
tate vector and updated claims remain in the class of sequential
bankruptcy problems. For this, we continue to apply an upwards
methodology. A rule f satisfies upwards composition if given two
sequential bankruptcy problems (E,c) and (E’,c) that only differ
in estate k with EIQ < E;, then, it is the same to apply the rule to

(E, c) than to apply first the rule to (E"*“"r,c) and second to the
updated estate vector and claims. A rule f satisfies upwards com-

Lemma 3.4. Any rule satisfying upwards composition is an upwards
rule.

Proof. Let f satisfy upwards composition and let (E,c¢) € BNi-Nr,
Let E/ = E; and x" = f(E", ¢"). By upwards composition,

fE.o)=f(E—E, c—x")+ f(E, ).

Let E| = E; and xk=f<§k,ck—25\:k+1xk> fork=r—1,...,1. Re-

iteratively applying upwards composition, we get
r
fEo=) ¥
A=1

g
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The following result states that composition in the class
of bankruptcy problems is inherited in the class of sequential
bankruptcy problems by the upwards mechanism. The proof is
postponed to the supplementary material.

Proposition 3.5. Let f be a bankruptcy rule satisfying composition,
then, fUP satisfies upwards composition.

Theorem 3.6. The upwards constrained equal awards rule is the
only rule satisfying equal treatment of equals, weak invariance under
claims truncation, and upwards composition.

Proof. It is well established that the constrained equal awards
rule for bankruptcy problems satisfies equal treatment of
equals, invariance under claims truncation, and composition. By
Propositions 3.1 and 3.5, the upwards constrained equal awards
rule satisfies equal treatment of equals, weak invariance under
claims truncation, and upwards composition as well. We now
prove uniqueness. Let f be a rule satisfying equal treatment of
equals, weak invariance under claims truncation, and upwards
composition. By Lemma 3.4, f is an upwards rule. Next, we
show f=CEA'P. Let (E,c)e BM-N By upwards composition,
x" = f(E', c") implies

fE.0)=fE-E ., c—x)+ f(E, ).

Following the same lines as in Dagan (1996), it is readily seen
that equal treatment of equals, weak invariance under claims trun-
cation, and upwards composition imply f(E",c") = CEAYP(E, c")
and

f(E.c) = f(E—E,c—x") +CEA®™(E", c")

with x" = CEAYP(E", c). Recursively, following the same lines as
above, for ke{l,...,r—1}, x"=f(E,c")=CEAY"P(E", c") and

lelk,...,r—1}, imply

f(E,C)=f(E1 ..... K_Ek Z X")—i-gf(?,ck ..... r_ Z Xu)

H=A+1 pn=r+1
r T T
=f<§1 ..... k_Ek,C_Z Xﬂ)_i_ZCEAUp(EA,CA ..... r_Z x")
n=Ar+1 A=k n=r+1

Therefore, for k=1,
r
> x) = CEAP(E o).

n=Ar+1

.
FE.c) = CEA" (E’\, Chonl _

A=1
O

As an immediate consequence of Proposition 3.1 and

Theorem 3.6, we have

Corollary 3.7. The upwards constrained equal awards rule is the
only rule satisfying equal treatment of equals, invariance under claims
truncation, and upwards composition.

A bankruptcy rule f satisfies path independence if given two
bankruptcy problems with same claimants and same claims, but
where one of the estates is higher than the other, it is the same to
directly apply f to the problem with the lowest estate than to first
apply f to the problem with the highest estate and second use this
allocation as the new vector of claims to share the lowest estate:
For each (E,c), (E',c) e BN with E > E/, f(E’,c) = f(E, f(E,¢)).

Ansink and Weikard (2015) have defined path independence of
bankruptcy problems for rules to the river claims problem. Recall
that river claims problem can be seen as sequential bankruptcy
problems where all elements in the partition are singletons. They
propose river path independence where, if the water level at some
points in the river is less than the anticipated, it is the same to
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allocate the water of the new situation using the original vector of
claims, or using the initially established allocation. The bounded-
ness conditions 1 and 2 allow for a similar definition of path inde-
pendence in the context of sequential bankruptcy problems: A rule
f satisfies path independence if for each (E,c), (E/,c) € BNi:--Nr,
with E1/< <E, foreach ke {1,...,1},

fE. )= f(E f(E 0).

In this paper, we are putting forward upwards mechanisms to
translate bankruptcy rules to the more general setting of sequen-
tial bankruptcy problems. Therefore, we also propose a new con-
cept for path independence which is based on the upwards idea.
A rule f satisfies upwards path independence if for each (E,c) ¢

xk = fE*, dk — xk+1) imply

Following the same lines as Lemma 3.4, one can see that path in-
dependence implies being an upwards rule. The proof is, therefore,
omitted.

Lemma 3.8. Any rule satisfying upwards path independence is an up-
wards rule.

It is readily seen that upwards path independence is equivalent
to path independence together with being an upwards rule.

Inspired by Herrero and Villar (2001), two properties P and
PUPD are upwards dual when a rule f satisfies P if, and only if,
its upwards dual rule fUPP satisfies PUPP. A property P is upwards
self-dual when a rule f satisfies P if, and only if, its upwards dual
rule fUPD satisfies P as well.

The proof of the following result follows the same lines as the
proof of Theorem 0 in Herrero and Villar (2001). It is, therefore,
omitted.

Theorem 3.9 (Herrero and Villar, 2001). Let a rule f be character-
ized by a set of independent properties Py, ..., Ps. Let P}JDD, .., PP
be the dual properties of P, ..., Ps, respectively. Then, the upwards
dual rule fUPP is characterized by P}JPD ..... PYPP and these proper-

ties are also independent.

The following result states that upwards composition and up-
wards path independence are upwards dual properties, and mini-
mal rights first and weak invariance under claims truncation are
upwards dual properties as well. The proof of these results fol-
low the same lines as their counterparts in the framework of
bankruptcy problems and is, therefore, omitted.

Lemma 3.10.

(i) Upwards composition and upwards path independence are up-
wards dual.
(ii) Minimal rights first and weak invariance under claims trunca-
tion are upwards dual.
(iii) Equal treatment of equals is upwards self-dual.

The following result is a direct consequence of Lemma 3.3 (ii),
Theorems 3.6 and 3.9, and Lemma 3.10.

Theorem 3.11. The upwards constrained equal losses rule is the only
rule satisfying equal treatment of equals, minimal rights first, and up-
wards path independence.

Corollary 3.12. The upwards constrained equal losses rule is the only
upwards rule satisfying equal treatment of equals, minimal rights first,
and path independence.

To conclude this section, we characterize the upwards propor-
tional rule. For this, we need to introduce one last property. Let f
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be a rule. Let ce RN. For ke {1,...,1}, let p’jf 1[0, Yk c(ND] —
RN be defined by p’}“(Ek) = f(gk, c). We say that f is weak con-

tinuous if for each c e RN and each ke {1,...,1}, p’}*c is continu-
ous.

As remarked in Herrero and Villar (2001), Young’s characteriza-
tion of the proportional rule uses continuity. However, only con-
tinuity with respect to the estate is needed. In our case, we only
need the requirement of weak continuity, which follows from both
upwards composition and upwards path independence. The proof
of the following result follows the same lines as the proof of
Theorem 3.6 and is, therefore, omitted.

Theorem 3.13.

(i) The upwards proportional rule is the only rule satisfying up-
wards composition and upwards self-duality.

(ii) The upwards proportional rule is the only rule satisfying up-
wards path independence and upwards self-duality.

4. Concluding remarks

In this paper, we have introduced sequential bankruptcy prob-
lems as a generalization of bankruptcy problems, which includes
river problems and allocation of expedition rewards in projects.
We have put forward the upwards method to translate rules for
bankruptcy problems to rules for sequential bankruptcy problems.
We have translated basic properties of bankruptcy rules to the
framework of sequential bankruptcy problems. For properties in-
volving a change of estate, we have used the upwards philosophy
to adapt them to the new setting. Further, we have characterized
the upwards versions of three well-known bankruptcy rules (con-
strained equal awards, constrained equal losses, and proportional
rules) on the basis of upwards composition and upwards path in-
dependence.

Ansink and Weikard (2012) and Ansink and Weikard (2015) put
forward sequential sharing rules for river problems. They start
sharing the “most upstream estate” between the agent claiming
only on that estate (agent 1) and a fictitious agent representing
the “downstream agents”, which claim is the aggregated loss of all
downstream agents. Agent 1 leaves with his share and the alloca-
tion given to the fictitious player is added to the second “most up-
stream estate”. Second, they share the updated second “most up-
stream estate” between the remaining agent claiming only on that
estate and a fictitious agent representing his “downstream agents”,
which claim is the aggregated loss of all his downstream agents.
Following the same idea, all estates are updated and consecutively
shared until arriving to the “most downstream” agent that gets his
own updated estate. This technique can easily be generalized to
sequential bankruptcy problems, which we call the “downstream
mechanism” to distinguish both settings and to be consistent with
the upwards mechanism.

Inspired by the two-step procedure for bankruptcy problems
with a priori unions in Borm, Carpente, Casas-Méndez, and Hen-
drickx (2005), we propose the two-steps mechanism for gener-
alizing rules for bankruptcy problems to rules for sequential
bankruptcy problems. In a “first step”, a chosen bankruptcy rule is
applied to the bankruptcy problem with r agents where the estate
is the sum of all estates and the claim of agent k is the total claim
of the members of N truncated with respect to the sum of the es-
tates E, ..., E, ke{l,..., r}; in a “second step”, the same rule is
used to divide the allocation of each group Ny, ..., N; among their
members.

It is easily seen, although technically convoluted, that the prop-
erties of invariance under claims truncation and minimal rights
first are inherited when applying the downwards and the two-
steps mechanisms. However, equal treatment of equals is not in-
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herited in the class of sequential bankruptcy problems by these
two mechanisms. The same applies to composition and path inde-
pendence and their generalizations in the form of upwards compo-
sition and upwards path independence since the downwards and
two-steps mechanisms do not generate upwards rules. Future re-
search should further study characterizations of rules generated by
the downstream and the two-steps mechanisms.
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