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Abstract: This paper introduces a general approach to the idea of protection of graphs,
which encompasses the known variants of secure domination and introduces new ones. Specifically,
we introduce the study of secure w-domination in graphs, where w = (wp, w1, ..., w;) is a vector
of nonnegative integers such that wy > 1. The secure w-domination number is defined as
follows. Let G be a graph and N(v) the open neighborhood of v € V(G). We say that a function
f:V(G) — {0,1,...,1} is a w-dominating function if f(N(v)) = Lyen() f(1u) > w; for every
vertex v with f(v) = i. The weight of f is defined to be w(f) = Lycy(c) f(v). Given a w-dominating
function f and any pair of adjacent vertices v, € V(G) with f(v) = 0 and f(u) > 0, the function
fu—svisdefined by f,0(v) =1, fuso(u) = f(u) —1and f, o (x) = f(x) forevery x € V(G) \ {u, v}.
We say that a w-dominating function f is a secure w-dominating function if for every v with
f(v) =0, there exists u € N(v) such that f(u) > 0 and f,—, is a w-dominating function as well.
The secure w-domination number of G, denoted by 73,(G), is the minimum weight among all secure
w-dominating functions. This paper provides fundamental results on ¥, (G) and raises the challenge
of conducting a detailed study of the topic.

Keywords: secure domination; secure Italian domination; weak roman domination; w-domination

1. Introduction

Let ZT = {1,2,3,...} and N = ZT U {0} be the sets of positive and nonnegative integers,
respectively. Let G be a graph,/ € Z" and f : V(G) — {0, ...,1} a function. Let V; = {v € V(G) :
f(v) =i} foreveryi € {0,...,1}. We identify f with the subsets V), ..., V] associated with it, and thus
we use the unified notation f(Vp, ..., V}) for the function and these associated subsets. The weight of f
is defined to be

1
w(f) = f(V(G)) = ;i\Vil-

Letw = (wy,...,w;) € ZT x N! such that wy > 1. As defined in [1], a function f(V,...,Vp)is
a w-dominating function if f(N(v)) > w; for every v € V;. The w-domination number of G, denoted by
Yw(G), is the minimum weight among all w-dominating functions. For simplicity, a w-dominating
function f of weight w(f) = yw(G) is called a 4 (G)-function. For fundamental results on the
w-domination number of a graph, we refer the interested readers to the paper by Cabrera et al. [1],
where the theory of w-domination in graphs is introduced.

The definition of w-domination number encompasses the definition of several well-known
domination parameters and introduces new ones. For instance, we highlight the following particular
cases of known domination parameters that we define here in terms of w-domination: the domination
number ¥(G) = 7710)(G) = 7(1,.0)(G), the total domination number 71:(G) = 7(1)(G) =
7(,..1)(G), the k-domination number 7, (G) = 7(0)(G), the k-tuple domination number 7, (G) =
Y (kk—1)(G), the k-tuple total domination number 7y ;(G) = (1) (G), the Italian domination number
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71(G) = Y(20,0)(G), the total Italian domination number 7;;(G) = ¥(21,1)(G), and the {k}-domination
number ;) (G) = Y (kk-1,..0)(G). In these definitions, the appropriate restrictions on the minimum
degree of G are assumed, when needed.

For any function f(Vp,...,V}) and any pair of adjacent vertices v € Vp and u € V(G) \ Vp,
the function f,,_,, is defined by f,—»(v) = 1, fuso(u) = f(u) —1 and fu,—o(x) = f(x) whenever
x € V(G)\ {u,v}.

We say that a w-dominating function f(Vp, ..., V}) is a secure w-dominating function if for every
v € V there exists u € N(v) \ V) such that ley is a w-dominating function as well. The secure

w-domination number of G, denoted by 7;,(G), is the minimum weight among all secure w-dominating
functions. For simplicity, a secure w-dominating function f of weight w(f) = 75,(G) is called a
75, (G)-function. This approach to the theory of secure domination covers the different versions of
secure domination known so far. For instance, we emphasize the following cases of known parameters
that we define here in terms of secure w-domination.

e The secure domination number of G is defined to be 5(G) = 7?1,0) (G). In this case, for any secure
(1,0)-dominating function f(Vp, V1), the set V; is known as a secure dominating set. This concept
was introduced by Cockayne et al. [2] and studied further in several papers (e.g., [3-9]).

o  The secure total domination number of a graph G of minimum degree at least one is defined to be
Y5t(G) = 7?1,1) (G). In this case, for any secure (1, 1)-dominating function f(Vj, V), the set V; is
known as a secure total dominating set of G. This concept was introduced by Benecke et al. [10] and
studied further in several papers (e.g., [7,11-14]).

e The weak Roman domination number of a graph G is defined to be 7, (G) = 7?1,0,0) (G). This concept
was introduced by Henning and Hedetniemi [15] and studied further in several papers
(e.g., [5,6,16,17)).

o  The total weak Roman domination number of a graph G of minimum degree at least one is defined to
be 11 (G) = 7?1’1,1) (G). This concept was introduced by Cabrera et al. in [12] and studied further
in[18].

e The secure Italian domination number of G is defined to be 77(G) = 7?2,0,0) (G). This parameter was
introduced by Dettlaff et al. [19].

For the graphs shown in Figure 1, we have the following:

b 7?1,1)(G1) ( )( ) = 7(21)(G1) = 720 ( ) )Gl) = 7?1/1[0)(G1) = 7(111)(G1) =
V00 (C1) = fzm)( 1) = 7200 (G1) = (210)(G1) = Y220(G1) = 7221(G1)
7(2,2,2)((;1) = and 7(2,2)( ) - 7(2,2)( ) 220 (Gl) = 7?2,211)<G1) = 222 (Gl)
7?3]0/0)(G1) = 7?3,1/0)(G1) = 7?3,1/1)(G1) = 7(320)(G1) = 7?3/2/1)(G1) = 7(322 (Gl)
Y300 (G1) = 731,0)(G1) = 731,1)(G1) = 1(320)(G1) = Y(321)(G1) = Y(32,2)(G1) = 6.

. ’Yﬁl,l)(Gz) 74, 10)(G2) 7?1,1,1)((32) Y(220)(G2) = Y221)(G2) = Y(222)(G2) =3

. ')’?1,1)((33) = ’)’?1,1,0)(G3) = 7?1,1,1)((33) = 7(2,1,0)(G3) = 7(3,0,0)((;3) =3<4= 7?2,0,0)((33) =
V210(G3) = Y510)(C3) = 71220/(G3) = Y221)(G3) = 1222)(C3) = 7(320)(C3) <
5= 7?2]2/0)(63) = 7?3[2/0)(G3) = ’7?2/2,1)(G3 = '7?2,2,2)(G3) = 7?3,1,1)(G3) = ’)/?3,2/1)(G3) =
Y21)(G3) = Y(322)(G3) <6=17(3,,)(G3)

This paper is devoted to providing general results on secure w-domination. We assume that
the reader is familiar with the basic concepts, notation, and terminology of domination in graph.
If this is not the case, we suggest the textbooks [20,21]. For the remainder of the paper, definitions are
introduced whenever a concept is needed.
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G1 Gy Gs

Figure 1. The labels of black-colored vertices describe the positive weights of a 7? Gy )-function,

2,1,0) (
a 7?1,1,1) (Gp)-function, and a 7?2/212) (Gs)-function, respectively.

2. General Results on Secure w-Domination

Given a w-dominating function f(Vj, ..., V}), we introduce the following notation.

e Giveno € Vp, we define Ms(v) = {u € V(G) \ Vo : fu—o as a w-dominating function}.
o M(G)= J Ms(v).

veV
e Givenu € M;(G),we define D¢(u) = {v € Vo : u € Mf(v)}.
e Givenu € M¢(G), we define Ty(u) = {v € Vp: u € My(v) and f(N(v)) = wo}.

Obviously, if f is a secure w-dominating function, then M((v) # & for every v € V.

Lemma 1. Let f be a secure w-dominating function on a graph G, and let u € M¢(G). If Tf(u) # 2,
then each vertex belonging to Ty (u) is adjacent to every vertex in D¢ (u) and, in particular, G[T¢(u)] is a clique.

Proof. Since T(u) C Dys(u), we only need to suppose the existence of two non-adjacent vertices
v € Tg(u) and o' € Dy(u) with v # v'. In such a case, f,_,/(N(v)) < wp, which is a contradiction.
Therefore, the result follows. [

Remark 1 ([1]). Let G be a graph of minimum degree 6 and let w = (wq, w1, ..., w;) € ZT x NL Ifwy >
wy > .-+ > wy, then there exists a w-dominating function on G if and only if w; < 6.

Throughout this section, we repeatedly apply, without explicit mention, the following necessary
and sufficient condition for the existence of a secure w-dominating function on G.

Remark 2. Let G be a graph of minimum degree & and let w = (wg, wy, ..., w;) € ZT x N Ifwg > wy >
-+ > wy, then there exists a secure w-dominating function on G if and only if w; < I6.

Proof. If f is a secure w-dominating function on G, then f is a w-dominating function, and by Remark 1
we conclude that w; < 19.

Conversely, if w; < 19, then the function f, defined by f(v) = I for every v € V(G), is a secure
w-dominating function. Therefore, the result follows. O

It was shown by Cabrera et al. [1] that the w-domination numbers satisfy a certain monotonicity.
Given two integer vectors w = (wy,...,w;) and w' = (wy, ... ,w;), we say that w' < w if w} < w;
for every i € {0,...,1}. With this notation in mind, we can state the next remark which is a direct
consequence of the definition of w-dominating function.
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Remark 3. [1] Let G be a graph of minimum degree 6 and let w = (wy, ..., w;),w" = (wy,...,w]) €
Z* x N such that w; > w; 1 and w; > wi 4 foreveryi € {0,...,1 =1} . Ifw" < wand w; <15, then every
w-dominating function is a w'-dominating function and, as a consequence,

Y (G) < 7u(G).
The monotonicity also holds for the case of secure w-domination.

Remark 4. Let G be a graph of minimum degree 6 and let w = (wy, ..., w;),w' = (wy, ..., w)) € Z* x N/
such that w; > w; 1 and w; > w;_, foreveryi € {0,...,1 =1} . Ifw' < wand wy < 15, then every secure
w-dominating function is a secure w'-dominating function and, as a consequence,

T (G) < 7%(G).

Proof. For any 7;,(G)-function f and any v € V(G) with f(v) = 0, there exists u € M¢(v). Since f
and f,_, are w-dominating functions, by Remark 3, we conclude that, if w' < wand w; <[5, then both
f and f,,—, are w’-dominating functions. Therefore, f is a secure w’-dominating function and, as a
consequence, 7°,(G) < w(f) = 7;,(G). O

From the following equality chain, we obtain examples of equalities in Remark 4. Graph Gj is
illustrated in Figure 1.

'7?3,0/0) (G1) = 7?3,1,0)(G1) = 7?3,2,0) (G1) = 7?3,2,1)(G1) = 7?3,2,2)(G1)'

Theorem 1. Let G be a graph of minimum degree 6, and let w = (wy, ..., w;) € 7+ x N such that Wi > Wiy
foreveryi € {0,...,1 —1}. If16 > wy, then the following statements hold.

@) 'Yw(G) < 7;;((;)'
(ii) Ifk € Z+/ then ’7(k+l,k:w1 ..... w,)(G) < ’)/Ek,k:wpm,wz)(c)'

Proof. Since every secure w-dominating function on G is a w-dominating function on G, (i) follows.

Let f(Vp,...,V}) be a 'yfk,k:wlmw[)(G)—function. Since f is a (k,k = wjy,..., w;)-dominating
function, f(N(v)) > w; for every v € V; withi € {1,...,I} and w; = k. If Vj = &, then f is
a (k+1,k = wy,..., w)-dominating function, which implies that (1 (—w,,.v)(G) < w(f) =
7?k,k=w1,...,w,)(G)' Assume Vy # @. Letv € Vpand u € My(v). If f(N(v)) = k, then f,,(N(v)) =
f(N(v)) —1 =k — 1, which is a contradiction. Thus, f(N(v)) > k + 1, which implies that f is a (k +
1,k = wy, ..., w)-dominating function. Therefore, ¥t 1 k—w,,...,)(G) < w(f) = ,y?k,k:wl,...,wl)(G)’
and (ii) follows. O

The inequalities above are tight. For instance, for any integers 1, n’ > 4, we have that Y(222) (Ky +

Nn/) = ’7?2/2,2) (Kﬂ + Nn’) =3and Y(3,22) (KZ,H) = '7?2/2,2) (KZ,n) =5.

Corollary 1. Let G be a graph of minimum degree § and order n. Let w = (wy, ..., w;) € Z+ x N such that
w; > wiyq foreveryi € {0,...,1 —1} and 16 > wy. The following statements hold.

(1) Ifn > wy, then v5,(G) > wy.
(i) Ifn > wy = wy, then v5,(G) > wp + 1.
Proof. Assumen > wy. By Theorem 1, we have that 5,(G) > 74, (G). Now, if 74, (G) <wp—1<n—1,

then for any 7, (G)-function f there exists at least one vertex x € V(G) such that f(x) = 0 and
f(N(x)) < w(f) < wp, which is a contradiction. Thus, 75,(G) > v (G) > wy.
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Analogously, if wg = wy, then Theorem 1 leads to 75,(G) > Y(wy41,wy,...w,)(G)- In this case,
if Y (wy+1,w1,..) (G) < wo < n, then for any vy 41,w;,..,) (G)-function f there exists at least one
vertex x € V(G) such that f(x) = 0 and f(N(x)) < w(f) < wp+ 1, which is a contradiction.
Therefore, 75,(G) 2> Y(wyt+1,wy,...0)(G) = wo +1. O

As the following result shows, the bounds above are tight.

Proposition 1. For any integer n and any w = (wy, ..., w;) € Z* x N such that w; < -+ < wy < n,

wo+1 ifwy=w,
Yoo (Kn) = {

wo otherwise.

Proof. Assume n > wy. Let S C V(K,) such that |S| = wy + 1 if wy = wy and |S| = wy otherwise.
In both cases, the function f(Vp,...,V}), defined by V1 = S, Vj = V(G) \ V1 and V; = @ whenever
j & {0,1}, is a secure w-dominating function. Hence, v5,(K,) < w(f) = |S|. Therefore, by Corollary 1
the result follows. O

Theorem 2. Let G be a graph of minimum degree 6, and let w = (wy, ..., w;), w' = (w), ..., w}) € Z* x N!
such that 16 > wy, w; > wiyq and w, > w§+1 for every i € {0,...,1 —1}. Ifw; > w_; — 1 for every
ie€{l,...,1}, and max{w; — 1,0} > w; for every j € {0,...,1}, then

Yo (G) < 7u(G).

Proof. Assume that w; > w}_; — 1 for every i € {1,...,1} and max{wj -1,0} > w; for every
j € {0,...,1}. Let f(Vy,..., V) be a 7,(G)-function. We claim that f is a secure w'-dominating
function. Since f(N(x)) > w; > w) for every x € V; withi € {0,...,I}, we deduce that f is a
w’-dominating function. Now, letv € Vpand u € N(v) N V; withi € {1,...,1}. We differentiate the
following cases for x € V(G).

Case 1. x = v. In this case, f,—»(v) = 1and fy,—»(N(v)) = f(N(v)) =1 > wgp —1 > max{w; — 1,0} >
Case 2. x = u. In this case, f,—o(1) = f(u) —1=i—1and fu—o(N(u)) = f(N(u))+1>w; +1>

/
wifl.

Case 3. x € V(G)\ {u,v}. Assume x € V;. Notice that f,(x) = f(x) = j. Now, if x € N(u)
or x € N(u) N N(v), then f,,(N(x)) = f(N(x)) > w; > w;, while if x € N(u) \ N[v],

) > >
then f,»(N(x)) = f(N(x)) — 1 > max{w; — 1,0} Zw}.

According to the three cases above, f,_, is a w’ -dominating function. Therefore, f is a secure
w'-dominating function, and so 7}, (G) < w(f) = 7(G). O

The inequality above is tight. For instance, 'yfl 11) (Kunt) = Y(2,22)(Kpw) = 4 forn,n' > 4.
From Theorems 1 and 2, we derive the next known inequality chain, where G has minimum
degree § > 1, except in the last inequality in which § > 2.

Y5(G) < 712(G) < 71x2(G) < 75t(G) < 1x2,4(G).

The following result is a particular case of Theorem 2.

Corollary 2. Let G be a graph of minimum degree 8, and let w = (wy, ..., w;) € Z+ xN'and1 = (1,...,1).
Ifo < wj1 —wj < 2foreveryje {1,...,i}, wherel <i <landlé > w;+1, then

S

Viwo00,-,0) (G) < Vw1, wi+10,..0) (G) < Ywt1(G).
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For Graph G; illustrated in Figure 1, we have that 7?1’1)(G2) = 7?1’1,0) (G2) = Y(220)(G2) =
7?1,1,1)(62) = ’)/(2,2,2)((;2) = 3. Notice that ’Y?U(GQ) = ’)’w+1(G2) forw=1= (1, 1,1).

Next, we show a class of graphs where 7, (G) = Yw+1(G). To this end, we need to introduce
some additional notation and terminology. Given the two Graphs G; and Gy, the corona product graph
G1 ® Gy is the graph obtained from G; and G,, by taking one copy of G; and |V (Gy)| copies of G, and
joining by an edge every vertex from the ith copy of G, with the ith vertex of G;. For every x € V(Gy),
the copy of G, in G; ©® G associated to x is denoted by G x.

Theorem 3 ([1]). Let Gy ® Gy be a corona graph where Gy does not have isolated vertices, and let w =
(wo, ..., w) € ZT x NLIfFl > wy > -+ > wyand |V(Gy)| > wy, then

Yw(G1 © G2) = wp|V(Gy)|.

From the result above, we deduce that under certain additional restrictions on G, and w we can
obtain 75, (G1 © G2) = Yw+1(G1 © Ga).

Theorem 4. Let G; ® Gy be a corona graph, where Gy does not have isolated vertices and G is a triangle-free
graph. Let w = (wy, ..., w;) € Z+* x Nt such that 1 —1 > wg > - -+ > wy. If [V(Gy)| > wq + 2, then

Y(G1 ® Ga) = (wo + 1)|V(G1)| = Yw+1(G1 © Ga).

Proof. Since G; does not have isolated vertices, the upper bound v5,(G1 ©® Gy) < (wg + 1)|V(Gy)| is
straightforward, as the function f, defined by f(x) = wy + 1 for every x € V(G;) and f(x) = 0 for the
remaining vertices of G; ® Gy, is a secure w-dominating function.

On the other hand, let f(Vj,...,V}) be a 75,(G; ® Gy)-function and suppose that there exists
x € V(Gy) such that f(V(Gay)) + f(x) < wp. Since |V(Gayx)| > wp + 2, there exist at least two
different vertices u,v € V(Gpx) N Vp. Hence, f(N(u)) = f(N(v)) = wp, which implies that u and
v are adjacent and, since G; is a triangle-free graph, f(x) = wy and f(y) = 0 for every y € V(Gyx).
Thus, by Lemma 1, we conclude that G,  is a clique, which is a contradiction as |V (G,)| > 3 and G,
is a triangle-free graph. This implies that f(V(Gyy)) + f(x) > wp + 1 for every x € V(Gy), and so
(616 Gy) = w(f) = (wy + )|V(Gy)].

Therefore, v5,(G1 © G2) = (wp +1)|V(G1)|, and by Theorem 3 we conclude that y4,4+1(G1 © Gp) =
(wp +1)|V(G1)|, which completes the proof. [

Theorem 5. Let G be a graph of minimum degree 5 and | > 2 an integer. For any (wy, ..., w;_1) € Z+ x NI=1
withwy > -+ > wj_yand 16 > w;_1,

’Y?wg,.‘.,wl,l,w,:wl,l)(G) S (Y(ZU(],.‘.,'LUI,l)(G) + /Y(G)

Proof. Let f(Vo,...,Vi_1) be a vy, . w, ,)(G)-function and S a y(G)-set. We define a function
¢(Wp,..., W) as follows. Let W, =V, 1 NS, Wy = Vp\ S, and W; = (V;_1NS) U (V;\ S) for every
ie{l,...,1—1}.

We claim that g is a secure (wy, ..., w;_1,w; = w;_1)-dominating function. First, we observe that,
ifx € WyNnSwithi € {1,...,1}, thenx € V;_; and g(N(x)) > f(N(x)) > w;_1 > w;. Moreover,
if x € W;\Swithi € {0,...,] -1}, then x € V; and g(N(x)) > f(N(x)) > w;. Hence, g is a
(wp, ..., w;_1,w; = w;_1)-dominating function.

Now, letv € Wy = V) \ S. Notice that there exists a vertex u € N(v) N V;_1NSwithi € {1,...,1}.
Hence, u € N(v) N W;. We differentiate the following cases for x € V(G).

Case 1. x = v. In this case, gu—0(v) = 1 and, as N(v) NS # @, we obtain that ¢,—,(N(v)) =
8(N(v)) =12 f(N(v)) = wo > wy.
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Case 2. x = u. In this case, gy—o(u) = g(u) =1 = i—1 and gu—o(N(u)) = g(N(u)) +1
FIN()+1>wi 1 +1>w; 1.

Case 3. x € V(G)\ {u,v}. Assume x € W;. Notice that g,,(x) = g(x) = j. If x ¢ N(u) or
x € N(u) N N(v), then g,—o(N(x)) = g(N(x)) > f(N(x)) > wj.

Vv

Moreover, if x € (N(u)\ N[o]) NS, then x € V; ;1 and so gu—»(N(x)) = g(N(x)) =1 >
f(N(x)) > wj_1 > wj. Finally, if x € (N(u) \ N[v]) \ S, then x € V; and therefore g,—,(N(x)) =

§(N(x)) =1 = f(N(x)) = w;.
According to the three cases above, gy, is a (wp,...,w;_1,w; = w;_1)-dominating
function. Therefore, f is a secure (wy,...,w;_1,w; = w;_q1)-dominating function, and so

Vi1 ory 1 (G) < (&) < @)+ 15| = Vg 1 (G) +7(G). O

From Theorem 5, we derive the next known inequalities, which are tight.

Corollary 3. For a graph G, the following statements hold.

o Ref [15] 7+(G) < 29(G).
o Ref. [12] v4(G) < 74(G) + v(G), where G has minimum degree at least one.

o Ref [19177(G) < 72(G) +7(G).
To establish the following result, we need to define the following parameter.

Vfwo,...,wz) (G) =max{|V|: f(Vy,...,V})isa] (G)-function.}

(wo,...,wy)

In particular, for | = 1 and a graph G of order n, we have that Vfwo,wl) (G)=n-— ﬁworwl) (G).
Theorem 6. Let G be a graph of minimum degree & and order n. The following statements hold for any
(wo, ..., w;) € ZT x N with wg > - - - > wy.

(i) Ifthereexistsi € {1,...,1 — 1} such that ié > wj, then )(G) <7z

(w0/'"/wl

wo,...,W;) (G)

—~"

i) Ifl >i+1> wy, then ﬁwo,‘..,w,-,O,...,O)(G) < (i+1)y(G).

(iii) Let k,i € Z" such that | > ki, and let (wj, wy, ..., w}) € Z* x N Ifis > wj and wy; = kw}for every
j€{0,1,...,i}, then 'y*(; G) <kvys (G).

wWo,-.., Wy ) ( (wgye.sw})

(iv) Letk € Zt and By,...,Bx € ZT. If16 > k+w; > kand wg+k > B > -+ > By > w1 +k, then
’y?wo+kf/31/-~r,3k/wl+k/~--/wz+k) (G) < 7?w0/~-rwz)(G) +k(n — VEwow-/wz)(G))'

V) Iflé6 > w; > 1> 2, then 7?100,...%1)((;) < 17?w0—1+1,w1—l+1)(G)'

Proof. If there exists i € {1,...,] — 1} such that i > w;, then for any 'y?wOMwi)(G)—function
f(Vo, ..., V;) we define a secure (wy, . . ., w;)-dominating function g¢(Wp, ..., W;) by W; = V; for every
j€10,...,i} and W; = @ for every j € {i+1,...,1}. Hence, 'y?wO’.__’wl)(G) < w(g) = w(f) =
’Y?wo ) (G). Therefore, (i) follows.

Now, assume | > i+ 1 > wy. Let S be a 7(G)-set. Let f be the function defined by f(v) =i+ 1
for every v € S and f(v) = 0 for the remaining vertices. Since i + 1 > wy, we can conclude that f is a
secure (wy, ..., w;,0...,0)-dominating function. Therefore, ,Y?ZUO,...,?UZ',O...,O) (G) <w(f)=(i+1)|S| =
(i 4+ 1)7(G), which implies that (ii) follows.
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To prove (iii), assume that [ > ki, i6 > w/} and wyj = kw; foreveryj € {0,...,i}. Let f/(V,..., V)
be a 'Y?w(’],...,wl’.) (G)-function. We construct a function f(Vp,..., V) as f(v) = kf'(v) for every v € V(G).
Hence, V}; = Vj’ for every j € {0,...,i}, while V; = & for the remaining cases. Thus, for every
v € Vi with j € {0,...,i} we have that f(N(v)) = kf'(N(v)) > kw;- = wyj, which implies that f is a
(wo, ..., w;)-dominating function. Now, for every x € Vp, there exists y € Mg (x). Hence, for every
v € Vyjwith j € {0,...,i}, we have that fy—x(N(v)) = kfj_+(N(v)) > kw} = wyj, which implies that
fy—xisa (wo, ..., w)-dominating function. Therefore, f is a secure (wy, . .., w;)-dominating function,
and so ’)’?wo,...,wl)(G) <w(f)=kw(f") = k'yiwéww;)(G). Therefore, (iii) follows.

Now, assume that 16 > k+w; > kand wo+k > 1 > --- > B > wy + k. Let g(W,..., W)
be a 7?600 mwl)(G)—function. We construct a function f(V,..., Vi) as f(v) = g(v) + k for every
v € V(G)\Wp and f(v) = O for every v € Wp. Hence, Vi, = W for every j € {1,...,1},
Voo = Wp and V; = & for the remaining cases. Thus, if v € Vi and j € {1,...,1},
then f(N(v)) > g(N(v)) +k > w; +k, and if v € Vp, then f(N(v)) > g(N(v)) +k > wo + k.
This implies that f isa (wo +k,B1,..., Bx, w1 +k, ..., w; + k)-dominating function. Now, for every
x € Vo = Wy, there exists y € Mg(x). Hence, if v € Vi and j € {1,...,1}, then f,,x(N(v)) >
gy—x(N(v)) +k > w; + k, and if v € Vp, then fyx(N(v)) > gy—x(N(v)) +k > wp + k. This implies
that f, ,y is a (wo + k,B1,--., B, w1 + k, ..., w; + k)-dominating function, and so f is a secure

(wo+k,B1,...,Br, w1 +k, ..., w +k)-dominating function. Therefore, 7?w0+k,;31,...,/Bk,zul+k,...,wz+k) (G) <
w(f) = (/J(g) + kZ§:1 IW]| = ’y?wo ..... ZUI)(G) T k(Tl N |WOD S r)/?wo,...,wz)(c) T k(Tl N Vﬁwt),...,wl)<G>)’

concluding that (iv) follows.
Furthermore, if I6 > w; > | > 2, then, by applying (iv) for k = I — 1, we deduce that

’wao,...,wl)(G) < 7?w0—l+1,w;—l+1)<G) + (l B 1)(n B VEwo—l-&-l,w;—l-&-l)(G)) = lr)/?wo—l-i-l,wl—l-&-l)(c)‘
Therefore, (v) follows. O

In the next subsections, we consider several applications of Theorem 6 where we show that the
bounds are tight. For instance, the following particular cases is of interest.

Corollary 4. Let G be a graph of minimum degree 5, and let k,1,w,, ..., w; € Z* withk > wy > -+ > wy.

(i,) If(s > k, then fy?kJrl,k,wz,.‘.,w,)(G) < ,Y?kJrl,k)(G)'
(ii") Ifo > k, then ’Yi(;k,k,wz,...,w;)(G) < ')’?k,k)(G)'
(iii") Ifl6 >k >1>2,then W?k,k ,,,,, k)(G) < lfy?k—l+1,k—l+1)(c)'
N——

141

(iv") Leti € ZT.Ifl > kiand § > 1, then 'y?k,___,k)(G) < ky® 1)(G).
—— ——

1+1 i+1

Proof. If § > k, then by Theorem 6 (i) we conclude that (i") and (ii") follow. If [0 > k > [ > 2, then by
Theorem 6 (v) we deduce (iii’). Finally, if | > k and § > 1, then by Theorem 6 (iii) we deduce that (iv")
follows. O

To show that the inequalities above are tight, we consider the following examples. For (i’), we have
T (K1 + (K UKyp)) = 7?211)(K1 + (K UKy)) = 3. For (ii") we have Vi) (G) = Tk (G) =
k + 1 for every graph G with k 4 1 universal vertices. Finally, for (iii’) and (iv’), we take I = k = 2 and
7?2’2,2) (Ko + Ny) = 27?1,1) (K2 + N,) =4 forevery n > 2.

We already know that 14(G) = 71,1)(G) = Y(1,1,w,,..,w)(G), for every wy,...,w; € {0,1}.
In contrast, the picture is quite different for the case of secure (1, 1)-domination, as there are graphs
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where the gap ﬁl,l) (G) — 7?1’_..,1) (G) is arbitrarily large. For instance, nlgrgo '7?1,1) (K1,-1) = 400, while,
if] > 2,then lim 7?1
n—-+oo

,,,,,

Proposition 2. Let G be a graph of order n. Let w = (wy, ..., w;) € Z* x N! such that wy > --- > wj.
If G' is a spanning subgraph of G with minimum degree §' > 5, then

To(G) < 70(G).

Proof. Let E- = {ey,...,¢;} be the set of all edges of G not belonging to the edge set of G'. Let Gj = G
and, foreveryi € {1,...,k},let X; = {ey,...,¢;} and G/ = G — X;, the edge-deletion subgraph of G
induced by E(G) \ X;.

For any 7;,(G})-function f and any v € V(G]) = V(G) with f(v) = 0, there exists u € M¢(v).
Since f and f,,—, are w-dominating functions on Gl{ , both are w-dominating functions on G{fl, and so
we can conclude that f is a secure w-dominating function on G/_;, which implies that 75,(G/_;) <

73(G}). Hence, 73,(G) = 73,(G)) < 75(G) < - <95,(Gy) = 72,(G'). O

As a simple example of equality in Proposition 2 we can take any graph G of order n, having n’ +
1 > 2 universal vertices. In such a case, for n’ = w; > - - - > w; we have that

f)/?n’,n’:wl,...,w,)(K”) = ’Y?n’,n’:wl,...,w,) (G) = W?n’,n’)(K”) = ’Y?n’,n’)(G) =n' +1.
From Proposition 2, we obtain the following result.

Corollary 5. Let G be a graph of order n and w = (wy, ..., w;) € Z* x N such that wy > - - - > wy.

e If G is a Hamiltonian graph and w; < 21, then v3,(G) < 7v5,(Cp).
e If G has a Hamiltonian path and w; < 1, then v3,(G) < v5,(Py).
To derive some lower bounds on 75, (G), we need to establish the following lemma.

Lemma 2 ([1]). Let G be a graph with no isolated vertex, maximum degree A and order n. For any w-dominating
function f(Vy,...,V;) on G such that wy > -+ - > wy,

!
Aw(f) > won + ) (w; —wo)|V;].
i=1

Theorem 7. Let G be a graph with no isolated vertex, maximum degree A and order n. Let w = (wy, ..., w;) €
Z+ x N such that wg > - -+ > wy and 1§ > wy. The following statements hold.

o Ifwy=wyand wy—w; <iforeveryic {2,..,1}, then v5,(G) > [W-‘ :

o Ifwy = wy, then v5,(G) > [(uA]O-;igq )

o Ifwy=wi+land wy —w; <iforeveryi € {2,..,1}, then v5,(G) > [Z”j’r’ﬂ .

e m(G) 2> [Auf;]o—‘ :

Proof. Let wy = w; and wy —w; < i for every i € {2,..1}. Let f(V,...,V)) be a
Y (wo+1,01,....wy) (G)-function. By Lemma 2, we deduce the following.



Symmetry 2020, 12, 1948 10 of 11

1
Aw(f) > (wo +1)n + ;(wi —wo)|Vi]
1
> (wo+ 1)n — Y _i|Vj|
i=1

= (wo+ 1)n — w(f).

Therefore, Theorem 1 (ii) leads to 75,(G) > w(f) > {(wgﬂ)"-‘ .
The proof of the remaining items is completely analogous. In the last two cases, we consider that

f(Vo, ..., Vp) is a 74 (G)-function, and we apply Theorem 1 (i) instead of (ii). O

The bounds above are sharp. For instance, ')/“El 1,0) (G) > [Az—fl] is achieved by Graph G, shown in

Figure 1, the bound 'y‘zk k0) (G) > [(kAtrllzn—‘ is achieved by G = K, forevery n > k(k — 1) > 0, the bound

Va1 (G) = [ 24 ] is achieved by the corona graph K, ® K, with n’ > 4, while Vi200)(G) = [ 251
is achieved by G = C5, G 2 K, and G = K,y UK,y withn > 2 and n’ > 4.
To conclude the paper, we consider the problem of characterizing the graphs G and the vectors

w for which 73, (G) takes small values. It is readily seen that 'y?w(] ) (G) =1lifand only if wy =1,
w1 = 0and G = K,,. Next, we consider the case 75, (G) = 2.

Theorem 8. Let w = (wy,...,w;) € Z+ X N such that wo > --- > wy. Fora graph G of order at least three,
Viwo. )(G) = 2 if and only if one of the following conditions holds.

(i) wy =0, v(G) = 1 and one of the following conditions holds.

o wyg=w =1.
o wy=1w =0,and G #£K,.
e wy=2 w € {O,l}andGEKn.

(i) wg=1,w =0,and 7?1/0) (G) =2
(iil) wo=wi =1and 7?1,1)((3) =2
(iv) wo =2, wy € {0,1}, and G = K,.

Proof. Assume first that ﬁwo,...,wz) (G) =2andlet f(V),...,V;) bea ﬁwow-,wl) (G)-function. Notice that
(wo,w1) € {(1,0),(1,1),(2,0),(2,1)} and [V3] € {0,1}.

Firstly, we consider that |V,| = 1, i.e., Vo = {u} for some universal vertex u € V(G). In this
case, w; = 0, v(G) = 1, and V; = & for every i # 0,2. By Lemma 1, if wy = 2, then G[Tf(u)] =
G[V(G) \ {u}] is a clique, which implies that G = K,,. Obviously, in such a case, w; < 2. Finally,
the case, wg = 1 and wy = O leads to G % K;;, as '7?1,0...,0) (Ky;) = 1. Therefore, (i) follows.

From now on, assume that V, = &. Hence, V; = @ foreveryi # 0,1. If wyp = 1 and w; =0,
then G 2 K, and V is a secure dominating set. Therefore, (ii) follows. If wy = w; =1, then V; is a
secure total dominating set of cardinality two, and so '7?1,1) (G) = 2. Therefore, (iii) follows. Finally,
assume wy = 2. In this case, V] is a double dominating set of cardinality two, and by Lemma 1 we
know that G[T(x)] = G[V(G) \ V1] is a clique for any x € V;. Hence, G = K, and, in such a case,
wy < 2. Therefore, (iv) follows.

Conversely, if one of the four conditions holds, then it is easy to check that 'Y?wo,...,
which completes the proof. [J

)(G) =2,

wy
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