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Overview of the thesis

The overarching goal of this research is to enhance our understanding of
electronic structures in molecules and materials, with a specific focus on
addressing the challenges posed by the theoretical studies of inter- and in-
tramolecular energy and electron transfer in materials that have the poten-
tial to increase the efficiency of photovoltaic cells or photocatalytic reac-
tions. The thesis covers the following topics; 1) Deepening of traditional
electronic structure methods to understand their strengths and limitations,
particularly in capturing electronic correlations which play a pivotal role in
determining properties like magnetic interactions. 2) Exploration of the po-
tential of non-orthogonal approaches, especially the Non-Orthogonal Con-
figuration Interaction (NOCI) method, as an alternative to traditional meth-
ods, and assess their ability to provide a more accurate and comprehen-
sive description of electronic structures; 3) Extent, refine, and validate the
GronOR computer code to offer a robust and efficient method for electronic
structure calculations based on non-orthogonal orbitals. This tool should
address some of the challenges posed by existing methods and aim to pro-
vide more accurate predictions of molecular and material properties; 4) Ap-
ply the developed methods, particularly GronOR, to real-world molecular
systems to test their efficiency and reliability. The aim is to demonstrate the
practicality and advantages of the proposed methods over traditional ones.

VII
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Chapter 1

Introduction

Formulated almost seven decades ago13, and efficiently implemented in the
1980s2, Non-Orthogonal Configuration Interaction (NOCI) has not received
much attention until recently. However, over the last ten years, several stud-
ies have been published in which the orthogonality restriction commonly
adopted in electronic structure calculations is lifted24,16,22,12. Several rea-
sons can be given for this renewed interest. Firstly, the increasing computer
power makes possible calculations with non-orthogonal orbitals for systems
beyond small model systems, opening the door to apply these methods to
systems that are at the center of current research in chemistry, physics, ma-
terial science, etc. Secondly, NOCI is very well suited to combine accuracy
with interpretability. The compact expression of the many-electron wave
function in a few key electronic configurations is ideal to translate the re-
sults in terms of concepts that are commonly used in more approximate phe-
nomenological models. Finally, the recent studies have enriched the family
of non-orthogonal methods with the possibility to include dynamic elec-
tron correlation27,26,3,19, strategies for orbital optimization15, more approx-
imate but highly efficient implementations14,11, massive parallelizations23
and time propagation6. All these new additions indicates that the electronic
structure methods based on non-orthogonal orbitals are slowly but steadily
becoming mature and are expected to continue to play an important role in
the field. It is in this light that the current thesis has been developed, com-
bining further developing existing non-orthogonal configuration interaction

1
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Chapter 1. Introduction

schemes with application of the method to systems of chemical interest, em-
phasizing the translation of the results of the calculations in straightforward
concepts, which makes it possible to reach a more profound of the physical
mechanisms underlying the phenomena being studied.
This thesis is divided in five chapters:

1. Introduction: A brief discussion on the limits of traditional methods
and the objectives of the present work.

2. Electronic structure methods: A review of traditional electronic
structure methods and context of non-orthogonal approaches.

3. GronOR: A description of the GronOR non-orthogonal configura-
tion interaction software with the new features implemented in the
scope of this thesis and schemes for future implementations.

4. Applications: Case studies in which non-orthogonal configuration
interaction is applied for the calculation of chemical properties.

5. Conclusions: Conclusions of the work and outline of future work.

1.1 On the limits of traditional methods
This section exposes the major challenges that are currently present in the
field which led our group to develop our own implementation of Non Or-
thogonal Configuration Interaction. The main motivation lies in providing
an alternative computational framework to study physical problems that are
not well described by commonly applied electronic structure methods.

1.1.1 Exciton transport
An exciton is a bound state of an electron and a positive hole. It is produced
when an excitation occurs and the electron and the remaining hole are bound
by Coulomb interaction, making them to move together (diffusion) and act
as a single uncharged particle. This is why they are often referred to as
quasiparticles. Excitons7 play an essential role in energy transport in natural

2
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processes such as photosynthesis as well as in nanostructured optoelectronic
devices (photovoltaics, light-emitting diodes ...) based on molecular solids
such as organics, colloidal quantum dots, etc.
Most typically, generation of excitons occurs in solids, specially in semi-
conductor materials. An excitation is induced via photoabsorption, electric
field, etc. and an electron is promoted from the Valence Band into the Con-
duction Band. The remaining hole and electron form an exciton, and they
move collectively through the solid. The exciton exists until the excess en-
ergy that it “contains" is dissipated. The fate of the exciton can be one of
the following

• Radiative Recombination: The most common decay process for ex-
citons in direct bandgap semiconductors is radiative recombination.
In this process, the electron falls back into the hole it left behind in the
Valence Band. This recombination results in the emission of a photon
whose energy is approximately equal to the bandgap of the semicon-
ductor. This is the principle behind light-emitting diodes (LEDs).

• Non-Radiative Recombination: In this process, the exciton’s energy
is not emitted as light but is instead transferred to lattice vibrations,
known as phonons, or to other electronic states. This process can be
dominant in indirect bandgap semiconductors.

• Exciton Dissociation: Under certain conditions, the electron and hole
comprising the exciton can be separated before they have a chance to
recombine. This electron-hole separation is especially desirable in
photovoltaic devices, where the goal is to convert the energy of ab-
sorbed photons into electrical energy. Once separated, the electron
and hole can be collected at electrodes, producing a current.

• Exciton Diffusion: Before any of the above processes occur, the ex-
citon can diffuse through the material. This diffusion continues until
the exciton encounters a defect, another exciton, or the edge of the
material, or until it undergoes one of the recombination processes.

In summary, the fate of an exciton involves either recombination, where its
energy is released as light or heat, or separation, where its energy can be
harnessed for electrical power.

3
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Chapter 1. Introduction

Excitons are usually classified in Frenkel excitons and Wannier-Mott exci-
tons, as illustrated in figure 1.1). In the first case, the electron and hole are
contained in the same cell unit of the crystal, while the Wannier-Mott ex-
citon is much larger and extends over several unit cells. This is related to
the material’s dielectric constant 𝜖; when it is small, the electric Coulom-
bic attraction becomes strong and the electron and hole are closer, and the
opposite when it is larger. Frenkel excitons are usually formed in organic
molecular crystals in which 𝜖 is small such as naphthalene or anthracene
crystals, Wannier-Mott excitons are found more often in semiconductors.
A third kind of exciton that has been reported in the literature is the Charge
Transfer exciton, which is common in organic crystals. It forms when the
electron and the hole occupy different molecules. The resulting electron-
hole pair could be considered as one of the two types defined above de-
pending on the size of the unit cell. For example, a pair of molecules 𝐴 and
𝐵 can be in a charge transfer exciton state 𝐷+(𝐴)𝐷−(𝐵) where 𝐷 indicates
a doublet state (figure 1.2).
An exciton transfer process occurs when the exciton moves across the ma-
terial, which means that the excitation energy is transferred through neigh-
boring atoms or molecules. To estimate this transferability, according to the
Fermi’s Golden Rule, one has to calculate the matrix element between the
initial and final states to obtain the transition rate

Γ𝑖→𝑓 = 2𝜋
ℏ
|𝛾| 2𝜌(𝐸𝑓 ) (1.1)

where 𝜌(𝐸𝑓 ) is the density of states at the energy 𝐸𝑓 of the final state and 𝛾
is the electronic coupling between the initial and final state, defined as

𝛾 =
𝐻𝑖𝑓 −

1
2
(𝐻𝑖𝑖 +𝐻𝑓𝑓 )

1 − 𝑆2
𝑖𝑓

(1.2)

This process entails an electron-hole transfer between neighboring atoms
or molecules, and therefore, any computational approach to estimate 𝛾 re-
quires an accurate description of the ground, excited and charge transfer
(ionic) states involved in the process. These states are characterized by dif-
ferent electronic configurations, and hence, the optimal orbital set to express

4
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them may change significantly from state to state. A typical molecular or-
bital theory approach uses a common orthonormal molecular orbital basis
𝜙𝑗 to describe all electronic states involved in the exciton transfer. The same
is true for Kohn-Sham DFT approaches, which also rely on one (orthogo-
nal) orbital set. Moreover, it is not straightforward to calculate the matrix
element between initial and final state appearing in Fermi’s golden rule.
Typically additional simplifications need to be made to obtain estimates of
𝛾 when using DFT approaches1.
The problem with electronic structure methods that rely on one set of or-
thogonal molecular orbitals is that this basis set is not always flexible enough
to represent simultaneously all the (excited) states involved in the process,
and thus calculate accurately the coupling 𝛾 . To illustrate this we take a
stack of two chromophores 𝐴 and 𝐵 as example. To calculate the propaga-
tion of a Frenkel exciton in molecule𝐴 to molecule 𝐵 one would intuitively
express the initial and final states, gs(𝐴)–exc(𝐵) and exc(𝐴)–gs(𝐵), both
in their own set of optimal orbitals, but this is not possible within standard
MO theory in which all electronic states are expressed in one set of (or-
thogonal) orbitals. Hence, orthogonal MO approaches lead to a neglect of
orbital relaxation effects in energy and electron transfer mechanisms. On
the contrary, NOCI methods can represent each local excitation with any
set of orbitals chosen to describe better the interaction leading to a more
rigorous estimation of the electronic coupling.

1.1.2 Interatomic and intermolecular coulombic decay
Interatomic and intermolecular coulombic decay is an electronic decay mech-
anism principally observed in weakly bound matter. This process allows the
emergence of doubly ionized states in monomer couples even when these
configurations are not accessible energetically in the isolated monomers.
The existence of such process was first suggested theoretically5 and several
years later experimentally confirmed9. It was concluded that when a second
ionization of the initially excited monomer (that is, the creation of a dica-
tion) is not energetically possible, the ionization of a neighboring molecule
through intermolecular energy transfer is energetically feasible, leading to
monocations on both molecules. This doubly ionization leads rapidly to a

5
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+
𝐞−

(1)
+𝐞−

(2)

+
𝐞−

(1)
+𝐞−

(2)

Figure 1.1: Exciton motion across a material (1) Frenkel exciton (2)
Wannier-Mott exciton.

Figure 1.2: Charge Transfer Exciton across two neighboring anthracene
molecules.
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Coulomb explosion where the two fragments are repelled.
The standard experimental route to induce ICD involves the following three
steps:

1. Ionization of an inner-valence electron from one molecule.
2. An outer-valence electron occupies the hole and the excess energy

is transferred to the second molecule upon which an outer-valence
electron is ionized .

3. Coulomb explosion.
The first two ICD stages are schematically depicted in the left part of Figure
1.3. More recently, a slightly different variant of ICD have garnered atten-
tion in biological systems. Harbach and co-workers8 introduced the first
example of ICD as an operating mechanism in a real biological system, tak-
ing part in the DNA-reparation process. They showed that the mechanism
which is responsible of generating “free” electrons across the photolyases,
the enzymes that repair DNA, can also be considered a form of ICD. The
two molecules involved in the process are the cofactor reduced flavine nu-
cleotide NADH− and the chromophore antenna pigment HDF that usually
bind to the protein. The three stages of this variant of ICD can be described
as:

1. Absorption of the photon by HDF populating an electronically excited
state .

2. Excess energy transfer to the neighboring FADH− inducing ionization
and generating a reactive “free” electron.

3. The electron triggers the mechanism for DNA repair by the enzyme.
The right part of Figure 1.3 shows the first two stages of this ICD variant.
This illustrates that ICD is not just a scientific curiosity but plays a funda-
mental role in biological systems. In the same manner as in exciton transfer,
the key magnitude to quantify the rate of these processes is the electronic
coupling 𝛾 defined in equation 1.2. The off-diagonal matrix element needed

7
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Chapter 1. Introduction

Figure 1.3: Illustration of the two cases of ICD presented in this section;
Left: Traditional ICD discovered by Cederbaum et al.5 Right: Variant of
ICD discovered in the DNA rapair process.

to estimate 𝛾 that represents the transition between the states involved in ICD
is

𝐻𝑘𝑙,𝜎1𝜎2 = | ⟨Φ𝑘𝑙|𝐻̂|Φ𝜎1𝜎2⟩|
2
= 𝛾2 (1.3)

where the initial pair of indices "kl" represent the ionized electron k on the
second molecule (FADH− in the DNA repair process) and the inner-valence
electron l in the first molecule, and the final state indices "𝜎1𝜎2" represent the
empty orbitals in both excited and ionized molecules. Treatment of the “free
electron” in the continuum requires special treatment, either with increas-
ingly diffuse basis sets or construction of the so-called Dyson orbitals25.
After the calculation of the electronic coupling via NOCI, the estimation of
the transition probability is directly evaluated by Fermi’s Golden rule which
provides a more direct way to compute the rate.

1.1.3 Singlet fission
Traditional silicon-based solar cells are quite efficient in both solar light
conversion and production cost. However, the research in organic photo-
voltaics shows how these can have potential advantages over the latter, such
as portability, lower production costs and lighter weight, implying that they
can be used in applications where silicon-based solar cells are impractical.
In fact, they can complement current solar cells to increase their efficiency
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by mixing layers of the two materials. Simplifying to some extent, com-
mercial silicon-based solar cells consist in a P-N junction that generates
one charge carrier (electron-hole pair) per photon absorbed. This implies a
theoretical limit in the efficiency of the 33.16% that was estimated by Shock-
ley and Queisser in 1961, also called the Shockey-Queisser limit. Research
in multi-junction solar cell technology has managed to break this limit by
adding layers of different materials that have different bandgaps and thus
respond to different wavelengths, improving the conversion of energy that
would be lost otherwise. This has been lead to a record in the efficiency rate
of 45% in laboratory conditions and 39% in a real case case scenario, but
the expensive production causes them to being non-commercial currently.
Organic materials can improve the efficiency in other way through multiex-
citonic generation processes, that is, the generation of several charge carriers
per photon absorbed. Singlet fission (SF) is a particular case of multiexci-
tonic generation process that occurs in organic solids21, during which two
coupled triplets are formed from a singlet photoexcited system in an overall
spin-allowed shown in Figure 1.4. SF has been explored as an alternative
to break the Shockley-Queisser limit18 as in principle, two charge carriers
are generated by photon absorbed as after singlet fission the phenomenon
known as triplet separation happens in which two separated triplets are pro-
duced.
Singlet fission processes in materials containing chromophores will occur
mostly under two conditions. The first one is that the process must be at
least isoergic and preferably slightly exoergic, which means that the ener-
gies for the lowest excited singlet state 𝑆1 and the lowest triplet state 𝑇1must fulfill 𝐸(𝑆1) ≥ 2𝐸(𝑇1). The second one is that the process needs to
be fast enough to overcome competing processes such as fluorescence, ther-
mal motion or other ways to dissipate the excess energy. This translates into
requiring a sizable electronic coupling 𝛾 (equation 1.2) between the local
excited singlet 𝑆0𝑆1 or 𝑆1𝑆0 and the two coupled triplets 1𝑇𝑇 which is in-
versely related to the duration of the process. One may also include in the
NOCI the charge transfer states 𝐷+ and 𝐷− that can mediate in the process
enabling two other possible mechanisms4. Finally, although it is not part
of the singlet fission mechanism itself, one may also want to characterize
the triplet separation mechanism by computing the electronic coupling (and
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Chapter 1. Introduction

Figure 1.4: Singlet fission plus triplet separation scheme

thus, the mixing) between the coupled and separated triplet states that de-
scribes the decoupling of the two charge carriers. The next mechanism of
interest after that would be their propagation across the material, known as
triplet diffusion.
For these reasons, NOCI is a reliable method to represent local excitations
in an ensemble of chromophores and introduce full orbital relaxation to esti-
mate rigorously the electronic coupling and help to find singlet fission can-
didates for the production of organic photovoltaics.

1.1.4 Magnetic interactions in transition metal compounds
Although not directly related to the generation of charge carriers as the pre-
vious two processes, NOCI has also successfully been applied to study the
interaction of localized spin angular moments in a variety of materials. Not
only it provides a way to obtain accurate estimates of the strength of the
coupling, but, and probably more importantly, it also allows to analyze in a
relatively straightforward manner the mechanisms that govern the strength
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of the coupling. In addition to the above-mentioned orbital relaxation ef-
fects, NOCI is designed to include static and dynamic electron correlation
in the description of the electronic structure, as will be shown in the next
chapter, where more technical details of NOCI are given. The combination
of rigorous orbital relaxation and inclusion of electron correlation leads to
estimates of the coupling strength in very good agreement with other com-
putational approaches that are considered as benchmark calculations19. The
big advantage of NOCI is that the final wave function is expressed as a linear
combination of a few key electronic configurations, while the correspond-
ing benchmark calculations count with wave functions that require millions
(or billions) of determinants to reach the desired accuracy. The compact na-
ture of the NOCI wave functions makes it very easy to (de-)activate certain
mechanisms and study the effect on the coupling strength. A similar anal-
ysis with wave function based on orthogonal orbitals is not impossible but
much more complicated17, mostly due to the huge amount of determinants.
The coupling between spin moments is an essential ingredient to explain
many of the (magnetic) properties of a wide variety of materials. Ferro-
and antiferromagnetism are essentially the macroscopic manifestation of a
net parallel (or anti-parallel) coupling of the local (atomic or molecular) spin
moments present in the material. The magnetic susceptibility of a magnetic
material reflects the strength of the coupling between the spin moments,
and there are many more interesting phenomena that are directly related to
the lower part of the energy spectrum of the units that carry unpaired elec-
trons. One aspect that deserves special attention here is the role played by
spin-orbit coupling. As long as spin-orbit coupling is neglected the spin
moment is completely isotropic because of the non-existence of spatial co-
ordinates in the pure spin operators. By including the spin-orbit operator in
the Hamiltonian, the orientation of the spin moment in three-dimensional
space becomes important and a much wider spectrum of magnetic phenom-
ena can be studied. One notable example is the existence of single-molecule
magnets. For large enough magnetic anisotropy, the spin moment can be
trapped in either a ’down’ or ’up’ state with a sizeable barrier between the
two magnetic states. The discovery of this behaviour in a transition metal
complex with 12 Mn ions20 triggered an intense multidisciplinary research
effort, including the development of theoretical approaches to include the
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effect of spin-orbit coupling in the ab initio description of the electronic
structure.

1.2 Objectives
The overarching goal of this research is to enhance our understanding of
electronic structures in molecules and materials, with a specific focus on
addressing the challenges posed by the theoretical studies of inter- and in-
tramolecular energy and electron transfer in materials that have the potential
to increase the efficiency of photovoltaic cells or photocatalytic reactions.
The primary objectives of this PhD thesis are:

• To understand limitations of traditional methods: Delve deep into
traditional electronic structure methods to understand their strengths
and limitations, particularly in capturing electronic correlations which
play a pivotal role in determining properties like magnetic interac-
tions.

• To explore non-orthogonal approaches: Investigate the potential
of non-orthogonal approaches, especially the Non-Orthogonal Con-
figuration Interaction (NOCI) method, as an alternative to traditional
methods. Assess their ability to provide a more accurate and compre-
hensive description of electronic structures.

• Development and enhancement of GronOR: Extent, refine, and
validate the GronOR computer code to offer a robust and efficient
method for electronic structure calculations based on non-orthogonal
orbitals. This tool should address some of the challenges posed by
existing methods and aim to provide more accurate predictions of
molecular and material properties.

• Application to production cases: Apply the developed methods,
particularly GronOR, to real-world molecular systems to test their ef-
ficiency and reliability. The aim is to demonstrate the practicality and
advantages of the proposed methods over traditional ones.
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At the start of this project, a basic implementation of the NOCI approach
in GronOR was available. This implementation was very well parallelized
and also the GPU off-loading was in an advanced stage. With the intro-
duction of the transformation of the two-electron integrals to a common
molecular basis10, it became possible to perform NOCI calculations with
more than 100 atoms. However, the code was completely biased towards
applications in the field of singlet fission. It could only handle ensembles of
two molecules, the total spin moment of the electronic states was restricted
to singlet coupling, and the program only calculated electronic couplings,
energies and wave functions. Hence, technically speaking GronOR was a
very advanced program, but from an application point-of-view rather lim-
ited and not suited to address the applications that could shine a light on the
mechanisms of intra- and intermolecular energy and electron transfer.
Therefore, a large effort was made during this thesis project to make the
NOCI approach in GronOR more generally applicable, implement new fea-
tures and also add a few efficiency improvements. It was crucial to general-
ize the treatment of spin states to go beyond singlet fission applications. It
was also compulsory to overcome the limitation to two fragments to study
stacks of singlet fission chromophores and understand exciton motion across
the ensembles. These challenges were in hand with the implementation of
properties such as oscillator strength computations and the design of strate-
gies to overcome the huge size of NOCI calculations. These are the main
challenges that have been carried out in this thesis, as well as the propose
of future developments in the NOCI approach and strategies to apply it to
the phenomena described above.

13

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Chapter 1. Introduction

References
[1] B. Baumeier, J. Kirkpatrick, and D. Andrienko. “Density-functional

based determination of intermolecular charge transfer properties for
large-scale morphologies”. In: Phys. Chem. Chem. Phys. 12 (36 2010),
pp. 11103–11113.

[2] R. Broer and W. Nieuwpoort. “Broken orbital-symmetry and the de-
scription of hole states in the tetrahedral [CrO4]− anion. I. Introduc-
tory considerations and calculations on oxygen 1s hole states”. In:
Chemical Physics 54.3 (1981), pp. 291–303.

[3] H. G. A. Burton and A. J. W. Thom. “Reaching Full Correlation
through Nonorthogonal Configuration Interaction: A Second-Order
Perturbative Approach”. In: Journal of Chemical Theory and Com-
putation 16.9 (2020), pp. 5586–5600.

[4] D. Casanova. “Theoretical Modeling of Singlet Fission”. In: Chemi-
cal Reviews 118.15 (2018). PMID: 29648797, pp. 7164–7207.

[5] L. S. Cederbaum, J. Zobeley, and F. Tarantelli. “Giant Intermolecular
Decay and Fragmentation of Clusters”. In: Physical Review Letters
79 (1997), pp. 4778–4781.

[6] X. Dong and L. M. Thompson. “Time propagation of electronic wave-
functions using nonorthogonal determinant expansions”. In: The Jour-
nal of Chemical Physics 160.2 (2024), p. 024106.

[7] J. Frenkel. “On the transformation of light into heat in solids. I”. In:
Physical Review 37.1 (1931), p. 17.

[8] P. H. P. Harbach et al. “Intermolecular Coulombic Decay in Biology:
The Initial Electron Detachment from FADH− in DNA Photolyases”.
In: The Journal of Physical Chemistry Letters 4.6 (2013). PMID:
26291360, pp. 943–949.

[9] T. Jahnke et al. “Interatomic and Intermolecular Coulombic Decay”.
In: Chemical Reviews 120.20 (2020), pp. 11295–11369.

14

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



[10] R. K. Kathir et al. “Reduced Common Molecular Orbital Basis for
Nonorthogonal Configuration Interaction”. In: Journal of Chemical
Theory and Computation 16.5 (2020). PMID: 32279493, pp. 2941–
2951.

[11] E. M. Kempfer-Robertson et al. “Nonorthogonal Active Space De-
composition of Wave Functions with Multiple Correlation Mecha-
nisms”. In: The Journal of Physical Chemistry Letters 13.51 (2022),
pp. 12041–12048.

[12] X. López et al. “Non-orthogonal Configuration Interaction Study on
the Effect of Thermal Distortions on the Singlet Fission Process in
Photoexcited Pure and B,N-Doped Pentacene Crystals”. In: The Jour-
nal of Physical Chemistry C 127.33 (2023), pp. 16249–16258.

[13] P. O. Löwdin. “Quantum Theory of Many-Particle Systems. I. Physi-
cal Interpretations by Means of Density Matrices, Natural Spin-Orbitals,
and Convergence Problems in the Method of Configurational Inter-
action”. In: Physical Review 97.6 (1955), pp. 1474–1489.

[14] A. Morrison, Z.-Q. You, and J. Herbert. “Ab Initio Implementation of
the Frenkel-Davydov Exciton Model: A Naturally Parallelizable Ap-
proach to Computing Collective Excitations in Crystals and Aggre-
gates”. In: Journal of Chemical Theory and Computation 10 (2014),
pp. 5366–5376.

[15] J. Olsen. “Novel methods for configuration interaction and orbital
optimization for wave functions containing non-orthogonal orbitals
with applications to the chromium dimer and trimer”. In: The Journal
of Chemical Physics 143.11 (2015), p. 114102.

[16] K. J. Oosterbaan, A. F. White, and M. Head-Gordon. “Non-Orthogonal
Configuration Interaction with Single Substitutions for Core-Excited
States: An Extension to Doublet Radicals”. In: Journal of Chemical
Theory and Computation 15.5 (2019). PMID: 31017781, pp. 2966–
2973.

15

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Chapter 1. Introduction

[17] D. A. Pantazis. “Meeting the Challenge of Magnetic Coupling in a
Triply-Bridged Chromium Dimer: Complementary Broken-Symmetry
Density Functional Theory and Multireference Density Matrix Renor-
malization Group Perspectives”. In: Journal of Chemical Theory and
Computation 15.2 (2019). PMID: 30645093, pp. 938–948.

[18] A. Rao and R. H. Friend. “Harnessing singlet exciton fission to break
the Shockley-Queisser limit”. In: Nature Reviews Materials 2.11 (2017),
p. 17063.

[19] A. Sánchez-Mansilla et al. “On the role of dynamic electron correla-
tion in non-orthogonal configuration interaction with fragments”. In:
Phys. Chem. Chem. Phys. 24 (19 2022), pp. 11931–11944.

[20] R. Sessoli et al. “High-Spin molecules: [Mn12O12(O2CR)16(H2O)2]”.
In: Journal of the American Chemical Society 115.5 (1993), pp. 1804–
1816.

[21] M. B. Smith and J. Michl. “Singlet Fission”. In: Chemical Reviews
110.11 (2010). PMID: 21053979, pp. 6891–6936.

[22] C. Sousa et al. “A Nonorthogonal Configuration Interaction Approach
to Singlet Fission in Perylenediimide Compounds”. In: The Journal
of Physical Chemistry A 127.47 (2023). PMID: 37964533, pp. 9944–
9958.

[23] T. P. Straatsma et al. “GronOR: Scalable and Accelerated Non-Orthogonal
Configuration Interaction for Molecular Fragment Wave Functions”.
In: Journal of Chemical Theory and Computation 18(6) (2022).

[24] E. J. Sundstrom and M. Head-Gordon. “Non-orthogonal configura-
tion interaction for the calculation of multielectron excited states”.
In: The Journal of Chemical Physics 140.11 (2014), p. 114103.

[25] B. N. C. Tenorio et al. “Photoionization Observables from Multi-
Reference Dyson Orbitals Coupled to B-Spline DFT and TD-DFT
Continuum”. In: Molecules 27.4 (2022).

16

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



[26] S. R. Yost and M. Head-Gordon. “Efficient Implementation of NOCI-
MP2 Using the Resolution of the Identity Approximation with Ap-
plication to Charged Dimers and Long C-C Bonds in Ethane Deriva-
tives”. In: Journal of Chemical Theory and Computation 14.9 (2018),
pp. 4791–4805.

[27] S. R. Yost and M. Head-Gordon. “Size consistent formulations of the
perturb-then-diagonalize Møller-Plesset perturbation theory correc-
tion to non-orthogonal configuration interaction”. In: The Journal of
Chemical Physics 145.5 (2016), p. 054105.

17

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



18

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Chapter 2

Electronic Structure Methods

This chapter contains a brief discussion of some of the electronic structure
methods that form the basis of Quantum Computational Chemistry. It also
contains a brief historical note to give background information about the
way in which these methods evolved, enhancing the description of molecules
and improving the efficiency of algorithms. This goes hand-to-hand with
the birth of Computer Science and the evolution of computers. Its impact
on computational chemistry will be shortly discussed here and in Chapter
3. As well as the classic electronic structure methods, I will explain in de-
tail where non-orthogonal methods are to be placed in this context and put
special attention to the newest advances in this area of research.

2.1 Notation and further discussion
Before diving into the details of the different electronic structure methods,
I will present a list with symbols in an attempt to unify the different nota-
tions that are being used in the studies published in the literature dealing
with non-orthogonal electronic structure methods. Being a rather new and
expanding area of research, it is not surprising that there is no convention
(yet) about the notation among theoretical chemists. Head-Gordon and co-
workers used the tensor formalism35 for the description of the method de-
veloped to include electron correlation in non-orthogonal approaches. This
tensor formalism is equivalent to the Covariant Notation. While this is an
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Chapter 2. Electronic Structure Methods

Table 2.1: Symbol list and conventions used in this thesis
Notation Description
𝑖, 𝑗, 𝑘, 𝑙 occupied spin orbital index
𝑎, 𝑏, 𝑐, 𝑑 virtual spin orbital index
𝑝, 𝑞, 𝑟, 𝑠 any spin orbital index
𝜇, 𝜈 basis function index

tildẽ expressed in corresponding orbital basis
hat ’̂ operator

superscript 𝑥,𝑤 orthonormal wave function set
superscript 𝐴,𝐵 molecular fragment

[], []+ commutator and anticommutator
Capital greek letters Ψ,Φ,Θ Many particle wave function
Small greek letters 𝜓, 𝜙, 𝜑, 𝜒 One particle wave function

important and widely-used notation in the field of general relativity, it re-
mains a rarity in theoretical chemistry papers. The allure of this formal-
ism is its ability to generate expressions that are universally applicable to
both orthogonal and non-orthogonal basis sets. However, a caveat exists; it
somewhat obfuscates the system’s metric (the overlap of basis states). This
can lead to ambiguities when transitioning from theoretical formulations
to computer program implementations. To illustrate this with an example,
consider a pair of non-orthogonal basis vectors of the Hilbert space 

𝑆𝜇𝜈 = ⟨𝜙𝜇|𝜙𝜈⟩ (2.1)
Expressions involving non-orthogonal orbitals carry a lot of overlap terms,
for example, the expression of a two electron operator in second quantization
in an orthogonal basis is

𝑔̂ = 1
2
∑

𝑝𝑞𝑟𝑠
𝑔𝑝𝑞𝑟𝑠𝑎̂

†
𝑝𝑎̂

†
𝑟 𝑎̂𝑠𝑎̂𝑞 (2.2)

while in a non-orthogonal basis, overlap terms do appear for each pair of
orbitals

𝑔̂ = 1
2
∑

𝑝𝑞𝑟𝑠

(

∑

𝑖𝑗𝑘𝑙
[𝑆−1]𝑝𝑖[𝑆−1]𝑗𝑞[𝑆−1]𝑟𝑘[𝑆−1]𝑙𝑠𝑔𝑝𝑞𝑟𝑠

)

𝑎̂†𝑝𝑎̂
†
𝑟 𝑎̂𝑠𝑎̂𝑞 (2.3)
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these overlap terms can be hidden in some manner when taking dual basis
vectors 𝜙𝜇, which are contravariant to basis vectors and are a basis of the
dual Hilbert space ∗

⟨𝜙𝜇| = 𝑆𝜇𝜈
⟨𝜙𝜈| where 𝑆𝜇𝜈 ≡

[

𝑆−1]

𝜇𝜈 (2.4)
⟨𝜙𝜇|𝜙𝜈⟩ = 𝛿𝜇𝜈 (2.5)

It is worth noting that some literature, penned by both chemists and physi-
cists, sometimes mislabels these dual vectors as the "contravariant basis"
of . To clarify, these vectors are not a basis of . In fact, they do not
reside within this vector space. The term "contravariant" implies that the
object inversely varies as the space’s basis, making the phrase "contravari-
ant basis" contradictory. From a purist’s perspective, employing these terms
with precision is imperative, especially if the aim is to set a benchmark for
future non-orthogonal theory researchers. According to this dual basis def-
inition, contravariant creation and annihilation operators that act on these
dual vectors are subsequently derived as

(𝑎̂𝜈)† =
∑

𝜇
𝑎̂†𝜇𝑆

𝜇𝜈 =
∑

𝜇
𝑎̂†𝜇

[

𝑆−1]

𝜇𝜈 (2.6)

𝑎̂𝜈 =
∑

𝜇
𝑆𝜈𝜇𝑎̂𝜇 =

∑

𝜇

[

𝑆−1]

𝜈𝜇 𝑎̂𝜇 (2.7)

In terms of these operators, the example 2.3 is re-expressed in the contravari-
ant dual basis in a shorter way

𝑔̂ = 1
2
∑

𝑝𝑞𝑟𝑠

(

∑

𝑖𝑗𝑘𝑙
𝑎̂†𝑝[𝑆

−1]𝑝𝑖 𝑎̂†𝑟 [𝑆
−1]𝑟𝑘 [𝑆−1]𝑙𝑠𝑎̂𝑠 [𝑆−1]𝑗𝑞𝑎̂𝑞 𝑔𝑝𝑞𝑟𝑠

)

= 1
2
∑

𝑝𝑞𝑟𝑠
𝑔𝑝𝑞𝑟𝑠(𝑎̂𝑝)†(𝑎̂𝑟)†𝑎̂𝑠𝑎̂𝑞 (2.8)

While the expression is undeniably more concise and applicable to both or-
thogonal and non-orthogonal, it entails a change of basis of the expression
and the dissipated overlap terms have to be taken into account anyways when
developing algorithms. I will abstain from using this notation without prior
notification in the following pages in order to make non-orthogonal expres-
sions appear more transparent to the reader.
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Chapter 2. Electronic Structure Methods

2.2 Overview of Electronic Structure methods

Electronic structure methods emerged in the early 20th century to solve the
many-electron problem, that is, to obtain the most accurate description of
the ground-state configuration, or equilibrium state, of a system consisting
of an arbitrary number N of electrons in presence of nuclei. Even consid-
ering the Born-Oppenheimer approximation, in which the movement of the
nuclei and electrons is decoupled, the problem is impossible to solve ex-
actly for any system with two or more electrons. The appearance of the
electron-electron interaction in the Hamiltonian blocks the separation of
variables and leads to the necessity for additional approximations, either
in the Hamiltonian or in the solutions of the Schrödinger equation, that is,
the many-electron wave function.
The schema of figure 2.1 offers a rough overview of the current landscape of
Electronic Structure Methods. In an attempt to describe many body quan-
tum systems (and hence solve the many-electron problem), three main ap-
proaches arose. One of the first attempts was made by Thomas and Fermi
who treated molecules semi-classically (neglecting the exchange interac-
tions) to describe the electron density. The addition of an exchange term
by Dirac only slightly improved the results, but the Thomas-Fermi-Dirac
approach does not lead to chemical bonding. It took about thirty years be-
fore electronic structure calculations based on the electron density regained
popularity when Hohenberg and Kohn put this approach on a firm basis and
Kohn and Sham provided a simple scheme to obtain meaningful results.
A distinct and directly from the start more successful path was opened by
Heitler and London, who presented a quantum mechanical description of the
chemical bond in H2 based on a two-electron wave function. The Heitler-
London description evolved into two distinct approaches for electronic struc-
ture studies: Valence Bond Theory (VBT) and Molecular Orbital Theory
(MOT). Both models, although equivalent in the limit of full Configura-
tion Interaction (see Sec. 2.5.2), excel in different areas. VBT is very well
suited to delivering human-interpretable results and the large advantage of
MOT lies in the easiness when programming faster Computational Chem-
istry software. This is why, due to the birth of Computer Science, MOT
surpassed VBT in popularity and became the main source of new Electronic
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Figure 4.1: Diketopyrrolopyrrole (DPP) molecule

Table 4.1: CAS(6,6)SCF relative energies of the DPP molecule.
State Δ𝐸 (eV)
𝑆0 0.00
𝑆1 10.57

Figure 4.2: Diketopyrrolopyrrole (DPP) dimer.
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Table 4.2: Energies of diabatic states with and without freezing the 1s or-
bitals for the NVidia V100 and A30 GPUs.

# frozen orbitals Δ𝐸(𝑆0𝑆1)(eV) Δ𝐸(𝑆1𝑆0) (eV) Δ𝐸(𝑆1𝑆1) (eV)
0 4.91 4.91 9.89
10+10 4.89 4.89 9.84

Table 4.3: Timings with and without freezing the 1s orbitals for the NVidia
V100 and A30 GPUs.

# frozen MO Size 2-el. (Mb) V100 Δ𝑡 (s) A30 Δ𝑡 (s)
0 211 60.30 55.36
10+10 110 22.74 25.69
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4.2 Model calculations of delocalized orbitals
This section contains an analysis of the electronic coupling in various en-
sembles of singlet fission chromophores. Some examples of such chro-
mophores are the larger acenes like tetracene and pentacene, indolonaph-
therydine derivatives, perylenediimides, among others. The primary goal
is to establish to what extent exciton delocalization over the chromophores
affects the electronic coupling between the excited singlet state and the
singlet-coupled double triplet state. For that purpose, a simple Many Elec-
tron Tight Binding (METB) model that parametrizes the coupling 𝛾 is built.
Using a localized or delocalized basis for the model Hamiltonian, the tran-
sition probability is proportional to the average of the squared couplings
between the initial state and the various accessible final states of the SF
ensemble, considering two different scenarios for the SF decay pathways.
After the estimation of the transition probabilities in both a localized and de-
localized description for different geometries, the results are verified with
NOCI calculations in order see if the conclusions derived using the simple
model are meaningful.
The METB model is based on the following assumptions: the many electron
wave functions are orthogonal and only nearest neighbors interact with each
other,

⟨𝑖|𝑗⟩ = 𝛿𝑖𝑗 (4.1)
⟨𝑆(𝑖)|𝐻̂|

1𝑇𝑇 (𝑗𝑘)⟩ = 𝛾𝛿𝑖𝑗 (4.2)
that is, the coupling is 𝛾 between a 𝑆1 and a 1𝑇𝑇 state if molecule i is one
of the triplets of the combination, which means that i must be j or k.
The following scenarios are evaluated: (i) from the lowest singlet to the
lowest biexcitonic state, (ii) from the lowest singlet to all 1𝑇𝑇 states, (iii)
from all excited singlets to all biexcitonic singlets 1𝑇𝑇 .
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4.2.1 A stack of molecules on a line
The first topology to deal with is an ensemble of an increasing number
of chromophores in a stack as shown in Figure 4.3 where dots represent
molecules of any singlet fission candidate. We start with two interacting
molecules. In the singlet fission setup, a singlet excited state 𝑆1 is produced
on one molecule and is combined with a neighbor in the ground state 𝑆0.This state is denoted as 𝑆1𝑆0. Subsequently, energy transfer from the ex-
cited molecule to its neighbor leads to two resultant triplet states 𝑇1, which
are initially coupled into a singlet biexciton 1𝑇𝑇 . Therefore, in the local-
ized description of the ensembles, the set of many-electron basis functions
(MEBF) consists on excited singlets for each molecule and a singlet coupled
triplet for all pairs of neighboring molecules.
Starting with two molecules, the states to consider in the localized descrip-
tion are

|𝑆𝐴
1 𝑆

𝐵
0 ⟩

|𝑆𝐴
0 𝑆

𝐵
1 ⟩

1
|𝑇 𝐴1 𝑇

𝐵
1 ⟩

Where as mentioned above, the triplets 𝑇 𝐴1 , 𝑇 𝐵1 are coupled into a biexci-
tonic singlet state. The superscript "1" will be omitted in the notation for
clarity. In this initial localized description, the coupling matrix elements of
interest are

⟨𝑆𝐴
1 𝑆

𝐵
0 |𝐻̂|

1𝑇 𝐴1 𝑇
𝐵
1 ⟩ = ⟨𝑆𝐴

0 𝑆
𝐵
1 |𝐻̂|𝑇 𝐴1 𝑇

𝐵
1 ⟩ = 𝛾 (4.3)

Next, the coupling is determined but now considering delocalization of the
states over the entire system. Obviously, there is no delocalization of the
1𝑇𝑇 state when only two molecules are considered. Taking the interactions

Figure 4.3: Line scheme for the model.
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between neighboring 𝑆1 excitations to be negative, the delocalized excited
singlet states are, in order of energy

𝑆 (1) = 1
√

2
( |𝑆𝐴

1 𝑆
𝐵
0 ⟩ + |𝑆𝐴

0 𝑆
𝐵
1 ⟩) (4.4)

𝑆 (2) = 1
√

2
( |𝑆𝐴

1 𝑆
𝐵
0 ⟩ − |𝑆𝐴

0 𝑆
𝐵
1 ⟩) (4.5)

which means that the only non-zero interaction arises from the singlet 𝑆 (1)

as follows
⟨𝑆 (1)

|𝐻̂|𝑇𝑇 ⟩ = 1
√

2
( ⟨𝑆𝐴

1 𝑆
𝐵
0 |𝐻̂|𝑇 𝐴1 𝑇

𝐵
1 ⟩ +

⟨

𝑆𝐴
0 𝑆

𝐵
1
|

|

𝐻̂|

|

𝑇 𝐴1 𝑇
𝐵
1

⟩

) = 2
√

2
𝛾

⟨𝑆 (2)
|𝐻̂|

1𝑇𝑇 ⟩ = 1
√

2
( ⟨𝑆𝐴

1 𝑆
𝐵
0 |𝐻̂|𝑇 𝐴1 𝑇

𝐵
1 ⟩ − ⟨𝑆𝐴

0 𝑆
𝐵
1 |𝐻̂|𝑇 𝐴1 𝑇

𝐵
1 ⟩) = 0

The mean transition probability or mean transition strength, according to the
Fermi’s Golden Rule is given by the mean of the square of the interactions
over the number of singlets, that gives us 1∕2(𝛾2+𝛾2) = 𝛾2 for the localized
basis and 1∕2((2∕

√

2𝛾)2 + 02) = 𝛾2 in the delocalized picture, being the
same as expected. This is because the delocalization involves only a unitary
transformation that preserves the inner product of the space. One can show
that unitary transformations do not change the norm of matrices including
the Frobenius norm that is defined as

|𝐴| 2𝐹 =
∑

𝑖𝑗
𝐴2
𝑖𝑗 (4.6)

so the sum of the squared elements of the inner product, known as the
square of the Frobenius norm, does not change. Hence, the average tran-
sition strength

𝜏 =
∑

𝑖 ⟨𝑆 (𝑖)
|𝐻̂|𝑇𝑇 ⟩2

# singlets (4.7)
is equal in both descriptions. Consider now three molecules in a stack. Let
introduce the more compact notation [𝐴,𝐵,…] for excited singlet states
in molecules 𝐴,𝐵,… and [𝐴𝐵,𝐵𝐶,…] for triplet pairs in the localized
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description. Now there are three excited singlet states [𝐴,𝐵, 𝐶] and two
coupled triplets [𝐴𝐵,𝐵𝐶]. The interactions are

⟨𝐴|𝐻̂|𝐴𝐵⟩ = 𝛾 (4.8)
⟨𝐵|𝐻̂|𝐴𝐵⟩ = ⟨𝐵|𝐻̂|𝐵𝐶⟩ = 𝛾 (4.9)
⟨𝐶|𝐻̂|𝐵𝐶⟩ = 𝛾 (4.10)
⟨𝐴|𝐻̂|𝐵𝐶⟩ = ⟨𝐶|𝐻̂|𝐴𝐵⟩ = 0 (4.11)

where it has been taken into account that the excited singlet can only transfer
energy to a neighboring molecule. So, an interaction matrix takes the form

Γ =
⎛

⎜

⎜

⎝

𝛾 0
𝛾 𝛾
0 𝛾

⎞

⎟

⎟

⎠

(4.12)

where Γ𝑖𝑗 = ⟨𝑆 (𝑖)
|𝐻̂|𝑇𝑇 (𝑗)

⟩. To transform the localized basis to the delo-
calized basis, the adjacency matrices 𝐴𝑆 and 𝐴𝑇𝑇 are introduced

𝐴𝑆 =
⎛

⎜

⎜

⎝

0 1 0
1 0 1
0 1 0

⎞

⎟

⎟

⎠

𝐴𝑇𝑇 =
(

0 1
1 0

)

(4.13)

The eigenvectors of these matrices give the delocalized orbitals for singlets,
with corresponding eigenvalues 𝜆

𝑆 (1) = 1
2
|𝐴 +

√

2𝐵 + 𝐶⟩ 𝜆(1) =
√

2 (4.14)
𝑆 (2) = 1

√

2
|𝐴 − 𝐶⟩ 𝜆(2) = 0 (4.15)

𝑆 (3) = 1
2
|𝐴 −

√

2𝐵 + 𝐶⟩ 𝜆(3) = −
√

2 (4.16)
and for coupled triplets

𝑇𝑇 (1) = 1
√

2
|𝐴𝐵 + 𝐵𝐶⟩ 𝜆′(1) = 1 (4.17)

𝑇𝑇 (2) = 1
√

2
|𝐴𝐵 − 𝐵𝐶⟩ 𝜆′(2) = −1 (4.18)

129

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Chapter 4. Applications

The interactions for all possible combinations in the ensemble in the delo-
calized scheme are given by
Γdeloc = 𝑆†Γloc𝑇

=

⎛

⎜

⎜

⎜

⎜

⎝

1
2

√

2 1
1
√

2
0 −1

1
2

−
√

2 1

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝛾 0

𝛾 𝛾

0 𝛾

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎝

1
√

2
1
√

2
1
√

2
− 1

√

2

⎞

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎝

1
√

2
𝛾 + 𝛾 0

0 𝛾
1
√

2
𝛾 − 𝛾 0

⎞

⎟

⎟

⎟

⎟

⎠

(4.19)

There are three possible transitions corresponding to the three non-zero ma-
trix elements. The strongest coupling comes from the lowest energy singlet
with the lowest energy pair of triplets, with a coupling 1

√

2
𝛾 + 𝛾 . The other

two transitions are the highest to lowest and middle to highest.
⟨𝑆 (1)

|𝐻̂|𝑇𝑇 (1)
⟩ = 1

2
√

2
⟨𝐴 +

√

2𝐵 + 𝐶|𝐻̂|𝐴𝐵 + 𝐵𝐶⟩ = 1
√

2
𝛾 + 𝛾

(4.20)
⟨𝑆 (3)

|𝐻̂|𝑇𝑇 (1)
⟩ = 1

2
√

2
⟨𝐴 −

√

2𝐵 + 𝐶|𝐻̂|𝐴𝐵 + 𝐵𝐶⟩ = 1
√

2
𝛾 − 𝛾

(4.21)
⟨𝑆 (1)

|𝐻̂|𝑇𝑇 (2)
⟩ = 1

2
√

2
⟨𝐴 +

√

2𝐵 + 𝐶|𝐻̂|𝐴𝐵 − 𝐵𝐶⟩ = 0 (4.22)

⟨𝑆 (3)
|𝐻̂|𝑇𝑇 (2)

⟩ = 1

2
√

2
⟨𝐴 −

√

2𝐵 + 𝐶|𝐻̂|𝐴𝐵 − 𝐵𝐶⟩ = 0 (4.23)

⟨𝑆 (2)
|𝐻̂|𝑇𝑇 (1)

⟩ = 1
2
⟨𝐴 − 𝐶|𝐻̂|𝐴𝐵 + 𝐵𝐶⟩ = 0 (4.24)

⟨𝑆 (2)
|𝐻̂|𝑇𝑇 (2)

⟩ = 1
2
⟨𝐴 − 𝐶|𝐻̂|𝐴𝐵 − 𝐵𝐶⟩ = 𝛾 (4.25)

The model predicts an average transition strength 4𝛾2

3
for both localized and

delocalized pictures, as expected.
The model can be generalized knowing that every molecule is linked only
with its immediate neighbors. Hence, the adjacency matrices only have 1’s

130

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



in their sub and super diagonal, and the 𝑇𝑇 adjacency matrix 𝐴𝑇𝑇 for 𝑁 is
equivalent to 𝐴𝑆 for𝑁 −1 because there is one 𝑇𝑇 state less than localized
excited singlets 𝑆. The interaction matrix Γ𝑇𝑆 contains the couplings be-
tween𝑆 states (rows) and 𝑇𝑇 states (columns). The dimensions are [𝑁−1],
[𝑁 − 2] and [𝑁 − 1, 𝑁 − 2] for 𝐴𝑆 , 𝐴𝑇𝑇 and Γ𝑇𝑆 respectively.

𝐴𝑆 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0 ⋯ 0 0
1 0 1 ⋯ 0 0
0 1 0 ⋯ 0 0

⋱
0 0 0 ⋯ 0 1
0 0 0 ⋯ 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.26)

𝐴𝑇𝑇 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0 ⋯ 0 0
1 0 1 ⋯ 0 0
0 1 0 ⋯ 0 0

⋱
0 0 0 ⋯ 0 1
0 0 0 ⋯ 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.27)

Γ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝛾 0 0 ⋯ 0 0
𝛾 𝛾 0 ⋯ 0 0
0 𝛾 𝛾 ⋯ 0 0

⋱
0 0 0 ⋯ 𝛾 𝛾
0 0 0 ⋯ 0 𝛾

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.28)

The average transition strength is obtained by summing all squared matrix
elements of 𝑆†Γ𝑇𝑇 and dividing by the number of singlet states. For 𝑁
molecules, it follows the trend given by the expression,

𝑃 (𝑁) = 2𝑁 − 1
𝑁

𝛾2 (4.29)
This average reaches 2𝛾2 for an infinite number of molecules as shown in
figure 4.4. As changing from a localized to a delocalized basis involves a
unitary transformation, the outcomes of the model will not change as long
as one sticks to the full space, i.e., considering the transitions from all sin-
glets to all 𝑇𝑇 states. However, internal conversion is presumably much
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faster than the singlet fission process, and the assumption that all singlets
are equally populated is not very realistic. More interesting are therefore
the transition probabilities from the lowest singlet to either the lowest sin-
glet coupled triplet (𝜏(1)→(1)) and to all 𝑇𝑇 states (𝜏(1)→(∶)). For a fast internal
conversion, the lowest singlet is the only populated one. These magnitudes
are defined as

𝜏(1)→(1) =
(

Γ11
)2 (4.30)

𝜏(1)→(∶) =
∑

𝑖=1,𝑛T

(

Γ1𝑖
)2 (4.31)

In the localized framework, all states are degenerate and the transition prob-
ability is 2𝛾2 except for the two molecules case, in which it is 𝛾2. For the
delocalized scheme, figure 4.5 compares the model predictions for transition
from the lowest singlet either to all triplet pairs or only to the lowest. The
difference between these two assumptions is illustrated in 4.6, which has a
peak at 𝑁 = 6. For 𝑁 = 2, the difference is trivially zero as there is only
one triplet pair. Increasing the number of molecules in the ensemble opens
the possibility of more triplet pairs, increasing the transition probability in
the one to all scenario. However, the lowest-to-lowest transition gradually
increases its importance relative to the other transitions and hence the dif-
ference between the two scenarios becomes smaller. This means that the
lowest-to-lowest transition (𝜏(1)→(1)) becomes more important as the number
of molecules increases and it describes the whole interaction for 𝑁 → ∞
although the difference is small.
Figure 4.7 compares the different scenarios described above. The dashed
lines indicate the limits for an infinite number of chromophores on a line.
The blue lines (solid and dashed) show that the average transition strength
in an all-to-all scenario converges to 2𝛾2. The green and red lines represent
the lowest to lowest and lowest to all scenarios, which both converge to 4𝛾2.
Although the average transition for the dimers (leftmost part of the graph)
is smaller than for larger ensembles, the order of magnitude is correct, indi-
cating that even a simple dimer calculation of the coupling provides useful
information about the singlet fission coupling even when the singlet exciton
is delocalized over several entities as predicted from the TD-DFT calcual-
tions reported in2. We are currently investigating the delocalization of the
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𝑆1 exciton with the NOCI-F approach.

Figure 4.4: Transition probability for a given number of molecules in a stack
in the all-to all scenario, using delocalized singlet and triplet functions.
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Figure 4.5: Transition probability in the lowest-to-all scenario and in the
lowest-to-lowest scenario, using delocalized singlet and triplet functions.
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Figure 4.6: Difference between transition probability curves in the lowest-
to-lowest and lowest-to-all scenarios
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Figure 4.7: Comparison between transition probability curves in the local-
ized and delocalized scenarios
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4.2.2 Other geometries
In this part some different geometries are considered, shown in figure 4.8 (a).
The equilateral triangle case, in which the adjacency matrices are slightly
different from the previous case as now all molecules are adjacent to each
other, giving rise to an extra 𝑇𝑇 state (𝐴𝐶) and additional interactions.

𝐴𝑆 =
⎛

⎜

⎜

⎝

0 1 1
1 0 1
1 1 0

⎞

⎟

⎟

⎠

𝐴𝑇𝑇 =
⎛

⎜

⎜

⎝

0 1 1
1 0 1
1 1 0

⎞

⎟

⎟

⎠

Γloc =
⎛

⎜

⎜

⎝

𝛾 0 𝛾
𝛾 𝛾 0
0 𝛾 𝛾

⎞

⎟

⎟

⎠

(4.32)

The eigenvectors that arise from these matrices are

𝑆 (1) = 1
√

3
|𝐴 + 𝐵 + 𝐶⟩ (4.33)

𝑆 (2) = 1
√

2
|−𝐴 + 𝐵⟩ (4.34)

𝑆 (3) = 1
√

6
|−𝐴 − 𝐵 + 2𝐶⟩ (4.35)

for singlets and

𝑇𝑇 (1) = 1
√

3
|𝐴𝐵 + 𝐵𝐶 + 𝐴𝐶⟩ (4.36)

𝑇𝑇 (2) = 1
√

2
|−𝐴𝐵 + 𝐵𝐶⟩ (4.37)

𝑇𝑇 (3) = 1
√

6
|−𝐴𝐵 − 𝐵𝐶 + 2𝐴𝐶⟩ (4.38)

for triplets, with eigenvalues 𝜆 = 2,−1,−1 respectively. Considering the
"all-to-all" scenario, the average transition probability for the triangle coin-
cides with the value of the line case with 𝑁 → ∞, giving (𝛾2 + 𝛾2 + 𝛾2 +
𝛾2 + 𝛾2 + 𝛾2)∕3 = 2𝛾2. It is of course the same in the delocalized case, and
is calculated by means of the interaction matrix
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Figure 4.8: Geometries used in the "Other geometries" subsection: (a) Tri-
angle (b) Square (c) Cross (d) Cross connected.

138

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Γdeloc =

⎛

⎜

⎜

⎜

⎜

⎝

1
√

3
1
√

3
1
√

3

− 1
√

2
1
√

2
0

− 1
√

6
− 1

√

6
2
√

6

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

𝛾 0 𝛾

𝛾 𝛾 0

0 𝛾 𝛾

⎞

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎝

1
√

3
− 1

√

2
− 1

√

6
1
√

3
1
√

2
− 1

√

6
1
√

3
0 2

√

6

⎞

⎟

⎟

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

2𝛾 0 0
0 0.5𝛾 −0.866𝛾
0 0.866𝛾 0.5𝛾

⎞

⎟

⎟

⎠

(4.39)

which also leads to 𝑃 =
∑

𝑖𝑗 |Γdeloc,𝑖𝑗|
2 = 2𝛾2 as proven before. The lowest

to lowest transition probability is

1
9
⟨𝐴 + 𝐵 + 𝐶|𝐻̂|𝐴𝐵 + 𝐵𝐶 + 𝐴𝐶⟩2 = 4𝛾2 (4.40)

and for the lowest to all transition we have

1
3
⟨𝐴 + 𝐵 + 𝐶|𝐻̂|𝐴𝐵 + 𝐵𝐶 + 𝐴𝐶⟩2

+ 1
√

6
⟨𝐴 + 𝐵 + 𝐶|𝐻̂|−𝐴𝐵 + 𝐵𝐶⟩2

+ 1

3
√

2
⟨𝐴 + 𝐵 + 𝐶|𝐻̂|−𝐴𝐵 − 𝐵𝐶 + 2𝐴𝐶⟩2 = 4𝛾2 (4.41)

Another interesting case is the square geometry shown in figure 4.8 (b). This
geometry has four molecules placed at the vertices of the square, consider-
ing every vertex has interaction only with its two immediate neighbors. The
characteristic matrices of the system are constructed in the same way as in
the triangular case

𝐴𝑆 =

⎛

⎜

⎜

⎜

⎝

0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

⎞

⎟

⎟

⎟

⎠

𝐴𝑇𝑇 =

⎛

⎜

⎜

⎜

⎝

0 1 0 1
1 0 1 0
0 1 0 1
1 0 1 0

⎞

⎟

⎟

⎟

⎠

Γ =

⎛

⎜

⎜

⎜

⎝

𝛾 0 0 𝛾
𝛾 𝛾 0 0
0 𝛾 𝛾 0
0 0 𝛾 𝛾

⎞

⎟

⎟

⎟

⎠

(4.42)
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giving the all-to-all transition probability 2𝛾2. Applying the transformation
to a delocalized basis, the states obtained are

𝑆 (1) = 1
2
|𝐴 + 𝐵 + 𝐶 +𝐷⟩ (4.43)

𝑆 (2) = 1
√

2
|𝐴 − 𝐶⟩ (4.44)

𝑆 (3) = 1
√

2
|−𝐵 +𝐷⟩ (4.45)

𝑆 (4) = 1
2
|𝐴 − 𝐵 + 𝐶 −𝐷⟩ (4.46)

(4.47)

and

𝑇𝑇 (1) = 1
2
|𝐴𝐵 + 𝐵𝐶 + 𝐶𝐷 + 𝐴𝐷⟩ (4.48)

𝑇𝑇 (2) = 1
√

2
|𝐴𝐵 − 𝐶𝐷⟩ (4.49)

𝑇𝑇 (3) = 1
√

2
|−𝐵𝐶 + 𝐴𝐷⟩ (4.50)

𝑇𝑇 (4) = 1
2
|𝐴𝐵 − 𝐵𝐶 + 𝐶𝐷 − 𝐴𝐷⟩ (4.51)

with eigenvalues 𝜆 = 2, 0, 0,−2 respectively. These interactions give a tran-
sition probability 2𝛾2 for all-to-all and 4𝛾2 for lowest-to-all and lowest-to-
lowest transitions.
The closed topologies are generalized by considering ring structures of in-
creasing size where every molecule has two neighbors and the first is adja-
cent to the last. For simplicity, all molecules in the chain perfectly interact
with each other so the coupling 𝛾 is constant and equal for every pair. The
adjacency and interaction matrices have the same form as in the line scheme
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except for the first and the last elements which are now coupled.

𝐴𝑆 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0 ⋯ 0 1
1 0 1 ⋯ 0 0
0 1 0 ⋯ 0 0

⋱
0 0 0 ⋯ 0 1
1 0 0 ⋯ 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.52)

𝐴𝑇𝑇 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0 ⋯ 0 1
1 0 1 ⋯ 0 0
0 1 0 ⋯ 0 0

⋱
0 0 0 ⋯ 0 1
1 0 0 ⋯ 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.53)

Γloc =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝛾 0 0 ⋯ 0 𝛾
𝛾 𝛾 0 ⋯ 0 0
0 𝛾 𝛾 ⋯ 0 0

⋱
0 0 0 ⋯ 𝛾 0
0 0 0 ⋯ 𝛾 𝛾

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.54)

where the last column corresponds to the coupled triplets formed by (1, 𝑁−
1). Now there is no smooth transition for the finite and the infinite length
case as in the line, because there are no boundaries and all nodes are equal,
being always coupled to two neighbors. The minimum closed ring (triangle)
and beyond are analogous to the infinite line case where the boundary effect
is fully diluted. The only transition that contributes is the lowest-to-lowest
one, as in the infinite line model estimation, so can be concluded that any
closed ring picture is equivalent to the infinite line case. The average tran-
sition strength is constant at 2𝛾2 and the lowest-to-all and lowest-to-lowest
transition probabilities are equal to 4𝛾2 for any number of molecules 𝑁 .
For the last case, the cross alike geometry is considered shown in figure
4.8 (c). The intention of this is to illustrate how the number of connections
increases the transition probability.
Consider first that the molecules in the outside ring do not interact with each
other. Molecule A is in the center and molecules B, C, D, E are placed on
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the outside, being the only possible coupled triplet states 𝐴𝐵, 𝐴𝐶 , 𝐴𝐷 and
𝐴𝐸. The total number of interactions or edges in the graph is four. The
matrices of the system are

𝐴𝑆 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 1 1 1 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

𝐴𝑇𝑇 =

⎛

⎜

⎜

⎜

⎝

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

⎞

⎟

⎟

⎟

⎠

Γloc =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝛾 𝛾 𝛾 𝛾
𝛾 0 0 0
0 𝛾 0 0
0 0 𝛾 0
0 0 0 𝛾

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(4.55)
having a mean transition probability 8𝛾2∕5 = 1.6𝛾2, which is equal to the
obtained for five molecules on a stack. The delocalized states are

𝑆 (1) = 1
2
|

√

2𝐴 + 𝐵 + 𝐶 +𝐷 + 𝐸⟩ (4.56)
𝑆 (2) = |−0.689𝐵 + 0.725𝐶 − 0.020𝐷 − 0.016𝐸⟩ (4.57)
𝑆 (3) = |−0.311𝐵 − 0.284𝐶 − 0.270𝐷 + 0.866𝐸⟩ (4.58)
𝑆 (4) = |−0.423𝐵 − 0.380𝐶 + 0.823𝐷 − 0.026𝐸⟩ (4.59)
𝑆 (5) = 1

2
|−

√

2𝐴 + 𝐵 + 𝐶 +𝐷 + 𝐸⟩ (4.60)
and

𝑇𝑇 (1) = 1
2
|𝐴𝐵 + 𝐴𝐶 + 𝐴𝐷 + 𝐴𝐸⟩ (4.61)

𝑇𝑇 (2) = 𝑇𝑇 (1) = 1
√

2
|𝐴𝐵 + 𝐴𝐶⟩ (4.62)

𝑇𝑇 (3) = 1
√

6
|−𝐴𝐵 − 𝐴𝐶 + 𝐴𝐷⟩ (4.63)

𝑇𝑇 (4) = 1

2
√

3
|𝐴𝐵 − 𝐴𝐶 − 𝐴𝐷 + 𝐴𝐸⟩ (4.64)

The lowest-to-lowest transition probability is 4.5𝛾2 and the lowest-to-all is
7.75𝛾2. This increase is mostly due to the transition to the second triplet
pair state, which has a significant probability of 2.25𝛾2. These probabilities
are larger than in the five on a line case. Next, the interaction between the
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molecules on the outside of the ensemble is also considered, see figure 4.8
(d). The number of possible 𝑇𝑇 combinations rises up to 8: 𝐴𝐵, 𝐴𝐶 , 𝐴𝐷,
𝐴𝐸, 𝐵𝐶 , 𝐶𝐷, 𝐷𝐸 and 𝐵𝐸. The characteristic of the ensemble now read

𝜃𝑆 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 1 1 1 1
1 0 1 0 1
1 1 0 1 0
1 0 1 0 1
1 1 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(4.65)

𝜃𝑇𝑇 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 1 1 1 0 0 1
1 0 1 1 1 1 0 0
1 1 0 1 0 1 1 0
1 1 1 0 0 0 1 1
1 1 0 0 0 1 0 1
0 1 1 0 1 0 1 0
0 0 1 1 0 1 0 1
1 0 0 1 1 0 1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(4.66)

Γloc =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝛾 𝛾 𝛾 𝛾 0 0 0 0
𝛾 0 0 0 𝛾 0 0 𝛾
0 𝛾 0 0 𝛾 𝛾 0 0
0 0 𝛾 0 0 𝛾 𝛾 0
0 0 0 𝛾 0 0 𝛾 𝛾

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(4.67)

Here there are more transition possibilities from singlets and the average
transition strength for the all-to-all scenario increases to 16𝛾2∕5 = 3.2𝛾2
which is exactly twice the value obtained without the lateral interactions.
This is not unexpected as the number of edges in the graph duplicates, hence
the number of non-zero elements in the interaction matrix Γ also duplicates,
but the number of excited singlets does not. The relevant delocalized states
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in this geometry are
𝑆 (1) = |0.53𝐴 + 0.43𝐵 + 0.43𝐶 + 0.43𝐷 + 0.43𝐸⟩ (4.68)
𝑆 (2) = |−0.03𝐵 − 0.03𝐶 + 0.03𝐷 + 0.71𝐸⟩ (4.69)
𝑆 (3) = |−0.71𝐵 + 0.03𝐶 + 0.71𝐷 − 0.03𝐸⟩ (4.70)
𝑆 (4) = |−0.85𝐴 + 0.26𝐵 + 0.26𝐶 + 0.26𝐷 + 0.26𝐸⟩ (4.71)
𝑆 (5) = |−0.5𝐵 + 0.5𝐶 − 0.5𝐷 + 0.5𝐸⟩ (4.72)

𝑇𝑇 (1) = |−0.39𝐴𝐵 − 0.39𝐴𝐶 − 0.39𝐴𝐷 − 0.39𝐴𝐸⟩ (4.73)
+ |−0.31𝐵𝐶 − 0.31𝐶𝐷 − 0.31𝐷𝐸 − 0.31𝐵𝐸⟩

𝑇𝑇 (2) = …
…

where it can be observed that the lowest singlet is the only one that has
contributions from all molecules in the ensemble, while the higher singlets
have zero coefficients for the central molecule A. For the triplets, the lowest
state can be written as

1
|𝑇𝑇 ⟩lowest = −0.79 |CROSS⟩ − 0.62 |RING⟩ (4.74)

by grouping together the terms that contain center A (CROSS) and those
with zero coefficient on A (RING). The lowest-to-lowest transition proba-
bility becomes 6.482𝛾2 while the lowest-to-all process has a total probability
of 7.370𝛾2 to occur, meaning that the transition from the lowest singlet to
the lowest coupled triplet represents 88% of the transitions that can occur
from the lowest singlet.

4.2.3 Similarities with Tight-Binding Approximation
Tight-Binding Approximation (TBA) is a well known cheap method for cal-
culating band structures of crystals. This method deals with mono electronic
atomic orbitals, that are tightly bound to atoms

𝜙𝑙(𝐫 − 𝐭𝑖) (4.75)
with 𝑙 the type of orbital (s, p, d, ...) and 𝐭𝑖 the position of the atom in a unit
cell. In order to construct a model Hamiltonian for these ensembles, the
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most basic tight binding approximation considers that all atomic orbitals
are orthogonal and only nearest neighbors do interact, in a similar fashion
our METB model.
Consider the case of 1D linear chain with s or p orbitals along the x axis.
First, the periodic basis must be constructed in order to obey the Bloch the-
orem, so the states

𝜒𝑘𝑙(𝑥) =
∞
∑

𝑛=−∞
𝑒𝑖𝑘𝑥𝜙𝑙(𝑥 − 𝑛𝑎) (4.76)

are solutions of the Schrödinger equation of a periodic 1D solid, with 𝑎 the
length of the unit cell. This means that in each point of the chain, a sum is
taken over atomic wavefunctions of same type from all unit cells, such that
the resulting state has the so called Bloch character

𝜒𝑘𝑙𝑖(𝑥 + 𝑑) = 𝑒𝑖𝑘𝑑𝜒𝑘𝑙𝑖(𝑥) (4.77)
The orthogonality and only nearest neighbor interaction assumptions lead
to

⟨𝜙𝑙(𝑥)|𝜙𝑙(𝑥 − 𝑛𝑎)⟩ = 𝛿𝑛0 (4.78)
⟨𝜙𝑙(𝑥)|𝐻̂|𝜙𝑙(𝑥 − 𝑛𝑎)⟩ = 𝜖𝑙𝛿𝑛0 + 𝑡𝑙𝛿𝑛±1 (4.79)

so the interaction between different atoms is 𝑡𝑙 if they are neighbors, that
is 𝑛 ± 1, and 0 otherwise. This resembles the METB model in which only
neighboring states do interact with coupling 𝑡𝑙. In this model the band struc-
ture calculation is

𝜖𝑘 = 𝜖𝑙 + 2𝑡𝑙 cos(𝑘𝑎) (4.80)
while in the model, as the phase is not taken into account, it is

𝜖𝑘 = 𝜖𝑙 + 2𝛾 (4.81)
with 𝜖𝑙 = 0 and 𝑡𝑙 = 𝛾 between different contiguous states 𝑆 and 𝑇𝑇 . That
results in the value 4𝛾2 for the S-TT transition strength in the lowest-to-
lowest scenario.
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4.2.4 Conclusions from the model
The results described in this section show that

1. Localized and delocalized description in the all-to-all scenario are
strictly equivalent.

2. Lowest-to-all and lowest-to-lowest give constant transition probabil-
ity in the localized basis (𝛾2).

3. In the other two scenarios the transition probability in the delocalized
basis is systematically larger than in the localized representation.

4. Lowest-to-all and lowest-to-lowest are very similar, converge to the
same value for large𝑁 and the maximum difference is found for𝑁 =
6.

5. Ring systems (lines with periodic boundaries) give all the same result,
coinciding with the molecules on a line ensemble for infinite 𝑁 .

6. Increasing the number of connection keeping 𝑁 constant increases
the transition probability.
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4.3 NOCI estimations
In this section, the same topologies as in the model studies above are repro-
duced with benzene molecules through NOCI-F calculations. The fragment
wave functions are either obtained from a CASSCF(6,6) calculation includ-
ing the 𝜋 orbitals in the active space, or by the AIFDEM procedure, using
a single determinant for the ground state, a two-determinant wave function
for the charge-transfer doublets and CI-singles wave functions for excited
singlets and triplets expressed in the NTO basis. The latter leads to very
compact expansions of the many-electron wave functions in terms of de-
terminants and can therefore be used for the larger ensembles. The goal is
twofold. First, the CAS(6,6)SCF input results are used to check the consis-
tency of the model discussed above. Secondly, the suitability of the AIF-
DEM approach is tested by comparing the outcomes with the CAS(6,6)SCF
input calculations. This computationally less expensive method could be an
interesting alternative for the CASSCF NOCI-F calculation, especially for
the larger ensembles.

4.3.1 Two molecules on a stack
First, consider two parallel benzene molecules, slightly displaced in the x-y
plane (Δ𝑥 = 2.25 Å, Δ𝑦 = 1.25 Å), as shown in figure 4.9. The inter-
molecular distance 𝑑𝐴𝐵 = Δ𝑧 = 3.25 Å is rather small, but leads to stronger
𝑆0𝑆1-1𝑇𝑇 interactions, facilitating the analysis. The relative CAS(6,6)SCF
and AIFDEM energies of the benzene fragment are listed in Table 4.4. Both
input wave functions are calculated using a atomic natural orbital double-𝜁
basis set (ano-s-vdzp). Rather large discrepancies are observed, 0.21 eV
for 𝑆1 and 1.29 eV for 𝑇1 energies respect the ground state. Benzene does
not fulfill the singlet fission criteria 𝐸(𝑆1) ≥ 2𝐸(𝑇1) as the triplet lies much
higher in energy, but it is a simple chromophore that can be used to illustrate
delocalization check the consistency of the model.
Using the same nomenclature as for the model including also the charge
transfer states 𝐴+𝐵− = 𝐷+𝐷− and vice-versa, Table 4.5 shows the energies
of the localized states showing degeneracy as expected and the first discrep-
ancy between CASSCF and AIFDEM inputs. Energies of charge transfer
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states 𝐷+𝐷− and 𝐷−𝐷+ lie below 𝐴𝐵 energy in the AIFDEM approach
while being higher when using CASSCF inputs. This can be a great source
of errors when including these states as their presence in the adiabatic NOCI
wave functions could be overweighted depending on the chromophores cho-
sen for the study.
Table 4.6 show that the electronic coupling between 𝐴, 𝐵 and 𝐴𝐵 is sym-
metric, with an average coupling of 13 meV with CASSCF and 12 meV
with AIFDEM input. Here, states are not orthogonal, so the expression of
electronic coupling is given by expression 4.29 involving the overlap rather
than only the off-diagonal Hamiltonian matrix element as in the model. Ac-
cording to the model, for two molecules on a stack the all-to-all average
transition strength can be calculated as 𝛾2 that yields 𝜏CASSCF = 169 and
𝜏AIFDEM = 144.
The final NOCI wave functions are shown in Table 4.7 in which can be
appreciated the one to one correspondence with the delocalized states in
the model 4.5 except for the charge transfer states 𝐶𝑇 (1) and 𝐶𝑇 (2)

𝑆 (0) = G-S (4.82)
𝑆 (1) ≈ |

1
√

2
𝐴 + 1

√

2
𝐵⟩ (4.83)

𝑆 (2) ≈ |

1
√

2
𝐴 − 1

√

2
𝐵⟩ (4.84)

𝑇𝑇 (1) ≈ |𝐴𝐵⟩ (4.85)
In the so-called delocalized or adiabatic description, both states𝑆 (1) and𝑆 (2)

represent the resonance 𝐴±𝐵 between Frenkel excitons (see Chapter 1 for
the definition) in both molecules while 𝑇𝑇 (1) is practically the pure coupled
triplet 𝐴𝐵. The degeneracy of the two singlet states is a direct consequence
of the small interaction between 𝐴 and 𝐵 which is ∼ 16 meV. The upper
section of Table 4.8 reflects approximately that the simple model makes the
right prediction for the coupling without taking into account the 𝐶𝑇 states,
giving zero for 𝑆 (1) and 2

√

2
𝛾 ≈ −17 meV for 𝑆 (2). As expected, 𝐶𝑇 states

have only presence in the wave functions with an AIFDEM input as a con-
sequence of being lower in energy than the coupled triplets 𝐴𝐵, and it has a
big impact in the magnitude of the electronic coupling as shown in the lower
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part of table 4.8. This means that the charge transfer states are much better
described by a two determinant wave function than the singlets and triplets
by a CIS expansion. For that reason and because they have nearly zero rep-
resentation in the CASSCF wave functions, these states will be omitted in
the next examples, hence the Charge Transfer Mediated singlet fission men-
tioned in Chapter 1 will not be analyzed and only the direct mechanism will
be discussed.

Figure 4.9: Benzene dimer. Distances: Δ𝑧 = 3.25 Å, Δ𝑥 = 2.25 Å and
Δ𝑦 = 1.25 Å.

Table 4.4: Relative energy levels for the benzene molecule (eV) for
CAS(6,6)SCF and AIFDEM calculations.

Δ𝐸 (eV)
CASSCF AIFDEM

𝑆0 0.00 0.00
𝑆1 5.94 6.15
𝑇1 4.83 3.54
𝐷+ 9.66 9.22
𝐷− 3.60 3.27
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Table 4.5: NOCI-F energies of the benzene dimer (eV) in the localized rep-
resentation.

Δ𝐸 (eV)
CASSCF AIFDEM

𝑆0𝑆0 0.00 0.00
𝐴 5.92 6.19
𝐵 5.92 6.19
𝐴𝐵 9.59 9.90
𝐴+𝐵− 10.54 9.20
𝐴−𝐵+ 10.54 9.20

Table 4.6: Electronic couplings for two benzene molecules in the localized
description (meV)

CASSCF AIFDEM
𝐴𝐵 𝐴𝐵

𝐴 -13.23 12.06
𝐵 13.23 -11.95
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Table 4.7: Delocalized NOCI wave functions in terms of localized states for
two benzene molecules on a stack..

CASSCF
Δ𝐸 (eV) 0.00 5.90 5.94 9.59 10.48 10.60

𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑇𝑇 (1) 𝐶𝑇 (1) 𝐶𝑇 (2)

G-S -1.00 0.00 0.00 0.00 -0.02 0.00
𝐴 0.00 -0.71 -0.71 0.00 -0.01 -0.01
𝐵 0.00 -0.71 0.71 0.00 0.01 -0.01
𝐴𝐵 0.00 0.00 0.00 -1.00 0.00 0.00
𝐴+𝐵− 0.00 0.00 0.00 0.00 -0.70 -0.71
𝐴−𝐵+ 0.00 0.00 0.00 0.00 -0.70 0.71

AIFDEM
Δ𝐸 (eV) 0.00 6.16 6.21 9.22 9.25 9.93

𝑆 (0) 𝑆 (1) 𝑆 (2) 𝐶𝑇 (1) 𝐶𝑇 (2) 𝑇𝑇 (1)

G-S -1.00 -0.00 -0.00 -0.08 0.00 0.02
𝐴 -0.00 0.70 0.71 -0.02 0.07 -0.00
𝐵 0.00 0.70 -0.71 0.02 0.07 -0.00
𝐴𝐵 -0.00 0.00 -0.00 -0.18 -0.00 -0.98
𝐴+𝐵− -0.00 -0.04 0.01 0.70 0.70 -0.14
𝐴−𝐵+ 0.00 -0.04 -0.01 -0.70 0.71 0.14

Table 4.8: Electronic couplings for two benzene molecules in the delocal-
ized description (meV)

without 𝐶𝑇
CASSCF AIFDEM
𝑇𝑇 (1) 𝑇𝑇 (1)

𝑆 (1) 0.00 -0.07
𝑆 (2) 18.73 -17.07

with 𝐶𝑇
CASSCF AIFDEM
𝑇𝑇 (1) 𝑇𝑇 (1)

𝑆 (1) 0.00 -0.23
𝑆 (2) 18.70 8.32
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4.3.2 Three molecules on a stack
The case with three chromophores (Figure 4.10) on a stack is more interest-
ing as it also allows to study the triplet separation phenomenon by including
the state 𝐴𝐶 = 𝑇1𝑆0𝑇1 consisting of two separated triplets in the ensemble.
Energies in Table 4.9 show that localized states on molecule B have lower
energy, which could be expected, as monomers that are inner in the ensem-
ble are stabilized by surrounding molecules.
Table 4.10 shows the coupling interactions from which the parity with the
interaction matrix of the model can be appreciated with a slightly deviations
for the outer localized states. The average interaction strengths for these
localized states are 𝜏CASSCF = 242.17 meV2 and 𝜏AIFDEM = 202.63 meV2.
With the 4

3
𝛾2 value given by the model, the values obtained for the coupling

are 𝛾 = 13.48 meV and 𝛾 = 12.32 meV CASSCF and AIFDEM inputs,
respectively. These values are very similar to those obtained from the two
molecules case so the trend shown in plot 4.4 is obeyed. Table 4.11 shows
the electronic coupling with the triplet separation state, small but existent for
𝐴, 𝐵 and 𝐶 and comparable to 𝛾 with the coupled triplets 𝐴𝐵 and 𝐶𝐷 that
hints a mixing of these three states as appreciated in the delocalized states
displayed in Table 4.12. This suggest that the triplet separation process
does not happen separately from singlet fission but the two phenomena are
simultaneous.
In what regards to the model predictions, the adiabatic states show the same
delocalization pattern as in the model (Expressions 4.15 to 4.18). Electronic
coupling values in the delocalized description (Table 4.13) can be easily
identified as the values from the model 4.20 ignoring the phase factor

1
√

2
𝛾 + 𝛾 ≈ −20.85, 19.45 (4.86)

𝛾 ≈ 13.77, −12.43 (4.87)
1
√

2
𝛾 − 𝛾 ≈ −7.21, 5.57 (4.88)
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Figure 4.10: Benzene trimer.

Table 4.9: Relative NOCI energy levels for three benzene molecules on a
stack in the localized description (eV).

Δ𝐸 (eV)
CASSCF AIFDEM

G-S 0.00 0.00
𝐴 5.91 6.19
𝐵 5.90 6.18
𝐶 5.91 6.19
𝐴𝐵 9.55 9.87
𝐵𝐶 9.55 9.88
𝐴𝐶 9.59 9.91
𝐴+𝐵− 10.81 9.28
𝐴+𝐵− 10.44 9.11
𝐵+𝐶− 11.42 9.11
𝐵+𝐶− 11.42 9.28
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Table 4.10: Electronic couplings of three benzene molecules in the localized
description (meV).

CASSCF AIFDEM
𝐴𝐵 𝐵𝐶 𝐴𝐵 𝐵𝐶

𝐴 -13.60 0.15 -12.44 0.06
𝐵 13.35 13.35 12.22 12.32
𝐶 0.15 -13.60 0.07 -12.33

Table 4.11: Electronic coupling with the triplet separation state AC in the
localized description (meV).

CASSCF AIFDEM
𝐴𝐶 𝐴𝐶

𝐴 -0.08 -0.06
𝐵 0.11 0.04
𝐶 -0.08 -0.06
𝐴𝐵 11.53 9.51
𝐵𝐶 11.53 9.52
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Table 4.12: Delocalized NOCI wave functions in terms of localized states.
CASSCF

Δ𝐸 0.00 5.88 5.91 5.93 9.55 9.55 9.60
𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑆 (3) 𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3)

G-S 1.00 0.00 0.00 0.00 0.00 0.00 0.00
𝐴 0.00 -0.41 0.71 0.58 0.00 0.00 0.00
𝐵 0.00 -0.82 0.00 -0.58 0.00 0.00 0.00
𝐶 0.00 -0.41 -0.71 0.58 0.00 0.00 0.00
𝐴𝐵 0.00 0.00 0.00 0.00 0.67 -0.71 -0.22
𝐵𝐶 0.00 0.00 0.00 0.00 0.67 0.71 -0.22
𝐴𝐶 0.00 0.00 0.00 0.00 -0.31 0.00 -0.95

AIFDEM
Δ𝐸 (eV) 0.00 6.16 6.19 6.21 9.87 9.88 9.92

𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑆 (3) 𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3)

G-S 1.00 0.00 0.00 0.00 0.00 0.00 0.00
𝐴 0.00 0.44 -0.71 -0.55 0.00 0.00 0.00
𝐵 0.00 0.78 0.00 0.62 0.00 0.00 0.00
𝐶 0.00 0.44 0.71 -0.55 0.00 0.00 0.00
𝐴𝐵 0.00 0.00 0.00 0.00 0.70 -0.68 -0.22
𝐵𝐶 0.00 0.00 0.00 0.00 0.64 0.73 -0.22
𝐴𝐶 0.00 0.00 0.00 0.00 -0.31 -0.01 -0.95

Table 4.13: Electronic couplings for three benzene molecules on a stack in
the delocalized description (meV)

CASSCF AIFDEM
𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3)

𝑆 (1) -7.21 0.00 2.41 5.57 0.31 -1.83
𝑆 (2) 0.00 13.77 0.00 0.55 -12.43 0.00
𝑆 (3) -20.85 0.00 7.03 19.45 0.78 -6.53
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4.3.3 Four molecules on a stack
In a similar fashion as the trimer stack opens the possibility to study Triplet
Separation, the stack of four molecules (Figure 4.11) adds up a new situation
to the mix allowing to study the so-called Triplet Diffusion mechanism by
adding the 𝐴𝐷 = 𝑇1𝑆0𝑆0𝑇1 state to the simulation pretending to describe
the propagation of both 𝑇1 charge carries across the ensemble. Energies (Ta-
ble 4.14) and electronic couplings (Tables 4.15) follow the same trend as in
the trimer stack, slightly favoring the inner localized states in energy (+0.02
eV). Separation and diffusion electronic couplings (Table 4.16) show a gen-
eral trend that will be followed in any bigger stack of these characteristics,
that is, a strong coupling between coupled 𝐴𝐵, 𝐵𝐶 , 𝐶𝐷 and separated 𝐴𝐶 ,
𝐵𝐷 triplets and the same coupling of these with the triplet diffusion state
𝐴𝐷.
In delocalized states (Tables 4.17 and 4.18) are noticeable the effects of
boundaries causing that the more internally localized states in the chain are
the lowest in energy, so delocalization is not as uniform as in the model. This
effect makes diagonal elements of Hamiltonian non-uniform, but ideally
these diagonal elements and the couplings are equal in an infinite line and
the propagation of the charge carriers is uniform. Despite this, there is a
mixing of coupled triplets with triplet separation and for the other side, a
mixing of triplet separation with triplet diffusion, and so on.
In what concerns to METB theory, it can be observed the pattern observed
in classic atomic TB theory of solids that predict the phase of the nodes
in the ensemble. Paying attention to the signs of each MEBF the patterns
arisen are illustrated in Figure 4.12 with 𝑆 (1) being the state with all excited
singlets in phase and also the lowest in energy and the alternate phase state
𝑆 (4) being the highest.
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Table 4.14: NOCI relative energy levels for four benzene molecules on a
stack in the localized description (eV).

Δ𝐸 (eV)
CASSCF AIFDEM

G-S 0.00 0.00
𝐴 5.82 6.19
𝐵 5.80 6.17
𝐶 5.80 6.17
𝐷 5.82 6.19
𝐴𝐵 9.41 9.87
𝐵𝐶 9.38 9.85
𝐶𝐷 9.41 9.87
𝐴𝐶 9.43 9.89
𝐵𝐷 9.43 9.89
𝐴𝐷 9.43 9.91

Table 4.15: Electronic couplings for four benzene molecules on a stack in
the localized description (meV)

CASSCF AIFDEM
𝐴𝐵 𝐵𝐶 𝐶𝐷 𝐴𝐵 𝐵𝐶 𝐶𝐷

𝐴 -13.74 0.15 0.02 -12.47 0.06 0.01
𝐵 13.48 13.86 -0.18 12.25 12.70 -0.08
𝐶 0.18 -13.86 -13.48 0.08 -12.60 -12.34
𝐷 -0.02 -0.15 13.74 -0.01 -0.07 12.36
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Figure 4.11: Benzene tetramer.

Table 4.16: Electronic coupling with the triplet separation AC, BC and
triplet diffusion AD states in the localized description (meV).

CASSCF AIFDEM
𝐴𝐶 𝐵𝐷 𝐴𝐷 𝐴𝐶 𝐵𝐷 𝐴𝐷

𝐴 -0.08 0.00 0.00 -0.06 0.00 0.00
𝐵 0.12 0.08 0.00 0.04 0.06 0.00
𝐶 -0.08 -0.12 0.00 -0.06 -0.04 0.00
𝐷 0.00 0.08 0.00 0.00 0.06 0.00
𝐴𝐵 12.18 0.00 0.29 9.95 0.00 0.22
𝐵𝐶 11.58 11.58 -0.03 9.54 9.54 -0.01
𝐶𝐷 0.00 12.18 0.29 0.00 9.95 0.22
𝐴𝐶 - -0.02 11.76 - -0.01 9.61
𝐵𝐷 -0.02 - 11.76 -0.01 - 9.61

158

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Ta
ble

4.1
7:

De
loc

ali
zed

NO
CI

wa
ve

fun
cti

on
sin

ter
ms

of
loc

ali
zed

sta
tes

wi
th

CA
SS

CF
inp

ut
wa

ve
fun

c-
tio

ns.
Δ
𝐸

0.0
0

5.7
8

5.8
0

5.8
3

5.8
4

9.3
8

9.4
0

9.4
0

9.4
3

9.4
4

9.4
7

𝑆
(0
)

𝑆
(1
)

𝑆
(2
)

𝑆
(3
)

𝑆
(4
)

𝑇
𝑇

(1
)
𝑇
𝑇

(2
)
𝑇
𝑇

(3
)
𝑇
𝑇

(4
)
𝑇
𝑇

(5
)
𝑇
𝑇

(6
)

G-
S

1.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

𝐴
0.0

0
-0.

25
0.4

8
0.6

6
0.5

2
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
𝐵

0.0
0

-0.
66

0.5
2

-0.
25

-0.
48

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

𝐶
0.0

0
-0.

66
-0.

52
-0.

25
0.4

8
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
𝐷

0.0
0

-0.
25

-0.
48

0.6
6

-0.
52

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

𝐴
𝐵

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
08

-0.
65

0.6
4

-0.
27

0.2
8

-0.
08

𝐵
𝐶

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
94

0.0
0

-0.
23

-0.
25

0.0
0

-0.
10

𝐶
𝐷

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
08

0.6
5

0.6
4

-0.
27

-0.
28

-0.
08

𝐴
𝐶

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.2
3

0.2
8

-0.
24

-0.
52

0.6
5

-0.
35

𝐵
𝐷

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.2
3

-0.
28

-0.
24

-0.
52

-0.
65

-0.
35

𝐴
𝐷

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
07

0.0
0

0.1
0

0.4
9

0.0
0

-0.
86

159

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Chapter 4. Applications

Ta
ble

4.1
8:

De
loc

ali
zed

NO
CI

wa
ve

fun
cti

on
sin

ter
ms

of
loc

ali
zed

sta
tes

wi
th

AI
FD

EM
inp

ut
wa

ve
fun

c-
tio

ns.
Δ
𝐸

0.0
0

6.1
5

6.1
7

6.1
9

6.2
0

9.8
4

9.8
7

9.8
7

9.8
9

9.8
9

9.9
2

𝑆
(0
)

𝑆
(1
)

𝑆
(2
)

𝑆
(3
)

𝑆
(4
)

𝑇
𝑇

(1
)
𝑇
𝑇

(2
)
𝑇
𝑇

(3
)
𝑇
𝑇

(4
)
𝑇
𝑇

(5
)
𝑇
𝑇

(6
)

G-
S

1.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

𝐴
0.0

0
-0.

28
-0.

53
0.6

5
0.4

7
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
𝐵

0.0
0

-0.
65

-0.
47

-0.
28

-0.
53

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

𝐶
0.0

0
-0.

65
0.4

7
-0.

28
0.5

3
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
0.0

0
𝐷

0.0
0

-0.
28

0.5
3

0.6
5

-0.
47

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

𝐴
𝐵

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
08

0.7
6

-0.
49

0.3
0

0.2
9

-0.
08

𝐵
𝐶

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
93

-0.
05

0.2
4

0.2
5

-0.
01

-0.
09

𝐶
𝐷

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
08

-0.
50

-0.
75

0.2
7

-0.
31

-0.
08

𝐴
𝐶

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.2
4

-0.
34

0.1
8

0.5
5

0.6
2

-0.
34

𝐵
𝐷

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

0.2
3

0.2
4

0.3
0

0.4
9

-0.
66

-0.
34

𝐴
𝐷

0.0
0

0.0
0

0.0
0

0.0
0

0.0
0

-0.
07

0.0
2

-0.
10

-0.
48

0.0
2

-0.
87

160

UNIVERSITAT ROVIRA I VIRGILI 
INTERMOLECULAR ENERGY AND ELECTRON TRANSFER BY NON-ORTHOGONAL CONFIGURATION INTERACTION 
Aitor Maria Sánchez Mansilla 



Figure 4.12: Representation of the phase of the localized states forming the
singlet delocalized wave functions.

Table 4.19: Electronic couplings for four benzene molecules on a stack in
the delocalized description (meV)

CASSCF
𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (4) 𝑇𝑇 (5) 𝑇𝑇 (6)

𝑆 (1) 0.00 7.26 0.00 0.00 -3.21 0.00
𝑆 (2) -13.66 0.00 -2.91 -3.84 0.00 -1.49
𝑆 (3) 0.00 16.17 0.00 0.00 -7.22 0.00
𝑆 (4) 14.48 0.00 -14.41 10.84 0.00 3.49

AIFDEM
𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (4) 𝑇𝑇 (5) 𝑇𝑇 (6)

𝑆 (1) 0.06 5.70 -1.27 -0.10 -2.68 -0.01
𝑆 (2) 11.12 0.87 -3.73 -2.60 0.12 1.04
𝑆 (3) 0.05 14.47 -3.01 -0.30 -6.94 -0.01
𝑆 (4) 14.36 -2.54 12.22 -10.45 0.42 3.22
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4.3.4 Six and eight benzene molecules on a stack
The calculation is extended to six (Figure 4.13) and eight benzenes (Figure
4.14) on a stack. These calculations are too expensive to be carried out with
CAS(6,6)SCF input wave functions so will be restricted to the AIFDEM
approximation. Localized energies of the hexamer are shown in Table 4.20
following the aforementioned trend with centered states having lesser en-
ergy and higher 𝑆 − 1𝑇𝑇 coupling. In the delocalized states of the hexamer
(Tables 4.22 and 4.23) can be appreciated the delocalization up to triplet
separation states hinted by the previous case while direct triplet diffusion
is harder, for that reason they are not included in the octamer case (Tables
4.27 and 4.28).

Figure 4.13: Six benzenes on a stack.
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Table 4.20: NOCI relative energy levels for six benzene molecules on a
stack in the localized description (eV).

Δ𝐸 (eV) AIFDEM
G-S 0.00 𝐴𝐶 9.88
𝐴 6.19 𝐵𝐷 9.86
𝐵 6.17 𝐶𝐸 9.86
𝐶 6.17 𝐷𝐹 9.88
𝐷 6.17 𝐴𝐷 9.88
𝐸 6.17 𝐵𝐸 9.86
𝐹 6.19 𝐶𝐹 9.88
𝐴𝐵 9.87 𝐴𝐸 9.89
𝐵𝐶 9.85 𝐵𝐹 9.89
𝐶𝐷 9.84
𝐷𝐸 9.85
𝐸𝐹 9.87

Table 4.21: Singlet fission electronic couplings for six benzene molecules
on a stack in the localized description (meV)

𝐴𝐵 𝐵𝐶 𝐶𝐷 𝐷𝐸 𝐸𝐹
𝐴 12.47 -0.06 -0.01 -0.01 -0.01
𝐵 -12.25 -12.74 0.08 0.03 0.02
𝐶 -0.08 12.64 12.76 -0.08 -0.03
𝐷 0.03 0.08 -12.66 -12.73 0.08
𝐸 -0.02 -0.03 -0.08 12.64 12.35
𝐹 0.01 0.01 0.02 0.07 -12.37
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Table 4.22: Singlet delocalized NOCI wave functions in terms of localized
states.

Δ𝐸 0.00 6.14 6.15 6.17 6.18 6.20 6.20
𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑆 (3) 𝑆 (4) 𝑆 (5) 𝑆 (6)

G-S 1.00 0.00 0.00 0.00 0.00 0.00 0.00
𝐴 0.00 -0.13 0.29 0.43 -0.51 -0.54 0.39
𝐵 0.00 -0.38 0.57 0.42 -0.01 0.43 -0.42
𝐶 0.00 -0.58 0.31 -0.37 0.49 -0.15 0.41
𝐷 0.00 -0.58 -0.31 -0.37 -0.49 -0.15 0.41
𝐸 0.00 -0.38 -0.57 0.42 0.01 0.43 0.42
𝐹 0.00 -0.13 -0.29 0.43 0.51 -0.54 -0.39

Table 4.23: Triplet delocalized NOCI wave functions in terms of localized
states.

Δ𝐸 9.83 9.84 9.84 9.87 9.87
𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (4) 𝑇𝑇 (5)

𝐴𝐵 -0.02 -0.04 -0.05 0.83 -0.01
𝐵𝐶 -0.30 -0.61 -0.55 -0.15 0.03
𝐶𝐷 -0.64 0.00 0.58 0.03 -0.03
𝐷𝐸 -0.30 0.61 -0.56 -0.02 0.15
𝐸𝐹 -0.02 0.04 -0.05 -0.02 -0.83
𝐴𝐶 0.07 0.16 0.15 -0.46 0.01
𝐵𝐷 0.40 0.29 0.01 0.12 0.05
𝐶𝐸 0.40 -0.29 0.01 -0.06 -0.12
𝐷𝐹 0.07 -0.15 0.14 0.01 0.46
𝐴𝐷 -0.09 -0.10 -0.04 0.21 -0.03
𝐵𝐸 -0.26 0.00 -0.01 -0.04 0.04
𝐶𝐹 -0.09 0.10 -0.04 0.02 -0.22
𝐴𝐸 0.06 0.02 0.01 -0.07 -0.01
𝐵𝐹 0.06 -0.02 0.01 0.01 0.08
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Table 4.24: Singlet fission electronic couplings for six benzene molecules
on a stack in the delocalized description (meV)

𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (4) 𝑇𝑇 (5)

𝑆 (1) -0.09 2.98 0.01 2.91 2.85
𝑆 (2) 8.56 0.08 -3.02 -1.90 2.07
𝑆 (3) -0.06 12.31 0.03 1.56 1.45
𝑆 (4) 0.86 0.05 -11.44 -5.87 6.08
𝑆 (5) -0.01 10.07 0.02 -9.24 -8.82
𝑆 (6) -6.61 -0.01 -13.06 6.62 -6.90

Figure 4.14: Eight benzenes on a stack.
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Table 4.25: Relative energy levels for eight benzene molecules on a stack
in the localized description (eV).

Δ𝐸 (eV) Δ𝐸 (eV)
𝑆0 0.00 𝐴𝐵 9.87
𝐴 6.19 𝐵𝐶 9.85
𝐵 6.17 𝐶𝐷 9.85
𝐶 6.17 𝐷𝐸 9.85
𝐷 6.17 𝐸𝐹 9.85
𝐸 6.17 𝐹𝐺 9.85
𝐹 6.17 𝐺𝐻 9.87
𝐺 6.17
𝐻 6.19

Table 4.26: Electronic couplings for eight benzene molecules on a stack in
the localized description (meV).

𝐴𝐵 𝐵𝐶 𝐶𝐷 𝐷𝐸 𝐸𝐹 𝐹𝐺 𝐺𝐻
𝐴 12.48 -0.06 -0.01 -0.01 -0.01 -0.01 -0.01
𝐵 -12.25 -12.74 0.08 0.03 0.03 0.03 0.02
𝐶 -0.08 12.64 12.77 -0.08 -0.03 -0.03 -0.02
𝐷 0.03 0.08 -12.67 -12.77 0.08 0.03 0.02
𝐸 -0.02 -0.03 -0.08 12.67 12.77 -0.08 -0.03
𝐹 0.02 0.03 0.03 0.08 -12.67 -12.74 0.08
𝐺 -0.02 -0.03 -0.03 -0.03 -0.08 12.64 12.35
𝐻 0.01 0.01 0.01 0.01 0.02 0.07 -12.37
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Table 4.27: Singlet delocalized NOCI wave functions in terms of localized
states.
Δ𝐸 0.00 6.14 6.15 6.16 6.17 6.18 6.19 6.20 6.20

𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑆 (3) 𝑆 (4) 𝑆 (5) 𝑆 (6) 𝑆 (7) 𝑆 (8)

G-S 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.01
𝐴 0.00 -0.08 0.17 0.28 -0.38 0.44 -0.45 0.48 0.36
𝐵 0.00 -0.23 0.43 0.49 -0.38 0.11 0.18 -0.43 -0.38
𝐶 0.00 -0.41 0.49 0.16 0.31 -0.48 0.21 0.28 0.35
𝐷 0.00 -0.52 0.22 -0.39 0.35 0.26 -0.47 -0.10 -0.33
𝐸 0.00 -0.52 -0.22 -0.39 -0.35 0.26 0.47 -0.10 0.33
𝐹 0.00 -0.41 -0.49 0.16 -0.31 -0.48 -0.21 0.28 -0.35
𝐺 0.00 -0.23 -0.43 0.49 0.38 0.11 -0.18 -0.43 0.38
𝐻 0.00 -0.08 -0.17 0.28 0.38 0.44 0.45 0.48 -0.36

Table 4.28: Triplet delocalized NOCI wave functions in terms of localized
states.

Δ𝐸 9.83 9.83 9.84 9.84 9.84 9.87 9.87
𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (4) 𝑇𝑇 (5) 𝑇𝑇 (6) 𝑇𝑇 (7)

𝐴𝐵 0.00 -0.01 -0.02 0.04 -0.04 0.60 -0.42
𝐵𝐶 -0.12 -0.26 -0.41 0.59 -0.49 -0.08 0.18
𝐶𝐷 -0.42 -0.55 -0.28 -0.30 0.41 0.12 -0.02
𝐷𝐸 -0.58 0.00 0.57 0.00 -0.38 0.05 -0.26
𝐸𝐹 -0.42 0.55 -0.28 0.29 0.41 -0.13 -0.05
𝐹𝐺 -0.12 0.26 -0.41 -0.59 -0.49 0.03 0.18
𝐺𝐻 0.00 0.01 -0.02 -0.04 -0.04 -0.58 -0.53
𝐴𝐶 0.02 0.05 0.09 -0.14 0.12 -0.28 0.14
𝐵𝐷 0.17 0.28 0.27 -0.14 0.04 0.08 0.26
𝐶𝐸 0.34 0.21 -0.13 0.16 -0.02 0.22 -0.32
𝐷𝐹 0.34 -0.21 -0.13 -0.16 -0.02 -0.10 -0.36
𝐸𝐺 0.17 -0.28 0.27 0.14 0.04 -0.21 0.22
𝐹𝐻 0.02 -0.05 0.08 0.13 0.12 0.29 0.20
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Table 4.29: Singlet fission electronic couplings for eight benzene molecules
on a stack in the delocalized description (meV)

𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (4) 𝑇𝑇 (5) 𝑇𝑇 (6) 𝑇𝑇 (7)

𝑆 (1) 0.03 -0.39 0.00 -3.35 -0.11 2.90 0.29
𝑆 (2) -5.66 -0.02 0.12 -0.10 4.47 -0.34 4.46
𝑆 (3) 0.07 -5.45 -0.01 -9.45 -0.04 -0.86 -0.12
𝑆 (4) -11.82 -0.04 3.51 -0.01 -5.57 -0.94 5.54
𝑆 (5) -0.03 14.22 0.02 -2.89 -0.04 3.25 0.19
𝑆 (6) 2.15 0.03 -14.08 -0.03 2.81 0.35 3.67
𝑆 (7) -0.01 -10.17 -0.01 8.71 0.04 13.32 1.39
𝑆 (8) -7.85 -0.01 -14.22 0.03 -5.76 0.04 -8.17
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4.3.5 Naphthalene trimer
Performing now the same calculation for three naphthalene molecules on a
stack (Figure 4.15), it can be seen in table 4.30 that the monomer does not
either fulfill the singlet fission condition. On the other hand, there are not
big discrepancies between the AIFDEM and CASSCF results.
Its behavior is similar to that seen in the benzene case but, although the dif-
ference of the singlet with the triplet rises making the species more near to
the singlet fission condition, the values of the singlet fission and triplet sep-
aration electronic couplings (Tables 4.32 and 4.33) are lower in general and
it is remarkable that the triplet separation phenomena will be less favored
than in the benzene stack as its associated coupling is half of those of singlet
fission. The consequence of this is that state 𝐴𝐶 is not mixed with 𝐴𝐵 and
𝐶𝐷 in the delocalized description, but still very near in energy (0.01 eV) to
these and with a relevant electronic coupling (Table 4.35) with 𝑇𝑇 (1) and
𝑇𝑇 (2) (1.18 meV). Hence, here the triplet separation process is not mixed
with singlet fission.

Table 4.30: Relative energy levels for the naphthalene molecule (eV).
Δ𝐸 (eV)

CASSCF AIFDEM
𝑆0 0.00 0.00
𝑆1 5.88 5.42
𝑇1 4.19 3.33
𝐷+ 7.92 7.97
𝐷− 2.42 2.14
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Figure 4.15: Naphthalene trimer.

Table 4.31: Relative energy levels for three naphthalene molecules on a
stack in the localized description (eV).

Δ𝐸 (eV)
CASSCF AIFDEM

𝐺 − 𝑆 0.00 0.00
𝐴 5.88 5.41
𝐵 5.87 5.40
𝐶 5.88 5.41
𝐴𝐵 8.46 6.65
𝐵𝐶 8.46 6.65
𝐴𝐶 8.47 6.66
𝐴+𝐵− 7.53 7.17
𝐴−𝐵+ 7.23 6.87
𝐵+𝐶− 7.23 6.87
𝐵−𝐶+ 7.53 7.17
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Table 4.32: Electronic couplings of three naphthalene molecules in the lo-
calized description (meV).

CASSCF AIFDEM
𝐴𝐵 𝐵𝐶 𝐴𝐵 𝐵𝐶

𝐴 3.55 -0.04 -4.27 0.01
𝐵 -3.46 -3.46 4.22 4.22
𝐶 -0.04 3.55 0.01 -4.27

Table 4.33: Electronic coupling with the triplet separation state AC in the
localized description (meV).

CASSCF AIFDEM
𝐴𝐶 𝐴𝐶

𝐴 0.02 -0.02
𝐵 -0.02 0.01
𝐶 0.02 -0.02
𝐴𝐵 -1.20 -2.35
𝐵𝐶 -1.20 -2.35
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Table 4.34: Delocalized NOCI wave functions in terms of localized states
of three naphthalene molecules on a stack.

AIFDEM
Δ𝐸 (eV) 0.00 5.38 5.40 5.41 6.55 6.55 6.66

𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑆 (3) 𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3)

G-S 1.00 0.00 0.00 -0.01 0.00 0.00 0.00
𝐴 0.00 0.38 0.70 -0.60 0.00 0.00 0.00
𝐵 0.00 0.84 0.00 0.53 0.00 0.00 0.00
𝐶 0.00 0.38 -0.70 -0.60 0.00 0.00 0.00
𝐴𝐵 0.00 0.00 0.00 0.00 0.62 0.62 -0.01
𝐵𝐶 0.00 0.00 0.00 0.00 0.62 -0.62 -0.01
𝐴𝐶 0.00 0.00 0.00 0.00 0.02 0.00 1.00
𝐴+𝐵− 0.01 0.06 0.01 0.03 -0.16 -0.13 0.00
𝐴−𝐵+ -0.01 0.04 0.06 -0.04 0.28 0.30 -0.01
𝐵+𝐶− -0.01 0.04 -0.06 -0.04 0.28 -0.30 -0.01
𝐵−𝐶+ 0.01 0.06 -0.01 0.03 -0.16 0.13 0.00

CASSCF
Δ𝐸 (eV) 0.00 5.87 5.87 5.88 8.53 8.53 8.48

𝑆 (0) 𝑆 (1) 𝑆 (2) 𝑆 (3) 𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3)

G-S 1.00 0.00 0.00 -0.01 0.00 0.00 0.00
𝐴 0.00 0.37 -0.70 0.60 0.00 0.00 0.00
𝐵 0.00 0.84 0.00 -0.52 0.00 0.00 0.00
𝐶 0.00 0.37 0.70 0.60 0.00 0.00 0.00
𝐴𝐵 0.00 0.00 0.00 0.00 0.69 0.70 -0.02
𝐵𝐶 0.00 0.00 0.00 0.00 -0.69 0.70 -0.02
𝐴𝐶 0.00 0.00 0.00 0.00 0.00 -0.03 -1.00
𝐴+𝐵− -0.01 0.06 -0.01 -0.02 -0.13 -0.12 0.00
𝐴−𝐵+ 0.01 0.05 -0.06 0.04 0.10 0.10 0.00
𝐵+𝐶− 0.01 0.05 0.06 0.04 -0.10 0.10 0.00
𝐵−𝐶+ -0.01 0.06 0.01 -0.02 0.13 -0.12 0.00
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Table 4.35: Electronic couplings for three naphthalene molecules on a stack
in the delocalized description (meV)

CASSCF AIFDEM
𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3) 𝑇𝑇 (1) 𝑇𝑇 (2) 𝑇𝑇 (3)

𝑆 (1) 0.00 5.76 -0.24 2.25 0.00 0.17
𝑆 (2) 0.96 0.00 0.00 0.00 -35.45 0.00
𝑆 (3) 0.00 -4.91 0.14 37.63 0.00 -1.18
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4.3.6 Overall line results
The overall mechanism of singlet fission plus triplet separation across the
line stack can be summarized as

𝐴,𝐵, 𝐶
𝛾
←←←←←→ 𝐴𝐵,𝐵𝐶

𝜁
←←←←←→ 𝐴𝐶 (4.89)

where zeta denotes the triplet separation electronic coupling, of size equal
to 𝛾 in the benzene stack and half 𝛾 in the naphthalene trimer. There may be
another possible mechanism, less probable, in which 𝐴 and 𝐶 are directly
coupled to 𝐴𝐶 . We denote the coupling which characterized this mecha-
nism as 𝜉.

𝐴,𝐶
𝜉
←←←←←→ 𝐴𝐶 (4.90)

which is almost negligible in the benzene stack and can be considered zero in
the naphthalene trimer studied. All average values are shown in Table 4.36
in which significant differences between the two materials are observed in
the Triplet Separation couplings with respect to those of singlet fission as
commented above, making the separation process harder as an extra energy
surplus is needed to reach this state. In what refers to charge transfer states,
they can highly interact with singlets and coupled triplets and enhance or
decrease the electronic couplings, depending of the species at the study. It
has been checked that the𝐶𝑇 states do not play a relevant role in the benzene
according to the CASSCF calculations but can really play an important task
in bigger chromophores as seen in the naphthalene.
For further study, the four stack was considered which adds new states 𝐵𝐷,
𝐴𝐷, enabling the triplet diffusion route from𝐴𝐶 and𝐵𝐷 to𝐴𝐷with triplet
diffusion coupling 𝜁 ′ = 11.76 comparable to singlet fission and triplet sepa-
ration in the benzene. The mechanisms can be summarized in the following
scheme

𝐴,𝐵, 𝐶,𝐷 𝐴𝐵,𝐵𝐶,𝐶𝐷 𝐴𝐶,𝐵𝐷 𝐴𝐷𝛾 𝜁 𝜁 '

only 𝐴, 𝐵: 𝜉 only 𝐴𝐵, 𝐶𝐷: 𝜉′
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where the direct couplings 𝜉 and 𝜉′ have been proven to be of minor impor-
tance. A key characteristic identified in the values of the couplings is that if
𝜁 and 𝛾 have similar values then the singlet fission coupled triplets and the
triplet separation state are coupled as well as both phenomena, as observed
in the benzene stack but not present in the naphthalene as 𝜁 ≈ 𝛾∕2. If 𝜁 ′ is
of the order of 𝜁 then triplet separation and triplet diffusion phenomena are
also coupled as observed in the benzene tetramer stack.
Summarizing,

• The study identified three mechanisms for exciton transfer in chro-
mophores, that can be strongly coupled or happening in separate steps,
depending on the system:

– Singlet Fission𝐴,𝐵, 𝐶,𝐷 𝛾
←←←←←→ 𝐴𝐵,𝐵𝐶,𝐶𝐷

– Triplet Separation 𝐴𝐵,𝐵𝐶,𝐶𝐷 𝜁
←←←←←→ 𝐴𝐶,𝐵𝐷

– Triplet Diffusion 𝐴𝐶,𝐵𝐷 𝜁 ′
←←←←←←←→ 𝐴𝐷

• Charge transfer states can play a fundamental role, enhancing of weak-
ening these mechanisms.

• State 𝐴𝐶 is very difficult to reach directly from 𝐴, 𝐵 and 𝐶 in this
stack configuration, as well as state𝐴𝐷 from𝐴𝐵, 𝐵𝐶 and 𝐶𝐷. Elec-
tronic coupling 𝜉′ is very small.

These factors are present in Singlet Fission materials and can enhance or
diminish the suitability to build organic solar cells. In particular, charge
transfer states have proven to have an important role in pairs of acenes, so
the addition of Triplet Separation and Triplet Diffusion states could also be
studied as it seems to be reachable from the other excitonic states, which
means that simulations should not be restricted to dimer systems only.
The next step is to reproduce the plots obtained from the models. Table
4.37 summarizes the relevant average transition strength values obtained
from calculations. The same is done with 𝛾 in Table 4.38.
Figure 4.16 recreates the graph 4.4 adjusting the parameters 𝛾1 and 𝛾2 by
the least-squares method to expression 4.29 . Figure 4.6 was not able to be
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reproduced because of two main reasons; 1) the effect of boundaries was
neglected in the model while there is an energetic bias towards the inner-
most fragments in the real calculations; 2) states are nearly degenerated, so
the distinction between lowest and highest states is highly arbitrary. Hence,
it is very difficult to confirm the difference found in the model calculations
between the lowest-to-all and the lowest-to-lowest scenarios using the de-
localized description of the states.

Table 4.36: Electronic couplings in the benzene and naphthalene trimer
stacks

Benzene Naphthalene
CASSCF AIFDEM CASSCF AIFDEM

Singlet Fission 𝛾 13.48 12.33 3.51 4.25
Triplet Separation 𝜁 11.53 9.52 1.20 2.35
Direct Separation 𝜉 0.09 0.05 0.02 0.01
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Figure 4.16: Average transition probability for a given number of molecules
on a line with CASSCF and AIFDEM inputs for NOCI. Dashed lines are
interpolated from the formula 4.29 with 𝛾1 and 𝛾2 are adjusted by least-
squares method.
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Table 4.37: Average transition probabilities obtained with the
CAS(6,6)SCF and AIFDEM input wavefunctions. 𝑁 is the number
of molecules on the stack.

N 2 3 4 6 8
CASSCF 175.03 242.12 281.30 - -
AIFDEM 144.12 202.63 232.66 263.02 278.29

Table 4.38: Average values of 𝛾 obtained with the CAS(6,6)SCF and AIF-
DEM input wavefunctions. 𝑁 is the number of molecules on the stack.

N 2 3 4 6 8
CASSCF 13.23 13.48 13.69 - -
AIFDEM 12.00 12.33 12.45 12.56 12.61
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4.3.7 Conclusions from METB
A Many Electron Tight Binding (METB) model is proposed in order to un-
derstand the effect of delocalization on the 𝑆 − 1𝑇𝑇 non-adiabatic cou-
pling. After that, the conclusions drawn from the model study are checked
by comparing its results with the ones obtained by a NOCI calculation. The
localized description shows a one-to-one correspondence, but the delocal-
ized description is more difficult to reproduce in the NOCI calculations, the
neglect of the different environment at the boundaries in the model for the
line case obscures the comparison. The choice of the singlet fission chro-
mophore is not optimal, the series of calculations with an increasing number
of molecules in the ensembles that is presented here for benzene is not eas-
ily done for larger, more realistic SF chromophores. This topic of on-going
research and hence the full test of the model for real SF chromophores is
still to be done. Full NOCI-F calculations for closed topology have also
been carried out, but at the distance where the molecules have significant
interaction, it turns out that part of the other molecules in the system start
to come unrealistically close.
On the other hand, the validity of the AIFDEM approximation is shown
for more qualitative descriptions, which gives similar results as a CASSCF
input that is much more expensive to apply. Therefore, for exploration of
singlet fission phenomena in bigger clusters of molecules, it can be a good
approximation to the full (and computationally expensive) NOCI-F.
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4.4 Identification of dark and bright states

Beside the electronic coupling 𝛾 can give an insight of the transition prob-
ability between states, the oscillator strength is another quantity that can
identify the capability of an state to accept or emit a photon and thus to
carry more intensity by optical absorption. Those states with high are called
bright states in contrast to those that exhibit less sensibility called dark
states. In terms of oscillator strength

𝑓𝑖𝑗 =
2
3
(

𝐻𝑗𝑗 −𝐻𝑖𝑖
)

|𝝁𝑖𝑗|
2 (4.91)

where 𝑖 is the initial state and 𝑗 is the final state, bright states are those final
states that exhibit great values of oscillator strength, while dark states are
those whose value is less or almost negligible. An example of this identifi-
cation is the Perylenediimide dimer system (Figure 4.17) studied in1 iden-
tified as a singlet fission candidate for organic solar panels. The MEBFs
of the system are those involved in singlet fission 𝑆0𝑆0, 𝑆0𝑆1, 𝑆1𝑆0, 1𝑇𝑇 ,
𝐷+𝐷−, 𝐷−𝐷+, where each monomer fulfills the thermodynamic condition
𝐸(𝑆1) ≈ 2𝐸(𝑇1). The calculation and diagonalization of the NOCI Hamil-
tonian yields the states: 𝑆0𝑆0 ground state with no mixing, a resonance
between the Frenkel excitons 𝑆0𝑆1 ± 𝑆1𝑆0 as the first excited state and the
triplet coupled singlet state 1𝑇𝑇 , all dressed by the charge transfer states.
For an upcoming excitation from the ground-state, 𝑆0𝑆1+𝑆1𝑆0 turns out to
be the bright state with an oscillator strength of 1.6 a.u while 𝑆0𝑆1 − 𝑆1𝑆0is the dark state with an oscillator strength of 1 ⋅ 10−5. This means that the
state with + is the one that is accessed through irradiation from the ground
state. On the contrast, this state exhibits a small electronic coupling with the
mainly 1𝑇𝑇 state thus not very good for singlet fission. In contrast, the dark
state has a big electronic coupling with 1𝑇𝑇 , thus favoring the SF process.
However, as in this system both states are close in energy, it expected that
both states are accessible from irradiation.
Therefore, oscillator strength incorporation in GronOR can lead to a better
understanding of photoexcitation mechanisms and identify allowed transi-
tions in the molecular ensemble.
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Figure 4.17: Perylenediimide (PDI) dimer.

4.5 Relativistic effects in NOCI

For the test of the spin-orbit coupling features two systems have been used.
They are two hepta-coordinated system with a metal in the center, either a
Ni or Pd. Both have low-energy triplet configurations and exhibit a high
splitting between the 𝑀 components due to the spin orbit coupling . Both
also have a higher in energy singlet configuration that interacts with these
via spin orbit coupling, otherwise the interaction would be zero. The cal-
culations have been carried out in OpenMolcas and GronOR by optimizing
separately the triplets in one orbital set and the singlet in another, leading
to a NOCI calculation. As detailed in Chapter 2 about Electronic Structure
Methods, OpenMolcas in its module called RASSI creates a two unique
biorthonormal orbital sets for each pair of MEBFs, imposing restrictions
on the active space and does not handle the case where there are singulari-
ties. On the other hand, GronOR does not impose restrictions with the price
to pay of biorthogonalizing the orbitals for each pair of determinants. The
consequence of this is that the two methods are in different in essence but
their results are comparable.
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4.5.1 Hepta-coordinated Ni
For the hepta-coordinated Ni system 4.18, four triplet roots 𝑇1, 𝑇2, 𝑇3 and
𝑇4 lower in energy are considered as long as the first excited singlet 𝑆1.Optimized orbital sets are used for each state being almost identical in the
case of the triplets but significantly different for the singlet.
The relative values of the energies for such system are in table 4.39. Ta-
bles 4.40, 4.41 show the computed non-zero spin orbit Hamiltonian matrix
elements where it can be observed the interaction between different 𝑆 and
𝑀 components. Both programs use a slightly different approach explaining
the difference in the results specially noticeable in the singlet-triplet matrix
elements for which the two set of orbitals are more different. These matrix
elements plus the addition of the scalar part 4.39 originate 13 eigenvectors
whose relevant information is usually presented in terms of the weights of
every multiplicity as shown in tables 4.42 and 4.43. These show some mix-
ing between the triplets and the singlet illustrating the fact that 𝑆 and𝑀 are
not “good” quantum numbers when applying a relativistic treatment. Tables
4.44 and 4.45 show the energy splitting between all the energy levels with
respect to the lowest spin-orbit level and to the lowest spin free level 4.39.

4.5.2 Hepta-coordinated Pd
The Nickel atom is substituted by Palladium in the center, including three
triplet roots in the calculation plus the singlet. The energies of the spin-free
states are in table 4.46

Table 4.39: Relative spin-free energies of the hepta-coordinated Ni com-
pound

State Δ𝐸 (eV)
𝑇1 0.00
𝑇2 0.35
𝑇3 0.81
𝑇4 0.88
𝑆1 2.13
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Table 4.40: Interaction energies (in cm−1) of different states given by Open-
Molcas

State 1 S M State 2 S M Real Imaginary Absolute
𝑇2 1.0 -1.0 𝑇1 1.0 -1.0 0.00 670.70 670.70
𝑇2 1.0 1.0 𝑇1 1.0 1.0 0.00 -670.70 670.70
𝑇3 1.0 -1.0 𝑇1 1.0 0.0 -453.12 -0.00 453.12
𝑇3 1.0 -1.0 𝑇2 1.0 0.0 0.00 -17.83 17.83
𝑇3 1.0 0.0 𝑇1 1.0 -1.0 453.12 -0.00 453.12
𝑇3 1.0 0.0 𝑇1 1.0 1.0 -453.12 -0.00 453.12
𝑇3 1.0 0.0 𝑇2 1.0 -1.0 0.00 -17.83 17.83
𝑇3 1.0 0.0 𝑇2 1.0 1.0 0.00 -17.83 17.83
𝑇3 1.0 1.0 𝑇1 1.0 0.0 453.12 0.00 453.12
𝑇3 1.0 1.0 𝑇2 1.0 0.0 0.00 -17.83 17.83
𝑇4 1.0 -1.0 𝑇1 1.0 0.0 0.00 432.13 432.13
𝑇4 1.0 -1.0 𝑇2 1.0 0.0 59.09 0.00 59.09
𝑇4 1.0 -1.0 𝑇3 1.0 -1.0 0.00 -545.41 545.41
𝑇4 1.0 0.0 𝑇1 1.0 -1.0 0.00 432.13 432.13
𝑇4 1.0 0.0 𝑇1 1.0 1.0 0.00 432.13 432.13
𝑇4 1.0 0.0 𝑇2 1.0 -1.0 -59.09 0.00 59.09
𝑇4 1.0 0.0 𝑇2 1.0 1.0 59.09 0.00 59.09
𝑇4 1.0 1.0 𝑇1 1.0 0.0 0.00 432.13 432.13
𝑇4 1.0 1.0 𝑇2 1.0 0.0 -59.09 0.00 59.09
𝑇4 1.0 1.0 𝑇3 1.0 1.0 0.00 545.41 545.41
𝑆1 0.0 0.0 𝑇1 1.0 0.0 0.00 0.00 0.00
𝑆1 0.0 0.0 𝑇2 1.0 0.0 0.00 49.55 49.55
𝑆1 0.0 0.0 𝑇3 1.0 -1.0 -297.44 0.00 297.44
𝑆1 0.0 0.0 𝑇3 1.0 1.0 -297.44 0.00 297.44
𝑆1 0.0 0.0 𝑇4 1.0 -1.0 0.00 287.34 287.34
𝑆1 0.0 0.0 𝑇4 1.0 1.0 0.00 -287.34 287.34
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Table 4.41: Interaction energies (in cm−1) of different states given by
GronOR
State 1 S M State 2 S M Real Imaginary Absolute
𝑇2 1.0 -1.0 𝑇1 1.0 -1.0 0.00 672.05 672.05
𝑇2 1.0 1.0 𝑇1 1.0 1.0 0.00 -672.05 672.05
𝑇3 1.0 -1.0 𝑇1 1.0 0.0 -451.93 0.00 451.93
𝑇3 1.0 -1.0 𝑇2 1.0 0.0 0.00 -17.44 17.44
𝑇3 1.0 0.0 𝑇1 1.0 -1.0 -451.93 0.00 451.93
𝑇3 1.0 0.0 𝑇1 1.0 1.0 451.93 0.00 451.93
𝑇3 1.0 0.0 𝑇2 1.0 -1.0 0.00 -17.44 17.44
𝑇3 1.0 0.0 𝑇2 1.0 1.0 0.00 -17.44 17.44
𝑇3 1.0 1.0 𝑇1 1.0 0.0 -451.93 0.00 451.93
𝑇3 1.0 1.0 𝑇2 1.0 0.0 0.00 -17.44 17.44
𝑇4 1.0 -1.0 𝑇1 1.0 0.0 0.00 431.50 431.50
𝑇4 1.0 -1.0 𝑇2 1.0 0.0 59.40 0.00 59.40
𝑇4 1.0 -1.0 𝑇3 1.0 -1.0 0.00 -545.97 545.97
𝑇4 1.0 0.0 𝑇1 1.0 -1.0 0.00 431.50 431.50
𝑇4 1.0 0.0 𝑇1 1.0 1.0 0.00 431.50 431.50
𝑇4 1.0 0.0 𝑇2 1.0 -1.0 -59.40 0.00 59.40
𝑇4 1.0 0.0 𝑇2 1.0 1.0 59.40 0.00 59.40
𝑇4 1.0 1.0 𝑇1 1.0 0.0 0.00 431.50 431.50
𝑇4 1.0 1.0 𝑇2 1.0 0.0 -59.40 0.00 59.40
𝑇4 1.0 1.0 𝑇3 1.0 1.0 0.00 545.97 545.97
𝑆1 0.0 0.0 𝑇1 1.0 0.0 0.00 0.00 0.000
𝑆1 0.0 0.0 𝑇2 1.0 0.0 0.00 99.56 99.56
𝑆1 0.0 0.0 𝑇3 1.0 -1.0 -276.61 0.000 276.61
𝑆1 0.0 0.0 𝑇3 1.0 1.0 -276.61 0.000 276.61
𝑆1 0.0 0.0 𝑇4 1.0 -1.0 0.00 298.31 298.31
𝑆1 0.0 0.0 𝑇4 1.0 1.0 0.00 -298.31 298.31
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Table 4.42: Weights of the spin-orbit-free states for each spin-orbit state
given by OpenMolcas

Energy (eV) -0.03 -0.03 -0.01 0.35
State S 1 2 3 4
𝑇1 1.0 0.91 0.91 0.93 0.05
𝑇2 1.0 0.07 0.07 0.05 0.95
𝑇3 1.0 0.02 0.01 0.01 0.00
𝑇4 1.0 0.00 0.01 0.01 0.00
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (eV) 0.36 0.36 0.77 0.77
State S 5 6 7 8
𝑇1 1.0 0.07 0.07 0.01 0.01
𝑇2 1.0 0.93 0.93 0.00 0.00
𝑇3 1.0 0.00 0.00 0.66 0.64
𝑇4 1.0 0.00 0.00 0.34 0.35
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (eV) 0.82 0.89 0.92 0.93
State S 9 10 11 12
𝑇1 1.0 0.07 0.07 0.01 0.01
𝑇2 1.0 0.93 0.93 0.00 0.00
𝑇3 1.0 0.00 0.00 0.66 0.64
𝑇4 1.0 0.00 0.00 0.34 0.35
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (eV) 2.13
State S 13
𝑇1 1.0 0.00
𝑇2 1.0 0.00
𝑇3 1.0 0.00
𝑇4 1.0 0.00
𝑆1 0.0 1.00
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Table 4.43: Weights of the spin-orbit-free states for each spin-orbit state
given by GronOR

Energy (eV) -0.03 -0.02 -0.01 0.37
State S 1 2 3 4
𝑇1 1.0 0.95 0.95 0.99 0.00
𝑇2 1.0 0.04 0.04 0.00 1.00
𝑇3 1.0 0.01 0.00 0.01 0.00
𝑇4 1.0 0.00 0.01 0.01 0.00
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (eV) 0.38 0.38 0.78 0.78
State S 5 6 7 8
𝑇1 1.0 0.04 0.04 0.00 0.00
𝑇2 1.0 0.96 0.96 0.00 0.00
𝑇3 1.0 0.00 0.00 0.72 0.70
𝑇4 1.0 0.00 0.00 0.28 0.29
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (au) 0.83 0.90 0.93 0.95
State S 9 10 11 12
𝑇1 1.0 0.01 0.01 0.00 0.01
𝑇2 1.0 0.00 0.00 0.00 0.00
𝑇3 1.0 0.99 0.00 0.28 0.29
𝑇4 1.0 0.00 0.99 0.72 0.70
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (au) 2.01
State S 13
𝑇1 1.0 0.00
𝑇2 1.0 0.00
𝑇3 1.0 0.00
𝑇4 1.0 0.00
𝑆1 0.0 1.00
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Figure 4.18: Hepta-coordinated nickel compound. Colors; Brown: Ni; Red:
O; Blue: N; White: H

Table 4.44: Interaction energies (in cm−1) of different states given by Open-
Molcas

State Relative EMIN(eV) Rel lowest level(eV) D:o, cm−1

1 -0.03 0.00 0.00
2 -0.03 0.00 5.09
3 -0.01 0.01 104.53
4 0.35 0.37 2994.97
5 0.36 0.39 3142.57
6 0.36 0.39 3149.32
7 0.77 0.79 6402.14
8 0.77 0.80 6438.12
9 0.82 0.85 6830.83
10 0.89 0.91 7368.50
11 0.92 0.95 7651.24
12 0.93 0.96 7749.89
13 2.13 2.16 17424.05
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Table 4.45: Interaction energies (in cm−1) of different states given by
GronOR

State Relative EMIN(eV) Rel lowest level(eV) D:o, cm−1

1 -0.03 0.00 0.00
2 -0.02 0.00 5.09
3 -0.01 0.01 98.52
4 0.37 0.39 3147.68
5 0.38 0.41 3289.28
6 0.38 0.41 3295.70
7 0.78 0.80 6476.57
8 0.78 0.81 6514.00
9 0.83 0.86 6904.85

10 0.90 0.92 7447.67
11 0.93 0.96 7729.22
12 0.95 0.97 7827.45
13 2.01 2.03 16385.58

Table 4.46: Relative spin-free energies of the hepta-coordinated Pd com-
pound

State Δ𝐸 (eV)
𝑇1 0.52
𝑇2 0.93
𝑇3 0.46
𝑆1 0.00
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Table 4.47: Interaction energies (in cm−1) given by OpenMolcas for the
hepta-coordinated Pd system.

State 1 S M State 2 S M Real Imaginary Absolute
𝑇2 1.0 -1.0 𝑇1 1.0 -1.0 0.00 1341.69 1341.69
𝑇2 1.0 -1.0 𝑇1 1.0 0.0 4.56 2.90 5.41
𝑇2 1.0 0.0 𝑇1 1.0 -1.0 -4.56 2.90 5.41
𝑇2 1.0 0.0 𝑇1 1.0 1.0 4.56 2.90 5.41
𝑇2 1.0 1.0 𝑇1 1.0 0.0 -4.56 2.90 5.41
𝑇2 1.0 1.0 𝑇1 1.0 1.0 0.00 -1341.60 1341.69
𝑇3 1.0 -1.0 𝑇1 1.0 -1.0 -0.00 5.79 5.79
𝑇3 1.0 -1.0 𝑇1 1.0 0.0 -747.26 -64.27 750.02
𝑇3 1.0 -1.0 𝑇2 1.0 -1.0 0.00 -4.27 4.27
𝑇3 1.0 -1.0 𝑇2 1.0 0.0 91.14 -619.63 626.29
𝑇3 1.0 0.0 𝑇1 1.0 -1.0 747.26 -64.27 750.02
𝑇3 1.0 0.0 𝑇1 1.0 1.0 -747.26 -64.27 750.02
𝑇3 1.0 0.0 𝑇2 1.0 -1.0 -91.14 -619.63 626.29
𝑇3 1.0 0.0 𝑇2 1.0 1.0 91.14 -619.63 626.29
𝑇3 1.0 1.0 𝑇1 1.0 0.0 747.26 -64.27 750.02
𝑇3 1.0 1.0 𝑇1 1.0 1.0 -0.00 -5.79 5.79
𝑇3 1.0 1.0 𝑇2 1.0 0.0 -91.14 -619.63 626.29
𝑇3 1.0 1.0 𝑇2 1.0 1.0 0.00 4.27 4.27
𝑆1 0.0 0.0 𝑇1 1.0 -1.0 -5.08 27.57 28.03
𝑆1 0.0 0.0 𝑇1 1.0 0.0 -0.00 56.20 56.20
𝑆1 0.0 0.0 𝑇1 1.0 1.0 -5.08 -27.57 28.03
𝑆1 0.0 0.0 𝑇2 1.0 -1.0 -29.11 19.04 34.78
𝑆1 0.0 0.0 𝑇2 1.0 0.0 -0.00 23.69 23.69
𝑆1 0.0 0.0 𝑇2 1.0 1.0 -29.11 -19.04 34.78
𝑆1 0.0 0.0 𝑇3 1.0 -1.0 1089.71 -145.24 1099.35
𝑆1 0.0 0.0 𝑇3 1.0 0.0 0.00 -53.25 53.25
𝑆1 0.0 0.0 𝑇3 1.0 1.0 1089.71 145.24 1099.35
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Table 4.48: Interaction energies (in cm−1) given by GronOR for the hepta-
coordinated Pd system.
State 1 S M State 2 S M Real Imaginary Absolute
𝑇2 1.0 -1.0 𝑇1 1.0 -1.0 0.00 1341.69 1341.69
𝑇2 1.0 -1.0 𝑇1 1.0 0.0 4.56 2.90 5.41
𝑇2 1.0 0.0 𝑇1 1.0 -1.0 -4.56 2.90 5.41
𝑇2 1.0 0.0 𝑇1 1.0 1.0 4.56 2.90 5.41
𝑇2 1.0 1.0 𝑇1 1.0 0.0 -4.56 2.90 5.41
𝑇2 1.0 1.0 𝑇1 1.0 1.0 0.00 -1341.69 1341.69
𝑇3 1.0 -1.0 𝑇1 1.0 -1.0 -0.00 5.79 5.79
𝑇3 1.0 -1.0 𝑇1 1.0 0.0 -747.26 -64.27 750.02
𝑇3 1.0 -1.0 𝑇2 1.0 -1.0 0.00 -4.27 4.27
𝑇3 1.0 -1.0 𝑇2 1.0 0.0 91.14 -619.63 626.29
𝑇3 1.0 0.0 𝑇1 1.0 -1.0 747.26 -64.27 750.02
𝑇3 1.0 0.0 𝑇1 1.0 1.0 -747.26 -64.27 750.02
𝑇3 1.0 0.0 𝑇2 1.0 -1.0 -91.14 -619.63 626.29
𝑇3 1.0 0.0 𝑇2 1.0 1.0 91.14 -619.63 626.29
𝑇3 1.0 1.0 𝑇1 1.0 0.0 747.26 -64.27 750.02
𝑇3 1.0 1.0 𝑇1 1.0 1.0 -0.00 -5.79 5.79
𝑇3 1.0 1.0 𝑇2 1.0 0.0 -91.14 -619.63 626.29
𝑇3 1.0 1.0 𝑇2 1.0 1.0 0.00 4.27 4.27
𝑆1 0.0 0.0 𝑇1 1.0 -1.0 -6.53 43.46 43.94
𝑆1 0.0 0.0 𝑇1 1.0 0.0 -0.00 59.19 59.19
𝑆1 0.0 0.0 𝑇1 1.0 1.0 -6.53 -43.46 43.94
𝑆1 0.0 0.0 𝑇2 1.0 -1.0 -68.87 46.84 83.29
𝑆1 0.0 0.0 𝑇2 1.0 0.0 -0.00 108.97 108.97
𝑆1 0.0 0.0 𝑇2 1.0 1.0 -68.87 -46.84 83.29
𝑆1 0.0 0.0 𝑇3 1.0 -1.0 1064.62 -321.81 1112.19
𝑆1 0.0 0.0 𝑇3 1.0 0.0 0.00 -42.95 42.95
𝑆1 0.0 0.0 𝑇3 1.0 1.0 1064.62 321.81 1112.19
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Table 4.49: Weights of the spin-orbit-free states for each spin-orbit state
given by OpenMolcas

Energy (eV) -0.02 0.46 0.46 0.51
State S 1 2 3 4
𝑇1 1.0 0.00 0.90 0.89 0.99
𝑇2 1.0 0.00 0.10 0.11 0.00
𝑇3 1.0 0.01 0.00 0.00 0.01
𝑆1 0.0 0.99 0.00 0.00 0.00

Energy (eV) 0.92 0.96 0.99 1.80
State S 5 6 7 8
𝑇1 1.0 0.00 0.09 0.11 0.01
𝑇2 1.0 0.98 0.88 0.89 0.00
𝑇3 1.0 0.01 0.03 0.00 0.99
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (eV) 1.82 1.82
State S 9 10
𝑇1 1.0 0.01 0.00
𝑇2 1.0 0.02 0.02
𝑇3 1.0 0.97 0.97
𝑆1 0.0 0.00 0.01
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Chapter 4. Applications

Table 4.50: Weights of the spin-orbit-free states for each spin-orbit state
given by GronOR

Energy (eV) -0.02 0.46 0.46 0.51
State S 1 2 3 4
𝑇1 1.0 0.00 0.89 0.89 0.99
𝑇2 1.0 0.00 0.10 0.11 0.00
𝑇3 1.0 0.01 0.00 0.00 0.01
𝑆1 0.0 0.99 0.00 0.00 0.00

Energy (eV) 0.92 0.96 0.99 1.80
State S 9 10 11 12
𝑇1 1.0 0.00 0.09 0.11 0.01
𝑇2 1.0 0.98 0.88 0.89 0.00
𝑇3 1.0 0.01 0.03 0.00 0.99
𝑆1 0.0 0.00 0.00 0.00 0.00

Energy (eV) 1.82 1.82
State S 9 10
𝑇1 1.0 0.01 0.00
𝑇2 1.0 0.02 0.01
𝑇3 1.0 0.97 0.97
𝑆1 0.0 0.00 0.01
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Table 4.51: Interaction energies (in cm−1) of different states given by Open-
Molcas

State Relative EMIN(eV) Rel lowest level(eV) D:o, cm−1

1 -0.02 0.00 0.00
2 0.46 0.48 3843.26
3 0.46 0.48 3890.06
4 0.51 0.53 4258.56
5 0.92 0.94 7559.61
6 0.96 0.98 7933.21
7 0.99 1.01 8141.92
8 1.80 1.82 14697.05
9 1.82 1.84 14843.77
10 1.82 1.84 14863.45

Table 4.52: Interaction energies (in cm−1) of different states given by
GronOR

State Relative EMIN(eV) Rel lowest level(eV) D:o, cm−1

1 -0.02 0.00 0.00
2 0.46 0.48 3854.15
3 0.46 0.48 3899.54
4 0.51 0.53 4267.63
5 0.92 0.94 7574.69
6 0.96 0.98 7943.32
7 0.99 1.01 8151.69
8 1.80 1.82 14704.58
9 1.82 1.84 14853.50
10 1.82 1.84 14876.33
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Chapter 5

Conclusions

Non-Orthogonal Electronic Structure Methods present a complex but highly
interesting topic of research. Removing the restrictions of traditional meth-
ods opens a whole new area of study, where the accurate description of the
electronic structure of complex materials can be combined with a straight-
forward interpretation of the results in terms in chemically intuitive con-
cepts. This thesis has dealt with the task of extending the theoretical frame-
work of NOCI with both own and external developments and incorporate
them in software production. In the process of testing new ideas, this work
has laid the theoretical foundations for further efficiency improvements and
implementation of new features in the software in the near future. Espe-
cially the formulation of the treatment of excited determinants in second
quantization through Wick’s Theorem and its extended version can be of
great use in this aspect. The following points describe the main conclusions
this work has arrived and outlines how the theoretical study can be used to
further develop the current NOCI implementation.

1. Code development: The two implementations with major impact
have been (i) the generalization of the spin coupling in the generation
of the many-electron basis functions. The multiplication of fragment
wave functions was limited to overall singlet coupling of singlet, dou-
blet or triplet functions, but can now be done for any combination of
spin states to any of the physically allowed overall spin couplings; and
(ii) the extension of the NOCI-F method to ensembles with an arbi-
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Chapter 5. Conclusions

trary number of units, either (overlapping) fragments of a molecule or
extended structure, or individual molecules found in molecular crys-
tals or self-assembled stacks in solution. These two improvements
have made the NOCI-F implementation in GronOR ready for appli-
cations other than singlet fission processes, upon which the original
code was entirely focused on.
Another significant development that has contributed to the improve-
ment of the method is the possibility of incorporating the contribu-
tion of the core orbitals in the nuclear repulsion energy, that is, the
frozen core approximation. This has brought important savings to the
NOCI-F calculation without significant loss of precision. The code
has also been provided with an alternative for cases where the full
NOCI-F calculation becomes prohibitive. The implementation of the
Ab Initio Frenkel Davydov Exciton Model allows the user to tackle
ensembles with a large number of units. The calculation of the natural
transition orbitals in GronOR goes beyond the standard procedure as
it can be applied to orbital sets that are non-orthogonal and both the
initial and the final states can be of multiconfigurational character.
Among the new features that have been added to the code, we can
highlight the calculation of the dipole and quadrupole moments of the
many-electron basis functions (diabatic representations of the elec-
tronic states) and the final NOCI wave functions (the adiabatic repre-
sentations). Furthermore, the code now also calculates the transition
dipole moments among the different MEBFs and NOCI wave func-
tions

2. Method development: The addition of the spin-orbit coupling to the
NOCI method follows in general the implementation that was adopted
in the state-interaction module of OpenMolcas. This implementation
is based on a second quantization formulation while the GronOR code
has been developed so far in the more traditional first quantization.
This first piece of second quantization code in GronOR can be used as
template for further extensions of the NOCI implementations such as
a perturbative treatment of the dynamic correlation through a Møller-
Plesset-like approach. The interaction between one of the MEBFs and
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the one created by a two-electron replacement can be calculated in a
very efficient way using the extended Wick’s theorem. Although not
implemented yet, the theoretical foundations described in this thesis
can be used as guideline for future work.

3. Applications: The main focus of the thesis has been methodolog-
ical and the subsequent implementation in GronOR to improve the
existing NOCI implementation. Apart from the obvious test calcu-
lations to verify the new features (frozen core approximation, spin-
orbit coupling, general spin coupling, multi fragment ensembles), the
thesis also reports the results of a model study focusing on the rela-
tion between exciton delocalization and efficiency of the formation of
a singlet coupled double triplet, so-called singlet fission. A careful
analysis of different model systems shows that the transition proba-
bility calculated for a dimer system is proportional to the transition
probability calculated for larger systems with a certain degree of de-
localization of the excitonic states over the molecules in the ensemble.
Furthermore, we have observed that the singlet coupled double triplet
state and the triplet separated states are nearly degenerate and have a
sizable interaction. This leads to the situation that the final adiabatic
description of the electronic states shows a strong mixing of the two
electronic configurations. This implies that the singlet exciton cre-
ated by photon absorption can evolve into a double triplet state which
is already delocalized to a certain extent, facilitating the creation of
two separated triplet states. The calculations described in the thesis
were performed for relatively simple systems and further studies are
required to confirm this observation in more realistic singlet fission
chromophores.

4. Limitations: The parallel efficiency of the GronOR code is based
on the fact that the contributions of all the determinants pairs to a
matrix element can be calculated independently. The master nodes
distributes the tasks over the available workers by broadcasting mes-
sages containing information about the determinant pair that need to
be handled by a specific worker. This message and the one sent back
by the worker with the result is currently very small as it only con-
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tains a few integers and a couple of reals. Hence, communication is
not the bottleneck in the parallelization process. This has been strictly
maintained in implementation of the new features in GronOR in the
scope of this thesis. However, when calculating properties than re-
quire transferring matrices of certain size between master and work-
ers (or vice-versa), such as the density operator, the parallel efficiency
of the code can be significantly affected, especially on massive par-
allel machines with ten-thousands of workers controlled by a single
master. This has been one of the reasons why the implementation of
calculating the density operator for the NOCI wave functions has been
abandoned during the thesis.
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