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Numerical modeling of high aspect ratio fibers in fluid flows

by MOHAMMADJAVAD NOROUZI

Fiber suspensions represent a complex two-phase system that holds significant im-

portance in various industrial applications, including the paper, hygiene, and insu-

lation industries. In these processes, the homogeneity of fiber distribution signifi-

cantly impacts the final product’s quality. Therefore, a thorough understanding of

the complex interactions between fiber-fiber and fiber-flow is essential for accurately

predicting, controlling, and optimizing fiber behavior and their spatial distribution

in these applications.

This thesis employs a particle-level fiber model to numerically analyze fiber sus-

pensions in fluid flows. In this model, each fiber is represented as a chain of fiber

segments with a circular cross-section, connected to each other by ball and socket

joints. Each fiber segment experiences hydrodynamic forces and torques from the

surrounding fluid, as well as from its neighboring segments due to the connectivity

constraint, which maintains the fiber’s length and integrity. A one-way coupling be-

tween the fiber and the fluid is considered, although fibers may interact with each

other, leading to the formation of flocs when fiber-fiber contacts occur. Two alterna-

tives of the fiber model are employed: the flexible and rigid models. In the flexible

fiber model, elastic bending and twisting torques are taken into account, while in

the rigid fiber model, the relative angle between the orientation vectors of adjacent

segments remains constant. In the case of flexible fibers, the equations of motion are

formulated using Euler’s laws of motion for each segment, while for rigid fibers, the

equations are formulated for the fiber as a whole. The analysis of fiber behavior is

conducted in well-defined flow fields expressed through analytical expressions, as
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well as in turbulent flow predicted via Large Eddy Simulation (LES) within a Com-

putational Fluid Dynamics solver.

The implemented model is validated against available theoretical and experi-

mental results for the behavior of both rigid and flexible fibers in creeping shear

flow. The results of numerical simulations qualitatively replicate experimental ob-

servations, capturing various fiber deformation regimes. The fiber model is also

used to analyze the dynamics of fibers in viscous cellular flows. The findings em-

phasize the significant influence of initial conditions ((e.g., orientation, distance from

the center of the cell) and mechanical properties of fibers ((e.g., fiber’s equilibrium

shape, flexibility, and aspect ratio) on their dynamics, transport, and shape evolu-

tion.

Simulations are carried out to investigate fiber flocculation in flowing suspen-

sions in a turbulent asymmetric diffuser. In particular, the influence of fiber inertia

and reinjection approaches on fiber flocculation is analyzed. The results reveal the

crucial role of ballistic deflection, a phenomenon driven by fiber inertia and flow

gradients, in amplifying the rate of fiber flocculation within the diffuser region, es-

tablishing it as the primary governing mechanism affecting fiber flocculation. More-

over, fibers’ initial kinematics and inertia are identified as factors affecting floccu-

lation within the horizontal inflow channel. The findings demonstrate a higher de-

gree of flocculation in the present fully resolved LES simulations than in Reynolds-

averaged Navier-Stokes (RANS) modeling, highlighting the significance of different

levels of fluid flow resolution in analyzing fiber flocculation.

Keywords: rigid fiber, flexible fiber, particle-level simulation, fiber flocculation, large

eddy simulation
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1

Chapter 1

Introduction

The study of anisotropic particulate suspensions holds great interest for scientists

and engineers due to its extensive applications across various industrial and envi-

ronmental contexts. These contexts range from composite, pulp and papermaking

(1–3) to modeling plankton dynamics in water (4), sedimentation (5, 6), aerosols

(7), and ice crystals within clouds (5). The work presented here primarily focuses

on suspensions that contain non-Brownian fibers, similar to those found in wood

pulp suspensions and fiber-reinforced composites. In these processes, the orien-

tation and spatial distribution of fibers, whose development is intricately linked

to fiber-flow interactions and fiber-fiber contacts, significantly affect the properties

of the final products. Therefore, the analysis and prediction of fiber motion are of

paramount importance in designing and optimizing these processes, ultimately en-

hancing product quality. Within the scope of this thesis, a particle-level simulation

technique is employed to systematically investigate fiber dynamics, fiber shape evo-

lution, and fiber flocculation in flowing fiber suspensions, depending on fiber char-

acteristics and fluid flow properties.

1.1 Literature review

Fiber suspensions form a complex two-phase system, and they have been the sub-

ject of numerous theoretical, experimental, and numerical studies. The following

sections provide a brief overview of the relevant studies.
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2 Chapter 1. Introduction

1.1.1 Theoretical studies of fiber flows

There is a significant body of knowledge concerning the motion of isolated rigid

fibers in flows characterized by low Reynolds numbers. Jeffery (8) made a seminal

contribution by solving for the motion of force- and torque-free spheroids in simple

shear flow. His work demonstrated that spheroids translate with the velocity of the

surrounding flow at their centers while also undergoing periodic rotation, resulting

in their ends tracing out an ’orbit’ (8). In the context of cylindrical particles, Burgers

(9) derived the hydrodynamic force and torque constants acting on such particles

and postulated that the disturbance induced along the ellipsoid of revolution could

be represented as a line force of magnitude acting along the particle’s axis of symme-

try. Bretherton (10) theoretically established that any axisymmetric body placed in a

linear flow field would exhibit motion analogous to Jeffery’s predictions. This mo-

tion entails the body undergoing a closed orbit without drifting across streamlines.

Cox (11) employed the Matched Asymptotic Expansions (MAE) method to derive

the transverse and axial force per unit length acting on high aspect ratio cylindri-

cal particles, a concept known as slender body theory. Building upon Cox’s work,

Batchelor et al. (12) extended the formulation to account for slender bodies with non-

circular cross-sections. Further advancements in slender body theory were made by

Keller and Rubinow (13), and Johnson (14) who introduced a non-local drag for-

mulation within this theoretical framework (15). It is shown that the straining mo-

tion within the flow field can generate axial forces of sufficient magnitude to induce

buckling of the fiber during rotation. Burgers (9) determined the critical stress re-

quired to cause this phenomenon, expressed as (γ̇η0)crit ≃ Eb(ln 2r f − 1.75)
/

2r f
4,

where r f = L/D is the fiber aspect ratio (i.e, the ratio of fiber length to the fiber

diameter), and the bending modulus of the rod is defined as Eb = 2EY, with EY

representing Young’s modulus of the fiber.

Fiber suspensions can be classified into three distinct regimes: dilute, semi-dilute,

and concentrated, based on the concentration of suspended fibers within the suspen-

sion. A suspension is considered dilute when, on average, fewer than one fiber is

found within a spherical volume of diameter equal to the fiber length, as expressed

by nL3 ≪ 1, where n denotes the number of fibers per unit volume, and L is the
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fiber length (16, 17). In such a dilute suspension, when subjected to a low Reynolds

number simple shear flow, the behavior of the fibers adheres to Jeffery’s predictions.

Consequently, they rotate about their center of mass, tracing out Jeffery’s orbits (18).

For these dilute suspensions, Batchelor (18) suggested an expression for the stress

originating from elongated rigid particles with a known orientation distribution.

Moving into the semi-dilute regime, characterized by conditions such as nL3 > 1

and nL2D ≪ 1, the motion of fibers is significantly influenced by interactions with

other fibers (16). This interaction causes deviations from Jeffery’s orbits (8). When

the concentration exceeds the threshold of nL2D > 1, the suspension enters the

concentrated regime. In this regime, it is assumed that every fiber interacts with

other fibers, ultimately forming a network (19). Rahnama et al. (20) conducted re-

search in this context and derived the steady-state fiber orientation. They employed

a framework of perturbation analysis in conjunction with the theory of Leal and

Hinch (21) to account for weak rotary Brownian motion. The results obtained for

orbit distribution and fiber orientation distribution were found to be in reasonable

agreement with the experimental findings of Stover et al. (22), particularly within the

semi-dilute regime. Theoretical studies are, therefore, limited to scenarios involving

straight fibers and relatively low fiber concentrations.

1.1.2 Experimental studies of fiber flows

Numerous experimental studies have been dedicated to investigating the behavior

of both individual fibers and fiber suspensions. Anczurowski and Mason (23) con-

ducted experiments that confirmed Jeffery’s predictions concerning the motion of

prolate spheroids in shear flow. Forgacs and Mason (24) conducted experiments uti-

lizing a twin-cylinder Couette apparatus to generate creeping shear flow, allowing

them to examine the behavior of threadlike particles. Their research identified five

distinct regimes of motion: rigid orbits, springy orbits, snakelike orbits, coiled orbits

without entanglement, and coiled orbits with entanglement. They made the note-

worthy observation that rigid fibers exhibit the same orbital patterns as rigid cylin-

ders. In contrast, the orbital periods of flexible fibers were found to be significantly

shorter compared to those of straight, rigid fibers. Their findings underscored the in-

fluence of various factors related to the suspension system, including fiber geometry,
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fiber stiffness, and flow properties, on the shapes and motion behaviors observed in

the experiments. Bibbo (25, 26) conducted a comprehensive study of the rheolog-

ical behavior of non-colloidal rigid fiber suspensions. The investigation explored

the influence of fiber concentration on the apparent viscosity within both dilute and

semi-dilute regimes. The obtained results were then compared to Batchelor’s theory

(18), revealing good agreement in the dilute regime.

Stover et al. (22) conducted experimental research on the microstructural behav-

ior of semi-dilute rigid fiber suspensions using optical methods in which they could

perform direct observation of tracer fibers within a Couette rheometer. They ana-

lyzed the orientation statistics of the fibers from the microstructure images and used

this data to characterize the orbit distribution of the fibers. By combining the orien-

tation distribution with Batchelor’s theory (12), they deduced the rheological prop-

erties of the fiber suspension. The measured orbit constants aligned well with the

experimental findings of Anczurowski et al. (23) within the dilute regime. Further-

more, the rheological properties of the suspension reasonably matched the experi-

mental results of Bibbo (25) and the theory proposed by Shaqfeh and Fredrickson

(27). Notably, hydrodynamic interactions among fibers in the semi-dilute regime

played a crucial role in determining the steady-state orientation of the suspension.

Pettersson et al. (28) conducted an extensive investigation of the near-wall behavior

in the pipe flow of fiber suspensions, showing that the width of the concentration

profile increased as the concentration decreased, and the dilution region’s thickness

was larger for softwood fibers. Melander and Rasmuson (29) developed a particle

image velocimetry (PIV) method to simultaneously measure the concentrations and

velocities of fibers suspended in the air. This method proved feasible for studying

air-fiber flows at low concentrations.

In experiments involving fiber-fluid interactions, a key challenge lies in achiev-

ing precise control over fibers in terms of their shapes, dimensions, and mechanical

properties, as well as control of the flow geometry (30). Additionally, the phenom-

ena related to fiber dynamics occur on scales with the length of an individual fiber.

Experimental measurements of factors such as fiber shapes and deformations of flex-

ible fibers, as well as the determination of rheological properties of suspensions (31,
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32), can be inherently difficult to obtain. As a result, researchers have turned to var-

ious numerical techniques to effectively investigate and understand fiber dynamics.

1.1.3 Numerical modeling of fiber flows

Two primary numerical methodologies have been devised for modeling fiber sus-

pensions: the Eulerian-Eulerian approach and the Lagrangian-Eulerian approach.

In the Eulerian-Eulerian approach, both the particle phase and the fluid phase are

considered as continuous medium (33). Several researchers have employed this

technique as a valuable computational tool for investigating fiber dynamics on large

scales. Ljus and Almstedt (34) used this approach to conduct two- and three-dimensional

simulations of fiber suspensions within a channel, both with and without incorpo-

rating a turbulence model for the gas phase. The results for pressure and velocity

showed good agreement with experimental findings within a comparable channel.

When modeling various phenomena associated with fiber suspension behavior, it

is often necessary to combine an Eulerian-Eulerian model with other modeling ap-

proaches, such as statistical methods (35). In this framework, the probability distri-

bution of fiber positions and orientations is predicted using the convection-diffusion

equation. The mean flow transports the fiber positions and orientations, while the

fluctuating component of the flow disperses the fibers. Olson et al. (36) used this

technique to simulate the turbulent fiber suspension flowing through a planar con-

striction. They demonstrated that fiber distributions correlated well with experi-

mental measurements, and fiber orientation distribution depends on the dispersion

coefficient and the contraction ratio. Krochak et al. (37) simulated the low-Reynolds

flow of semi-dilute rigid fiber suspensions in a tapered channel, aiming to study

fiber reorientation and the effect of the two-way coupling between fibers and flow.

They found that the presence of fibers substantially changes the velocity profiles,

regardless of the initial fiber distribution. They also observed that the particle phase

redirects the flow away from the channel walls towards the central region of the

channel, resulting in linearized and closer streamlines across the channel length.

However, in most Eulerian-Eulerian models, the fibers are assumed to be rigid with

uniform characteristics, and fiber-fiber interactions are neglected (32, 35, 37). These
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assumptions do not always align with the realities of industrial processes, which of-

ten involve fibers with different characteristics and concentrated fiber suspensions.

In the Lagrangian-Eulerian approach, each particle is tracked individually through

the Lagrangian particle tracking (LPT) method. This approach facilitates detailed

and highly accurate studies of particle-flow interactions. For instance, in direct nu-

merical simulations (DNS), the particle geometries are resolved at a high level of

detail (32). Tornberg and Shelley (38) developed a non-local formulation of the Slen-

der Body Theory (SBT) (13, 14) coupled with the Euler-Bernoulli beam theory. This

approach yielded integral expressions for the center-line velocity of high aspect ratio

filaments, considering the hydrodynamic interactions between multiple fibers and

the impact of fibers on the background fluid. Li et al. (39) employed a variation of

the numerical method initially proposed by Tornberg and Shelley (38) to investigate

the sedimentation of flexible filaments. A comprehensive review of SBT regarding

its application to modeling fibers has been provided by Lindner and Shelley (40).

Svenning et al. (41) employed the immersed boundary method (IBM) to investigate

the flow of fiber suspensions in the papermaking process. Wu and Aidun (42) used

the lattice-Boltzmann method (LBM) for the direct numerical simulation of flexible

fibers in a Newtonian fluid. Aidun and colleagues (42–44) used an IBM within the

LBM framework, known as the ’external boundary forcing’ method, to study the ef-

fect of fiber stiffness and rotational diffusion of semi-dilute fiber suspensions. While

these approaches fully resolve the flow field around a fiber and provide accurate

predictions of fiber dynamics, they come at a high computational cost. In this re-

gard, micro-hydrodynamics approaches (45, 46) have been developed to reduce the

computational demands in investigating fiber suspensions.

1.1.4 Particle-Level simulation technique

A variety of particle-level simulation techniques that utilize the microhydrodynam-

ics approach have been developed for the study of fiber suspension flows. In this

framework, each fiber is represented by an array of spheres, prolate spheroids, or

rods that are interconnected. These models account for bending and twisting defor-

mations by allowing movement of the rigid parts relative to each other (32). Such

models are adept at capturing realistic features of fibers, including different fiber
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equilibrium shapes and fiber stiffness (47). Fibers within these models can interact

with each other through both short-range forces ((e.g., repulsion, lubrication, fric-

tion) and long-range hydrodynamic interactions, although not all interactions may

be included in a specific case (30). The equations of motion are individually solved

for each particle, enabling the evolution of particle positions and orientations over

time. Consequently, these techniques provide detailed information about the evolv-

ing structures of suspensions in both time and space. Particle-level methods are

regularly employed to investigate a wide range of phenomena within fiber suspen-

sions, such as fiber-flow and fiber-fiber interactions, the formation of fiber flocs, and

the collective influence of these phenomena on the rheological properties of these

suspensions (32).

In 1992, Yamamoto and Matsuoka (48) developed a bead-chain model to simulate

the motion of a flexible fiber within a simple shear flow. In their mechanical model,

they represented fibers as a series of spheres aligned and bonded to each other. The

model was developed under specific conditions, including an infinitely dilute sys-

tem, no hydrodynamic interactions, and low Reynolds fluid flow. To validate their

model, they conducted simulations of the motion of a flexible fiber by solving trans-

lational and rotational equations for each individual sphere. The flexibility of the

fiber was adjusted by varying the bending constant, with a higher bending constant

corresponding to a more rigid fiber. To verify the model, they calculated the mo-

tion period for a rigid fiber, which aligned with the prediction derived from Jeffery’s

equation. For flexible fibers, they observed a significant decrease in the motion pe-

riod as the bending deformation of the fiber became more pronounced. The motion

orbit deviated from the one described by Jeffery’s equation, similar to experimen-

tal results reported by Forgacs and Mason (24, 49). While the simulation results

from this model provided precise information about the movement of every point

on the fiber, substantial computational effort is required as the fiber length increases,

particularly in cases relevant to industrial applications (48). The lubrication approx-

imation, a method used to account for fiber-fiber interactions, was also incorporated

into a model proposed by Yamane et al. (19). This model was designed to simulate

the behavior of semi-dilute suspensions comprising non-Brownian, rod-like parti-

cles under simple shear flow. While the focus of this model was not the motion of
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flexible fibers, it offered valuable insights into the potential effectiveness of consid-

ering short-range fiber interactions using the lubrication approximation. Yamane et

al. observed that the impact of hydrodynamic interactions on both viscosity and the

Folgar-Tucker constant is relatively small, which contradicts experimental observa-

tions (19). The authors attributed this discrepancy to the non-Brownian motion of

the rigid rods featured in their model.

Ross and Klingenberg (50) developed a simulation model for the dynamics of

flexible fiber suspensions, known as the needle-chain model. This model represents

flexible fibers as a series of rigid spheroid bodies connected through ball and socket

joints. It is designed to simulate the motion of both rigid and flexible fibers. The

model accurately predicted the motion period of a single rigid fiber in a shear flow,

consistent with Jeffery’s equation. Furthermore, the motion of flexible fibers in this

model closely resembled experimental observations made by Forgacs and Mason

(24). One notable advantage of this model is that it eliminates the need for iterative

constraints to maintain fiber connectivity. It can efficiently model flexible fibers with

large aspect ratios using relatively few spheroids, thereby reducing computational

time. However, it’s important to note that the model’s accuracy diminishes when

dealing with longer needle lengths.

The model was also used to simulate the motion of fiber suspensions by con-

sidering only repulsive interactions and neglecting hydrodynamic interactions and

particle inertia. These repulsive interactions encompass both intra- and inter-fiber

interactions, including colloidal forces, short-range repulsion, and friction between

fibers. The model was employed to investigate the transient behavior of the relative

viscosity of the suspension under simple shear flow, revealing that fiber flexibility

increases the hydrodynamic contribution to viscosity (51). Skjetnet, Ross, and Klin-

genberg published a follow-up article to provide additional insights into the needle

chain model. Their simulation results for flexible fibers align with previous exper-

imental observations, indicating that the direction and rate of deviation from the

Jeffery orbit depend on factors such as fiber stiffness, initial fiber orientation, and

the characteristics of the flow field. Building on the needle chain model, Schmid et

al. (45) developed a particle-level model to simulate the motion of flexible fibers. In

this model, flexible fibers are represented as chains of elongated bodies connected
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by hinges. It is primarily used to simulate flocculation in flowing fiber suspensions,

considering fiber flexibility, irregular fiber equilibrium shapes, and frictional inter-

actions between fibers. The simulations demonstrated that flocculation can occur

due to inter-fiber friction and repulsive interactions even in the absence of attractive

forces between fibers. Furthermore, the results showed that various fiber features,

including stiffness and fiber shape, along with interaction forces, strongly influence

flocculation behavior and the properties of flocs. Switzer and Klingenberg (47) fur-

ther investigated the relationships between fiber properties, interactions, and the re-

sulting rheological properties of suspensions under simple shear flow. Their model

is based on the approach introduced by Schmid eet al., where flexible suspensions

are represented as chains of neutrally buoyant, linked rigid cylinders connected by

ball and socket joints immersed in a Newtonian liquid. Their model did not con-

sider particle inertia, hydrodynamic interactions, or the two-way coupling between

the fibers and the flow. The fibers interact with each other through short-range re-

pulsive forces and friction forces. The simulation results concur with those pre-

sented by Schmid et al., demonstrating that fiber flexibility leads to shear-thinning

behavior due to the competition between hydrodynamic forces and fiber elasticity

(51). Lindström and Uesaka (46) made improvements to the numerical stability of

the model proposed by Schmid et al. (45). They also implemented a two-way cou-

pling scheme and introduced a hydrodynamic force model suitable for the inertial

regime. Additionally, they derived an approximation for non-creeping interactions

between fiber segments and the surrounding fluid when dealing with larger seg-

ment Reynolds numbers. This enhanced model was employed to study semi-dilute

non-Brownian fiber suspensions, and it successfully replicated various regimes of

motion for threadlike particles, spanning from rigid fiber motion to complex orbit-

ing behavior, including coiling both with and without self-entanglement (46). Lind-

ström and Uesaka (52) used this model to predict the rheological properties of fiber

suspensions at various volume concentrations, taking into account both hydrody-

namic and mechanical fiber interactions. They also investigated the impact of fiber

aspect ratio, fiber concentration, and inter-particle friction on the stress tensor of the

suspension and on fiber flocculation.

The same model developed by Lindström and Uesaka (46) was also employed
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10 Chapter 1. Introduction

by Andrić et al. (53–55) to study the behavior of dilute suspensions and the motion

of fibers in inertial flows. Andrić et al. (53) investigated the motion of rod-like fibers

in the decelerating flow of a wedge-shaped channel using analytical and numeri-

cal methods. They considered both infinite and finite hydrodynamic resistance to

transverse flow and identified the phenomenon of ballistic deflection, where fiber

trajectories significantly deviate from the streamlines of the carrying flow. They ar-

gued that ballistic deflection increases the relative motion of fibers, potentially af-

fecting the collision rate and, consequently, the rate of aggregation. Later, Andrić

et al. (55) examined the flocculation of suspensions of rigid fibers in the deceler-

ating flow field of a diffuser. They modeled the fibers using a particle-level fiber

model and described the fluid flow using the two-dimensional steady-state Navier-

Stokes equation with the standard k − ω turbulence model to account for the effects

of turbulence. They also incorporated a stochastic model to consider the dispersion

of fibers due to turbulence. Their main finding was that the anisotropic hydrody-

namic resistance of fibers and the flow velocity gradients induce ballistic deflection

of fibers, leading to fiber flocculation in the diffuser. Additionally, they observed

that the kinematics of reinjected fibers strongly affect the flocculation in the horizon-

tal inflow channel and at the entrance of the diffuser.

1.2 Thesis objectives and structural outline

This work primarily investigates suspensions containing non-Brownian fibers, which

are commonly found in processes like paper manufacturing and wood pulp sus-

pensions. The present work is primarily concerned with the study of suspensions

containing non-Brownian fibers, which are commonly found in processes like paper

manufacturing and wood pulp suspensions. The main goal of this research is to get a

deeper understanding of how fluid flow and microscopic fiber features, such as flex-

ibility, irregular shapes, and aspect ratio, impact the behavior of both flexible and

rigid fibers in flowing fluids. To achieve this, a particle-level simulation technique,

which builds on previous work by Schmid et al. (45), Switzer III and Klingenberg

(47), and further improved by Lindstrom and Uesaka (46), is used to systematically

study fiber behavior in different flow conditions and geometries.
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The main objectives of this thesis may be summarized as follows: (i) the valida-

tion of the adapted particle-level model employed in this study, conducted through

theoretical and experimental assessments of isolated fiber motion within a simple

shear flow, (ii) the application of the fiber model to study the dynamics of flexible

and rigid fibers in different flow scenarios, with a particular emphasis on the exam-

ination of fiber transport and shape evolution based on fiber properties, and (iii) the

examination of fiber flocculation phenomena in flowing suspensions, with a specific

focus on understanding the mechanisms governing the flocculation of fibers within

turbulent suspension flows.

The remaining parts of this thesis are structured into 5 chapters. Chapter 2 pro-

vides the theoretical background of this research, presenting the geometry of the

fiber model and the governing equations for both rigid and flexible fibers as well as

the fluid flow. Chapters 3 and 4 present the outcomes of simulations of the fiber sus-

pensions. Each of these two chapters is self-contained, encompassing a discussion

of the background material, a description of the models and simulation techniques,

and a detailed analysis of simulation results.

In Chapter 3, we begin with the presentation of simulation results exploring how

individual fibers move in a simple viscous shear flow of an incompressible Newto-

nian fluid. Validation of the fiber model is conducted by comparing simulation re-

sults for both rigid and flexible fibers with established theoretical findings of Jeffery

et al. (8) and experimental data by Foragacs and Mason et al. (24). Subsequently,

the motion of isolated fibers in viscous cellular flow is explored to study fiber trans-

port for different initial conditions (position and orientation) and various degrees of

fiber stiffness. Furthermore, the dynamics and deformation of long flexible fibers

are examined, based on fiber flexibility, aspect ratio, and equilibrium shape. Ad-

ditionally, an analysis of fiber trajectories is conducted to acquire a comprehensive

understanding of the effects of fiber flexibility, initial positions, and orientations on

fiber transport.

Chapter 4 offers a detailed analysis of flowing fiber suspensions in an axisym-

metric diffuser using Large Eddy Simulation (LES). It includes a comprehensive

study of the evolution of fiber floc mass fraction, fiber trajectories, fiber slip veloci-

ties, and fiber alignment in the fluid flow. We particularly investigate a phenomenon
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called “flow-induced ballistic flocculation”, which originates from the ballistic de-

flection of fibers. We analyze this phenomenon for fibers with different inertial

properties and various approaches of fiber reinjection into the flow. Additionally, we

compare the outcomes of fully resolved LES simulations with those from Reynolds-

averaged Navier-Stokes (RANS) simulations using a particle dispersion model, as

previously studied by Andrić et al. (55).

In Chapter ??, we summarize the research findings and provide suggestions for

future research works.

1.3 Related Contributions

Throughout the course of this research, the following significant contributions were

made:

• Journal articles

– MohammadJavad Norouzi, Jelena Andric, Anton Vernet, and Jordi Pal-

lares. "Shape evolution of long flexible fibers in viscous flows." Acta Me-

chanica 233, no. 5 (2022): 2077-2091.

– Norouzi, MohammadJavad, Jelena Andric, Anton Vernet, Jordi Pallares,

and Hakan Nilsson. "Large eddy simulation of fiber flocculation in a dif-

fuser", Submitted.

• Conference contributions

– MohammadJavad Norouzi, Anton Vernet, and Jordi Pallares. (2021) “Shape

development of long flexible fibers in viscous cellular flow: effects of fiber

properties”, 18th Multiphase Flow Conference, Dresden, Germany.

– MohammadJavad Norouzi, Anton Vernet, and Jordi Pallares. (2019) “De-

formation, orientation and spatial distribution of long flexible fibers in

viscous flows”, 17th Conference and Short Course on Multiphase Flows,

Dresden, Germany.

– MohammadJavad Norouzi, Anton Vernet, and Jordi Pallares. (2019) “Long

flexible fibers in viscous shear flows”, CISM-AIMETA Advanced School

on anisotropic particles in viscous and turbulent flows, Udine, Italy.
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Chapter 2

Simulation method

2.1 Fiber model

In this thesis, a particle-level simulation technique is employed to model fiber sus-

pensions. The fiber is conceptualized as a chain of rigid cylindrical segments that are

lined up and connected to each other through ball and socket joints while immersed

in a Newtonian liquid. The model accommodates bending and twisting deforma-

tions by allowing for movement of the rigid cylinders relative to each other. The

model demonstrates proficiency in capturing realistic characteristics of fibers, in-

cluding non-straight equilibrium fiber shapes and variations in fiber stiffness. This

fiber model provides two alternatives: the flexible and rigid fiber model. In the flexi-

ble fiber model, the segments may rotate and twist around the joints, thus accurately

the bending and twisting deformations of the fiber. On the other hand, in the rigid

fiber model, the relative orientation between adjacent segments remains fixed, ef-

fectively constituting a rigid body. In the forthcoming sections, the description of

the fiber geometry and the governing equations for both the flexible and rigid fiber

models are presented.

2.1.1 Fiber geometry

Each fiber is modeled as a series of Nseg linked rigid cylinders connected by ball

and socket joints with hemispherical end-caps. Figure 2.1 shows the fiber geometry,

where the position of the center of mass of each segment i is represented by the

vector r⃗i, and the unit orientation vector is p̂i. Fiber joints are numbered starting

with a virtual joint at the free end of the first segment. Each segment has a diameter

UNIVERSITAT ROVIRA I VIRGILI 
NUMERICAL MODELING OF HIGH ASPECT RATIO FIBERS IN FLUID FLOWS 
MohammadJavad Norouzi 
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FIGURE 2.1: Illustration of a general non-straight fiber

D and length l, representing the fibers with an aspect ratio represented as r f =

L/D = Nsegl
/

D.

2.1.2 Equations of motion for a flexible fiber

The motion of fibers is governed by force and torque balances on each fiber segment

i in the chain, and the constraint that the fiber contour length remains constant.

The forces that act on a fiber segment i with mass mi include hydrodynamic

forces (F⃗h
i ), the sum of body force (F⃗b

i ), and the connectivity forces that act among

the adjacent fiber segments to ensure fiber integrity and keep the fiber at a constant

length (X⃗i),

mi ¨⃗ri = F⃗h
i + F⃗b

i + X⃗i+1 − X⃗i, (2.1)

The torque balance on fiber segment i includes similar contributions with the

addition of a restoring torque at each joint (Y⃗i),

∂

∂t

Ä
¯̄Ii · ω⃗

ä
= T⃗h

i + Y⃗i+1 − Y⃗i +

Å
l
2

p⃗i

ã
×
Ä

X⃗i+1

ä
+

Å−l
2

p⃗i

ã
×
Ä
−X⃗i

ä
(2.2)

where Ii is the tensor of inertia of segment i with respect to the global coordi-

nate system, ω⃗i is the angular velocity, T⃗h
i is the hydrodynamic torque, and Y⃗i is

the sum of the bending and twisting torques exerted on segment i − 1 by segment

i. In Equations (2.1) and (2.2), for the end segments, X⃗1 = X⃗Nseg+1 = 0⃗, as well as

Y⃗1 = Y⃗Nseg+1 = 0⃗.
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The constraint that keeps a fiber at a constant length requires that the endpoints

of adjacent fiber segments coincide, (i.e.,

r⃗i +
l
2

p⃗i −
Å⃗

ri+1 −
l
2

p⃗i+1

ã
= 0⃗ (2.3)

Taking the time derivative leads to the following constraint:

˙⃗ri − ˙⃗ri+1 =
l
2

ω⃗i × p⃗i +
l
2

ω⃗i+1 ×
(
− p⃗i+1

)
(2.4)

Combining Equations (2.1) and (2.2) into Equation (2.4) forms a system of equa-

tions that can be solved for the unknown segment velocities and angular velocities.

Once the velocities have been calculated, the new positions and orientations for all

segments can be determined. A detailed discussion of hydrodynamic forces and

torques exerted by the fluid on the fiber segments and the numerical algorithms to

solve these equations is provided in Chapter 3 and references (45–47, 56), and in

detail in Appendix A.1

2.1.3 Equations of motion for a rigid fiber

In the case of a rigid fiber, the linear and angular equations of motion are formulated

for the fiber center of mass r⃗G, while the hydrodynamic contributions are summed

up over the fiber segments. Considering all segments have identical characteristics

((i.e., mass mi, length li, diameter di and unit vector p⃗i), the center of mass of the

fiber is r⃗G = 1
Nseg

Nseg

∑
i=1

r⃗i. Moreover, since the fiber is rigid, each segment i has the

same angular velocity as the center of mass of the fiber (ω⃗i = ω⃗G). The linear and

angular equations of motion are formulated as (56)

m ¨⃗rG =
N

∑
i=1

F⃗h
i (2.5)

∂

∂t

Ä
¯̄IG · ω⃗

ä
= ¯̄IG · ˙⃗ω + ω⃗ ×

Ä
¯̄IG · ω⃗

ä
=

Nseg

∑
i=1

T⃗h
i +

Nseg

∑
i=1

(⃗ri − r⃗G) × F⃗h
i (2.6)

Here m = ∑
Nseg
i=1 mi is the fiber mass, ¯̄IG is the inertia tensor of the fiber with re-

spect to its center of mass, F⃗h
i and T⃗h

i are the hydrodynamic drag force and torque
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16 Chapter 2. Simulation method

exerted by the fluid on segment i. Equations (2.5) and (2.6) together form the system

of equations that can be solved for the linear and angular velocities of the fiber. Once

the linear and angular velocities of the fiber segments are calculated, the positions

and orientations of the fiber are updated accordingly. A detailed discussion of hy-

drodynamic forces and torques imposed by the fluid on the fiber segments as well as

the numerical algorithms to solve the equations is provided in Chapter 4, reference

(53), and in detail in Appendix A.2.

2.2 Flow field

The representation of the flow field depends on the nature of the study being con-

ducted. In Chapter 3, a simple shear flow is used for the purpose of validating the

implemented fiber model. An analytical expression to describe this flow field is

given by:

v⃗ =
(
γ̇y, 0, 0

)
, (2.7)

where v⃗ represents the fluid velocity, and γ̇ is the shear rate.

In Chapter 3, the behavior of flexible fibers flowing in a lattice of counter-rotating

vortices is also studied. The two-dimensional steady velocity field of the cellular

flows is described by (57):

vx = U0
(
sin (x̃)cos

(
ỹ
))

(2.8)

vy = U0
(
−cos (x̃) sin

(
ỹ
))

(2.9)

Where x̃ (resp. ỹ) is the dimensionless coordinate πx/2W (resp. πy
/

2W)), in which

2W is the cell size, and U0 is considered to be 1.

In Chapter 4, the dynamics of fibers are analyzed in turbulent flow in an axisym-

metric diffuser. The flow is modeled using highly resolved Large Eddy Simulation

(LES) as predicted by the OpenFOAM CFD solver, which provides an accurate rep-

resentation of the flow field. This involves the utilization of the three-dimensional,

incompressible Navier–Stokes equations to describe the motion of the fluid.
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2.2. Flow field 17

The selected simulation methods are capable of accurately capturing the system’s

physics while maintaining reasonable computational costs.
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Chapter 3

Shape Evolution of Long Flexible

Fibers in Viscous Flows

3.1 Introduction

The motion of long flexible fibers in fluid flows is central to many industrial appli-

cations, including pulp and paper making, textile, insulation and food industries, as

well as microfluidic engineering and biotechnologies (54, 58–60). In addition to these

applications, suspensions of long filaments are also a matter of interest in nature and

some biological systems, such as in cell division (61) and swimming of microorgan-

isms (62). The flow-induced deformation of fibers is essential for fiber transport

(63), affecting the isotropy and spatial dispersion of fibers. These impacts on the mi-

crostructure of the fibers suspension strongly affect the macroscopic properties (e.g.,

mechanical, thermal, electrical) of the final product (53, 64, 65). Hence, unveiling

the fundamental mechanisms and governing parameters behind these phenomena

remains crucial to improving the design and optimization of products and processes.

There have been numerous experimental, theoretical and numerical research to

investigate the behavior of rigid spherical or non-spherical particles in various flow

conditions. When objects have multiple degrees of freedom, which is the case for

flexible fibers, the problem becomes increasingly challenging due to the formation

of complex fiber structures created through flow-induced bending, buckling, twist-

ing, and flocculation. Early experiments by Forgacs and Mason (24, 49) with elastic

fibers in simple shear flow demonstrated different shapes and motion behaviors de-

pending on the characteristics of the suspension system, including fiber geometry,
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20 Chapter 3. Shape Evolution of Long Flexible Fibers in Viscous Flows

fiber stiffness, and flow properties. They identified various regimes of fiber mo-

tion, including the rigid motion in which the fiber follows Jeffery orbits (8), periodic

orbits with springy and snake-like deformations, complex coiled orbits, and coiled

motion with entanglement. With technological advances in microfluidic technology,

the periodic shape deformations were studied experimentally for DNA strands and

actin filaments (66, 67), and complex coiling and entanglement of long actin fibers

in shear flows (68). Wandersman et al. (57) studied the deformation and transport of

flexible fibers in a viscous cellular flow, created by a planar array of electromagneti-

cally driven counter-rotating vortices. They observed both fiber trapping in vortices,

and fiber transport and buckling through hyperbolic stagnation points for the suffi-

ciently high fluid strain-rate. They also reported on the effect of fiber deformation

on its translational motion, and identified the buckling threshold in a reasonable

agreement with the predictions of linear analysis in a purely hyperbolic flow (57).

The Slender Body Theory (SBT) (38), Immersed Boundary Methods (IBM) (69,

70), and bead and rod models (48, 54, 55) have been the three main methods used

to study numerically the dynamic of suspended flexible fibers in a fluid flow (71).

Reviews (30, 35, 40, 72) have presented the basics and algorithmic advances of these

computational modeling approaches. Much progress has been made in employing

SBT to describe the orbits and buckling of fibers in fluid flows (38, 63, 68, 73). In

particular, Quennouz et al. (63) studied the dynamics, transport, and buckling of

elastic fibers in a two-dimensional cellular flow experimentally and numerically us-

ing SBT. They investigated the probability of fiber buckling by varying the parameter

so-called “elasto-viscous number”, which represents the relative intensity of viscous

forces to fiber elastic forces. The typical shape evolution of fibers in shear flow was

studied by Nguyen & Fauci (74), Słowicka et al. (75) and LaGrone et al. (76). They

observed that elastic fiber often tends to the flow–gradient plane, and its shape de-

velopment in the shear flow depends on the fiber slenderness and the elasto-viscous

number. The fiber rotates rigid and nearly-rigid in the shear for small elasto-viscous

number; it buckles once the elasto-viscous number reaches the threshold value; and

a transition to a “snaking behavior” occurs for larger elasto-viscous numbers (76). By

modeling a fiber as a chain of spherical particles, Kuei et al. (77) studied the complex

coiling and formation of knots in shear flow. Kondora and Asendrych (78) employed
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3.1. Introduction 21

a one-way coupled particle-level fiber method, where the fibers were modeled as a

chain of spheres connected by ball and socket joints, to obtain the probability dis-

tribution function of fiber orientation in a converging channel of a papermachine

headbox. The influence of fiber stiffness and the compressional flow field on the

shape of deformed fiber has been studied by Chakrabarti et al. (79). In particu-

lar, they reported that flexible filament could buckle into a helical shape in a purely

compressional flow when end moments and compressive forces are applied, stand-

ing out from classical helical buckling where filament may obtain a chiral helicoidal

morphology in the absence of any intrinsic twist or external moments.

Understanding how non-spherical structures interact with a turbulent flow is

quite complicated. Beyond the complexity of turbulence of flows with spherical

particles, the forces and torques that depend on the particle shape and orientation

should also be considered (80, 81). The majority of the studies dealing with non-

spherical particles in turbulence focus on rigid spheroids (59, 82, 83), reporting the

tendency of the particles to align with the direction of the strongest Lagrangian fluid

stretching (82, 84). It has been shown that the particle shape and size affect the

inertia-driven phenomena such as preferential concentration and near-wall accu-

mulation (81, 83, 85). Flexibility is another parameter that can affect the behavior

of high aspect ratio particles suspended in a turbulent flow since the particle may

experience severe flow-induced velocity gradients over its length (86).

Few studies are available on the suspension of flexible particles in turbulent

flows due to the complexities addressed earlier. Brouzet et al. (87) and Gay et al. (88)

examined the spatial conformation of a flexible fiber in a homogeneous isotropic tur-

bulence flow experimentally. They proposed a model for the transition from rigid to

flexible regimes as the turbulence intensity increases or the fiber elastic energy de-

creases. They found that the straightening of the fibers, which becomes more evident

as the length of the fiber increases, is due to the spatial and temporal correlations of

the turbulent forcing. Niskanen et al. (89) performed both experiments and numer-

ical simulations of a dilute suspension of flexible wood fibers in a contracting tur-

bulent channel flow to identify the mechanisms affecting the development of fiber

orientation. They observed that the orientation anisotropy obeys approximately a
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22 Chapter 3. Shape Evolution of Long Flexible Fibers in Viscous Flows

linear relation to the contraction ratio, meaning that the streamwise flow accelera-

tion is the main mechanism affecting the development of the fiber orientation. From

a numerical point of view, Andrić et al. (56) studied the translation and re-orientation

of the fibers in a turbulent channel flow. They found that the fiber motion is primar-

ily governed by velocity correlations of the flow fluctuations. They also highlighted

the tendency of the fibers to evolve into complex geometrical configurations. Dotto

et al. (86) performed a statistical characterization of the bending dynamics of iner-

tial flexible fibers dispersed in a turbulent channel flow, finding that fibers retain a

more deformed conformation in the center of the channel while they stretch near

the wall region by the effect of the mean shear. Moreover, they found that the fiber

end-to-end distance reaches a steady-state regardless of fiber location with respect

to the wall. Rosti et al. (90, 91) studied the interaction between fiber elasticity and

turbulent flow. They identified the flapping regime in which the fiber, despite its

elasticity, is effectively slaved to turbulent fluctuations and, therefore, they can be

used as a proxy to measure various two-point statistics of turbulence.

To the best of the authors’ knowledge, there is no study available analyzing

the behavior of flexible fibers in the cellular flow that employs a particle-level fiber

model where a fiber is represented as a chain of cylindrical rods. To contribute to ful-

filling this limitation, the present study is built on the model proposed by Schmid et

al. (45) and Switzer III & Klingenberg (47) to investigate the dynamics of long flexible

fibers suspended in a Newtonian viscous cellular fluid flow. Such a flow setup has

been proposed to capture some of the dynamics of biological polymers in motility as-

says (92). Additionally, understanding the fiber configurational transitions has been

proven to provide useful information for biological and fluid dynamics communi-

ties, for instance, in emerging nanotechnology for directed transport, assembling,

sorting, and sensing of molecules (93–96), and nanometer-sized cargo in cellular-

sized synthetic devices, as well as in sorting pulp fibers in the paper-making process

(70). In the model used, each fiber is treated as a chain of massless rigid cylindrical

segments connected by ball and socket joints. The model includes realistic features

of fibers, such as flexibility and irregularly deformed equilibrium shapes and, in

comparison to the previous studies, it can particularly provide additional informa-

tion on the behavior of the fibers with respect to their equilibrium shape. Moreover,
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3.2. Simulation Method 23

the mode considers one-way interaction between the fibers and the fluid flow while

fiber-fiber interactions and Brownian motion are neglected. On each segment, the

hydrodynamic forces and torques, the bending and twisting torques between each

neighboring pair of segments, as well as the internal constraint forces and moments

are applied. The purpose of this work is to study the dynamics and the deformation

of fibers in a steady cellular flow, depending on the fiber stiffness, aspect ratio, and

equilibrium shape. To this end, the shape evolution of fibers initially aligned with

the flow direction is evaluated using the curvature of the fiber and the curvature

of fluid flow at different distances from the center of vortices. Moreover, to gain

a general understanding of the effects of fiber flexibility and initial positions and

orientations on fiber transport, the analysis of fiber trajectories is performed.

3.2 Simulation Method

The fiber model used in this work is based on the model proposed by Schmid et al.

(45) and Switzer III & Klingenberg (47). Thus, for the purpose of completeness, this

section describes the main features of the model and highlights the modifications

applied in the present work.

As illustrated in Figure 4.1, a flexible fiber is modeled as a chain of Nseg rigid inex-

tensible cylindrical segments connected through Nseg − 1 hinges. All fiber segments

have the same diameter D and length l, representing the fibers with aspect ratio

r f = L/D = Nsegl
/

D. The position vector r⃗i points to the center of mass of the seg-

ment i, and the unit vector p⃗i describes the segment orientation with respect to the

non-inertial coordinate system. Fiber and fluid inertia are neglected because of the

small Reynolds numbers under creeping flow conditions (here Re = ργ̇LD
/

µ ≪ 1

where ρ, γ̇, and µ are the density of the fluid, shear rate, and fluid viscosity, re-

spectively) (45). Moreover, given the behavior of the fibers studied for dilute flow

conditions, the hydrodynamic interactions between the fibers are neglected.

The motion of each fiber segment i is governed by Euler’s first (Equation (3.1))

and second law (Equation (3.2)) together with the connectivity constraint (Equation

(3.3)) as follows:
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FIGURE 3.1: Fiber geometry, forces and torques applied
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FIGURE 3.2: Equilibrium shape for a fiber with N = 11, ϕeq = 0 and
(a) θeq = 0; (b) θeq = 0.1; and (c) θeq = 0.2

F⃗h
i + F⃗b

i + X⃗i+1 − X⃗i = 0⃗ (3.1)

T⃗h
i + Y⃗i+1 − Y⃗i +

Å
l
2

p⃗i

ã
×
Ä

X⃗i+1

ä
+

Å−l
2

p⃗i+1

ã
×
Ä
−X⃗i

ä
= 0⃗ (3.2)

r⃗i +
l
2

p⃗i −
Å⃗

ri+1 −
l
2

p⃗i+1

ã
= 0⃗ (3.3)

In Equation (3.1), F⃗h
i is the hydrodynamic drag, F⃗b

i is the body force, X⃗i and X⃗i+1 are

the connectivity forces in the hinges at the two ends of the segment i. In Equation

(3.2), T⃗h
i is the hydrodynamic torque, Y⃗i = Y⃗b

i + Y⃗t
i is the sum of the bending torque

(Y⃗b
i ) and twisting torque (Y⃗t

i ) in the joint i, and Y⃗i+1 is the analogous for the joint

i + 1. For the end segments X⃗1 = X⃗N+1 = 0⃗ as well as Y⃗1 = Y⃗N+1 = 0⃗.

The hydrodynamic force and torque on the segment are F⃗h
i = ¯̄Ai ·

Ä
v⃗∞

i − ˙⃗ri

ä
and

T⃗h
i = ¯̄Ci ·

Ä
Ω⃗∞

i − w⃗i

ä
+ ¯̄Hi : E

∞
, respectively, where ¯̄Ai, ¯̄Ci, and ¯̄Hi are the resistance

tensors that are approximated by the corresponding resistance tensors of a prolate

spheroid with an equivalent aspect ratio proposed by Kim & Karrila (97); v⃗∞
i , Ω⃗∞

i =

1
2

(
∇× v⃗∞

i
)
, ¯̄E∞ = 1

2

Ä
∇v⃗∞

i +
(
∇v⃗∞

i
)tä are the translational fluid velocity, the angular

fluid velocity and the rate of strain tensor, respectively, all evaluated at the center of
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3.2. Simulation Method 25

mass of the segment i. ˙⃗ri and Ω⃗∞
i are the translational and angular velocities of the

center of mass of segment i. The bending and twisting torques (Y⃗b
i and Y⃗t

i ), represent

the fiber resistance to the flow acting to restore its equilibrium shape. These torques

are assumed to be proportional to the difference between the angle at the joint i

formed by connected segments:

Y⃗b
i = −kb

(
θi − θ

eq
i
)

e⃗b
i , Y⃗t

i = −kt
(
ϕi − ϕ

eq
i
)

e⃗t
i (3.4)

here kb and kt are the bending and twisting stiffness constants, e⃗b
i and e⃗t

i are the

unit vectors in the bending and twisting torque directions. θ and ϕ are the bend-

ing and twisting angles of the segment whereas θ
eq
i and ϕ

eq
i are the equilibrium

angles describing fiber equilibrium shapes when no forces or torques are acting

on it (see Figure 4.2). For an intrinsically straight fiber, θ
eq
i and ϕ

eq
i are zero, for

a permanently deformed U-shaped fiber with an intrinsic radius of curvature Ru,

θeq = 2tan−1 (L
/

(2Ru)
)

is constant at every joint and ϕ
eq
i = 0, and in the case both θ

eq
i

and ϕ
eq
i are non-zero constants at every joint, the fiber has an intrinsic helical shape

(45).

The reader is referred to Reference (45) for details of the discretization of the

motion equations and the numerical algorithm to solve them.

Assuming the fluid flow velocity vector U⃗ (t) =
(
ux, uy, uz

)
, the curvature of the

flow streamlines can be calculated (98):

κ f low (t) =

∥∥∥U⃗ (t) × a⃗ (t)
∥∥∥∥∥∥U⃗ (t)

∥∥∥3 (3.5)

Here × is the cross product, and a⃗ (t) is the acceleration field that for a steady flow

can be computed as:

a⃗t (t) = ∇U⃗ (t) · U⃗t (t) (3.6)

To analyze the evolution of the fiber shape, the curvature of each fiber segment

κi is evaluated as

κi =
1
Ri

(3.7)
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26 Chapter 3. Shape Evolution of Long Flexible Fibers in Viscous Flows

where Ri is the radius of the circle that is determined by the center of mass of the

three consecutive segments. For the end segments, κ1 = κN+1 = 0.

3.3 Validation

The fiber model validation is performed by comparing the simulation results for

both rigid and flexible fibers to well-known theoretical and experimental results.

Jeffery (8) studied the motion of an isolated rigid ellipsoidal particle in a simple

shear flow U⃗ =
(
γ̇y, 0, 0

)
, where γ̇ is the shear rate of the flow (see Figure 4.3). The

periodic trajectories of the particle ending points, known as Jeffery orbits, can be

described in spherical coordinates by

tan θ =
C rs[

r2
s cos2ϕ + sin2ϕ

]1/2
(3.8)

tan ϕ = rs tan
Å

2πt
T

+ k
ã

(3.9)

where C is the orbit constant, k is the phase angle, T = 2π
(
rs + r−1

s
)/

γ̇ is the orbit

period, θ is the angle between the unit vector along the cylinder (p⃗) and the vortic-

ity axis (z-axis), and ϕ is the angle between the projection of the unit vector p⃗ on

the flow-gradient plane and the x-axis (see Figure 4.3). Bretherton (10) expanded

Jeffery’s solution to any axisymmetric particle when rs is replaced with an effective

aspect ratio re. Cox (11) found the semi-empirical correlation re = 1.24r f

¿»
ln r f for

a circular cylinder with an aspect ratio of r f .

Figure 4.4 illustrates the trajectories of one end point of an isolated rigid fiber

centered at the origin for different orbit constants C, obtained by varying the initial

Euler angles (θ and ϕ). The solid lines are the path predicted from Jeffery’s solution

(Equation (3.8) and (3.9)), and the markers are from the simulations of a rigid fiber

with N = 11, r f = 110, and BR = 2 (the parameter BR describes the fiber flexibility

and can be calculated as BR = EY (ln (2re) − 1.5)
¿

2µγ̇r4
f where EY is Young modulus

and r f is the fiber aspect ratio). It is seen that there is an excellent agreement between

the numerical results and the Jeffery’s theory for the rigid fiber.
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FIGURE 3.3: Euler angles for a cylindrical rigid fiber exposed to a
shear flow

FIGURE 3.4: The orbits of a rigid fiber with N = 11, r f = 110 for
different Euler angles (θ, ϕ); “+” are simulated results, and solid lines

are Jeffery orbits.

Figure 4.5 shows the non-dimensional Jeffery orbit period Tγ̇ as a function of

fiber aspect ratio r f for both predictions from Cox’s semi-empirical correlation and

the one computed from the numerical model employed. The simulation results re-

ported are from isolated straight fiber (i.e., θeq = ϕeq = 0) with BR = 2 (correspond-

ing to an essentially rigid fiber) and various fiber aspect ratios. The fiber was initially

placed aligned with the direction of a simple shear flow and, thus, it rotates in the

gradient plane of the flow. As it can be seen in Figure 4.5, a good agreement between

the computed periods and the theoretical prediction is found for the range of fiber

aspect ratios analyzed.

The implemented method was also used to reproduce the motion of an isolated
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FIGURE 3.5: The dimensionless orbit period of Jeffery orbit Tγ̇ plot-
ted as a function of the aspect ratio r f . The solid line represents the
prediction from Cox’s semi-empirical correlation, and the filled cir-

cles are from the numerical simulations

flexible fiber in shear flow for different fiber stiffnesses. Forgacs and Mason (49) ex-

perimentally studied the motion of threadlike particles in shear flows. By varying

shear rate, fiber stiffness and fiber length, they observed different rotation regimes

such as rigid, springy, snake-like, helix and coiled motion with self-entanglement.

Figure 4.6 shows the orbiting behavior of a fiber with r f = 250, N = 25 (to ensure

sufficient discretization for capturing fiber deformation) and three different values

of the bending ratio BR = 2, 1, 0.1. It is predicted that a cylindrical fiber bends when

BR < 1 (45), however, in agreement with Schmid et al. (45), the modeled intrinsi-

cally straight fiber behaves stiffer than actual fibers, and it bends at BR < 0.1. Ad-

ditionally, an intrinsically straight fiber exhibits a snake-like S-shaped deformation

(Figure 4.6d). However, implementing a small permanent deformation to mimic

the geometrical imperfection of physical fibers (here, Ru = 100L (45)), leads to a

Snake-like C-shaped fiber deformation (Figure 4.6c), as reported in the experimental

studies (49, 99). In conclusion, the numerical results are qualitatively in agreement

with experimental observations of Forgacs and Mason (49).

Figure 4.7 depicts the surface plots of the evolving (absolute value of) curvature

along the arclength of the fiber as a function of time, corresponding to the simula-

tion runs depicted in Figure 4.6. A rigid fiber (Figure 4.7a) maintains its initially

straight shape, and therefore there is no deformation in its curvature surface plot.

For the S-shaped motion (Figure 4.7c), the fiber buckles and two bends occur during
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FIGURE 3.6: The time series of images from simulations showing
shape evolution of fibers in simple shear flow. Three types of or-
bits can be seen for a fiber with r f = 250, N = 25: (a) “Rigid”, for
fiber with the intrinsic radius of curvature Ru = 100L (i.e., θeq ≈ 0.01)
with BR = 2; (b) “Springy”, for fiber with the intrinsic radius of cur-
vature Ru = 100L (i.e., θeq ≈ 0.01) with BR = 1; (c) “Snake-like S-
shaped”, for intrinsically straight fiber with BR = 0.1; (d) “Snake-like
C-shaped”, for fiber with the intrinsic radius of curvature Ru = 100L
(i.e., θeq ≈ 0.01) with BR = 0.1. For the sake of visualization, the fiber

diameters are exaggerated.

rotation. In this case, the positions of the maximal curvature do not travel along

the arclength of the fiber while they occur as standing waves appear periodically in

each orbit. In the case of snake-like C-shaped deformation (Figure 4.7d), in any or-

bit, fiber bends from one endpoint and the point of maximal curvature travels along

the fiber arclength toward another fiber endpoint until it regains its straight shape.

In all simulations shown in Figure 4.7, the fiber exhibits periodic motion; it remains

most of the time in the straight configuration and aligned with the flow direction.

3.4 Results and Discussion

In this work, the behavior of flexible fibers flowing in one cell of a lattice of counter-

rotating vortices (57) is studied. Since the flow streamlines are closed, inertialess

point-like particles became trapped in the vortices. Moreover, this vortical flow con-

tains stagnation points generating compression-elongation rates, and the fiber may

deform, which makes this flow an interesting choice for analyzing the shape evolu-

tion and transport of flexible fibers.

The two-dimensional steady velocity field of the cellular flows, is described by

(57)

ux = U0
(
sin (x̃)cos

(
ỹ
))

(3.10)
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FIGURE 3.7: Surface plots of the (absolute value of) curvature as a
function of time and fiber arclength; panels (a)-(d) correspond to the

cases depicted in Figure 4.6a-d, respectively.

uy = U0
(
−cos (x̃) sin

(
ỹ
))

(3.11)

Here x̃ (resp. ỹ) is the dimensionless coordinate πx/2W (resp. πy
/

2W) in which

2W is the cell size. In this study, U0 = 1 and W = 600π, to have the simulation box

with side lengths of at least four times bigger than the longest fiber considered in

this study (2W ≥ 4Lmax) (45).

Figure 4.8a depicts the velocity field, while Figure 4.8b shows the vorticity field

of one cell of the background cellular fluid flow in a square box computational do-

main of size 1200π. Figure 4.9a illustrates the streamline curvature field and Figure

4.9b shows, as an example, the time-averaged fiber curvature field computed from

a total of 400 fibers initially aligned with flow direction over 25 × 103 dimensionless

time period that was sufficient time for the fibers to reach their steady-state shapes.

In order to compute the fiber curvature field, the computational domain was di-

vided into 80 × 80 identical square cells and the fiber curvature was calculated by

averaging the curvatures of the segments in which their center of masses lie within

the cell. By comparing Figure 4.9a and Figure 4.9b, it is seen that, for the conditions

considered
(

N, r f , DS, θeq, ϕeq) = (11, 220, 0.1, 0.01, 0), the fiber curvature field is is in

qualitative agreement with the streamline curvature field.
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b

α 

(a) (b)

(a) (b)
FIGURE 3.8: (a) Velocity field, and (b) Vorticity field

Several numerical experiments were performed to gain a general understand-

ing of the effects of initial fiber positions and orientations, as well as fiber stiffness

on the transport and shape evolution of flexible fibers in a viscous cellular flow.

The motion of fibers initially placed at various distances from the center of vortices

b = 1000, 1200, 1500, 1700, 1800, 1850, 1870, 1880, and oriented at two different angles

measured from the x-axis of α = 0◦ (i.e., along x-axis) and α = 90◦ (i.e., along y-axis)

was tracked (see figure 4.8b for the definitions of α and b). Figure 4.10 shows the

trajectories of the center of mass of the fibers. In addition, the observations of the

selected cases with (b, α) = (1700, 0◦), (1800, 0◦), and (1850, 0◦) are provided as the

Supplemental Material Movie S1. In agreement with the study of Wandersman et

al. (57), two main types of fiber dynamics were observed. In one dynamical state,

the fiber is trapped within the vortex (Figure 4.10a,b) and follows roughly the flow

streamlines. The trapped fibers demonstrate oscillations about the mean trajectory,

which can span the trajectory of the fiber toward the cell compression regions. An-

other dynamical state occurs for the fibers that are initially located either very close

to or inside the compression region (Figure 4.10c,d). In this state, the fibers meander

across the vortical arrays and show transition from orbiting about one vortex to an-

other one (63). Similar to the observation of Wandersman et al. (57), fibers also show

a staircase-like motion across the lattice of vortices (see the case in cyan in Figure

4.10d).

Figure 4.11 depicts successive snapshots taken from the instantaneous shape of
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b

α 

(a) (b)

(a) (b)

FIGURE 3.9: (a) Flow streamline curvature field in logarith-
mic scale, and (b) Fiber curvature field

Ä
N, r f , DS, θeq, ϕeq

ä
=

(11, 220, 0.1, 0.01, 0). Note that the area with no presence of fibers is
removed from the fiber curvature field; the square box highlighted
in the streamline curvature field is the corresponding area to the se-

lected area shown in the fiber curvature field.

two isolated fibers with different dimensionless stiffness DS = πBR/[32(ln 2re −

1.5)] (11, 45). Both fibers are placed at b = 1850 and aligned with y-axis (i.e., α = 90◦).

The rigid fiber with DS = 1 (on the left) does not buckle and maintains its straight

shape, while the flexible fiber with DS = 1 × 10−2 (on the right) buckles and shows

different modes of deformation. Since the flow streamlines are closed and the fibers

are without inertia, they remain trapped in the vortices of the cell.

As illustrated in Figure 4.11 and in Supplemental Material Movie S1, depending

on the fiber initial conditions and stiffness, fiber undergoes different deformation

modes, including straight, nearly straight, "J", "C", and "U" shapes.

The effects of fiber stiffness, fiber equilibrium shape and fiber aspect ratio on the

shape deformation of flexible fibers in cellular flow are analyzed as well. To perform

such a parametric study, the fibers were considered to be made from vinylpolysilox-

ane, as reported in (63), with a density of 1.1 × 103kg.m−3, a fixed radius of 41 µm,

and different lengths ranging from 5.8 mm to 23 mm. The fibers considered in Refer-

ence (63) have Young’s modulus ranging from 20 kPa to 570 kPa ; however, this study

analyses a wider range [0.2 − 2000] kPa] to elucidate the effect of the fiber stiffness

using a more inclusive series of stiffnesses. The fibers equilibrium shape can vary
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FIGURE 3.10: Trajectories of the center of mass of fibers lo-
cated at different distances from the center of vortices, b =
1000, 1200, 1500, 1700, 1800, 1850, 1870, aligned either along x-axis
(α = 0◦) or y-axis (α = 90◦); the fibers with trajectories shown in
panels (a) and (b) have stayed trapped within the vortex and the ones
with trajectories shown in panels (c) and (d) have escaped from the

cell.
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FIGURE 3.11: Successive snapshots of the instantaneous shape of (a)
an isolated rigid fiber and (b) a flexible fiber. The fiber diameters are

exaggerated for the purpose of visualization.

from straight fiber (θeq = ϕeq = 0) to a relatively U-shaped one by taking equilib-

rium bending angles of θeq = 0.1 and 0.2 (see Figure 4.2). The fluid medium was

considered to be a mixture of polyethylene glycol 1000 (Fluka) and purified water,

exhibiting a viscosity of 82 mPa.s and density 1.25 × 103kg.m−3 (63). In all the fol-

lowing simulations, 64 fibers each consisting of 11 segments are tracked for different

combinations of values (DS, θeq, r f ). In each case reported, the fibers are initially

distributed uniformly in the computational domain, aligned with the flow direction

and the velocity of the fluid. The dimensionless time step used is 10−3 and the mo-

tion of the fibers are tracked over a time span of 50 × 103 dimensionless time.
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3.4.1 Effects of fiber stiffness

Simulations were performed for various values of the dimensionless stiffness DS =

πBR/[32(ln 2re − 1.5)]: DS1 = 4.2 × 10−6, DS2 = 4.2 × 10−5, DS3 = 4.2 × 10−4,

DS4 = 4.2 × 10−3, DS5 = 4.2 × 10−2, corresponding respectively to the fibers with

Young’s modulus of Ey1 = 0.2 kPa, Ey2 = 2 kPa, Ey3 = 20 kPa, Ey4 = 200 kPa, Ey5 =

2000 kPa, while other parameters were kept fixed at
(

N, r f , θeq, ϕeq) = (11, 143, 0.01, 0)

(here, fiber length and diameter are L = 11.72 mm and D = 8.2 µm, respectively).

Figure 3.12 shows the time evolution of the ratio between fiber curvature to the cur-

vature of flow streamline ξ = κ f iber/κ f low (Equation (3.5) and (3.7)) as a function of

time and the distance from the center of vortices (b). The standard deviations of the

curvature data are indicated by error bars. As shown at the top of the left column of

Figure 3.12, at dimensionless time of 1000, the value of ξ is very close to one for vari-

ous distances from the center of vortices. The fibers are initially placed aligned with

the flow direction and, therefore, at the early stages of the simulations, the fibers still

have almost the same curvature as the flow streamline curvature (i.e., ξ ≈ 1).

FIGURE 3.12: The value of ξ = κ f iber/κ f low as a function of time and
the distance from the center of vortices b. The plots in left column,
with time advances from top to bottom, showing the effect of fiber
stiffness (DS1 = 4.2 × 10−6, DS2 = 4.2 × 10−5, DS3 = 4.2 × 10−4,
DS4 = 4.2 × 10−3, DS5 = 4.2 × 10−2); the middle column, showing
the effect of fiber equilibrium shape (θeq1 = 0, θeq2 = 0.1, θeq3 = 0.2);
the right column, showing the effect of fiber aspect ratio (r f 1 = 286,

r f 2 = 214.5, r f 3 = 143, r f 4 = 107.2, r f 5 = 71.5)

As time evolves, the restoring bending torques between each pair of neighbor-

ing segments (Equation (3.4)) push the fiber to regain its equilibrium shape. In this
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regard, the fibers having higher dimensionless stiffness behave more rigid and re-

store their equilibrium shapes (θeq = 0.01) to a greater extent, therefore, they exhibit

lower κ f iber and ξ accordingly. In contrast, in the case of very flexible fibers (e.g.,

DS = 4.2 × 10−6), the elastic forces cannot overcome viscous forces, and the fibers

do not regain their equilibrium shape. Therefore, they remain almost aligned with

the flow direction, with ξ ranging from 0.95 to 1 at any time.

As time progresses, the fiber relaxation phase occurs gradually, and the fiber

deforms to regain its equilibrium shape. Figure 3.12 illustrates that, as time ad-

vances, the fiber straightens and eventually reaches its "steady-state shape" that is a

slightly U-shaped fiber with θeq = 0.01. The fibers, therefore, form smaller curva-

tures and the value of ξ = κ f iber
/

κ f low decreases over time at any specific position

(b). The simulation results presented in Figure 3.12 suggest that the stiffer fibers

exhibit a quicker relaxation phase. For instance, after 4 × 103 dimensionless time,

the fibers with DS = 4.2 × 10−2 reach to their steady-state shape, while the fibers

with DS = 4.2 × 10−3, reach their steady-state shapes just after 24 × 103 dimension-

less time. Here, the steady-state shapes is determined as the time that the values

of ξ became stable over time and their corresponding standard deviations are very

small.

As it can be seen in Figure 3.13, for the case with DS = 4.2 × 10−3 at long times

(e.g. 34 × 103 dimensionless time), the ξ is less than 0.1 for the fibers close to the

center of vortices (b < 200), and it increases up to ξ = 0.7 for the fibers further

from the center. This outcome is as to be expected since all the fibers have reached

their steady-state shapes, with a constant curvature across the computational do-

main while the curvatures of the streamlines decrease from κ f low = 5 × 10−3 at

b ≈ 200 to κ f low = 1 × 10−3 at b ≈ 1200 (see Figure 3.13).

3.4.2 Effects of fiber shape

Simulations were performed for the systems containing U-shaped fibers for several

different equilibrium bending angles. The results are presented for numerical exper-

iments of flexible fibers with θeq = 0, 0.1, 0.2 (see Figure 4.2), while other parame-

ters are kept fixed at (DS, r f , N) = (4.2 × 10−3, 143, 11), corresponding to fibers with

Ey = 20 kPa, L = 11.72 mm and D = 8.2 µm. The effects of the fiber equilibrium

UNIVERSITAT ROVIRA I VIRGILI 
NUMERICAL MODELING OF HIGH ASPECT RATIO FIBERS IN FLUID FLOWS 
MohammadJavad Norouzi 



36 Chapter 3. Shape Evolution of Long Flexible Fibers in Viscous Flows

FIGURE 3.13: The values of the streamline curvature and fiber cur-
vature (for the fibers with (DS, r f , θeq, N) = (4.2 × 10−3, 143, 0.01, 11))
as a function of distance from the center of vortices b, shown for five

different times

shape on the value of ξ as a function of time and the distance from the center of

vortices b are illustrated in the middle column of Figure 3.12. Although the fibers

were initially placed aligned with the flow direction, even at the very beginning of

the simulation (e.g., t = 1000), the value of ξ for all cases is between 0.5 and 0.55.

This is due to the strong impact of the fiber equilibrium shape on the bending be-

havior of fibers. This effect can be observed in the Supplemental Material Movie S2,

where the motion of the fibers with θeq = 0.1 is displayed for the total dimensionless

time of 50 × 103. For the sake of visualization, the fiber diameters are exaggerated

in the movie. There is a quick transition from the initial condition, where the fibers

inherently represent ξ = 1, to ξ ≈ 0.5 after 2.5 × 103 dimensionless time.

In the system containing fibers with θeq = 0, as time evolves, the fibers deform

to regain their steady-state shapes, resulting to a gradual decrease in ξ. Figure 3.12

demonstrates that after 24× 103 dimensionless time the fibers are relaxed and almost

perfectly straightened (i.e., κ f iber ≈ 0, hence ξ ≈ 0). However, as shown Figure 3.12,

the fibers with θeq = 0.1 experience values of ξ ranging from 0.5 (at b ≈ 200) to 0.8 (at

b ≈ 1200). Thus, a small amount of intrinsic curvature can have a significant effect

on the bending behavior of the fibers.

3.4.3 Effects of fiber aspect ratio

The plots in the right column of Figure 3.12 demonstrate the results of the simula-

tions performed for fibers with five different aspect ratios r f = 71.5, 107.2, 143, 214.5, 286,
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corresponding to fibers with diameter D = 8.2 µm and lengths of L1 = 23.45 mm,

L2 = 23.45 mm, L3 = 23.45 mm, L4 = 23.45 mm, L5 = 23.45 mm, with (N, DS, θeq, ϕeq)

= (11, 4.2 × 10−3, 0.01, 0) (here, the Young’s modulus of the fibers was considered to

be Ey = 20 kPa). As it can be seen in Figure 3.12, at a given distance from the center

of vortices, the fibers with a lower aspect ratio exhibit lower ξ. For the studied cases,

this is to be expected; as the aspect ratio increases, the fiber behaves more flexible.

Therefore the fibers adapt more to the flow streamlines and represent a bigger cur-

vature compared to rigid fibers with a smaller aspect ratio. A similar discussion as

the one made for the effect of fiber shape on the early-stage shape evolution of the

fibers is valid here too for the early-stage values of ξ obtained (see Section 3.4.2).

After 24 × 103 dimensionless time, the value of ξ increases almost linearly with

the distance from the center of vortices. As discussed in Section 3.4.1, once the fibers

reach their steady-state shapes, they exhibit a fixed curvature across the computa-

tional domain, and since the streamline curvature decrease as b increases, the values

of ξ increase accordingly.

3.5 Conclusions

In this chapter, simulations were performed to study the dynamics and shape evo-

lution of flexible fibers in cellular flows. The particle-level rod-chain fiber model of

Schmid et al. (45) and Switzer III & Klingenberg (47) was used to realistically capture

the behavior of flexible fibers in a steady flow, while incorporating the realistic fiber

features, including the fiber flexibility and non-straight fiber equilibrium shape. In

all simulations, a total of 64 fibers, distributed uniformly in the computational do-

main, were tracked. The fibers were initially aligned with the flow direction with the

velocity of the fluid, and their behavior was analyzed for different combinations of

fibers stiffness, aspect ratio, and equilibrium shape. In addition, the motion of iso-

lated fibers was carried out to study the fiber transport for several initial conditions

(position and orientation) and different fiber stiffness.

It was observed that depending on the fiber stiffness, and initial condition, the

fibers either became trapped in a vortex of a cell or were freely transported through
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an array of counter-rotating vortices while exhibiting different modes of fiber de-

formations, including straight, nearly straight, J-shaped, U-shaped, and C-shaped

geometry. These findings indicate the significant impact of initial conditions and

mechanical properties of the fiber on the fiber buckling and transportation. The re-

sults are in agreement with the numerical and experimental results of Wandersman

et al. (57).

The typical fiber relaxation times were long, for example, about 34 × 103 di-

mensionless time for the fiber with (number of segments N, dimensionless stiffness

DS, aspect ratio r f , equilibrium bending angle θeq, equilibrium twisting angle ϕeq)

= (11, 4.2× 10−3, 143, 0.01, 0). As expected, increasing the dimensionless stiffness led

to a higher restoring bending torque and a more “rigid” behavior, which resulted

in a quicker relaxation phase accordingly. Additionally, the findings showed that

fibers with higher DS represent a lower ratio of fiber curvature to the flow stream-

line curvature (ξ = κ f iber/κ f low) than the more flexible fibers, meaning that they have

regained their nearly straight equilibrium shapes to a greater extent.

The results obtained showed a strong influence of fiber equilibrium shape on the

bending behavior of the fibers. For relatively flexible fibers with θeq = 0 demon-

strated a quick early-stage straightening from their initially flow-aligned configura-

tion toward their straight equilibrium shape, and exhibit κ f iber = 0 across the compu-

tational domain after 24 × 103 dimensionless time. However, even a small deviation

in fiber equilibrium shape from a perfectly straight shape causes a significant change

in the values of ξ. For example, system containing fibers with the intrinsic radius of

curvature Ru = 10L (i.e., θeq ≈ 0.1) exhibits ξ ranging from approximately 0.5 (at the

distance from the center of vortices b ≈ 200) to ξ ≈ 0.8 (at b ≈ 1200) when the fibers

reach their steady-state shapes.

The simulations performed for fibers with (N, DS, θeq, ϕeq) = (11, 4.2× 10−3, 0.01, 0)

and various aspect ratio showed that fibers with higher r f experience higher ξ. This

is to be expected, since for a fixed diameter, longer fibers are more flexible than the

shorter ones, and consequently, as they move along the flow direction, they deform

to a greater extent to assume the shape of streamlines.

The work presented herein showed that the shape development of the fiber leads

to complex fiber transport dynamics. In further studies, it would be worthwhile to
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conduct a detailed study on the origins of these dynamics, particularly the coupling

between the fiber shape deformation and transport. It is recommended to perform

further simulations with a wider range of fiber stiffnesses, equilibrium shape angles,

and aspect ratios to gain a more detailed understanding of the fiber shape evolution

in the studied flow field.
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Chapter 4

Large eddy simulation of fiber

flocculation in a diffuser

4.1 Introduction

Understanding the dynamics of inertial anisotropic particles in turbulent flows is

a fundamental issue in multiphase flows, with significant relevance across various

fields, from papermaking (3) to cloud ice-crystal formation (100) to the locomotion

of microorganisms (101–103). Industries such as pulp and paper processing and

composites production rely on achieving a uniform spatial distribution of fibers to

ensure the quality of their end products (65, 104). Consequently, the formation of

fiber flocs is highly undesirable in these contexts, highlighting the need to disrupt

or prevent their formation. Conversely, in drinking and wastewater treatment and

physical filtration, the aggregation of suspended solids is a desired process. There-

fore, a thorough understanding of the complex interactions between fibers and flows

is necessary to accurately predict and control flocculation in flowing suspensions

(53).

The interaction between non-spherical structures and turbulent flow is highly

complex. In addition to the complexities introduced by turbulence in flows with

spherical particles, forces and torques dependent on particle shape and orientation

must also be considered (80, 81). A comprehensive review of numerical models

available for characterizing the translation and rotation of non-spherical particles

in fluid flows was presented by Voth and Soldati (80). To examine the interac-

tion between particles and turbulence at a particle scale, the Eulerian description
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42 Chapter 4. Large eddy simulation of fiber flocculation in a diffuser

of turbulence and the Lagrangian description of particles are commonly employed

(105). When the particle Reynolds number is significantly smaller than unity, par-

ticles can be assumed to act as perfect flow tracers (59). Exact equations govern-

ing the evolution of particle orientation exist for both axisymmetric (8) and non-

axisymmetric particles (106), providing valuable insight into the motion of elongated

micro-swimmers and non-motile plankton cells in turbulent environments (6, 107,

108). However, when translational and rotational slip between the particle and the

fluid cannot be disregarded, rigid body motion equations should be employed (59,

109), as previously has been done to investigate the motion of rigid ellipsoids in

both viscous and turbulent flows (81, 85, 110–112). As the particle Reynolds num-

ber reaches unity or higher, the combined impact of fluid and particle inertia must

be considered (113). Most studies concerned with the motion of rigid non-spherical

particles in turbulence (83, 114, 115) highlight the particles’ tendency to align with

the direction of the strongest Lagrangian fluid stretching (84, 114). Furthermore,

particle shape and size have been shown to affect inertia-driven phenomena such as

preferential concentration and near-wall accumulation (81, 83, 85, 116).

Numerous studies have examined the impact of fiber and flow properties, as well

as fiber concentration on the phenomenon of fiber flocculation. Schmid et al. (45) an-

alyzed the effect of attractive and frictional forces on fiber aggregation and reported

that fiber flocculation can be induced solely by inter-fiber friction, even in the ab-

sence of attractive forces. Switzer & Klingenberg (47) demonstrated the importance

of fiber shape and deformability on their flocculation. Kerekes and Carolyn (117)

studied fiber flocculation in dilute suspensions and showed that increased contact

area and entanglement between longer fibers promote the formation of larger and

more stable flocs. Fiber rotation not only directly impacts the behavior of individual

particles by influencing drag forces (118) but also determines whether two particles

in close proximity will collide or avoid each other (119). The frequency of fiber-

fiber collision is affected by fiber motion relative to each other, and therefore, fiber

suspensions with higher concentration experience a higher fiber collision frequency

and demonstrate a higher degree of flocculation (45, 47). Moreover, when fiber tra-

jectories significantly deviate from the flow streamlines, the fibers have an increased

probability of crossing each other and forming flocs (53, 55, 56). Jafari et al. (120)
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investigated the influence of contact and lubrication forces on floc formation and

breakup of fibers in turbulent channel flow, observing the fibers’ tendency to ac-

cumulate in high-speed streaks in the near-wall regions. Njobuenwu et al. (116)

observed similar phenomena and reported that the translational dynamics of fibers,

in terms of preferential concentration, are strongly dependent on their inertia and

less dependent on their aspect ratio. Fiber-level simulations have demonstrated

their efficacy in analyzing small-scale geometries containing up to 104 particles (35).

However, to tackle larger geometries, Hämäläinen et al. (35) employed a Fiber Floc

Evolution Model (FFEM) based on the integration of the population balance method

and an Eulerian two-fluid approach, which elucidated that the size distribution of

flocs is strongly influenced by local flow conditions.

Andrić et al. (53) studied the motion of rod-like fibers in the decelerating flow

of a wedge-shaped channel using analytical and numerical methods, considering

both infinite and finite hydrodynamic resistance to transverse flow. They identified

the phenomenon of ballistic deflection, where fiber trajectories deviate significantly

from the streamlines of the carrying flow. This phenomenon occurs when the direc-

tion of fiber inertia is aligned with converging/diverging or curved streamlines. A

velocity difference between the fibers and the fluid develops due to fiber inertia and

the gradients of the flow. For elongated fibers with an anisotropic hydrodynamic

resistance tensor, this velocity difference is predominantly oriented in the longitudi-

nal direction of the fiber. Andrić et al. (53) argued that ballistic deflection increases

the relative motion of fibers, which may increase the collision rate and thus affect

the rate of aggregation. Later, Andrić et al. (55) examined the flocculation of sus-

pensions of rigid fibers in the decelerating flow field of a diffuser. They modeled

the fibers using a particle-level fiber model and described the fluid flow using the

two-dimensional steady-state Navier-Stokes equation with the standard k − ω tur-

bulence model to account for the effects of turbulence, as well as a stochastic model

to include the dispersion of fibers due to turbulence. The main finding of their study

was that the anisotropic hydrodynamic resistance of fibers and the flow velocity gra-

dients induce ballistic deflection of fibers, consequently causing fiber flocculation in

the diffuser. Moreover, they observed that the kinematics of reinjected fibers in the
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computational domain strongly affect the flocculation in the horizontal inflow chan-

nel and at the entrance of the diffuser.

To the best of the our knowledge, no study has analyzed fiber suspensions in an

asymmetric diffuser using Large Eddy Simulation (LES) to directly resolve the flow

and the fiber-flow interaction in detail. In an effort to address this limitation, the

present study builds upon the work of Andrić et al. (55) and provides a comprehen-

sive investigation of the evolution of floc mass fraction, fiber trajectories, fiber slip

velocities, alignment of fibers with respect to slip velocity and inertial coordinate, as

well as fiber preferential concentration, to examine the development of fiber floccu-

lation along the length of the diffuser. Specifically, the phenomenon of flow-induced

ballistic flocculation, triggered by ballistic deflection of fibers, is analyzed for fibers

with different inertias (controlled by varying the fiber density) and various fiber

reinjection approaches (adjusting the orientation, linear, and angular velocity of the

fibers upon their reinjection into the computational domain). Furthermore, to gain a

general understanding of the effect of different levels of fluid flow resolution on the

flocculation behavior, the results obtained from the present fully unsteady LES sim-

ulations of Newtonian fluids with constant properties are compared to the results

of Reynolds-Averaged Navier-Stokes (RANS) simulations with a particle dispersion

model, as previously studied by Andrić et al. (55).

4.2 Physical problem and numerical methods

In this chapter, a Lagrangian fiber model is employed to represent the fiber, along-

side the Large Eddy Simulation (LES) equations to describe the behavior of the fluid

flow. Within this model, a one-way coupling approach considers the effect of the

fluid flow on the fibers, and a contact model is incorporated to capture interactions

among fibers. Below, a summary of the fluid flow model, the fiber model, as well as

the fluid-fiber and fiber-fiber interactions is presented.

4.2.1 Fluid flow model

For Large Eddy Simulation (LES) of incompressible flows, the filtered continuity

and momentum equations are obtained by applying a filter with scale ∆ to the
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Navier–Stokes equations, yielding

∂ūi

∂xi
= 0, (4.1)

∂ūi

∂t
+

∂(ūiūj)
∂xj

= −1
ρ

∂ p̄
∂xi

+ ν
∂2ūi

∂xj∂xj
−

∂τij

∂xj
. (4.2)

Here t is time, xj is the spatial coordinate directions, uj is the velocity vector, p is

the pressure, ν is the fluid kinematic viscosity, and τij = uiuj − ūiūj is the Sub-Grid

Scale (SGS) tensor which represents the effect of the SGS motions on the resolved

motions. Following the same approach as the Boussinesq hypothesis, the SGS stress

can be modeled as

−
∂τa

ij

∂xi
≡ ∂

∂xi
(2νsgsS̄ij). (4.3)

Here τa
ij is the anisotropic part of the SGS tensor, S̄ij =

1
2

(
∂ūi
∂xj

+
∂ūj
∂xi

)
is the filtered

strain rate tensor, and the coefficient of proportionality νsgs represents the SGS vis-

cosity that should be determined using a SGS model.

Among the existing SGS models, the dynamic one-equation eddy viscosity model

is used in the present work. This model represents a modified version of the stan-

dard one-equation model in which the SGS kinetic energy production term is solved

by utilizing an SGS model based on resolved scales (121), while the eddy viscosity in

the filtered equation of motion is computed using information derived from the un-

resolved scales in the transport equation of the SGS kinetic energy. In the standard

one-equation model, the SGS eddy viscosity is given by νsgs = Cν∆̄ν

√
ksgs, where

ksgs =
(
uiui − ūiūj

)/
2 is determined by solving its transport equation (122–124)

∂ksgs

∂t
+ ūj

∂ksgs

∂xj
= −τijS̄ij − Cϵk3/2

sgs ∆̄−1 − ϵw +
∂

∂xj

ñÄ
Cd∆ν

»
ksgs + ν

ä ∂ksgs

∂xj

ô
. (4.4)

Here, as suggested by Okamoto and Shima (124), the characteristic length ∆ν and

additional dissipation term ϵω can be found from

∆ν = ∆̄(1 + Ck∆̄2S̄2/ksgs)−1, (4.5)

ϵw = 2ν

Ç
∂
√

ksgs

∂xj

å2

, (4.6)
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46 Chapter 4. Large eddy simulation of fiber flocculation in a diffuser

where the non-dimensional constants for the one-equation model are Cν = 0.05,

Cϵ = 0.835, Cd = 0.10 and Ck = 0.08. In the case of the dynamic one-equation SGS

model, the first term on the right-hand side of Equation 4.4 can be calculated as

−τijS̄ij = Cs∆̄2|S̄|3, (4.7)

in which Cs is evaluated from C = − 1
2∆̄2

⟨Lij Mij⟩
⟨Mij Mij⟩ that includes minimization of the

error of Lij − 1
3 δijLkk = −2C∆̄2Mij over all independent tensor components (125),

as well as over some averaging region of statistical homogeneity (126). Here Mij =

∆̃2

∆̄2

∣∣∣˜̄S∣∣∣ ˜̄Sij −
∣̃∣S̄∣∣ S̄ij, the Germano identity Lij = Tij − τ̃ij = ˜̄uiūj − ˜̄ui ˜̄uj, ∆̄ and ∆̃ are the

grid and test-filter scales, respectively (126, 127).

4.2.2 Fiber model

The particle-level fiber model used in this work is based on the model proposed by

Lindström and Uesaka (46) and Andrić et al. (56), specifically developed for rigid

straight fibers as done by Andrić et al. (55). For a comprehensive understanding of

the model, readers are encouraged to refer to these references for a detailed descrip-

tion. In the interest of completeness, only the key characteristics of the model will

be highlighted here.

To accommodate the variations in the flow field along the length of the fiber, the

suspended fiber is treated as a chain of Nseg cylindrical segments, as illustrated in

Figure 4.1 (only shown non-straight to highlight the segments). The segments have

identical mass mi, length li, diameter Di and their unit vector is denoted as p⃗i, where

subscript i indicates the individual segments. The position vector of the center of

mass (CM) of each segment is represented by r⃗i. The center of mass of the fiber is

r⃗G = 1
Nseg

Nseg

∑
i=1

r⃗i. Moreover, since the fiber is rigid, each segment has the same angular

velocity as the fiber center of mass (ω⃗i = ω⃗G). The motion of each fiber segment is

governed by Euler’s first and second law, formulated as (56)

m ¨⃗rG =
N

∑
i=1

F⃗h
i , (4.8)

∂

∂t

Ä
¯̄IG · ω⃗

ä
= ¯̄IG · ˙⃗ω + ω⃗ ×

Ä
¯̄IG · ω⃗

ä
=

Nseg

∑
i=1

T⃗h
i +

Nseg

∑
i=1

(⃗ri − r⃗G) × F⃗h
i . (4.9)
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FIGURE 4.1: Illustration of a general non-straight fiber to highlight
the segments. This study focuses solely on straight rigid fibers.

Here m = ∑n
i=1 mi is the fiber mass, and IG is the inertia tensor of the fiber with

respect to its center of mass, F⃗h
i and T⃗h

i are the hydrodynamic drag force and torque

exerted by the fluid on segment i.

4.2.3 Fluid-fiber interactions

The fiber Reynolds number is defined as

Re =
ρd| ˙⃗rG − u⃗G|

η
, (4.10)

where ρ is the fluid density, η is the fluid dynamic viscosity, and | ˙⃗rG − u⃗G| is the

magnitude of the relative velocity between the fiber and the flow at the center of

mass of the fiber. According to Lindström and Uesaka (46), the hydrodynamic force

(F⃗h
i ) and hydrodynamic torque (T⃗h

i ) can be approximated as a sum of the viscous

(Re ≪ 1) and the dynamic drag (Re ≫ 1) contributions, i.e.

F⃗i = F⃗V
i + F⃗I

i , (4.11)

T⃗i = T⃗V
i + T⃗ I

i . (4.12)

Here the viscous drag force F⃗V
i and torque T⃗V

i on each cylindrical segment are ap-

proximated as those acting on an isolated equivalent prolate spheroid of aspect ratio

re = 1.24r f

¿»
ln r f through

F⃗V
i = ¯̄A

V
i ·
Ä

v⃗∞
i − ˙⃗ri

ä
, (4.13)
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T⃗V
i = ¯̄C

V
i ·
Ä

Ω⃗∞
i − ω⃗i

ä
+ ¯̄H

V
i : ¯̄E

∞
. (4.14)

Here ¯̄A
V
i , ¯̄C

V
i , and ¯̄H

V
i are the resistance tensors that are approximated by the cor-

responding resistance tensors of a prolate spheroid with an equivalent aspect ratio

proposed by Kim and Karrila (128) and are not reported here for sake of brevity. v⃗∞
i ,

Ω⃗∞
i = 1

2

(
∇× v⃗∞

i
)
, ¯̄E

∞
= 1

2

Ä
∇v⃗∞

i +
(
∇v⃗∞

i
)tä are the translational fluid velocity, the

angular fluid velocity and the rate of the strain tensor, respectively, all evaluated at

the center of mass of segment i.

The dynamic drag force and torque on each fiber segment can be computed as

(46)

F⃗I
i = ¯̄A

I
i ·
Ä

v⃗∞
i − ˙⃗ri

ä
, (4.15)

T⃗ I
i = ¯̄C

I
i ·
Ä

Ω⃗∞
i − ω⃗i

ä
+ ¯̄H

I
i : ¯̄E

∞
, (4.16)

where the dynamic resistance tensors ¯̄A
I
i , ¯̄C

I
i , and ¯̄H

I
i are derived and validated by

Lindström and Uesaka (46) and Andrić et al. (56).

4.2.4 Fiber-fiber interactions

The detection of fiber contacts involves implementing the shortest distance algo-

rithm as described by Schmid et al. (45), Lindström and Uesaka (46) and Vega and

Lago (129), not repeated here for brevity. Fibers can exist either in isolation or as

part of a floc, where all fiber segments maintain fixed positions and orientations

relative to each other. When two segments from different fibers or flocs come into

contact, they immediately merge to form a single floc, with fixed relative positions

of the fiber segments. Consequently, the floc behaves as a rigid body system, fol-

lowing Equation 4.8 and A.17 formulated for the center of mass of the floc to govern

its motion. The equations of motion for fibers and flocs are discretized in time and

solved to determine the linear and angular velocities of the fibers and flocs, which

are subsequently used to calculate their updated positions and orientations. For a

more comprehensive understanding of the numerical techniques and the limitations

of the time step employed, please refer to the previous study conducted by Andrić

et al. (56).
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FIGURE 4.2: Schematic of Buice and Eaton asymmetric diffuser (131).
The highlighted region denotes where the fibers are present. The inlet

and outlet regions of the fluid flow are truncated for a better view.

4.3 Summary of simulations and definitions

4.3.1 Geometry and fluid flow modeling

Large eddy simulation (LES) of fiber suspension flow is conducted in an asymmet-

ric planar diffuser, as illustrated in Figure 4.2. The highlighted region denotes where

the fibers are present and the inlet and outlet regions make sure that the fiber inter-

actions are not affected by the inlet and outlet effects of the flow simulation. The

presence of an adverse pressure gradient causes flow separation, leading to the for-

mation of a large recirculation bubble. This specific configuration has been chosen

as it provides a good representation of the flow conditions encountered in the ac-

tual dry-forming process (55), and a highly reliable experimental database is avail-

able for validating the simulated flow (130, 131). A Cartesian coordinate system is

employed, with the origin located on the upper wall where the inlet channel wall

and the deflected wall intersect at a corner. The x-axis corresponds to the stream-

wise direction, the y-axis represents the upward direction, and the z-axis denotes

the spanwise direction.

The diffuser is divided into three sections. The flow enters through an inlet chan-

nel with a height of H, a length of 70H, and a width of 2H (where H = 0.01 m). The

asymmetric diffuser opens at an angle of 10◦ during 21H, corresponding to an ex-

pansion ratio of hout/hin = 4.7. The outflow channel has a height of 4.7H and a

length of approximately 15H. To ensure a fully developed turbulent channel flow at

the diffuser inlet, the upstream inlet section is sufficiently long. The governing equa-

tions are solved numerically using the OpenFOAM open-source CFD code (132).

The inlet boundary specifies a constant bulk velocity of Ub = 28 m/s. The flow

reaches fully develop flow conditions during 55H before entering into the region of

the fibers. The subgrid-scale (SGS) model employed is the Dynamic One-Equation
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50 Chapter 4. Large eddy simulation of fiber flocculation in a diffuser

Eddy Viscosity Model, and the length scale is proportional to the cube root of the cell

volume (132). For the incompressible continuity and Navier-Stokes equations in the

LES, a second-order accurate upwind discretization scheme is utilized. The coupling

between the continuity equation and the pressure field is accomplished using the

pressure-implicit with the splitting of operators (PISO) algorithm (133). The convec-

tive and viscous terms are discretized using a second-order upwind scheme, while

the pressure term is discretized using the corrected Laplacian scheme (134). Addi-

tionally, the transport equation for the subgrid-scale SGS kinetic energy is solved

using the PBiCG solver with DILU preconditioner (134). Periodic boundary condi-

tions are imposed in the x and z directions, while a no-slip boundary condition is

applied to the top and bottom walls of the channel. Note that the system of coordi-

nates, with origin located at the beginning of diffuser, is shown in Figure 4.2. The

computational mesh comprises 840 × 120 cells and is appropriately refined to cap-

ture the gradients near the wall. The measured skin friction coefficient, C f , in the

fully developed entrance region is 0.0061 .The first cell centers are typically located

at y+ ≈ 42.

A precursor fiber simulation was initiated when a fully developed fluid flow

was established. The fibers were initially distributed randomly within the range

{[−15H, 36H] , [0, H] , [−2H, 2H]} in the x, y, and z directions, respectively, as in the

work by Andrić et al. (55). The initial translational and angular velocities of the fibers

were set equal to those of the fluid flow at the center of mass of each fiber. Fibers that

are advected through x = 36H are reinjected at x = −15H to preserve the number

of fibers in the computational domain. Fibers that hit the walls are assumed to stick

to the wall, without affecting the properties of the wall, and are thus reinjected at

x = −15H. Fibers that are advected through z = H or z = −H are moved to

the other periodic side, as a periodic condition. A fully developed fiber flow was

established after seven complete reinjections of all the fibers. The configuration of

fiber segments and their kinematics from the precursor fiber simulation were saved

and later used as the reference time zero for the parametric studies, to make sure that

all simulations had the same initial conditions. Each fiber was assumed to consist

of five segments with a diameter of 20 µm and a length of 0.2 mm, exceeding the

Kolmogorov length scale of the carrier flow. These fiber properties were utilized in
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all simulations unless explicitly specified. The carrier fluid for the suspension was

considered to be air, characterized by a density of ρ = 1.2 kg/m3 and a kinematic

viscosity of ν = 1.4 × 10−5 m2/s, representing Reynolds number of Re = Ub H
ν =

18000 at the inlet boundary.

4.3.2 Fiber reinjection approaches

The reinjection of fibers occurs through a random spatial distribution at the fiber

reinjection plane x = −15H. The linear velocity, angular velocity, and orientation of

the reinjected fibers have an influence on the initial trajectories of the fibers, and thus

also on the initial flocculation rate. The effects of those properties on the flocculation

rate are therefore parametrically studied as part of the present work. The rather long

distance between the fiber reinjection plane and the entry of the diffuser is chosen to

avoid the influence of the injection properties on the flocculation rate in the diffuser.

While the orientation can be chosen specifically or randomly, the linear velocity

and angular velocity should be related to the background flow. In order to determine

the linear velocity of each segment upon reinjection, it can first be assumed that

the entire fiber is at mechanical equilibrium with either the instantaneous or time-

averaged background flow, i.e., the net forces acting on the particle is zero (
Nseg

∑
i=1

F⃗i =

0⃗). Based on this assumption and considering only the viscous part of the drag force

in Equation 4.8, the linear velocity of the fiber center of mass can be determined by

averaging the fluid velocity (instantaneous or time-averaged) at the positions of the

fiber segments as

˙⃗rG =

Nseg

∑
i=1

v⃗∞
i

Nseg
. (4.17)

As the fiber is a rigid body, the reinjection velocity of each segment is given by

˙⃗ri = ˙⃗rG + ω⃗GSBR × (⃗ri − r⃗G) . (4.18)

Here the angular velocity due to the solid body rotation (ω⃗GSBR ) is determined from

the relative velocity between each segment and the fluid flow at the position of its
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center of mass v⃗∞
i − ˙⃗ri = ω⃗iSBR × (⃗ri − r⃗G), and can be approximated as

ω⃗GSBR =

Nseg

∑
i=1

ω⃗iSBR

Nseg
. (4.19)

As mentioned, the background flow velocity can be either the instantaneous

(U⃗∞
inst.) or time-averaged (U⃗∞

mean) velocity. A general background velocity is here

defined as

v⃗∞
i = (1 − k)U⃗∞

mean + kU⃗∞
inst., (4.20)

introducing a factor k that for k = 1 represents the instantaneous flow field and for

k = 0 represents the time-averaged velocity field.

The angular velocity of a fiber upon reinjection is set under the assumption of

rotational equilibrium with the flow so that the fiber is not experiencing a net mo-

mentum (i.e.,
Nseg

∑
i=1

T⃗i = 0⃗). By applying this assumption to Equation A.17, an equation

to calculate ω⃗reinj can be derived:

ω⃗reinj =

Nseg

∑
i=1

Ω⃗∞
i −

Nseg

∑
i=1

(
¯̄H

V
i : ¯̄E

∞
)
·
(

¯̄C
V
i

)−1

Nseg
. (4.21)

Table 4.1 provides a summary of the simulation parameters used to character-

ize each case of fiber suspension. In Case 1, the reference fiber density of ρre f =

1380 kg/m3 is employed, and the computational domain for fiber flocculation sim-

ulations is restricted to the longitudinal diffuser direction within [−15H, 36H]. The

linear velocity of each fiber segment is calculated using Equation 4.18 in which the

instantaneous fluid velocity field (k = 0 in Equation 4.20) is considered. The fiber’s

angular velocity is initialized using Equation 4.21 to obtain ω⃗reinj, and the fiber ori-

entation is assigned randomly. For Case 2, the reinjection approach is similar to Case

1, except for the linear velocity of the fibers. In Case 2, the longitudinal linear ve-

locity component of each segment is set to the value obtained from Equation 4.18

for k = 1, i.e., taking into account the time-averaged fluid velocity field U⃗∞
mean, while

the other two velocity components are set to zero. Cases 3 and 4 share the same

properties as Case 2, except for the orientation of the reinjected fibers. Specifically,
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TABLE 4.1: Summary of cases and simulation parameters

Case
ρ

(kg/m3)
u⃗reinj. ω⃗reinj. p⃗reinj.

Fiber region
(x-dimension)

C1 1380 (ux, uy, uz) (wx, wy, wz) Random [−15h, 36h]
C2 1380 (ux, 0, 0) (wx, wy, wz) Random [−15h, 36h]
C3 1380 (ux, 0, 0) (wx, wy, wz) (1, 0, 0) [−15h, 36h]
C4 1380 (ux, 0, 0) (wx, wy, wz) (0, 1, 0) [−15h, 36h]
C5 1380 (ux, 0, 0) (0, 0, 0) Random [−15h, 36h]
C6 460 (ux, uy, uz) (wx, wy, wz) Random [−15h, 36h]
C7 460 (ux, 0, 0) (wx, wy, wz) (1, 0, 0) [−15h, 36h]
C8 460 (ux, 0, 0) (wx, wy, wz) (0, 1, 0) [−15h, 36h]
C9 1.38 (ux, uy, uz) (wx, wy, wz) Random [−15h, 36h]

C10 1.38 (ux, 0, 0) (wx, wy, wz) (1, 0, 0) [−15h, 36h]
C11 1.38 (ux, 0, 0) (wx, wy, wz) (0, 1, 0) [−15h, 36h]
C12 2760 (ux, uy, uz) (wx, wy, wz) (1, 0, 0) [−5h, 36h]
C13 1380 (ux, uy, uz) (wx, wy, wz) (1, 0, 0) [−5h, 36h]
C14 690 (ux, uy, uz) (wx, wy, wz) (1, 0, 0) [−5h, 36h]
C15 460 (ux, uy, uz) (wx, wy, wz) (1, 0, 0) [−5h, 36h]

in Case 3, the fibers are reinjected with an orientation aligned with the streamwise

direction (x), while in Case 4, the fibers are oriented in the upward direction (y).

Case 5 follows the same reinjection approach as Case 2, but the fiber angular veloc-

ity upon reinjection is set to zero. In Cases 6 and 9, the same reinjection approach as

Case 2 is used, but the fiber densities are ρref/3 and ρref/1000 = 1.38 kg/m3 ≈ ρair,

respectively. Similarly, Cases 7 and 10 use the same reinjection approach as Case 3,

but with different fiber densities. Also Cases 8 and 11 employ the same reinjection

approach as Case 4, but with different fiber densities.

Cases 12-15 are designed and analyzed to facilitate a comparative assessment be-

tween the flocculation of fibers simulated using the current fully resolved LES with

the results obtained from Reynolds-averaged Navier-Stokes (RANS) with a particle

dispersion model, as studied by Andrić et al. (55). In these simulations, the fiber

region is restricted to −5H to 36H in the x-direction. The fibers are reinjected with

a direction that is aligned with the main flow direction, and their linear and angular

velocities are determined from Equation 4.18 and Equation 4.21 for k = 0. The fiber

densities in Cases 12-15 are set as 2ρre f , ρre f , ρre f /2, and ρre f /3, respectively.

4.3.3 Fiber flocculation modelling

The phenomenon investigated in this chapter is the flow-induced ballistic floccula-

tion considering different fiber reinjection approaches (involving variations in fiber
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54 Chapter 4. Large eddy simulation of fiber flocculation in a diffuser

linear velocity, angular velocity, and initial orientation) and fiber inertia, as outlined

in Table 4.1. At each time step, the interactions between individual fibers and be-

tween fibers and flocs are identified, and the contacting fibers are merged to form

larger flocs, as previously described. These resulting flocs are categorized as distinct

species denoted by Fj, where j ranges from 1 to n reflecting the number of fibers

present in each floc (F1 is a "floc" with a single fiber). To analyze the distribution

of floc species along the diffuser’s length, the fiber region is divided into 320 bins

(control volumes) of uniform thickness along the streamwise direction for Cases 1-

11, and 128 control volumes for Cases 12-15. The mass fraction of each Fj species in

a specific control volume is defined as (55)

ϕi =
iNi

n
∑

k=1
kNk

. (4.22)

Here, Nj represents the time-averaged number of flocs belonging to the Fj species

in a particular control volume. The numerator indicates the time-averaged number

of fibers present in flocs consisting of j fibers, while the denominator represents the

time-averaged total number of fibers within the control volume, irrespective of floc

size. The study primarily focuses on the development of the F2 floc species along the

length of the diffuser, due to the limited number of fibers involved and therefore also

the limited formation of larger flocs. Additionally, the dimensionless flocculation

rate of Fj can be defined as (55)

ϕj
′ =

dϕj

dx
H, (4.23)

where ϕj
′ represents the dimensionless rate of change of the mass fraction of Fj

species with respect to the streamwise coordinate x, normalized by the diffuser

height H.

4.3.4 Fiber/floc translational motion and alignment

To further explore the impact of flow parameters and fiber inertia on fiber floccu-

lation, additional analysis of fiber trajectories, fibers slip velocity, the alignment of

fibers with the longitudinal axis of the diffuser and with slip velocity direction, as

well as the non-uniformity of the time-averaged fiber concentration is conducted.
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The alignment of the fibers is characterized by the orientation of the fiber’s ori-

entation direction (⃗p) with respect to the streamwise direction (x), and the fiber slip

velocity direction. The alignment of the fiber can be quantified using the cosine

function, cos ψ, assuming ψ to be the angle between the fiber principal axis and the

direction of interest. For example, a value of |cos ψi|≈ 1 indicates perfect align-

ment (parallel) while cos(ψi) = 0 indicates perfect non-alignment (perpendicular)

to the direction of interest. Moreover, to analyze the alignment trends of fibers, the

probability density function (PDF) of the cosine function cos ψ is used. The PDF

is computed using f (ϕ) = Nϕ/N, where ϕ = ξi is the ith variable of interest, Nϕ

is the number of fibers that fall within a given bin [ϕ, ϕ + ∆ϕ] with a bin size of

∆ϕ = (ϕmax − ϕmin)/NB and NB the number of bins (116). In the present study, the

straight inflow channel is divided into NB = 200 control volumes. The PDF satisfies

the normalization condition
NB

∑
i=1

f
(
ϕi
)
= 1.

In particular, to analyze fiber alignment with the particle slip velocity direction,

u⃗slip, the probability density function of cos θ = p⃗ · êu⃗slip
, where θ is the so-called

incidence angle, the angle between the particle principal axis (p⃗) and the slip velocity

direction, is monitored. Here, the slip velocity is the relative velocity between the

fluid flow and the fiber (u⃗slip = v⃗∞
i −⃗ ṙi) and êu⃗slip

= u⃗slip/|u⃗slip|.

Moreover, the trajectories of the centers of mass of the fibers are tracked to ana-

lyze qualitatively how the fibers are transported in the diffuser and the deviation of

the fiber motion paths from the main flow direction.

4.3.5 Fiber concentration

To gain an insight into how the fibers are distributed in the diffuser, the time-averaged

fiber concentration of each bin (control volume), denoted as C̄, can be used. In or-

der to compute the local fiber concentration, the fiber region is divided into 320 bins

along the flow direction, and the local concentration is calculated by dividing the

number fiber segments (represented by their centers of mass) within that bin by the

total number of segments in the computational domain. The non-uniformity of the

time-averaged concentration can be quantified using the Preferential Concentration
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Index (PCI) as defined by (65)

PCI =
C̄ − C̄u

C̄u
(4.24)

Where C̄u is the time-averaged concentration in each bin corresponding to a com-

pletely uniform distribution of fibers throughout the domain.

4.4 Results and discussion

4.4.1 Validation of fluid flow

To validate the fluid flow model utilized in this study, the axial mean velocity and ax-

ial Reynolds stress profiles obtained from fully developed simulations are compared

to experimental measurements from Buice and Eaton (131) and Obi et al. (130). The

axial and vertical positions are normalized by the upstream channel height, H, while

the velocity profiles are normalized by the bulk velocity, Ub, and the axial Reynolds

stresses are normalized by U2
b . Figure 4.3 shows that the time-averaged streamwise

velocity (ux) profiles of the present LES result accurately agree with the experimental

results at all axial locations. Figure 4.3 also compares the numerical and experimen-

tal evolutions of the Reynolds stress ⟨u′u′⟩ throughout the diffuser. In general, the

LES result tends to slightly underestimate ⟨u′u′⟩ at most locations, but the profiles

are similarly shaped as the experimental data. As proposed by Kaltenbach et al.

(135), these discrepancies could be attributed to higher experimental errors in turbu-

lent stresses compared to mean flow velocities, especially in regions where measure-

ment volumes are relatively large relative to the local gradients of turbulent stresses.

Nevertheless, the authors are confident that the current highly resolved LES and dy-

namic modeling of the SGS term provide a sufficiently accurate representation of the

flow field for investigating fiber motion and floc development in the present study.

4.4.2 Particle phase

Figure 4.4 illustrates the evolution of the mass fraction ϕ2 of floc species F2 along the

length of the diffuser for different reinjection approaches of reference fibers with a

density of ρ = 1380 kg/m3. It should be recalled that the fibers are reinjected at x =
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FIGURE 4.3: Development of a) axial velocity profile and b) Reynolds
stress ⟨u′u′⟩ through the diffuser for the present LES study compared
with experimental results of Obi et al. (130) and Buice & Eaton (131)

−15H and that the fully developed flow in the straight inlet channel section (−15 <

x/H < 0) fluctuates about a mean flow that is aligned with the channel. Under these

conditions, the initial flocculation rate should be approximately constant. However,

Figure 4.4 shows that there is a significant difference in flocculation rate between the

different cases just after they are injected. Case 1, where the reintroduced fibers are

given the same linear and angular velocities as the local instantaneous flow field,

and a random orientation, exhibits the highest initial flocculation rate. For the rest

of the cases (i.e., Case 2-5), where the time-averaged fluid velocity field is used to

calculate the linear reinjection velocity and only the streamwise component is taken

into account, a lower flocculation rate is observed. By comparing Case 2 with Case

3, where the fibers are reinjected aligned with the flow direction, it can be concluded

that the fiber orientation upon reinjection impacts the formation of flocs along the

inlet horizontal channel up to the end of the diffuser section.

With regard to the development of mass fraction ϕ2 of Cases 2-5, four regimes can

be identified (see Figure 4.4). The first begins at the fiber reinjection plane x/H =

−15 and ends at x/H ≈ −7 in the straight inlet channel, in which the mass fraction

ϕ2 increases approximately linearly, i.e., the fibers flocculate at a nearly constant rate.

The second flocculation regime can be identified in the region −7 < x/H < 5 where

it seems that fiber flocculation has reached somewhat a “saturation” level and the rate
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FIGURE 4.4: Development of the mass fraction ϕ2 of floc species F2
along the diffuser length for different fiber reinjection approaches

of flocculation has decreased. A sharp increase in the flocculation rate can be seen in

the diffuser section from x/H ≈ 5 to x/H ≈ 19. This is due to the ballistic deflection

of the fibers as reported in (53). As the mean flow velocity decreases through the

diffuser section, the velocity gradient in the flow direction and the inertia of the

fibers contribute to a velocity difference between the fibers and the flow, in which

this relative velocity combined with the oriented hydrodynamic resistance tensor

leads to a significant deviation of fiber trajectories from the streamlines of the flow

(55). This phenomenon substantially increases fiber-fiber collisions and thus elevates

the flocculation rate. The fiber flocculation downstream x/H = 5 indicates another

regime in which the flocculation rate has relatively stabilized and is in a steady state.

An interesting observation is that downstream of x/H = 5, a similar flocculation rate

can be seen for Cases 2-5 (in Figure 4.4, they represent roughly the same flocculation

rate in the two distinct regions of 7 < x/H < 19, and 19 < x/H < 36). This

observation implies that the main mechanism driving the flocculation process is the

ballistic deflection of fibers, regardless of the kinematics of the reinjected fibers at

the inlet plane.

Figure 4.5 extends the parametric study with two additional fiber densities of

ρre f /3 and ρre f /1000 (approximately equal to the density of the carrier fluid, air),

and different reinjection approaches for those fibers. Case 2 is included in the graph

to facilitate comparisons with the cases shown in Figure 4.4. The results show that
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FIGURE 4.5: Development of the mass fraction ϕ2 of floc species F2
along the diffuser length for different fiber reinjection approaches and

fiber inertia

the floc formation is more pronounced for heavier fibers. Lighter fibers, which have

shorter response times, tend to align more with the flow, resulting in less deviation

of fiber trajectories from the flow streamlines and lower fiber slip velocity. Conse-

quently, they exhibit lower floc formation. This observation is particularly evident

for fibers located within the straight inlet duct and at the beginning of the diffuser

region. As can be seen in Figure 4.5, fiber suspensions containing lighter fibers (Case

9-11) show a significantly lower flocculation rate and mass fraction ϕ2 compared to

the heavier fibers with a density of ρ = 460 kg/m3. While random fiber reinjection

orientation promotes floc formation for both cases of fiber inertia (as also observed

for the reference inertia in Figure 4.4), comparisons between Cases 6 and 8 versus

Cases 9 and 11 respectively suggest that the impact of reinjection approach is more

noticeable for the heavier fibers. A similar trend as for Cases 2-5 regarding the devel-

opment of floc formation along the diffuser is also applicable to fibers with a density

of ρ = 460 kg/m3 except at the far downstream location x/H ≥ 30, where the floccu-

lation rate is higher for fibers with a density of ρre f /3. Moreover, comparing Case 11

with Case 3 reveals that the diffuser has a more significant effect on the flocculation

rate for fibers with lower inertia.

Figure 4.6 shows the relative trajectories of the centers of mass of 200 fibers from

Cases 1-3, and 10. All trajectories are moved to start at x = −15H and y = 0,
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FIGURE 4.6: Relative trajectories of fibers of Cases 1-3 and 10. Each
line represents the trajectory of a single fiber throughout one cycle.

Colors are only used to distinguish different trajectories.

to visualize their relative deviation from the x-direction. Different colors are used

for visualization purposes without carrying any specific information. A zoomed-

in view, magnified by a factor of 2, is included at the bottom left corner of each

plot, focusing on the straight inlet channel (−15 < x/H < 0). Some trajectories

are truncated as the fibers hit the upper or lower wall. Those fibers and the fibers

that reach the outlet are reinjected at the inlet according to the respective reinjection

approach.

The zoomed-in views of Figure 4.6 show that the fibers with high inertia (Cases

1-3) follow straight trajectories, while the short response time of the light fibers of

Case 10 causes the fibers to follow the resolved fluctuations of the flow. Comparing

Cases 1-3, it can be seen that the choise of reinjection approach significantly affects

the initial trajectories. The difference between Case 1 and Case 2 is the reinjection

velocity. Case 1 gives the fibers the same velocity as the resolved flow at the fiber

center of gravity. Case 2 gives the fibers a velocity only in the x-direction, with the

value given by the time-averaged flow at the fiber center of gravity. Fibers with high

inertia tends to keep its velocity. Thus, Case 1 yields an immediate dispersion of the

fibers at reinjection, while the fibers of Case 2 start to deviate from the x-direction

later. If the random orientation happens to align with the reinjection velocity vector,

the fibers may dart a far distance based on only the injection approach. This can
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be seen when comparing Cases 2 and 3. The dispersion in Case 3 is lower since

the orientation is aligned with the reinjection velocity. None of the presently used

reinjection approaches are exact, which is why the reinjection plane is located far

upstream to reach a fully developed flocculation rate before the inlet of the diffuser.

Considering that the flow within the straight inflow channel is predominantly

aligned with the x-direction, any deviation of fiber trajectories from this direction

could potentially elevate the fiber-fiber collisions. Therefore, Case 1, which demon-

strates the highest deviation from the x-direction, also exhibits the highest floccu-

lation rate and mass fraction ϕ2 within the inlet channel. With a spatial lag from

the diffuser entrance plane, the fibers perceive the influence of the decelerating flow

and start to diffuse notably. This phenomenon coincides with a sharp increase in the

flocculation rate around x/H ≈ 5 (see Figure 4.4).

Figure 4.7 shows the magnitude of the average fiber slip velocity normalized

by the fluid bulk velocity (Ub) along the length of the diffuser. The findings reveal

a strong correlation between the fiber slip velocity and their inertia. The lightest

fibers investigated (ρ = 1.38 kg/m3) exhibit a consistently very low ratio of |u⃗slip|/Ub

throughout the diffuser, regardless of their reinjection kinematics. The other curves

are grouped according to the fiber density.

As depicted in Figure 4.7, the fibers in Cases 1-9 demonstrate a similar evolution

trend, again dependent on their inertia with no significant influence from their inlet

kinematics. Upon reinjection, the fibers quickly develop a relative velocity with re-

spect to the carrying fluid. A sharp increase in the magnitude of the relative velocity

between the fibers and fluid is observed at x/H = 2. In Case 2, this magnitude rises

rapidly from 0.06Ub at x/H = 2 to a maximum of 0.56Ub at x/H = 6, while in Case

1, it increases from 0.08Ub at x/H = 6 to a peak of 0.79Ub at x/H = 6. As explained

earlier, this substantial increase in relative velocity, combined with the oriented hy-

drodynamic resistance tensor, constitutes the primary mechanism contributing to

fiber flocculation in the diffuser (53). For cases containing fibers with moderate in-

ertia (ρ = 460 kg/m3) in Cases 6-8, the magnitude of the fiber slip velocity generally

decreases from x/H = 6 to the end of the diffuser section at x/H = 21, except a

peak that appears at x/H = 11, after which downstream the slip velocity remains

constant at 0.6Ub. This can be attributed to the fact that fibers, after undergoing a
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FIGURE 4.7: Magnitude of average fiber slip velocity normalized by
the fluid bulk velocity (Ub) along the length of the diffuser

ballistic deflection, make a transition into the viscosity-dominated regime of motion

where their velocity approaches that of the flow. A similar phenomenon is observed

for fibers with higher inertia, but the stabilization of fiber slip velocity occurs further

downstream.

The alignment of the fibers with the x-axis is studied in Figure 4.8. Panel A illus-

trates the development of fiber orientation, here formulated as the absolute value of

the cos α where α represents the angle between the axis of the fiber and the stream-

wise direction (x). Panel B presents the probability density function (PDF) of the

direction cosine. It is crucial to highlight that the statistics presented in panel B are

sampled exclusively from fibers traveling within the inlet channel (−15 < x/H < 0)

with the aim of gaining deeper insights into the influence of the reinjection orienta-

tion on the floc formation.

Examining panel A of Figure 4.8, it can be seen that regardless of fiber inertia and

reinjection kinematics, the ensemble averaged orientation of fibers relative to the dif-

fuser’s streamwise direction converges to approximately |cos α| = 0.6 at the end of

the diffuser. This value could be indicative of an average orientation resulting from

a random distribution of fiber orientations induced by turbulence, which tends to

randomize the orientation of the fibers. Furthermore, it is evident that heavier fibers

undergo less orientation change, as indicated by the smoother curves, compared to

lighter fibers. This suggests that the inertia of the fibers influences the time scales of
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FIGURE 4.8: a) Development of the average direction cosine of the
angle α between the fiber principal axis (⃗p) and the global x-axis along
the diffuser length, b) Probability density function of the direction
cosine, PDF(cos α) of the angle α between the fiber principal axis and
the x-axis for fibers traveling within the inlet channel −15 < x/H < 0

fiber reorientation. Comparing Case 1 with Case 2 for light fibers with a density of

ρ = 1.38 kg/m3, as well as Case 9 with Case 10 for reference fibers (ρ = 1380 kg/m3),

it can be observed that the linear velocity has a negligible impact on the alignment

of fibers with respect to the x-axis while varying reinjection angular velocity affects

the evolution of fiber orientation (see Case 5). Moving to panel A of Figure 4.8, it can

be found that fibers with low inertia reinjected to the diffuser while initially aligned

along the x-axis and are only given linear velocity in the streamwise direction (i.e.,

Case 11), maintain their orientation relatively well until the beginning of the diffuser

region at x/H ≈ 4. In contrast, heavier fibers (ρ = 1380 kg/m3) subjected to a similar

reinjection approach (Case 3) experience a rapid change in their orientation.

In panel B of Figure 4.8, the probability density function (PDF) of the direction

cosine (cos α) in the straight inlet channel reveals distinct patterns for different cases.

In Case 11, where low-inertia fibers are reinjected with an initial alignment along the

streamwise direction, the PDF exhibits a peak at cos α ≈ 1, indicating a strong align-

ment of the fibers with the streamwise direction. Similarly, Case 3, which involves

reference fibers reintroduced using the same approach as Case 11, shows two peaks

at cos α ≈ −1 and cos α ≈ 1, representing a highly parallel alignment with the main

flow direction. In Case 4, where the assigned fiber orientation at the inlet plane is
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FIGURE 4.9: a) Development of the average direction cosine of the
angle θ between the fiber principal axis (⃗p) and the fiber slip velocity
direction along the diffuser length, b) Probability density function of
the direction cosine, PDF(cos θ) of the angle θ between the fiber prin-
cipal axis and fiber slip velocity direction for fibers traveling within

the inlet channel −15 < x/H < 0

perpendicular to the streamwise direction, the PDF shows a peak at cos α ≈ 0, indi-

cating a strong preferential alignment perpendicular to the streamwise direction. For

the cases involving reference fibers where the fiber orientation is randomly set upon

reinjection (Cases 1, 2, and 5), the PDF of cos α displays a flat profile with a relatively

constant value, varying by approximately 3% This suggests that the orientation re-

mains random, and no clear preferential alignment with respect to the streamwise

direction is observed in the inflow channel. However, in the case of light fibers that

are reinjected with random orientations (i.e., Case 10 and 11), the PDF of cos α ex-

hibits three extrema: a minimum at cos α = 0 and two maxima at cos α = −1 and

cos α = 1. This indicates that fast-responsive fibers with lower inertia tend to align

with the flow direction as they travel through the horizontal inlet channel. These

observations are in line with the findings from Figures 4.4 and Figure 4.6, where the

trajectories and floc formations of the fibers were suggested to be influenced by the

development of fiber orientation.

In panel A of Figure 4.9, the development of the absolute value of cos θ is shown,

where θ is the angle between the fiber principal axis (⃗p) and the slip velocity direc-

tion êu⃗slip
= (⃗v∞

i − ˙⃗ri)/|⃗v∞
i − ˙⃗ri|. A comparison between Cases 2, 3, and 4, as well
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as Cases 10 and 11, reveals that the initial orientation of the fibers upon reinjection

significantly affects the evolution of |cos θ| up to the beginning of the diffuser sec-

tion at x/H ≈ 5. However, as the fibers move forward it becomes apparent that

their orientation is mainly influenced by their inertia and the decelerating flow field

within the diffuser. Downstream x/H = 26, all fibers exhibit a similar value of

|cos θ| ≈ 0.6, regardless of their inertia and reinjection kinematics. Furthermore, it

is observed that heavier fibers undergo less orientation change compared to lighter

particles, indicating the significant role of fiber inertia in governing the time scales

of fiber reorientation.

Panel B of Figure 4.9 presents the probability density function (PDF) of the cosine

of the incidence angle. It is important to note that the reported results are obtained

only from fibers flowing in the inflow region (15 < x/H < 0). Since the flow in this

region is approximately uniform and aligned with the main flow direction, panel B

of Figure 4.9 exhibits similar characteristics and conveys nearly identical information

as panel B of Figure 4.8. Notably, for Case 4 in panel B of Figure 4.9, a strong peak

is observed in the PDF at cos θ = 0, indicating a strong alignment to the direction

perpendicular to the flow. In contrast, the peaks in panel B of Figure 4.9 are flattened

and shifted to cos θ = 0.15, indicating a lesser degree of alignment between p⃗ and

u⃗slip/|u⃗slip|.

The non-uniformity of fiber concentration along the length of the diffuser is in-

vestigated using the Preferential Concentration Index (PCI), as defined by Equation

4.24). Figure 4.10 reveals three distinct regimes that align with the different sections

of the diffuser. Region −15 < x/H < 0 corresponds to the straight inflow chan-

nel. Region 0 < x/H < 21 is associated with the diffuser. The region downstream

x/H = 21 represents the outflow channel. A main cause of the variation is that the

data is influenced by the varying areas of the bins within each section of the dif-

fuser. For a constant flow of fibers, the inlet channel exhibits a higher PCI due to the

smaller bins, while the outlet channel section demonstrates lower PCI values due

to the larger bins. Figure 4.10 particularly shows that slower-responsive fibers with

larger inertia exhibit higher values of PCI than lighter fast-responsive fibers in the

inlet region, which is slightly affected by the fiber reinjection approaches. However,

the effect of fiber inertia gradually diminishes as fibers travel through the diffuser
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FIGURE 4.10: Development of Preferential Concentration Index (PCI)
along the length of the diffuser

section, and all fibers, regardless of their inertia and reinjection kinematics, converge

to the same PCI value of 1.3 × 104.

Figure 4.11 provides a comparison of the development of the mass fraction ϕ2 of

floc species F2 along the length of the diffuser between the present fully resolved LES

simulations and RANS simulations using a standard k − ω turbulence model and a

particle dispersion model, as reported in by Andrić et al. (55). The reinjection plane

is here located at x/H = −5, as in the work by Andrić et al. In all these simulations,

the fibers are reinjected aligned with the x-direction, while the fiber density is varied

to alter the inertia. The results in Figure 4.11 demonstrate that flocculation begins

before the diffuser in all LES cases, while only small amounts of flocs are formed in

the RANS cases. This observation can be attributed to the fact that in highly resolved

LES the fibers continuously experience accelerating and decelerating flow that may

induce ballistic deflection already in the inflow channel −5 < x/H < 0. An increase

in the flocculation rate can be observed at x/H ≈ 5 for all instances of fiber inertia

in both RANS and LES simulations. However, the intensity of flocculation is higher

in the RANS cases, with the highest intensity observed for the case with reference

inertia. In all RANS and LES instances, it can be seen that as inertia increases, the

degree of flocculation also increases.
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FIGURE 4.11: Influence of dispersion in fully resolved LES versus
RANS dispersion model on the mass fraction ϕ2

4.5 Conclusions

The present chapter examined the flocculation behavior of rigid fibers suspended

in the flow inside a diffuser, focusing on the impact of fiber reinjection kinematics

and fiber inertia. The motion of the fibers was simulated numerically using the rod-

chain model for rigid fibers as adopted by Lindström and Uesaka (46) and Andrić et

al. (56). Large Eddy Simulation (LES) was used to directly resolve the details of the

flow and the fiber-flow interaction. Additionally, short-range attractive forces were

considered between fibers which cause them to form flocs.

The analysis of the mass fraction of flocs with two fibers, denoted as ϕ2, provided

insights into the flocculation behavior and revealed the presence of four distinct floc-

culation regimes, each exhibiting different flocculation rates. A sharp increase in the

fiber slip velocity was observed in the initial section of the diffuser which in combi-

nation with the oriented hydrodynamic resistance tensor, generates significant bal-

listic deflection of fibers. This phenomenon consequently increases the fiber-fiber

collisions and thus increases the fiber flocculation, and it should be considered as

the main mechanism governing the flocculation in the diffuser.

When fibers are reinjected with random orientations and their linear velocity

components are computed from a three-dimensional instantaneous flow field, the
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68 Chapter 4. Large eddy simulation of fiber flocculation in a diffuser

highest degree of fiber flocculation is observed in the straight inflow channel. How-

ever, if a time-averaged fluid velocity field is considered and the linear velocity of

fibers has only the streamwise component, the degree of flocculation decreases. A

further decrease in flocculation is observed when the fibers are oriented along the

flow direction upon reinjection. These findings highlight the significance of the rein-

jection approach in determining the behavior of fiber flocculation.

This study also investigated the influence of fiber inertia on flocculation behavior

and it was found that fibers with higher density exhibited a greater tendency to form

flocs. On the other hand, lighter fibers exhibited a higher degree of alignment with

the flow streamlines, demonstrated smaller fiber slip velocities, and consequently

experienced less collision with other fibers resulting in a lower floc formation. Fur-

thermore, the impact of the reinjection approach on flocculation behavior was more

pronounced for heavier fibers. This suggests that the interplay between fiber proper-

ties and the reinjection kinematics of the fibers influences the formation and growth

of flocs.

Furthermore, a fiber alignment analysis revealed that the orientation of fibers

with respect to the diffuser streamwise direction converged to a common value at

the end of the outlet duct, regardless of fiber inertia and reinjection kinematics, high-

lighting the effect of turbulence that tends to randomize the orientation of the fiber.

It was also shown that heavier fibers showed less orientation change compared to

lighter fibers, indicating that inertia influenced the time scales of fiber reorientation.

The analysis of fiber alignment in the diffuser revealed some important observa-

tions. Firstly, regardless of fiber inertia and reinjection kinematics, the orientation

of fibers with respect to the diffuser streamwise direction converged to a common

value at the end of the outlet duct. This suggests that the turbulent flow in the

diffuser tends to randomize the orientation of the fibers, leading to a relatively con-

sistent average orientation at the end part of the outflow channel. Secondly, it was

observed that heavier fibers exhibited less orientation change compared to lighter

fibers due to their greater momentum and resistance to changes in motion. This

implies that the inertia of the fibers influences the time scales of fiber reorientation.

The comparison between the fiber flocculation behavior of fully resolved LES

simulations with previous RANS simulations using a standard k − ω turbulence
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model sheds light on the influence of turbulence and dispersion modeling on fiber

flocculation. The findings indicate that the LES simulations consistently exhibit a

higher degree of flocculation compared to the RANS simulations. Additionally, floc-

culation is observed to initiate at an earlier stage in the LES cases, even before en-

tering the diffuser, while only a small amount of flocs is formed in the RANS cases.

This difference might be attributed to the more accurate representation of flow dy-

namics in the LES simulations. The fibers in the LES simulations experience the full

range of accelerating and decelerating flow phenomena, which may induce ballistic

deflection of the fibers even in the inflow channel. This continuous interaction with

the fluctuating flow field enhances fiber-fiber collisions and promotes floc formation.

This study has provided some insights into the flocculation of rigid fibers in an

asymmetric diffuser. However, it is important to acknowledge its major limitations

and the need for further investigations. Specifically, this study assumed a fixed fiber

length, which restricts our understanding of the influence of varying fiber lengths

on flocculation behavior. Additionally, the analysis focused primarily on attractive

forces, overlooking the contributions of other forces such as friction and repulsive

forces. Moreover, the study only considered dilute suspensions, neglecting the be-

havior of semi-dilute suspensions. Addressing these limitations will lead to a more

comprehensive understanding of fiber flocculation dynamics and enable the devel-

opment of improved strategies for controlling and manipulating fiber suspensions

in practical applications.
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Appendix A

Fiber model breakdown

The following appendix presents in-depth details of the general form of the fiber’s

equations of motion, hydrodynamic forces and torques, discretized equations of mo-

tion, and the numerical algorithms used to solve the equations. These details are

primarily drawn from the work of Andrić et al. (56) for the flexible fiber model, and

Andrić et al. (53) for the rigid fiber model. For a more comprehensive understand-

ing, readers should refer to these references.

A.1 Flexible fiber model

A.1.1 Equations of motion

The equations governing the motion of each fiber segment i are derived from Euler’s

first and second laws, as presented in the references (46) and (45). The forces exerted

on a fiber segment denoted as i with mass mi, length li, and diameter D, include

hydrodynamic forces (F⃗h
i ), the sum of body force (F⃗b

i ), and the connectivity forces

(X⃗i) that act between neighboring fiber segments and maintains the integrity of the

fiber and ensures its length remains constant. The force balance yields:

mi ¨⃗ri = F⃗h
i + F⃗b

i + X⃗i+1 − X⃗i (A.1)

The torque balance on fiber segment i involves analogous components, as well as

the restorative torque:

∂

∂t

Ä
¯̄Ii · ω⃗

ä
= T⃗h

i + Y⃗i+1 − Y⃗i +

Å
l
2

p⃗i

ã
×
Ä

X⃗i+1

ä
+

Å−l
2

p⃗i

ã
×
Ä
−X⃗i

ä
(A.2)
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72 Appendix A. Fiber model breakdown

Here, ¯̄Ii represents the inertia tensor of segment i relative to the global coordinate

system, ω⃗i signifies the angular velocity, T⃗h
i denotes the hydrodynamic torque, and

Y⃗i encompasses the sum of bending and twisting torques applied to segment i − 1

by segment i. In Equations (A.1) and (A.2), for the end segments, X⃗1 = X⃗Nseg+1 = 0⃗,

as well as Y⃗1 = Y⃗Nseg+1 = 0⃗.

The constraint that keeps a fiber at a constant length requires that the endpoints

of adjacent fiber segments coincide, (i.e.,

r⃗i +
l
2

p⃗i −
Å⃗

ri+1 −
l
2

p⃗i+1

ã
= 0⃗ (A.3)

And taking the time derivative leads to:

˙⃗ri − ˙⃗ri+1 =
l
2

ω⃗i × p⃗i +
l
2

ω⃗i+1 ×
(
− p⃗i+1

)
(A.4)

A.1.2 Hydrodynamic forces and torques

The hydrodynamic forces and torques are developed due to the velocity difference

between the fiber segment and the surrounding fluid medium. According to Lind-

ström and Uesaka (46), the hydrodynamic force (F⃗h
i ) and hydrodynamic torque (T⃗h

i )

can be approximated as a sum of the viscous (Re ≪ 1) and the dynamic drag

(Re ≫ 1) contributions, i.e.

F⃗i = F⃗V
i + F⃗I

i , (A.5)

T⃗i = T⃗V
i + T⃗ I

i . (A.6)

Here the viscous drag force F⃗V
i and torque T⃗V

i on each cylindrical segment are ap-

proximated as those acting on an isolated equivalent prolate spheroid of aspect ratio

re = 1.24r f

¿»
ln r f through

F⃗V
i = ¯̄A

V
i ·
Ä

v⃗∞
i − ˙⃗ri

ä
(A.7)

T⃗V
i = ¯̄C

V
i ·
Ä

Ω⃗∞
i − ω⃗i

ä
+ ¯̄H

V
i : ¯̄Ei

∞
(A.8)

Here v⃗∞
i , Ω⃗∞

i = 1
2

(
∇× v⃗∞

i
)
, ¯̄E

∞
= 1

2

Ä
∇v⃗∞

i +
(
∇v⃗∞

i
)tä are the translational fluid

velocity, the angular fluid velocity and the rate of the strain tensor, respectively, all
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evaluated at the center of mass of segment i. Moreover, ¯̄A
V
i , ¯̄C

V
i , and ¯̄H

V
i are the

resistance tensors that are approximated by the corresponding resistance tensors of

a prolate spheroid with an equivalent aspect ratio proposed by Kim and Karrila (128)

as

¯̄A
V
i = 3πηli

î
YA

i
¯̄δ +
Ä

XA
i − YA

i

ä
p⃗i p⃗i

ó
(A.9)

¯̄C
V
i = πηl3

i

î
YC

i
¯̄δ +
Ä

XC
i − YC

i

ä
p⃗i p⃗i

ó
(A.10)

¯̄H
V
i = −πηl3

i YH
i
(

¯̄ϵ · p⃗i
)

p⃗i (A.11)

where ¯̄δ and ¯̄ϵ represent the unit and permutation tensor, respectively. The param-

eters XA
i , YA

i , XC
i , YC

i , and YH
i are hydrodynamic coefficients that rely on the eccen-

tricity denoted as ei = (1 − b2
i /a2

i )1/2, and are defined as (128):

L (ei) = ln
1 + ei

1 − ei

XA
i (ei) =

8
3

e3
i

î
−2ei +

Ä
1 + e2

i

ä
L (ei)

ó−1

YA
i (ei) =

16
3

e3
i

î
2ei +

Ä
3e2

i − 1
ä

L (ei)
ó−1

XC
i (ei) =

4
3

e3
i

Ä
1 − e2

i

ä î
2ei −

Ä
1 − e2

i

ä
L (ei)

ó−1

YC
i (ei) =

4
3

e3
i

Ä
2 − e2

i

ä î
−2ei −

Ä
1 + e2

i

ä
L (ei)

ó−1

YH
i (ei) =

4
3

e5
i

î
−2ei +

Ä
1 + e2

i

ä
L (ei)

ó−1
.

(A.12)

For the segment Reynolds number in the range of 102 ≤ Res ≤ 3 × 105, the

drag force exerted by the cross-flow on a cylinder dominates over the viscous drag

in the axial direction, and only the flow components in the plane perpendicular to

p⃗i need to be considered. According to Tritton (136), The drag coefficient for cross

flow over a circular cylinder is CI
D = 1 for 102 ≤ Res ≤ 3 × 105. Integration over

infinitesimal cylinder slices is employed to determine the total drag force and torque

on a cylindrical fiber segment. Subsequently, the resulting dynamic drag force and

torque are as (46):

F⃗I
i = ¯̄A

I
i ·
Ä

v⃗∞
i − ˙⃗ri

ä
(A.13)

T⃗ I
i = ¯̄C

I
i ·
Ä

Ω⃗∞
i − ω⃗i

ä
+ ¯̄H

I
i : ¯̄E∞

i (A.14)
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Here, the dynamic drag resistance tensors of ¯̄A
I
i , ¯̄C

I
i , ¯̄H

I
i are determined as:

¯̄A
I
i =

1
2

CI
DρDiliv⊥,i

î ¯̄δ − p⃗i p⃗i

ó
¯̄C

I
i =

1
24

CI
DρDil3

i v⊥,i

î ¯̄δ − p⃗i p⃗i

ó
¯̄H

I
i =

1
24

CI
DρDil3

i v⊥,i
[(

¯̄ϵ · p⃗i
)

p⃗i
] (A.15)

where v⊥,i =
∣∣∣Ä ¯̄δ − p⃗i p⃗i

ä
·
Ä

v⃗i
∞ − ˙⃗ri

ä∣∣∣ denotes the cross-flow velocity of the fluid

relative to the fiber segment (46).

A.1.3 Discretized fiber equations of motion

The governing equations of motion of the fiber are discretized in time using a time

step represented by ∆t. Subscripts n − 1 and n correspond to the previous and cur-

rent time steps, respectively. To ensure improved numerical stability, an implicit nu-

merical approach is applied to calculate the segment velocity and angular velocity.

In this section, the connectivity forces X⃗i and X⃗i+1 are treated as unknown variables.

Equation A.1 can be discretized as follows (56):

m
∆t

Ä
˙⃗ri,n − ˙⃗ri,n−1

ä
=

(
¯̄A

V
i,n−1 +

¯̄A
I
i,n−1

)
·
Ä

v⃗∞
i,n−1 − ˙⃗ri,n

ä
+ X⃗i+1,n − X⃗i,n (A.16)

In Equation A.2, the time differential term can be discretized as (56)

∂

∂t

(
˙̄̄Ii,n−1 · ω⃗i,n

)
≈ ˙̄̄Ii,n−1 · ω⃗i,n +

1
∆t

¯̄Ii,n−1 ·
(
ω⃗i,n − ω⃗i,n−1

)
(A.17)

Hence, Equation A.2 can be discretized as

˙̄̄Ii,n−1 · ω⃗i,n +
1

∆t
¯̄Ii,n−1 ·

(
ω⃗i,n − ω⃗i,n−1

)
=

(
¯̄C

V
i,n−1 +

¯̄C
I
i,n−1

)
·Ä

Ω⃗∞
i,n−1 − ω⃗i,n

ä
+

(
¯̄H

V
i,n−1 +

¯̄H
I
i,n−1

)
: ¯̄E∞

i

+
li
2

p⃗i,n−1 ×
Ä

X⃗i+1,n − X⃗i,n

ä (A.18)

The connectivity constraint, Equation A.34, can be discretized as follows

˙⃗ri+1,n − ˙⃗ri,n =
li
2

ω⃗i,n × p⃗i,n−1 +
li+1

2
ω⃗i+1,n × p⃗i+1,n−1 (A.19)
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The system of equations, including the linear momentum equation (A.16), the

angular momentum equation (A.18), and the connectivity equation (A.19), can be

solved to compute the unknown connectivity forces, velocities, and angular veloci-

ties at time n. Due to the diverse physical units associated with these variables, the

coefficients within the linear system exhibit significant variations in magnitude, ren-

dering the system ill-conditioned. Therefore, a system of dimensionless equations is

considered (56).

The system of dimensionless equations for the unknown connectivity forces (*

denotes dimensionless quantities) can be expressed as follows

¯̄Q
∗
i,n−1 · X⃗∗

i,n +
¯̄S
∗
i,n−1 · X⃗∗

i+1,n +
¯̄T
∗
i,n−1 · X⃗∗

i+2,n = V⃗∗
i,n−1 (A.20)

Through the application of Tikhonov regularization, the system can be effectively

solved to determine the unknown dimensionless connectivity forces X⃗i+1,n, where

2 ≤ i ≤ Nseg while ensuring that X⃗∗
1,n = X⃗∗

Nseg+1,n = 0⃗. As an example, in case that

fiber consists of Nseg = 7 segments, the system of equations takes the following form

(56):



¯̄S
∗
1,n−1

¯̄T
∗
1,n−1

¯̄0 ¯̄0 ¯̄0 ¯̄0

¯̄Q
∗
2,n−1

¯̄S
∗
2,n−1

¯̄T
∗
2,n−1

¯̄0 ¯̄0 ¯̄0

¯̄Q
∗
3,n−1

¯̄S
∗
3,n−1

¯̄T
∗
3,n−1

¯̄0 ¯̄0 ¯̄0

¯̄0 ¯̄Q
∗
4,n−1

¯̄S
∗
4,n−1

¯̄T
∗
4,n−1

¯̄0 ¯̄0

¯̄0 ¯̄0 ¯̄Q
∗
5,n−1

¯̄S
∗
5,n−1

¯̄T
∗
5,n−1

¯̄0

¯̄0 ¯̄0 ¯̄0 ¯̄Q
∗
6,n−1

¯̄S
∗
6,n−1

¯̄T
∗
6,n−1


·



X⃗∗
2,n

X⃗∗
3,n

X⃗∗
4,n

X⃗∗
5,n

X⃗∗
6,n

X⃗∗
7,n


=



V⃗∗
1,n−1

V⃗∗
2,n−1

V⃗∗
3,n−1

V⃗∗
4,n−1

V⃗∗
5,n−1

V⃗∗
6,n−1


(A.21)

The dimensionless tensors emerging from the linear system of connectivity forces

are expressed as:

¯̄Q
∗
i,n−1 = −

Å
m∗

∆t∗
¯̄δ + ¯̄A

V∗
i,n−1 +

¯̄A
I
i,n−1

ã−1
+

3
4rp

¯̄C
∗
p⃗i,n−1

¯̄S
∗
i,n−1 =

Å
m∗

∆t∗
¯̄δ + ¯̄A

V
i,n−1 +

¯̄A
I
i,n−1

ã−1
+

Å
m∗

∆t∗
¯̄δ + ¯̄A

V
i,n−1 +

¯̄A
I
i,n−1

ã−1
+

3
4rp

¯̄C
∗
p⃗i,n−1

+
3

4rp

¯̄C
∗
p⃗i+1,n−1

¯̄T
∗
i,n−1 = −

Å
m∗

∆t∗
¯̄δ + ¯̄A

V
i,n−1 +

¯̄A
I
i,n−1

ã−1
+

3
4rp

¯̄C
∗
p⃗i+1,n−1

UNIVERSITAT ROVIRA I VIRGILI 
NUMERICAL MODELING OF HIGH ASPECT RATIO FIBERS IN FLUID FLOWS 
MohammadJavad Norouzi 



76 Appendix A. Fiber model breakdown

V⃗∗
i,n−1 = −

Ä⃗
s∗i,n−1 − s⃗∗i,n−1 + rp

Ä⃗
b∗i,n−1 − b⃗∗i,n−1

ää
s⃗∗i,n−1 =

Å
m∗

∆t∗
¯̄δ + ¯̄A

V
i,n−1 +

¯̄A
I
i,n−1

ã−1
·
ÅÅ

m∗

∆t∗
˙⃗ri,n−1 +

¯̄A
V
i,n−1 +

¯̄A
I
i,n−1

ã
· v⃗∗i,n−1

b⃗∗i,n−1 =

ÇÅ
¯̄I
∗
i,n−1 +

1
∆t∗

¯̄I
∗
i,n−1 +

¯̄C
V∗
i,n−1 +

¯̄C
I∗
i,n−1

ã−1
·
Å

1
∆t∗

¯̄I
∗
i,n−1 · ω⃗∗

i,n−1+(
¯̄C

V∗
i,n−1 +

¯̄C
I∗
i,n−1

)
· Ω⃗∗

i,n−1 +
(

¯̄H
V∗
i,n−1 +

¯̄H
I∗
i,n−1

)
: ¯̄E

I∗
i,n−1

ã
× p⃗i,n−1

where ¯̄C
∗
p⃗i,n−1

is a second-order tensor and its components are

C∗
p⃗i ,n−1,11 = CI

∗
p⃗i,n−1,22

p⃗2
i,n−1,3 − CI

∗
p⃗i,n−1,23

p⃗i,n−1,2 p⃗i,n−1,3 − CI
∗
p⃗i,n−1,32

p⃗i,n−1,3 p⃗i,n−1,2+

CI
∗
p⃗i,n−1,33

p⃗2
i,n−1,2

C∗
p⃗i ,n−1,12 = −CI

∗
p⃗i,n−1,21

p⃗2
i,n−1,3 + CI

∗
p⃗i,n−1,23

p⃗i,n−1,1 p⃗i,n−1,3 + CI
∗
p⃗i,n−1,31

p⃗i,n−1,2 p⃗i,n−1,3−

CI
∗
p⃗i,n−1,33

p⃗i,n−1,1 p⃗i,n−1,2

C∗
p⃗i ,n−1,13 = CI

∗
p⃗i,n−1,21

p⃗i,n−1,2 p⃗i,n−1,3 − CI
∗
p⃗i,n−1,22

p⃗i,n−1,1 p⃗i,n−1,3 − CI
∗
p⃗i,n−1,31

p⃗2
i,n−1,2+

CI
∗
p⃗i,n−1,32

p⃗i,n−1,1 p⃗i,n−1,2

C∗
p⃗i ,n−1,21 = CI

∗
p⃗i,n−1,32

p⃗i,n−1,3 p⃗i,n−1,1 − CI
∗
p⃗i,n−1,33

p⃗i,n−1,1 p⃗i,n−1,2 − CI
∗
p⃗i,n−1,12

p⃗2
i,n−1,3+

CI
∗
p⃗i,n−1,13

p⃗i,n−1,2 p⃗i,n−1,3

C∗
p⃗i ,n−1,22 = −CI

∗
p⃗i,n−1,31

p⃗i,n−1,1 p⃗i,n−1,3 + CI
∗
p⃗i,n−1,33

p⃗2
i,n−1,1 + CI

∗
p⃗i,n−1,1

p⃗2
i,n−1,3−

CI
∗
p⃗i,n−1,13

p⃗i,n−1,1 p⃗i,n−1,3

C∗
p⃗i ,n−1,23 = CI

∗
p⃗i,n−1,31

p⃗i,n−1,1 p⃗i,n−1,2 − CI
∗
p⃗i,n−1,32

p⃗2
i,n−1,1 + CI

∗
p⃗i,n−1,11

p⃗i,n−1,2 p⃗i,n−1,3+

CI
∗
p⃗i,n−1,12

p⃗i,n−1,1 p⃗i,n−1,3

C∗
p⃗i ,n−1,31 = CI

∗
p⃗i,n−1,12

p⃗i,n−1,2 p⃗i,n−1,3 − CI
∗
p⃗i,n−1,13

p⃗2
i,n−1,2 + CI

∗
p⃗i,n−1,22

p⃗i,n−1,1 p⃗i,n−1,3+

CI
∗
p⃗i,n−1,23

p⃗i,n−1,2 p⃗i,n−1,1

C∗
p⃗i ,n−1,32 = −CI

∗
p⃗i,n−1,11

p⃗i,n−1,2 p⃗i,n−1,3 + CI
∗
p⃗i,n−1,13

p⃗i,n−1,1 p⃗i,n−1,3 + CI
∗
p⃗i,n−1,21

p⃗i,n−1,3 p⃗i,n−1,1−

CI
∗
p⃗i,n−1,23

p⃗2
i,n−1,1

C∗
p⃗i ,n−1,33 = CI

∗
p⃗i,n−1,11

p⃗i,n−1,2 p⃗i,n−1,3 − CI
∗
p⃗i,n−1,12

p⃗i,n−1,1 p⃗i,n−1,2 − CI
∗
p⃗i,n−1,21

p⃗i,n−1,2 p⃗i,n−1,1+

CI
∗
p⃗i,n−1,22

p⃗2
i,n−1,1

(A.22)

where ¯̄C∗
p⃗i ,n−1 is a function of

(
¯̄I
∗
i,n−1 +

1
∆t∗

¯̄I
∗
i,n−1 +

¯̄C
V∗
i,n−1 +

¯̄C
I∗
i,n−1

)−1
and the orien-

tation p⃗i,n−1.
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After computing the dimensionless velocities and rescaling them to their original

dimensional form, new segment positions and orientations can be calculated:

r⃗i,n−1 = r⃗i,n−1 + ∆t ˙⃗ri,n (A.23)

p⃗i,n−1 = p⃗i,n−1 + ∆t
Ä

˙⃗ωi,n × p⃗i,n−1

ä
(A.24)

To prevent the accumulation of errors, a necessary step should be taken involving

the adjustment of the segment positions at each time step. The central fiber seg-

ment remains fixed in space, while all other segments are translated to ensure the

preservation of the original fiber length.

A.2 Rigid fiber model

A.2.1 Fiber Equations of Motion

The linear and angular motion equations are established with respect to the center of

mass of the fiber, denoted as r⃗G = 1
Nseg

Nseg

∑
i=1

r⃗i. Hydrodynamic effects are aggregated

across the individual segments of the fiber. The linear and angular momentum equa-

tions are as follows:

m ¨⃗rG =
NSeg

∑
i=1

F⃗h
i (A.25)

∂

∂t

Ä
¯̄IG · ω⃗

ä
= ¯̄IG · ˙⃗ω + ω⃗ ×

Ä
¯̄IG · ω⃗

ä
=

Nseg

∑
i=1

T⃗h
i +

Nseg

∑
i=1

(⃗ri − r⃗G) × F⃗h
i . (A.26)

Here m = ∑n
i=1 mi is the fiber mass, and IG is the inertia tensor of the fiber with

respect to its center of mass, F⃗h
i and T⃗h

i are the hydrodynamic drag force and torque

exerted by the fluid on segment i, ω⃗ represents the angular velocity of the fiber, ¯̄IG

stands for the inertia tensor of the fiber in relation to both its center of mass and the

inertial reference frame. Assuming a circular cylinder approximation for the fiber

segment, the inertia tensor of segment i with respect to r⃗G is given by:

¯̄Ii =
1
8

miD2
i p⃗i p⃗T

i +

ï
1

16
miD2

i +
1

12
mil2

i

ò Ä ¯̄δ − p⃗i p⃗T
i

ä
(A.27)
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Here ¯̄δ as the unit tensor. Defining r⃗Gi = (⃗ri − r⃗G), the inertia tensor for segment i

with respect to the center of mass of the fiber is derived through the application of

the parallel axis theorem as follows:

¯̄IGi =
¯̄Ii ++mi

î(⃗
rGi · r⃗Gi

) ¯̄δ − r⃗Gi⃗ r
T
Gi

ó
(A.28)

The overall inertia tensor of the entire fiber with respect to its center of mass is ex-

pressed as follows:

¯̄IG =
Nseg

∑
i=1

¯̄IGi (A.29)

A.2.2 Hydrodynamic forces and torques

The Hydrodynamic forces and torques on each fiber segment are treated in the same

way as discussed for the flexible fibers, and are not repeated here for brevity. For a

more comprehensive understanding, readers should refer to Section A.1.2.

A.2.3 Discretization of the equations of motion

The linear momentum equation is discretized as:

m
∆t

(⃗
rG,n − r⃗G,n−1

)
=

Nseg

∑
i=1

(
¯̄A

V
i,n−1 +

¯̄A
I
i,n−1

)
·
î⃗
v∞

i,n−1 − ˙⃗ri,n

ó
(A.30)

where

r⃗i,n = r⃗G,n + ω⃗n × ˙⃗rG,n−1 (A.31)

The time step is denoted by ∆t, and subscripts n − 1 and n denote the previous

and current time steps, respectively. Utilizing the current time step results in an
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implicit treatment that enhances numerical stability. In addition, the angular mo-

mentum equation is discretized as:

˙̄̄IG,n−1 ·
[
ω⃗i,n − ω⃗i,n−1∆t + ω⃗i,n ×

(
˙̄̄IG,n−1 · ω⃗i,n−1

)]
=

Nseg

∑
i=1

Ä
¯̄CV

i,n−1 +
¯̄CI

i,n−1

ä
·
î
Ω⃗∞

i,n−1 − ˙⃗ωn
ó

+
Ä

¯̄HV
i,n−1 +

¯̄H I
i,n−1

ä
: ¯̄E∞

i,n−1+

r⃗Gi,n−1 ×
Ä

¯̄AV
i,n−1 +

¯̄AI
i,n−1

ä
·
î⃗
v∞

i,n−1 − ˙⃗ri,n

ó
(A.32)

These equations are resolved to determine the linear and angular velocity of the

fiber, r⃗Gn and ω⃗n, respectively. The updated positions and orientations of the seg-

ments are defined as:

r⃗i,n = r⃗i,n−1 + ∆t ˙⃗ri,n (A.33)

p⃗i,n =
p⃗i,n−1 + ∆t

(
ω⃗i,n × p⃗i,n−1

)
| p⃗i,n−1 + ∆t

(
ω⃗i,n × p⃗i,n−1

)
|

(A.34)

At each time step, segment positions are adjusted to prevent the accumulation of

numerical errors. This adjustment involves fixing the central fiber segment in place,

while translating all other segments to maintain the original length of the fiber. This

approach aligns with the method proposed by Lindstr"om and Uesaka (46).

The time step ∆t is subject to two specific constraints. One of these constraints

pertains to the relaxation time of the fiber-fluid system and is defined as follows:

∆t ≪ m
ηNsegl

(A.35)

To account for the rotation of the fiber induced by the strain rate, it is imperative

that:

∆t ≪ 1
γ̇

(A.36)

In this context, the characteristic strain rate γ̇ is defined as the maximum absolute

eigenvalue of the strain rate tensor ¯̄E∞
r⃗G

.
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