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alegrarse con mis alegŕıas, sin sus ánimos y sus conversaciones este hubiera sido un camino
mucho más dif́ıcil de recorrer. Gracias a los dibujos de Jero y sus charlas que siempre me
alentaron tanto y a Jacobo quien con solo saber que viene en camino me llena de felicidad.

Gracias a mis amigos Carlos y Shirley, nuestra familia y nuestros ángeles de la guarda
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muchas cargas que no tenemos forma de corresponder y que valen mucho más de lo que ellos
se imaginan.

Gracias a Ana, quien desde el inicio de este proceso estuvo ah́ı y quien a pesar de la
distancia y el tiempo, sigo importándole y sigue estando alĺı para oirme, darme fuerzas y
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Chapter 1

Introduction

Process intensification, understood as a significant reduction in the size of process units and
the enhancement of their versatility and efficiency is one of the main chemical engineering
purposes. This increment of efficiency must arise as a consequence of novel designs of pro-
cess equipment that adapt dynamically the mixing in its interior to each kind of application
regarding the demand of heat or mass transfer.

Chemical and environmental engineering, biotechnology, and pharmaceutical industries
widely use process catalysts. The chemical reactions that occur in such processes take place
on catalyst surfaces or pellets. Examples of important processes where catalytic reactions are
involved are the isomerization of glucose and fructose to produce fructose rich syrups [1], lac-
tose hydrolysis to produce commercial infant milk formulas or low lactose milk products [2],
cellulose produced by bacteria to use in medicine and cosmetics [3], or hydroformylation of
olefins to aldehydes to manufacture products such as detergents, surfactants or plasticiz-
ers [4], among many different kind of reactions and applications.

Immobilized catalysts have been preferred over dissolved or suspended ones in stirred
reactors since immobilization facilitates catalyst reutilization and avoids catalyst recovery
and purification processes [5, 6]. In a typical reactor fluid system, when immobilized cata-
lysts are attached to an impermeable solid support, molecules are convected from the bulk
of fluids into the vicinity of the catalyst surface and then transported to the catalyst active
sites by molecular diffusion. This is the reason why mixing is a very important issue in
many applications since the substrate has to be brought into contact with the active sites
of catalysts. In many cases, mass transfer resistances are strongly dependent on substrate
diffusivity, porosity of catalyst carrier and reactor hydrodynamic conditions.

Traditionally, stirred tank reactors have been used since they favour a good distribution
of substrate over the catalyst and it is possible to attain homogeneous conditions over, for in-
stance, the cell cultures in bioreactions, by regulating the degree of agitation. When mixing is
provided by an impeller, convection can be very fast and the process is then controlled either
by the rate of molecular diffusion or by the rate of reaction. Different authors, have analyzed
the influence of the mass transfer resistance on the efficiency of different kind of chemical
reactors. For example, Justen et al. [7], studied the dependence of penicillium chrysogenum
growth and productivity in fed-batch fermentations (to produce penicillin) on impeller type
and agitation intensity. They found that for a given impeller the growth rates and the overall
biomass concentrations increased with agitation intensity, establishing that higher agitation
intensities appeared to cause more fragmentation which could have led to increased forma-
tion of new growing tips. They also suggested that the total power input and the choice of

1
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2 CHAPTER 1. INTRODUCTION

impeller geometry determine the mechanical forces that might affect microorganisms in a
fermentor, thereby influencing growth or production. Sánchez Pérez et al. [8] analyzed the
shear rate in a stirred tank reactor motivated by the fact that microorganisms and other
suspended solids are susceptible to damage depending on the prevailing shear rate, which
they show is a function of the rotational speed of the impeller. Han et al. [9], performed the
numerical simulation on micromixing of viscous fluids in a stirred tank reactor. They found
better micromixing is achieved with a fluid of lower viscosity and a higher agitation speed,
as a result the formation of side products is disfavored and the reaction rates are accelerated.

Thus, when impellers are used, it may be attained high levels of shear in the vicinity of
the impeller blades. This may cause for example cell damages and changes in their morpho-
logical state, which would decrease reaction yield in a given reactor. Accordingly, there is the
need to find equipment which does not use any kind of stirrers, without hindering efficiency.
Given that it is crucial to search for alternatives to traditional agitated systems, the aim of
this work is the design of flow systems that improve mixing considering elimination of any
mechanical mixing accessories. We focus our investigation in the device of highly efficient
and compact configurations for heterogeneous chemical reactors, in particular, in reactors
that have an immobilized catalyst in a solid surface and that follows a first order kinetic
law. We study the mixing enhancement in these reactors via forced convection, by means of
a pair of corotating disks enclosed by a cylindrical cavity, and natural convection, by means
of a cubical cavity where convection is imposed by a difference of temperatures between the
top and bottom wall.

Forced convection flow may cause an efficiency increment facilitating the transport of
the reactant (product), towards (from) the catalytic surface. It is worth to spotlight some
works [10–13] that make use of this. Yu et al. [10] studied the effect of vortex breakdown on
the fluid environment for cell growth via an homogeneous reaction. They made a numerical
study of fluid flow and oxygen transfer in a cylindrical bioreactor whose rotating base wall is
used to generate the medium flow and mixing. Zeng et al. [11], simulated the fluid flow and
mass transfer in a rectangular microchannel bioreactor with a monolayer of cells adherent
to the bottom. The species of interest transfer from the inlet to the cell surface at the bot-
tom of the channel, with a uniform inlet flow velocity, by a convective-diffusive mechanism.
Al-Shannag et al. [12] proposed and analyzed an immobilized enzyme reactor, a cavity of
square cross section where mixing is provided by the sliding top lid. This bioreaction system,
led to low mechanical stresses compared to traditional stirred tank reactors. The highest
velocities and velocity gradients occur near the top wall which is free of enzymes while bio-
cells are attached at the bottom wall where shear is small. More recently, Al-Shannag [13]
showed a similar setup in a toroidally-shaped cavity of square cross section. The stability of
these kind of flows had been previously studied for cartesian and cylindrical geometry [14,15].

Rotation has also been used as a forced convection generator. Examples of this are the
rotating packed beds (RPB) which are very much used nowadays in several applications.
For example, Cheng et al. [16] studied experimentally separation processes for the capture
of carbon dioxide from a gas by chemical absorption with aqueous solutions containing
alkanolamines in a RPB. They found CO2 capture efficiency increased with increasing tem-
perature and was dependent on rotation speed, gas and liquid flow rates. Sung et al. [17],
studied a RPB equipped with blade packings and baffles with potential application to trans-
fer of volatile organic compounds, from gas to liquid. Using an isopropyl alcohol absorption
process, they determined their model enhanced the mass transfer coefficient value, which
was mainly attributed to the increase in slip angular velocity of the gas and improved liquid
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3

mixing, dispersion and distribution in the rotor by static baffles. Hsu et al. [18] discussed the
absorption performance of a rotating packed bed with blade packings in removing methanol
and 1-butanol from binary mixtures finding that the rotating packed bed would be an ex-
cellent absorber for the removal of alkanols from gas streams.

A very classical system to enable and enhance mass transfer is the one of a single rotating
disk. Peev et al. and Peshev et al. [19,20], studied theoretically and experimentally the dis-
solution in liquid film flow on a horizontal rotating disk by means of dissolving gypsum in two
aqueous solutions. Peshev et al. concluded that the speed of rotation is the most important
operative parameter intensifying the dissolution rate in film flow of shear thinning liquid on
a horizontal rotating disk. Tsibranska et al. [21] studied the oxygen desorption from two
water polymer solutions. Numerical and experimental data demonstrate a synergetic effect
of the increase of disk revolutions and decrease of liquid rheology index in intensifying the
mass transfer process. Torras, et al. [22], studied numerically and experimentally the flow
inside a flat membrane module with a smooth rotating disk. They suggested high permeate
fluxes for the device due to large average shear stresses on the membrane and the absence
of stagnant zones inside the module, which are desirable features to avoid membrane fouling
processes.

Application of a single rotating disk to chemical reactors is as well found. Hardacre et
al. [23], studied the selective heterogeneous catalytic reduction of phenyl acetylene to styrene
over palladium supported on calcium carbonate, in a vertical rotating disk reactor (not all
the disk is in contact with the liquid all the time). The reaction in the rotating disk reactor is
dominated by reaction in the entrained film on the disk compared with very limited reaction
in the bulk liquid. Belfiore [24], studied the dynamic shear in continuous flow rotating disk
catalytic reactors. In his parallel disk reactor setup, the reactants chemisorb on the surface
of the rotating plate (the other one remains immobile) and catalytic sites are replenished
from the bulk fluid toward the active surface. Chemical reaction is enhanced by viscous
shear at the interface between the bulk fluid and the rotating plate. The reaction/diffusion
boundary condition on the surface of the rotating plate accounts for stress sensitive reactant
consumption. Meeuwse et al. [25] proposed a setup that consists of a rotor-stator geometry
which consists in a single rotating disk with a catalytic coating spinning inside a fixed cavity
where the fluid flows. A fast chemical reaction (glucose oxidation) takes place in the catalytic
medium which is located on the inferior disk surface. They found an unexpected result, the
Sherwood number, scales as Sh ∝ Re2.02 (105 6 Re 6 7× 105) very different compared with
the 0.5 and 0.9 which are the established values for laminar and turbulent flow respectively.

Instead of using a single rotating disk, our proposal is to use a stack of corotating en-
closed disks as a mixing enhancer in a catalytic chemical reactor. To model it we use only
two corotating disks since no interaction is considered between adjacent spaces. Several
investigations on the flow between two corotatory disks has taken the scientific community
attention [26–40] since it is a simple model that allows to understand the fluid dynamics
basic features of the flow of air inside the computer hard disks. Figure 1.1 shows the most
common geometry used in order to define the problem. As shown, it is made up of two
disks of radius R2 attached to a hub of radius R1 that rotates at an angular velocity Ω. The
disks are separated by a distance H and are confined in a cylindrical cavity which is at rest.
The dimensionless parameters that rule the incompressible flow for this geometry are the
Reynolds number, Re = ΩR2

2/ν, where ν is the kinematic viscosity of the fluid; the aspect
ratio, S = H/R2 and the radii ratio, γ = R1/R2. Disks rotation produce a secondary flow
in the transversal plane where the fluid is moving toward the exterior along the Ekman’s
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4 CHAPTER 1. INTRODUCTION

Figure 1.1: Sketch of the pair of corotating disks problem.

boundary layer close to the surface of each disk. At low Re numbers, the flow is axisym-
metric, i.e., independent of the angular coordinate, and it is characterized by the presence
of a couple of vortices in the transversal plane, similar to the ones that can be observed in
the Taylor-Couette flow [26, 27, 29–31]. It is known that, for laminar flow the heat transfer
velocities for the corotatory disks system are scaled in a similar way to the classical problem
of one rotatory disk, Nu ∝ Re1/2Pr1/3 [31, 36].

Considering the boundary layer flow type characteristic of the problem of the pair of
corotatory disks, it is not surprising that several technological applications have been devel-
oped involving heat or mass transfer between the disk surface and the fluid not only of a pair
but of a set of more than two disks. Engin et al. [41] studied a multiple–disk Tesla type fan.
Sarkar et al. [42] proposed a rotating disk bioreactor which has several vertical corotating
disks. Drumm et al. [42–44] studied numerically and validated experimentally liquid-liquid
extraction in a rotating disk contactor type extraction column (several rotating disks act as
stirrers in the column).

As previously mentioned, our first proposal as an alternative to traditional systems to
enhance mixing and improve efficiency in a chemical reactor is the model of a pair of coro-
tating disks enclosed by a cylindrical cavity. Then, the extension to more than two disks is
made piling up several pairs of corotating disks. The catalyst will be on the surface of each
disk and hence the specific catalyst surface will be higher. When only one pair is considered
the catalyst will be on the interior surface of the disks. We aim to study numerically the flow
for the arrangement described, to investigate its mixing properties and assess if its behavior
is suitable to a chemical reactor application and if it improves the performance of the typical
models. Two configurations are analyzed, discontinuous (batch) and semicontinuous. For
the former type of operation, the cavity is filled with the reactant and then set to start
working, for the latter one an external flow gets into the reactor through the outer wall
while the reactor is operating. Several aspect ratios are analyzed and the behavior of the
system under the variation of the parameters Re, Sc and φ (dimensionless kinetic constant)
is analyzed for both configurations. We focus on the laminar regime for which the model
remains 2D. (This part of our research has been already submitted to publication under
the title “Enhancement of mixing in a catalytic chemical reactor consisting of a stack of
corotating disks in a cylindrical enclosure” [45]).
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As a second alternative to enhance mixing with application to a chemical reactor, we
postulate a novel fashion of mixing enhancement by means of natural convection flow for
which we expect shear rate decreases making this kind of reactor ideal for enzymatic type
of reactions. Thus, we analyze numerically an approach where mixing within the reactor
is promoted by fully static means, that is, no mechanical device nor forced convection flow
is used. The components of agitation are eliminated by simply heating the reactor volume
in order to generate a natural convection flow pattern. (This part of our research has been
already published in the Chemical Engineering Journal 200, p 506–520, 2012; under the
title “Mixing intensification by natural convection with application to a chemical reactor
design” [46]).

Rayleigh-Bènard convection, has been the object of study in the fluids physics field dur-
ing several decades [47, 48]. There are several works in the literature where the potential
of natural convection flow to increase mixing in confined flows is shown. However, none of
them considered the application in a chemical reactor. De la Cruz et al. [49], for example,
demonstrated that chaotic mixing in a bidimensional cavity can be achieved by imposing
alternating hot and cold wall temperatures in a periodic manner. Gelfgat et al. [50], studied
numerically two-fluid natural convection flow in an horizontal cylindrical annulus and its
effect on mass transfer through the liquid-liquid interface of two immiscible fluids. They
show that the mass transfer of a protein, for instance, through the interface can be signifi-
cantly enhanced by the convective flow generated by heating the inner or outer cylindrical
boundary. Ma et al. [51], modeled the flow in a cylindrical cavity heated from the side,
showing that the basic steady flow that develops in such a situation is a toroidal pattern.
On the other hand, Campbell et al. [52, 53], did consider a chemical reaction application.
They investigated an exothermic reaction occurring in a spherical vessel, where the strong
temperature gradients lead to the development of natural convection flows. In this way their
results suggested that in liquid phase the natural convection flow is quite likely to favour a
good mixing of reactant and product species.

Puigjaner et al. [54–57] has investigated very well stability in natural convection in a
cubical cavity with constant bottom and top walls temperatures, Th and Tc respectively
(Th > Tc), for Rayleigh numbers Ra 6 1.5× 105. They have shown multiple stable station-
ary solutions of the momentum and energy conservation equation, as well as a great number
of unstable solutions. In [54] analysis of the bifurcations and stability of steady convective
flow pattern of air (Pr = 0.71) was done in a cubical cavity as described above, with adia-
batically lateral walls. A Galerkin method with globally defined basis functions along with
a parameter continuation method were used to determine the bifurcations and stability of
the steady solutions. It was determined different stable steady flow patterns can coexist for
moderate values of Ra. In [55] the same kind of cavity filled with silicon oil (Pr = 130)
was studied. The variation of the Nusselt number as a function of Pr was also investigated
for three of the stable flow patterns. The bifurcation diagram was determined and fifteen
steady solutions were tracked. The stability analysis predicted that six flow patterns were
stable and that two, three, or even four of these patterns coexisted over certain ranges of
Ra. It was found that whereas the Nusselt changes within the region 0.71 6 Pr 6 10 it
tends to an asymptotic values with increasing Pr. Several Hopf bifurcations were identified
within the region Ra > 9 × 104. The symmetry properties of flow patterns were used to
analyze their spatial configuration. Some of the flow patterns evolve to rather complex spa-
tial configurations as the Rayleigh number increases. In general, all flow patterns tend to
develop secondary rolls as the Rayleigh number increases. Bifurcation diagrams were found
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6 CHAPTER 1. INTRODUCTION

to be strongly dependent on the Prandtl number and the evolution of flow patterns as the
Rayleigh number increases is also rather dependent on Pr. The variation of the Nusselt
number Nu with Pr reveals that heat transfer rates for any of the three stable solutions
that set in at bifurcations from the conductive state change significantly within the region
0.71 6 Pr 6 10 tending to an asymptotic value beyond. In [56] conducting sidewalls were
imposed instead of the adiabatically ones previously studied. Both Pr = 0.71 and 130 were
studied. For both cases bifurcation diagrams were more complex than those for adiabatic
sidewalls. Four and nine different convective solutions were stable over certain ranges of Ra
were identified at Pr = 0.71 and Pr = 130, respectively. The dependence of the bifurcation
diagrams and of the topology of the flow patterns on the Prandtl number were also stronger
in the case of conducting sidewalls. Most of the flow patterns investigated evolve to double
toroid–like topologies with increasing Rayleigh number. In [57], Simó et al. investigated the
mixing capacity in a cubical cavity with conducting sidewalls and Pr = 130, by means of
dynamical systems tools. Using Poincaré maps they clarified the global structure of the flows
studied. Regions with regular and chaotic motion were identified, showing chaotic region
increase rapidly as Ra is increased. The chaotic nature of the flows has been quantified by
the maximal Lyapunov exponent and the metric entropy. As a previous understanding of the
flow inside a cubical cavity is known, there is room then to formulate the natural convection
as the stimulus driving the mixing in catalytic and enzymatic reactors.

The natural convection setup that is selected in the present investigation is that of a
cubical cavity with a difference of temperatures between the top and bottom walls and with
adiabatic lateral sidewalls. There are three reasons for the choice of such a geometry. First,
in the absence of previous knowledge on the subject it is reasonable to choose a simple geom-
etry to start with. Second, a knowledge on the stability and dynamics of the flow patterns
that can be generated by natural convection is necessary to control the type of circulation
that mostly favors mixing. In this respect, we take advantage of the highly accurate numer-
ical and analytical tools previously developed by Puigjaner et al. [54,55]. Third, the current
problem is a very challenging one from the numerical point of view. Most of the previous
analytical and numerical studies of convection mass transfer into or from a solid interface
relied on two-dimensional calculations or on a simplified version of the real three-dimensional
flow geometry [12,24]. The key point is that for realistic flow conditions, the cavity is filled
with a liquid phase with properties similar to those of water, molecular diffusivity is much
smaller than kinematic viscosity. In these conditions, molecular diffusion is dominating the
total resistance to mass transfer within a very thin region in the vicinity of the catalytic
surfaces.

An accurate calculation of concentration profiles within the region enclosed by the ge-
ometries of the setups described would be prohibitively expensive if classical methods, such
as finite-elements or finite-differences, had to be used for the discretization of the differential
conservation equations in three dimensions for the cubical reactor case or in two dimensions
for the corotating disks reactor case. Nonetheless, the simplicity of the geometries selected
in the present work, cylindrical and cubical, allows the development of a spectral Galerkin
method which was implemented to solve the conservation equations.
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Chapter 2

Problem formulation

2.1 Forced convection problem

2.1.1 Fluid mechanics model

An incompressible laminar flow of a Newtonian fluid inside a cylindrical catalytical chemical
reactor is considered. The reactor, which is sketched in Fig.2.1, consists of two coaxial disks
attached to and corotating with a hub enclosed in a cylindrical cavity. A first order catalytic
chemical reaction takes place at the interior surface of each disk. The velocity and concentra-

Figure 2.1: Sketch of the corotating disk reactor in the discontinuous operation mode. Note that since
axisymmetry is assumed only the reactor projection into the radial–axial (R,Z) plane is shown. A first order
catalytic chemical reaction takes place on the inner surface of each disk.

tion fields are assumed to be axisymmetric, that is, velocity and concentration depend only
on the radial (R) and axial (Z) cylindrical coordinates. The 2D–flow assumption is justified
by the fact that within the range of Reynolds numbers investigated, (Re 6 105), the flow is
laminar. Notwithstanding, it is known that for each aspect ratio S there exists a bifurcation
value, Ret 6 105, at which a three-dimensional (3D) flow arises from the basic axisymmetric
flow [30, 32, 40]. The resulting 3D flow, however, is of the wavy type, that is, it can be un-
derstood as the circumferential oscillation with a given wavenumber of an averaged 2D flow
which would be very similar to the corresponding solution of the axisymmetric branch at
the same Reynolds number. Indeed, Herrero et al. [31] calculated the heat transfer between
two corotating disks set at different temperatures and found no significant difference in the

7
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8 CHAPTER 2. PROBLEM FORMULATION

respective Nusselt numbers computed for the 2D and the corresponding 3D flows at the same
Re values. Under the aforementioned assumptions, the mass and momentum dimensionless
conservation equations in a frame of reference rotating at the angular velocity Ω may be
written as,

Mass
1

S

∂W

∂Z
+
∂U

∂R
+
U

R
= 0 (2.1)

Radial momentum

∂U

∂τ
+
W

S

∂U

∂Z
+U

∂U

∂R
= −∂P

∂R
+

1

Re

{
∂

∂R

(
1

R

∂

∂R
[RU ]

)
+

1

S2

∂2U

∂Z2

}
+

(
2V +

V 2

R
+R

)
(2.2)

Circumferential momentum

∂V

∂τ
+
W

S

∂V

∂Z
+ U

∂V

∂R
= +

1

Re

{
∂

∂R

(
1

R

∂

∂R
[RV ]

)
+

1

S2

∂2V

∂Z2

}
−
(
2U +

UV

R

)
(2.3)

Axial momentum

∂W

∂τ
+
W

S

∂W

∂Z
+ U

∂W

∂R
= − 1

S

∂P

∂Z
+

1

Re

{
1

R

∂

∂R

(
R
∂W

∂R

)
+

1

S2

∂2W

∂Z2

}
(2.4)

where R and Z are the dimensionless radial and axial coordinates, respectively; U , V andW
are the dimensionless radial, circumferential and axial components of velocity, respectively;
τ is the dimensionless time and P is the dimensionless pressure.

The length scales used to obtain the dimensionless variables in Eqs. (2.1)–(2.4) are R2

and H respectively, so the nondimensional domain is:

Υ = [γ, 1]×
[
−1

2
,
1

2

]
(2.5)

where γ = R1/R2 is the radius ratio. The velocity components, modified pressure (p− ρgz)
and time were respectively scaled by the quantities,

U0 = ΩR2, P = ρΩ2R2
2 and tdiff = R2

2/D (2.6)

Thus, Eqs. (2.1)–(2.4) depend on two dimensionless parameters, namely, the Reynolds
number, Re, and the height to outer radius ratio, S, which are respectively defined as
Re = ΩR2

2/ν and S = H/R2. Ω is the angular velocity at which the disks rotate and ν
is the kinematic viscosity. Note that in the rotating frame of reference the circumferential
component of velocity, V , vanishes at the hub and disk surfaces. The rightmost term R in
Eq. (2.2) denotes the centrifugal force while the terms 2V and −2U within the rightmost
parenthesis in Eqs. (2.2) and (2.3) are the respective components of the Coriolis force. The
boundary conditions for equations (2.1)–(2.4) are

U = V =W = 0 at Z = ±1/2 and R = γ (2.7)

U =W = 0, V = −1 at R = 1. (2.8)

Instead of solving the mass and momentum conservation equations in terms of velocity
and pressure, we used the axisymmetric velocity potential, Ψ, also known as streamfunction,
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2.1. FORCED CONVECTION PROBLEM 9

U = −
(
1

R

)
∂Ψ

∂Z
(2.9)

W =

(
S

R

)
∂Ψ

∂R
(2.10)

It is clear that when Eqs. (2.9) and (2.10) are used, the continuity equation (2.1) is auto-
matically fulfilled. Besides, boundary conditions (2.7) and (2.8) may be written as

V =
∂Ψ

∂Z
=
∂Ψ

∂R
= 0 at Z = ±1

2
and R = γ (2.11)

V = −1 ,
∂Ψ

∂Z
=
∂Ψ

∂R
= 0 at R = 1 (2.12)

Note that since Ψ must be continuous along the boundary, Eqs. (2.11)–(2.12) can be replaced
by

V = Ψ =
∂Ψ

∂Z
= 0 at Z = ±1

2
(2.13)

V = Ψ =
∂Ψ

∂R
= 0 at R = γ (2.14)

V = −1 , Ψ =
∂Ψ

∂R
= 0 at R = 1 (2.15)

The mass and momentum conservation problem (2.1)–(2.8) is therefore determined by the
values of three dimensionless parameters, namely the Reynolds number, Re, the height to
outer radius ratio, S, and the radius ratio, γ. The latter quantity only appears explicitly in
the boundary condition (2.15) at the rotating hub surface.

2.1.2 Mass transfer model

Two different operation modes, a discontinuous reactor and a semicontinuous reactor, were
investigated. In the discontinuous reactor, sketched in Fig.2.1, the walls of the external
cylinder were assumed to be impermeable. In the semicontinuous reactor, we considered
that a steady flux entered the reactor through the external cylinder wall (see Fig.2.2). In
both cases the catalytic reaction is assumed to take place on the surfaces of the corotating
disks.

The dimensionless molar conservation equation of the solute species, can be written as

∂C

∂τ
=

[
1

R

∂C

∂R
+
∂2C

∂R2
+

1

S2

∂2C

∂Z2

]
−ReSc

[
U
∂C

∂R
+W

1

S

∂C

∂Z

]
(2.16)

where C is the molar concentration and Sc = ν/D is the Schmidt number, D being the binary
coefficient of molecular diffusion for the solute/solvent pair and ν the kinematic viscosity as
mentioned before. Boundary conditions for Eq. (2.16) can be defined as

∂C

∂Z
= ±φC at Z = ∓1

2
(2.17)
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10 CHAPTER 2. PROBLEM FORMULATION

Figure 2.2: Sketch of the corotating disk reactor in the semicontinuous operation mode. The only difference
with respect to the discontinuous reactor in Fig. 2.1 is in the molar flux of reactant, JR = JR(Z), which is
being continuously fed through the outer enclosure wall; see Eq. (2.19).

∂C

∂R
= 0 at R = γ (2.18)

∂C

∂R
= JR(Z) at R = 1 (2.19)

where φ is the Damköhler number which represents the ratio of the rate of chemical reaction
to the rate of molecular diffusion and it is defined as φ = kH/D, k being the constant of
the rate of chemical reaction. In Eq. (2.19) JR(Z) represents the flux entering the reactor
through the external cylinder wall. Therefore, JR = 0 when the discontinuous reactor is
considered. In the case of the semicontinuous reactor we assumed a molar flux with a
Gaussian profile that is constant in time. Thus, we used

JR(Z) = Be−(2Z)2/σ2

. (2.20)

2.2 Natural convection problem

We consider the incompressible flow of a Newtonian fluid in a cubical cavity with imper-
meable and adiabatic lateral walls. The Boussinesq approximation is used in the mass and
momentum conservation equations, i.e., it is assumed that the fluid density varies linearly
with temperature while the rest of physical properties and transport coefficients are constant
through the whole domain.

The geometry of the problem is sketched in Fig. (2.3). The top and bottom walls are
kept at uniform temperatures Tc and Th (Tc < Th), respectively. It is assumed that a first
order catalytic chemical reaction takes place at the bottom plate of the cavity. The initial
concentration of solute (reactant species) in the cavity is considered to be small enough not
to alter the velocity field, that is, it is assumed that fluid density does not depend on con-
centration. Moreover, any effect of the heat of reaction is neglected.
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2.2. NATURAL CONVECTION PROBLEM 11

Figure 2.3: Sketch of the geometry of the problem of the cubical catalytical reactor driven by natural
convection.

The dimensionless differential equations governing the conservation of mass, momentum
and energy can therefore be written as:

1

Pr

[
1

Le

∂V

∂τ
+Ra1/2 (V · ∇)V

]
−∇2V −Ra1/2θ ez +∇p = 0 (2.21)

1

Le

∂θ

∂τ
+Ra1/2 (V · ∇) θ −∇2θ −Ra1/2w = 0 (2.22)

∇ ·V = 0 (2.23)

with boundary conditions

V =
∂θ

∂X
= 0 at |X| = 1

2

V =
∂θ

∂Y
= 0 at |Y | = 1

2

V = θ = 0 at |Z| = 1

2

(2.24)

where X, Y and Z are the dimensionless cartesian coordinates, V = (u, v, w) is the dimen-
sionless velocity vector, ∇ is the nabla operator in dimensionless cartesian coordinates, τ is
the dimensionless time, θ is the dimensionless temperature, p is the dimensionless pressure
and ez = (0, 0, 1)T is the unit vector in the Z direction. The dimensionless parameters
governing the flow of the system are the Rayleigh number, Ra = β∆TgL3/(αν); Prandtl
number, Pr = ν/α and Lewis number, Le = Sc/Pr = α/D; where β is the coefficient of
thermal expansion, ∆T is the vertical temperature drop (Th − Tc), g is the acceleration of
the gravity, α is the thermal diffusivity, ν is the kinematic viscosity and D is the binary
coefficient of molecular diffusion for the solute/solvent pair.

Equations (2.21-2.24) were adimensionalized on basis of the following scales: the volume
of the cavity was scaled by the the length of its side, L, to obtain the nondimensional domain

Υ =

[
−1

2
,
1

2

]
×
[
−1

2
,
1

2

]
×
[
−1

2
,
1

2

]
, (2.25)
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12 CHAPTER 2. PROBLEM FORMULATION

the velocity, temperature, pressure and time were respectively scaled by the quantities,

U0 =

[
β∆TgαL

ν

]1/2
, ∆T = Th − Tc , P =

ρνU0

L
, and tdiff = L2/D. (2.26)

Notice the scale that defines the dimensionless time, τ , is a characteristic time for molecular
diffusion.

A value of Pr = 6, typical of water at ambient temperature, is assumed. The differen-
tial equation for the conservation of the solute species in terms of its molar concentration
C(τ,X, Y, Z) may be written as:

∂C

∂τ
+

(
Sc

Pr

)
Ra1/2 (V · ∇)C −∇2C = 0 (2.27)

with boundary conditions

∂C

∂X
= 0 at |X| = 1

2
∂C

∂Y
= 0 at |Y | = 1

2
∂C

∂Z
= 0 at Z =

1

2

(2.28)

φC = −
(
JZL

D

)
=
∂C

∂Z
at Z = −1

2
. (2.29)

where JZ is the vertical component of the solute molar diffusion flux and φ = kL/D is the
Damköhler number, k being the constant of the chemical reaction rate. Equation (2.29) de-
fines the first order catalytic chemical reaction at the bottom plate by equating the diffusive
flux on the surface to the rate of chemical reaction.

Note that the Damköhler number, φ, is the ratio of tdiff to the characteristic time scale
for the chemical reaction, L/k. A third relevant scale is the characteristic time for convective
transport, tconv = L/U0 = L2/(αRa1/2). The ratio of the convective time scale to molecular
diffusion time scale can be written as

tconv
tdiff

=
D

αRa1/2
=

(Pr/Sc)

Ra1/2
=

1

LeRa1/2
(2.30)

Equation (2.30) expresses the main idea that motivated the investigation of natural convec-
tion as a potential mixer. For values of the Rayleigh number of order Ra = 105 we have
tconv � tdiff , that is, natural convection is fast enough to provide adequate mixing levels
to the reactor, especially when the cavity is filled with a liquid phase (Le � 1). Note that
since the ratio of tconv to L/k is equal to φ/(LeRa1/2) the natural convection–driven reactor
would not be competitive in case of a very fast chemical reaction (very high values of the
Damköhler number φ).

It is worth pointing out that Eqs. (2.21-2.24) are independent of Eqs. (2.27-2.29) and
consequently they can be solved separately. The initial condition used to integrate in time
the system (2.27-2.29) is discussed in Subsection 3.3.1 below.
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Figure 4.17: Poincaré maps for Ra = 105 at different heights of the cubical cavity (a) Z = 0 , (b) Z = −0.1,
(c) Z = −0.25 and (d) Z = −0.4. Red and blue dots respectively represent ascending and descending orbits.
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if convection was the only transport mechanism. Thus, Poincaré maps in Fig. 4.17 give us a
qualitative picture of mixing in conditions of very low molecular diffusivity, i.e., large values
of the Schmidt number.

Figure 4.18 shows the dependence on Ra of the volumetric percentage of chaotic region
and the maximal Lyapunov’s exponent. According to the notion that chaoticity favours mix-
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Figure 4.18: Variation with Ra of the maximal Lyapunov exponent, LM (solid line), and of the percentage
of chaotic region (dashed line). The values of LM have to be read on the right y-axis.

ing, the fact that the percentage of chaotic region is relatively high in all cases (70− 77%)
foretells good mixing properties for the B3 flow pattern. Figure 4.18 shows that the percent-
age of chaotic region undergoes a rapid increase between Ra = 9× 104 and Ra = 105. The
maximal Lyapunov’s exponent also presents a similar sudden increase but it takes place at
slightly larger Rayleigh numbers (105 ≤ Ra ≤ 1.1× 105).

As it is discussed below, dynamical analysis offers a relatively fast (and cheap) qualitative
characterization of the mixing capabilities of a given flow pattern but to obtain quantitative
descriptors we must turn to classical transport phenomena tools.

4.3.2 Concentration field

The ODE system (3.29) was numerically integrated for Pr = 6 and four different values of
the Rayleigh number, namely Ra×10−3 = 75, 100, 125 and 150. Four different values of the
Schmidt number which lead to four Lewis numbers (Le = Sc/Pr) were considered in each
case, namely Le = 1 (Sc = 6), Le = 10 (Sc = 60), Le = 100 (Sc = 600) and Le = 1000/3
(Sc = 2000). In addition, three different values of the Damköhler number, namely 1, 10
and 100 (representing cases of comparatively slow, average and fast reactions, respectively),
were used for each (Ra,Le) pair. Thus a total amount of 48 time-integrations of (3.29)
were performed. The reactant conversion χ, may be used as a first indicator of the reactor
efficiency. Figure (4.19) shows that χ(τ) depends strongly on both Le and φ. Let us define
τ90 as the time at which 90% of the initial amount of solute has reacted, that is τ90 satisfies
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58 CHAPTER 4. RESULTS AND DISCUSSION

χ(τ90) = 0.9. Figure 4.19 shows that, for a given value of Ra, the larger φ and Le are, the
smaller τ90 is. These trends agree with the evolutions with time of the efficiency factor η(τ),
plotted in Fig. 4.20 for Ra = 75× 103.
The increase of η(τ) as φ is decreased in Fig. 4.19 is due to the fact that an increase in the
reaction speed leads to a decrease of the overall mass transfer resistance (see Eq. (4.11)).
Figure 4.20 also shows that, for a given φ, the efficiency η(τ) grows when Le is increased,
that is, when molecular diffusion is slower, a behavior that might seem contradictory at
first sight. This behavior, along with the dependence of the present results on the Rayleigh
number, will be analyzed and discussed in the next subsection.

In all of the cases investigated, η(τ) reaches a plateau–like value after a short transient,
as shown in Fig. 4.20. Note that the time τ∞ needed to achieve a plateau–like value is always
less than 0.1 and much smaller than the corresponding τ90 value in Fig.4.19. Let η∞ denote
the asymptotic value of η at the plateau–like region, τ ≥ τ∞. This remarkable behavior of
η(τ) is consistent with the fact that the spatial distributions of the normalized concentration
Σ, defined in (4.20), become frozen, i.e., nearly independent of time, as soon as τ = τ∞
(η(τ) = η∞,∀τ ≥ τ∞), as illustrated in Fig 4.21. This figure shows isocontours of Σ at the
horizontal midplane Z = 0 for Ra = 1.5 × 105, Le = 10 and φ = 10 at two different times.
The isocontours of Σ at Z = 0 plotted in Fig 4.22 for Ra = 105, φ = 100 and τ = τ90 at the
four studied Lewis numbers, show that the distributions of Σ depend strongly on the Lewis
number. Figure 4.22 also shows that the lowest concentrations are achieved near the two
diagonally opposite edges with strong downflow whereas the largest concentration values are
found in the bulk region. The normalized concentration distribution plotted in Fig. 4.22 (a)
for Le = 1 (Sc = Pr) resembles the distribution of the vertical velocity component plotted
in Fig. 4.15 (a). As Le increases, the concentration gradients are confined to the vicinity of
the lateral walls and increasingly smaller scales are visible in the plots. The development of
small scales in the concentration distributions is the way in which chaoticity, evident in the
Poincaré maps, manifests itself in the continuous model at large values of Le. Actually, in
the cases with lower molecular diffusivity, Le = 100 and 333.33, the horizontal concentration
distribution does not resemble the velocity distribution but it looks rather familiar to the
Poincaré maps in Fig. 4.17 (a). In particular, regularity regions far from the walls in Fig.
4.17 are associated with regions of largest Σ levels in Fig. 4.22 (d).

The overall picture that we can extract from Fig. 4.22 is that two types of regions may also
be distinguished in regard to their mass transfer characteristics. Such a distinction becomes
especially relevant as Le increases, that is, as molecular diffusion becomes slower. On one
hand, there are near-wall regions where fluid motion is strong and therefore convection is
efficient in carrying solute down to the vicinity of the catalytic surface. For reasons that are
discussed below, we refer to such regions as boundary layer regions. On the other hand, there
is a bulk region comprising most of the space away from the cavity walls. At high Le values
the bulk region is characterized by the presence of regularity domains in the Lagrangian
analyses. Since mass transfer between regions of regular and chaotic advection is largely due
to molecular diffusion, it is not surprising that larger values of concentration are observed
in the bulk, regular regions.

4.3.3 Scaling Analysis

Since the level of efficiency of the current reaction system can be characterized by means of
the asymptotic quantity η∞ it would be desirable to correlate η∞ as a function of the problem
parameters, Ra, Sc and φ. However, we found that a direct fit of the form η∞ ∝ RaaLebφc
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Figure 4.19: Evolution in time of the reactant conversion, χ, for Ra = 75× 103 and different values of φ and
Le. (a) Conversion curves for all the (Le,φ) pairs. (b) Zoom with the curves for φ = 10 alone. (c) Zoom
with the curves for φ = 100 alone.
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Figure 4.20: Evolution in time of the reactor efficiency, η, for Ra = 75 × 103 and different values of φ and
Le. The values of φ are pointed out at the right side; from bottom to top, the first four curves stand for
φ = 100, the next four for φ = 10 and the last four for φ = 1. The value of the Lewis number in each case
is denoted by its line style: solid lines (Le = 1), dashed lines (Le = 10), dashed-dotted lines (Le = 100) and
dotted lines (Le = 333.33).
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Figure 4.21: Horizontal midplane (Z = 0) distributions of the normalized solute concentration Σ for the case
with Le = 10, Ra = 1.5 × 105 and φ = 10 and two different times, namely (a) τ − τ0 = 5 × 10−2 and (b)
τ = τ90, the time at which the reactant conversion has reached its target value χ(τ90) = 0.90.
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Figure 4.22: Horizontal midplane (Z = 0) distributions of the normalized solute concentration Σ at times
such that τ = τ90 for Ra = 1.0 × 105, φ = 100 and four different values of the Lewis number, namely a)
Le = 1, b) Le = 10 c) Le = 100 d) Le = 333.33.
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was useless. Our goal at that point was to figure out the reason why η∞ increases with
increasing Le. Let us understand the role of the natural convection flow as being responsi-
ble to carry solute, distributed throughout the cavity, into the bottom wall boundary layer.
Let us also assume that the notion of a concentration boundary layer makes sense for the
present problem. Then it follows that solute nearby the bottom wall would diffuse down to
the catalytic surface through a concentration boundary layer of an average thickness δC/L.
A side–effect of the above assumptions is that the characteristic time for diffusion in the
present problem would not be τdiff = L2/D but rather δ2C/D. Concerning the concentration
boundary layer, the following questions must be addressed: can we somehow identify it? If
so, how can we measure its thickness, δC/L? And, can δC/L be correlated to the problem
parameters, Ra, Sc and φ?

Figure 4.23 shows the variation with the vertical coordinate Z of the normalized hor-
izontally averaged concentration Λ, at a time that verifies τ ≥ τ∞ for three different sets
of values of the parameters Le, φ and Ra. Like the quantity Σ in (4.20), Λ(τ, Z) becomes
nearly independent of time as soon as τ ≥ τ∞. In all the cases investigated the quantity
Λ(τ, Z) drops from a roughly constant bulk value to zero within a narrow region of the Z
domain. This fact corroborates the hypothesis of the existence of a concentration boundary
layer region, near the bottom surface of the cavity, at which large vertical concentration gra-
dients are reached. Figure 4.23 (a) shows that the concentration boundary layer at Le = 1
is relatively thick. The small drop near the top wall in the concentration profiles plotted in
Fig. 4.23 may also be interpreted in terms of boundary layer transport. Since fluid motion
is strongest in the momentum boundary layer regions solute in the vicinity of the top wall is
transported downwards much more easily than is solute in the bulk region. In other words,
molecular diffusion of solute in the bulk region seems to be the limiting mechanism for mass
transfer but, fortunately, diffusion does not only occur towards the bottom surface but also
towards the top and lateral walls.

The qualitative tendency described by Eq. (4.30) predicts that the width of the concen-
tration boundary layer δC/L decreases whenever either Le or Ra are increased. Notwith-
standing, in order to obtain a quantitative relation between δC/L, Le and Ra we must find
out a method to estimate δC/L. One option is to define −1/2+δC/L as the vertical position
fulfilling the following identity for any τ such that τ ≥ τ∞:

Ĉ(τ, Z)

C(τ)
− η(τ) = 0.90

(
Ĉ(τ, Z∞)

C(τ)
− η(τ)

)
(4.31)

In (4.31) Z∞ is defined so that the horizontal plane Z = Z∞ verifies the following conditions:
the plane is far from the bottom surface (Z∞+1/2 � 0), the plane is outside the momentum

boundary layer (−1/2 + δM/L < Z∞ < 1/2 − δM/L) and the quantity Ĉ(τ, Z∞)/C(τ) has

reached a practically constant value, that is Ĉ(τ, Z)/C(τ) is nearly constant for any τ ≥ τ∞
and for any Z in an interval (Z∞ − d, Z∞ + d), with d > 0 being far from zero. Neverthe-
less, the concentration profiles plotted in Fig. 4.23 suggest that this method may produce
inaccurate values. In particular, the predicted δC/L in Fig.4.23 (a) might be too large and
the irregularity of the concentration profile in Fig.4.23 (c) introduces some arbitrariness in
the choice of Z∞.

We propose here a different method to characterize the variation of the concentration
boundary layer as a function of the problem parameters Ra, Le and φ. It is based on the use
of both the normalized concentration profile, Λ(τ, Z), and a normalized horizontally averaged
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Figure 4.23: Vertical profiles of the normalized horizontally averaged solute concentration, Λ, and molecular
diffusion flux, Γ for the cases with (a) Ra = 1.5 × 105, Le = 1 and φ = 1, (b) Ra = 7.5 × 104, Le = 100
and φ = 100 and (c) Ra = 7.5× 104, Le = 333.33 and φ = 1. On top of each plot the symbol δC points the
location for the average concentration boundary layer thickness as defined by Eq. (4.31) whereas ε points
to the location defined by Eq. (4.32).
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vertical diffusion flux defined in (4.22). Note that we can also safely assume Γ(τ, Z) =
Γ(τ∞, Z) for τ ≥ τ∞. The vertical profiles of Γ, also included in Fig. 4.23, decay rapidly
from its maximum value, Γ(τ,−1/2) = 1, as Z increases and are basically zero in the bulk
region. Looking at different profiles of Γ we observed that the point at which the rate of
decay of Γ, i.e., ∂zΓ, reaches its maximum was always very close to the point at which Γ
and Λ intersect. Since the intersection point was always quite close to the bottom plate we
propose the quantity ε that verifies

Γ(τ, ε/L) = Λ(τ, ε/L) ∀τ such that τ ≥ τ∞ (4.32)

as an indicator of the thickness of the concentration boundary layer. One reason for using
ε instead of δC in the current analysis is that the former of these two quantities correlates
better with the problem parameters (a second, more important reason for the choice of ε
is explained below). The values of ε/L were computed through Eq. (4.32) for 48 sets of
parameters and then fitted to an equation of the form:

ε̃

L
+

1

2
= ARaaLebφc (4.33)

The following values of the fitting parameters A, a, b and c were obtained

A = 2.95, a = −0.309, b = −0.329 and c = 7.76× 10−3 (4.34)

Figure 4.24 shows that the fitted values, denoted as (ε̃/L+1/2), obtained from substitution
of Ra, Le and φ into Eq. (4.33) with the values of A, a, b and c given in (4.34) are in all cases
in good agreement with the (ε/L+1/2) values computed through Eq. (4.32). Note that the
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Figure 4.24: Two different fittings for ε as a function of Ra, Le and φ according to Eq. (4.33). The abscissa
correspond to the ε values calculated with Eq. (4.32) for all of the 48 cases investigated. Hollow triangles
(M) denote the fit predictions for ε when the exponents a and b are fixed to −1/4 and −1/3, respectively;
in this case c = 2.36 × 10−2 and A = 2.23 with a residual sum of squares equal to 0.228. Filled circles (•)
represent the fit prediction for ε when none of the exponents are fixed; in this case a = −0.309, b = −0.329,
c = 7.76× 10−3 and A = 2.95 with a residual sum of squares equal to 4.94× 10−2.

fitting values obtained for the exponents a and b are similar to the theoretical exponents
−1/4 and −1/3 proposed for δC/L in Eq. (4.30). This similarity suggests that Eq. (4.32)
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4.3. NATURAL CONVECTION PROBLEM 65

provides a suitable method to characterize the width of the concentration boundary layer
in terms of (ε/L+1/2). Nonetheless, Fig. 4.24 also shows that the fit obtained when the
exponents a and b in (4.33) are fixed to their theoretical values, i.e. a = −1/4 and b = −1/3,
is worse than the optimal one. Note that the exponent of φ in (4.33) is very close to zero.
Although it has been found that the value of the exponent, c = 7.76× 10−3, is statistically
significant (the hypothesis c = 0 is rejected with a 99.8% confidence) its closeness to zero
indicates that the dependence of ε on φ should be accepted with caution.

We are finally in a position to analyze the dependence of the asymptotic reactor efficiency,
η∞, on ε/L. Let us first define the quantity

γ =
Ĉ(τ, ε/L)− C̃(τ,−1/2)

Ĉ(τ, ε/L)− Ĉ(τ,−1/2)
(4.35)

where C̃(τ,−1/2) is the extrapolated value of Ĉ at Z = −1/2 obtained from the first order
approximation

C̃(τ,−1/2) = Ĉ(τ, ε/L)−
(
ε

L
+

1

2

)
∂Ĉ

∂Z
(τ, ε/L) (4.36)

Combining (4.35) and (4.36) we obtain:

∂Ĉ

∂Z
(τ, ε/L) =

γ
(
Ĉ(τ, ε/L)− Ĉ(τ,−1/2)

)
ε/L+ 1/2

(4.37)

Introducing the definition of Γ, Eq. (4.22), into the left hand side of (4.37) and then com-
bining the result with Eqs. (4.32) and (4.21) yields:

γ
[
C(τ)− Ĉ(τ,−1/2)

]
= φĈ(τ,−1/2)(ε/L+ 1/2) (4.38)

Dividing both sides in equality (4.38) by C(τ) and using the definition (4.2) for η∞ the
following relation between η∞ and ε/L is obtained:

η∞ =
1

1 + γφ(ε/L+ 1/2)
(4.39)

All of the values of γ, calculated using Eqs. (4.35) and (4.36) for all of the sets of parameters
investigated, were close to 1.4. In particular the values of γ ranged within 1.40 ≤ γ ≤ 1.42
for Le > 1 and within 1.30 ≤ γ ≤ 1.33 for Le = 1. Hence, we propose the following general
expression to determine the dependence of η∞ on ε/L+ 1/2:

η∞ ≈ 1

1 + 1.4φ(ε/L+ 1/2)
(4.40)

Figure 4.25 shows that Eq. (4.40) provides good predictions for η∞. Note that Eq. (4.40)
makes clear that since ε/L decreases with increasing values of the Lewis and Rayleigh num-
bers the asymptotic reactor efficiency η∞ can only increase with Le and/or Ra for a given
value of φ.

Figure 4.26 shows that the values of τ90 obtained from the time integration of the govern-
ing equations are in good agreement with the predicted τ̃90 values estimated by (4.18). This
agreement indicates that the short transients observed in Fig. 4.20 have no significant effect
on the overall efficiency. Figure 4.26 also shows that good predictions for τ90 can be obtained
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Figure 4.25: Asymptotic reactor efficiency, η∞, as predicted by Eq. (4.40) as a function of ε + 1/2. Filled
circles (•) denote the values obtained when ε + 1/2 values obtained numerically, using Eqs. (4.21), (4.22)
and (4.32), are introduced into Eq. (4.40). Hollow triangles (M) denote the values given by Eq. (4.40) when
ε+ 1/2 is obtained from the fit (4.33-4.34) instead.
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Figure 4.26: Time needed to reach a 90% of solute conversion, χ(τ90) = 0.90, as predicted by Eq.(4.18).
The abscissa correspond to the τ̃90 values obtained directly from the numerical integrations of Eq. (3.29)
for all of the 48 cases investigated. Triangles (M) denote the values obtained when the values of η∞ used in
Eq. (4.18) are obtained directly from the numerical integrations of Eq. (3.29). Circles (◦) denote the values
given by Eq. (4.18) when the values of η∞ predicted by Eqs. (4.33), (4.34) and (4.40) are used instead.
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4.3. NATURAL CONVECTION PROBLEM 67

by first using Eqs. (4.33) and (4.40) to estimate η∞ and then introducing its predicted value
in Eq. (4.18).

On the other hand, note that Eq. (4.18) provides the interpretation for η∞ as being the
inverse of the ratio of the time needed to reach a target conversion to the corresponding
time that would be needed in the ideal limit of a perfect mixing (η = 1). The value of
η∞ is therefore a good indicator on the level of mixing intensification achieved by natural
convection if we compare it with the corresponding value that is obtained for the reaction-
diffusion 1D problem. If, for example, Ra = 75× 103 and Sc = 2000 we have η∞ = 0.981 for
φ = 1 but the 1D solution (3.36) yields η∞,1D = 0.742. That is, we have η∞/η∞,1D = 1.32
so that the contribution of natural convection to solute mixing is a modest one. If, on the
contrary, the chemical reaction is a relatively fast one (φ = 100) then we have (for the same
Ra, Sc values) η∞/η∞,1D = 0.341/0.0252 = 13.5, i.e., natural convection plays a key role in
mixing enhancement.

UNIVERSITAT ROVIRA I VIRGILI 
ANALYSIS OF ENHANCED MIXING BY NATURAL AND FORCED CONVECTION WITH APPLICATION TO CHEMICAL REACTOR DESIGN 
Clara Tatiana González Hidalgo 
Dipòsit Legal: T.1422-2013 
 



68

UNIVERSITAT ROVIRA I VIRGILI 
ANALYSIS OF ENHANCED MIXING BY NATURAL AND FORCED CONVECTION WITH APPLICATION TO CHEMICAL REACTOR DESIGN 
Clara Tatiana González Hidalgo 
Dipòsit Legal: T.1422-2013 
 



Chapter 5

Conclusions

We proposed two new alternatives of catalytic reactor where mixing is promoted by a forced
and natural convection flow.

The forced convection driven reactor consisted of a stack of corotating disks in a cylindri-
cal cavity with catalyst implanted at the opposing surfaces of each particular pair of disks.
The idea was to take advantage of the secondary motion generated by the disk rotation,
which takes the form of a pair of counter–rotating vortices that bring fluid closer to the disk
surface where the presence of a boundary layer region should highly enhance mass transfer
into/from the disk surface. Two different operation modes were considered. First, a dis-
continuous mode with reactant being initially spread through the whole reactor volume. In
the second, semicontinuous mode, reactant is continuously being fed through the external
enclosure wall.

One interesting and not initially expected feature was that the relative concentration
distributions in the reactor and, as a consequence, the efficiency indicator η(τ) become
roughly independent of time after a short transient. We exploited this fact to show that the
time needed to reach a target conversion of the reactant is well predicted by the proposed
methodology.

In principle, one would expect that mass transfer efficiency, in terms of Sherwood number,
should not depend, for given values of the φ, Re, Sc and S problem parameters, on the
operation mode. However, present results show quite the opposite trend. The discontinuous
reactor was not very efficient, especially in conditions of slow molecular diffusion, i.e., high
Schmidt numbers. In particular, for Sc = 10 the semicontinuous reactor yielded values of Sh
several times higher than the corresponding ones for the discontinuous reactor. Indeed, the
calculated Sh values for the discontinuous reactor are below the corresponding values given
by the boundary layer analysis of the flow over a free–rotating disk. Although mass transfer
within the disk boundary layer is quite efficient, there is a high mass transfer resistance
associated to the transport of reactant from the bulk region into the vicinity of the disks.
If we invoke the heat/mass transfer analogy it is worth noting that the study by Herrero et
al. [30] showed that the corotating disk pair was also relatively inefficient in transferring heat
between a bottom hot disk and a cold top disk. In particular, the Nusselt numbers calculated
in [30] were about one half the theoretical boundary layer prediction. Let us consider, for
example, the case with S = 0.25, Re = 105 and Sc(Pr) = 10. The heat transfer correlation
proposed in [30] yields a Nusselt number based on R2, Nu = 179, whereas present results
for the discontinuous reactor range between Sh = 182 (φ = 2000) and 235 (φ = 2) and
the theoretical dependence (4.26) gives Sh = 422. In the semicontinuous operation mode,
however, we obtain (for the same S = 0.25, Re = 105 and Sc = 10) values of the Sherwood
number in the range 439 ≤ Sh ≤ 721, that is above the theoretical boundary–layer value,
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70 CHAPTER 5. CONCLUSIONS

for all the φ values investigated. The big difference between the discontinuous and the
semicontinuous mode is that in the latter, reactant is fed near the external enclosure wall so
that it is easily incorporated into the secondary flow main stream. Thus, the key point for
efficient operation of the corotating reactor is in avoiding reactant to become trapped in the
bulk region.

Comparing our results of the semicontinuous reactor with Meeuwse et al.’s [25], we see
that these authors reported that for Re ≈ 105 the Sherwood number achieved is practically
the same obtained by the configuration of the free rotating disk. For the present semicon-
tinuous reactor at the same Re number, the value of Sh exceeds the one of the free rotating
disk for all the combinations of Sc and φ studied except for the one of Sc = 1 and φ = 2.
This suggests that for higher Sc it will be much more efficient and hence it will be much
more competitive than the Meeuwse et al.’s reactor. To select the best value obtained for
the convective mass transfer coefficient K̂ we multiply the highest Sh obtained by the diffu-
sive coefficient D and divide by the radius R2 (we take the same that Meeuwse et al. uses,
R2 = 0.066 m). For an aqueous phase, D ≈ 10−9 m2/s, the mass transfer coefficient is ap-

proximately K̂ ≈ 10−5 m/s. Meeuwse et al. reported similar values for low rotational speeds.

For a gaseous phase, D ≈ 10−5 m2/s, the mass transfer coefficient is around K̂ ≈ 0.11 m/s.
This surpasses Meeuwse et al.’s result of 7.9× 10−4 m/s for Ω = 157 rad/s, however is still
below Meeuwse et al.’s best result of 0.22 m/s. Nonetheless we must keep in mind that
Meeuwse et al. studied much higher Reynolds values (turbulent regime), furthermore the
parameters used may not be exactly the same. In any case, the semicontinuous reactor seems
like a propitious election rather than conventional models and should be explored more. We
think that the current model of the corotating disk reactor, despite some limiting assump-
tions, correctly captures the main physics of the system including the dependence of the
mass transfer efficiency on the problem parameters. This makes it a promising alternative,
so more realistic configurations can be studied and implemented experimentally.

The natural convection driven reactor was studied in a cubical cavity, taking advantage
of the previous knowledge of the flow within such a cavity. In terms of particle advection, the
selected flow patterns did not provide a completely chaotic system because of the presence of
regularity regions which may act as barriers to transport in conditions of very low molecular
diffusivity. Notwithstanding, it was found that the reactor efficiency is basically determined
by flow and mass transfer within the boundary layer regions.

As well as in the forced convection driven reactor, the relative concentration distributions
and the efficiency η(τ), became nearly independent of time after a short transient, which
accordingly led to predict the time to achieve a given conversion. We took advantage of this
to address for a new method to characterize the dependence of the concentration boundary
layer thickness on the parameters of the problem Ra, Le and φ. Furthermore, a relation that
gives a good forecast of η∞ for any values of Ra, Le and φ within the ranges investigated
was produced.

Provided that the chemical reaction is not a fast one, the natural convection-mixed reactor
that is proposed in the present study should be competitive when compared to usual reactor
designs that incorporate moving mechanisms. For example, for a value of τconv ≈ 2 s with
L = 10−2 m the condition τconv � L/k (the characteristic time for convection much smaller
than the characteristic time for chemical reaction) is fulfilled whenever k � 5×10−3 m/s (or
φ� 330Sc for a value of the thermal diffusivity equal to α = 1.5×10−7 m2/s). Moreover, in
terms of mass transfer efficiency the proposed reactor system compares well with other sys-
tems where mass transfer is promoted by means of a forced convection flow. For Ra = 105,
a rough estimate of a Reynolds number in the current reactor is Re ≈ 0.5Ra1/2Pr−1 = 26.4
(see Eq. (4.29) and Fig. 4.15, where 0.5U0 is suggested as an estimate of the largest
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velocities found in the present problem). From Eqs. (4.10), (4.33) and (4.40) we have

Ŝh ≈ (1/1.4)[1/(ε/L+1/2)] = 0.242Ra0.309Le0.329φ−0.00776, which yields a value of the Sher-

wood number equal to Ŝh = 55.4 for Ra = 105, Le = 333.33 and φ = 100. This value of Ŝh is,
for example, higher than the value Ŝh = 40.1 that is obtained for laminar mass transfer on a
rotating disk surface at Re = 26.4 and Sc = 2000 (Ŝh = 0.620Re1/2Sc1/3 [82]) but lower than

the value Ŝh = 67.7 that would be obtained in a commercial hollow-fibre blood oxygenator
(Ŝh = 0.8Re0.59Sc0.33 [84]; these authors also reported the correlation Ŝh = 0.8Re0.47Sc0.33

for a hand made hollow-fibre module, which yields Ŝh = 46.9 for Re = 26.4 and Sc = 2000).

Given that the geometries of the two kind of reactors, forced and natural convection
driven, are different, and the range of parameters studied are different too, making a com-
parison between both of them or even with other kind of reactors, as we have seen, can be
done only in a qualitatively way. We can use however, the Sherwood number to compare the
semicontinuous forced convection and natural convection reactors. As previously detailed,
for the corotating disk reactor, Sh = Shfc, depends on the characteristic length R2, whereas
in the cubical reactor, Sh = Shnc, depends on the cavity side length, L. To establish a com-
parison between these two geometries, we may use instead, a common characteristic length
such as the reactor volume per unit catalyst area, which is L for the cubical reactor and
H/2 = S/(2R2) for the corotating disk reactor. Based on these lengths, we have Shnc = 10.55
for Ra = 1.5× 105, Sc = 6 and φ = 1. For the semicontinuous reactor (S = 0.125) we have,
for the case with Sc = 10 and Re = 105 (for an equivalent value of φ = 2), Shfc = 90.23.
From the relation Re ≈ 0.5Ra1/2Pr−1, previously mentioned, we see the corresponding Re
to the above Ra = 1.5 × 105 is Re ≈ 32. Since in both cases we deal with laminar bound-
ary layer flow, we might expect a dependence of the type Sh ∝ Re1/2Sc1/3, so that the
present Shnc = 10.55 value can be extrapolated, for Re = 105 and Sc = 10, to Shexnc ≈ 702,
that is, a value 8 times larger than the actual Shfc = 90.23 that is obtained in the coro-
tating disk reactor, which led us to think that the natural convection driven reactor may
have much better performance than the forced convection one for the same set of parameters.

Comparison with results of Al-Shannag et al. [12, 13], is also difficult since the systems
investigated are not completely the same. In [12] they studied a Michaelis-Menten kinetics,
i.e, J = φC/(1+βC). In the limit β → 0 the kinetics would be of first order like ours. Here-
after, we compared the efficiency they obtained for β 6 0.01 and φ = 1 with the efficiency we
obtained for our reactors. In the forced convection case we compare for the case Pe = 103,
which corresponds to Re = 1000 and Sc = 1. Al-Shannag et al. obtained η ≈ 0.84 and we
obtained η = 0.89 for the semicontinuous reactor configuration, which are very similar. In
the natural convection case the range of Peclet number are between 130 and 200, for the
range of Rayleigh studied and Sc = 6. For these range of Peclet numbers, Al-Shannag et
al. obtained an efficiency of η ≈ 0.55, while we obtained η = 0.9 in the worst of the cases.
In [13] a first order reaction was studied and the result of efficiency were pretty similar to
those of [12] for the conditions commented. Henceforth we see the high potential the natural
convection driven reactor has.

We present our model of reactors as a very good alternative to traditional ones, however
it must be taken into account what application is going to be given to them. Thus, we can
say for example, that the semicontinuous reactor we proposed is better than the cubical one
in the sense that it is efficient for fast reactions and different phases. Nevertheless, in the
case of slow reactions we could say the cubical reactor shows a better mixing since all the
transport is being driven by the boundary layer on the contrary to the co-rotating disks
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reactor in which a big resistance is still prone by the bulk region.

Future research, based on more intensive calculations and/or experiments, might consider
higher Rayleigh numbers (turbulent flow in the natural convection case) as well as higher
Reynolds numbers (3D–unsteady or even turbulent flow for the forced convection case) and
high concentrations of reactant/products. It would be very interesting to study a mixed con-
vection case. For example, the corotating disks reactor considering non–isothermal effects
and, especially, operation in continuous mode by feeding a stream through the gap between
the disks tip and the enclosure wall (similarly to the setup in the rotor–stator system re-
ported in [25]).

Despite our work is considered for basic type of reactions it results very promising to
consider these configurations in experimental work with different kind of reaction and sev-
eral reactor sizes. Therefore, the cubical reactor and the corotating disk reactor (especially
if operated in semicontinuous or continuous mode) that are proposed in the present work
may be a good alternative to more classical reactor designs.
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Appendix A

Discretization procedure of the forced
convection problem

The aim of this appendix is to give some details of the tau–Galerkin method used to discretize
the governing equations. We start with the mass transfer conservation equations (2.16)-
(2.19). Note that these equations can be written in a compact form as

∂C

∂τ
−∇2C +ReSc∇ · (CV) = 0 (A.1)

∂C

∂Z
(R,±1/2)± φC(R,±1/2) = 0 (A.2)

∂C

∂R
(γ, Z) = 0 (A.3)

∂C

∂R
(1, Z)− JR(Z) = 0 (A.4)

where

∇ =

(
∂

∂R
,
1

S

∂

∂Z

)
∇2 =

(
1

R

∂

∂R

(
R
∂

∂R

)
+

1

S2

∂2

∂Z2

)
V = (U,W )

Let us first recall that, as it was discussed in Section 4.2.1 only solutions with velocity
fields symmetric with respect the plane Z = 0 were obtained in the current work. As a
consequence, only even functions in Z are considered when the concentration is expanded in
terms of the basis function. Thus, the concentration expansion is written as

C(τ, R, Z) =

NR∑
i=0

NZ/2∑
j=0

ci2j(τ)Ti(R
∗)T2j(Z

∗) (A.5)

where R∗ = 2[(R − γ)/(1 + ε− γ)− 1/2], Z∗ = 2Z and Ti are the Chebyshev polynomials.
In addition, by substituting Eq. (3.8) in (2.9)-(2.10) and replacing the basis functions fi
by the corresponding linear combination of Chebyshev polynomials (see Section 3.1.1), the
velocity vector V takes the form

V(τ, R, Z) =

(
U(τ, R, Z)
W (τ, R, Z)

)
=

NR,Ψ∑
i=0

NZ,Ψ∑
j=0

ϕij(τ)

(
Ti(R

∗)T ′
j(Z

∗)
T ′
i (R

∗)Tj(Z
∗)

)
(A.6)
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74 APPENDIX A. DISCRETIZATION: CYLINDRICAL GEOMETRY

The tau–Galerkin method consists in projecting Eq. (A.1) into the subspace generated by
all the basis functions in the concentration expansion except for those TNR−1(R

∗), TN−R(R
∗),

TN−Z−2 or TN−Z(Z
∗). The basis function that are not used to project Eq. (A.1) are used to

project boundary conditions (A.2)-(A.4). Therefore, application of the tau–Galerkin method
converts equations (A.1)-(A.4) into the following equations:〈

∂C

∂Z
, TiT2j

〉
−
〈
∇2C, TiT2j

〉
+ReSc 〈∇ · (CV) , TiT2j〉 = 0

with i = 0, · · · , NR − 2 and j = 0, · · · , NZ/2− 2

(A.7)

〈
∂C

∂Z
(R, 1/2), TiT2j(1/2)

〉
+ 〈φC(R, 1/2), TiT2j(1/2)〉 = 0

with i = 0, · · · , NR − 2 and j = NZ/2

(A.8)

〈
∂C

∂Z
(R,−1/2), TiT2j(−1/2)

〉
− 〈φC(R,−1/2), TiT2j(−1/2)〉 = 0

with i = 0, · · · , NR − 2 and j = NZ/2− 1

(A.9)

〈
∂C

∂R
(γ, Z), Ti(γ)T2j

〉
= 0

with i = NR and j = 0, · · · , NZ/2

(A.10)

〈
∂C

∂R
(1 + ε, Z), Ti(1 + ε)T2j

〉
− 〈J(Z), Ti(1 + ε)T2j〉 = 0

with i = NR − 1 and j = 0, · · · , NZ/2

(A.11)

where 〈〉 represents the inner product. Note that due to the symmetries of the problem Eq.
(A.8) is equivalent to Eq. (A.9).

Integrals involved in the calculation of the inner products in Eq. (A.7)-(A.11) are of the
type: ∫ 1

−1

R∗TiTjω(R
∗)dR∗,

∫ 1

−1

TiTjω(Z
∗)dZ∗,

∫ 1

−1

T ′
iTjω(R

∗)dR∗,∫ 1

−1

R∗T ′′
i Tjω(R

∗)dR∗,

∫ 1

−1

T ′′
i Tjω(Z

∗)dZ∗,

∫ 1

−1

T ′
iTjTkdω(R

∗)R∗,∫ 1

−1

TiT
′
jTkω(Z

∗)dZ∗,

∫ 1

−1

TiT
′
jTkω(R

∗)dR∗,

∫ 1

−1

T ′
iTjTkω(Z

∗)dZ∗,

A

∫ 1

−1

e−
Z∗2
σ2 Tiω(Z

∗)dZ∗

(A.12)

where ω is the Chebyshev weight function, ω(x) = (1− x2)−1/2. Once the inner products in
Eq.(A.7)-(A.11) are calculated these equations can be written in the matricial form as:

(
B Bb

)( ċ
ċb

)
=
(
L Lb

)( c
cb

)
(A.13)

(
D Db

)( c
cb

)
= Jb (A.14)

Let us define DS = (NR − 1)(NZ/2 − 1) and DB = NZ + 2NR. Then, B and L are
square matrices of dimension DS, Bb and Lb are matrices of dimension (DS ×DB), D is
a matrix of dimension (DB × DS) and Db is a square matrix of dimension DB. The flux
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entering the reactor is represented by the vector Jb whose dimension is (DB). Note that in
the discontinuous mode Jb = 0. Whereas the coefficients ci2j in the concentration expansion
(3.11) with i = 0, · · · , NR − 2 and j = 0, · · · , NZ/2 − 2 are contained in the vector c of
dimension DS, the vector cb, whose dimension is DB, contains those coefficients with either
i = 0, · · · , NR − 2 and j = NZ/2− 1, NZ/2 or i = NR − 1, NR and j = 0, · · · , NZ/2.

Isolating cb from Eq. (A.14) and inserting the result into Eq. (A.13) leads to the ordinary
differential equation

B̂ċ = L̂c+ Â (A.15)

where

B̂ = B−BbDb
−1D (A.16)

L̂ = L− LbDb
−1D (A.17)

Â = LbDb
−1Jb (A.18)

Equation (A.15) is advanced in time by means of a second order implicit backward–
differencing scheme (BDF2). Note that once the value of c(t) is obtained, cb(t) can easily
be obtained from Eq. (A.14).

The steady state version of the momentum conservation equations (2.1)–(2.4) are also
discretized by means of a tau–Galerkin method. The discretization procedure reduces these
equations to a nonlinear system of algebraic equations that, adopting the summation con-
vention indices, can be written as

Ljidi +Qjindidn = 0 (A.19)

In Eq. A.19 the elements of the vector d = (d1, · · · , dK) are the unknowns, that is the
coefficients in expansion (3.8). The matrices with components Lji and Qjin contain respec-
tively the coefficients of the linear and nonlinear terms resulting from the projection of the
velocity governing equations into the space generated by the basis functions. It should be
noted that the projection of the pressure gradient onto the basis is analytically zero which
means that pressure gradient is not present in the discretized equations. This is so because
of two reasons: the formulation of the velocity in terms of a scalar potential function (see
Eqs. (2.9)–(2.10)) and the choice of basis functions in the expansion of the potential func-
tion in (3.8) that make boundary conditions (2.7) and (2.8) for U and W be automatically
fulfilled. The nonlinear discretized equations (A.19) was solved by means of an iterative
Newton method.
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Appendix B

Discretization procedure of the
natural convection problem

The aim of this appendix is to show the structure of the B and Q matrices in Eq. (3.29)
and how we arrived to such an equation. Let us recall the expansion of the concentration,

C(τ,X, Y, Z) =
N∑
i=2

N∑
j=2

N∑
k=1

cijkFijk(X, Y, Z) (B.1)

with Fijk(X, Y, Z) = hi(X)hj(Y )hk(Z) and the expansion of the velocity,

V =

 u
v
w

 =
M∑
p=0

M∑
q=0

M∑
r=0

 upqrGpqr(X, Y, Z)
vpqrGpqr(X, Y, Z)
wpqrGpqr(X,Y, Z)

 (B.2)

with Gpqr(X,Y, Z) = Tp(2X)Tq(2Y )Tr(2Z). For the sake of clarity the three subscripts are
collapsed into a single one and the basis functions in the subset {Fijk}ijk, i, j = 2, ..., N ,
k = 1, ..., N are sorted so that those with subscript k = 1 are in the last positions. Thus, we
have

C =

N1∑
l=1

ĉl(τ)F̂l(X, Y, Z) +

N1+N2∑
l=N1+1

ĉl(τ)F̂l(X,Y, Z) (B.3)

and

V =

M3∑
l=1

 ûlĜl(X, Y, Z)

v̂lĜl(X, Y, Z)

ŵlĜl(X, Y, Z)

 (B.4)

In (B.3) N1 = (N − 1)3, N2 = (N − 1)2, F̂l and ĉl with 1 6 l 6 N1 represent respectively

functions Fijk and coefficients cijk for values 2 6 i, j, k 6 N and F̂l and ĉl with N1 +1 6 l 6
N1+N2 represent respectively functions Fij1 and coefficients aij1 for values 2 6 i, j 6 N . In

(B.4) M3 = (M + 1)3 and ûl, v̂l, ŵl and Ĝl represent respectively upqr, vpqr, wpqr and Gpqr

for values 0 6 p, q, r 6M .

For the sake of simplicity the hats over the variables will be suppressed from now on. Let
be N3 = N1 +N2. Substitution of expressions (B.3) and (B.4) into Eq.(2.27) and boundary
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78 APPENDIX B. DISCRETIZATION: CUBICAL GEOMETRY

condition (2.29) yields

N3∑
l=1

ċlFl =−
N3∑
l=1

cl

[
Sc

Pr
Ra1/2

(
∂

∂X
Fl

M3∑
m=0

umGm +
∂

∂Y
Fl

M3∑
m=0

vmGm +
∂

∂Z
Fl

M3∑
m=0

wmGm

)

−
(

∂2

∂X2
Fl +

∂2

∂Y 2
Fl +

∂2

∂Z2
Fl+

)]
(B.5)

and
N3∑
l=1

cl

(
∂

∂Z
Fl(X,Y,−1/2)− φFl(X, Y,−1/2)

)
= 0 (B.6)

Once (B.5) is projected onto the space generated by the subset {Fl}l=1,...,N1 and boundary
condition (B.6) is projected onto the space generated by the subset {Fl}l=N1+1,...,N3 we obtain:

N3∑
l=1

ċl 〈Fl, Fn〉 =

−
N3∑
l=1

cl

[
Sc

Pr
Ra1/2

M3∑
m=0

(
um

〈
Gm

∂

∂X
Fl, Fn

〉
+ vm

〈
Gm

∂

∂Y
Fl, Fn

〉
+ wm

〈
Gm

∂

∂Z
Fl, Fn

〉)

−
(〈

∂2

∂X2
F̂l, F̂n

〉
+

〈
∂2

∂Y 2
Fl, Fn

〉
+

〈
∂2

∂Z2
Fl, Fn

〉)]
n = 1, ..., N1 (B.7)

and

N3∑
l=1

cl

(〈
∂

∂Z
Fl(X,Y,−1/2), Fn

〉
− φ 〈Fl(X,Y,−1/2), Fn〉

)
= 0 n = N1 + 1, ..., N3

(B.8)
In order to compute the inner products in Eqs. (B.7-B.8) we need to calculate integrals

of the type ∫ 0.5

−0.5

hl(Z)hn(Z)
1√

1− Z2
dZ (B.9)∫ 0.5

−0.5

Tm(2Z)h
′
l(Z)hn(Z)

1√
1− Z2

dZ (B.10)∫ 0.5

−0.5

Tm(2Z)hi(Z)hn(Z)
1√

1− Z2
dZ (B.11)∫ 0.5

−0.5

h′′l (Z)hn(Z)
1√

1− Z2
dZ (B.12)

The following recurrence formulae for the derivatives of the Chebyshev polynomials were
used to compute these integrals

T ′
k(ξ) = 2k

K′∑
n=0

(
1

ζk−1−2n

)
Tk−1−2n(ξ) (B.13)

T ′′
k (ξ) = 4k

K′′∑
n=0

(
(n+ 1)[k − (n+ 1)]

ζk−2(n+1)

)
Tk−2(n+1)(ξ) (B.14)

UNIVERSITAT ROVIRA I VIRGILI 
ANALYSIS OF ENHANCED MIXING BY NATURAL AND FORCED CONVECTION WITH APPLICATION TO CHEMICAL REACTOR DESIGN 
Clara Tatiana González Hidalgo 
Dipòsit Legal: T.1422-2013 
 



79

where K ′ and K ′′ are the integer part of (k − 1)/2 and (k − 2)/2, respectively, ζk = 1 for
k > 0 and ζ0 = 2. Once the inner products are calculated, (B.7) and (B.8) can be written
in the matricial form

(B1,B2)

(
ċ1
ċ2

)
= (Q1,Q2)

(
c1
c2

)
(B.15)

and

(R1,R2)

(
c1
c2

)
= 0 (B.16)

where B1 and Q1 are square matrices of dimension N1 × N1, B2 and Q2 are rectangular
matrices of dimension N1 × N2, R1 is a rectangular matrix of dimension N2 × N1, R2 is a
square matrix of dimension N2 × N2, c1 is a vector of dimension N1 and c2 is a vector of
dimension N2. From Eq. (B.16) we have

c2 = −R2
−1R1c1

ċ2 = −R1
−1R1ċ1

(B.17)

which replaced in Eq.(B.15) gives,

(B1 −B2R2
−1R1)ċ1 = (Q1 −Q2R2

−1R1)c1 (B.18)

which can be rewritten as
Bċ1 = Qc1 (B.19)

where B and Q are N1×N1 square matrices. Once the ordinary differential equations (B.19)
are numerically solved c2 is obtained from Eq. (B.17).
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