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ABSTRACT

We observe contagions at all levels of Nature. The spread of infectious diseases—
mediated by the transmission of pathogens—is the paradigmatic example of a con-
tagion process. Moreover, behaviors, beliefs, opinions, rumors, or conventions, among
others, are contagious entities—mediated by mechanisms such as imitation or peer
pressure—populating the human social sphere. Regardless of its nature, a contagion
spreads via local interactions among individuals. If and how an extensive spread
emerges is thus deeply related to the complex network of social interactions.

Differently than in biological contagions, transmission in social contagions often
requires exposure to multiple contagious sources (e.g., individuals with a given beha-
vior). Consequently, the contagion dynamics within a group (higher-order) interaction
involving three or more individuals is generally not decomposable into a collection of
pairwise interactions. Given the group organization of social life, accounting for the
lack of decomposability becomes crucial to describe and understand social contagions
adequately, as well as biological ones, as these typically coevolve with the former.

This thesis, overcoming inherent limitations of traditional dyadic descriptions, de-
velops theoretical approaches to bridge the group organization of local interactions—
encoded in higher-order networks—to the large-scale behavior of social and biological
contagions. Using statistical physics and dynamical systems theory techniques, we
characterize various ways group interactions significantly impact contagion dynam-
ics.

We put forward three main contributions. Firstly, by accounting for local dynamical
correlations, we demonstrate how both the critical point marking the onset of extens-
ive spreads and the outbreak size are strictly related to the degree of overlap between
dyadic and higher-order interactions and to the strength of the latter. Secondly, we de-
velop a general framework that paves the way for the study of adaptive higher-order
systems, enabling us to discover novel phenomena excluded in pair-based approaches.
Lastly, recognizing the ecological notion of indirect modification as a more general
higher-order mechanism, we unveil how the contextual character of prophylactic be-

havior can remarkably change the evolution of an epidemic.
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INTRODUCTION

People organize in groups, and contagions can spread across them. This observation
naturally leads to several interrogatives about contagion dynamics—Under which con-
ditions can a contagion extensively spread in a population? If it does, how many and
which individuals it reaches? What is the role of groups? These and others are the
fundamental questions delimiting the scientific problem we aim to address in this
thesis.

To answer them, we will make some bold approximations out of necessity. Indeed,
contagions propagate upon either physical proximity and contact or, if mediating in-
formation, also virtual interactions; and individuals differ from one another in many
relevant aspects, such as their susceptibility to get a contagion and their ability to pass
it on to others, as well as in the number, duration, size, and character of the interac-
tions they are involved in. These and several other heterogeneities and factors make
contagion processes too difficult to describe by physical models that we can handle or
even define. Consequently, we need to resort to simplifying assumptions to make the
problem tractable. This necessity, paraphrasing the chemist and philosopher Isabelle
Stenger,! identifies an epistemological criterion to qualify the problem, hence the sys-
tem encompassing it and the phenomena it concerns, as complex. The vast majority of
phenomena we observe in Nature, from systems of strongly interacting particles to
ecological and social systems, are complex. As a theoretical study of contagion pro-
cesses, this thesis is a contribution to that interdisciplinary endeavor nowadays known
as complexity science (or just ‘complex systems’).

1.1 PHYSICS OF COMPLEX SYSTEMS

The study of a complex system requires formulating abstractions sophisticated
enough to retain essential properties of the system while neglecting (potentially rel-
evant) others to keep the formulation tractable. Abstraction and quantification are
the pillars of physical and mathematical investigation; therefore, it is not surprising
that physicists and mathematicians have been pioneers in many aspects of theoretical
research in complex systems.

1 Translated from an Edgar Morin’s essay [1].
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The 1972 “More is different’ paper by the Nobel laureate in Physics Philip W. An-
derson [2] is, de facto, a manifesto of complex systems science.? Starting from the
experience of many-body physics (which studies systems made of a large number of
strongly interacting particles, e.g., condensed matter), Anderson identifies the funda-
mental origin of the growth in complexity across the hierarchy of scientific domains,
going from elementary particle physics to social sciences, with the corresponding in-
crease of spontaneously broken symmetries. Ensembles of identical atoms constrained
to a small enough volume unexpectedly rearrange themselves to form solids that
break the continuous translational and rotational symmetries of space embodied in
the electrodynamics of the atoms [3]. Specifically, when the solid is crystalline, the
continuous symmetries reduce to the discrete symmetries of a geometric lattice. When
the solid is instead amorphous (e.g., glasses), these symmetries become only short-
ranged, for the geometric disposition changes over a few lattice cells. The symmetry
of space can be broken not just geometrically but also by a heterogeneous distribution
of information. An obvious example is—in the words of Anderson—the “information-
bearing crystalliny” of DNA, for different nucleotides are (aperiodically) disposed
along its double helix structure [4]. The symmetry of time is ubiquitously broken, too.
Everyday-life examples are the approximate periodic beat of our hearths [5] and the
synchrony of applause of an audience [6], while the recently theorized [7, 8] and soon
realized [9, 10] time crystals offer a more exotic example. Fast-forwarding to human
systems, space and time symmetries are so heavily broken that considering them is
pointless—any two persons are ultimately different in every relevant aspect.

In general, each time we move from a more symmetric to a less symmetric system,
dealing with it becomes more challenging, in that both the information needed to
merely describe it and the dynamic richness it can display increase. This is a pretty
obvious consequence of a reduction of symmetry. A less obvious one—which is the
actual focus of Anderson’s analysis—is its epistemological implication that a funda-
mental ‘theory of everything’—whatever it will be—does not allow us to reconstruct
everything we observe in the universe. In fact, it has minimal scope, as not even the
spontaneous formation of a crystal can be derived from it, nor can any property of the
crystal, like its low-energy excitation spectrum (i.e., sound waves). The manifest hier-
archical structure of Nature, whose origin is a matter of eternal debate [11, 12], instead
brings us to identify new properties and mechanisms at each level of the hierarchy—
“the whole is something else than the sum of its parts” some Gestaltpsychologe would
say [13], an expression indeed readapted by Anderson. Such structure—I think—is re-
flected in the structure of science.> As Robert B. Laughlin and David Pines write

Although complexity is central to Anderson’s discussion, he never uses expressions like ‘com-
plexity science’ or ‘complex system.” This is perhaps one of the reasons why about three decades
from its publication passed before the paper got widespread recognition (if quantified via cita-
tions) even from the physicists in the complex systems community.

In the words of W. C. Wimsatt [12], “Theories come in levels because that’s where the entities are.
[...] theories of entities at levels provide the biggest bang for a buck. These entities will be theor-
etically fruitful because of their many causal interactions, and the appropriate choice of entities
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in another foundational piece of complexity science [14], “Rather than a Theory of
Everything we appear to face a hierarchy of Theories of Things.” Within certain space
and time scales, a phenomenon is usually understood between the boundaries of two
neighboring hierarchy levels, where the lowest one can be effectively regarded as fun-
damental. The propagation of some content in online platforms, for instance, can be
studied regarding the users (humans, bots) as the fundamental units, for the informa-
tion spreading is determined by the patterns of interactions among them, while factors
such as the “virality” of the content effectively act as parameters (possibly changing
coupled to the propagation). In other cases, we must resort to higher-level organizing
principles such as free-energy minimization or functional development under natural
selection to understand the configurations taken by the constituents.

In summary, while the validity of the reductionist view that every manifestation
in Nature emerges from a hypothetical fundamental level of reality—described by
the sought ‘theory of everything’—should be out of the question, the construction-
ist one that any of those manifestations can be predicted starting from that level is
blatantly false. The breakdown of the constructionist paradigm might not even be
“just” a practical consequence of our (insurmountable) cognitive and technical limits;
there are problems in classical [15-17] and quantum physics [18-20] (e.g., whether or
not the energy spectrum of a quantum system has a spectral gap) which have been
proven to be logically undecidable, in both an algorithmic (like the Turing’s halting
problem [21]) and a mathematical (independence from axioms; like the Godel’s in-
completeness theorems [22]) sense.

The near decomposability of Nature into hierarchical levels allows for what we call
‘physics of complex systems’. If we can consider the constituents and the interactions
at a level as fundamental within the space and time scales of interest, then we can—
and need to—build effective models at that level; informed mathematical abstractions
to make quantitative predictions about a portion of the natural world—physical mod-
els, in other words. Dynamical systems, stochastic processes, statistical and nonlinear
physics, and agent-based modeling, among others, thus turn out to be essential tools
for the theoretical investigation of complex systems at virtually any scale. However,
physicists, mathematicians, or computer scientists cannot walk through the intricacies
of complex systems by themselves. It is the science of biologists, psychologists, soci-
ologists, economists, or other specialists to make it possible to recognize the natural
mechanisms and actors at work and eventually elaborate valuable models. Complexity
science is itself a complex system, an interdisciplinary adventure built on the contin-
ued cross-pollination among different fields [23]. As physicists in this adventure, we
aim to find minimal representations of a system and predict and characterize salient
aspects of its behavior from there. Strikingly, thanks to the idealization presupposed
by minimal models, it is sometimes possible to draw rigorous parallelisms among phe-

at levels will more often produce naturally segmented systems that are nearly decomposable
[...]. Thus language [...] and theories constructed using and refining this language are in this way
responses to rather than determiners of the structure of the world.”
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nomena of different nature or at even distinct levels, and trace them back to common

underlying mechanisms.

1.2 COMPLEX SYSTEMS AS NETWORKED SYSTEMS

Some systems, such as gases at equilibrium, are characterized by a number of mi-
croscopic variables (e.g., position and momentum of each gas particle) too large to
be traced. Nevertheless, thanks to the statistical independence among those variables,
the system’s behavior (e.g., temperature, pressure), as related to macroscopic aver-
age quantities, is well predictable [24]. This is what the applied mathematician and
interdisciplinary research trendsetter Warren Weaver termed disorganized complexity,
as opposed to the organized complexity of the majority of natural systems, where re-
current, nonrandom patterns of interactions create significant correlations among sys-
tems’ units [25]. Organized complexity lies and evolves somewhere between com-
plete randomness (e.g., a gas) and regularity (e.g., a crystal). Social systems provide a
clear example of such a nontrivial organization. People—the system’s constituents—
interact primarily through their social ties (family members, partners, friends, col-
leagues, acquaintances, etc.), and all these ties persist over relatively long periods.
The combination of the ties of many individuals is what we call a social network [26].
The latter is usually far from trivial. People differ substantially in the number, in-
tensity, and type of social interactions they experience, and social connections are not
distributed randomly, resulting in structural features such as cycles and communities
or leading some individuals to be more “central” than others. Social networks are, in
other words, complex networks [27-31]. Figure 1.1 illustrates two social networks from
the studies of psychosociologists J. L. Moreno and H. H. Jennings [32, 33], fathers
of social network analysis, and perhaps the first (excluding mathematicians studying
graph theory) to use networks as a scientific tool.

Natural systems at all scales can be effectively modeled as networked systems,
where nodes represent system’s constituents and links represent pairwise interde-
pendencies [27-31, 34]. The presence of a (complex) network is, together with dy-
namical nonlinearity, the main root of complexity. A crucial question of network sci-
ence [28, 30, 35] is how much we can learn about the behavior of a system solely
looking at the underlying network (or networks [36]) and, therefore, whether we can
identify common structural principles and properties behind the phenomenology of
different systems. Percolation—the problem of finding the size of clusters of connec-
ted nodes in a network—provides a minimal example of a (static) complex problem
exclusively related to the connectivity structure [37, 38]. In general, complexity stems
from the interplay between a network and the dynamics running on top of it [39-42].
Network and dynamics may also co-evolve, giving rise to even more complex beha-
viors [43-45] (this is perhaps the norm rather than the exception). Recognizing the
network organization of many natural systems provided new essential understand-
ing about phenomena across virtually any scientific domain, such as chemistry [46,
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Figure 1.1: Small social networks (sociograms) by J. L. Moreno and H. H. Jennings [33].
The network on the left is generated randomly for statistical comparison
with the one on the right, representing preference choices within a group
of girls at the New York State Training School for Girls in 1932 [32]. In both
networks, each node has three out-going (solid) links representing node’s
choices.

47], biology [48, 49], medicine [50, 51], ecology [52, 53], linguistics [54], economics [55,
56], finance [57, 58], political sciences [59], and—of course—sociology [60-63].

1.3 CONTAGION PROCESSES AND HIGHER-ORDER NETWORKS

Contagions cover processes of different natures. They can, for instance, be biological—
conveying a pathogen—or social—conveying entities such as behaviors or beliefs. In
a broad sense, a contagion process is the spread of some entity through a population.*
The entity is transmitted upon interactions between “infectious” and susceptible in-
dividuals, potentially leading to a macroscopic, population-level spread. Contagions
thus provide a straightforward bridge between physics and the animate world.
Depending on the rates at which individuals catch the contagious entity or “re-
cover” from it, and on other relevant factors, a spread can reach a few individuals or
a large proportion of the population. This can be rigorously restated for an infinite
population by saying that either an infinitesimal or a finite fraction of the system is
reached. In general, the system shifts from an inactive phase of negligible outbreaks
to an active phase of extensive outbreaks when contagiousness crosses some critical
value. As we will see, the latter specifically marks a nonequilibrium phase transition with
an absorbing state [64]. The most basic physical models displaying such a transition
are found in percolation theory, whose development in the late 50s was motivated
also by contagion processes [65, 66]. Models of percolation on lattices as highly sim-
plified descriptions of epidemics (applying to other “isomorphic” processes as well,

4 The words ‘contagion’, ‘spreading’, and ‘diffusion” are generally regarded as synonyms. How-
ever, the former is often used when the medium through which an entity propagates is some
kind of population, as is the case for human systems (e.g., people, users).
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e.g., forest fires) were first elaborated in the 70s and 80s [67-71], and then extended to
more realistic network topologies in the 2000s [72-78]. These and other developments
established the study of spreading phenomena as a new research direction in stat-
istical physics as well as in dynamical systems theory, expanding the scope of these
fields.

As one may expect, the structural organization of the interactions is crucial for the
spreading dynamics. Both its critical (e.g., critical exponents and scaling functions)
and noncritical (e.g., outbreak sizes far from criticality) behaviors are intimately re-
lated to the properties of the interaction network [64, 79, 80]. It is not too much of
a coincidence that the first use that Moreno and Jennings made of their sociograms
(as those in Fig. 1.1) is a retrospective analysis of the outbreak of runaways registered
in the fall of 1932 at the New York State Training School for Girls [32]. The authors,
taking the connections in the social network as robust channels for the flow of social
influence, showed that the position of a girl in the network was decisive in determ-
ining whether and when she ran away. While the notion of behavioral contagion was
around from the end of the nineteenth century [81], Moreno and Jennings’s study is
probably the first to provide evidence for network effects on contagion dynamics, and
presumably on any dynamics at all. As the girls in that study, we are typically un-
aware of who influences our behaviors and to what extent they do so, while we surely
ignore our position in such a network of influences. Social networks thus act as invis-
ible hands, shaping some of our ideas and behaviors often beyond our consciousness
and control. This ultimately motivates the parallelism, yet with the due differences,
between contagions in the social realm and epidemics. We will see how models ini-
tially conceived for the latter can be adapted to analyze the spread of behaviors, ideas,
rumors, innovations, and other contagious entities populating our societies.

Taking into account networks has been vital to advance our understanding of conta-
gion processes [80, 82-85], revealing the dynamical implications of common structural
properties such as the presence of communities or highly connected nodes. Tradition-
ally, networked systems have been described in terms of links representing pairwise
interactions (dependencies) among the nodes. However, such a representation cannot
account for interactions involving more than two nodes. To see this, imagine, for in-
stance, that we want to describe a conversation among five people during which some
dynamics (e.g., opinion formation) may unfold. The event is a group, five-node inter-
action. A pairwise network representation would reduce it to a collection of two-node
interactions, leading to two fundamental problems. First, salient aspects of the dy-
namics (e.g., peer pressure) may be changed or lost, resulting in inaccurate outcomes.
Second, even if the dynamics remained unaffected, the description would become
vague in at least two ways: the group interaction, involving the five nodes simultan-
eously, would be decomposed in ten pairwise interactions that we cannot univocally
locate in time (which in most cases also has dynamical consequences); and even if we
do not bother about timing, it would be impossible to distinguish groups from collec-
tions of pairs, leading static descriptors (e.g., statistics about the number of people per
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event) to be ill-defined. To adequately describe non-pairwise interactions and depend-
encies, we must resort to a more general representation where nodes can be grouped
in subsets of unrestricted cardinality, not just in pairs. Such a representation is found
in hypergraphs [86], the backbone of the recent branch of complex system science
working with so-called higher-order networks and concerning systems at all scales [87-
90]. In truth, the interest (outside pure mathematics) for hypergraphs, specifically in
their equivalent form as bipartite networks, is not very recent [26, 27]. In most cases
they have been used to account for highly dense regions (clusters, communities) of-
ten observed in real-world networks, unveiling important dynamical effects [76, 78,
91-95]. Nonetheless, the mechanisms defining the dynamics are still pairwise, i.e.,
decomposable in sets of two-body (two-node) interactions. Instead, when using the
expression ‘higher-order network’, one generally means that the dynamics include
‘higher-order’, irreducible interactions, each reflected in the network as a generalized
connection (called hyperedge) among three or more nodes. Recalling the example of
the five-person conversation, one may consider it simply as a collection of dyadic con-
versations if the dynamics of interest were not affected by the decomposition. In this
case, we would refer to the structure including such interaction as a (pairwise) net-
work with clusters/modules. Instead, we would refer to it as a higher-order network
if the dynamics were not decomposable.

Theories and experiments in social psychology strongly suggest that dynamics
within a group are not reducible to combinations of dyadic interactions [97-107]. The
probability of adopting (being “infected” by) a behavior, an opinion, a judgment, or
a decision, generally shows some nonlinear dependence on the number/fraction of
adopters one is exposed to, thus preventing pairwise decomposition (this requiring
linearity) of the contagion dynamics. Godwin and Restle [102], when introducing a
dyadic model as one of several possible models of opinion formation, write: “One
could argue that all human interaction takes place fundamentally between dyads [...].
Following this line of argument, it seems reasonable to assume that the interaction of
an individual with a group of several persons [...] can be decomposed into one-to-one
relationships between individuals, and it should be possible to understand the effects
of a group as the combined effects of its individual members.” Upon comparison of
their experimental results with the predictions yielded by this (linear) model, they
conclude that their findings doom “any attempt to explain these group data on the
basis of any model couched merely in terms of dyadic relationships.” They find strong
nonlinear effects, although no simple nonlinear relation can be inferred from the data.
Different nonlinear dependencies are generally plausible, and each one may or may
not apply depending on the case [105, 106].

5 Notice that the sole irreducibility of the interactions does not suffice to qualify the network as
‘higher-order’. Even if a node interacted with 7 other nodes through n distinct dyadic interac-
tions, its dynamical state may depend on some nonlinear (hence irreducible) combination of the
states of the other nodes (e.g., see [96]). The dynamics is not pairwise, but the network still is. A
higher-order network includes irreducible interactions involving more than two nodes at once.
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The irreducibility of group interactions is relevant not only for social contagions
but also for biological contagions, at least in two ways. First, people may adopt pro-
phylactic measures (e.g., wearing a face mask) to avoid infection. The nonlinearity
of the adoption behavior then reflects on the epidemic spread. Second, models with
nonlinear infection rates can work as effective representations for various situations
where linearity breaks down [108-113], such as in environments (groups) saturated
with infections or when multiple exposures are needed. In the same direction, recent
work [114] has shown that a nonlinear infection rate naturally emerges as an effective
description when averaging over environments with different infection risks (the dif-
ferences being ascribable to several factors [115-119], e.g., the types of interactions the
environment supposes or allows, or whether it is indoor or outdoor). Notably, such
effective models result in simplified descriptions amenable to analytical scrutiny.

Acknowledged the general irreducibility of contagion dynamics in group interac-
tions, this thesis represents our original contribution to advance the current under-
standing of the phenomenology of contagion processes on higher-order networks. By
developing suitable theoretical approaches, we demonstrate how group interactions
have a multifaceted impact on contagion dynamics.

14 THESIS OUTLINE

The remainder of this dissertation is organized into three main chapters. The first
one, Chapter 2, makes—hopefully—the thesis self-contained by laying down the the-
oretical background about networks and contagion processes needed to follow the
contributions presented in the subsequent chapters. Our developments are presented
in Chapters 3 and 4. An extensive appendix including calculations, proofs, methods,
and additional results assists the three chapters.

Chapter 3 considers contagions with group interactions involving two or more
agents simultaneously. We explore higher-order contagions, specifically complex con-
tagion processes based on reinforcement mechanisms, where transmission depends
on exposure to multiple, distinguishable sources. All the models introduced in this
chapter preserve local dynamical correlations. This crucial aspect, together with ad-
equate modeling choices and methods, enables us to uncover and accurately charac-
terize novel phenomena on static and adaptive higher-order networks.

Chapter 4 expands upon the concept of interaction modification, derived from eco-
logical studies and here recognized as a broader higher-order mechanism applicable
to complex systems in various domains. This concept entails the indirect alteration
of the dyadic interaction between two agents due to the presence of others. Since the
character and magnitude of the alteration depend on the observable traits of the co-
present agents, the direct pairwise interaction between the same two agents would
generally be different in distinct groups. Interacting in a group, given the co-presence
of many agents it implies, thus becomes the necessary ground for such modifications
and represents the context within which they occur. The chapter, in particular, delves
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into the dynamical implications of context-dependent behavior on the spread of epi-
demics, revealing some significant effects that descriptions disregarding the group
organization of the social sphere overlook.

A short, final chapter, Chapter 5, closes the thesis. There, we recap our results,
briefly comment on other developments not discussed in the previous chapters, and
identify a few research lines for future work based on the limitations of our and other

currently available approaches.

11



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS
Giulio Burgio



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Giulio Burgio

THEORETICAL BACKGROUND

This chapter provides the necessary theoretical background to follow the remainder
of this thesis. It offers an introduction to network representations and to the modeling
of contagion processes, from the simplest to some state-of-the-art techniques.

21 NETWORK REPRESENTATIONS OF COMPLEX SYSTEMS

Loosely speaking, a network is a collection of nodes connected in some way. Repres-
enting a system as a network means mapping elements of the system to nodes and
relations among such elements to connections, links [28]. A network is thus an inter-
connected structure where nodes and links have some meaning. In this thesis, given
its focus on microscopic physical mechanisms producing macroscopic emergent beha-
viors, a link always means an interaction between system units. The object obtained by
stripping a network of the meaning of its elements is what in mathematics is called
a graph, where nodes are known as vertices and links as edges. Nonetheless, outside
pure mathematics, both terminologies are often used interchangeably and are even
mixed (e.g., we may say “the edges of the network”).

We first briefly introduce graphs and their properties [120], then discuss their
higher-order generalization in the form of hypergraphs [86].

211 Graphs

A graph G = (V,E) is a pair formed by a finite set V = {1,..., N} of vertices and a set
E = {ey,...,ep} of pairs of vertices called edges. As a combinatorial object, a graph
is one of the possible ways in which N = |V| elements can be arranged into M = |E|
subsets of two elements each. The graph is encoded in its adjacency matrix A = A(G),
a N x N matrix whose generic element A;; at row i and column j is A;; = 1 if exists
e ={i,j} € E (in words, i and j are connected /neighbors) and A;; = 0 otherwise. An
equivalent representation is given by the incidence matrix B = B(G), a N x M matrix
whose generic element is B;; = 1 if i € ¢; (we say that ¢; is incident on i) and B;; = 0
otherwise. Each column of B thus represents an edge of the graph. More generally,
the nonzero elements of A and B can be real (or complex) numbers, measuring the

13
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“weight” of an edge or of a vertex within an edge, respectively. In such case, we say
that the graph is weighted.! Furthermore, a relation between two vertices could be not
only asymmetric, but unidirectional. This means that for some pair i and j of vertices,
there is an edge departing from i and pointing to j, but not the opposite one from j
to i, which is encoded as A;; > 0 and A;; = 0 (in terms of incidence, Bjx > 0 and
By = =By <0 for some edge ¢x). In such case, E is a set of ordered pairs and the
graph is said to be directed. If every relation is instead symmetric (bidirectional), then
Ajj = Ajj for any pair i and j of vertices (i.e., A is symmetric; equivalently, By = Bjx
for any edge e, connecting i and j) and the graph is called undirected. In such case,
as we implicitly assumed at the beginning, E is just a set of subsets of two elements
each. Hereafter, unless stated differently, a graph is understood to be undirected and
unweighted, in which case the adjacency and incidence matrices are binary matrices.?

Let us list some basic concepts associated to graphs that we will often find through-
out the thesis. Generalizations to weighted or directed graphs are straightforward and
reported whenever needed.

A subset of vertices where each vertex is connected to any other vertex in the subset
is called a cligue. If the subset consists of n vertices, we say it is a n-clique. A n-clique
is thus a complete graph of n vertices (a 2-clique is just an edge). If a clique is not
included in any larger clique, we call it maximal. A n-cycle is a closed chain of n edges
joining n vertices (in particular, a 3-cycle is a 3-clique). A tree is a graph with no cycles.

Given a vertex i, the degree k; is the number of edges incident on i, i.e., its number of
neighbors. In terms of the adjacency and incidence matrices, we have k; = Z}\]: 14ji =
Zjl\i 1 Bij- Counting the fraction of nodes with degree k in the graph, we get its degree
distribution p;. A graph where all the vertices have the same degree k is called a
k-regular graph.

Another basic quantity is the clustering coefficient, a measure of how frequently any
two neighbors of a node are themselves neighbors, so that the three form a closed
triplet (i.e., a 3-cycle). The local clustering coefficient C; of vertex i is defined as C; =
i<k AijAjxAxi/ (g’), i.e., as the ratio between the number of closed triplets including
i and the maximum value (g‘) that such number can take (number of unordered pairs
out of k; elements). Related global quantities are the mean of the distribution of the
local clustering coefficient, and the fraction of triplets in the graph which are closed
(known as transitivity).

Lastly, a graph is said connected if starting from any vertex it is possible to reach
any other vertex in the graph through a sequence of edges (a path) connecting them.
Each connected subgraph of a graph is called a connected component. If the graph is
disconnected, then there are two or more connected components. A connected com-
ponent whose number of vertices scales at least linearly with N in the large N limit is

Notice that this term is usually used to denote weights on edges only.
The edge set could contain repeated edges (e.g., e1 = ex = {i, j}), defining a multigraph; or loops,
which are edges connecting a vertex to itself. We do not consider these cases.
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called a giant connected component, as it will include a finite fraction of the vertices in
the graph.

Having insisted on the pairwise nature of graphs, we hope it is natural at this point
thinking of more general objects by relaxing the pairwise condition.

2.1.2 Hypergraphs

A hypergraph H = (V,E) is a pair consisting of a finite set V = {1,..., N} of vertices
and a set E = {ey,...,ep} of subsets of vertices. These subsets can have any cardin-
ality and are called hyperedges. The hypergraph H is thus a subset of the power-set
2V. A hyperedge of cardinality 7 is also called a n-edge. The maximum and min-
imum cardinality of the edges in H are called the rank and co-rank of H, respect-
ively, rank(H) = mmax and co-rank(H) = timin. If Mmax(H) = mmin(H) = m, the
hypergraph is said to be m-uniform. Any graph is thus a 2-uniform hypergraph. A
hyperedge not included in any other hyperedge is said to be maximal. Figure 2.1
displays a small hypergraph.

A hypergraph can be encoded in a series of adjacency tensors {A(™},,_, .
each one accounting for the connectivity at the level of m-edges (for a graph, A = A®

is the adjacency matrix). Then, the element Algm__) = 1lifexistse = {i,...,im} € E

oAm
and AE:?)J"X = 0 otherwise. A much more concise codification of the hypergraph can
be given in terms of the incidence matrix B, which naturally represents connections
of any order through its columns. As for graphs, it holds B;; = 1if i € ¢; and B;; =0
otherwise. This is due to the equivalence between hypergraphs and bipartite graphs
(see Fig. 2.1). A bipartite graph is a graph where the vertex set is partitioned into two
subsets representing two types of vertices, and so that edges only connect vertices of
different type. The equivalence then immediately follows by mapping the two subsets
of vertices of the bipartite graph to the vertex set and the edge set of the hypergraph.
The inclusion of a vertex into a hyperedge corresponds, in the bipartite graph, to that
same vertex being connected to the vertex representing the hyperedge. The incidence
matrix of the hypergraph is thus nothing but the adjacency matrix of the correspond-
ing bipartite graph.

Since a vertex can be included in hyperedges of different cardinalities, the most

(m)

basic definition of the degree of a node i is the m-degree k; ", being this the number

of m-edges incident on i. This can be expressed as

P (m—l)' .- l]l cjm-1 l] ‘ef"m !
JreesJm—1= =1 =

being &, the Kronecker delta. The generalized degree (or hyperdegree) k; of vertex i,
defined as the number of hyperedges of any cardinality incident on it, is then given

by ki = L™ K z(m) = Zj]\il Bij.
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Figure 2.1: A hypergraph, its equivalent representation as a bipartite graph, and its
underlying graph. Notice that the hypergraph in this example is linear.

A hypergraph H is called simple if no hyperedge is subset of any other hyperedge.
This means that H has no repeated hyperedges and that can be obtained from another
hypergraph by removing all the hyperedges which are subsets of at least another
hyperedge. If H is simple and any two hyperedges share no more than one vertex,
then H is said to be linear.> We will make massive use of the linear property in the
next chapters. Another class of hypergraphs is that of (abstract) simplicial complexes, to
which Sec. 2.1.2.1 is dedicated.

To a hypergraph H we can also associate a graph G(V, Ep), called 2-section or un-
derlying graph of H, whose edge set E; contains all the edges subsets of at least a
hyperedge in H (see Fig. 2.1). This means that a n-edge in H induces a n-clique in G.
The (giant) connected components of H are clearly those of G, thus H is connected if
and only if G is connected. The degree k;(G) of vertex i in G is bounded by its degree
sequence {k§m> }m in H, but generally not determined by it. An edge in G can indeed
be induced by multiple hyperedges in H, implying that k;(G) depends on the local
organization of the hyperedges incident on i, not just on their amount. Accordingly,
an exception are linear hypergraphs, for which k;(G) = Y=, = (m — 1)kl(m).

2121 Simplicial complexes

Unlike generic hypergraphs, simplicial complexes received substantial attention from
a broader community beyond pure mathematics. The main reason is that, besides be-
ing a combinatorial object, a simplicial complex is also a geometric object. As such,

3 Notice that a graph is trivially linear. In this sense, we may say that linear hypergraphs (of rank
at least 3) are, among all hypergraphs, the “closest” to graphs.
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it is the union of a set of simplices of various dimensions “glued together”, where
a n-dimensional simplex (or n-simplex) is defined as the convex hull of 7 + 1 points,
i.e., a generalization of a triangle. A 0-simplex is just a point, a vertex; a 1-simplex
is a line segment together with the two vertices it connects; a 2-simplex is a triangle
with its three edges (segments) and three vertices; a 3-simplex is a tetrahedron with
its four faces (triangles), six edges (segments) and four vertices; and so on for higher
dimensions. A simplicial complex results from a so-called triangulation of a topolo-
gical space, a homeomorphism (a bijective, continuous function whose inverse is also
continuous) mapping the latter into a piecewise linear space—the simplicial complex.
Thanks to their dual nature, simplicial complexes thus provide a combinatorial ap-
proach to understanding the shape and structure of topological spaces, allowing for
the translation of topological problems into algebraic ones, the essential idea behind
algebraic topology [121]. For this reason, they play a pivotal role in topological data
analysis, which aims at finding topological features of datasets by analyzing the sim-
plicial complexes generated by triangulating the data points [122]. As a transversal
framework, topological data analysis finds application in the most disparate fields,
such as biology [123], neuroscience [124], fluid dynamics [125], machine learning [126],
and the study of spreading processes [127], to name a few.

This said, many authors in the network science community present simplicial com-
plexes as objects somewhat distinct from hypergraphs, even when regarding and us-
ing them solely as combinatorial entities. Strictly speaking, the term simplicial complex
refers to the geometric realization of what is called an abstract simplicial complex, which
is the actual combinatorial object, hence a specific kind of hypergraph. Nevertheless,
the two terms are often used interchangeably outside mathematics. For conciseness,
even though we only consider the combinatorial content, we will refer to abstract
simplicial complexes simply as ‘simplicial complexes” or ‘complexes’.

A simplicial complex K on the vertex set V is a hypergraph (a subset of the power-
set 2V) endowed with the additional hereditary property (or downward closure): given
f € Kand f' C f,then f’ € K. The elements of K are called faces, and a n-dimensional
face (or n-face) is a subset of V made of n + 1 vertices. A n-face is thus a (n + 1)-edge.
In words, the hereditary property states that given a face (hyperedge) is included in
the complex, then all its sub-faces (sub-hyperedges) are included too.* The power-set
2f of a face f is what we called a simplex. For instance, the face f = {i, ], k} generates
the simplex s = {{i,j,k}, {i,j}, {i,k}, {j, k}, {i}, {j}, {k}}. If f is a n-face, 2/ is a n-
simplex. If d is the maximum dimension of the faces in K, then K is d-dimensional
and is called simplicial d-complex (a hypergraph of rank d 4+ 1). A maximal simplex,
not face of any other simplex, is called a facet. If all the facets in K have dimension d,
KC is a homogeneous d-complex.

A complex K is said to be g-connected if, given any two simplices s,s’ C K, there
exists a sequence of simplices connecting s and s’ such that any two adjacent simplices

4 This implies that the empty set is also part of a simplicial complex. However, as we do not assign
any physical meaning to the empty set, we can just forget about it.
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of the sequence have (at least) a g-face in common [128]. Notice that 0-connectedness
means connectedness in the usual sense of graphs. Moreover, we conveniently say
that K is strictly g-connected if K is g-connected but no pair of simplices is (g + 1)-
connected. Notice that the hypergraph whose hyperedges are the facets of a strictly
0-connected simplicial complex is linear.

2.1.3 Some network models

Let us now go through some key models of random graphs while discussing basic
structural features discovered in networks derived from real-world systems.

Perhaps the simplest of these models is the Erd6s-Rényi model. In its G(N, p) for-
mulation [129], it starts with N unconnected vertices and places an edge with probab-
ility p for each pair of vertices. Since the presence or absence of an edge is the result
of a Bernoulli trial, the probability that a vertex has degree k is simply the probability
of k successes in N — 1 trials; hence

pr = (Nk_ 1) pra—pN-1k, 2.1)

Being the degree a sum of independent and identically distributed random variables,
average and raw second moment of the degree distribution read (k) = p(N — 1) and
(k) = (ky(1 —p) + (k)?. P. Erd6s and A. Rényi proved that G(N, p) undergoes a
phase transition in the limit N — oo at (k) = 1, where a giant connected component
emerges [130]. Taking the sparse network limit in Eq. (2.1), that is, N — oo while
keeping (k) fixed (hence p = (k)/(N —1) — 0), one finds that p; ~ (k)*e=®) /K1,
which is a Poisson distribution. The standard deviation equals / (k) < (k), implying
that the bulk of the distribution lies in the interval (k) + \/ (k). The average (k) defines
a typical scale for the degree of the nodes in a Erd6s-Rényi network. The connections
are, in other words, distributed in a relatively homogeneous way.

Networks generated from real-world data spanning systems of very different
nature, from biological to socio-technical systems, show however degree distributions
that are usually far from being binomial or poissonian. Instead, they are often well
approximated by heavy-tailed distributions such as power-law and log-normal distri-
butions [131], whose tails are not exponentially bounded. A generative model able
to produce power-law degree distributions was proposed by A.-L. Barabdasi and R.
Albert in 1999 [132].

In the Barabasi-Albert model, starting from a small clique, a new vertex is added at
each time step and randomly connected to m already present vertices. Each of the m
vertices is sampled with a probability proportional to its current degree, a mechanism
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known as preferential attachment (or cumulative advantage [133]). This generates a “rich-
get-richer” growth dynamics that leads the degree distribution to take the form [134]
2m(m+1

Pe= ik +(1)(k +) K 22)
which, for large k, converges to a power-law k=7 with exponent ¢ = 3.5 Due to the
scale invariance of power laws, which are thus “free” from any characteristic scale, a
network with a power-law degree distribution is also referred to as a “scale-free net-
work”. Loosely speaking, such a network possesses a small minority of highly connec-
ted nodes (called “hubs” in jargon), as opposed to a large majority of lowly-connected
ones. Approximating pj to a pure power-law k=7, one can show that its n-th raw mo-
ment (k") diverges as a polynomial for N — oo if n > ¢ — 1 (and logarithmically if
n = 7 — 1), remaining instead finite for n < 7y — 1. In particular, the standard deviation
diverges for y < 3, implying that the more connected nodes (hubs) can have a number
of connections of several orders of magnitude larger than the average node—there is
no typical scale for the degree.® In scale-free networks the connections are therefore
distributed heterogeneously among the nodes; more so the smaller is 7.

Based on the simplicity of the growth mechanism of their model and the evid-
ence of power-law degree distributions in different empirical networks (World Wide
Web, US power-grid network, actor collaboration network [132], and scientific citation
network [136]), Barabdsi and Albert argued that power-law degree distributions are a
universal feature of real networks [132]. Their work produced great excitement within
the network science community, leading to the discovery of other scale-free networks,
such as the Internet [137], metabolic networks [138], online social networks [139], and
several others. Nonetheless, criticisms directed to their claim stating power-laws’ uni-
versality were not long in arriving. Much of the debate stems from the difficulty of
fitting power-laws to distributions derived from natural systems, which are often of
too small size. In some cases, the distribution could be a power-law but be masked
by the finite size of the sample (i.e., it would appear as a power-law if the system was
bigger) [140], while in others, a different distribution could be a better fit [131]. The
debate continues, yet there is no doubt that many real networks have heavy-tailed
degree distributions [141].

Another structural feature observed in natural systems is the presence of local clus-
tering. In social networks, in particular, if two individuals share a mutual friend, there
is a higher probability that the two will form a social connection [142], a mechanism
known as triadic closure [143]. The first random model able to generate networks with
high local clustering while still respecting the so-called small-world property observed
in social networks (and not only) is the one proposed in 1998 by D. J. Watts and S. H.
Strogatz [144]. The small-world property, widely popularized as the ‘six degrees of

5 Modifications of the attachment mechanism have then been shown to produce power-laws with
different exponents 7 [30].
6 Some authors [135] use the term “scale-free network” only in this case.
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separation’ [145], states that the average distance between two nodes in the network
scales with the network size N not faster than log(N). Small-worldness characterizes
networks in several scientific domains [146]. Many random networks, including those
produced by the Erd6s-Rényi and the Barabdsi-Albert models, boast this property
but lack clustering [28]. The Watts-Strogatz model produces both. However, yielding
networks interpolating between regular lattices and Erd6s-Rényi networks, the Watts-
Strogatz model cannot generate heavy-tailed distributions.

The Dorogovtsev-Mendes-Samukhin (or Dorogovtsev-Mendes) model [147] gives a
straightforward rule able to generate random networks with either heavy-tailed dis-
tributions (implying small-worldness) and high local clustering. Started the network
as a 3-clique; the rule makes the network grow by adding a vertex at each time step
and connecting it to both vertices at the end of a randomly chosen edge. The addition
of the vertex thus implies the addition of a 3-clique. Consequently, the network has
a high local clustering coefficient and no tree-like regions. On the other hand, since
the probability of finding a vertex at the end of a randomly picked edge is linearly
proportional to the degree of the vertex, the rule naturally leads to preferential attach-
ment. In the limit of infinite time steps, the degree distribution indeed converges to
Eq. (2.2) evaluated at m = 2 (the number of vertices at the end of an edge).7

To close this section, let us introduce the configuration model, which allows the cre-
ation of networks with an arbitrary degree distribution [148-150]. It is done by directly
specifying the degree of each vertex i € V, all stored in the degree sequence {k;};cy.
Assigning k; half-edges (“stubs”) to the generic vertex i, pairs of half-edges are drawn
uniformly at random and combined to form full edges until no unmatched stubs are
left.® Each degree sequence thus specifies an entire ensemble of random networks. Be-
ing the matching random, networks built from this basic version of the configuration
model are also locally tree-like, therefore with vanishing clustering. Nonetheless, the
model can be easily generalized to produce structures with 3-cliques; or, more gener-
ally, with some local motif of interest [151-154]. It all depends on the meaning we give
to the stubs. We may specify a sequence whose i-th element represents the number of
those motifs a vertex participates in and then suitably match such “generalized stubs”.
For instance, following this approach, Miller [78] builds networks with different levels
of clustering by defining two degree sequences, a standard one for edges and another
one for 3-cliques. We will use a similar technique to generate random hypergraphs

with desired generalized degree sequences.

7 Notice that, for any finite value of the time step t, this behavior is observed for k <« V/t. The
distribution has heavy tails anyway.

8 Multi-edges and loops may form in the process. The probability that this happens is, however,
negligible for a large number of nodes as long as the second moment of the degree distribution
does not diverge. In such case a structural cut-off (e.g., kmax ~ \[(N )) can be added.
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2.2 CONTAGION PROCESSES

The word ‘contagion’ has its roots in the Latin verb ‘contingere’, from the assimilation
of ‘com’, meaning ‘with, together’, and ‘tangere’, meaning ‘to touch’, thus carrying
the idea of contact. The earliest usage of ‘contagio’ dates back to ancient Rome, as
testified by its presence in Lucretius’ epic poem "De Rerum Natura" (estimated 1st
century BCE), where it is used to describe the transmission of diseases from one per-
son to another through contact or proximity. The word probably did not leave its
disease-related meaning until the end of the 19th century, with the seminal works by
sociologists Gabriel Tarde and Gustave Le Bon. In Tarde’s atomistic view of society,
as he explains in his ‘“The Laws of Imitation” [155], social life involves the constant im-
itation of ideas, behaviors, and innovations among individuals—he writes, “Socially,
everything is just inventions and imitations”—, giving rise to a complex web of inter-
personal influences. Through his work, which unfortunately went unnoticed by many
later scholars, he laid down concepts and mechanisms foundational for modern the-
ories in sociology and evolutionary economics [156]. Although it had effectively been
introduced by Tarde and Le Bon (the latter introduced the term ‘behavioral conta-
gion’ [81]), the term social contagion was first used in 1939 by Herbert Blumer [157],
one of the fathers of the study of spontaneous collective behaviors. From the second
half of the 20th century, the term ‘contagion’ became indeed of common use in soci-
ology to describe the spread of behaviors, opinions, rumors, innovations, norms [143,
158-168]. Between the end of the century and the early 2000s, it started to be used to
indicate the spread of financial crises or shocks, either due to spillovers between inter-
dependent market economies or to the behavior of financial agents like investors [169],
and word-of-mouth marketing [170-172]. Eventually, with the rise of the digital age
and social media, the term has further expanded to describe the spread of information,
trends, or viral content online [173-176].

In a broad sense, a contagion process (more concisely, a contagion) is the spread
of some entity through a population. The entity can be a pathogen, a behavior, an
opinion, or anything that can be transmitted between the units of a system. Accord-
ingly, the ‘contact’ conveying the contagion needs not to be physical as in infectious
spreading; rather, it is understood as a generic interaction upon which an entity is
transmitted.

Contagion processes can be classified as simple or complex. Different, non-equivalent
criteria can be chosen to define the two. One criterion is based on how multiple expos-
ures combine to determine the probability of getting infected. A contagion is simple
if each exposure acts independently from any other exposure [112]. If pAt is the prob-
ability for a unit to get infected upon a single exposure during the time interval At, k
exposures to infected units combine to give the total probability fi(p) of getting infec-
ted as fi(p) = 1 — (1 — pAt)k. At the lowest order in At (continuous-time limit), this
becomes fi(p) = kpAt. One thus may refer to simple contagions also as ‘linear’ conta-
gions, for the infection probability has—in continuous time—a linear dependence on
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Figure 2.2: Examples of functional dependences of the infection probability on the
amount of exposures. The latter can either refer to the absolute number
of contagious exposures or to the fraction of the exposures which are con-
tagious among those experienced in a given time span. Time is assumed
continuous. Simple and complex contagions are in this figure discerned
according to the first of the two definitions given in this section.

the number of exposures. Complex contagions are—trivially—those in which multiple
exposures do not act independently, but their effect is instead interdependent [112].
We may call them also ‘nonlinear’, for—even in continuous time—the probability of
getting infected after k exposures is no longer a linear function of k. The paradigmatic
example of a complex contagion is one in which the infection probability is charac-
terized by a threshold k, such that at least k exposures are needed for transmission
to be possible [165, 177] or to occur with much higher probability [178]. In general, a
complex contagion is based on some positive or negative synergy mechanism among
different exposures. Possible functional forms for the infection probability are illus-
trated in Fig. 2.2.

Another criterion to distinguish simple from complex contagions emphasizes the
multiplicity of the contagious sources to which a unit is exposed [177] rather than
the multiplicity of the exposures. According to this criterion, a contagion is simple
if transmission is possible after one or more exposures (which may or may not com-
bine synergistically) to the same contagious unit. A complex contagion is one where
transmission requires exposure to two or more different contagious units. This classific-
ation thus shifts the boundary between simple and complex contagions given before,
as some synergistic (nonlinear) contagions are now regarded as simple. On the other
hand, contagions that are complex according to the second definition are also complex
for the first one. The second is a stricter criterion. Models with indistinguishable units

clearly cannot discriminate contagions based on the second definition.



UNIVERSITAT ROVIRA I VIRGILI

CONTAGION PRO
Giulio Burgio

CESSES ON HIGHER-ORDER NETWORKS
2.2 CONTAGION PROCESSES

Biological contagions are ‘simple’ based on the second criterion, for the distin-
guishability of the infection sources has no meaning at the biological level. What
matters is the dose received, not the source of the dose. However, if a minimum in-
fective dose is required for an infection, some of these contagions may be complex
according to the first criterion [113]. Nonetheless, it is reasonable to assert that bio-
logical contagions can be broadly categorized as simple contagions based on both
definitions [177].

Conversely, mounting empirical evidence supports the hypothesis that social con-
tagions are often ‘complex” according to the second criterion, hence to the first [164,
165, 173, 177, 179, 180]. Made some exceptions, such as the diffusion of job informa-
tion [143] or of highly contagious rumors credible on first hearing [177], socio-cultural
traits as many behaviors, opinions, or innovations, necessitate some form of social re-
inforcement for them to be successfully passed on [177]. The reason is that adopting
them entails covering a cost of some sort (e.g., deriving from joining a protest, wearing
a face mask, adopting an unpopular opinion, or investing in some new technology)
that might not be rewarded eventually. Individuals are thus reluctant to bear that cost
when no others have done it yet or without having enough reasons to believe that
enough others will follow. Therefore, influence from two or more sources becomes
crucial to transmitting adoption. Consequently, a minimum “critical mass” of adop-
ters is often needed for many social entities to spread widely [181].

221 The law of mass action

Under the historical path we briefly outlined, the first mathematical analysis of conta-
gions is considered the one put forward by Daniel Bernoulli in the second half of the
18th century [182], when he tried to estimate the benefits of variolation, the precursor
of the smallpox vaccine, assuming a constant annual infection risk and case fatality
risk across all age groups. As a culmination of a series of studies, developed during
the 19th century until the early 20th century, aimed at understanding the contagion
dynamics behind the observed epidemic curves [183-185], the works of R. Ross [186—
188] and A. G. McKendrick [189-192] laid down the foundations of the modern the-
ory of mathematical epidemiology. Their crucial contribution was transferring from
chemistry to epidemiology the so-called law of mass action, which states that the rate
of a chemical reaction is proportional to the product of the concentrations of the react-
ants [193, 194]. In epidemiological terms, infected and susceptible people are the “re-
actants” that, upon contact, produce additional infected people. According to the law
of mass action, people are assumed to interact based on uniformly random contacts,
analogously to how molecules are assumed to collide under Boltzmann’s molecular
chaos hypothesis in statistical physics. Consequently, the rate at which new infections
occur is directly proportional to the fractions of infected and susceptible people in the
population. We discuss the implications of the mass-action hypothesis in the sections

23
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below, where we present basic models of simple (Sec. 2.2.2) and complex (Sec. 2.2.3)
contagions.

222 Simple contagions

2.2.2.1 SIR model

The susceptible-infected-recovered (SIR) model is perhaps the most popular and used
contagion model. It is a special case of the theory introduced in 1927 by W. O. Ker-
mack and A. G. McKendrick [190]. In this model, a susceptible individual becomes
infected at a rate f upon contact with an infected individual, as can be formalized

in the stoichiometric equation S + I £> 2I. Therefore, BAt is the probability that the
infection occurs during the small time interval At. Clearly, this probability should
be proportional to the number of contacts k an individual has during the interval.
Redefining B so that it is now a per-contact infection rate, the infection probability
becomes BkAt (equivalently, we may regard f as a per-node infection probability and
k as a contact rate). Moreover, infected individuals recover and obtain permanent im-
munity (or die; in both cases they are removed from the dynamics) at rate y. Let S(¢),
I(t) and R(t) be the fraction of susceptible, infected and recovered individuals in the
population at time ¢, respectively, the dynamics is described by the following set of
ordinary differential equations (ODEs),

S(t) = —BkS(t)I(t), (2.3a)
I(t) = BkS(1)I(t) — ul(t), (2.3b)
R(t) = ul(t), (2.3c)

where x(t) = dx(t)/dt. Given the constraint S(t) + I(t) + R(t) = 1, only two of
these equations are independent. Notice that an equivalent description in terms of
numbers—not fractions—is obtained by multiplying both sides of Egs. (2.3) by the
population size N. Since we are treating the state variables as continuous, it is implicit
in Egs. (2.3) the infinite-size limit N — co.

As it is often the case for nonlinear systems, although its apparent simplicity, we
lack an explicit solution of Egs. (2.3). We can however express two fractions (say S and
I) in terms of the remaining one (R). Substituting I(¢) from Eq. (2.3¢) into Eq. (2.3a),
the latter becomes S(t) = —(Bk/u)S(¢)R(t). This is a separable equation which, recast
in the form dS(t)/S(t) = —(Bk/p)dR(t) and integrated from time 0 to ¢, gives

S(t) = 8(0) exp (—‘%k(R(t) - R(O))) . (2.4)

From this, I(t) =1 — S(t) — R(¥) is just a function of R(t), with parameters S(0) and
R(0). Let us suppose that only few infected individuals are present in the population
at t+ = 0. This means taking the limit I(0) — 0, hence, S(0) — 1 — R(0). Besides,
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imposing R(t) = 0 implies that I must be zero at equilibrium. In the large time limit,
t — oo, once the system approached stationarity, we thus have Seoc = 1 — Reo, Where
we defined Seo = S(t — 0) and Re = R(t — o0). The latter is known as the final
attack rate of the epidemic, as it is the fraction of individuals that got the infection—
recovering eventually. Therefore, at equilibrium, from Eq. (2.4) we get

Reo =1—(1—R(0)) exp —%k (Reo — R(0))| . (2.5)

We see that Ree = R(0) (Seo = 1 — R(0)) is a trivial solution of Eq. (2.5). In this case
the infinitesimal initial seed of infected individuals is not able to produce an extensive
outbreak. On the other hand, we see that taking R, = 1, the r.h.s. of Eq. (2.5) is smaller
than the Lh.s. for any finite value of Bk/u. Since both sides are continuous functions
of Reo, a nontrivial solution Re > R(0) exists if and only if the rh.s. grows faster
than the Lh.s. at Re = R(0). Differentiating Eq. (2.5) at Reo = R(0), one finds that this
occurs when

Bk(1—R(0))/pu>1. (2.6)

When fulfilled, this condition implies that a finite fraction of individuals gets infected
during the outbreak. To see whether this equilibrium is stable or not, let us perform a
linear stability analysis of Egs. (2.3). Linearizing around a disease-free state (S,I,R) =
(1—R(0),0,R(0)), Eq. (2.3b) becomes (t) = (Bk(1 — R(0)) — u)I(t), which has solu-
tion I(t) = I(0) exp[(Bk(1 — R(0)) — )t]. This increases exponentially when the con-
dition in Eq. (2.6) is satisfied, proving that the disease-free state is unstable. If instead
Bk(1 — R(0))/pu < 1, the system goes back exponentially to the disease-free state,
which is thus stable in this case. In summary, k(1 — R(0))/u = 1 is the threshold
condition separating the disease-free, inactive phase, from the epidemic, active phase.
The threshold value B = p/[k(1 — R(0))] is called epidemic (invasion) threshold, for
an epidemic develops (invades the population) if and only if B > Bcr. Moreover, if
the latter holds, imposing I(#) = 0 yields the state of the system at t = f, the time at
which the infected fraction I(t) is maximal. From Eq. (2.3b), we find § = S(f) = B/ B,
which plugged in Eq. (2.4) yields R = R(f) = R(0) + (Ber/B)In(S(0)B/Ber), and in
turn, [ = I(f) = 1— § — R. The phenomenology of the system is summarized in
Fig. 2.3.

Let us make some general considerations starting from this analysis. First, from the
point of view of the theory of dynamical systems (see Appendix A.1 for the basics
of linear stability analysis), a disease-free state is stable if none of the eigenvalues
of the Jacobian matrix associated to Egs. (2.3), evaluated around (S,I,R) = (1 —
R(0),0,R(0)), has a positive real part. The matrix has two zero eigenvalues (recall
there is only one free state variable) and another one given by k(1 — R(0)) — p, which
is in fact positive if and only if Eq. (2.6) is satisfied. The two equilibria R = R(0) and
Reo > R(0) exist for any value of the parameters and they exchange their stability at
Bk(1 —R(0))/p = 1. The threshold condition thus marks a transcritical bifurcation.
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Figure 2.3: Phenomenology of the SIR model. (a) Time evolution of the fraction of sus-
ceptible, S(t), infected, I(f), and recovered, R(t), individuals in the pop-
ulation for pk = 22 and p = 1 (Rg = 2.2). (b) Final attack rate, Reo,
as a function of Bk/u. The system is initialized setting I(0) = 10~ and
S(0) =1 — 1(0) (R(0) = 0).

Second, the deterministic dynamics above, describing the evolution of the average
state of the system (specified by S(t), I(t), and R(t)), holds only in the infinite-size
limit, N — oo. For any finite N, instead, there are non-negligible statistical fluctu-
ations around that average (see Sec. 2.2.4 for a detailed discussion). As a consequence,
there is a nonzero probability that the number of infected individuals deviates from
its infinite-size behavior and fluctuates down to zero at any moment. Once the sys-
tem falls into an inactive state (S,I,R) = (1 — R,0, R), it cannot leave it, for no state
transition can happen without infectious sources, no matter the size of the system.
That is, an inactive state is an absorbing state. In a finite system there is always a finite
probability flux from a non-absorbing (active) state to some absorbing one (inactive),
but there is no flux in the opposite direction. In the language of statistical physics, the
equilibrium condition of detailed balance is thus broken, and the transcritical bifurca-
tion corresponds to a nonequilibrium phase transition [64]. All of this holds true for all
the models considered in the remainder of this thesis, as they all admit at least one
absorbing state.

Third, the quantity Bk/u has a precise meaning. The ratio 1/ is the average infec-
tion period, i.e., the average time interval between the time an individual gets infected
and the time it recovers. Throughout this period, the infected individual transmits
the infection to each of its susceptible contacts with probability 8/u. In a popula-
tion where all other individuals are susceptible (R(0) = 0), the infected individual
therefore infects, on average, fk/y individuals. This quantity, called basic reproduction
number and usually denoted by Ry, is thus the average number of secondary cases
caused by a primary case [195]. When Ry = Bk/u > 1, the primary case generates
more than one other case before recovering. Each of these secondary cases will do
the same (the pool of susceptible individuals is approximately still the same), giving
rise to an initial exponential growth of cases. More generally, if not the whole popu-
lation is initially susceptible, for instance because a fraction R(0) of it is vaccinated
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or isolated, then S(0) = 1 — R(0) < 1 (R(0) > 0), and the quantity RyS(0) is called
just reproduction number. The general condition RgS(0) = 1 is thus an alternative and
clearly interpretable way of stating the threshold condition for the spectrum of the
Jacobian matrix. We refer the reader to Appendix A.1.1 for a detailed and more rigor-
ous discussion about the (basic) reproduction number, its definition as the dominant
eigenvalue of the so-called next generation matrix [196], and the relation between the
latter and the Jacobian matrix.

Lastly, we may ask where is the contact network in the model. There isn’t actually
one, but rather an infinite number of them. According to the hypothesis of a random
contact process, each individual does not interact persistently with the same set of
individuals. Contacts rather occur uniformly at random between any two individuals
in the population. In network terms, contacts can be thought of as links being each
time reshuffled. In fact, we only specified the number (or rate) of contacts k, what in
a network is the degree of a node. And k is the same for every node, so the network
is k-regular. At every instant, however, there is a new k-regular network, which can
be thought of as a new realization of the configuration model. Implicitly, we are in
fact making an assumption of time-scale separation, where the time scale at which the
network of contacts evolve is much smaller than the time scale at which the contagion
occurs. In network science, this assumption is known as the annealed network approach,
in analogy with annealed disorder in solid state physics [197, 198]. We will see this
approximation in action repeatedly throughout this thesis.

2.2.2.2 SIS model

The SIR model is adequate when infection confers permanent immunity to the re-
covered individual. This is the case for the smallpox or the plague, but not, for in-
stance, for syphilis or influenza [82]. In these cases, recovery provides immunity only
for a limited period, after which the individual is again susceptible. Social and cul-
tural traits are generally not definitive. Behaviors, opinions, trends, can be adopted,
abandoned and readopted. In a social context, “reinfection” is thus usually possible.

The most simple example with reinfection is the susceptible-infected-susceptible
(SIS) model, where immunity is lost immediately. The equations for the SIS can be
obtained from those for the SIR by simply identifying the R state with the S state. The
flux entering R(¢) (Eq. (2.3¢)) is thus redirected into S(t) (Eq. (2.3a)). Using S(t) =
1— I(t), the SIS is governed by the following equation,

I(t) = [Bk(1 = I(t)) — u]I(t) . 2.7)

Contrarily to the SIR model, we can find an explicit formula for either the time evol-
ution and the equilibria of the SIS model. Imposing I(t) = 0 we find two equilibria.
The trivial, absorbing I = 0 and the nontrivial I* = 1 —1/Ry, where, as in the SIR
model, Ry = Bk/u is the basic reproduction number. The nonzero solution is known
as the endemic equilibrium and denotes the situation in which the infection remains
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Figure 2.4: Phenomenology of the SIS model. (a) Time evolution of the fraction I(t) of
infected individual in the population (notice S(t) = 1 — I(t)) for k = 3
and ¢ = 1 (Rp = 3). The dashed curves indicate the two functions which
approximate I(t) during the initial exponential growth and the final ex-
ponential saturation. The vertical dotted line marks the inflection point
F = (BkI*)~log(I*/1(0) — 1). Set I(0) = 10~*, the system converges to
the endemic state I(f — o0) = I* =1 —1/Ry. (b) Endemic equilibrium as
a function of Bk/ .

constantly present in the population. The system converges to the active, endemic
state when Ry > 1, and to the inactive state when Ry < 1, undergoing a transcritical
bifurcation at Ry = 1. Notice that the absorbing state is always reached after a suffi-
ciently long time when the system has a finite size. The transcritical bifurcation marks
a nonequilibrium phase transition and the active solution is a metastable state, i.e.,
a state where the system persists for a time interval diverging (exponentially) with
system’s size. For a large enough system, we can therefore regard the active solution
effectively as stable (albeit small fluctuations around it will observed).

To solve Eq. (2.7), we make the change of variable I(t) = u(t)?, assuming that
I(t) never vanishes, hence Ry > 1. Substituting I(t) = u(t) ! into Eq. (2.7) and
multiplying both sides by u(#)?, we get the first-order equation i(t) = —(Bk — p)u(t) +

Bk. Solving first the homogeneous equation and then plugging the solution in the
complete equation, one easily gets the solution u(t), hence I(t) = u(t) L. This reads

I*
I(t) = I(0 . 2.8
(5 =1 )I(O) + (I* = I(0)) exp(—pkI*t) @8)
Taking I(0) — 0, we see that I(t) approximates as follows,

1(0)ePkIt fort < F,

I(t) ~ " 2.9)
* N —BkI*t 7
I {1 (I(O) 1)6 } fort>1t,

where F = (BkI*)"'og(I*/1(0) — 1). That is, I(t) interpolates over time between
two exponential curves, an initial growth and a final saturation. Differentiating twice
Eq. (2.8) and requiring I(t) = 0, one finds that t = f is exactly the inflection point of
the curve I(t), with I(f) = I*/2. Notice also that the first expression in Eq. (2.9) is
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the solution of the linear limit of Eq. (2.7), I(t) ~ u(Rg — 1)I(t). When Ry < 1, I(¢)
goes to zero exponentially. Finally, if Ry = 1 (i.e.,, Bk = p), we find from Eq. (2.7)
the solution I(t) = I(0)[1 + I(0)Bkt]~1, vanishing as 1/t. The phenomenology of the
model is reported in Fig. 2.4.

223 Complex contagions

22.31 Dodds-Watts generalized contagion model

Dodds and Watts [112] defined a generalized model of contagion encompassing and
interpolating between models of simple and complex contagions, according to the first
(but not the second) definition given in Sec. 2.2. To this end, the authors introduce a
memory of past exposures to the contagious entity.

An individual can be susceptible, infected or recovered, as in the SIR model. At
each discrete time step t, each individual 7 interacts with another individual j chosen
uniformly at random from the population (mass-action). If i is susceptible and j is
infected, i receives, with probability f, a positive dose s;(t) randomly drawn from
a dose size distribution f(s). Each individual i cumulates the doses received over
the past T time steps, resulting in a cumulative dose S;(t) = Yf_, 1 +15i(t"). Each
individual is endowed with a dose threshold s} drawn from g(s*) at t = 0 and fixed
for all future times. If i is susceptible and S;(t) > s}, i becomes infected. If infected,
i recovers with probability i once S;(t) < s¥. Once recovered, it becomes susceptible
again with probability 7.

The probability P, ¢(K) that a generic susceptible individual becomes infected after
K < T encounters with infected individuals over the last T steps, reads

K
Ping(K) = ) (I,f) B =P P, (2.10)
k=1
where .
Bo= [ ds"g(s ) pils”) 2.11)

is the probability that a generic individual gets infected after receiving k positive
doses, being py(s*) the probability that the sum of k doses drawn from f(d) is equal
to or greater than s*.

The standard SIR model is recovered taking f(s) = (s —5) and g(s*) = d(s* —5%)
with § = 5%, so that P, = 1 for any k and P¢(K) = 1— (1 — B)K, which is one
minus the probability of not receiving the infection from any of the K contacts. Taking
5 < 5" we get a sharp threshold model (P, = 1 if k > 5% /5 and 0 otherwise), whereas
generic, smooth threshold models are obtained choosing distributed dose sizes and
thresholds (Px a generic increasing function of k). The resulting dynamics is quite
complex even for the simplest choices. Taking however p = v = 1, we get rid of
the R compartment, obtaining a SIS-like dynamics. Then, an individual is currently
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infected with probability Py if received a number k of positive doses over the past
T steps, being susceptible otherwise. Since the joint probability that the individual
chosen uniformly at random for contact is infected and that such individual transmits
a positive dose is I, we get the following implicit equation

T
T _

1=y (k) (BD¥(1— D) %P, = F(1), (2.12)

k=1
valid at stationarity. The solutions of Eq. (2.12) are the equilibria of the system. The
inactive state I* = 0 is always a solution. Let us suppose then I # 0. Using (1 — x)" =
" o(=1)(")x', collecting the terms of the same order in I, and dividing both sides

by I, Eq. (2.12) becomes

T /T
0=TBP —1+ ) (k)hkﬁklk‘l , (2.13)

k=2

where
i -1 (k
h = -1)* P. 2.14
= L1 ( l) ! (214)
Let n be the smallest value of k > 2 such that & # 0. Then, considering I small,
solving Eq. (2.13) at the lowest order in I (which is proportional to h,I"~1), yields

. |1—TBP |
e~ |1 . (2.15)
{(Z)hnﬁ”]

First of all, I* goes to zero for B — B = (TPy) —1_ For this to be the invasion threshold,
I* must be positive and stable for § — B. Positivity requires h, < 0. For instance,
supposed n = 2, this means P; > P,/2. Below B, the solution is instead negative,
thus unphysical, and the only equilibrium is the inactive state I* = 0. The latter is
stable if and only if dF/dI < 1 at I* = 0. Consistently, we find dF/dl = B/Bcr, so
that the inactive state is stable for B < B and unstable for B > Ber. In the latter
case the positive solution provided by Eq. (2.15) is the stable equilibrium. Therefore,
the point B = Bcr marks a transcritical bifurcation where the zero and the nonzero
solutions exchange stability. If instead h, > 0 (e.g., P; < P»/2 for n = 2), Eq. (2.15)
provides a positive solution for B < B¢ and a negative one for § > Ber. Given that
the inactive state is stable for f < B¢ independently from h;;, and that the positive
solution existing for B < B¢ is the nearest nonzero equilibrium to the inactive state, it
follows that this solution is unstable. Taking the limit § — B, at first order in 8 — Ber,
we can rewrite the positive solutions (stable or not) given by Eq. (2.15) as

T T 1
v (o)

~|B—Bal®, (2.16)
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Figure 2.5: Critical scaling, as given by Eq. (2.16), of the positive solutions of Eq. (2.12)
around the invasion threshold § = B, for different values of n. (a) h, < 0
(including class I models, h; < 0), for which the positive solutions emer-
ging from the continuous phase transition at § = B¢ are stable (solid
lines). (b) h; > 0 (including class II models, i, > 0), for which the posit-
ive solutions represent the unstable lower branch of equilibria emanating
at B = Bp < Per and crossing zero at B = Per, where a discontinuous
transition exists.

where we introduced the critical exponent { = 1/(n — 1). The latter implies that the
nature of the transcritical bifurcation depends on 1, which is in turn determined by
how the different probabilities P, compare with each other. Figure 2.5 reports the
solutions given by Eq. (2.16), illustrating the scaling for different n as dictated by
¢. The bifurcation has the same nature of the one found in standard SIR and SIS
models, for which { = 1, when n = 2, i.e,, for P} > P,/2. Accordingly, the condition
P; > P,/2 identifies those models that in Dodds ef al. [112] are called class I, or
‘epidemic threshold” models. Complex contagions in this regime qualitatively behave
as simple contagions.

As already observed, when instead P; < P»/2 (hence n = 2), the solution identified
by Eq. (2.16) is positive in a region below B¢, where it is unstable. Being Eq. (2.13) of
order T — 1 in I, other T — 2 solutions exist, some of which may be physical (i.e., real
and positive). Assuming only one of them is acceptable, this third solution lies above
the latter and is thus (locally) stable. This implies the existence of another threshold
Bp < Per, called persistence threshold, marking a saddle-node bifurcation from which
the two nonzero solutions emanate.” The stable equilibria form an upper branch of
solutions whose value increases with B, whereas the lower branch identified by the
unstable equilibria decreases, crossing zero at § = Br. The interval g € [Bp, Ber] cor-
responds to a bistability region where, for each f, there are two locally stable equilib-
ria separated by an unstable one. To reach the upper solution, then the initial fraction
I1(0) of infected individuals must lie above the lower solution at the considered B. The
lower solution represents the “critical mass” of infected individuals needed to reach

the active state. Going through B = Bcr, then I* jumps from zero to the upper solution

9 If more than two nonzero physical solutions exist, additional saddle-node bifurcations appear.
Nonetheless, this is usually excluded by plausible values of the probabilities P.
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(now globally stable), describing a discontinuous phase transition. Since the critical
mass vanishes approaching = Bcr, Dodds ef al. [112] call these class I models, iden-
tified by the condition P; < P»/2, also ‘vanishing critical mass’ models. Boasting this
critical-mass effect, complex contagions described by class II models have a qualitat-
ively different behavior than any simple contagion.

At the intersection of the two classes, corresponding to the case P = P»/2
(hy = 0), the transcritical and saddle-node bifurcations (the persistence and invasion
thresholds) may or not coincide, leading the phase transition to be continuous or dis-
continuous respectively. These models are regarded as class I in Dodds et al. [112].
Equation (2.16), however, reveals that such classification is partially imprecise. Sup-
posing that the transition at the transcritical bifurcation is continuous, then the nature
of the bifurcation is different than in simple contagion models, for { =1/(n —1) <1
(recall n > 2), as acknowledged in Ref. [112] itself. The imprecision lies in assuming
that the condition P; = P,/2 guarantees the continuity of the transition. As indeed
observed when analyzing Eq. (2.16), a necessary and sufficient condition for the trans-
ition to be continuous (discontinuous) is that h,;, < 0 (h; > 0). Therefore, claiming
that the transition for a model with P; = P,/2 is continuous necessitates verifying
that h3 < 0. If kg > 0, the transition is discontinuous; if h3 = 0, we must look at the
sign of hy. More generally, we must check the sign of the first nonzero hy, which is
hy by definition. Nonetheless, being hy = 0 (P; = P,/2) a special case, having also
hy = 0 for m > 2 requires a very fine tuning of the probabilities Py. Indeed, one can
prove by induction that for the generic hy to be zero, P, = P;/I must hold for any
1 €{2,...,k}.10 Inserting P; = IP; in the expression for hy, this can be recast in the
form hy Z;‘zl (1)} (]l()l, which is identically zero.'!

A class III of models, called “pure critical mass” models in Ref. [112], also exists, as
identified by the condition P; < 1/T, implying Ber > 1. Being the invasion threshold
inaccessible, the inactive state is always (locally) stable. Therefore, if a saddle-node
bifurcation exists, the lower branch of unstable equilibria remains nonzero for any
B. This means that a strictly positive critical mass of infected individuals is always
required for the system to reach an active state (the upper branch). The condition
for the saddle-node bifurcation to appear, and with it the stable branch of positive
solutions, depends on the involved combination of the probabilities Py as given in the
rhs. of Eq. (2.15).

The three classes of models can be clearly discerned by plotting the curve I — F(I)
against the identity line I — I. We illustrate this in Fig. 2.6. The intersection points are
the equilibria. An equilibrium I* is then stable (unstable) if F(I) crosses the identity

A pathological case exists; the one in which P; = P;/I for any [/ from 2 up to T. From Egs. (2.12)
and (2.13) follows that the inactive state is then the only equilibrium, unless § = Br and Pr = 1
(implying Ber = 1), in which case any I € [0, 1] is a neutrally stable equilibrium.

Proof. Using (];) = %(ll(:}), it follows Iy, o Zé‘;& k1,1, With ¢p_1) = (fl)l(kjl). Using the Pascal’s
rule (71) = (%) + (21), we have cx_1; = cx_o) — ck_2-1. It follows hy « 10+ cpo14-1 +
Z;‘;lz Ck—2] — Z;‘;lz Ck—21-1 = Ck—1,0 T Ck—1k—1 — Ck—2,0 t Ck—2k—2, obtained by adding and sub-
tracting both cx_5 0 and cx_p k. From ¢,_19 = cx_p9 = 1 and cx_14—1 = —Cx_2—2, then by = 0.
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Figure 2.6: Stability plots for the Dodds-Watts model. F(I) against I for (a) class I
Py > Py/2, P 2 1/T), (b)class I (1/T < P < P,/2), and (c) class III
(P1 < 1/T) models. The identity line I +— I is represented by a solid black
line, whereas colored solid curves denote I — F(I) for various values of
B below or above the invasion and persistence thresholds of each class.
Filled and empty circles indicate respectively stable and unstable nonzero
equilibria, identified by I = F(I).

line from above (below) at the respective intersection, as this corresponds to dF /dI < 1
@dF/dl > 1) at I*.

22.32 Simplicial contagion model

Introduced by Iacopini ef al. [199], the simplicial contagion model recognizes group,
many-body interactions as an alternative mechanism responsible for complex con-
tagions. Differently from previous models, where pairwise influences are separate
interactions and are thus cumulated over time, this model accounts for the synergistic
effect given by the simultaneous presence of two or more contagious units in a group.
Contagions described by this model are thus complex according to both definitions
given in Sec. 2.2. The model is defined for interaction structures represented by simpli-
cial complexes, where groups are mapped into simplices, hence its name. Nonetheless,
the authors analyze the qualitative behavior of the system through a simple ODE that,
relying on the mass-action assumption, generalizes the ODE describing a SIS process,
Eq. (2.7).

In this model, in addition to two-body interactions (links, 1-faces) in which a sus-
ceptible individual gets the infection from an infected one at rate B(1), a susceptible
individual gets also infected at rate (") in a (1 + 1)-body interaction (n-face) with 1
simultaneously infected individuals, i.e., while taking part to a group where at least
n members are infected. Supposed m is the size of the largest groups in the system
(m — 1 would be the dimension of the simplicial complex), the evolution of the fraction
of infected individuals in the population, I(t), is then governed by

m—1

I(t) = —pI(t) + (1= 1(t)) Y BKkMI(e)", (2.17)
n=1

33
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being y the recovery rate and k(") the number of (1 + 1)-body interactions involving
an individual in any time interval At. Equation (2.17) is an ODE of order m. Imposing
stationarity we thus get an algebraic equation of order m in I. Besides the trivial
solution I* = 0, m — 1 nonzero (but not necessarily physical) solutions exist. The
pairwise SIS model is recovered setting m = 2.

Let us take m = 3 to get the minimal non-pairwise model. Linearizing around
I =0, Eq. (2.17) becomes [ ~ (—p + BWkM)I, implying that the inactive state I* =
changes stability at (1) = /k(1) = B, being unstable above (notice that this holds
for any m). The latter is the same invasion threshold found in the pairwise SIS model.
In other words, in this mean-field approximation, the stability of the inactive state is
predicted to be independent from any higher-order infection rate.

The two nonzero equilibria are immediately found as the solution of a quadratic
equation, and read

BOKD — IR £ /(BOKQ) — BKD)2 — 4p@KC) (s — pIKD)
It = . (2.18)
282)k(2)

These are real for (1) > (2 @k — ﬁ(2>k(2)) /k1) = B,,. The threshold B, takes

its maximum at 5(2) =u/ k(z), at which it equals B, being strictly smaller otherwise.

At =B, 11 =1—\/u/B@Dk@, which is nonnegative if and only if B2 > p/k(?).
Besides, I increases and I* decreases with B Being I% positive at p(1) = Bp when
B2 > u/k?), I} remains positive for any gy > Bp, whereas I* decreases with
B and crosses zero (from above) at (1) = B, being negative thereafter. When
B2 < u/k®, instead, since I% is nonpositive at gl = Bp, IX is negative for any
higher value of B), whereas I} increases with B and crosses zero (from below) at
ﬁm = Ber, remaining positive from there on.

Linearizing around I by taking I = If + I, one gets 61 ~ —I% (I — I* )51, whose
sign is equal to Fsgn(4I), given I > 0 and I¥ > I*. Consequently, when physical,
Iy is stable and I* is unstable.

The results are summarized in Fig. 2.7. When ,B(l) < Bp, there is only one equilib-
rium, the inactive state I* = 0. If B > u/k® and V) [Bp, Br), the inactive state
is still locally stable, while two solutions I, I* > 0 emerge, being respectively stable
and unstable. Then, when /3(1) > Ber, the inactive state is unstable, I* negative, hence
nonphysical, and the only stable physical equilibrium is I%.

This is the same qualitative phenomenology predicted by the Dodds-Watts model
discussed in the previous section. Epidemic-threshold (class I) models are found for
B2 < 1u/k?), as the system undergoes a unique, transcritical bifurcation at () = B,
where I* = 0 and I} exchange stability. Vanishing-critical-mass (class II) models are
instead found for B2 > 1/k®), as a saddle-node bifurcation emerges at g(1) = Bp
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Figure 2.7: Phase diagram of the simplicial contagion model. (a) Class I (ﬁ(z) <u/ k@)
and class 1T (8®) > /k(®)) models according to the classification given in
Sec. 2.2.3.1. The two classes merge at the tricritical point (8(1), 5(2)) =

(1/kM), 1 /k@). (b) Class IIl model, obtained setting B(1) = 0. Blue solid
(dotted) curves denote the stable (unstable) branch I (I*), whereas I* = 0
is reported by a black solid line whenever stable. The saddle-node bifurca-
tions at B, are marked by star-shaped points.

and I > 0, implying bistability in the interval /3(1) € [Bp, Ber)-'2 The critical mass
I*, needed by the system to converge to the upper solution I}, indeed vanishes at
B = B, above which IT > 0 is the only stable equilibrium. Class I and class II
coalesce at the tricritical point (81, ) = (u/k(M), u/k?)), where the transcritical
and the saddle-node bifurcations merge.'3 Lastly, pure-critical-mass (class IIT) models
correspond to B(1) = 0, for which I* = 0 is (locally) stable (linearizing, [ ~ —uI < 0)
and an unbounded bistability region exists, B(2) € [4/k(2), ), for the lower solution
I* decreases with ﬁ(2> but never touches zero. Notice that the simplicial contagion
model has been recently extended to 4-body interactions, finding regions of tristabil-
ity [200]. Again, such regions are found also in the Dodds-Watts model by increasing
the period T over which doses are cumulated [112].

Given this qualitative equivalence, one might be tempted to conclude that knowing
whether the multiple exposures need to be towards different sources is irrelevant to
the spread of a complex contagion. Accounting for group interactions, where the dis-
tinguishability of the sources matters, seems then a marginal detail. In this regard, it is
crucial to notice that Eq. (2.17) is agnostic about whether the n exposures making up
the force of infection (8 I(t)") come from n different sources or if some of them re-
peatedly come from the same source. Therefore, even though the model is defined to
describe contagions that are complex according to the second (hence first) definition
given in Sec. 2.2, the above analysis, by relying on the mass-action assumption, holds
identical also for contagions that are complex by the first definition only. For the same

12 Interestingly, 5@ > 41/k® implies Bp < 0. In such case, once reached the upper solution,
the system persists in an active state even when (1) = 0, exclusively supported by three-body
infections.

13 The critical exponent ¢ of the bifurcation becomes 1/2 at merging, as in the Dodds-Watts model
when h3 < 0.
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reason, the analysis is blind to how pairwise and group interactions are organized in
the interaction structure, thus making the same predictions for all those hypergraphs
sharing the same set of average degrees. Such indeterminacies are resolved by mak-
ing individuals explicitly distinguishable, as when identifying them with nodes on
a quenched network (see Sec. 3.1), or implicitly so by accounting for the dynamical
correlations that a network creates (see Sec. 3.2), correlations that the mass-action hy-
pothesis thoroughly neglects. By doing so, we will reveal dynamical effects exclusively
ascribable to the higher-order organization of the interactions. This means that, even
if we chose the parameters in the Dodds-Watts model and the simplicial contagion
model in order for them to give the same outcome (e.g., same equilibrium preval-
ence), we could still detect the presence of group interactions, for the outcome would
be altered by changing the arrangement (but not the number) of the interactions in
the structure.

224 From Markov chains to compartmental models

The models we analyzed in Secs. 2.2.2.1-2.2.3.2 are deterministic models, described by
ODEs. Nonetheless, being a model of contagion an effective theory, we talked about
transition (infection and recovery) probabilities. Let us therefore briefly clarify the
connection between the probabilistic and the deterministic description.

Let us consider a system made of N units. Denoting with x;() the state of unit
i at time t, x;(t) is a random variable taking ¥ € IN possible values. Therefore, the
system’s state vector x(t) = (x1(t),...,xn(t)) € X can be found in one of |X| = N
possible configurations, being X the system’s state space. Let P(x,t) = P(x(t) =
x|x(0) = xo) be the probability that the system is in state x at time f given it started
in state x( at time t = 0. Supposing time to be continuous, if for any x and ¢, P(x, t +
dt) only depends on the state distribution {P(x,t)},cy at time ¢ (Markov property),
then the trajectory x(¢) defines a continuous-time Markov chain, also known as jump
process [201]. The temporal evolution of P(x,t) is thus governed by the following
master equation (Kolmogorov forward equation) [202],

P(x,t) = Y [W(x|x)P(x',t) = W(x'|x)P(x,1)] , (2.19)
xeXx

where W(x|x') is the transition rate from state x’ to state x. The two terms in the
sum represent the probability fluxes towards and from state x, respectively. Having
assumed that the transition rates do not depend explicitly on time (they do only im-
plicitly, via the system’s states), Eq. (2.19) defines a homogeneous Markov chain. Once
chosen x and specified a form for the transition rates, the integration of the master
equation provides the exact temporal evolution of the entire probability distribution
{P(x,t)}xex- There is a number of XN — 1 ~ =N equations of the form Eq. (2.19)
that we need to integrate. This number, as an exponential of N, becomes ridiculously
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high even for the simplest model with ¥ = 2 and a population of few dozens of
units, preventing the computational integration of the master equation for even small
systems.

In many cases, however, we are interested in the state of aggregates rather than of
single units. Thus, we can reduce the problem’s dimensionality by grouping the units
in m compartments (i.e., sub-populations). The compartments are treated as equival-
ence classes, so any two units in the same class should have any of their properties
identically distributed at any time ¢. Further individual properties which may influ-
ence the units” behavior are consequently neglected. The resulting model is called a
compartmental model. In a social system, for example, the classes are typically defined
by individual features such as age, income, or employment status, in addition to the
dynamic state of individuals. Notice that in Secs. 2.2.2.1 and 2.2.2.2, we implicitly as-
sumed m = 1, meaning that all the individuals have identical features—hence, there
is no point in retaining them—and can only differ for their dynamic state—which is
what discern the compartments. Since the individual features are typically fixed or
change very few times during the period we observe a system, we can conveniently
think of the generic compartment k as partitioned in X sub-compartments, each corres-
ponding to a specific dynamic state (e.g., the two sub-compartments of the susceptible
and infected individuals within the compartment of individuals of high income). If
the size of each compartment is extensive (i.e., « N), then one can prove that the total
number of equations to integrate no longer scales exponentially, but as a power of
N, precisely as N*~1/[(Z — 1)!]". This derives from the fact that the system’s state is
now entirely specified by the state configuration of each compartment, which is given
by counting how many units there are in each of the ¥ sub-compartments. Denoted

(k)

with ;" the number of units of compartment k in state i, the state of the system is

then n = (ngl), ., n(zl), ., ngm),. . n(zm)). In other words, the state of each compart-
ment (hence of the system overall) is described by a set of birth-death processes [84].
For instance, for infection dynamics, an infection event corresponds to the “birth” of
an infected unit in a given compartment, leading the counts of susceptible and in-
fected units in that compartment to decrease and increase by one, respectively. The
stochastic evolution of the system is governed by a master equation analogous to
Eq. (2.19), substituted x with n.

The last step to get to a deterministic description in the form of ODEs con-
sists in taking the infinite-size limit, N — oo, as guaranteed by the following
crucial results. Oppenheim et al. [203] proved for some paradigmatic examples of
birth-death processes, including SIR-like (hence SIS-like) dynamics as special cases,
that P(n,t) becomes, at order 1/N, a delta function centered at n(t) = (n(t)) =
(@), ..., D), ")y, (1 (+))), Vt. Therefore, for N — oo, the
process is exactly described by a system of ODEs whose variables are the average
numbers (or fractions) {(ngk) (t))}lelg’ . For the models in Secs. 2.2.2.1 and 2.2.2.2,
for which m = 1, those averages are 5(t), I(t) and R(t). If Ref. [203] considered poly-
nomial transition rates (e.g., o< BS(#)I(t)), Kurtz [201, 204, 205] extended these results
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to a much broader class of homogeneous Markov chains, by only requiring the trans-
ition rates W(n|n') to be bounded functions in any finite interval of RN.

In summary, partitioned our system in m extensive compartments and taken the
N — oo limit, the homogeneous Markov chain describing the system’s dynamics can
be replaced by a deterministic model for state averages. The resulting model is thus
the so-called thermodynamic limit of the stochastic description of the finite-size system.
Since the state of each part of the system and the coupling between parts is described
in terms of average quantities, we call the model a mean-field theory, in analogy to
the theories developed in statistical physics [206]. Each unit in the system indeed
“feels” the influence of other units through the average states of those units—through
mean fields. Independently from whether the resulting description is exact or not, we
hereafter qualify a quantity as a mean-field one whenever it is only defined in terms
of an average over some set of state variables (or over the probability distribution of a
state variable), thus neglecting the fluctuations around it.

Everything we said for continuous-time descriptions can be restated in discrete
time. In this case, a system is said to satisfy the Markov property if P(x,t + 1) depends
on the state distribution {P(x, t)}ycyx at time step t, but not on that at previous time
steps (t — 1, t — 2, etc.). The trajectory x(t) is then called a discrete-time Markov chain or
jump chain [201].

2.3 CONTAGION PROCESSES ON NETWORKS

The thermodynamic limit discussed in the previous section is valid based on the as-
sumption that the current state of the system fully specifies the transition rates of
the Markov chain. The simplest form for the transition rates is provided by the law
of mass-action, which, assuming that the interactions occur uniformly at random in
analogy to collisions in a gas of uncorrelated particles, implies that the rates are just
proportional to the product of the densities of units in the considered compartments.
However, how units in different compartments interact among them generally correl-
ates with the properties defining the membership of the units to those compartments.
Therefore, the partition allows us to bring some additional information about the in-
teraction patterns among the units to obtain a more refined description. For instance,
if some data indicate that people interact more often with people of similar age, then
it would be helpful to divide the population into age classes and account for such
assortativity to get a more realistic description of the contact patterns. Nonetheless,
even if the mixing among compartments is not uniform, as long as it is random (hence
entirely determined by the densities of units in the compartments), the connection
between the stochastic description in terms of a Markov chain and the deterministic
one in terms of ODEs is still valid. As we will see later on, the rigid presence of a
network makes that connection crumble.

For now, let us explore the case of a generic heterogeneous mixing, which has
been referred to as the annealed network assumption at the end of Sec. 2.2.2.1. We
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can imagine a network of contacts being present at a given instant. However, the
connections are constantly reshuffled at a much higher rate than the frequency at
which contagion-related events occur. Consequently, the interactions are randomly

redrawn each time, possibly following some generic, nonuniform pattern.

2.3.1 Annealed networks

Let us suppose to partition a population in m compartments (e.g., age classes) and,
for the sake of simplicity, assume that the units can be found in one of two states, as
in a SIS-like process. Let S; and I; be the fraction of susceptible and infected units in
compartment i € {1,...,m}, respectively, so that S; + I; = 1. The state of the system is
thus specified by the vector I = (I3, ..., I;). Denoting with Cij= [C] ij the number of
contacts a unit in compartment i has with units in compartment j in the time interval
At, the probability for a susceptible unit in i to get the infection by a unit in j is
proportional to BC;;At. Assuming as before no correlation between the states of the
units, the evolution of the system is governed in the thermodynamic limit by a set of
m ODEs of the form,

Li(t) = —pli(t) + (1= I(1))B ZCU i pli(t) + (A= Li(1)Bfi(t) ,  (2.20)

_\/_

fi(®)

-

where Bf;(t) is the so-called force of infection for units in compartment i. Alone, f;(t)
is the total number of infectious contacts experienced by a unit in 7 at time ¢. Notice
that Eq. (2.7) is recovered from Eq. (2.20) by taking m = 1.

Imposing stationarity, i.e., [ = 0, we find the relation

1+Ef,

(2.21)

which, as one can expect, says that the probability for a unit in compartment i to be
infected increases with f;, hence with the respective force of infection. Consequently,
at equilibrium, infections are generally distributed in a nonuniform way within the
population. In proximity of the epidemic threshold, where I, f; € O(1/N), Eq. (2.21)
becomes linear,

B
L ~2Ff, 2.22
Vf (2.22)

implying that the inactive state I = 0 looses stability if and only if the vector f =
(f1,---, fm) = 0 does. Indeed, once linearized Eq. (2.20) around I = 0, one finds that
both I and f satisfy the same equation, of the form

x=[pC—pl]x. (2.23)
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Accordingly, the inactive state changes stability when
Ry = gAmax(C) -1, (224)

being Amax(C) the dominant eigenvalue of the contact matrix C. The epidemic
threshold thus reads Ber = 1/ Amax(C). The value of Amax(C) depends on how con-
tacts are distributed within the population.

To get some insight, let us rewrite the entries of the contact matrix as C;; = k;6;;,
where k; is the number of contacts for a unit in compartment i, and 6;; = C;;/k; is
the probability that a contact of a unit in 7 is with a unit in j. Through the entries of
the row stochastic matrix 8, we can model any contact pattern among the compart-
ments. For instance, by defining 6;; = ;jx;/k; + (1 — 6;;) (1 — x;/k;)/ (m — 1), we can
model patterns going from full assortativity (x; = k;) to full disassortativity (x; = 0).
In the full assortative limit, k; — k;, Vi, one can easily show that Amax(C) = kmax
at the lowest order in k; — «;, being kmax = max{ky, ...,k }. The epidemic threshold
is therefore determined by the compartment(s) with the highest number of contacts.
In the full disassortative limit, x; — 0, Vi, the computation of Amax(C) is far from
trivial when m > 2, for the force of infection coming from compartment i goes back
to i via several different paths across compartments. For m = 2, one can easily show
that Amax(C) = (kikp)'/?, implying that the epidemic threshold depends on the geo-
metric mean of the number of contacts of the two compartments. For m > 2, labeled
the compartments in descending order with respect to the number of contacts, so that
k1 = kmax and ky < ky, if k; < kq for any i € {3,...,m}, then one can show that
Amax(C) =~ c(klkz)l/z, where ¢ < 1 (c = 1 only in the trivial case k; = k, Vi). The
epidemic threshold thus decreases when going from the disassortative to the assortat-
ive limit. Besides, differentiating f; = k; Z;-":l 0;;1; with respect to k;, a straightforward
calculation shows that f; grows with k; for any x. From Eq. (2.21) then follows that, at
equilibrium, I; increases with f;, hence with k;. Infections are therefore mostly local-
ized around those units which interact the most. Accordingly, the epidemic threshold
decreases when highly interacting units interact preferentially among them.

23.1.1 Proportionate mixing

To isolate the effect that the heterogeneity in the number of contacts can have on
the contagion dynamics, let us model ¢;; through the hypothesis of proportionate mix-
ing [83], according to which the contacts occur uniformly at random (neutral mixing).
The probability of interacting with a unit in compartment j is thus proportional to the
total number of contacts emanating from compartment j. Denoted with p; the frac-
tion of units in compartment j, we thus have 6;; = p;k;/ (k), being (k) = YI; pik; the
average number of contacts of a unit in the system. The quantity f; takes so the form
fi = ki(k(I))/(k), defined the mean-field quantity (k(I)) = ]’-”:1 pjkil;, the average
number of contacts of an infected unit. Consistently with what shown above, Eq. (2.21)
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implies that I; increases with k;. Compartments are distinguished only by the number
of interactions their members take part to. In network terms, compartments coincide
here with degree classes.

Since I; > 0 if and only if (k(I)) > 0, Vi, we can determine the epidemic threshold
by writing down a dynamic equation for (k(I)) in proximity of (k(I)) = 0 (ie., of
I = 0). At the lowest order in (k(I)), we obtain

. moo (2)
(k(D))(t) = 2 1, pikil;(t) = {—ﬂ+ﬁf<k> } k(D) (1) - (2.25)
j=

Equation (2.25) provides

_ B
Ry = PR (2.26)

from which, imposing the threshold condition Ry = 1, we find Ber = p (k) / (k?). Fixed
(k), the more dispersed is the distribution of the numbers {k;}, the larger is (k?), and
therefore the smaller is the epidemic threshold. This result was derived in the 80s by
mathematical epidemiologists who understood that to explain the increase of sexually
transmitted diseases registered in the United States during the 60s and 70s, it was cru-
cial to account for the observed heterogeneity in the number of sexual partners [207,
208]. For instance, Anderson et al. [208] found Eq. (2.25) by modeling the spread of
the human immunodeficiency virus (HIV), responsible for the acquired immunodefi-
ciency syndrome (AIDS). Nonetheless, the result remained confined to epidemiology
for many years. In 2001, the physicists R. Pastor-Satorras and A. Vespignani [209],
apparently unaware of these works in epidemiology, derived Eq. (2.25) in the context
of a SIS-like contact process in networks, pushing its dynamical implications to the
limit. Building on the then recent discovery of scale-free networks in real systems,
they assumed a power-law distribution for the number of contacts (degree), ~ k™7,
showing that, for ¢ < 3 (recall from Sec. 2.1.3 that (k)/(k*) — 0 in this case), the
epidemic threshold vanishes in the thermodynamic limit. In other words, they proved
that no matter how small is the infection probability B, such a heavy-tailed distribu-
tion makes the inactive state unstable—an outbreak is always supercritical. Thanks to
the transversal language and formalism of network theory, the impact of this result
extended across several disciplines, in the full spirit of complex systems research.
Clearly, the epidemic threshold is truly zero only for an infinite population, being
instead always nonzero for finite, real systems. Moreover, as discussed in Sec. 2.1.3,
it is still debated whether some real-world networks are actually scale-free or not.
Nonetheless, many of them boast a heavy-tailed distribution for which (k?) is large
compared to (k), implying a much smaller value for the epidemic threshold than
the one predicted by a simple homogeneous approximation (i.e., (k%) ~ (k)?). The
vanishing of the epidemic threshold in the thermodynamic limit thus represents the
extreme instance of a key qualitative result, the decrease of the epidemic threshold
due to a larger heterogeneity in the activity (degree) of the system’s units (nodes).
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2.3.2  Quenched networks

As we have seen, the annealed network formalism (i.e., heterogeneous random mix-
ing) can reveal primary effects of the heterogeneities present in the system. The het-
erogeneity can refer not only to the properties of the single units, as for the number
of interactions (degree) they have, but also to the organization of such interactions
within the system, as the frequency at which units interact among them generally cor-
relates with their individual properties (assortativity of the mixing). This formalism
is a refinement of the law of mass action. It assumes that if a unit in compartment
i interacts at a given time with some unit in compartment j, the latter is chosen uni-
formly at random within compartment j. If the size of the compartments diverges,
the probability that a unit samples twice another unit vanishes, as if the interaction
network was entirely redrawn at each time. As a result, the states of different units
do not correlate. The statistical fluctuations around the average state of each compart-
ment become negligible, implying that the thermodynamic limit of the process is a
deterministic system of ODEs for the average states.

Differently from particles in an ideal gas, units of most natural systems rarely in-
teract at random. Taking human societies as an illustrative example, people interact
repeatedly through their social ties. For instance, if it is generally true that we interact
more often with people of age similar to ours [210-214], we do not randomly sample
the subset of people of our similar age in a population to determine who we interact
with—as the annealed formalism assumes. Our friends, partners, and colleagues are
likely to be included in that subset, but they do not change constantly; instead, they
persist over time scales that are usually much larger than those at which many pro-
cesses of interest occur, such as disease or information spreading. Similarly, if a web
page in the World Wide Web points to a page with specific content (e.g., a fashion
blog containing a hyperlink to the page of some fashion house), the pointed page will
not be constantly substituted with a new page of similar content, it will rather en-
dure in time, usually. Such temporal persistency motivates describing the interactions
occurring in these and many other systems as rigid connections. In other words, we
can better model many natural systems as static networks where the properties of the
units and their respective interactions are “quenched”, “frozen”. Regarding the set of
those properties as being sampled from some—very complicated and inaccessible—
probability distribution, the corresponding network is indeed a quenched disordered
system [215], the disorder being encoded in the network itself and, possibly, in the
weight of its links. We thus call a static network also quenched network.

As quenched disordered systems in general, processes in quenched networks are
much more challenging to analyze than in the annealed counterparts. In particular,
the infinite-size limit of a Markov chain is not only not guaranteed to be a determ-
inistic system of ODEs for the state averages, but we do not expect it to be so. The
connection between the two is guaranteed only for (homogeneous) Markov chains
whose transition rates are entirely determined by the current state composition of
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each compartment, i.e., by how many units of a compartment are in each of the pos-
sible states. In the presence of a static network, however, it is not just the number of
units in each state that determines the transition rates but how units in the various
states are distributed over the network. The information about such distribution is not
contained in the state of the compartments. Because of the neglected information, the
transition rates, therefore, become random variables, for they could assume different
values even though the state of the compartments remained the same, making the
process non-markovian. We can readily illustrate this with the simplest of the conta-
gion models, a binary SI-like dynamics where units are only distinguished by their
state. Defined the system’s state as the number Nj(t) of units which are in state I at
time t, the rate at which Nj(f) changes is proportional to the number Ng;(t) of S-I
edges in the network. The knowledge of Nj(t), however, does not provide sufficient
information, as S and I units can be arranged to yield different values for Ngy(t).!
Still, generally, Ng; () is not determined by just its value and the value of Nj(t) at
the previous instant. As Fig. 2.8 shows with a simple example, Ng;(t) depends on the
previous precise location of the I units in the network, i.e., on the exact state of the
system. A process that is a Markov chain in terms of the exact state of the (networked)
system thus generally translates into some non-markovian dynamics when described
solely in terms of state averages (or other aggregated variables, e.g., Ngr). We have no
good reason to expect the resulting description to approach, in the infinite-size limit,
a deterministic system of ODEs. In essence, the structural constraints representing the
persistent interactions in a static network create local dynamical correlations, which
the annealed approach washes out. Figure 2.9 provides an example of a case where
the latter fails spectacularly.

To further clarify how the correspondence between the stochastic description
(Markov chain) and the deterministic one (ODEs for state averages) breaks down
for static networks, we can imagine starting from a perfectly homogeneous popula-
tion, where we neglect the units’ heterogeneities, and then inform the description by
accounting for more and more details about those properties of the units which are
relevant for the process of interest. In the beginning, since the N units are all equival-
ent, they have no preference to interact with other specific units, and the interactions
occur uniformly at random. The mass-action assumption is satisfied, and a system
of ODEs is the exact thermodynamic limit. Accounting for some heterogeneities, we
then divide the population into a few compartments (e.g., in a social system, solely
based on age), say m, so that each compartment is still an extensive subsystem (of
average size N/m) and units within a compartment are equivalent. Thus, two units
generally interact more or less frequently than expected under uniform mixing de-
pending on the compartments they belong to (i.e., their distinguishing properties). Be-
ing the compartments extensive, the refinement of the mass-action assumption given

Knowledge of Nj(t) would sulffice if the network was complete, since Ng;(t) = Nj(t)(N — Ny(t))
in this case. We can say that a complete network is equivalent to a homogeneous well-mixing
where each node potentially interacts with any other node.

43
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Figure 2.8: Example illustrating the impossibility to exactly describe the evolution of
a networked system by following global quantities. A determinstic SI-like
process is considered, where infected nodes (orange) pass the infection
to susceptible nodes (grey) with probability one from one time step to
the next (from left to right). Although the three initial configurations of
the system are identical in terms of the global quantities Ny, the number
of infected nodes, and Ngj, the number of S-I edges, they can transition
to configurations with different N; and Ng;. Knowledge of the latter is
thus insufficient to determine the evolution of the system, and even a de-
terministic dynamics becomes stochastic when described in terms of such
aggregated quantities.

by the annealed formalism provides the proper thermodynamic limit. By refining the
description, we get to the point where the population is partitioned in a number m
of compartments that is no longer independent from N; the compartments become
sub-extensive (~ N%, 0 < a < 1). Consequently, compared to the previous cases, the
statistical fluctuations vanish at a much slower rate with N, and we need to consider
much higher system sizes for the deterministic description to be satisfactory.'> Eventu-
ally, when m = vN € O(N), v < 1, the system is divided into compartments of fixed
average size (e.g., households), 1/v. Being the compartments finite, a unit has a non-
vanishing probability of sampling (interacting) more than once (with) a given unit
in any finite time interval. Statistical fluctuations do not vanish with N, as the states
of the units become correlated to some extent, and we do not expect a deterministic
description in terms of compartments’ state averages to hold in the infinite-size limit.
By increasing v, the compartments become smaller, interactions more frequently re-
peated, and the states of the units more correlated. When eventually v = 1, each
compartment consists of just one unit—everyone is unique in this world—, implying

Strictly speaking, when sending N to infinity, the fluctuations in a sub-extensive compartment,
while still vanishing, become infinitely larger than those in an extensive compartment, as the
latter are infinitesimals of higher order.
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Figure 2.9: Example of how an annealed description can completely fail to predict the
dynamics on a quenched network. We consider the same dynamics as in
Fig. 2.8. The first row depicts the temporal evolution (of a portion) of a
(infinite) chain-like network, where each node interacts with its two first
neighbors along the chain. The second row represents the temporal evol-
ution of the corresponding annealed network, which assumes that two
nodes each node interacts with during a time step are sampled uniformly
at random. For better readiness, only S-I edges are reported in this case
(as dashed lines if connecting to nodes outside the shown subset). The an-
nealed approach wrongly predicts Ny to grow exponentially (N7(t+1) =
Nj(t) + Nsj(t) = 3Nj(t), as long as N; < N), whereas the chain-like struc-
ture leads Nj to grow linearly (Ny(t + 1) = Nj(t) + Ng;(t) = Ny () + 2).

that a unit always interacts with the same set of other units, maximizing correlations.
This is a static network.!®

Real-world networked systems are generally somewhat dynamic, however. For in-
stance, people usually have relationships representing their (meta-) stable backbone
of social interactions, but they also participate in random or spurious interactions
that hardly or never repeat. However, also these interactions can be meaningful for
specific processes, among which epidemics (e.g., getting an infection from a stranger
in a public place) and information spreading (e.g., seeing a post published on an
online platform by a user one does not follow). Real networks are usually neither

Clearly, whether a network is static or not is independent of whether the relevant information we
have about the units is sufficiently refined to discern them from each other. If, on the one hand,
such an amount of information is often unavailable, on the other, we can usually reconstruct
the network without disposing of that information. For instance, we may retrieve the network
of “who-follows-whom” or “who-is-friend-of~-whom” in a social platform, which is the infra-
structure on which information propagates in that system, without knowing anything about the
individual properties of the single users. It is from the modeling perspective that such inform-
ation is important. If we lack information about individual properties relevant to the dynamics
(e.g., knowing that users have different susceptibilities to specific kinds of information), then we
are limited in how accurately we can model the process of interest; nonetheless, we may still be
able to find the underlying network.

45
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static nor fully annealed, but strong temporal correlations typically exist between
network configurations at subsequent times. Such correlations often make static net-
works good representations, albeit accounting for temporal variations would provide
a more accurate—but even more complex—description. We do not consider temporal
network models in this thesis (although we sometimes use temporal network data),
so we refer to the review [45] and book [216] (and references therein) by Holme and
Saramdki for a thorough discussion about time-varying networks.

In summary, an exact description of a Markov chain unfolding on a static network
requires, in principle, the full knowledge of the state of the system, namely, the state
of the single units together with their location in the network. At least formally, we
could write down a generic master equation of the form of Eq. (2.19) for the system’s
state. However, the system’s state space X has a prohibitive dimension. Indeed, for
any of the possible =N units’ state assignments, there are generally multiple non-
isomorphic ways to make such assignments.!” Solely finding such non-isomorphic
assignments is already computationally hard (it can be related to the problem of de-
fective coloring [217]), let alone integrating the master equations (if an assignment
has s(N) average non-isomorphic realizations in a network of N nodes, then A" has
dimension s(N)ZN).

When dealing with processes on static (or non-randomly varying) networks, we
must accept that an exact description is generally out of reach. Nonetheless, we can
formulate approximate models of various sophistication that often provide a satisfact-
ory description. The fundamental aspect of the approximation such models introduce
is how good they are in preserving—or better, not neglecting—local dynamical correl-
ations. Some key models at the base of the developments presented in this thesis, are
discussed below.

2321 Node-based approximation: Microscopic Markov chain approach

We call an approximation ‘node-based’ if it regards the states of the nodes in the
network as uncorrelated random variables, thus neglecting any dynamical correlation
among them. The exact evolution of the system is approximated through a set of N
microscopic equations, each governing the expected state of a single node. That is,
fluctuations around the average state of a node are neglected. The evolution of the
system is described by (£ — 1)N equations (one state probability is fixed by normal-
ization at the node level), whose integration is thus scalable to large systems. If the
quenched interaction structure is retained, the resulting model is then usually referred
to as ‘individual-based’ or ‘quenched” mean-field approach [135], discussed below.

17 To make sure what we mean here by “non-isomorphic” is clear, take the smallest non-complete
network, a chain a-b-c of three nodes, where b is the central one. Suppose one node is in state 1
and the other two are in state 2. Given the asymmetry between the central and peripheral nodes,
the non-isomorphic state configurations are two, 2-1-2, and one between the isomorphic pair,
1-2-2 and 2-2-1. If also a and ¢ were connected (i.e., in the effective absence of the network), then
each label assignment would be isomorphic to any of the other two.
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Node-based models have been proposed considering time either continuous [218,
219] or discrete [220-222]. As one of the models developed in this thesis builds on the
discrete-time model presented in Gomez ef al. [222], called microscopic Markov chain
approach (MMCA), we choose to introduce the latter. Nonetheless, an equivalent phe-
nomenology holds in continuous time, which can be recovered by properly sending
the time step duration to zero.

We illustrate the MMCA in its original formulation used to model a spreading
process following a SIS dynamics.!® Denoted with PI-I (t) the probability for node i to
be infected at time ¢ (hence PI.S (t) = 1— PL(t) is the probability it is susceptible), P! ()
obeys the following difference equation

P{(t+1) = (1—u)P/(t) + PP (1) (1 - 4i(t)), (2.27)

being g;(t) the probability that node i is not infected by any of its neighbors through
the time step from ¢ to f + 1, reading

—e

Il
—

q:(t) = (1 — A;ipP/ (t)) , (2.28)

]
where A is the adjacency matrix. The N equations of the form of Eq. (2.27) are iterated
until the system reaches a stationary state, at which Pil (t+1) = Pl.I (t) = PiI , Vi. The
equilibria can be found by imposing stationarity in Eq. (2.27) and solving the resulting
nonlinear equation,

1—g;
pl=_—~-_ 1 2.29
optlog ¢2)

analogous to Eq. (2.21). It is immediate to see that the disease-free state (PiI =0,
Vi) is an equilibrium. The latter is stable if and only if B is lower than the epidemic
threshold, Bcr; otherwise, there exists one endemic equilibrium for each g > Ber. To
find Ber, in Ref. [222], the authors perturb the disease-free state by taking Pil € O(e),
Vi, given € — 0, and plug this into Eq. (2.29). Neglecting O(€?) terms, the probability
for node i to get infected becomes 1 — g; >~ B Z]-I\L 1A ijI , which is proportional to the
average number of infected nodes in its neighborhood,' a local mean-field quantity.
In terms of the state vector P! = (Pll, ey, PII\]), the linearized Eq. (2.29) can then be
recast in the form of an eigenvalue equation,

Ap! = %Pl . (2.30)

In Ref. [222], the authors consider that a node can recover and be reinfected within the same
time step. We do not consider this possibility here, nor in the following models. In fact, it does
not affect the epidemic threshold. Moreover, the associated joint probability for the two events is
negligible in continuous time.

Notice that this is the form taken by the probability of getting infected in continuous time, where
Eq. (2.27) becomes P/ (t) = —uP/ () + PS ()BT AP/ ().
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Equation (2.30) says that y/pB is an eigenvalue of the adjacency matrix. Since we are
looking for the smallest value of B at which the disease-free state looses stability, the

epidemic threshold is provided by the dominant eigenvalue Amax(A), as

M

Per = Amax(A) ' 230
having assumed Amax(A) is real. The connection with Eq. (2.24) is easily established.
Reducing each of the m compartments in the annealed formalism to one of the N
nodes in the network (hence m = N) , the contact matrix C becomes the adjacency
matrix A. The latter is the microscopically detailed version of the former.

It might not be immediately clear, however, why the procedure above provides
the epidemic threshold. To this end, notice that, given it solves Eq. (2.30)—which
is the linearized form of Eq. (2.29)—, P! is an equilibrium state of the system. The
latter is nonzero but each of its entries is of the order of €. Given that e — 0, P! is
thus arbitrarily close to zero, namely, to the disease-free state. For 8 < Bcr, Eq. (2.30)
cannot be satisfied, meaning that the disease-free state is stable. Right at B = B,
instead, the system does not go back to the disease-free state, nor diverges from it,
but stays infinitesimally close to it. In other words, B = B makes the disease-free
state become neutrally stable, thus marking the epidemic onset.

We can arrive to Eq. (2.31) in a more straightforward and rigorous way through
standard dynamical system theory. Linearizing Eq. (2.27) and expressing it in terms
of the state vector P!, we have

Pl(t+1) = JPI(t), (2.32)

having defined the N x N Jacobian matrix | = A + (1 — y)1. The epidemic threshold
is then the value of B at which the dominant eigenvalue of J has modulus equal to
1, i.e., |[Amax(J)| = 1. This translates into Ber|Amax(A)|+1—p = 1, from which
Bor = 1/|Amax(A)] is found. Equation (2.31) is then recovered if Amax(A) is real.
Sufficient conditions for Amax(A) to be real will be discussed in a moment. For
now, let us assume it is real. Then, Amax(J) is real too. At the epidemic threshold,
Amax(J) = 1 implies that the dominant eigenvector is a fixed point of the linearized
dynamics. Over time, a starting state P!(0) sufficiently close to the disease-free equilib-
rium (in principle, there could be more than one stable equilibrium), will align to the
dominant eigenvector. This observation allows us to clarify how the procedure used
in Ref. [222] is able to identify the epidemic threshold. What is implicitly assumed
between Egs. (2.29) and (2.31) is that the transient time needed for an initial state to
converge to the dominant eigenvector has already passed. Indeed, Eq. (2.30) says that
P! is an eigenvector of A of eigenvalue 3/ B. This implies that P! is also an eigenvector
of J, of eigenvalue exactly 1, meaning that P! is a stationary state, consistently with
what assumed to get to Eq. (2.30). This equivalence between requiring Amax(J) = 1
and imposing stationarity in order to find the epidemic threshold, will turn out to
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be key to compute the threshold in more refined models accounting for dynamical
correlations.

PERRON-FROBENIUS THEOREM. The correspondence established above relies
on Amax(J), hence Amax(A), being real. If the dominant eigenvalue of J has modulus
1 but is not real (or, more generally, none of its dominant eigenvalues is real), then
the corresponding eigenvector is not a fixed point of the dynamics, as it has a time-
dependent phase associated to it, nor can be identified as a probability vector. In such
case, we cannot guarantee that imposing stationarity yields always a valid epidemic
threshold. Therefore, it would be useful to have a sufficient condition establishing
when a dominant eigenvalue of J is real. For instance, this is the case for undirected
structures, for which A (or any other matrix related to it) is symmetric and has there-
fore a real spectrum. However, there is no need to invoke such a strong condition.
Rather, we only need its dominant eigenvalue to be real, not the entire spectrum. In
this respect, a fundamental result is the Perron-Frobenius theorem [223]. The theorem
guarantees the existence of a positive real dominant eigenvalue for any real square
matrix which is non-negative and irreducible. Specifically, a matrix M is called irre-
ducible if it does not have any proper linear subspace which is invariant, that is, such
that any vector in the subspace is still in the subspace after M acted on it. This is not
really the most handy definition. Luckily, there is an equivalent defining property of
irreducibility which directly refer to the backbone of the interaction structure. Indeed,
it can be shown that M is irreducible if and only if the graph whose edge set contains
a directed edge from node i to node j if M;; # 0, is strongly connected [223]. This
is a much weaker constraint than symmetry. Accordingly, weighted networks—thus
directed networks, as a special case—which are (weakly) connected,? all satisfy the
Perron-Frobenius theorem.

Nonetheless, it should be noted that the theorem only gives a sufficient condition.
The dominant eigenvalue may still be real even if its associated matrix does not satisfy
the hypothesis of the theorem. Therefore, even in such case, one may still give a
try to the procedure described above and then check whether it provided the right
threshold.

2.3.2.2 Pair-based approximation: Epidemic link equations

In the previous section, we assumed the states of the nodes to be independent ran-
dom variables. However, the states of two adjacent nodes are mutually dependent, for
they can directly infect each other. A node can influence the state of potentially any
other node reachable from it, not just the state of its neighbors. If, at some point, a
node is infected, it means that it has been reached by an infection chain generated
somewhere in the network of contacts. Therefore, the states of two nodes in the same
connected network component always correlate to some extent. Nonetheless, due to

20 If not, then the theorem applies to each of the connected components.
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the stochasticity of the propagation dynamics, the further two nodes are from each
other, the more the nodes and thus the randomness between them. We thus expect
the mutual influence between two nodes to decrease with their distance. Not rarely,
even node-based (uncorrelated-states) models can perform surprisingly well, suggest-
ing that dynamical correlations might not be very persistent. This is usually the case
for random networks. Since the diameter of such networks is relatively small, the
mutual relative influence between two nodes is strongly reduced by the numerous
(short) paths through which many other nodes can influence them. However, even
in random networks, node-based models lose much accuracy around critical points,
where strong correlations develop [84].

A remarkable improvement is represented by pair-based models [224-229], also
known as “pair quenched” mean-field theories. Tracking the evolution of the joint state
of the two nodes in any edge, these models account for the dynamical correlations
between any two neighbors in the network. The latter can be found in X2 states. For
instance, if nodes can be in state S and I, an edge can be in one of the four states,
SS, 51, 1S, and 1. To illustrate the pair approximation, we refer to the Epidemic link
equations (ELE) model [229], which is a direct extension of the MMCA.

In writing Eq. (2.27), we made the implicit assumption that, given node i is in state
S, the probability that a neighbor j is in state I is independent from the state of i. If

we denote with PI“S the conditional probability that j is in state I given i is in state

S, this means assuming that p1||5 = P!, which, from Pllls = P2'/P?, is equivalent
to PSI P5 PI Any pair approx1mat10n model rejects this assumptlon For the ELE
model spec1f1cally, we still have Eq. (2.27), but now the probability for node i to not

get infected, g;(t), reads

N ng(t)
ait) =11 (1 - Aijﬁpis(t)> . (2.33)

=1

If we assumed PSI PS PI we would recover Eq. (2.28). Using Eq. (2.33), the system
of dynamical equatlons is not closed. One needs to describe how the edge state prob-
abilities evolve. Taking into account all the possible changes of state of the two nodes
i and j over the discrete time step, Pgl and Pél evolve according to

Pt +1) = g; (1)) (1 — g5 (D) P (1) + (1 — ) (1 = B)gy( ()P (¢)

+u[1 = (1= B)gj) (DIPL (1) + p(1 = )P (1), (2.34)
Pt +1) = (1= g4 (D) (1 = g5 (1) P25 (1)

+ (1= )1 = (1= B)gi (D]PZ(#)

+ (1= )1 = (1= B (DI (1) + (1= w)?Pi (), (2.35)
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having denoted with g;(;) () the probability that i is not infected by any of its neigh-
bors, excluding j, that is

N pst
() =11 ( 115 P (1 )) (2.36)

=1
I#j

which is nothing but Eq. (2.33) with the contribution from j removed from the product.
Please, notice that P‘T’U’ = PJ’ s (e.g., Pigs = Pﬁl )- The equation for Pig.s is simply found
by exchanging i and jin Eq (2.34), whereas PSS is already fixed by normalization as
Pss =1- PS I PI S Pil In truth, we only need one equation per edge, due to the
two constramts PI PI S+ PI I'and PI PS Iy Pl I, expressing the node probabilities
as marginals over the edge probabﬂltles For 1nstance, we may express Pigs and Pgl as
Pig.s = Pil Pl I'and Ps I'= Pl PII]I , respectively, and follow just the evolution of Pi? .
Consequently, if Lis the number of edges, we only need to solve N + L equations.
Equations (2.27), (2.34) and (2.35), assisted by Egs. (2.33) and (2.36), define a closed
system of equations, that we can thus integrate. In order to close it, in fact, we ta-
citly made—again—an assumption of independence. In writing down Eq. (2.36), we
neglected the information we have on the state of node j. In principle, the prob-

ability multiplying § should be Il‘s"f = P /P Equation (2.36) thus follows if

S S . . . .
Pl = =P ]U]Pﬁl / Pl.s. This means assuming that the states of nodes j and I are, given

t}l{é state of the middle node i, conditionally independent. More generally, for any
triplet j-i-1,

o i‘;f”f Pgial

PRI = — (2.37)
Equation (2.37) is generally referred to as the pair approximation closure [227], for the
state of triplets, and therefore of any larger subgraph, is approximated in terms of
the states of the pairs composing them. By preserving dynamical correlations within
pairs, pair-based models provide more accurate predictions than node-based models,
especially in sparser random networks with no or few small cycles [84]. In particular,
the pair-based approach is exact for the SIR model on tree networks [228], for any two
branches departing from any node are statistically independent once conditioned on
the state of the node.

Let us now derive an expression for the epidemic threshold by linearizing the dy-
namic equations around the disease-free state. This is done by taking P! ,Pgl , Pl-I]-I €
O(e), with € — 0, that is, considering all the probabilities of states with at least one
infected node to be infinitesimal. Crucially, in order to correctly predict the epidemic
threshold, we must be consistent with the pair approximation. This means consider-

ing PH to be of the same order € as PSI and not of order €2, as it would be implied



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Glulgs BULG RO RETICAL BACKGROUND

by the node-based factorization PL! = P! P]I . For what said before, we only need to
linearize the equations for P! and Pi? . These are

Pl(t+1) =(1—p)P/(t) + B % Aii(P (1) = PI(#)) (2.38)
j=1
Pl (t+1) =p(1 — u)(P/(t) + P/ (t) = 2P} (1)) + (1 — w)*P{ (1), (239)

and define a linear system of N + L equations. The dominant eigenvalue of the asso-
ciated (N + L) x (N + L) Jacobian matrix J provides the threshold condition. We can,
however, find the epidemic threshold from a reduced N x N Jacobian matrix. At the
threshold, it holds Amax(J) = 1, hence the dominant eigenvector is a fixed point of
J. In the large time limit, t — oo, the state of the system thus aligns to the dominant
eigenvector and approaches stationarity. Imposing Pig-l(t +1) = PiI]-I(t) in Eq. (2.39),
solving for Pigl , and substituting in Eq. (2.38), the dynamical equation for the state
vector P! = (Pll, .. ,PII\,), becomes

J'PI(t+1)=J'Pl(t), (2.40)
where ]’ denotes the Jacobian matrix of the reduced system,
J' =BXA-B(1-X)D+ (1—u)l, (2.41)

being X =1—B(1—p)/(u(2—u) +2B(1 —p)) and D = diag(ky, ..., ky) a diagonal
matrix with the degrees of the nodes as entries. The epidemic threshold is found as
the smallest value of p satisfying the equation Amax(J’) = 1. To notice that a reduced
Jacobian matrix related to J/ is found in continuous time [227], which can be indeed
recovered taking the continuous-time limit of the ELE model.

We can make the condition Amax(J’) = 1 more explicit by defining the matrix

B=XA-(1-X)D, (2.42)

so that J” = BB + (1 — u)1. Since J/ and B just differ for a matrix proportional to the
identity, they share the same set of eigenvectors. In particular, from Amax(J N =1,it
follows Amax(B) = u/ B, hence

— i
,Bcr = m . (2.43)

We see that matrix B plays in the ELE the role played by A in the MMCA. The two
matrices are indeed strictly related and both convey the effect of the quenched struc-
ture. Nonetheless, the entries of B are functions of B (and y), and it wouldn’t have
been so obvious to prove Eq. (2.43) if we hadn’t known it derived from Amax(J’) = 1.
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In fact, following Ref. [229], by imposing stationarity in Eqgs. (2.38) and (2.39), and
solving for P!, we would have arrived directly to the following eigenvalue equation,

Bp! = Epl (2.44)
P
Equation (2.44) says that ji/B must be an eigenvalue of B. However, the fact that B is
itself a (continuous) function of B, rises the question of whether the smallest 8 solving
Eq. (2.44) is given by Amax(B) or by some other eigenvalue. However, we observe that
#/B — oo for B — 0, while B — A, hence Amax(B) € R*. Since Plis positive (each
entry is of the order of €), Amax(B) must be positive for any  and u (this can be also
proved numerically, as done in Ref. [229]). Consequently, increasing f from zero, the
first eigenvalue of B that the (decreasing) function p/p crosses, is indeed Amax(B);
and Eq. (2.43) is recovered.
In truth, once got to Eq. (2.44), we can derive an alternative, yet equivalent, condi-
tion for Ber in a more robust and elegant way. This is an anticipation and a special
case of the procedure presented in Sec. B.1.1. We first rewrite Eq. (2.44) as

mpP' = Dp!, (2.45)

where we defined M = BXA and D = ul + B(1 — X)D. Since X € [0,1], matrix M,
as A, is non-negative. The same can be said for D. Then, assuming the network is
connected, A is irreducible, so is M, and D is invertible, implying D is invertible too.
We can thus apply D! to both sides of Eq. (2.45) and get a new eigenvalue equation,

MP! =p!, (2.46)

where M = D~ M. The matrix M, of elements 1\7Iij = Mij(ﬁii) ~1, is also non-negative
and irreducible. The Perron-Frobenius theorem thus guarantees that M has a real
and positive dominant eigenvalue and establishes that the associated dominant eigen-
vector is the only one with all entries being positive [223]. Since Plis positive, the
only possibility for P! to solve Eq. (2.46) is to be the dominant eigenvector of M. This
finally implies the condition Amax(Mv ) = 1, which establishes an implicit equation
for Ber. Since M depends nonlinearly on B, there could be more than one value of
solving the implicit equation. The threshold B, is the smallest of the solutions.

The ELE model has been generalized by Matamalas et al. [230] to describe the
simplicial contagion model [199], discussed in Sec. 2.2.3.2, in quenched simplicial 2-
complexes. A detailed analysis of the resulting ‘simplicial ELE’ model, is provided in
Appendix A.3.

2.3.2.3 A hierarchy of closures

Closing the equations at the level of nodes in Sec. 2.3.2.1 required assuming statist-
ical independence between the states of neighboring nodes. Doing the same at the
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level of pairs in Sec. 2.3.2.2 required assuming statistical independence between the
states of the neighbors of a node. We expressed two-node (edge) state probabilities
in terms of node state probabilities in the former case and three-node (triplet) state
probabilities in terms of two-node state probabilities in the latter. We could write dy-
namic equations for three-node states to refine the description further. The equations
would contain four-node states. We can then choose to model the latter in terms of
the states of smaller subgraphs (of three and two nodes) or write dynamic equations
for them, too, which will, in turn, include five-node states. That is, we can write exact
equations for n-node state probabilities that, in order to be closed and thus usable,
need knowledge about (1 + 1)-node state probabilities. Unless specific cases allowed
by the interplay between the structure of the network and the considered dynamics
(e.g., pair approximation for SIR model in tree networks [228]), expressing the (1 + 1)-
node state probabilities in terms of n-node state ones represents an approximation.
Consequently, to obtain an exact and closed model, we generally need to provide dy-
namic equations for the state probabilities of subgraphs of any size, eventually falling
back into the exact description in terms of N-node state probabilities for the entire
system.

Such iterative relation between the dynamic evolution of the state probability
distribution at one order and the knowledge (hence the dynamic evolution) of
the state probability distribution at the next higher order is related to the Bogoli-
ubov—-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy in statistical physics [24],
where the evolution of the n-particle probability density function needs knowledge of
the (n + 1)-particle probability density function. Boltzmann’s assumption of molecu-
lar chaos, which factorizes the two-particle density in the product of two one-particle
densities by assuming statistical independence, is the lowest-order truncation of the
BBGKY hierarchy. The corresponding truncation for dynamical processes on networks
is the one made in a node-based model. The next-order truncation gives the first-order
correction to the Boltzmann transport equation and a pair-based model, respectively.
Going up in the hierarchy, we obtain increasingly accurate models, but they are also
harder to integrate and, generally, analyze. Climbing the hierarchy is a trade-off game.

CUT-VERTICES CLOSURE. Analogously to how a pair-based approximation
gives an exact description of a SIR-like process in tree networks, a triplet-based ap-
proximation describes a SIR-like process exactly in networks with no cycles of more
than three nodes. These are in truth special cases of a more general result proven in
Kiss et al. [231] and based on cut-vertices, i.e., vertices whose removal disconnects the
network. The result simply follows by observing that, in a SIR-like model, (i) chosen a
closure that covers the network by means of subgraphs joined by cut-vertices, the only
state probabilities appearing in the dynamic equations are those where the cut-vertex
joining any two subgraphs is in the susceptible state; and (ii) that any two subgraphs
joining at a cut-vertex have independent states if the cut-vertex is susceptible, for no
infection—no influence—went through the latter, which would otherwise be infec-
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ted or recovered. Then, given two generic vertex sets, {vy,...,v,} and {vy,..., Um},
inducing two subgraphs joining at the cut-vertex v;, the closure

‘7v1---5 S...U’vm
PU'T)1"'S"'0'71m _ Pv1,...,v,, Pvn:---/vm (2 47)
VLo UstyereO — pS .
Un

yields an exact model—an exact truncation of the hierarchy of closures.

For a SIS-like model, condition (ii) above breaks down, for the susceptibility of a
cut-vertex connecting two otherwise disconnected subgraphs implies independence
between the states of the latter only before the first time the cut-vertex recovers. In-
deed, the latter may receive the infection from one side and transmit it to the other
so that the states of the nodes at the two sides are correlated even after the cut-vertex
returns to the susceptible state. In other words, the susceptibility of the cut-vertex
no longer guarantees that an infection has not previously gone through it. There is
currently no recipe for designing highly accurate closures for SIS-like and similar
dynamics with recursive states in generic networks. Nonetheless, quenched network
models using the cut-vertices closure in Eq. (2.47) give usually satisfactory descrip-
tions in random networks [84].

The most important class of quenched models of contagion processes that we do not
discuss here, for which we refer to the reviews by Kiss et al. [84] and Wang et al. [85], is
the one based on percolation theory [37]. Such models are mainly conceived for non-
recurrent dynamics like a SIR. By mapping the probability that an edge transmits an
infection to the occupation probability of that edge in (directed) percolation, one can
calculate the size distribution of the outbreaks (out-components) and the probability
that an extensive outbreak occurs (a giant strongly connected component exists), in
addition to the size of the latter and the invasion threshold [75, 77, 232-238]. These
approaches are highly accurate in configuration networks and, because of every node
being a cut-vertex, exact in tree networks. Extensions to recurrent dynamics like a SIS
have also been proposed [239, 240].

23.3 Annealed approaches to quenched networks

Models retaining the quenched structure can achieve high levels of accuracy in pre-
dicting the state of the whole system and single subsystems and units. They also allow
us to explore the dynamical implications of any specific topology. However, achieving
this level of detail—and thus accuracy—comes at the cost of reduced mathematical
tractability. Moreover, data to reconstruct the fine network structure of natural systems
are usually unavailable [241], forcing us to resort to some coarse-grained represent-
ation (e.g., based only on a degree distribution) where connections are aleatory, not
rigid. Consequently, either to gain more analytical insights or out of necessity, one
often needs to approximate the quenched structure through some annealed represent-

ation.
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The crudest of such approximations is the homogeneous mean-field theory, where
each unit is considered equivalent to any other system unit, completely neglecting the
network. Of this kind, when regarded as approximations of processes on quenched
structures, are the models discussed in Sec. 2.2. A more refined description is given
by heterogeneous mean-field theories, like those presented in Sec. 2.3.1, by account-
ing for potential differences in the probability that units in different classes interact.
Accordingly, it is assumed that such interaction is exclusively determined by which
classes the units belong to, i.e., by their static properties (e.g., number of contacts or
vaccination status), but not by their dynamical states. Both homogeneous and hetero-
geneous mean-field approximations thus neglect the dynamical correlations created
by the quenched structure, leading often to poor predictions [84, 242].

Dynamical correlations are partially tracked by pair mean-field approxima-
tions [243-248], describing the evolution of average two-node state probabilities (e.g.,
proportion of links in state SI). These can also be adapted to account for the presence
of clustering (3-cycles), leading to ‘clustered” or ‘triangular’ pair approximations [249-
251], although the equations for pairs become remarkably complicated. A better (and
more accurate) description is, in this case, provided by a mean-field triplet (or ‘triple’,
‘triadic’) approximations [250, 252, 253] which, tracking average three-node state prob-
abilities, naturally discern 3-cycles from open triplets. Contrary to what one might ex-
pect, we will show in Sec. 3.2 that such an approximation can be more tractable than a
pair-based one, allowing us to obtain new insights about the dynamical implications
of a clustered structure.

Such mean-field approximations account for average dynamical correlations within
a single type of motifs (pairs, triads, etc.) incident on a node. An interesting altern-
ative is the one offered by approximate master equations (AME) models, which, as
introduced by Marceau et al. [254], approximate the state of the network in terms
of the states of neighborhoods. In this way, AME retain average correlations within
neighborhoods, hence between links incident on a node. Such AME [242, 254] are
sometimes called ‘node-centered” AME to differentiate them from the ‘group-centered’
AME by Hébert-Dufresne ef al. [93]. The latter approximate the network state through
the states of cliques®! of arbitrary size, thus generalizing (heterogeneous) pair mean-
field approximations. Such group-centered description can be effectively understood
as an AME model by regarding cliques as nodes of a bipartite network so that the
neighborhood of a clique consists of the nodes it includes. Below, we delve into both
AME models, as these are the building blocks of the general model we propose in
Sec. 3.3.

The authors consider the more general case in which random removals of internal links dilute
cliques.
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2.3 CONTAGION PROCESSES ON NETWORKS

2.3.3.1 Node-centered approximate master equations

The idea behind node-centered AME is to keep track of not just the state of a node,
but of the state of its neighborhood too. In this way, this approach is able to partially
retain local dynamical correlations.

We assume hereafter that nodes can be either susceptible or infected. Let Sy (t) be
the joint probability that a node is susceptible, has degree k, and I < k of its neighbors
are infected, at time t. Let then B(k,I) be the rate at which such a node becomes
infected. The quantity ! is sometimes called “effective” or “active” degree. Analogously,
let Ik,l(t) be the joint probability that a node is infected, has degree k, and [ < k
of its neighbors are infected, at time t; and p(k, 1) be the rate at which it becomes
susceptible. Suitably choosing the functional form for the transition rates B(k,I) and
u(k, 1), and forgetting about the meaning of ‘susceptible’ and ‘infected’, this formalism
can be used to accurately describe general binary-state dynamics [242]. Nevertheless,
in most contagion models, (i) recovery is a fully endogenous process of a node, hence
u(k,1) = u, Vk,1; and (ii) infection depends exclusively on the number of infectious
contacts, that is B(k,1) = B(I), ¥k.22 Dropping the dependence on k from the infection
rate does not however simplify the formalism, therefore we keep it general.

With this definitions, the dynamics is a jump process described by the following
system of equations,

Ski(t) = = Bk, 1)Ski(t) + plyi(t)

—0s(t) (k= 1)Sg;(t) +0s(t) (k — 14+ 1)Sk;1(¢)

— ISk (t) + u(l+1)Skp4a(t) (2.48)
Tig (t) = — plip (1) + Bk, 1) Sy (t)

= 0(t) (k= DIy (8) + 01 (8) (k = 1 + 1) Iy 1 (8)

=l (1) + (I + 1) (8) (2.49)

with the constraint Y ;[Sy; (t) + Ir;(t)] = L px = 1, being py the degree distribution.
The first two terms in each equation represent processes involving a node directly. The
remainder represent instead processes involving the neighbors of a node. In particular,
the quantities 05(f) and 6;(t) represent the probabilities that a susceptible neighbor
of, respectively, a susceptible and infected node, gets infected. Since we lack any ad-
ditional information about the neighbors of the susceptible neighbor, besides one of

This last point makes clear why heterogeneous mean-field theories, which distinguish nodes
based solely on their degree, are often poor approximations for contagion process in quenched
networks. Even though, as seen in Sec. 2.3.1, the probability for a node to get infected can
correlate with its number of contacts (k), what really matters is how many of those contacts are
infectious (I) and can thus have an effect on the node’s dynamics.
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them being respectively susceptible and infected, those probabilities are computed
through mean-field arguments; and read

_ Ykt Bl ) (k= DSk (t)
Yii(k=DSki(t) °
Yy Bk D)ISk (1)

(2.50)

These are averages of the infection rate B(k,!) conditioned on the fact that the sus-
ceptible neighbor is reached from, respectively, a susceptible and infected node. The
probability that a neighbor of a susceptible (infected) node is a susceptible node of
degree k and effective degree I is proportional to the fraction Si;(t) of such nodes
and to the number k — I (I) of susceptible (infected) neighbors such a node has. The
possibility of distinguishing 65 (t) and 6;(t) is precisely the refinement made by these
AME when compared to a heterogeneous mean-field theory where only the degree k
is considered.

The node-centered AME, Egs. (2.48) and (2.49), describe the state transitions of a
node in class (k,1) exactly, as a master equation would do. The latter would describe
exactly also the dynamics of the neighbors of such node, which would in turn re-
quire knowing the state of the neighbors of those neighbors. Lacking this information,
Egs. (2.48) and (2.49) approximate the neighbors’ dynamics through the mean fields
s(t) and 6 (t). In a nutshell, taking fully into account the local perspective of a node,
these AME approximate the dynamics over the entire network by decomposing it in
terms of classes (k, 1) of neighborhoods.

Node-centered AME are highly accurate in random networks [242, 254, 255] and—
in accordance to its original purpose [254]—enable us to properly model adaptive
systems where a node rearranges its connections in response to the state of its neigh-
borhood.

2.3.32 Group-centered approximate master equations

Neglecting information about neighbors of neighbors, node-centered AME are not
suited to describe processes on higher-order networks where cliques/hyperedges of
three or more nodes exist. Shifting the focus from single nodes to groups (cliques/hy-
peredges) of nodes, group-centered AME are precisely designed for this task. Instead
of decomposing the dynamics of the system in classes of neighborhoods, we decom-
pose it in classes of groups, discerning these by their size and by the number of
infected members. Group-centered AME are thus a generalization of the (heterogen-
eous) mean-field pair approximation to account for dynamical correlations within
cliques/hyperedges of arbitrary size. Not accounting however for correlations within
neighborhoods of nodes, they are less accurate in pairwise networks than node-
centered AME.
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We track the evolution of the probability C, ;(t) that a group has size n and
possesses i < n infected members at time t. Supposing that the group sizes are
drawn from a distribution g,, we have Y, ;C, ;(t) = ¥, gn = 1. Besides, the node
dynamics is described tracking the probabilities Sy, () and I, (¢) that at time f a
node belongs to m groups (we say has ‘membership’ m) and is respectively sus-
ceptible and infected. That is, extending pairwise heterogeneous mean-field theories,
nodes are distinguished by their generalized degree m. This is drawn from p;,, hence
Yu[Sm(t) + In(£)] = L pm = 1. Denoted with B(n,i) the infection rate in a group
of size n with i infected members, the resulting jump process is described by the
following system of equations

Sm(f) = —mB()Sm(t) + u(pm — Sm(t)) , (2.52)
ni(t) =— (n = )B(n,1)Cy;i(t) — piCyi(t)
(n_1+1) (I’l,l 1) n,i— 1(t)_y(i+1)cn,i+1(t)
— (n=0)p(t)0(t)Cpi(t) + (n —i+1)p(£)0(t)Cpia () , (2.53)
where
_ L B(n, 1) (n — )Ci (1)
Zn,iﬁ(”/i)cn,i(t) ’

Yl — DmSu(t)
Yo mSm(t) ’

(2.54)

(2.55)

The mean field 6(t) is the average infection rate over the groups a susceptible node is
member of. The probability that the latter is member of a group of size n and i infected
members is proportional to the number n — i of susceptible members in that group
and to the fraction C, ;(t) of such groups, hence to (n —i)C,;(t). The other mean
field, ¢(t), then provides the expected excess membership of a susceptible node, i.e.,
the average number of groups to which such a node belongs to in addition to the
considered group. The probability that a clique includes a susceptible node of excess
membership m — 1 is simply proportional to membership m of the node and to the
fraction Sy, (f) of such nodes, hence to mS, ().

The terms in the first two lines in Eq. (2.53) represent state transitions due to interac-
tions occurring within the considered group. As in a master equation, these transitions
are described exactly. The approximation comes then from the terms in the third line,
where the state transitions of the susceptible nodes in a group due to their member-
ship to other groups are modeled via the mean-field quantity ¢(¢)0(¢). As expected
by construction, group-centered AME show high accuracy in random structures built
from a bipartite configuration model [93, 256-258].23

23 This works assigning m stubs to each node of membership m and 7 stubs to each group of size
n, and then randomly matching node-stubs with group-stubs.
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One of the most remarkable achievements of network science has been the charac-
terization of the dependence of contagion processes on the structural properties of
the interaction network through which they spread [80, 82-85, 209, 259-261]. In par-
ticular, many real-world networks of interest, especially those found in human so-
cial systems, boast a clustered and cycles-rich structure. Triadic closures are indeed
renowned to be a distinguishing feature of such systems [144, 262], together with
the presence of larger dense communities [263, 264]. Households and workplaces are
common contact-based examples of that, while online social communities and groups
in messaging apps are information-based ones. Such dense substructures are (almost)
cliques in a network representation and their presence can substantially change the
spreading behavior. In the case of simple contagion processes, for which a single active
neighbor suffices for transmission, the redundancy of connections within the cliques
of clustered structures is responsible for the increase, relatively to their randomized
counterpart, of the value of the invasion threshold, and for the reduction of the final
outbreak size [78, 93].

Apart from a collection of dyadic interactions, cliques can be also regarded as the
pairwise projection of richer substructures representing higher-order, group interac-
tions, involving more than two agents (nodes) at once. In fact, from few years on, a
growing branch of literature dedicated to the study of various dynamical processes in-
volving group interactions [87, 88, 265-270], has been showing that such interactions
can heavily affect the dynamics. Neglecting them can lead to inaccurate predictions
even at the qualitative level.

In this chapter, we are interested in complex contagion processes according to the
second definition given in Sec. 2.2. Specifically, in complex contagions mediated by
group interactions, where the outcome of a potentially spreading interaction depends
on how many different contagious agents take part to it simultaneously, and not just
on the sheer number of them. We refer to such processes generically as higher-order
contagions.

The presence of complex contagion mechanisms has been assessed in various con-
texts [96], but largely in online social networks and forums [175, 271] thanks to their
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unique data traceability. Nonetheless, whether or not such mechanisms also substanti-
ate in the form of group interactions, in other words, if and how much the simultaneity
of the exposure to multiple sources matters, is still an open question. A major reason
for this is that higher-order relational data have been only very recently started to be
recorded and analyzed as such, being instead traditionally decomposed in pairwise
relations. Nonetheless, as mentioned in Sec. 1.3, many socio-psychological studies on
small groups support the irreducibility of group dynamics, hence the existence of
group-based complex contagions. The research presented in this chapter contributes
to the ongoing intense theoretical exploration of higher-order mechanisms [88, 89,
272].

Several studies have lately appeared which unveiled the dynamic effects of group
interactions on complex contagion [113, 199, 200, 273-281]. Crucially, all these studies
assume statistical independence among nodes’ states. The assumption greatly eases
the analysis, allowing for basic characterizations of the contagion dynamics by as-
suming well-mixing or using particularly symmetric quenched structures. The most
striking finding of these models is that group interactions can induce critical mass
effects and bistability (hence hysteresis)l, as seen in Sec. 2.2.3.2. As observed there,
higher-order interactions provide an alternative path to the phenomenology already
known from complex contagion models on pairwise networks, where exposures are
cumulated over several dyadic interactions (see Sec. 2.2.3.1). 2 This naturally prompts
the question of whether additional dynamic effects can arise exclusively from higher-
order interactions and their structural organization within the system. The answer is
yes. As we will see in this chapter, the discovered effects can only be (reliably) pre-
dicted by a theory that preserves a sufficient amount of local dynamical correlations.

We start in Sec. 3.1 by generalizing the MMCA and ELE to build a quenched model
able to account for dynamical correlations within cliques/hyperedges of potentially
any order. In the attempt to do so, we will realize that the applicability of discrete-
time models is restricted to a specific class of networks. This will lead us to introduce a
constrained notion of graph cover, for which a heuristic algorithm is proposed. Focus-
ing eventually on simplicial 2-complexes, our model will provide a second look at the
behavior of higher-order contagions while achieving a notably higher predictive accur-
acy when compared to other models in the literature. The analysis is further extended
in Sec. 3.2, where a mean-field model at the level of 3-node states will enable us to
demonstrate that and how the dynamics of higher-order contagions is strictly related
to the way interactions are organized in the structure, hence to the chosen higher-
order representation. We close the chapter by developing in Sec. 3.3 a generalized
AMEs framework able to consider dynamical correlations within and across groups.

Additionally, St-Onge ef al. [113] proved that a temporal window of super-exponential growth
emerge when combining the notion of a minimal infective dose (as in Sec. 2.2.3.1) with a large
heterogeneity in the duration of group interactions.

Ferraz de Arruda et al. [281] also find multistability (beyond bistability), which the Dodds-Watts
model already admits, and intermittency, which originates from community structure and not
directly from higher-order interactions.
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Crucially, this will pave the way for studying adaptive higher-order networks, spe-
cifically, representations of systems wherein agents can strategically reorganize their
group memberships in response to local dynamics—a modeling possibility simply
beyond the scope of earlier approaches. We will uncover intriguing effects stemming
from the group structure, hence excluded in pairwise networks.

3.1 HIGHER-ORDER CONTAGIONS REVISITED: THE IMPORTANCE OF DYNAM-
ICAL CORRELATIONS

In this section, we investigate the behavior of higher-order contagions spreading on
quenched simplicial complexes. We approximate the dynamics as a simplicial SIS
process [199]. Accordingly, considering a discrete-time formulation, we assume that
infected individuals recover with probability # during a time step (I LN S), while a

susceptible individual becomes infected with probability (1) during a 2-body inter-

)
action (a 1-face) with an infected individual (S + I ﬁ—> 2I) and with probability /3(2>

during a 3-body interaction (a 2-face) with two infected individuals (S + 21 4(1 3I).
More generally, a susceptible node in a group of n + 1 nodes (an n-face) gets the
infection with probability f(") when all the other 1 nodes are infected. Due to the
hereditary property of simplicial complexes, if n nodes are infected, and thus can
pass the infection as a group of # nodes, then also any subset of that group can: for
any k < n, there are (}) subsets passing the infection with probability Bk as a group
of k nodes. In other words, to each state configuration of the n nodes (i.e., which of
them are infected) corresponds a set of concurrent channels of infections, and these
channels are correlated.

In this setting, previous models using annealed, node-based (uncorrelated states)
approximations found that the invasion threshold, 5&1), at which the inactive (fully
susceptible) state becomes unstable, is independent from the second-order coupling
B2 (and from any higher one, {B(")},~,), no matter the properties of the interaction
structure [199, 275]. This finding is however in clear disagreement with numerical
simulations [199, 277, 282].

For simplicial 2-complexes, Matamalas et al. [230] proposed a quenched pair-based
model, here referred to as ‘simplicial ELE" model, accounting for 2-nodes and, par-
tially, 3-nodes dynamical correlations. The model proves to be notably accurate in
networks with either homogeneous and heterogeneous degrees. However, as shown
in Appendix A.3, it suffers of subtle inconsistencies that, while making it usable for
any 2-dimensional SC, also impede the computation of the critical point.

Here, looking for a discrete-time model holding for simplicial complexes of any
dimension, we reveal that fixing those inconsistencies puts a topological condition on
the interaction structure the model can describe; namely, that two group interactions
can only share one node. In order to satisfy this constraint, we introduce the notion
of edge-disjoint edge clique cover (EECC) of a simplicial complex and a heuristic
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to find it. By means of our Microscopic Epidemic Clique Equations (MECLE), we
provide a 2-fold extension of the existent discrete-time (complex) contagion models,
accounting for higher-order correlations and group interactions (if any) at the same
time. We prove those dynamical correlations to be essential to describe how the critical
point depends on the higher-order couplings. Lastly, different approaches to treat
group interactions sharing multiple nodes are also discussed, while hinting at easy

adaptations of ours.

3.1.1 An overcounting problem in discrete-time models

At the end of Sec. A.3, we wrote down in Eq. (A.14) the probability for a node i to be
infected when in a simplex with two other nodes, j and I. We noted that, independ-
ently from the moment closure one chooses, Eq. (A.14) gives the exact expression
for a discrete-time model, where many nodes can change state during the same time
step, having this a finite duration. Sticking to the same example of an isolated triangle

()

{i,j,1}, yet without specifying the contagion dynamics, the infection probability IP; Jl

for node i takes the general form
s1|s

(0 _ 15s
Py =1 —m) <le|i + Py

)+ a—a)Py (3.1)
where g, and g, are the probabilities that i does not get infected when, respectively,
only one or both of the two other nodes are infected. Equation (A.14) is recovered by
taking g1 =1—Band g = (1 — /3)2 (1 - ﬁA>. Now, if we suppose that also exists a
triangle {i, , k}, sharing the two nodes i and j (i.e., the edge {i,j}) with the previous
one, and try again to write down an expression for the overall probability for node i to
get infected, we immediately recognize that the shared edge implies the contribution
from node j to be double-counted. Indeed, the overall infection probability for i would
be given by

L (-R) (Rl <R eRl Rl o2
Since j belongs to both triangles, the pairwise infection coming from j would appear
P°F and P

il jkli

about edges in being over-counted. In general, if s simplices have a set of m > 2 nodes

twice, proportional to 3. Please, notice that there is nothing special
in common, i.e, they share a (m — 1)-face, all the interactions included in the face are
counted s times, instead of once. If m > 2, then the over-counted interactions are also

non-pairwise.

3 This issue—and this only—can be solved by just accepting repeated interactions as part of the
model through a reinterpretation of the interaction structure. In the current example, it would
mean that the two triangles {7, j, 1} and {i, j, k} represent two separate groups, one in which i and
j gather with [, and one in which they gather with k. The two groups form in different moments
within the same time step, during which the i-j interaction occurs two times. If then we want i
and j to interact also as an isolated pair, we must add a maximal edge {7, j}, which would lead i
and j to interact three times in a time step.
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Shared edges (or larger subsets) bring however another problem. Analogously to

what observed in Sec. A.3, the product IPE;I)]PZ(;,Z in Eq. (3.2) yields terms of the form
PjII‘E‘SPjﬁ.“S and PJ%'SP]ﬁ’;‘S (et similia). The former are simply inconsistent; the latter
wrongly assume that the state of a node (j) in a simplex is independent from the state
of the same node in another simplex, as if the state of the node was redrawn each
time. A correct formulation must therefore avoid such terms (which also prevent a
proper marginalization of the equations, as seen for instance in Appendix A.3). To
this end, we should disentangle the contribution of each node from the rest. How-
ever, in discrete time, this is impossible already for an extremely simple dynamics as
the simplicial SIS we are considering. As a consequence, a microscopic discrete-time
model whose equations are closed at the level of simplices, cannot be correct if the
latter share more than one node. Indeed, all the aforementioned problems stem from
the existence of a shared edge, and would disappear by simply replacing one of the
two shared nodes (say j) with a node (say /) different from all the others.

We are thus left with two possibilities: (i) closing the equations at the level of max-
imal simplices under the hypothesis that any two of them share at most one node
(as in Eq. (3.3)); or (ii) we close them at the level of generic maximal subgraphs (e.g.,
the 4-node subgraph of the example above), up to the point at which any two of
such subgraphs share no more than one node. It is not too hard to convince ourselves
that option (ii) is not a viable choice. Indeed, some of the subgraphs would consist
of four or more nodes (if not, then we would fall back to option (i)) and the num-
ber of non-isomorphic configurations rapidly grows with the size of the subgraphs.
Each non-isomorphic configuration yields a set of dynamical equations valid only for
that specific subgraph. Additionally, the number of possible states for a subgraph in-
creases exponentially with its size. While the computational cost of keeping track of
the state evolution of such subgraphs becomes rapidly prohibitive, just writing down
the equations for each non-isomorphic configuration, at each size, seems a practically
unfeasible task, even considering small subgraphs only*. We therefore choose option
(i) and leverage the perfect symmetry of simplices to get equations valid for simplices
of any order. This choice implies dealing with simplicial complexes that are strictly
0-connected®. The fact that, in general, there could be simplices sharing more nodes,
opens the problem of finding the strictly 0-connected simplicial complex which best
approximates the original one. By “best” we mean the one that minimizes the number
of disrupted shared faces. We address this problem in the next section. Please, observe
that all the analysis above holds independently from the moment closure we could
choose, as we indeed made no reference to any specific one.

If we wanted to keep simplices with more than one node in common, the only
always valid alternative would be opting for a continuous-time formulation. Taking

4 Eventually, option (ii) is not even applicable to 1-connected simplicial complexes. In such case
the equations would no longer be microscopic, as they would actually coincide with the exact
macroscopic equations describing the state of the entire system.

5 Or, more generally, whose connected components are strictly 0-connected.
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the example above, consisting of the two simplices {i,,I} and {i, ] k}, the rate at
which node i gets infected is correctly written as

(P15 4 P15

1Is s |, s
B R ) o (Bt Pt

li jlli

where r and r are the rates at which a node gets infected via a 2- and 3-node interac-
tion, respectively. The reason why in continuous time there are neither over-counted
interactions nor unwanted terms, is because the probability for two or more micro-
scopic processes to occur within the same infinitesimal time interval is negligible. As
a consequence, only one among the several infection channels occurs with finite prob-
ability within a small time interval. In turn, this allows us to disentangle the various
channels. We show this in Appendix C.1.4, where a continuous-time model with 2-
and 3-node interactions is provided.

In the following, sticking to a discrete-time formulation, we assume that the inter-
action structure is represented by a SC. We first address the problem of ensuring the
strict 0-connectedness of the structure, while trying to preserve as many higher-order
interactions as possible. Besides, since the dynamical equations for the state of an
n-clique are just a special case of those for the state of a (1 + 1)-simplex, we take ad-
vantage of this to keep track of the dynamical correlations within, not just simplices,
but cliques too.

3.1.1.1 Edge-disjoint edge clique cover

Let us indicate with /C the simplicial complex and with K @ its underlying graph. To
accounts for whether an n-clique ¢ in (1) is the projection of a (n — 1)-simplex—thus
including higher-order interactions—or it is just an n-clique also in K—including only
pairwise interactions—, we introduce a binary variable g, the group classifier, defined
to be 1 or 0, respectively; by which c is regarded as a (g, n)-clique. Since a 1-simplex is
equivalent to a 2-clique, we choose to assign ¢ = 0 to any 2-clique, so that n > 3 when
¢ = 1. From now on, unless explicitly specified, we refer to the g-classified cliques in
KM simply as ‘cliques’. These are the building blocks of our description.

To avoid the over-counting, in fact, we aim at covering all the edges of K1) by
means of a set of cliques such that any two of them share at most one node, giving
what we call here an edge-disjoint edge clique cover. Cliques sharing more than one node
are consequently decomposed in lower-order cliques. This comes with no essential
repercussions when the decomposed cliques have all g = 0. Otherwise, some group
interactions must be ignored. Covering the structure by cliques only, we are able to
give a unique equation holding for any order #; an impossible task via generic, less
symmetric subgraphs. Furthermore, since we want to capture as much correlations
and group interactions as possible, we want the cover to consist of the least possible
number of cliques. In this way, larger cliques—thus correlations and interactions of
higher order—are preferably included in the cover. Finding such minimal set of edge-
disjoint cliques is closely related to the edge clique cover problem, known to be NP-
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EECC

Figure 3.1: Edge-disjoint edge clique cover (EECC) of a small simplicial complex (SC).

The SC, shown on the left, consists of fourteen nodes, identified via let-
ters, connected by one 3-simplex, one 2-simplex, and fourteen 1-simplices.
Grey areas indicate r-simplices with r > 2, including r + 1 nodes each.
The EECC of the simplicial complex is shown on the right, where colored
and dotted areas are used to visualize, respectively, the (1,r)-cliques and
(0, r)-cliques in it, with colors carrying no specific meanings. The simpli-
cial complex is decomposed in: one (1,4)-clique, {b,d,m,n}; one (1,3)-
clique, {i,j, k}; three (0,3)-cliques, {c,d,e}, {f, g m}, {h,i,m}; and five
(0,2)-cliques, {a,b}, {a,n}, {g, h}, {k 1}, {I, m}. The underlying subgraph
induced by the subset {4, b,d, m,n} originally consists of a (1, 4)-clique and
a (0, 3)-clique. To get the EECC, the former must be included, whereas the
(0,3)-clique is decomposed into two (non-maximal) (0,2)-cliques. Simil-
arly, the underlying subgraph induced by the subset {f, g, h,i,m} is made
of three overlapping (0, 3)-cliques, and the EECC is in this case obtained by
first including {f, g,m} and {h,i,m} (and then the remaining edge {g,h}),
instead of {g, h, m}.

complete [283]. Heuristics are thus necessary to estimate the solution in large graphs.

For convenience, hereafter we reserve the acronym EECC (edge-disjoint edge clique

cover) to sets which are solutions of the problem. If all the maximal cliques in (1)

are edge-disjoint, then KD admits a unique EECC, simply given by the set of the

maximal cliques in it. Otherwise, K1) generally admits multiple EECCs. See Fig. 3.1

for illustration.
To estimate an EECC, we propose a greedy heuristic which proved to be the best

among several others we conceived for this task. Given K1) is just a graph, let us

consider a generic graph G. The heuristic proceeds as follows:

1.
2.

Find the set C of all the maximal cliques in G;

Include in the EECC and remove from C all the elements in C that do not share
edges with other elements in C;

. While C is not empty,

a) For every maximal clique ¢ € C, compute the score r., defined as the

fraction of edges that c shares with the other elements in C;
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b) Consider the elements of C with the lowest score; include in the EECC
and remove from C (one, randomly chosen, of) the element(s) of highest

order among them.

The rationale behind step 3 is preferring those cliques which share less edges relatively
to their size, i.e., to the potential number of edges they could share. Indeed, a clique
c1 has a lower score than a clique c; when (i) ¢; and c; are of the same size but c;
shares a lower number of its edges; (ii) c; and cp share the same number of edges, but
c is larger. Therefore, generally, preferring cliques with lower scores brings relatively
larger cliques into the cover, while sacrificing adjacent cliques whose inclusion would
lead to the disruption of more cliques. The cover shown in Fig. 3.1 is the unique EECC
in that case and is the one found by our greedy algorithm. Noteworthy, when dealing
with modular structures—as those representing many real social systems—in which
communities of nodes are loosely connected among them, the search for an (edge-
disjoint) edge clique cover can be speeded up. Indeed, each time two regions of the
structure are joined by bridging cliques (which are evidently maximal), the problem
of finding the optimal cover of the whole structure reduces to that of finding it in each
of the two, smaller regions.

As we observed, whenever the maximal cliques in KM are not all edge-disjoint,
some cliques are forced to be decomposed in sub-cliques during step 3. Since decom-
posing a (1, -)-clique in (strictly 0-connected) sub-cliques means also neglecting some
group interactions, whenever a (0, -)-clique and a (1, -)-clique are not edge-disjoint,
we prefer to include the latter in the cover. Thus, being K a simplicial complex and
KW its g-classified underlying graph, a EECC of K is estimated as follows:

1. Consider the subgraph G; € K1) induced by the nodes in the maximal (1, -)-
cliques in K. Estimate a EECC of Gy; let us call S(K) the resulting EECC;

2. Consider the subgraph Gy = IC<1)\G1. Estimate a EECC of Gy; let us call it
C(K);
3. D(K) = (S(K),C(K)) is the estimated EECC of K.

A basic question is about the dependence of the prediction made by the model
when different EECCs are estimated for a given structure. Multiple EECCs can in-
deed exist for the same structure and, even when the EECC is unique, a heuristic
could reach one of many sub-optimal solutions (local minima). Since the estimated
EECC is the structure on top of which a dynamical process is eventually considered,
an indispensable quality of the heuristic is estimating EECCs of little variability. Oth-
erwise, the predictions made by a model could vary substantially depending on the
estimated EECC. In Appendix C.1.1, we test the contagion model presented in the next
section in structures with a high proportion of non-edge-disjoint cliques, for which
very different EECCs could be in principle estimated. Despite this, the predictions
made by the model turn out to be remarkably consistent across different estimated
covers, corroborating the robustness of our method. This suggests that, given a SC,
it is safe to make use of the first EECC computed for it—at least for the contagion
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dynamics herein considered. In fact, this can be expected given that the heuristic is
potentially not deterministic only in step 3.b, when forced to choose among different
cliques of largest size among those of lowest score. At every iteration, such cliques are
usually very few and, as long as the structure is not too small, it is sensible to expect
that they impact future iterations in a similar fashion. For this reasons, we expect the
heuristic to estimate similar EECCs for a given structure, and therefore the evolutions
predicted also for other dynamical processes to be robust across different realizations.

Calling m the maximum order of the cliques we want to include in S(K) (i.e., con-
sidering simplices of dimension up to my — 1 in ), m; could be smaller than w, the
maximum order of the cliques in Gp. In such case, when looking for an EECC of Gy,
those maximal cliques in Gy of order greater than m; are decomposed in edge-disjoint
sub-cliques (corresponding to sub-simplices in K) of variable order m’ € {1,...,m1}.
Clearly, the higher is m, the higher is the order of the group interactions (and of the
correlations within them) included in the description. Overall, as long as the propor-
tion of obviated group interactions is small enough, the deviations from the complete
dynamics are expected to be comparatively negligible; or, alternatively, the error made
by including 1-connected simplices should be marginal.

In the building of an EECC, different values my > 2 (with my < wp, being wy
the maximum order of the cliques in Gp) for the maximum order to be considered
for (0, -)-cliques can also be chosen. The higher is my, the higher is the order of the
captured dynamical correlations within the cliques in K. In summary, the couple
(mg, my) identifies the considered implementation of the model.

3.1.2 Linear maximal-cliques closure

Preliminarily to the definition of the model, let us first introduce the moment closure
approximation we will use in the next section and throughout the rest of thesis. This
is based on the condition that any two maximal cliques in the underlying graph of the
hypergraph (not necessarily a SC) are edge-disjoint. This means that the hypergraph
is linear at the level of maximal cliques, hence the name linear maximal-cliques closure.

As a generalization of the quenched pair approximation, we then assume the states
of any two adjacent maximal cliques to be conditionally independent given the state
of the node they share. Let Pi? 1‘:12;1‘7{” be the state probability for the clique {i,...,in},
i.e., the probability that node i; is in state ¢;,, node i, is in state ¢;,, and so on. Then,
given two maximal cliques, {i, j1,...,jn} and {i, k1, ..., ki }, having node i in common,
their joint state probability factorizes in the product of the state probabilities of the
single cliques, one being conditioned on node i, i.e.,

010, Ty 0i0%k; ++-Okyy
Oi0j; +-OjnOky Ok~ 11-+]n iky...kpy _ ‘7}'1~~~‘7jn|‘7i 0%, Ok

1j1---j»1k1---kn1 - Plf, - flm]’n‘i iky...ky
1

, (3.3)

69



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Glulg@ BUnglOHER-ORDER CONTAGION PROCESSES

. e s 0j, .0}, |0
where the underline identifies i as the shared node and le“ j L|7§ lo

probability for the subset {ji, ..., .} conditioned on the state of node i. Notice that

denotes the state

Eq. (3.3) is the special case of the cut-vertices closure given in Eq. (2.47) when the
partition in subgraphs induced by the cut-vertices consists of maximal cliques only.
Nonetheless, we find convenient give the closure in Eq. (3.3) its own name considered
the extensive use we make of it throughout this thesis (independently from whether
the shared node is or not a cut-vertex).

According to Eq. (3.3), the maximal cliques become the building blocks of the dy-
namics, accounting for the correlations among the states of the nodes they include.
The dynamical correlations between adjacent cliques are conveyed by the state of the
node they share. We expect that the larger the adjacent cliques are, the smaller the
influence the common node has on all the others, and thus, the more accurate the
moment closure is. The larger the adjacent cliques are, the smaller the influence the
common node has on all the others, and thus, the more accurate the moment closure
is.. The improvement is expected to be particularly prominent for random structures
built from a configuration model. Indeed, since the coarse-grained network construc-
ted by associating maximal cliques to ‘super-nodes’ is locally tree-like in this case, the
original nodes often act as mighty shortcuts between different parts of the system,
so that conditioning on their state makes adjacent cliques nearly independent. Non-
etheless, while increasing the number of nodes encompassed by a closure allows us
to retain more correlations and thus provide better predictions, there is currently no
way of estimating how high the order of the closure must be to attain a preset level of

accuracy.

3.1.3 The MECLE model

Let us build here the dynamical equations for a generic (g, n)-clique, {i,...,in}, in
D(K), with n < m = max{myg, m; }. Let PZ’ll”Z” be the associated state probability. In
particular, for the SIS process, {0;,,...,0;,} € {S,I}". Clearly, summing over all the
possible state configurations, it must hold

Tiy Oy
) Plie =1 (3.4)

For a shorter notation, let us denote with {c; };—1,. , the state of the clique at time ¢
and with {aj/k}k:l,___,n its state at time ¢ 4+ 1. Assuming the system is markovian, the
state of the system at time ¢ contains all the information needed to predict the state at
time t 4 1. The microscopic epidemic clique equations (MECLE), governing the evolution
of the state of the (g, n)-clique {7, ..., iy}, read

‘Tl{ ""Tf/n iy -++Viy
PRIV = ¥ P ) @ ({8 ul{e}) . 69)
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where

@ ({071 18} b| o }) = Iﬁl%,g (4 46}, | {e3,}) (3.6)

is the probability of transitioning to the arrival state {(Ti’k Yk=1,..n» conditioned on start-
ing in state {0j, }¢=1,. ,. It is understood that ®, is computed at time ¢. This is ex-
pressed as a product over the single-node transition probabilities {¢;, ¢ }x—1,...,- The
single-node transitions are thus independent events within the time step. This derives
from the implicit assumption that all the events within a given time step are sim-
ultaneous, and therefore not causally related. Introducing the indicator function 1p,

returning 1 if proposition p is true and 0 otherwise, $iy.¢ is written as

Pirg (‘Tfk; {ﬁ(s)}rﬂ‘{%}) =g =1, 00 =) 1= 1) + (g, =1, o7 =5) I

1=, 00 =0 (1 = Qi) + (g =5, 1 =5) Qi (37)

where Q; = Q;, (Uilk; {,B(s)}’{tf,'k}) is the probability that node i, does not get the

infection. Denoting with N; = |{it—1, _,|0j, = I}| the number of infected nodes in

the starting state, Q;, is given by

-1 -1
Qik = w%l[,g )ql(kn(ﬁik))/g H q,(kr/)g/ ’ (38)
(8'r)#(gm)

where the product runs over the couples (¢/,7) such that 1 <r < mg—1for ¢ =0,

and 2 < r < my —1 for g’ = 1, while excluding the couple (g,n). Here, wl(z:l) =

wl(::l) <{/3(s) }) is the probability that a susceptible node (e.g., i) does not get infected
within a (g, n)-clique (resp., {i1,...,in}) where I out of the n — 1 other nodes are
infected. For the simplicial SIS model, we have

_ I ! ©
w7 =1, (1 - ﬁ<1>> + 1 ]1 (1 - ﬁ(5>) o 3.9)
s=

Notice that the (no-)infection kernel, wl(t;_l), can be adapted to model other contagion

dynamics. Accordingly, the MECLE are by no means restricted to the SIS dynamics
considered here. Lastly, qz(k’é = ql(k’; ({ 5(5)}) is the probability that node i, does not
get infected via any of the (g, + 1)-cliques incident on it, that is

ro1— (r)

n _ lg : 1..15..5]S
"= 11 1=y —=& Y poooho (3.10)
M et | = D Sy el

"
1,8
a (g,r+ 1)-clique with 7 (if l“l(:?g = o, then g
(n—1)
ik,g

being I'; ' the set of r-tuples of indexes corresponding to subsets of r nodes forming

(r) (n-1)
ixg ix(—ik),g

except for excluding the considered (g, n)-clique {iy,...,i,} from

is put to 1). The quantity g co-

incides with g
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the product, as its contribution is already accounted for by wg\?[—gl). To get Eq. (3.10),

note we have used the linear maximal-cliques closure, Eq. (3.3).
At this point, the probability Pil for the single node i to be infected, can be computed
either marginalizing it from Eq. (3.5), by summing over the state probabilities of any

+ PH

(g,n)-clique including i where 0; = I (e.g., for (g,n) = (0,2), P/ = PIS i0) Or

ij,0
0 _ (0)

directly taking n =1 in Eq. (3.5) (notice wy/ ¢ = 1and g i 1). Either way, one gets,

Pl(t+1)=P () (1—w) +P5 () [1-T] q,(;)) . (3.11)
(&7)

By averaging P/ (t) over all the nodes, we find the expected prevalence, p(t), i.e., the
expected proportion of infected nodes at time ¢,

NOEESWAVR (3.12)

This is the order parameter of the system.

At any time step t, Eq. (3.11) yields one constraint for each of the n > 2 nodes in a
(-,n)-clique, leaving 2" — n — 1 independent state probabilities to be determined, one
being fixed by the normalization, Eq. (3.4). Therefore, if K has N nodes and D(K)
consists of C(") (-, n)-cliques, n < m, the MECLE reduce to a system of (at most)
Meq=N+Y3, (2" —n—1) c() independent equations.

With the MECLE in our hands, we can frame the existent models in the (mjg, m7)
notation. As my = 2 implies S(K) = @, {(mp,2) }a<mo<w, is the class of models ac-
counting for correlations within cliques of order up to my on pairwise networks. In
particular, (2,2) gives the ELE [229]. The original, node-based MMCA [222], is then
recovered from (2,2) by neglecting pairwise correlations assuming P{?l =P’ le (i.e.,
P]I“ZS = PjI in Eq. (3.10)). Considering many-body interactions (m; > 3), the simpli-
cial ELE and MMCA [230] fall outside the MECLE framework due their internal in-
consistency (see Sec. A.3). The MECLE (and their continuous-time counterpart given
in Appendix C.1.4) thus define the first model able to consistently account for both
higher-order dynamical correlations and higher-order interactions in quenched struc-
tures. Given the complexity of the MECLE, we show their (3,3) implementation ex-
plicitly in Appendix C.1.2. This is the specific model we use in the next section to
study the contagion process in the presence of 2- and 3-body interactions, organized
in simplicial 2-complexes. The (3,3) model accounts for 3-node correlations within
either (0,3)- and (1, 3)-cliques.

Lastly, linearizing the MECLE as shown in Appendi;( B.1.1, we derive an implicit

of a N x N matrix encoding both the structural and the dynamical details of the sys-

equation, Eq. (B.12), relating the invasion threshold, /38 , to the dominant eigenvalue

tem, which allows us to compute ,Bg) analytically. Equation (B.12) holds for structures

boasting cliques and interactions of any order, and it is not restricted to the simpli-
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cial contagion considered here—as neither are the MECLE—, given the (no-)infection
kernel is completely defined by Eq. (3.9), which can be modified to represent other
contagion dynamics.

3.1.3.1 Approaches for groups sharing multiple nodes

Allowing group interactions to share two or more nodes comes with the drawback
of impeding the computation of the invasion threshold through linearization (see
Appendix B.1.1). Forgoing the latter, let us briefly discuss other possible approaches
in discrete time.

One option are the simplicial ELE [230], which admit generic simplicial 2-
complexes. Despite their internal inconsistency, the simplicial ELE turn out to be
accurate when the strictly 0-connectedness is heavily broken (and the MECLE are
unreliable), at least for less sparse simplicial complexes and small enough values of
B2) [230], for which the inconsistency has weaker consequences.

An alternative approach, is to opt for other hypergraphs by dropping out the hered-
itary property. In particular, referring to the class of simple hypergraphs [86], i.e.,
those in which a hyperedge—what in a simplicial complex is a face—cannot be subset
of any other hyperedge, one can resort to a partially consistent approach. As anticip-
ated in Sec. 3.1.1, in such structures, to each configuration of the group corresponds a
unique channel of infection, so the necessity of constraining higher-order interactions
to share no more than one node can be relaxed. The structure of the MECLE remains
unchanged. One only needs to specify a suitable form for wl<,r1), being ¢ = 1 for hy-
peredges including more than two nodes. For example, requiring for transmission all
the other nodes in a hyperedge to be infected, we would write w,(rl) =1_, (1 — ﬁ(r )).
Furthermore, for linear hypergraphs [86], in which two hyperedges can only share
one node, the invasion threshold is again calculable as done in Appendix B.1.1.

3.1.4 Results for simplicial 2-complexes

We apply here the MECLE to the case of 2-dimensional SCs. These provide a represent-
ation for a population where individuals interact via either 2- or 3-body interactions.
The simplicial complexes are constructed from some graph (the future underlying
graph) by converting into (1,3)-cliques (i.e., 2-faces) a fraction pa of the 3-cliques
allowed by the EECC of the graph, while considering as (0, 3)-cliques the remaining
fraction, 1 — pa. Specifically, if all the 3-cliques are converted (p = 1), the resulting
simplicial complex is the clique complex of the original graph. A clique complex of
a graph is the simplicial complex built by promoting each clique (e.g., an n-clique)
in the graph to a simplex over the same nodes (resp., a (1 — 1)-simplex) in the SC.
A 2-dimensional clique complex is specifically a simplicial complex where every 3-
clique in its underlying graph corresponds to a 2-simplex in the complex. To better
appreciate the improvement brought by the MECLE with respect to previous models,
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we mainly show results for clique complexes, although notable improvements can be
generally found for wide ranges of p, depending on the used structure. Conveni-
ently, if p is not specified then the structure is understood to be a clique complex.
By the way, indicating with k(87) the average number of (g, 1 + 1)-cliques incident on
a node, a simplicial complex is a clique complex if k") = 0 for r > 1 (k%2 = 0 in
2-dimensional SCs).

We identify a generated simplicial complex adding ‘SC’ to the name of the graph
(model) used for it. Among those we use, a ‘periodic triangular SC” is a simplicial
complex built from a periodic triangular lattice, while a ‘Dorogovtsev-Mendes SC” is
a simplicial complex built upon a graph given by the Dorogovtsev-Mendes generative
model [147]. In the latter, both the (-, 1)- and (-, 2)-degree distributions nearly follow
power-laws with exponent around 3. We also refer to ‘random SC’s, obtained as fol-
lows. First we generate a simplicial 2-complex through the random simplicial complex
model [199]. This yields homogeneous, sparse simplicial complexes with very few 1-
connected triangles. Nonetheless, to exclude them and ensure the simplicial complex
to be strictly 0-connected, we consider its underlying graph, estimate its EECC, and
finally convert 3-cliques into 2-faces. The resulting simplicial complexes have (-,1)-
and (-,2)-degree Poissonian distributions. All the used simplicial complexes consists
of around N = 10* nodes.

We assess the performance of the MECLE and of the other discrete-time markovian
models in the literature, i.e., the simplicial ELE and MMCA [230], by comparing their
predictions for the prevalence, p, with those provided by Monte Carlo (MC) simu-
lations. Each simulation is carried out according to the quasistationary state (QS)
method [284, 285], which allows for the estimation of the asymptotic behavior of
finite-sized systems in the presence of an absorbing state (0 = 0). See Appendix A.2
for details about the method. The system is given a transient time of 10° time steps,
and then p is computed as an average over 2 x 10* additional time steps.

Figure 3.2 shows that the improvement brought by the MECLE with respect to the
simplicial ELE is substantial in both predicting the epidemic prevalence and, even
more, locating the critical point. For the latter we report in the caption the values
of the relative absolute error ¢ g = | :ng del’/ ,BSI)C — 1| produced by the two mod-

els, where 135312; dep 18 the threshold they predict and ,81(\}[2? the one resulting from MC
simulations. The improvement is notable across all the considered SCs, despite their
strong structural dissimilarities. We report in Fig. 3.2 also the predictions made by the
MMCA and MF approximations of both the MECLE and the simplicial ELE. While
all these approximations are, as expected, much less accurate than the more refined
models (sometimes even wrongly predicting the nature of the phase transition, like
seen in panel (c)), they are not equivalent among them. Indeed, the MMCA and MF
approximations of the MECLE are equally or more accurate than their counterparts
derived from the simplicial ELE.
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Figure 3.2: Epidemic prevalence p as function of the pairwise infection probability /3(1>

on different 2-dimensional SCs. Notice the x-axis is in logarithmic scale
to better appreciate the results for small values of (1), Results obtained
from Monte Carlo (MC) simulations are depicted by dots, while lines rep-
resent the analytically computed prevalence using the indicated models.
MMCA and MMCA(MECLE) refer to the Microscopic Markov Chain ap-
proximation of, respectively, the simplicial ELE model and the MECLE
model, as obtained by considering the state probabilities of the nodes as
uncorrelated; while MF and MF(MECLE) refer to their node-based, ho-
mogeneous mean-field approximations (see Appendix B.1.1.1). Note that
MF and MF(MECLE) are indistinguishable at the used scale. The value
of the invasion threshold predicted by the MECLE, as computed in Ap-
pendix B.1.1, is marked with a vertical dotted line. The recovery probab-
ility is fixed to g = 0.2. (a) Periodic triangular simplicial complex with
k@1 = 0.00, k(©2) = 0.00 and k(12) = 3.00, and 3-body infection probabil-
ity B2} = 0.25; the relative absolute error in locating the invasion threshold
is eg0) ~ 0.08 for MECLE and egn) ~ 0.12 for simplicial ELE. (b) Random

simplicial complex with k01 = 410, k02) = 0.00 and k(12 = 3.95, and
/3(2> = 0.15; eg0) ~ 0.06 for MECLE and g ~ 0.09 for simplicial ELE.

(c) Dorogovtsev-Mendes simplicial complex with k(01 = 1.10, k(%2 = 0.00
and k(12 = 145, and @ = 0.25; egu) ~ 0.07 for MECLE and e =~ 0.16
for simplicial ELE. (d) Same as (c) but with ﬁ(z) = 0.50; g = 0.23 for
MECLE and ¢ g ~ 0.50 for simplicial ELE.

We then leverage the prominent jump of the discontinuous transition® found for

random simplicial complexes (Fig. 3.2(b)), to illustrate the existence of a hysteresis

6 This jump is very small for Dorogovtsev-Mendes simplicial complexes due to the degree het-
erogeneity. Indeed, as proved by Juhn et al. [274], the discontinuity is expected to disappear for
enough heterogeneous scale-free networks.
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Hysteresis cycle of the epidemic prevalence p with respect to the pairwise
infection probability (1) on different 2-dimensional SCs. The ‘forward’
and ‘backward’ curves are obtained through small equilibrium transform-
ations taking as initial value pgy the (quasi-)equilibrium value of p got at
the next smaller and next greater value of ,8(1), respectively. The hysteresis
cycle reveals the bistable region, located between the leftmost, persistence
threshold, and the rightmost, invasion threshold. The computed value of
the latter is marked for the MECLE with a vertical dotted line. The recov-
ery probability is fixed to y = 0.2. (a) Random simplicial complex with
kO = 410, k02 = 158 and k(}?) = 237 (po = 0.6), and 3-body in-
fection probability ‘3(2) = 0.25; the relative errors in locating the critical

threshold are 8205') ~ 0.14 and szf(’f)k' ~ 0.10 for MECLE, and sg’(ﬁ) ~ 0.18

~ 0.38 for simplicial ELE. (b) Random simplicial complex with

back.
B

kO = 410, k02 = 0.00 and k12 = 3.95 (po = 1.0), and @ = 0.15;

el ~ 0.06 and &5k ~ 0.15 for MECLE, and &f; ~ 0.09 and epif* ~ 047
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)
for simplicial ELE.
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Dependence of the invasion threshold on the 3-body infection probabil-
ity B2). Computed as in Appendix B.1.1, ﬁg) is shown against () for a
Dorogovtsev-Mendes simplicial complex with k(01 = 1.10, k(©2) = 0.00
and k(%) = 1.45. Note that node-based models, disregarding dynamical

correlations, would wrongly predict IBS) to be independent from ﬁ(Z) (see
Appendix B.1.1.1).
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cycle, enclosing a bistable region, in Fig. 3.3. Again, the simplicial ELE are outper-
formed by the MECLE. This is even more evident for the ‘backward’ curves and can
be expected from the analysis in Sec. A.3. There we showed that the overestimation
of the probability of getting infected made by the simplicial ELE grows, not only with
B2), but also with the probability that two nodes in a triangle are infected—activating
the 3-body infection channel. Such probability takes relatively high values at the up-
per backward branch, making the overestimation worse, and in turn resulting in the
persistence threshold being shifted towards smaller values.

More interestingly, our analysis clearly shows that node-based models fail to pin-
point the invasion threshold at even a qualitative level. Indeed, by neglecting dynam-
ical correlations, they predict (see Appendix B.1.1.1) ﬁ,gp to be independent from the
values of the higher-order infection probabilities, {8(*) } . In particular, in the case of
simplicial 2-complexes, increasing enough B(2) results in the appearance of a bistable
region also in those models [199, 275], but the ,Bg) they predict is unaffected. On the
contrary, due to dynamical correlations, increasing 8(2) does lead [39 to decrease, as
arises from MC simulations and correctly predicted by the MECLE. We show this de-
pendence in Fig. 3.4 for Dorogovtsev-Mendes SCs, while it can already be grasped by

comparing panels (c) and (d) in Fig. 3.2. While an explicit equation for ,Bg)

is gener-
ally inaccessible for complex interaction structures, in Appendix C.1.3 we get closer
to it for particularly symmetric structures. We analyze regular SCs, of which the peri-
odic triangular simplicial complex is a special instance, and simplicial complexes built
upon Friendship graphs (a generalization of star graphs), respectively representative
of the two extremes of structural homogeneity and heterogeneity. We prove that ,Bg)
decays with 8(2), and that the dependence considerably increases with the structural
heterogeneity, in accordance with what reported in Figs. 3.2 and 3.4. The decrease ex-
ists independently from the size N of the system, excluding it from being a finite-size
effect.

To notice that the dependence of the invasion threshold on ﬁ(z) had shown up
already in previously reported numerical simulations in simplicial complexes built
from real data [199]. However, it went seemingly overlooked, eventually leading to

)

claim [286] that only pairwise interactions govern the value of /3&1 . Even though
we have considered a discrete-time model, instead of the continuous-time models
upon which that claim is based on, we can prove that the existence of the qualitative
shift predicted by our analysis has nothing to do with the character of time. The
continuous-time limit of the MECLE is easily derived as in Appendix C.1.4, where
we show that ﬁ(z) indeed lowers the threshold, and to a similar extent than in the
discrete-time model (compare Figs. 3.4 and C.5). As in the discrete-time formulation,
if dynamical correlations are preserved, the terms responsible for the higher-order
infection channels do not disappear from the linearized equations around the inactive
state, eventually contributing to the value of the invasion threshold.

To close the analysis, we consider clique complexes with some fraction ps of edges
shared by two or more 2-faces. We test in this way how the MECLE behave when
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Figure 3.5: Epidemic prevalence p as function of the link infection probability ﬁ(l)
on 2-dimensional simplicial complexes with low percentage ps of shared
non-maximal edges. ps is computed as the fraction of non-maximal edges
which are included in more than one 2-face. Besides, with § we indicate
the average number of 2-faces in which the edges corresponding to the
fraction ps are included (5 > 2). The recovery probability is fixed to u =
0.2. (a) Random simplicial complex with k01 = 225 k(02 = 0,00 and
k(12 = 520; ps = 0.03, 5 = 2.01, and 3-body infection probability (2} =
0.15. (b) Dorogovtsev-Mendes simplicial complex with k(1) =110, and
k©2) = 0.00 k12 = 1.60, ps = 0.05, 5 = 2.06, and B2 = 0.25.

strict 0-connectedness is slightly broken. As shown in Fig. 3.5, the MECLE perform
comparably to or still better than the simplicial ELE when ps is low enough.

3.15 Summary

The Microscopic Epidemic Clique Equations we developed constitute a clique-based
quenched model for either simple and complex contagion processes able to preserve
dynamical correlations within cliques/hyperedges of virtually any order. By doing so,
the model is able to reproduce numerical results with unprecedented accuracy, and
predicts how either first-order and higher-order infection probabilities contribute to
destabilize the inactive state.

The observed dependence of the invasion threshold, ;—3&}) , on B2 and the ability
of the MECLE to predict it, reveals the necessity of accounting for higher-order dy-
namical correlations. In the considered dynamics, an interaction (infection channel)
of order s, with coupling ,B(s>, requires s nodes to be active (infected). Therefore, in
order to preserve its contribution near the threshold, the state probability with s active
nodes must not be neglected. Near the invasion threshold, higher-order interactions
rely exclusively on comparatively higher-order correlations, so that their effect when
varying the higher-order couplings, {B)}4>1, is observed only if such correlations
are preserved. Accordingly, such dependence eludes node-based (MF and MMCA)
approximations of the system, while pair-based ones (like the simplicial ELE), by
partially accounting for second-order correlations within triangles, do predict this de-
pendence, but with low accuracy. Importantly, since the contribution of higher-order
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couplings to the invasion threshold stems from dynamical correlations, we expect it
to diminish when the structure is not quenched but varies in time, eventually dis-
appearing for a fully annealed structure. This has been in fact confirmed by a later
study [287].

3.2 THE ROLE OF INTERACTION OVERLAP ON THE SPREAD OF HIGHER-ORDER
CONTAGIONS

The microscopic details and the order of the correlations the MECLE account for, al-
lowed us to obtain remarkably accurate predictions in several simplicial 2-complexes.
Despite the complexity of the model, it has been possible to find an implicit equa-
tion to compute the invasion threshold, ﬁﬁ}), analytically (see Appendix B.1.1). Un-
fortunately, an explicit formula remains inaccessible even for very simple structures.
The functional relation connecting ‘Bg) to B (and higher-order couplings) and to
the generalized degree distributions is therefore still unknown. Moreover, so far we
studied only simplicial complexes, and we don’t know what to expect for generic
hypergraphs. Simplicial complexes are indeed strongly constrained hypergraphs due
to the requirement that all the subsets of any hyperedge (face) need to be included
in the hypergraph too. Equally constrained, but in the opposite direction, are simple
hypergraphs, where none of the subsets of any hyperedge can be included in the
hypergraph. Simplicial complexes and simple hypergraphs thus represent the two ex-
tremes of a spectrum of “intermediate” hypergraphs where hyperedges generically
include some of their subsets. Recent research suggests that empirical hypergraphs
are found along the entire spectrum [288-290]. From a physical point of view, going
through this spectrum means considering structures with different degrees of overlap
between interactions of different orders. Such overlap is maximal in simplicial com-
plexes and zero in simple hypergraphs: the existence of an n-body interaction, in the
former, implies the presence of all the interactions of lower order within the same set
of nodes; in the latter, conversely, it implies their absence. This naturally leads to the
question about if and how the dynamics is affected by the degree of overlap.

In this section, we try to address all these open questions for rank-3 hypergraphs.
We do it by first deriving a mean-field triadic approximation that, going beyond
standard node-based and pair-based approximations, allows us to easily explore the
aforementioned spectrum of structures. This improved mean-field model reveals how
the stability of the inactive state depends on both 1) and (), and relates this de-
pendence to the degree of overlap between 2- and 3-body interactions. We derive a
closed-form formula for the critical surface and demonstrate the overlap to have a
double-edged effect: it lowers the invasion threshold, but makes the outbreaks gener-
ally smaller.
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32.1 Mean-field triadic approximation

We consider random hypergraphs that are sparse to the extent that the probability for
two maximal cliques in its underlying graph to share more than one node vanishes
in the thermodynamic limit’. As we want to model generic rank-3 hypergraphs with
various degrees of overlap between 2- and 3-edges, we need to account for the fact
that a 3-clique in the underlying graph, when projected back to the hypergraph, comes
in one of three flavors: a 3-cycle (i.e., a length-3 cycle), conveying three 2-body inter-
actions, a 3-edge, conveying a single 3-body interaction, or a 2-simplex (or triangle),
conveying all of them. To this end, we introduce the following binary tensors: A(1>,
such that Agjl) = 1 if the maximal 2-edge (link) {7,;} exists; ALD) and AQY) such

that ALY =1 (4" = 0) and AlyY = 0 (A[Y = 1) if {i,j,1} is a 3-cycle (3-edge);

and such that ASJ?I’O)AE;;J) = 1if {i,],1} is a triangle. Triangles are therefore accounted
for by the tensor ALY = A(L0) & A1) indicated with ‘@’ the element-wise product.
With these definitions, the limit case of a simplicial complex is recovered imposing
that, for any 3-clique {i,j,1}, Agﬁ’l) =1= Al(].ll’o) = 1 (hence Al(jll’l) = 1), so that the
existence of a 3-edge implies the existence of the 2-edges it includes. The opposite

O — 15 409 — 0

limit of a simple hypergraph is instead recovered requiring Al.].l i

(hence Al%’o) = 0), so that the 2-edges are all maximal. By the way, notice that a simple
rank-3 hypergraph is also a linear hypergraph, for any two hyperedges will share at
most one node. We prefer using ‘linear” hereafter, as it explicitly reflects the assumed
sparsity condition and makes a direct connection to the linear maximal-cliques clos-
ure (Eq. (3.3)) we use. Figure 3.6(a) displays some illustrative examples of hypergraphs
built according to the presented formalism.
Considering up to 3-body interactions, we account for the evolution of the state
probability P{" for node i to be in state ¢}, PZ’ 7 for the maximal link {i, j} to be in state
0007
0i0j, Py !
of any other local structure is approximated in terms of the maximal 2- and 3-cliques

for the (maximal) 3-clique {i,,/} to be in state 0;0j0;. The state probability

composing it through the linear maximal-cliques closure, Eq. (3.3). This means approx-
imating the state of the following motifs: two adjacent maximal 2-cliques, a maximal

7 The number of maximal edges of any cardinality must scale slower than quadratically with the
system size.
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Figure 3.6: (a) Two hypergraphs built from the same number of nodes, 2-body inter-
actions (K(l) = 16) and 3-body interactions (K(z) = 4), but arranged to
have different numbers of 3-cycles, 3-edges, and triangles. From left to
right, the degree of overlap grows from 1/4 to 3/4, while the number of
neighbors per node drops from 25/14 to 19/14. (b) Example of how the
neighborhood of a focal node changes with k(1) while keeping k1) =4
and x(?) = 2 fixed. Varying k(1) from 0 to x(?), the degree of overlap goes
from O (linear hypergraph) to 1 (simplicial complex), correspondingly lead-
ing to a smaller and more redundant neighborhood.

2-clique adjacent to a 3-clique, and two adjacent 3-cliques. Their state is thus decom-

posed as
;0 ~0i0]
PP/
oigjo; T j jl
i = (3.13a)
) j
00 007107,
PP
010010, " ij jlh
Pt = AL, (3.13b)
1 P;
]
0i0j01 0103,0%
PLiiot po1oui
01001030k~ ijl Ihk
Pl = (3.13¢)

1

In the following, we refer to Egs. (3.13) as the (mean-field) triadic approximation.
Having shown in Sec. 3.1 that a continuous-time formulation yields the same phe-
nomenology, in the following we refer to such a formulation to further simplify the

81



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Glulds BULglOHER-ORDER CONTAGION PROCESSES

model. We first write down the exact microscopic equations for the SIS process with
infection rates [3(1) and ﬁ(z) for 2- and 3-body interactions, respectively. The equations
are then closed using the triadic approximation. Rescaled time by the recovery rate, y,
without loss of generality, the process is eventually described by the following system,

5 1
P!l =—p/ + 0 ZAE;' )Pgl
j
1 L,0) o(1) (pSSI 4 pSIS SII 01) 5(2) pSII
1r

Bi1 = (e )R] g D AR 4 0 A
] 1

1 (1,0) (1) ( pISIS 1SSI ISI1 (0,1) 2(2) pISII
5L [Ailh B (P + P + 2P + Ay B Pl ]
1 . .
+§Z[z<—> il (3.14b)
1
5SSI __ (1,0) o(1)\ pSSI ISI SII
i =~ (1424, ):B())Pijl + 0+ Dy
1 (1) psisI 1 1) pSISI 1 1) pSSSI
—pt )h;ZAm)Pﬂgh - Bt )h;lA](h)Pizzh +p )h;'Al(h)Pith
iz i, ij
1 (10) o(1) [ pSISIS SISSI SISII (0,1) 2(2) pSISII
~2, I;'l [Aihk Bl )(leihk + Piine” + 2Py ) + A pe ik }
hk#j,
1 o1 .
fihl?;l[zejwihg i (3.14c)
ki, k#ij
5SIT (10) (1 (0,1) (2)\ pSII (1,0) (1) ( pSSI SIS 111
= (24245 B )+Aijl ﬁ())Pz‘jl +Aj B ( i+ Py ) + Py
1 (1) pIISI 1 (1) pSISI 1 (1) pSIsI
— B )h;lAih P + B )h;lAjh)PHl'h +p )h;Azh)Pith
i i, i]
1 1,0) (1) ( pIISIS 11SSI 11811 0,1) 5(2) pIISIT
- Eh;;l |Afi B (AL + PEE" + 2B + AL P P
KFE],
1 o1 .
+5 Z[z<—>]]+§ Y [i< ] (3.14d)
ki h ki j

where [i <+ j] ([i <> I]) denotes that obtained by swapping i and j (/) within the
square brackets in the previous explicit term and taking both i and j (I) in state S.
The other state probabilities are found as Pis =1- PiI , Pfs =1- Pl.l - Pgl, Pl.U =
P/ — P, P3p® =1~ P/ — P! — P! — P2/, and Plj! = P/ — P! — PJJS — P}ﬂsg. As
said, Eqs. (3.14) are closed through Egs. (3.13). The system consists then of N + L +
2(T<1’0) + 70 4+ T(M)) equations, being N, L, 7O 7O and TUY, the number
of nodes, maximal links, 3-cycles, 3-edges, and triangles, respectively.

To make this model analytically treatable, we perform a mean-field approximation
by regarding all the nodes and cliques as equivalent to their average counterparts.
Accordingly, every node is assumed to be part of the same number of maximal links,
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k(l), 3-cliques, k(l,O), 3-edges, k(0'1>, and triangles, jaeny ; and thus participates in (D) =
kD 4 2(k10) 4 k(1)) 2-body interactions and x(2) = k(01) 4 k(11) 3-pody interactions.

The state probabilities P/, PI‘]’” and P;]’l” o with o, ¢, (7’ " e {S, 1}, are taken equal to

their respective averages, P” = ) ; P/ /N, P = =YijA P"" /Nk), and Po'e" =
ZUIAZZPZ‘JTZ‘”T /2Nk*, where the index x € {(1,0), (0,1),( , )} indicates the type of
the considered 3-clique (notice that, being the structure undirected, permuting the
superscripts o, ¢/, and ¢”, has no effect).

Using the indicator function, 1, the reduced system reads

P P4 BURPS1260 ({00885 4 18 ) 10055+ 1)
+p [k (5”) + K0P ] (3.150)
ST _ pSS
PSI— — (14 BW)pSI 4 pll — g1) (51) _ 1)P51P pSP

PSI _ PSS

2 O + i) ke < ri) P
PSI _ PSS
— B[OV + KOV P ] (3.15b)
PSSI _ PJ?SS

. 2
ZPESI _ p)?SS

=2 (K0 — 1, 1.0) (PG + PG =g
ZPSSI _ PSSS
=2V Y =10 (PR + P
ZPSSI o PSSS
e [ww ) PR + O 1, | 2P

(3.15¢)

B = — (24 2501, 4 00y B 00 PET + 260,01 PE!

Si1 Ss1
+ Pl _ g)(1) pst Py -2

PS
PSHfZPSSI
=20 =100 (P + PELG)) =5 —
P;?H—ZP;?SI
2B R 1, )(P5S + B P 2P

P)?II _ 2P5(SSI
= B[OV 1,0 P + (KD — 1, 0P | 22—

(3.15d)

where P = 1— P!, PSS =1 pl — pSI pll = pI _ pSI p3SS — 1 — pl — pgll —2p2SI,
PHI PI PSSI —ZPEII.
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To correctly locate the invasion threshold, we linearize Egs. (3.15) around the inact-
ive state by regarding of the same infinitesimal order € the probabilities of infected
states, i.e., P!, PSI pIl, PfSI, PEH,PJEH € O(e). At this order, Egs. (3.15) become

Pl = — P4 pOKMPST 4281 [0 (PES] -+ PEIL ) + kWD (PSS, + PEI) )]

+ B [k (‘5”) + k0PI ] (3.16a)
pSI — _ (1 + ﬁ )psl + PII + ﬁ (k(l) _ 1)1_)5[

#2800 (K00 (eSS} + DL ) + KO (S 1 RS

4 B2 { ONpSIL 4 KD (sn)} (3.16b)

PSS = — (14280 # 0 1))PSSI +2p3! 4 gk pSt

+2ﬁ ( )( SSI Sllé))

+2ﬁ ( )( SSI SH))

+p% [( ! )Ps“ + (kO —1,_ g4 ))P(Slf{)] (3.16c)
B = — (24281401 +/3(2 1os10) PET +2801, 01 PSS+ P (3.16d)

Imposing stationarity in Egs. (3.16), we get a homogeneous system of eight equations
for the eight variables, P!, PST, PgST, P21, x € {(1,0),(0,1),(1,1)}. We find the rela-

tions
P[
SI __
1480 (3.17)
PI

= , 3.18

T T LT 20 4 106%) 19

PR =100 VBT (3.19)

which plugged back into the r.h.s. of Eq. (3.16a), provide us with the following critical

condition,

0 BV g 2800BY)  an pOCE2BV D) g
1+ g0 1+28M(1+pM) 1+ pM (2420 + p2)

Equation (3.20) defines the critical surface in the parameter space at which the inactive
state loses stability. We can express the invasion threshold as one of the two critical
values, /3&9 and ,Bg), which solve Eq. (3.20). We can read each of the terms in the Lh.s.
as the probability that some infection process (proportional to combinations of rates
B and B(?) occurs before recovery (rate 1), within a specific type of group.
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3.2.2 Results

We analyze at this point how either the critical surface, hence the invasion threshold,
and the prevalence depend on the degree of overlap between 2- and 3-body interac-
tions. To isolate the effect of the overlap, we fix the numbers x(1) and x(?) of 2- and
3-body interactions per node, respectively, and the number of isolated 2-body interac-
tions per node, k(), and we increase k(') from 0 to x(2) < (k) — k(1)) /2 (the upper
bound guarantees that k(10) jg non-negative). This implies correspondingly decreas-
ing k19 = (x() — kM) /2 — k(D) and k01 = @) — k(L) We get zero overlap—a
linear hypergraph—taking k(1) = 0 and maximal overlap—a simplicial complex—
using k1Y) = x2) In other words, given the numbers of 2- and 3-body interactions
in the system, we imagine to arrange them to produce different degrees of overlap,
exploring in this way the spectrum of rank-3 hypergraphs going from a linear hy-
pergraph to a simplicial complex (see Fig. 3.6). Our goal is then to understand how
different arrangements, i.e., degrees of overlaps, affect the dynamics.

Let us begin by analizing the critical surface, Eq. (3.20), illustrated in Fig. 3.7(a).
First of all, it is immediate to see that Eq. (3.20) does not admit solutions when either
B = 0 or, equivalently, there are only 3-body interactions (x(2) = k(01), x(1) = ()8
Indeed, the latter enter Egs. (3.16) only through P(S(){{), which, however, we find to
be zero from Eq. (3.19). Consequently, 3-edges do not figure in Eq. (3.20), meaning
that the invasion threshold does not depend on B(2) in linear hypergraphs. The only
3-body interactions appearing in Eq. (3.20) are those within triangles. This reveals
that (i) 2-body interactions are needed to destabilize the inactive state and that (ii) a
3-body interaction cannot affect the stability of the inactive state unless “activated” by
the presence of 2-body interactions within the same subset of nodes. That activation
occurs in triangles.

Suppose k1) > 0 then. Since each term in the Lh.s. of Eq. (3.20) is a strictly
increasing function of the infection rates, the larger is §(2) (8(1)), the smaller is p(1) =
,ng (ﬁ<2> = ,39) that solves Eq. (3.20). Extending the findings presented in Sec. 3.1,
this proves that the pairwise invasion threshold ﬁci decreases with (2) in any non-
linear hypergraph, not just in simplicial complexes: this effect is therefore the rule,
not the exception. Moreover, when k(1) > 1, it is easy to see that ﬁg) can be made
arbitrarily small by increasing 8(2). Indeed, fixed B!, increasing f(2) makes the third
term in the Lh.s. of Eq. (3.20) converge to k(I'). Since the other terms are non-negative,
then, if k(1) > 1, B(1) must decrease sufficiently fast to (over-)compensate the effect
of B?) and thus solve the equation. In the large f(?) limit, ﬁg) hence approaches
zero. If instead k(I')) < 1, the third term is smaller than 1 for any f(?), therefore the
sum of the first two terms must be positive, implying that 8(!) cannot be too small
to be solution. Accordingly, we observe in Fig. 3.7(a) that, on the critical surface, g(1)
must be sufficiently larger than 0 when k1) < 1, whereas ﬁ(1> approaches zero
if correspondingly B? — oo when k1) > 1 (which can be also seen by solving

8 Evidence for this has been recently found only numerically [277, 291].
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Figure 3.7: Phenomenology predicted by the mean-field triadic approximation. (a)
Critical surface (k(11), (1), (2))., defined by Eq. (3.20) for hypergraphs
with (1) = 6 2-body kM = 0) and «@ = 3 3-body interactions per
node. To keep k(l), x(1) and @ fixed, k(10) and k(01 are respectively de-
creased when increasing k(1) (see main text). The white solid curves cor-
respond to the values of B(2) indicated in the colorbar (limited at almost 8
for better readability), the line 5(2) = 0 being thicker. The latter represents
the threshold ,88’)(» ~ 0.207. The dashed line denotes ﬁg; = 0.2, associ-
ated to the locally tree-like network with same x, (b) Critical threshold
/38) = ,38?1), Eq. (3.21), for homogeneous simplicial 2-complexes. (c)—(d)
Equilibrium prevalence, I*, for ﬁ(z) € {0.25,1.00}, and kY from 0 (lin-
ear hypergraph; lightest shade) to 3 (simplicial complex; darkest shade) in
steps of 0.5. The dashed line indicates [58; = 0.2. (e)—(f) Comparison of the
model (solid lines) with numerical simulations performed on random reg-
ular hypergraphs with N = 5000, 1) =8, KD = 2, k2 = 3, and KD =3
(simplicial complex) and k1) = 0 (linear hypergraph). Points and error
bars denote averages and standard errors computed over 20 random initial-

izations. The arrows help to distinguish the forward and backward curves
in hysteresis cycles.

Eq. (3.20) with respect to 8(2) and taking the limit (1) — 0). Therefore, depending on
k(1) being higher or lower than 1, which determines whether the triangles can or not
percolate the structure, 3-body interactions can or not bring the invasion threshold
ﬁ,ﬁ? arbitrarily close to zero. In this sense, k(') = 1 is a critical condition for the
magnitude of the effects that 3-body interactions can have.



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Giulio Burgio

3.2 THE ROLE OF INTERACTION OVERLAP...

Taking for a moment 2 = 0 in Eq. (3.20), we find that the invasion threshold

1) L0 . 1
TRl b A — /s
the invasion threshold for a locally tree-like network (K(2> =0, «D = k(l)) and

58,)0) = { 1+4/(xM —2) - 1} /2 the threshold for a (clustered) 3-cycle-based net-

for a simple contagion lies in the interval [B

work (K<2) =0, x1) = 2k(1'0>). It is easy to demonstrate that, in agreement with
previous studies proving clustering to raise the critical point of simple [78, 93, 249]
and slightly nonlinear [258] contagions, 58?0) > ,BEB for any @),

Considering instead a triangle-based network (K(z) = k(m), ) = Zk(lfl)), ie., a
homogeneous simplicial 2-complex, we find that the invasion threshold, 5%?1), reads

16
\/1 TR e T ! (3.21)

Figure 3.7(b) shows /38)1) against B(2) for different values of x(1). As anticipated, ﬁEPl)
decreases, vanishing as 1/8(2) for large (2. In particular, ,38)1) becomes smaller

than ,BS;, the threshold for the locally tree-like network with same x(1), if and only

it B@ > 2/(xM) —2). Please, notice that Eq. (3.21) reflects the fact that extensive
contagions are possible—a phase transition exists—only for (1) > 2 (i.e., k(') > 1),
which is a necessary condition for a giant connected component to exist. °

Summing up, we proved that the invasion threshold is lowered by /3(2> as long
as there is some overlap between 2- and 3-body interactions. Since 3-edges yield a
negligible contribution around the inactive state, exchanging them for triangles helps
the spread to thrive. Consequently, the higher is the degree of overlap, the larger is
the decrease induced by /3(2). As shown in detail in Fig. 3.7(a), either ﬁg) and ﬁg)

decrease with k1)), taking the lowest values in a simplicial complex and the highest
in a linear hypergraph (for which, being k(1)) =0, ﬁE}) = ﬁg)o
by p2)).

We now move to analyze the effect that the overlap has on the equilibrium preval-

) and is thus unaffected

ence. A larger overlap (ie., k(12)) implies a smaller and more redundant neighbor-
hood (see Fig. 3.6). Except for small enough pairwise infection rates, more specifically,
near or below the threshold ﬁg)m

Figs. 3.7(c) and (d) show that such redundancy is detrimental for the spread. Increas-

for clustered graphs (or for linear hypergraphs),

ing the overlap indeed implies that some potentially infectious channels are “wasted”
in relation to maximizing the spread, as they lead to nodes which are already infec-
ted. This is analogous to the effect of clustering in graphs, with the difference that
increasing clustering is detrimental for spreading even at early stages, for it increases

A recent work [292] found explicit formulas for either 58)1) and /38,)0). These are however less
accurate than ours and break down under extreme sparse,ness, for they provide finite invasion
thresholds even for k(') < 1 and k(1) < 1, respectively. Their formulas converge to ours in the
dense regimes, k1)) >> 1 and k(19) > 1.
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Figure 3.8: Monte Carlo simulations performed on the hypergraphs constructed from
the conference’s [293] ((a) and (c)) and the university campus’ [294] ((b)
and (d)) datasets. Points denote medians computed over 20 random ini-
tializations; ribbons cover from the 5th to the 95th percentile. The added
3-body interactions form triangles with probability i1 = 0 (linear hyper-
graph), h = 0.5, and h = 1 (simplicial complex).

the invasion threshold. The largest spreads are thus generally found for linear hyper-
graphs, these ensuring the least-redundant, widest neighborhoods. Finally, as can be
observed in Fig. 3.7(c), solely varying the overlap can change the nature of the phase
transition. More precisely, the value of 8(2) at which the transition turns discontinuous
becomes lower by increasing the overlap.

We test the model on random regular hypergraphs. These are generated through
a configuration model in which we first assign the same numbers k), k(o'l), k(l'o),
and k(11), of generalized stubs (degrees) to every node, and then match the stubs
at random. In Figs. 3.7(e) and (f), in particular, we show the results for a simplicial
complex and a linear hypergraph. Their comparison confirms all of our qualitative
predictions, with even a good quantitative agreement.

We further test those predictions on hypergraphs constructed from real-world data-
sets, containing record of face-to-face interactions during a conference [293], and prox-
imity data within a university campus [294]. We refer the reader to Appendix C.2.1 for
the procedure we used to convert each dataset into a binary network. The hypergraphs
are then constructed by adding 3-body interactions to either 3-cycles with probability
h, converting them in triangles, or to randomly selected triplets of unconnected nodes
otherwise, forming 3-edges. As shown in Appendix C.2.1, these hypergraphs are het-
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erogeneous and assortative in degree, and are also dense, leading many 3-cliques to
share two nodes. Even though the basic assumptions of homogeneity and sparseness
that we made are heavily violated in more realistic structures, the numerical results
reported in Fig. 3.8 show that the qualitative phenomenology uncovered by the mean-
field theory remains valid. This confirms its structural origin: the overlap between 3-
and 2-body interactions. Accordingly, we conjecture the same qualitative picture to
hold for other contagion models, as already verified for a simplicial SIR process (see
Appendix C.2.2).

3.2.3 Summary

Through a more refined mean-field model, we revealed a fundamental relation
between the behavior of complex contagion processes and the way interactions are
arranged in the higher-order structure. Extending beyond traditional node- and pair-
based approximations, our analysis establishes how 3-body interactions contribute to
destabilizing the inactive state, proving their contribution is contingent on overlap-
ping with 2-body interactions. We demonstrated that simplicial complexes and linear
hypergraphs—having maximal and no overlap, respectively—exert diametrically op-
posed dynamical effects. The former lower the critical point, while often resulting in
smaller spreads; the latter heighten the critical point, yet typically leading to larger
spreads. Complementing recent findings in synchronization [295], our investigation
underscores the necessity of identifying the most suitable representation for specific
higher-order processes.

A clear limitation of our approach is its scalability, for writing down equations for
a general clique-based mean-field theory is impracticable.!? Nonetheless, it is possible
to interpret the form of every term in the expression for the critical surface, Eq. (3.20).
Each one corresponds to a certain type of clique and coincides with the probability
that an infected unit produces, before recovering, secondary infections through any of
the possible infection channels within the clique. We therefore conjecture that, without
needing to build the dynamic equations, we can find the correct expression for the
critical surface for hypergraphs of arbitrary rank by listing all the infections channels
an infected node can generate in an otherwise susceptible clique.

Group-centered AME models, as the one we will develop in Sec. 3.3, circumvent such limitation
by introducing a subtle approximation. They assume that a node, instead of randomly sampling
a given number of interactions of each size and type (e.g., k1), k19, k(01) and k(1')), redistributes
its membership over all groups according to the group size (and type) distribution. Consequently,
(heterogeneous) clique-based mean-field theories are more accurate than group-centered AME.
The difference becomes evident for very sparse structure, being negligible otherwise.
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3.3 ADAPTIVE HYPERGRAPHS AND THE CHARACTERISTIC SCALE OF HIGHER-
ORDER CONTAGIONS

The results in Secs. 3.1 and 3.2 prove the importance of accounting for dynamical
correlations to provide reliable predictions for contagion processes, even at the qual-
itative level. This holds for quenched structures but also under the partial annealing
assumed by the mean-field model in Sec. 3.2. Besides, degree heterogeneity has im-
portant dynamical implications by itself, even when the network is fully annealed.
Indeed, any variance in degree implies that sampling a random connection is differ-
ent from sampling a random node (see Sec. 2.3.1.1), which is the statistical bias behind
the friendship paradox where “your friends have more friends than you do” [30, 296].
The same is true in higher-order networks when sampling groups (hyperedges) at ran-
dom [93]—"your friends participate in more groups than you do”. Therefore, because
of their degree, not all nodes in the network follow the same dynamics, and neither
do so all nodes with the same degree for different neighborhoods are possible.

An accurate description of dynamical processes on complex, group-structured net-
works thus needs to account for local heterogeneities (variance in degree and group
size) and dynamical correlations. To capture these effects, we resort to approximate
master equations (AME) [93, 242, 254, 256, 292, 297-300], discussed in Sec. 2.3.3. We
recall that, compared to standard heterogeneous mean-field models [135, 275], the
AME frameworks stand out by tracking the entire distribution of potential dynamical
states within neighborhoods/groups, not just average states. This allows AME models
to capture local heterogeneities, even for nodes of the same degree or groups of the
same size. Recent results have shown that these state distributions can be very het-
erogeneous and even bimodal, explaining blind spots of mean-field approaches that
fail to capture important dynamical regimes like mesoscopic localization, establishing
that around the critical region the contagion localizes in the larger groups [301-303].

Node-centered AME (Sec. 2.3.3.1) retain dynamical correlations within the neigh-
borhood of a node, hence partially between adjacent links, but cannot account for
group structure. The latter is considered by group-centered AME (Sec. 2.3.3.2), which
preserve correlations within groups, but not between groups. Capturing both the
higher-order structure and the correlations around a node is out of the scope of
current models. Apart from describing the dynamics accurately, this is critical for
systems in which adaptive behavior is allowed, for an agent modifies its connections
in response to the state of its neighborhood, hence to the composition of the groups
therein.

To fill this gap, here we extend the AME framework by suitably integrating pre-
vious approaches. Crucially, a naive merging of the node- and group-centered AME
models would result in an impractical description. On the one hand, this would im-
ply classifying groups based on either their size and a state vector of ¥ — 1 elements,
being X the number of available states for a node. On the other, nodes would be dis-
tinguished by both their state and a degree vector where each entry corresponds to a
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particular state configuration of the set of the other members, leading to a rapid com-
binatorial explosion.!! We are thus forced to coarse-grain in some way the state space
of the neighborhood of a node. We look for an approximation capable of drastically
reducing the dimension of the description while still capturing the relevant dynamical
correlations in the system.

We will focus on binary state dynamics (e.g., SIS) and show that the description can
be effectively reduced. To do so, we will keep track of the groups’ level of activity (in-
fectiousness). This will unlock a series of theoretical questions: When—as modelers—
should we consider a group active to predict the dynamics best? How correlated are
two groups of a node if one is large and consistently active and the other small and
sporadically so? If adaptive behavior is allowed, under which conditions does it act
as a global control against contagions in group-structured systems? Lastly, is the best
definition of an active group the same for modelers trying to describe the contagion
accurately and for agents hoping to avoid it?

3.3.1 The GAME model

Let us consider a general binary-state dynamics on infinite-size random networks
with groups (i.e., random hypergraphs where groups are encoded as hyperedges).
Nodes can either be susceptible (S) or infected (I) and have a membership (or hyper-
degree) m drawn from the distribution g;;. Groups are of various size n drawn from
the distribution p,. We partition the groups and the nodes according to their local
properties. Specifically, we track C, ;(t) € [0, px], the fraction of groups of size n with
i € {0,...,n} infected nodes at time t. We also track S,,; and I,,;; € [0, gm], the frac-
tion of susceptible and infected nodes with membership m and ! € {0,..., m} incident
active groups. For a given node, a group to which it belongs is active when it contains
at least 7 infected nodes other than itself. Accordingly, we call I (m — I) the active (in-
active) membership of a node. These three types of compartments are also to be inter-
preted as joint probabilities, i.e., C,; = P(n,i), S;,; = P(S,m,1), and I,,;; = P(I,m,I),
with normalization ¥, ; C,,; = Xy pn = 1 and ¥, /(S s + Lyg) = Ly §m = 1. Unless
specified, sums run over all possible values.

With the aim of building a mean-field theory, we introduce the effective infection
(recovery) rate f3,,; (%) for a node within a group of size n with i infected members,
and the effective infection (recovery) rate Bm,, (&y,,1) for a node of membership m, [ of
which are active. From these definitions, we introduce the following set of generalized

approximate master equations (GAME), schematized in Fig. 3.9,

Take the simplest case in which X = 2 and the structure is a m-regular n-uniform hypergraph, so
that all nodes have hyperdegree m and all groups have size n. The nodes’ degree vector would
have n entries (e.g., number of active nodes among the other n — 1 in the group), implying
that there are as many node classes (hence dynamic equations) as partitions of m into n distin-
guishable parts (in the sense that, e.g., (11,12) and (11, 111) count as different partitions). With
n = 3, we would already get 9, 15, and 18 node classes for respectively m = 3,4, 5. For the same
sequence of m, n = 4 would yield 20, 41, and 56 classes.
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Figure 3.9: States and transitions for the generalized approximate master equations.
Groups are identified by their size n and number of infectious members i.
Nodes are identified by their group membership m and the number ¢ of
those that they consider active (i.e., having at least 7 infected nodes among
the other members). GAME transitions, Egs. (3.22), correspond to binary-
state ({S,I}) contagion dynamics and are indicated by red and green ar-
rows. Adaptive (A-GAME) transitions, Egs. (3.45), are indicated by dashed

arrows.
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These quantities are the average rates at which inactive groups become active (6x) or
vice versa (¢x) given that we know the state (X € {S,I}) of one of their members.
We therefore sum over all groups eligible for the transition (e.g., with one too few
or too many infectious nodes) and count the number of nodes therein whose state
matches that of the node of interest. This gives us a biased distribution over states,
renormalized with the sum in the denominator, and over which we average the local
rate of transition. For instance, consider fg in Eq. (3.23a), which is the average rate
at which a random inactive group becomes active from the perspective of one of its
susceptible members. Since the probability that a group includes a susceptible node is
proportional to the number of such nodes in the group (which is n — i if the group has
size n), the probability that an inactive group containing the susceptible node has size
nandi=i-1(ie,is at the edge of becoming active) is (n —i+1)C, 7 1/ ¥, ;<; 1 (1 —
i)Cy,i- Such a group has n — i susceptible nodes and each of them gets infected with
rate Bn,zllr thus the local infection rate reads (n — Z)Bn,zll- Summing over group sizes,
we get Eq. (3.23a). Equations (3.23)(b)-(d) are found analogously.

To close the GAME, we need to estimate the previously introduced effective trans-
ition rates, &, ;, By i, &, and erl. We calculate these rates with mean-field arguments,
yet the form of this calculation depends on the nature of the dynamics. Specifically,
we use two approaches based on whether the dynamics operate at the node or group
level. In a node-based dynamics, the transition rates for a node are functions of the
states of all of its neighbors, independently from how those neighbors are scattered in
different groups. For instance, this means that the rate at which a node gets infected
only depends on the number of infectious neighbors. In a group-based dynamics, in-
stead, each group brings an independent contribution so that an overall transition rate
is given by the transition rates summed over all the groups a node belongs to. This
translates into a node getting infected independently through each group based on the
number of infectious members therein. In other words, node-based and group-based
dynamics model mechanisms which are potentially nonlinear on the state of entire
neighborhoods and single groups, respectively. The two approaches become equival-
ent for dynamics like simple contagions, which are linear in the states of nodes (hence,
groups).

3.3.1.1 Node-based dynamics

We consider general continuous-time Markov processes where susceptible nodes
transition to the infected state at rate B(k, (), being k the (pairwise) degree of the
node and ¢ € {0,...,k} its infected degree. Similarly, infected nodes transition to the
susceptible state at rate a(k, £). Degree k and infected degree ¢ are total quantities of
a node summed over all groups it belongs to. The dynamics therefore ignores how
these quantities are distributed over groups. Within this general node-based process,
we can calculate the mean-field transition rates as follows.
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Let us first consider the effective infection rate f,,;. If we pick a susceptible node
in a (focal) group of size n, of which i are infected, the degree of this node can be
decomposed as k = n — 1 4 r, where r is the excess degree, due to memberships to
other groups. Similarly, the infected degree can be decomposed as ¢ = i + s, where s
is the excess infected degree. If v and s were specified, then the infection rate of this
susceptible node would simply be f(n — 1+ r,i +s). In this version of the GAME, we
approximate f3,, ; by averaging over a joint distribution

Bui=Y B(n—1+r,i+s)P(r,s/n,i,S), (3.24)
7,8
where the distribution P(7,s|n,i,S) is to be determined. It is the probability that a
susceptible node in a group of size n with i infected nodes has excess degree r and
infected excess degree s. For this task, we leverage the properties of probability gener-
ating functions (PGFs), discussed in Appendix A .4. Specifically, we need an expression
for the following (bivariate) PGF,

Ei(x,y) = Y P(r,s|n,i,S)x"y° . (3.25)
7,5

Known Eg(x,y), we can extract the distribution P(r,s|n,i,S) from it and so compute
the effective rate f,, ;. To highlight that the latter is obtained averaging over the distri-
bution associated with Eg (x,y), we write

Bui = (B —1+7,i+9)g, (3.26)

To find P(r,s|n,i,S), let us first derive an alternative expression for Eé(x,y) in terms
of the state variables, {C,,;}, {S,;} and {I,;}.

If we take a random external group to which the susceptible node belongs, the
contribution to its degree and infected degree is associated with two PGFs, depending
on whether or not the group is active for the node. If it is not (i.e., the group contains
less than i infected nodes), then the appropriate PGF to use is

Z:n,i<17(” - i)cn,ixnilyi .
Zn,i<f(n - i)cn,i ’

otherwise, it is

Y isi(n—1)Cyix" 1yl
271,1’2{(” - i)Cn,i

K (x,y) = (3.28)
Through the auxiliary variables x and y, these PGFs count the number of other mem-
bers (n — 1) and infected members (i) in a group, respectively, weighting these num-
bers with respect to the probability (proportional to (n —i)C,, ;) that a susceptible node
is part of such a group. Notice how the PGFs above encode all the moments of the

probability distribution of the size and state of the groups around a (susceptible) node,
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conditioned on the state of the latter. For instance, the average number of infected

nodes a susceptible node finds in an inactive group is given by BKgd(x,y) /Y| xy=1-

Equations (3.27) and (3.28) provide information about a single, random external
group. But how many groups does the node belong to? Its excess membership and
excess active membership are still unspecified. To compute them, we leverage again
the information about whether the focal group is inactive (i < i) or active (i > ).

Depending on this, a PGF of different form is used, i.e.,

Zm,l(m - l)Sm,lxmililyl

ifi<i
. - 1S !
Gi(x,y) = L (1 = 1)Sms (3.29)
Yo 1Sy x™ Tyl =1 s
U d ifi>i,
Zm,l lsm,l

where the variables x and y here count the number of inactive and active external
groups, respectively. If the focal group is inactive, then the probability for the sus-
ceptible node to be part of it is proportional to (m —1)S,, ; if active, such probability
is instead proportional to [S,, ;. The moments of the probability distribution of the
excess (active) membership of a susceptible node, conditioned on this belonging to
an inactive or active group, are all encoded in Gé(x, y). The conditioned, average ex-
cess active and inactive membership of the node, for example, are simply found as
acg(x,y)/ay\w:l and 9G(x,y)/0x
conditioned, average excess membership.

xy=1, respectively. Their sum then provides the

Finally, assuming that the contributions to r and s from different groups are statist-

t!2 (besides being identically distributed, all drawn from Kgd and

ically independen
K?i), using the properties of PGFs, it follows that Eg(x, y) can be expressed through

the composition
E5(x,y) = G5 (K& (x,y), K (x,)) - (3:30)

The distributions associated to Kgd, K?{ and Gg are fully determined by the know-
ledge of the set of states {C,;} and {S,,;}. Initialized the system, we know those
PGFs for each x and y, hence Eg using Eq. (3.30). We can then invert Eq. (3.25) to get
P(r,s|n,i,S) using a discrete Fourier transform (refer to Appendix A.4.1 to see how)
and find B, ;. Known the latter, the system can be integrated through the infinitesimal
interval dt to get the new set of states, which can be thus fed back into Eq. (3.30) to
repeat the procedure. In this way, the system can be integrated over any time span.

Notice here the implicit assumption that the different groups have in common only the focal
node. Any two groups sharing at least another node would be directly correlated, breaking the
assumption. As in Sec. 3.2, the structure is thus considered to be sufficiently sparse so that any
two maximal hyperedges have a vanishing probability of sharing more than one node.
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Analogous steps yield the effective recovery rate &, ; for an infected node, leading

to
i O =1yl
KiS'(x,y) = Lonii ”". o (3.31)
Zn i<i i
i>7 YoisiCh,ix" 1]/1'71
K (x,y) = =422 , (3.32)
! Zn Ji>1 ZC
I m—1—-1,,1 ~
Zmz(2 () zJ)fI Yo oifi<i
Gi(x,y) = mgA (3.33)
Zm,l ll‘rn,lxm_lyl_1 ifi> -
R ifi>1,
Zm,l llm,l
Ej(x,y) = G} (KT (x,y), K () (334
and eventually to
Ry = (uc(n—1+r,i—1+s)>E§ . (3.35)

Notice that, from the perspective of an infected node, a group is active if there are
more than 7 infected nodes among the other members.

The construction of the PGFs to compute &,,; and Bm,l is straightforward, for the
memberships are already given. For an infected node with membership m and I of
them active, we need the distribution P(k, ¢|m,,I) for its degree k and infected degree
{. The associated PGF reads

E™ (x,y) ZZ:P (k, €)m, 1, 1)xky" = [ ;gi(x,y)}m_l [K?'T(x,y)]l , (3.36)
3

where, for the second equality, we assumed that the contributions to k and ¢ from
different groups are independent. The effective recovery rate is then

By = <a(k,€))E;,,,/ . (3.37)

Analogously, for a susceptible node, we have

m—1 x
E? (x,y) Zé)P (k, €|m,1,8)xky" = [Kf;’(x y)} [ Sl y)] , (3.38)
k

and the effective infection rate reads

B = (B(k,£)) g - (3.39)

3.3.1.2 Group-based dynamics

We now consider the case where groups are the main actors responsible for transitions.
Specifically, a susceptible node in a group of size n with i infectious members receives
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an infection rate of A(n,7) from this group. The overall, effective infection rate f,;
thus becomes A(n,i) + A;, where A, is the average infection rate from all the external
groups, reading

Lo (m = 1S,y [(m—=1=1)A;; + 17,57

ifi<i
1= ):m,l(m - l)Sm,l
Yo, 1Sm,1 g
- 9 - 0 i
= A f A2 | Ghxy) . (3.40)
i<igy i1 ay y=1 S

The quantities A;_; and 7\1>; are the average infection rates from a random external
inactive or active group (for a susceptible node), respectively, and read

Lni<i(n —1)CyiA(n, i)

A = - = (A(n, 1)) i<t 3.41
= Z;n,i<17(n - l)cn,i (A( )>Ks ( )

5 Yo isi(n —1)Cpir(n, i) _

A = = < = (A(1,1)) iz - 3.42
= 2n,i>f(” - Z)Cn,i A )>Ks ( )

From Eq. (3.40) we see that A; results from the sum of two terms, each one given
by the product between the average infection rate in an external group of a given
activity state and the average number of such groups a susceptible node belongs to.
Notice that, although the rates A;, A, _; and )—\i>; can be expressed in terms of PGFs, we
don’t need the latter to compute the rates, for these are just sums over state variables.
The reason for this simplification is that the overall effect on a node is just a linear
combination of the effects produced by each group the node belongs to, whereas the
effects coming from each neighbor could be combined nonlinearly in the node-based
dynamics.
Next, the effective rate .Bm,l simply reads

By = (m—DA s+ 17157, (3.43)

as we have full knowledge of the memberships m and I.

The recovery rates &,; and &,,; are computed analogously by estimating the av-
erage recovery rates fi;; and ji;.; of infected nodes in inactive and active groups,
respectively, given the within-group recovery rate (n, ).

3.3.1.3 Results

In the following, we test our model using diverse contagion functions able to pro-
duce either standard simple contagions and threshold (complex) contagions where a
minimum number of infectious contacts (either across the neighborhood or within a

group) is required for transmission. In particular, continuing with our exploration of
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Figure 3.10: Equilibrium prevalence, I*, obtained on random 3-regular 5-uniform hy-
pergraphs under group-based dynamics (Egs. (3.40)-(3.43)) considering
the threshold-linear infection rate in Eq. (3.44), for (a) v = 1 (initial preval-
ence, [(0) = 0.05), (b) v =2 (I(0) = 0.8) and (c) v = 3 (I(0) = 0.8). Solid
and dashed lines represent the results obtained integrating Egs. (3.22) for
ie{1,...,5}, while points and error bars (when visible) denote averages
and standard errors over 20 random realizations resulting from Monte
Carlo simulations performed on hypergraphs with N = 5 x 10* nodes.
The most accurate model is always the one having i = v (orange).

higher-order contagions, we consider the group-based dynamics. For the latter we use
the following function for the within-group infection rate
oi ifizv

Mn,i) = , (3.44)
0 otherwise

where ¢ is the per-node infection rate. The contagion is simple (linear) for v = 1 and
complex (linear-above-threshold) for v > 1. In particular, v > 1 identifies models
where the inactive state is always (locally) stable (i.e, these are class IIl models accord-
ing to the classification by Dodds et al. [112]; see Sec. 2.2.3.1). In such cases the critical
point is thus a persistence threshold. We focus on a SIS-like dynamics from now on,
so that recovery is a spontaneous node transition, for which we use a simple constant
rate &,; = &,,; = 1 (ie., without loss of generality, we rescale time by the constant
recovery rate).

Figure 3.10 illustrates the high accuracy of the GAME against simulations on static
hypergraphs. We refer in particular to 3-regular 5-uniform hypergraphs, where all
groups include 5 nodes and each node participates to 3 groups. Using all the values
of 7 from 1 to 5, the results clearly show which characteristic activity level best cap-
tures the dynamics. We find that against both simple and complex contagions, the
optimal description is the one whose characteristic activity level i matches the min-
imum number of infectious members required for transmission, v. One could expect
that, especially far from the critical point, a higher i might be useful to distinguish
large groups that are actively transmitting from small groups where nodes were infec-
ted through some other groups. Yet, the most straightforward answer is the best: The
optimal model is the one that tags as active the groups that can transmit.
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A higher 7 might become preferable under heterogeneous group size, which allow
the contagion to localize around large groups [301-303]. Further investigation is re-
quired to clarify this point.

33.2 A-GAME: Adaptive structures

Thanks to the formalism developed in Sec. 3.3.1, able to account for dynamical cor-
relations within and across groups by tracking their activity level, the GAME provide
a more accurate description than less refined mean-field models. If, on the one hand,
such improvement marks an incremental step, on the other, the very same formalism
opens unprecedented possibilities for the modeling of adaptive systems. In fact, the
GAME’s true potential is released when tracing the activity of the groups is not just
a descriptive advantage but is instead the premise for specific physical mechanisms.
One of the most natural of such mechanisms is perhaps strategic rewiring, where
nodes (agents) rewire away from (leave) some groups to join others as an adaptive re-
sponse to a process—not necessarily a contagion—unfolding through the system. At
least a partial knowledge of the (activity) state of the groups is required to describe
interesting adaptive responses as those observed in social, cultural, and economic sys-
tems [43]; otherwise, one could only model naive agents leaving and joining groups
entirely at random. The adaptive GAME (A-GAME) presented below account for that
knowledge, allowing for the modeling of adaptive group-structured systems, namely,
adaptive hypergraphs.

Focusing on contagion processes, we consider here the case where susceptible
nodes have the possibility to rewire away from active groups. That is, we confer the
activity threshold 7 the physical meaning of being the minimum number of infected
nodes in a group that a susceptible node no longer tolerates, making it willing to
leave the group. In this context, we thus refer to 7 as the tolerance threshold. This
higher-order adaptation mechanism is a 2-fold generalization of the adaptive pair-
wise model by Gross et al. [304] (further extended still in pairwise settings by other
researchers [254, 305-308]). There, a node rewires away from an infected neighbor
(i.e., from an active link) to attach to a susceptible node (resp., to an inactive link), al-
ways. Therefore, apart from neglecting the group organization, this model makes the
implicit assumption that nodes always possess the information (and the resources) re-
quired to perform a favorable rewiring.'®> Here, we relax that assumption by defining
the probability # that rewiring is targeted towards inactive groups instead of random
groups in any state. The probability 7, hereafter referred to as the rewiring accuracy,
effectively measures the information nodes have about groups before joining them.

Closer to our work, Tunc et al. [308] considers the model in Ref. [304] in a network with com-
munities. There, the agents are assumed to rewire their active links while ensuring the pre-
servation of the community structure. This requires not only information about the location
of susceptible nodes in the network but also about the connectivity among communities. That
agents have such global knowledge looks quite unrealistic.
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Within the A-GAME framework, the model by Gross et al. [304] thus identifies as the
exceptional case in which all groups are pairs and nodes have perfect information.
Furthermore, with group rewiring, while the average group size and average group
membership are conserved, the active membership of nodes and the size distribution
of groups are allowed to change due to the adaptive mechanism. As a consequence,
not only does the distribution of the pairwise degree generally change, but even its av-
erage does, a possibility that the pairwise case excludes [304]. Accordingly, our model
can, in principle, interpolate between a complete network with a giant infinite group
and a sparse regular network.

The rewiring rate, denoted with v, is an effective parameter whose value can in-
clude several factors deciding how much reactive agents are, such as the information
about the groups and the costs of various nature entailed by changing connections.
Regardless of the exact adaptive mechanism, the annealed calculation of the mean-
field quantities remains the same as in Egs. (3.23), for the memory-less system does
not capture correlations due to recent rewiring effects. Rewiring brings the following

transitions to our system,

Coi ="y [(n+1=1)Cppq,i — (n —0)Cyy ]

1. -
P <’7 1<71 41— 77) [05\122%—1»‘ _ Qs\gicn,i] i (3.45a)
Cz’<i
50 =7 [+ (= 1)Ciq] [+ 1)S i1 —1Sm1] - (3.45b)

These transitions, tagged with the superscript ‘a’ for adaptive, are added to Egs. (3.22a)
and (3.22b), and graphically represented by the dashed lines in Fig. 3.9. The terms
in Eq. (3.45a) account for susceptible nodes leaving and joining groups, respectively,
while Eq. (3.45b) only needs to account for susceptible nodes rewiring away from
their active groups. To calculate these rates, we have defined C;_; =}, 7C;; and
Qg)in7 = Y i>i(n —1)Cy i, and used the indicator function 1y to condition on the
activity of the groups. Note that we formulate a more general adaptive model where
both susceptible and infectious nodes can rewire [309] in Appendix B.2.1.

3.3.2.1 Results

We experiment with adaptive hypergraphs on both simple (v = 1) and complex
(v = 2) contagions. We consider 3-regular hypergraphs initialized with group sizes
following a truncated Poisson distribution with mode n = 4 and support {2,...,8}.
Since we allow nodes to form groups of size at most 1 = 8, the values of the tolerance
threshold 7 we need to explore goes from 1 to 8, as there is no rewiring for i > 8 (no
group can be tagged as active). Already for a simple contagion, taking i = v = 1,
Fig. 3.11 highlights a few notable findings.

As in pairwise networks [304], there exists a bistable region for fast enough re-
wiring. The bistability originates from the intricate interplay between infections and
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Figure 3.11: Results for adaptive hypergraphs (Egs. (3.45)) under a simple contagion.

The initial size distribution is a truncated Poisson with mode n = 4 and
support {2,...,8} (n = 8 being the maximum allowed group size), yield-
ing an average size (n) = 4.196. All nodes have (constant) membership
m = 3. (a) Phase diagram showing the equilibrium prevalence [* against
rewiring rate y and rewiring accuracy 77, when strategy i = v = 1 is used;
1(0) = 0.45 for the upper branch and I(0) = 107> for the lower branch
(for which I* = 0 on the right of the vertical white line). Apart from a
bistable region when rewiring is fast enough, we find (i) a low-accuracy
region where rewiring is detrimental (on the left of the black line) and
(ii) a slow-rewiring region where, for high enough accuracy, prevalence
presents a local maximum, defining a curve of least optimal rewiring rate
(black dashed line); see Fig. C.8(a) to better appreciate these regions. ((b)
and (c)) Lower (solid) and upper (dashed) branches of the prevalence
I* versus the per-node infection rate ¢ using different rewiring rates <y
for, respectively, random (7 = 0.0) and perfectly targeted (7 = 1.0) re-
wiring. In either case, a faster rewiring (larger ) increases the invasion
threshold (which, notice, is independent from the accuracy #) while en-
larging the bistable region enclosed by the hysteresis cycle. Additionally,
we find that increasing accuracy heightens the persistence threshold, lead-
ing the bistable region to shrink. (d) Interestingly, increasing the tolerance
threshold above 1, as to i = 4 & (n), suppresses bistability by pushing the
invasion threshold down to the value it takes with no rewiring (y = 0),
hence making the transition continuous. No dependence on 7 is observed
in this case for the prevalence. (e) Time evolution of the average (pairwise)
degree around the local maximum prevalence in (a); specifically, taking
v < 05 and 7 = 0.7. A very slow but nonzero rewiring (here, v = 0.1),
minimizes the number of contacts, whereas a sufficiently fast rewiring
(approaching v = 0.5) allows to better avoid contagion (while even in-
creasing connectivity). An intermediate rewiring is instead relatively too
fast to minimize contacts and too slow to escape contagion, leading to the
local maximum in prevalence found between 7y = 0.2 and 0.3.
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rewiring. By increasing the rewiring rate <y, susceptible nodes avoid infectious ones
more reactively, making the system less vulnerable to new outbreaks—the invasion
threshold heightens. On the flip side, a faster rewiring also implies that susceptible
nodes tend to cluster together more and increase their connectivity, in this way help-
ing to sustain the contagion once prevalence became high enough—the persistence
threshold departs more from the invasion threshold. Consequently, as in Gross et
al. [304], the bistability region is widened by . While Ref. [304] only considered per-
fect rewiring (7 = 1), we see that the bistable region, not only exists also for 7 < 1,
but is actually widened by reducing accuracy. On one hand, the invasion threshold is
independent from the latter, for leaving an infected group leads with certainty' to a
fully susceptible one when the system is near the inactive state. On the other hand,
decreasing 1 reduces the persistence threshold, for susceptible nodes are less able to
isolate from infected ones (see Fig. C.9 and the discussion therein for details). Decreas-
ing either # or 7y reduces the persistence threshold of complex contagions (v > 2) too
(see Fig. C.8).

As shown in Fig. 3.11(d), the bistability is suppressed by considering higher toler-
ances, i > 1. In fact, since susceptible nodes do not rewire away in the presence of one
infected node, the probability of rewiring vanishes near eradication. Consequently,
the invasion threshold (hence the persistence one) reduces to the one found with no
rewiring and the phase transition becomes continuous' (although with a different
critical scaling, whose precise evaluation will need further investigation).

More importantly, the higher-order organization leads to two previously unseen
phenomena. First, a low-accuracy region of detrimental rewiring, where prevalence is
higher than with no rewiring. Second, a slow-rewiring region where, for high enough
accuracy, prevalence is lower than with no rewiring, but it first increases with -y before
eventually decreasing, defining a least optimal rewiring rate for each accuracy level 7.
As we will see, both phenomena require the existence of groups of different size, and
are therefore excluded in pairwise networks.

To better understand the rich phenomenology of higher-order adaptation, let us
vary the tolerance threshold 7 and see how this affects prevalence. The results are
presented in Fig. 3.12 for either simple (v = 1) and complex (v = 2) contagions. We
identify two optimal strategies for agents to elude contagions:

1. Avoid contagious groups. This is optimal when targeting is both fast (high <)
and accurate (high 7). To do so, nodes have to mimic modelers by setting i = v.
Being enough reactive and precise, they can manage to escape infection without
necessarily lower the connectivity of the structure;

Recall the assumption of infinitely many finite-sized groups.

We expect a similar phenomenon in pairwise networks when a susceptible node rewires away
from those edges connecting to infected nodes only if such edges are at least two. It would
then connect to different nodes. We find this generalization for pairwise networks however less
natural, for two reasons at least. Not only having good information about the state of more
edges (neighbors) might already be improbable, but then establishing multiple new connections
at once might be inaccessible (e.g., because too costly).
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Figure 3.12: Dynamical effects of the tolerance threshold i. The hypergraphs are ini-

tialized as in Fig. 3.11. For either simple (v = 1) and complex (v = 2)
contagion, varying 7 we find two main strategies for the agents to reduce
(and possibly eradicate) contagions. At high v ((a) and (d)), if # is high
too, it is optimal for agents to target the dynamics by setting i = v, which
is also how modelers can optimize their model as seen in Fig. 3.10. At
low 7, or low 7 ((c) and (f)), it is optimal to target instead the structure
and minimize degree by setting i = 4 &~ (n). ((b) and (e)) Time evolution
of the average (pairwise) degree corresponding to the results under per-
fect targeting (7 = 1.0) in (a) and (d), respectively. Strategies i = v and
i =4 ~ (n) are the two best, but whereas the second targets the structure
by reducing the number of contacts, the first targets the dynamics, while
not necessarily decreasing connectivity.

2. Awoid large groups. This is optimal when rewiring is slow (low ) or targeting

is poor (low 7). By setting 7 ~ (n), the average group size, nodes rewire away
from groups of size larger than average ({n) + 1, at least), thereby minimizing

their average degree and the probability of getting infected.

Importantly, to say whether the rewiring is ‘fast” or ‘slow” and ‘accurate’ or “poor’,

we have to compare the system with the state of its static counterpart. There is there-

fore no a priori boundary defining which strategy is optimal. In fact, in intermediate

regimes, both strategies can work just as well but— surprisingly—an intermediary

strategy (v < 7 < (n)) may not (see Figs. 3.12(a) and (d)). We hypothesize that this is

because the mechanisms underlying these strategies are actually in opposition.

In Figs. 3.12(b) and (e), we show the average degree of the adaptive hyper-

graphs under different rewiring strategies. Notice that the average degree is given
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by (m)(n(n —1))/(n), and thus increases with group size heterogeneity, being aver-
age group size (n) and membership (m) conserved quantities. We see that the i = v
strategy works despite slightly decreasing (v = 2) or even increasing (v = 1) the
connectivity of the system eventually'®. As expected, the i ~ (n) strategy works by
having susceptible agents avoid groups larger than average and therefore create a
more uniform sparse network, actually minimizing the average degree. In accordance
to our hypothesis, the two adaptive strategies work in different ways, targeting either
dynamics or structure.

LEAST-OPTIMAL REWIRING RATE. A similar logic explains the region of least-
optimal rewiring rates observed in Fig. 3.11(a) for sufficiently high accuracy. Larger
groups, having more members that can be infected and being the infection rate pro-
portional to the number of infected members, reach the tolerance threshold, i = i
faster on average. Slow rewiring (low <) then allows the number 7 of infected mem-
bers to significantly correlate with group size n before the typical rewiring time (1/7).
As a consequence, when rewiring is accurate enough, susceptible agents preferentially
migrate to smaller groups, decreasing the average degree. Conversely, fast rewiring
(high <) makes targeting the dynamics the optimal strategy (without necessarily de-
creasing connectivity). In between, we find a least optimal rewiring rate that is too
slow to avoid contagion—target dynamics—but also too fast to homogenize group
size and minimize degree—target structure—, for rewiring comes too early for i and
n to be sufficiently correlated.

DETRIMENTAL REWIRING. The correlation between size and infected members
of a group is also at the base of the detrimental rewiring found in the region of low
accuracy, where rewiring is nearly performed uniformly at random. In this region, tar-
geting dynamics is not just sub-optimal, it is the worst strategy. As seen in Fig. 3.11(a),
such region is wider for slow rewiring and shrinks, until disappearing, by making it
faster. When rewiring is slow, that correlation is strong, thus escaping from a group
whenever just one member is infected (I = v = 1) implies, most probably, rewiring
away from a smaller group to reach a larger and more infectious one. Increasing
the rewiring rate, that correlation becomes smaller, and so does the probability of
connecting to a group in a worse situation. Further increasing the rewiring speed,
the strategy of leaving a group whenever it turns infectious eventually pays off, for
most probably leads to a susceptible group. Notice, as Fig. 3.12(d) shows, that a
strategy i < v is also detrimental for low accuracy, but in a trivial way: nodes are ex-

As observed in Figs. 3.12(b) and (e), the average degree always decreases at the beginning, even
under strategies like 7 = 1 that eventually increase it. Indeed, since the probability at = 0
that a group includes i or more infected members is proportional to its size, susceptible nodes
starts to rewire mostly from the larger groups to join smaller groups, temporarily making the
structure more uniform. Accordingly, such transient disappears when the initial prevalence is
close to zero.
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ceedingly intolerant, risking of leaving (still) innocuous groups to join infectious ones.

Lastly, it is evident from Fig. 3.12 how only the strategies using i < (n) are af-
fected by the accuracy 7, especially the one that best targets dynamics, i = v. From
i ~ (n) on, instead, the results are practically independent from 7. Somewhat coun-
terintuitive, this independence is simply explained by first noticing that, given a 7 that
approximately equals or exceeds (1), a group can be left by a susceptible node only
if its size is strictly larger than average. Then, if accuracy is high, the susceptible node
targets less infectious groups, which on average are also smaller, for they possess
less infected nodes than the starting group either statistically, due to the correlation
between n and i, or by necessity, having size n < i. On the other hand, if accuracy is
low and rewiring is thus almost uniform, the node is anyway more likely to end up in
smaller groups!”, which are in fact less infectious. Either strategically (high accuracy)
or by chance (low accuracy), the outcome of rewiring is effectively the same. Due to
the correlation between n and i, that equivalence no longer holds for strategies with
i < (n): accuracy matters, as increasing it lowers the probability of joining a larger

and more infectious group when leaving a smaller one.

3.3.3 Summary

We studied contagions on static and adaptive hypergraphs by developing a general
model to capture dynamical correlations within and across groups. To do so, we intro-
duced the notion of characteristic scale 7 of a contagion to tag groups as active or inact-
ive based on the number of infectious nodes i they contain. Our GAME thus comprises
previous AME frameworks as special cases, recovered when one collapses groups to
pairwise edges or considers all groups as equivalently active. Hence, whether the aim
is to describe binary-state dynamics on pairwise or higher-order networks, whether
static or adaptive, it is in the GAME.

We then asked three questions. What is the characteristic scale 7 such that our
mathematics best fit simulations on static structures? What is the tolerance threshold
i allowing agents to best avoid the contagion? How similar are those two answers?

We found that modelers should use a characteristic scale i = v set by the number
of infectious neighbors v necessary for infection. However, agents have more options
if they want to avoid the contagion. When rewiring is fast and accurate, agents can
act as modelers and set i = v to minimize the contagion events without necessarily

Notice that this is the case for non-skewed group size distributions like the truncated Poisson we
used here. In fact, what ultimately matters is how the size of the group the node leaves compares
with the median. If the median is smaller than the mean (positive skew), a uniform sampling
of the groups leads, on average, to a group smaller than the one left only if the latter had size
larger than the median (not necessarily than the mean). On the contrary, when the median is
larger than the mean (negative skew), leaving a group of size larger than the mean leads, on
average, to a larger group if the former group had size smaller than the median. Therefore, the
independency from # holds, more generally, for groups with size above the median.
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minimizing also their connectivity—this can even increase. When rewiring is slow
or inaccurate, agents should instead aim to minimize their degree by rewiring away
from large groups based on 7 ~ (1), the average group size. Setting the right tolerance
level can have a massive impact on the dynamics, as it can push the system below the
invasion/persistence threshold.

Altogether, we introduced adaptive hypergraphs, which are not as constrained as
most adaptive network models. Their average degree is not fixed over time, enabling
them to organize in diverse ways. Nevertheless, the conserved quantities of average
hyperdegree and hyperedge size allowed us to formulate an accurate and general
model based on approximate master equations. We believe this is a promising start to
the study of self-organized group-structured systems.
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CONTEXT-DEPENDENT CONTAGION
PROCESSES

In the previous chapters, we studied the effect of group interactions that, by directly
involving more than two units of the system, cannot be reduced to combinations of
pairwise interactions [88, 90]. In truth, this irreducibility can still hold when all the
interactions in the system directly involve only two units. Indeed, even when an in-
teraction is pairwise (e.g., an infectious transmission), if the behavior of the involved
units is modified by the co-presence of other units (e.g., other people) and the behavior
affects the interaction, then the latter cannot be considered in isolation. The group as a
whole (the two directly interacting units and the remaining, co-present ones) defines
a context which alters the direct interactions taking place within it. These higher-order
interactions are known as interaction modifications (or trait-mediated indirect interac-
tions) in ecology [310-313], whereby the throphical relationship between two species
is altered by the presence of a third one. For instance, if the presence of species A
induces some defensive behavior in species B (even though B may not be a prey of A),
then the rate at which B predates species C is lower than it would if A was absent. By
altering the behavior of B, A modifies the B-C interaction, specifically weakening it
and thus helping C. Crucially, this is different from the indirect effect that a predator
of B, say D, has on the predation rate of B on C. The effect would be in this case the
result of a chain of direct trophical interactions, in which D decreases B’s population
and thus lowers the B-C predation rate, actually facilitating C’s survival [310].

Going beyond ecology, we can realize that examples of interaction modifications
can be also found in other kinds of systems. In opinion formation, the direct influence
that an individual can exert on another can be modified by the opinions [314] or the
individual characteristics [315] of the others in the group. In sociolinguistics, when
an individual moves to a new region, the learning rate of the local language depends
on how often the locals use that language in the presence of that individual [316].
They could bear the cost of switching to another language (e.g., English) for a more
inclusive conversation, but eventually slowing down the diffusion of the local one;
or could instead stick to it, enforcing its diffusion. In neuronal systems, glias ma-
nipulate neurotransmission and synaptic connections between neurons [317, 318]. In
biochemical systems, enzymes increase the reaction rate among certain species, while
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inhibitors blocking the activity of enzymes, in turn decrease that rate [319]. Lastly, a
percolation process (yet to be mapped to a physical one) defined by interaction modi-
fications where the activity of nodes regulates the activation of links, has been shown
to generate time-varying networks where the size of the giant connected component
undergoes a period doubling and a route to chaos [320].

In the following sections, we will focus on spreading dynamics, specifically on
epidemic spreading. Recent studies have emphasized the importance of considering
the group organization of contacts in understanding and controlling a contagion pro-
cess [113, 257, 273, 321]. In this regard, the adoption of nonpharmaceutical prophy-
lactic behaviors, such as face-mask wearing and physical distancing, proves to be a
viable and effective strategy for epidemic control [322-331]. Existing studies on (ad-
aptive) network models for the spread of contagious diseases have considered agents
whose behavior depends either on individual characteristics, on the observed beha-
vior among peers, and on external sources of information, within both well-mixed
and structured populations (see references [62-89] in the review by Benson et al. [332],
and the review by Wang et al. [333]).

However, these studies do not distinguish between potentially infectious contacts
that occur in isolation versus those that occur in the co-presence of other individuals.
This distinction becomes essential when accounting for behavioral adoption. Indeed,
even though each transmission concerns only two people, the likelihood of transmis-
sion is indirectly affected by the way contacts are organized within groups, for the
adoption of the prophylactic behavior (e.g., wearing a face-mask) depends on the
level of adoption an individual observes in the entire group [99, 334, 335]. Adoption
is thus mutable, contextual: an individual may exhibit one behavior or another de-
pending on the current context. We can make a complete parallel with the species’
example above. For instance, if individual A joins individuals B and C, and A wears
a face-mask, this may induce B and/or C to wear it too. If, say, B was infectious, the
behavioral change (wearing the mask) induced by observing A’s behavior will have
decreased the probability of a transmission (from B) occurring in the group. Again,
this is different from the indirect effect of an interaction chain in which a B’s contact,
say individual D, by wearing a mask reduces their own probability of getting an in-
fection and thus of infecting B, in turn lowering the probability for B to infect any of
their contacts (e.g., A and C).

To account for context-dependency, we first need a way to describe a context. As
shown by the examples above, the context is defined by either the intrinsic properties
and/or the dynamical state of the involved—co-present—units. Therefore, modeling
contexts and their effects requires a theory able to account for the interaction patterns
among two or more units of different type and/or state. We provide the most basic
instance of such a theory in the Sec. 4.1 to then use it to study contagion processes
in Secs. 4.2 and 4.3. To first show the pure effect of different interaction patterns, in
Sec. 4.2, we consider the degenerate case of context-independent behavior, where the

spreading between agents is affected by fixed individual traits, namely whether the
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agent adopt or not a “permanent” prophylactic measure (e.g., get vaccinated). There
we show how varying the mixing between adopters and non-adopters gives rise to
three dynamical regimes, with interesting practical consequences. Then, in Sec. 4.3, we
finally explore the dynamical implications of a context-dependent behavior, revealing
a rich phenomenology which radically depends on either epidemiological and soci-
ological factors. The introduction of context-dependency stimulates the discourse on
the interplay between behavior and epidemics along a new dimension of complexity,
hopefully providing novel mechanisms to interpret, and perhaps better control, real
epidemics. We close the chapter by giving in Sec. 4.4 a hint of a new framework that
would allow to deal with systems characterized by generic interaction modifications.
We point out a flexible representation for such systems in the form of a multilayer,
multipartite network.

4.1 HETEROGENEOUS MIXING IN HIGHER-ORDER NETWORKS

Understood a context as a set of co-present units with their properties (states, intrinsic
characteristics, etc.), it can be described as a configuration of an edge of a hypergraph.
The entire hypergraph, through its edge set, encodes the set of configurations—one for
each edge—simultaneously present in the system, and thus contains a huge amount
of information in the form of which unit belongs to which edge and with which
values of their properties. All this information is usually unavailable and, anyway,
often unnecessary to observe the dynamical effects of context. Rather, retaining the
essential information makes such effects not only observable but also mathematically
tractable, allowing us to obtain general understanding.

For the current purposes of our work, it is fine assuming that the properties of a
unit can be represented via a categorical variable, the ‘type’ of the unit. We thus ask
the following. Given a hypergraph and a partition of its nodes into different types, we
want the minimal description able to account for the probability distributions for each
type to belong to edges of various size and type-composition (i.e., to various contexts).
To this end, we can neglect the exact edge set of the hypergraph and refer instead to its
annealed version preserving those probability distributions. This is done by making
the probability for a given edge to occur be a function of the type of the nodes it
involves. Put differently, we operate a dimensional reduction based on the assumption
that the type of the nodes is the sole property needed to infer the interaction structure.
In doing so, we find and parametrize an ensemble of hypergraphs with the same
edge size and type-composition distributions, of which the original hypergraph is a
particular realization. By taking into account the (potentially) heterogeneous mixing
among nodes of different type, such description allows for the study of the effect of
variable local contexts on the dynamical processes of interest.

We first present the general theory valid for any hypergraph, and then provide ex-
plicit formulas for rank-3 hypergraphs. We consider the case in which nodes are par-
titioned into two types, which is what we need for the contagion models in Secs. 4.2
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and 4.3. The generalization of the model to account for any number of types is con-
ceptually straightforward, albeit the notation can become quite cumbersome.

411 General case

Consider a set (a population) of N nodes (agents) where each of them is assigned
one of two types. Given the meaning the type of an agent will take in the following
sections, without loss of generality, we label the two types as “A” and ‘N". Let p be the
proportion of A-type nodes, hence 1 — p the proportion of N-type’s. We assume that
nodes are grouped at random (e.g., at each time step of a given process), with probab-

ilities depending solely on the types of the nodes involved in the groups. Accordingly,
(n)

11,0eedn”

the value of the higher-order adjacency tensor A encoding whether the n-edge
incident on the nodes {i1, ..., iy} exists or not, depends only on the set {X;,,...,X; }
of the nodes’ types, and can be thus replaced with its expected value over the en-
semble of hypergraphs parametrized by N, p, and a set of mixing parameters (defined
below) regulating the average level of type-(dis)assortativity in a group. To this end,
we need an expression for the number g, of (14 + nn)-edges composed of 14 A-
type nodes and nn N-type ones, being subsets of n-edges (i.e., na + 1Ny < 7 < fimax)-
From this we can then derive an expression for the probability that a node of a certain
type takes part in a group of any given type-composition.

Denoted with e(®) the total number of n-edges (e.g., formed at a given time) in the
hypergraph, gS,’QnN is related to it through

(n)
(n) _ 8na,nn (4'1)

P = ( n )e<“> '
na + 1N

(n)  the probability that sampling 14 + ny nodes from a randomly chosen

being pu, uy
)e(") ways of doing it), the sample consists of 1, A-type’s and
(n)

IaN|ma,mn
mu A-type and my N-type nodes in an n-edge, sampling a set of other /5 + Iy nodes

n-edge (thereare (,, ',

nN N-type’s. Also, let p be the conditional probability that, given a set of

in it (mp + Ip + mn + In < n), the sample consists of [5 A-type’s and Iy N-type’s.
Since there are (m;‘nilx) ways of choosing mx nodes out of mx + Ix, X € {A,N}, and

(""" ") ways of choosing /s + Iy nodes among the n — m — my remaining ones,

Ia+IN
we get
(mA + ZA) <11’IN + lN> )
(n) _ ma mN Ema+lamutn 4.2)
plA,lN\mA,mN n—ma —my g’ng),mN . .
A+ 1IN

In particular, pl(: )IN\l 0 (pl(:)lN 0 1) is the sought probability that an A-type (N-type) node
takes part in a group of size n which includes other I, A-types’ and IN N-types’.
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Therefore, indicated with kg'jo) (k(()ﬁ)) the expected n-degree of an A-type (N-type) node,
i.e., the expected number of groups of size n to which it takes part in (per time step),
; _ (m) _ ,m (n) (. (n) _ (m)y s
and given [ + Iy = n — 1, then K 10 = plA,lN\l,Okl,O (KIA,ZN\O,l = plA,lN\O,lkO,l) is
the expected number of groups of size n in which an A-type (N-type) takes part with
other [p A-type’s and Iy N-type’s. These numbers, beside N and p, specify completely

the annealed interaction structure.

()

nAMN*
{A1,...,An,,N1,..., Ny} of np > 1 A-type nodes and ny > 1 N-type ones. We
want to calculate the probability of finding the other na + 1y — 1 nodes in the sub-

To compute them, we need an expression for g Consider then a subset

set conditioned on a single node that we can choose to be, for instance, N1, that is,
P({A1,...,An,, No,...,Npy} INy). There are (na + ny — 1)! different ways of writing
this probability, one for each possible order in which the 1 + ny — 1 nodes can be
found. We can thus choose one particular ordering, say (Np,..., Ny, A1, ..., An,),
and apply recursively the definition of conditional probability (i.e., P({x,y}) =

P(y)P(x|y) and P({x,y}|z) = P(y|z) P(x[{y,z}) to get

P({A1,...,Au,,Na, ..., Nuy }N7)
= (np +ny—1)!
x P (N2|Nyp)

x P (NnN| {le---/N‘le—l})
x P (A1]{N1,...,Nny})

X P (Any | {N1, ..., Nux, A1, ..., Ap1}) (4.3)

Given that we are not interested on the labels of the nodes but exclusively on their
types, using the notation nX to denote a set of n X-type nodes, Eq. (4.3) becomes

P(nAA,(nN — 1)N‘N) _ (nA +nN — 1)

na
x P(N|N) P (N|2N) - - - P (N| (ny — 1) N)
x P(AlnNN) -~ P(AlnnN, (na —1)A) ,  (44)

where we divided by (ny — 1)! and n,!, which are the number of permutations of the
nN — 1 N-type and n5 A-type nodes in the sequence, respectively, equally contributing
to P(npaA, (ny — 1) NIN).

If the np + ny — 1 nodes are drawn from a set of n — 1 > np + ny — 1 nodes, there
are (nAi;i_l) distinct ways of doing it for any sequence chosen for the np +ny — 1
nodes. Then, if there is a total of NNy N-type nodes in the hypergraph and, on average,

each one is included in kl(\? ) n-edges (per time step), the expected number gE,’QnN of
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(na + nn)-edges composed of np A-type nodes and ny N-type ones, subsets of n-
edges, can be written as

(n) NNkf\?) n—1 na+nny—1
nann =

nN na+nn—1 na
X P(N|N)P(N|2N)P(N‘ (HN—l)N)
x P (A|nNN) .- P (A|nNN, (I’ZA — 1) A) , (4.5)

where the term 1/ny accounts for the fact that there are 7y N-type nodes to condition
upon in the set. Switching back to the more compact notation used in Egs. (4.1) and
(4.2), Eq. (4.5) becomes

(n) NO,lk(()fll) < n—1 ) (ﬂA +nN — 1)

Snamy = nN na+nn—1 na

(n) _(n) ()
X Poajo1Porjo2” " Porjonn—1
) (m L m (4.6)
P1010,mxP1,0/1,m0 " P1L0JA 10 7 :

For uniform N-type and A-type subsets, we have

Nok\™ 7,
m _ Norkoy (m—=T1YN\ () () (n)
8oy = nN (nN - 1) Poj0,1Po1j02 " Po1jomn—1 7 (4.7)
Ny ok™ /oy
(n)y _ N1oK fn—1 (n)  (n) (n)
8nad = Ty (HA _ 1) P1,011,0P1,020 " P1,0[ns—1,0 ° (4.8)

as simply obtained by putting no = 0 in Eq. (4.6) and by symmetry under the ex-

change of the two types.

(n)
La/IN|ma,mN
terms of conditional probabilities of finding a single node of given type, i.e., of the
n n
§,0)|mA,mN é,l)\mA,mN'
theory, given mp + my = m < n — 1, we parametrize them as follows:

Inserting Eqgs. (4.6) to (4.8) into Eq. (4.2) we are thus expressing p only in

form p and p The latter are the only free variables left. To close the

pgfl())\m/x,mN - D(S:' Al ifma <mn, (4.9)

pé?‘mA,mN =tmm, (1—p), if ma > my . (4.10)

(n)

0,1|ma,mn

(n)

Their counterparts are found from normalization, e.g., p = 1—appm,p if

(n)

ma < my. Parameter ay, ;,, governs the mixing probability in a (m + 1)-edge, subset
of an n-edge, conditioned on the presence of mp < m A-type nodes in it: zx,(,z 211 L =1
corresponds to homogeneous mixing, in which case it is only the proportion of the
types in the population to determine the expected mixing; for ma # my, 0‘;(1?,211 A <
1 (zx,(nn, 2,1 . > 1) indicates (dis)assortativity of the majority in the subset towards the
remaining node, which is therefore more (less) likely than expected to be of the same
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type of the majority; for ma = my (occurring only for m even), aﬁ,’;)m L <1 (uc,(yf', 2,1 A > 1)
indicates asymmetric preference towards N-type (A-type) nodes.

Since mp € {0,...,m}, there are m + 1 parameters characterizing the mixing within
(m + 1)-edges. However, only one of them is free. Indeed, observe from Eq. (4.2)
that the number of mixed groups g,(;z ot (mp, my > 1) can be expressed in

(n) and p\"
Lo, IN|ma,mN plA—l,lN+1\n1A+l,7nN—1

(n) (n)

a relation between a5, and a

terms of both p if Iy = 1 (In = 0), establishing

(m)

or, alternatively, in terms of both p

mma+17 Ia,In|ma,mn

(n) . _ o . 1 . (n)
and Pl i1 ma—1mx 41 if Iy = 1 (a = 0), providing a relation between a,y, ,,
and sz: 2”A71. Since there are m distinct mixed group configurations (one for each

can thus be expressed in terms of only one of them. Those relations can be found by
simply substituting Eqgs. (4.9) and (4.10) into Egs. (4.6) to (4.8) and, as explained be-
fore, comparing related pairs of conditional probabilities'. Notice also that the sets
{afﬂm\} and {a,(,Z;E,A}, m < min {n,n'}, satisfy the same set of relations, as the form
of Egs. (4.9) and (4.10) does not depend on m: “;(17,2"1\ and 0‘1(;,;211\ can only differ in
their value, being they computed on different sets (n- and n’-edges, respectively).
Therefore, we can find all the relations by just considering the case m = n — 1 for each
n € {2,...,nmax}. Having one free parameter foreachm € {1,...,n — 1}, we getn —1
parameters to fix for group size n. Being n € {2, e, nmax}, the annealed structure is
uniquely determined by at most ™% (n — 1) = ("4>) parameters (less if el =0 for
some 1 € {2,...,Mmax})-

Lastly, let us define the pairwise assortativity (or just “assortativity”; or “homo-
phily”, as called later on) in n-edges, ("), as the probability that two nodes are of the
same type when interacting within a group of size n,

Nl,Okgtlo) p 5?0)\1,0 + NOrlk((J},ql) p(<)71>|0,1

L)
Ny k" + NokS?)

clgh) o

=1-p(1—p) o & (4.11)
where k(") = pkgijo) +(1-p) ké’jl) is the average n-degree. Note that this is only one of
the several ways in which assortativity can be quantified within groups of size n > 2.
Indeed, one can consider a weaker notion of assortativity by defining an index for
each one of the group compositions where one type is majoritarian (e.g., for groups of
three nodes, in addition to the index counting configurations where the three nodes
are of the same type, another one counting those where only two of them are of the
same type; see Veldt et al. [336] for a deep analysis about the combinatorial possib-
ilities and constraints of group assortativity). In this sense, assortativity in pairs is

Equivalently, the relations can be found by expressing gﬁ,?lz,mN using different orderings of the
nodes in Eq. (4.3).
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exceptional, for there is only one way of being majoritarian. We choose to focus on
pairwise assortativity because the direct interactions we will consider—those medi-
ating a spreading dynamics—are pairwise, hence knowing how frequently different
pairs form is of primary importance here. Nonetheless, from the previous analysis we
know that fixing h(") alone is not sufficient to fully specify the group organization.
Therefore, unless otherwise specified, we will fix the higher-order mixing parameters
(af,f, Zn A, m > 1) and vary instead the pairwise ones (“§1,1;1)1A'
lar, chosen a value for the average assortativity & = Y /™% K (n —1) k™ /k, being

mp = 0,1). In particu-

k=yms(n—1) k() the average pairwise degree (i.e., the average degree over the
2-section of the hypergraph), we vary the type-assortativities {h("> } and analyze how
this affects the dynamics. Using Eq. (4.11), we find

h=1- (“1,0 + 061,1){) (1 — p) , (4.12)

where a1 = Y% agljo) (n—1) ké’jl)/k =y e ‘)‘%1,11) (n—1) kg}jo)/k = 1 is the average
pairwise mixing parameter.

In conclusion, the theory we developed in this section allows for the complete
parametrization of the mixing patterns between two types of nodes in hypergraphs
of any rank. On one hand, the set consisting of N, p, the (at most) ("%™) mixing
parameters, and the average degrees for each type, identifies an ensemble that one can
sample to generate hypergraphs with those annealed properties. On the other, given a
hypergraph and an assignment of types (or states, given the dynamics is binary) to its
nodes, one can extract the set of parameters identifying the ensemble and so obtain
global information about the mixing between the two types (or states) at each group
size. An interesting possibility unlocked by the presented theory is to track, over time,
the assortativity between nodes with different state. This would allow us to quantify
the dynamical correlations at the various group sizes, which, as shown in Sec. 3, can

crucially drive the dynamics.

4.1.2  Pairs and triads

As a minimal application of this formalism, we will consider agents interacting only
within pairs (2-edges) and triads (3-edges). For nmax = 3 there are at most three free
parameters. To start with, Egs. (4.9) and (4.10) read

2 2

F’g,gm = “5,3P , (4.13)
2 2

F’((J,l)u,o = “51) (1-p), (4.14)
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forn =2, and

F’fg|o,1 = “5,339 / (4.15)
F’((fl)uo = “531) (1-p), (4.16)
F’%o,z = “SO)P / (4.17)
F’f3|1,1 = Oésf e, (4.18)
P((fl)po =aly (1-p), (4.19)

for n = 3. Choosing then agzg , ocﬁ? and ocfl) as the free parameters, one finds the

relations
) kod
o) = ﬁ“% (n=23), (4.20)
kg
3) (3)
a9 (I —ayip
g - (1= ae). am
T—ayop
3) (3
- “5,) (3)

(4.22)

We eventually find the following expressions for the mixing probabilities in triads
conditioned on a single node,

pfg\o,l = "‘g?o)P “Sfp , (4.23)
Piton = 20500 (1-afle) (4.24)
Pc(fz)\o,l = (1 - “5?3#7) (1 - agp) , (4.25)
Pc(fz)u 0= “531) (1-p) (1 - ocfl) p) , (4.26)
Pﬁ) 10 = 2“5? (1-p) vcfl) 0, (4.27)
Pfgu,o = [1 —al¥ (1- P)] [1 — ) (1 p)] , (4.28)

which, together with Eqs. (4.13) to (4.16), specify completely the mixing patterns for
a single node within groups of size n = 2,3. Note that, to ensure that all the mixing
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Figure 4.1: Conditional mixing probabilities for 1max = 3, considering p = 0.25, B3 1 =

0.9, kl(g ) = kX') Vn, k2 =2k and &« = 0.8 (vertical dotted line). For each
feasible value of ay (bottom axis), a3 (top axis) is given by Eq. (4.32).

probabilities lie in [0, 1], the intervals of variation of aizg, aﬁ; and "‘Sl) must fulfil the
following structural constraints:

o | 11 k)
0‘1,0 S O, min —, T, 7’(2) ’ (4.29)
L p (1-p) ko,1
[ (3)
k 3)
o\ € |0,min { 1 - LI ¥ o k i (4.30)
i pi-r (I_P)km 3p(1—p)k01
i 3) (3)
2 -1 1-— 1-—
txg’f € |max 0, % ,min 1, w . (4.31)
L "‘1,092 P ayp(l—p)

In particular, the forth upper bound in Eq. (4.30) guarantees the feasibility of the
structure by constraining the lower bound for a231 to stay below its upper bound.
When keeping fixed the average assortativity i (hence a1 ), we get the additional

relation 1
(B) _ (2),(2)
a0 = — (mok =20k (4.32)
2)

with k = k(?) 4 2k(3), Equation (4.32) puts further bounds on txizo) in order for txﬁ)) to
satisfy Eq. (4.30).
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Dealing with pairs and triads only, we henceforth switch to a more explicit notation.
(n) (n) ) d

In particular, we use ky* instead of kj |, n = 2,3; k) and k5 | instead of Ko,1/0,1 1

2 velv: ; (3) () (3)
K 010,17 respectively; and kNN, Ka NN and k4 Ay instead of K0,00,17 X110 and K2 .010,17

respectively (analogously when exchanging N with A). The same notation is also used
for the conditional probabilities (e.g., p;30)|0 1 becomes py An). Lastly, we denote the
(2) (3) (3)

three free parameters we have as a = a7y, a3 = a7y and fi31 = @, ;, and the average
pairwise mixing parameter as & = a1 = &1 1. Figure 4.1 displays an example how the
conditional probabilities of mixing change when varying a; and a3 while keeping «
fixed.

4.2 CONTAGIONS UNDER CONTEXT-INDEPENDENT BEHAVIOR

Preliminarily to the exploration of the dynamical effects that a context-dependent
behavior can have on a contagion, we focus on the degenerate case in which the
behavior of an individual does not depend on context, but just coincides with its type,
being thus the same during each interaction. For instance, in epidemic spreading—
which is the focus of this section—individuals can be split in vaccinated and not
vaccinated and such division accounts for the dynamical difference between the two
types of individuals. Clearly, people do not face the decision about getting vaccinated
or not each time they interact with someone. Once they get a vaccine, they cannot
undone it at will—they could at most wait for the vaccine efficacy to wane. Being
vaccinated is thus a fixed trait. The same holds for any other prophylactic measure
that cannot be arbitrarily adopted and lifted or that is usually not lifted once it has
been adopted.

Assuming a context-independent behavior we can study how the contagion dy-
namics is exclusively affected by the way individuals with different fixed traits are
distributed on the contact structure. Such distribution could be independent from
those traits and thus be uniform, as if traits were assigned uniformly at random; or
contacts could be more likely to occur between individuals with either similar or dis-
similar traits, making the contact pattern assortative or disassortative, respectively. In
fact, assortativity patterns are those usually observed in human social systems, where
individuals with similar demographic, social and cultural characteristics, are more
likely to interact among them than with others [337]. Such clusterization of social
contacts based on individual features is known in sociology as homophily [337]. In
line with this evidence, we mainly focus the next sections on homophilic patterns of
prophylactic adoption.

We first consider the case in which the population is partitioned according to the
vaccination status. The mixing between vaccinated and not vaccinated individuals is
shown to generate three dynamical regimes where assortative mixing can be either
beneficial and/or detrimental for epidemic control. We then extend these results to
the case of digital proximity tracing apps and recognize the general validity of the
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uncovered phenomenology, holding for other measures such as face masks usage and
physical distancing.

421 Vaccines

Vaccines have been crucial in humanity’s struggle to protect itself from infectious dis-
eases [338]. In the 20th century, vaccines enabled to control a series of diseases [339]
as well as the eradication of smallpox [340]. Nevertheless, vaccines are not uniformly
adopted in the population. While on a world-wide scale a lack of access impedes equit-
able adoption of vaccines [341, 342], among high-income countries vaccine hesitancy
is the primary barrier [343-345].

Vaccine hesitancy widely correlates with age, socio-economic status, education level
or ethnicity [346-349]. Concurrently, as already observed, these same factors shape the
interaction patterns in society, leading to homophily [337]. Individuals involved in a
social interaction are thus likely to share similar behaviors [337], and the vaccination
status is not an exception [343, 344, 350-355]. Such non-uniform, clustered vaccine
adoption strongly determines how, and whether, the virus spreads in the population.
A great example of this effect is provided by the recurrent measles outbreaks in high-
income countries caused by clusters of vaccine hesitant individuals [343, 344, 350-352,
354].

These recurring outbreaks sparked modeling studies that analyzed the impact of
homophilic vaccine adoption on the disease dynamics [91, 356-359]. Due to the high
quality of vaccines against measles, these models assumed vaccine efficacy of almost
100%, and showed that clustered adoption is always detrimental, as it leads to higher
final attack rates. In contrast, vaccines as the ones against influenza or variants of
concern of SARS-CoV-2 have relatively low efficacy, between 20-80% [360, 361]. In
the following, through the joint exploration of imperfect immunization and vaccine
uptake, we offer a wider picture in which vaccination clustering is not always detri-
mental.

421.1 The model

We consider a standard susceptible-infected-recovered (SIR) dynamics, with transmis-
sion rate B and recovery rate yi. The fraction of people who received a vaccine is fixed
as V € [0,1] (i.e., V plays the role of p in Sec 4.1). Upon encounter, an infected indi-
vidual transmits the infection to a vaccinee at a reduced rate § (1 — €), where € € [0,1]
represents the vaccine efficacy. That is, we consider a leaky vaccine which provides
partial immunity to the vaccinee [362]. Following Sec 4.1, we label vaccinated indi-
viduals with letter A (“adopters of the vaccine”) and not vaccinated’s with letter N
(“not adopters of the vaccine”). Since we are dealing with a simple contagion on pair-
wise networks, the number of contacts of an individual is specified by the 2-degree



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

lic Buro:
Giulio Burgio 42 CONTAGIONS UNDER CONTEXT-INDEPENDENT BEHAVIOR 119

only, k2) = k. We assume vaccination status and degree to be uncorrelated variables
and therefore, in the mean-field approximation, ky = ky = k.

Under homogeneous mixing and in the absence of protected individuals (V' = 0),
the basic reproduction number of the disease is Ry = Bk/yu. If some people are pro-
tected, it becomes R = Ry (1 — €V). Here and in all the following sections, we refer
to R as the effective reproduction number (or simply as the reproduction number) to
emphasize that it results from the effect of some prophylactic measure which alters
the “bare” growth rate Ry. Nonetheless, is should be clear that R is still a basic repro-
duction number, given it is computed perturbing the disease-free, inactive state. The
expression for R changes under heterogeneous mixing. To see how, we use the theory
of mixing developed in Sec. 4.1 for the case when all the edges have size equal to 2.
From Egs. (4.13)-(4.14) and (4.20), the number of contacts between vaccinated and not
vaccinated are parametrized as follows,

Kan = aVk, (4.33)
N = (1—aV)k, (4.34)
nja = (1= V)k, (4.35)
Kaa = [1—a(1—V)]k. (4.36)

where « interpolates from complete assortativity (x = 0) to maximal disassortativ-
ity (¢ = min{1/V,1/(1 - V)}). From Eq. (4.12), the degree of homophily, i.e., the
probability that during a contact both individuals are either vaccinated or not, thus
reads

h— % [(1= V) + Vieaga] =1-20v (1= 7). (4.37)

Regarding the vaccine uptake against SARS-CoV-2, we show in Fig. 4.2 the value
of the mixing parameter « we indirectly estimated through age-stratified data avail-
able for various regions/countries. We leveraged the correlations in the contact pat-
terns among age groups and the levels of vaccine coverage within each age group
(see Appendix D.1.1 for details). Specifically, for each region/country considered, we
combined the age-stratified contact matrices [212] with the data on vaccine adop-
tion (counting full vaccinations only), from January 2021—when first full vaccina-
tions appeared—to September 2021 [363-366]. We find the estimated a to stay well
below 1 for almost all the time, sometimes fluctuating around it only for very low
levels of vaccine coverage (V < 0.02 for Catalonia). It must be said, however, that it
would be naive to take the temporal trends in Fig. 4.2 as ready-to-use data. Indeed,
we neglect other important features beyond age such as socio-economic classes or spa-
tial patterns [346, 349]. Including these additional features would probably reinforce
the homophilic structure and thus further decrease the mixing. The results deriving
from our simple estimation must be solely understood as a qualitative indication in
line with existing literature reporting homophily in health behavior [353, 367, 368].
Accordingly, we focus the analysis on homophilic adoption by varying & between 0
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Figure 4.2: Weekly-moving average of the mixing parameter, «, as inferred for differ-
ent countries/regions starting from the contact matrix among age groups
and the SARS-CoV-2 vaccines uptake of each group (whose aggregate, V,
is shown in the inset plot) from January to September 2021.

and 1, the latter corresponding to homogeneous mixing. Nonetheless, results under
heterophilic adoption are also discussed when differing from those obtained in the
homophilic case. While the results in Fig. 4.2 indicate a nontrivial evolution of mixing
throughout an epidemics, studying the implications of such evolution goes beyond
the scope of our work. Interpreting those implications would be hard without first
understanding the effects of a constant mixing, which is our goal here.

Now, denoted with Xy = Xy (t) the fraction of vaccinated (Y = A) and not vaccin-
ated (Y = N) people in compartment X € {S, I, R} at time ¢, the differential equations
governing the dynamics read as

IN() = B [k IN(E) + kAT (D] SN (E) = uin(E), (4.38)
Ia(t) = B [rjaln () + kaaTa(B)] (1= €)Sa(H) = pIa(t) , (439)
Sn(t) = =B [N () + xanTa(D)] Sx (1) (4.40)
Sa(t) = =B [mxjaln(D) + Kol la ()] (1= )Sa(8), (441)

while Ry = 1 — Sy — Iy. The final attack rate, i.e., the proportion of the population
that got infected (and eventually recovered) during an entire outbreak, is given by (1 —
V)RN + VRy, computed once there are no infected individuals left in the population
(i.e., IN = IA = 0)

42.1.2 Results

As the classical SIR model, this dynamical system does not allow for an explicit
solution of the nontrivial, stationary state. However, we can calculate the effective
reproduction number, R. The disease-free equilibrium is simply (In, Ia, SN, SA) =
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(0,0,1,1). Linearizing around it, and decomposing the Jacobian matrix J as in
Sec. A1, ie,]J = F—V, we see that V = pll. The next-generation matrix (NGM)
is therefore readily found to equal

NeM = B[ NN AN . (4.42)
P\ -e)rna  (1—e)rpa

Computing Amax(NGM) and inserting the expressions for the number of contacts,
one gets

R= % 2—a+ae(l-V)—¢ + \/[zxfucs(lfV)+s}2f4zst . (4.43)
Straightforward calculations prove that R/R( decreases monotonically with respect
to all the figuring parameters. In particular, as « is heightened (i.e., homophily is
lowered), the contacts among not vaccinated people decrease, leading to a smaller
reproduction number. Indeed, the drivers of an outbreak are the not vaccinated indi-
viduals. Beside being intuitive, this can be checked by looking at the Jacobian matrix.
Under zero mixing (¢ = 0), the two sub-populations are isolated from each other
(NGM is diagonal), hence the epidemics propagates with a reproduction number
Rg in the not vaccinated cluster and Ry(1 —¢) < Ry in the vaccinated one. For in-
stance, Ry > 1 implies that an outbreak develops in the former, but not in the latter if
e > 1—1/Rp. Increasing the mixing, part of the infections in each sub-population are
now generated by individuals in the other sub-population, implying that Iy and Ia
grow, respectively, slower and faster than before. In any case, since vaccinees get in-
fected with a lower probability, Iy > I for any mixing. Therefore, reducing R comes
down to lower the growth rate associated to the not vaccinated sub-population, as in-
creasing mixing does by reducing the contacts within the latter. As shown in Sec. 4.2.2,
this monotonic decrease with « is generally lost for digital proximity tracing, as R is
minimized at an intermediate value of assortativity.

As anticipated, Eq. (4.43) reduces to R = R (1 — V) for homogeneous mixing. Vac-
cine efficacy, ¢, and coverage, V, figure only as a product in this expression. We can
thus exchange them without affecting the value of R. Interestingly, this symmetry is
broken under heterogenous adoption. Indeed, Eq. (4.43) contains asymmetric terms
with respect to € and V. To see how these two affect R, we vary them while keeping
fixed their product, eV, which represents the probability that a randomly chosen in-
dividual is vaccinated and is protected during a contact. Once conveniently rewritten
Eq. (4.43) to isolate the terms not proportional to the product eV, and differentiated it
with respect to € while keeping eV fixed, we get

aR| Ry
ESV—T(l_a) _1“1_

et+a(l+eV—g)
VI — @) + e 2a(1 — ) (1 + V)] +c(eV)

, (4.44)
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Figure 4.3: Normalized reproduction number, R/ Ry, as a function of the vaccine effic-
acy, ¢, and of €V, the product between vaccine efficacy and vaccine cover-
age, V. The normalized reproduction number is computed from Eq. (4.43)
for « = 0.6. For any given value of ¢V (a horizontal slice of the heatmap),
€ can vary from that value to 1 (respectively, V varies from 1 to that value),
for eV < ¢ (respectively, eV < V).

where ¢(eV) collects terms which are functions of ¢V, hence constants. OR/de|¢y is
zero for # = 1, as we already know from R = Rp (1 —¢V). With a bit of algebra,
one finds that the term in square brackets is always positive. Therefore, the sign of
OR/0¢|ey is simply determined by the sign of 1 — a: dR/0de|.y is positive for a < 1
and negative for @ > 1, no matter the value of V. Said differently, under homophilic
adoption (x < 1), a population with less effective vaccines but with higher coverage is
less vulnerable to develop an extensive outbreak than one with more effective vaccines
but a lower coverage—given eV is the same; vice versa if adoption is heterophilic
(« > 1). Figure 4.3 illustrates the results obtained for « = 0.6, yielding 0R/d¢|.y > 0.
By imposing R = 1 and solving for a, we find the critical value of mixing, a., above

which the disease cannot thrive, to be

— 1 1—Ro(1—e)
a (1 - RTJ) T-Ro(l—e¢)—e(1—-V)’ (4.45)

given that a. > [2(1 —1/Rg) —¢] / [1 —¢(1 — V)] is satisfied. In particular, the con-
dition is always met for ¢ = 1 and never met for ¢ = 0, meaning eradication is not
possible in this case—unless, trivially, Rg < 1. Notice that the larger is Ry, the stricter
is the condition, up to the point at which it can no longer be satisfied. Imposing a. < 1,
we find that eradication is possible in the homophilic region (« < 1) if eV >1—1/Ry,
otherwise some heterophily (x > 1) is required.

Analyzed the early-stage dynamics, we now look at the final attack rate. This exhib-
its three dynamical regimes with respect to the mixing parameter, a. This is shown in
Fig. 4.4(a), where, by increasing the basic reproduction number, Ry, the dependence
of the final attack rate on « is first monotonically decreasing, then concave, and fi-
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Figure 4.4: Final attack rate (a-c) and peak of prevalence (d-f) as functions of the basic
reproduction number, Ry, and the mixing parameter, &, as resulting from
the numerical iteration of the differential equations governing the system
dynamics (Eqgs. (4.38)-(4.41)). Here, the vaccine coverage is V = 0.7 and
the vaccine efficacy € = 0.8. In order to highlight the competing processes
at the base of the dynamics we show, besides the results for the popula-
tion overall (a, d), those for the vaccinated individuals (b, e) and for the
not vaccinated ones (c, f), separately. The white solid line indicates the
critical curve, ac = a:(Rp), at which R = 1, as computed from Eq. (4.45).
The orange and red vertical lines, demarcate the boundaries between, re-
spectively, the critical and the intermediate regime, and the intermediate
and the saturated one, for both the final attack rate (a) and the peak of
prevalence (d).

nally monotonically increasing. We refer to these three regimes as critical, intermediate
and saturated, respectively. The former always includes part or all of the critical curve
defined by R = 1, hence the name. The saturated regime, instead, is “saturate” of
infections and does not admit eradication.

These regimes result from the competition between the dynamics associated to
each sub-population, as illustrated in Figs. 4.4(b) and (c). As already observed, raising
the mixing starting from zero (x = 0), each sub-population is increasingly “diluted”
with individuals of the other type. Consequently, the reciprocal protection that vac-
cinated people provide among them to cut infection chains is partially lost. Instead,
not vaccinated individuals profit from vaccinated individuals in their vicinity and
are thus subject to a lowered infection probability. Then, depending on how high the
basic reproduction number, R, the vaccine coverage, V, and the vaccine efficacy, ¢,
are, the contribution from one subpopulation dominates the contribution from the
other, determining in which of the three dynamical regimes the system falls over-
all. Figures 4.4(b) and (c), in particular, explain how the regimes are accessed by
varying Rp. In (proximity of) the critical regime, the attack rate for not vaccinated
individuals is very sensible to variations in mixing (i.e., «), whereas the attack rate
for vaccinated individuals is much less affected, with the result that the overall at-
tack rate decreases. This originates from the nonlinear, self-reinforcing character of
the transmission dynamics. Increasing «, while reduces the contacts among not vac-
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Figure 4.5: Final attack rate as a function of the mixing parameter, «, for different com-
binations of vaccine efficacy, €, and coverage, V, given a basic reproduction
number Rg = 2.5. As a complement to Fig. 4.4, this plot illustrates how all
three dynamical regimes can be also explored by varying ¢ and/or V.

cinated individuals linearly, it disproportionally decreases the infections among not
vaccinated’s—eventually benefiting vaccinated’s too—, thanks to the indirect protec-
tion offered by the increased mixing with vaccinees. This holds when the system is
close enough to the epidemic threshold. In the saturated regime, instead, the situation
is reversed, in that mixing significantly affects the attack rate within the vaccinated
subpopulation but not within the not vaccinated’s. Indeed, far from the epidemic
threshold, the disease is too contagious for the vaccinated individuals to provide good
protection to the not vaccinated’s, which experience high attack rates, whatever the
mixing is. Consequently, mixing becomes strongly detrimental for vaccinees, as their
attack rate rises driven by the increased contact with the highly infectious, not vaccin-
ated subpopulation.

As Figs. 4.4(d)-(f) report, the same qualitative picture holds for the peak of preval-
ence, i.e., the maximum number of simultaneously infectious people during an epi-
demic. Note that, for each set of fixed parameters, the respective regimes of the peak
of prevalence and of the final attack rate may not coincide. For example, at Ry = 3,
the final attack rate is in the intermediate regime while the peak of prevalence is in
the critical one (compare Figs. 4.4(a) and (d)).

In Fig. 4.5, we show how the three regimes can be accessed by varying the vaccine
efficacy, ¢, as raising it makes the dynamics shift from the saturated to the critical
regime, going through the intermediate one. Accordingly, a sufficiently high efficacy
makes homogeneous mixing always beneficial, in agreement with previous studies
assuming perfect vaccines (¢ = 1) [91, 356-359]. In such case the system is always in
the critical regime. Indeed, we see from Egs. (4.38)-(4.41) that the dynamics reduces
to a standard SIR model within the not vaccinated sub-population (Sy;, In). This
dynamics is solely driven by the contact rate xyy, which is a linearly decreasing
function of «. Figure 4.5 also shows the effect of varying the vaccine coverage, V. This
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Figure 4.6: Final attack rate and peak of prevalence, respectively, for vaccine efficacy,
e=1.0(,b),e=0.8(c,d),and e = 0.6 (e, f) as functions of the mixing para-
meter, &, resulting from the numerical simulations performed on top of a
real-world temporal proximity network from the Copenhagen Networks
Study [369] (see text for details). Dots indicate the median value, whereas
the shaded area indicates first and third quartiles. Each point is obtained
by averaging over 2 x 10* runs. We fixed the vaccine coverage to V = 0.5,
the recovery rate to u = 4.6 x 10~* (corresponding to a mean infection
time of 7.5 days) and the transmission probability to B = 1.142 x 1071,
yielding Ry = 6 from the estimation Ry = B(s%/5)/u, where § and s? are
the first and second raw moment of the number of contacts (i.e., strength)
per timestamp.

is not as impactful as varying efficacy and makes the system change regime only when
efficacy is neither too low or too high, otherwise the system persists in the saturated
or critical regime, respectively.

To corroborate the predictions made by our mean-field model, we performed Monte
Carlo simulations upon a temporal proximity network estimated via Bluetooth sig-
nal exchanges in the Copenhagen Networks Study [369]. We retained from the data-
set those interactions with an associated Received Signal Strength Indication (RSSI)
not lower than —74 dBm, corresponding to physical distances approximately up to 2
meters [370]. In this way, we filter out those interactions which are likely to either re-
cord proximity but not face-to-face contact or be marginal for transmission. The result-
ing temporal network involves N = 672 individuals and 374884 pairwise interactions
spread over 8064 timestamps, binning four weeks of recording time into five-minute
intervals. In order to study different levels of assortativity in vaccine adoption, we
distribute vaccines algorithmically on static aggregated network until a preset value
of w is reached. The algorithm guarantees that strength (or degree) and type of nodes
remain uncorrelated (see Appendix D.1.2 for details about the algorithm), allowing
us to isolate the dynamical effect of mixing, consistently with what assumed in the
mean-field model by taking kny = ka.
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The results for the final attack rate and the peak of prevalence, respectively repor-
ted in Figs. 4.6(a) and (b) for € = 1.0, (c) and (d) for € = 0.8, and (e) and (f) for e = 0.6,
confirm the existence of the three dynamical regimes identified by our model. Accord-
ingly, the beneficial effect of homogeneous mixing is lost when the vaccine does not
provide sufficient protection. In the saturated regime, mixing is slightly detrimental.
Notice that the structural constraints of the aggregated network do not allow—our al-
gorithm, at least—to reach arbitrarily small values of «, making the saturated regime
less evident. Lastly, as in the mean-field case, we observe that final attack rate and

peak of prevalence can be in different dynamical regimes (compare panels (e) and

(6)-

4.2.1.3 Discussion

Depending on the need and the available information, the proposed model can be
applied to different specific populations and at different scales. Currently, many epi-
demic models consider the mixing between not vaccinated and vaccinated individu-
als only implicitly, through stratification according to age (as for the results shown in
Fig. 4.2) [371, 372] or socio-economic status [373]. Our findings suggest that subgroup-
specific levels of mixing may have a notable impact on the spreading, thus calling for
more refined empirical analysis of the vaccine uptake. Based on this, more realistic
models would enable a better interpretation of epidemiological data and could act as
useful guides for policy makers to design more sophisticated and precise interven-
tions.

For instance, during the COVID-19 pandemic, various countries at some point re-
quired a ‘green pass’ (a proof of vaccination) to enter restaurants and workplaces.
The intention behind green passes is to nudge individuals to get vaccinated, while
reducing the number of physical contacts of not vaccinated individuals [374]. Con-
sequently, green passes also reshape social contacts [375], effectively reducing the
mixing rate between vaccinated and not vaccinated individuals. In light of our results,
due to the associated reduction in the mixing rate, models that do not include homo-
phily in vaccine adoption may actually overestimate the impact of green passes and
measures alike, especially for low reproduction numbers. Overall, our results show
that more detailed information on the correlations between social interactions and
health behaviour would lead to a more comprehensive analysis.

While we considered a leaky vaccine—providing immunity with probability € upon
contact—in a mean-field model and in a real-world temporal proximity network,
Hiraoka et al. [376] considered an all-or-nothing vaccine [362]—where ¢ is the frac-
tion of vaccinated people acquiring perfect immunity, the remaining ones gaining no
immunity at all—in random networks with different structural properties. The results
they found are qualitatively equivalent to ours, which demonstrates the robustness
of this phenomenology across interaction structures and its origin in an imperfect
immunization. Additionally, Fefferman et al. [377, 378] showed that the presence of



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Clic Bured
Giulio Burgio 42 CONTAGIONS UNDER CONTEXT-INDEPENDENT BEHAVIOR 127

homophily adds interesting phenomenology regarding the temporal trajectory of the
epidemics beyond the three dynamical regimes discussed here.

422 Digital proximity tracing

One of the techniques employed to fight epidemics is contact tracing [379], which con-
sists in identifying and eventually testing (and isolating) the contacts of infected indi-
viduals, in order to reconstruct and stop infection chains. In the past, contact tracing
has been used against smallpox [380], tuberculosis [381], HIV [382] and Ebola [383],
to name a few. The tracing is traditionally performed by public health agency officers
who interview individuals who tested positive. Each individual names their potential
infectious contacts and these contacts are identified and tested. The procedure can re-
construct transmissions either forward or backward in the infection chains, by asking
to name the contacts which the infection potentially went to or came from, respectively.
Great efforts have been devoted to analyze the efficacy of this kind of tracing [380, 384—
392], called manual contact tracing. Lately, because of the COVID-19 pandemic, most
of us became familiar with digital proximity tracing (DPT)—also known as digital
contact tracing—, in particular with DPT apps. These leverage device-to-device com-
munication (usually via Bluetooth Low Energy signals) to detect physical proximity
between individuals, so that a notification of close contact is sent to all the app users
that where detected to be close, within a certain time window in the past, to an user
confirmed to be positive. The notified users are required to immediately undergo a
test and, if necessary, isolate themselves. DPT ideally overcomes fundamental limita-
tions of manual tracing. The latter is indeed labour-intensive and relies on the ability
of people to remember and identify their contacts. In fact, in public contexts such as
transportation or shops, we are very often in close contact with strangers that we are
unable to identify. DPT is instead potentially scalable and automatic, and may there-
fore allow for a more prompt and precise tracing. The large-scale implementation of
DPT apps to prevent the spread of SARS-COV-2 [393-395], made possible by the deep
and wide penetration of smartphones, sparked numerous studies that analyzed how
this novel technology may reduce the disease propagation [368, 396-403]. A variety
of more theoretical studies also unveiled the physics behind the impact of DPT [404—
407].

A question which has not been addressed is how the efficacy of DPT apps depends
on how its adoption is distributed within a population. As for vaccines and other
prophylactic tools, empirical studies suggest that the voluntary adoption of DPT apps
is strongly variable and clustered. It was shown to correlate with age, income and
nationality [368, 408, 409], being particularly low among socio-economically margin-
alized classes [408]. Accordingly, due to homophily [337], app adoption is much more
probable for contacts of an app user (adopter) compared to a random individual. As
a matter of fact, in Switzerland around 70% of the contacts of users were found to be
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users too, while average, national adoption was only around 20% [394]. This discrep-
ancy is in line with experimental studies that indicate how homophily importantly
affects health behavior [180, 367]. Our goal is thus to characterize through a minimal
model how the homophilic adoption of DPT apps affects the propagation dynamics.

4221 The model

We build upon a model recently introduced by Bianconi et al. [405]. The model is
simple enough to be analytically tractable, but retains the essential ingredients of the
dynamics. It considers a discrete-time susceptible-infected-recovered (SIR) dynamics
and treats it as a link percolation problem where the link-activation probability maps
to the transmission probability, here denoted by . We fix the fraction of app adopters
as T € [0,1], playing—as V in Sec. 4.2.1—the role of p in Sec. 4.1. We assume there is
no correlation between adoption status and number of contacts, therefore ks = kn =
k, where letter A labels adopters and letter N not adopters of the app. The mixing
between adopters and not adopters is again parametrized via the mixing parameter
« as in Egs. (4.33)-(4.36). Accordingly, the adoption homophily, &, reads h = 1 —
22T (1-T).

As in Bianconi et. al [405], the model assumes that app users infected by other
app users do not further transmit the disease. This corresponds to the ideal situation
which assumes that the users are immediately notified and, upon notification, imme-
diately self-isolate, thus avoid producing new infections. Nonetheless, as proved in
Appendix D.1.3, the phenomenology is qualitatively unchanged when these assump-
tions are relaxed. In any case, we need additional variables to follow the dynamical
evolution in comparison to the standard SIR model. Namely, we define Ixa () and
IaN(t) to be the fraction of infected individuals among adopters at time + which were
infected, respectively, by adopters and not adopters. In the ideal scenario, individuals
in compartment [aN can transmit, those in Ioo do not. For not adopters such distinc-
tion is not necessary, therefore In() simply refers to the fraction of them infected at
time . Lastly, Sz (f) (Ra(#)) and Sn(#) (Rn(t)), respectively denote the fraction of sus-
ceptible (recovered) individuals among adopters and not adopters at time t. Defined
these compartments, their dynamics is governed by the following discrete-time equa-

tions,
IN(E+1) = () (L= 1) + B [N (D) + KaIan(B)] Sx(), (446)
Ian(t+1) = Ian(t) (1 = p) + BrjaIn(£)Sa(t) (4.47)
Ina(t+1) = Iaa(t) (1 — ) + Prajalan(t)Sa(t) , (4.48)
Sn(t+1) = Sn(t) = B [mpnIN(E) + xapTan ()] Sx () (4.49)
Salt+1) = () = B [knjaln(6) +xapalan(t)] Sa (), (450)
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Figure 4.7: General phenomenology from the homophilic adoption of DPT apps. (a)
Reproduction number, R, normalized with respect to the basic reproduc-
tion number, Ry, for different values of adoption, T, below T*. Dots in-
dicate the minimum at a*, while the dashed line shows its variation for
T € [0.1,0.55]. (b) Numerical solution of the dynamics for the attack rate
as a function of &« and Rg. The solid line indicates the threshold «, for
which R = 1. Colored, dashed lines denote the dynamical regimes: crit-
ical, intermediate and saturated. Adoption was fixed as T = 0.7. For these
parameter values we have o] > 1. (c) Top panels show the attack rate and
the reproduction number for the different regimes defined in B. The spe-
cific attack rates for adopters and not adopters are reported in the bottom
panels. Black diamonds indicate a;, at which R = 1.

while RN(t) =1- IN(i') - SN(t) and RA(t) =1- IAN(t) - IAA(t) - SA(t). The final
attack rate is computed as (1 — T)RyN + TRy, once no more infected individuals are
left in the population (i.e., Iy = Ian = Iaa = 0).

4222 Results

We start by linearizing Eqgs. (4.46)-(4.50) around the disease-free equilibrium,
(In, IaN, Iaa, SN, Sa) = (0,0,0,1,1), to compute the effective reproduction number,
R. The associated NGM matrix reads,

LSNINEEINI N
NGM:ﬁ KNIA 0 ol - (4.51)

0 KA‘A 0

Inserting the explicit expressions of the numbers of contacts in Amax(NGM), we find

R = % {1 —aT + \/(1 —aT)?2 +4a?T(1-T)| . (4.52)
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As expected, R/R( decreases with the adoption level, T. Surprisingly, instead, it ex-
hibits a non-monotonic dependence on the mixing parameter, a. Precisely, solving
”ﬂ% = 0 with respect to « yields

2

3 - T

af=1-— .
1T

(4.53)

Straightforward calculations show that LZT? |¢=0 < 01is always met, thus R is minimized
at a*. Moreover, a* increases with T and thus, in the limit T — 0, approaches its
smallest value, 0.5. Imposing a* < 1, we find that the it lies in the homophilic region
for T smaller than T* = 2/3. Otherwise, the minimum either is in the heterophilic
region (¢* > 1) or is inaccessible. It is easy to prove that a* becomes inaccessible when
T > 4/5, for it becomes larger than its maximum allowed value, i.e., min{1/T,1/(1 —
T)} = 1/T = 1.25. Therefore, the reproduction number, R, presents a minimum (at
a* € [0.5,1.25]) if T < 4/5, otherwise it just decreases with «. Fig. 4.7(a) shows R as a
function of & for adoption T < T*. The dependence of a* on T is also indicated.

Interestingly, the non-monotonic dependence of R on the mixing parameter, &, dis-
tinguishes digital contact tracing from classical immunization strategies such as vac-
cination [91], where R always decreases with &, as seen in Sec. 4.2.1. In fact, dif-
ferently from those individual-based strategies—that can be mapped to a site per-
colation problem—, DPT apps require both individuals in contact to be adopters
in order to avoid further transmission—a sort of edge percolation based on end-
nodes’ features [405]. Under either full assortativity (¢« = 0) or full disassortativity
(¢ = min{1/T,1/(1 — T)}), R attains indeed a local maximum. In the first case, not
adopters are disconnected from adopters and therefore R = Ry for the sub-population
of not adopters, hence for the whole population, as seen from Eq. (4.52). In the second
case, adopters and not adopters tend to alternate each other along a contact chain,
making DPT apps useless. Specifically, under full disassortativity, we find that R = Ry
for T <05 (@ =1/(1-T)),and R = Ry\/I/T —1 for T > 0.5 (x = 1/T), which, al-
though being smaller than Ry given that not adopters are too few to completely avoid
user-user contacts, it is still a local maximum. Then, the mixing a* minimizes R by
optimally satisfying the two opposite needs of, on one hand, increasing user-nonuser
contacts to provide indirect protection to not adopters, and, on the other hand, in-
creasing user-user contacts to let the tracing mechanism work.

If a* takes an admissible value and R(a*) < 1, then there exists a range for « which
eradicates the disease. Imposing R < 1, such range is given by &« € (a;, a7 ), where

IXi = 71
¢ T 2Ry(1-T)

1i\/1—41TT(R0—1)] . (4.54)

The existence of two physical solutions, a, implies that increasing mixing can not
only push the system below the epidemic threshold and thus eradicate the disease,
but can also push it above the threshold and cause its resurgence. Imposing a; < af
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Figure 4.8: Attack rate versus reproduction number for different values of adoption,
T, and mixing parameter, a. The size of the points encodes homophilic
mixing, &« € [0,1]. The basic reproduction number is fixed as Ry = 1.5,
which yields Tnin = 2/3 as the necessary adoption needed for eradica-
tion. The minimum for R is observed for both T = 0.3 and T = 0.5, being
T < T*. There is also a minimum for R when T = 0.7, but it is not dis-
played because occurring under heterophilic mixing, namely, at « ~ 1.05.
Additionally, being Tryin < 0.7, R < 1 around such minimum.

yields the minimum adoption, T, = 4(Rg—1)/(14+4(Rg — 1)), needed for the range
(a7, &) to be finite and thus for eradication to be possible. In conclusion, if T > Tpyin,
then the disease is eradicated for a; < a < min{a},1/T} (notice a; < 1 < 1/T),
where min{a},1/T} equals a} for T < Ry?/(1+ Rg?) and 1/T otherwise. In the
latter case, resurgence is impossible, for a; is inaccessible.

Following with the analysis, we see that varying the mixing between adopters and
not adopters generates a very similar phenomenology as the one we already found in
Sec. 4.2.1 for vaccines. Namely, the existence of three dynamical regimes for the final
attack rate: the critical regime, where increasing mixing («) lowers the attack rate; the
intermediate regime, where the attack rate depends non-monotonically on mixing;
and finally the saturated regime, where increasing mixing raises the attack rate. Fig-
ures 4.7(b) and (c), in particular, show how the regimes can be accessed by varying the
basic reproduction number, Rp. The regimes stem from the competition between the
dynamics associated to each subpopulation. On the one hand, as mixing increases, ad-
opters provide protection to not adopters, so the attack rate among the latter decreases
(bottom-right panel in Fig. 4.7(c)). On the other hand, protection vanishes inside the
adoption cluster, making the attack rate raise among adopters (bottom-left panel in
Fig. 4.7(c)). Which of the two processes holds the upper hand—and so determines the
overall regime—depends on the infectivity, i.e., Ry, as explained by the exact same
logic used in Sec. 4.2.1 for vaccines.

The complete picture is nicely resumed by putting together the final attack rate
and the effective reproduction number. We do this in Fig. 4.8, where the mixing « is
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Figure 4.9: Dependence of the attack rate on a as resulting from Monte Carlo sim-
ulations performed in the four networks we generated from real-world
proximity data. Each column refers to a different network, while rows in-
dicate critical, intermediate and saturated regime respectively, from top to
bottom. Note that different values of « can be accessed depending on adop-
tion T and structural constraints of the network. Dots indicate the median
value, whereas the ribbon indicates first and third quartiles. Each point is
obtained by averaging over 4 x 10* runs. From left to right, the networks
have 780, 636, 212 and 226 nodes. For the saturated and critical regimes
we fixed T = 0.30 and T = 0.90, respectively. In the intermediate regime,
T was fixed as 0.75, 0.72, 0.67 and 0.69 for the different networks (left to
right). Specific to each network we set  as 0.030, 0.085, 0.110 and 0.090.

varied while considering different adoption levels T. Notably, we observe that, due
to their non-monotonic dependence on mixing, attack rate and reproduction number
do not always change in the same direction, in that one may increase while the other
decreases. This also implies that we can observe two or three different values of the
attack rate for the same value of the reproduction number, breaking the one-to-one,
proportional relation the two have in a standard SIR model. Finally, Figure 4.8 illus-
trates how the systems moves from the saturated regime towards the critical one as
adoption is increased. In fact, for low app coverage, homophilic adoption is prefer-
able overall, for random mixing does not provide sufficient protection—neither to not
adopters nor to adopters. In contrast, for high coverage, a more distributed presence
of adopters effectively acts as a firewall for not adopters and enables to better protect
the population, immunizing it eventually.

We corroborate our theory through Monte Carlo simulations on networks gener-
ated from real-world proximity [369, 410] and face-to-face contact [411, 412] data,
collected in a diverse set of contexts. These are temporally-resolved data that we first
aggregate into static, weighted networks. The latter are extremely dense, so we par-
tially sparsify them by removing edges with a weight smaller than a threshold, ending
up with the unweighted networks upon which the spreading is simulated. For each
network, the threshold is chosen as approximately the highest value for which the net-
work is still connected. To distribute the DPT apps, we use the same algorithm used
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in Sec. 4.2.1 (see Appendix D.1.2 for details), which allows us to control the value of
«. Figure 4.9 reports the results of the Monte Carlo simulations we performed. The
three dynamical regimes of the epidemics, i.e., saturated, intermediate and critical,
are observed for all the four networks, confirming our predictions. For the smallest
networks—workplace and primary school—, the little dependence on « found for the
intermediate regime in the analytical model, is likely to be hidden by the stochastic
fluctuations. Nevertheless, the three regimes are easily recognized.

4.2.2.3 Discussion

The disease propagation fundamentally depends on how adoption of DPT apps is
distributed in a population. As for vaccines (Sec 4.2.1), we proved the existence of
three different dynamical regimes, originating from a nontrivial dependence of the
transmission dynamics on the mixing between adopters and not adopters. Moreover,
we showed that the reproduction number is in this case a convex function of the
mixing, implying the existence of an optimal mixing that, if accessible, minimizes
the reproduction number. Accordingly, increasing the mixing can, not only lead to
eradication by pushing the system below the epidemic threshold, but also cause the
reemergence of the disease. Interestingly, the different regimes in the attack rate can
arise even when the minimum for the reproduction number is not accessible.

We verified the robustness of the results against the introduction of imperfections
in notification and isolation (see Appendix D.1.3). In this sense, the key ingredient
for the physics of DPT is the necessity for both individuals in contact to be adopters
in order for DPT to work and thus potentially avoid further transmission. Consist-
ently with what found for vaccines, where the observation of the three dynamical
regimes is conditional on the vaccine being imperfect, the phenomenology for DPT
apps is emphasized by the imperfections of the tracing process. Importantly, as shown
in Appendix D.1.4, the phenomenology remains unchanged even inserting additional
heterogeneities in the population as long as they do not correlate with app adoption.
One of these is degree heterogeneity. Accordingly, the dynamical regimes in the case
of vaccine adoption has been found by Hiraoka et al. [376] across different connectiv-
ity structures. At the cost of model tractability, the framework presented here may be
extended to analyze the role of possible correlations with the adoption of other pro-
phylactic measures, such as physical distancing and face masks. In particular, if the
aim was to empirically quantify the impact of homophily, such extensions as well as
explicitly accounting for the temporal nature of social contacts, would be necessary.

Switching our focus to the real world, adoption of DPT apps is generally very low,
between 20% and 40% [394]. Accordingly, it is very improbable to control the epidemic
with such low adoption. In this sense, our results indicate that homophilic adoption
is beneficial to this point. However, if health authorities desire to actually contain the
spread of pathogens like SARS-COV-2 through large scale adoption, i.e., to reach the
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critical regime, overcoming homophily in health behavior—in particular, with respect
to different socio-economic classes—is indispensable.

The phenomenology presented here, besides vaccines, has been extended to other
prophylactic measures such as the use of face masks [413] and physical distan-
cing [414]. In fact, the existence of the different dynamical regimes can be understood
within a common underlying mechanism, enclosing a broad class of prophylactic
measures. The essential ingredient is the lack of (sufficient) individual, independent
protection offered by the prophylactic tool to the adopter. Accordingly, as seen for
vaccines, only the critical regime is observed when individual protection is complete.
Individual protection is absent for DPT apps by construction, as adopting them does
not in itself protect the adopter; adoption from both individuals in contact is required
for tracing to work. Similarly, if the vaccine is imperfect, isolated adoption may not
substantially reduce the individual infection probability. More generally, any prophy-
lactic tool that reduces the transmission probability without zeroing it out, cannot
work optimally under isolated adoption; instead, shared adoption between contacts
is needed. Indeed, if the adoption coverage is low in comparison to the epidemic
pressure, only an assortative/clustered adoption can provide mutual protection, in
which case not adopters cannot be protected (saturated regime). On the contrary, if
coverage is high, adopters are anyway close to each other in the contact network
and thus generate strong mutual protection. Consequently, by increasingly mixing
adopters and not adopters, also the latter can be protected through a sort of herd
immunity, and mixing becomes beneficial (critical regime). In between, we find the
intermediate regime, where an intermediate mixing neither sufficiently protects ad-
opters nor provides enough indirect protection to not adopters, leading a disease to
spread maximally overall.

423 Summary

In the preceding sections, we demonstrated the nontrivial impact of homophily—
the tendency of humans to interact with those who share similar characteristics and
behaviors—on the effectiveness of prophylactic tools. At odd with previous findings,
our results revealed that when efficacy is less than 100%, homophily may not always
be detrimental; it can alternatively prove advantageous or exhibit a non-monotonic
influence on epidemic control. This observed phenomenology is applicable across
a diverse spectrum of prophylactic measures, including mask usage and physical
distancing, in addition to vaccines and DPT.

While our models were conceived specifically for epidemic spreading, their min-
imalistic character strongly suggests that the phenomenology found here may be
relevant for contagion processes other than biological ones. We just assumed a SIR
dynamics and implemented the behavioral effect on spreading via a mere rescaling
of the transmission probability. Moreover, analogous results can be shown to hold
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for a SIS dynamics too (in terms of the equilibrium prevalence). If we were to model
some social contagion, we would then expect to observe a similar phenomenology as
a consequence of the assortative distribution of socio-cultural traits in the population.
In fact, opinions, ideas, innovations and behaviors, show generally heterogeneous de-
grees of penetration as a function of those traits.

4.3 CONTAGIONS UNDER CONTEXT-DEPENDENT BEHAVIOR

As discussed at the beginning of this chapter, existing studies coupling infectious
spreading and behavior are not able to distinguish whether a potentially infectious
contact occurs in isolation or in the co-presence of other individuals. However, even
though each transmission concerns only two people, the transmission is indirectly
affected by the way contacts are organized within groups, for the adoption of a beha-
vior (e.g., prophylaxis, as wearing a face-mask) depends on the level of adoption an
individual observes in the entire group [99, 334, 335]. This implies that an appropriate
description of the process needs to take into account either that contacts generally
occur within groups, and that, concurrently to the infectious spreading, there is a
decision-making process at the group-level that shapes the behavior of the individu-
als therein. Current models either consider the group structure [113, 257, 273, 321,
415] or the disease-behavior coupling [332, 333], but never both. In this section, we fill
this gap presenting a general model of context-dependent spreading. This is repres-
entative of an entire class of models, each identified by the specific spreading process
considered and by how agents’ behavior is affected by the context. The models presen-
ted in the previous section, Sec. 4.2, can be seen as special cases where the effect of
context is negligible—at least during a meaningful observation time.

To describe context-dependent behavior we divide individuals into behavioral
types, distinguished by a different propensity to adopt a certain behavior. The cor-
relation between individual characteristics and behavior has been observed in various
forms, among which in the adoption of prophylactic measures [180, 367, 416]. At the
same time, similar individuals not only behave similarly, they are also more likely
to interact among them than with others, a phenomenon known in sociology as ho-
mophily [337]. The local dynamics—and the global one emerging from it—is thus
determined by both, the behavior of the types and the way they mix [417-421]. To ac-
count for the latter, a theory of mixing in groups is required. The most basic instance
of such a theory is the annealed heterogeneous mixing approximation developed in
Sec. 4.1, used hereafter. In Sec. 4.3.2, we model the context-dependency of agents’ be-
havior. Together, Secs. 4.1 and 4.3.2 provide the basic theoretical foundations for the
study of context-dependent processes analytically. As an application of our theory, in
Sec 4.3.3 we consider an epidemic spreading model incorporating context-dependent
adoption of prophylactic behavior, then explored in Sec. 4.3.4. There, we reveal a rich
phenomenology for the basic reproduction number and the endemic state in relation
to the size and type-composition distributions of the groups, unveiling the important
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dynamical implications of accounting for the modifications of the pairwise contagion
created by a higher-order context.

4.3.1 The model

Let us consider a population of agents within which a certain entity (e.g., a patho-
gen, a rumour) can spread from one agent to another in a pairwise fashion. Such an
interaction generally occurs in the presence of other agents not directly participating
to it, i.e., within a group of some size (in particular, of size two if no other agent is
present). If the co-present agents can affect the pairwise interaction, the group itself
mediates an interaction modification. Thus, we henceforth use the term “group” or
“higher-order interaction” to indicate a group of agents, defining the context within
which the pairwise (direct) interactions conveying the spread take place between any
two agents in the group.

Every agent, during each interaction, can either actively behave to modify (hinder
or favor) the spread or not. Whether it chooses to adopt such behavior or not is determ-
ined by both the behavior it observes among the peers involved in the interaction and
some intrinsic characteristics of its own. To account for the latter, suppose to partition
the population into two behavioral types, labeled—as anticipated in Sec. 4.1—through
letters A and N, standing for ‘adoption-inclined” and ‘not adoption-inclined’: accord-
ingly, type A is assigned to those agents which are intrinsically more prone to adopt
an active behavior. Then, every time a group of agents forms, each of them adopts a
behavior and a spreading event is let to happen within any pair of them. Note at this
point the assumption of timescale separation we are implicitly making: the agents
decide their behavior instantly, as soon as the group forms, to then let the—slow—
spreading dynamics unfold throughout the duration of the group interaction. This is
a reasonable (and convenient) hypothesis in some cases, like the one considered in
this work, but could be not in others. There is no technical difficulty in relaxing it
though, while leaving intact the core of the model: interaction modifications of the
spreading dynamics generated by the context-dependency of behaviors.

Figure 4.10 provides an illustrative example of the model, while showing the in-
adequacy of a pairwise representation for context-dependent processes and the con-
sequent need for higher-order representations. Indeed, since the success of each pair-
wise transmission depends on the behaviors taken on by all the agents in the group,
the exact description of the whole process requires knowledge of either the interaction
structure (i.e., who gathers with whom, and when) and the functional dependence of
the agents’ behavior on their type and on the type-composition of a group.

The minimal description given so far does not yet specify how the interactions take
place. Among the many possible ones, we consider the following. At time step f, a gen-

(n)
i
language of hypergraphs. The composition of the groups formed at time ¢ is encoded

eric agent i is involved in k; ’ (f) groups of size n € {2, ..., nmax }—or n-edges, in the
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Figure 4.10: Example of a context-dependent spreading where the agents can act in or-
der to avoid it (in either directions) by adopting a prophylactic behavior,
represented as a worn face-mask. At each time ¢, some group interactions
(dash-outlined) take place. During each interaction, an infection can occur
from any infected (red) agent to any susceptible (green) one. In this ex-
ample, A-type nodes (represented with a ready-to-use, lowered face-mask
while no interacting) are assumed to behave actively no matter what the
others do, while N-types’ (those without face-mask while no interacting)
do it only when they observe another node doing it, i.e., when at least an
A-type’s is in the group. In this setup, any transmission may be avoided
when interacting in groups of three, whereas all the N-type agents may be
infected when interacting in pairs. Neglecting the group organization of
contacts can thus lead to radically different outcomes, proving the need
for a higher-order representation to account for context.
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at time ¢, and 0 otherwise. The exact specification of the interaction structure requires

in the adjacency tensors {At<”>}, where A; = 1 if the group {#y,...,i,} exists
however a huge amount of detailed information. While this is largely unavailable in
most of the cases, we are anyway forced to resort to some approximate description
if we want to gain clear knowledge from analytical results. To this end, we refer to

()
11,eedn’

any ¢, is taken equal to its average value over the ensemble of which the hypergraph

the annealed approximation presented in Sec. 4.1, in which the value of A; at
defined by {At(")} is a concrete realization. We recall that the ensemble is specified
by the number of nodes N, the fraction of A-type nodes p, (%) mixing parameters
(at most), and the average degrees of the two types.

4.3.2 Context-dependent behavior

The next step in the definition of our model is to establish the behavioral difference
between the two types of agents. The probability of actively modifying the spread can
be thought of as consisting of a type-specific, context-independent part (e.g., proso-
ciality [422]) and a context-dependent one, i.e., relying on the observed behavior of
the others in the group [99]. The probability of being active is thus a dynamic object.
In this regard, a simplifying assumption (seemingly realistic for some applications)
is that such probability converges to some value during a timescale which is enough
shorter than the duration of a group interaction. For example, the decision of wearing
a face-mask may be considered to be made up in the very first moments of a gathering.
With this timescale separation, the probability of being active is assumed to instantly
attain its equilibrium value, effectively becoming a time-independent quantity.

Now, given a group of size n, let qg(nx_l’n_l) be the probability that a X-type agent
adopts an active behavior when nx — 1 out of the other n — 1 agents in the group are
of X-type’s as well. In accordance to the meaning we associated with the labels we
require that (i) the probability of behaving actively, within a mixed group, is always
higher for an A-type agent than for a N-type’s; and (ii) such probability increases with
the number of A-type’s present in the group. Taken together they imply the following
chain of inequalities,

qgfl,nfl) > thAfl,nfl) > qI(GLNfl,nfl) > g\ , (4.55)
for 1 < np < n—1,ny = n—na. Equation (4.55) defines the qualitative behavioral
difference observable between the types.

Having access to empirical measurements of the gxs, one could simply fit them
in the dynamic equations. In the absence of empirical information, we may suppose
different functional forms for them, satisfying Eq. (4.55). One possibility is to let the
gxs emerge dynamically as a result of a behavioral adaptation, as shown in Sec. 4.3.2.1.
Another one, presented in Sec. 4.3.2.2, is to postulate binary functional forms for the
gxs, where agents of each type are active or inactive in a deterministic way depending
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on the composition of the groups they take part in. The simplicity of the binary forms
will allow us to obtain explicit analytical results, gaining essential insights to interpret
more complex, middle grounded scenarios.

To notice that any of the behavioral dynamics proposed here can be easily general-
ized to accommodate additional potential factors, such as external sources of influence
(e.g., mass media), seen as a background context modifying the baseline probability
of adoption, or some coupling with the spreading dynamics (e.g., awareness raised
by information on an epidemics).

4321 Social contagion model

Here we let agents” behavior emerge through a process of (simple) social contagion
(e.g., via peer pressure) [180, 423, 424] modelled as a susceptible-infectious-susceptible
(SIS) dynamics, where here ‘S” and ‘I" represent nonadoption and adoption of the act-
ive behavior, respectively, with additional endogenous transitions moving agents from
state S to state I and vice versa at rates depending solely on their type. These rates
quantify some cost of adopting an active behavior (e.g., the discomfort of wearing a
face-mask) and the will to bear that cost (e.g., due to prosociality or vulnerability to a
disease). Denoting with cx the I-to-S rate and with by the S-to-I rate, X € {A,N}, we
describe the behavioral dynamics via the following system (see Appendix D.2.1 for

derivation)
. nN
ga = —7 (N —qa) +ba (1= 4a) —caqa, (4.56)
. n
iN= _A1 (94 —an) + 5N (1= 4n) —oNgN - (4.57)
where we denoted qg(nxfl’nfl) (t) simply as gx for a lighter notation. The first term of

each of the two equations contains the context-dependent dynamics, which has the
form of a linear consensus formation process [425]; the remaining terms contain the
context-independent, type-specific dynamics.

The system admits a unique solution for each possible composition of a group.
For mixed groups (ie, 1 < np < n—1), it takes the form (ga,qn) =
(C1 + Cobacn, C1 + Cabnea), where Cp and Cp are constants depending on all the
present parameters (see Appendix D.2.1 for their explicit expressions). For uniform
groups of type X (i.e., nx = n), the solution simply reads gx = bx/ (bx +cx), Vn.
Interestingly, for a wide range of values of the transition rates (bs and cs) producing
a significant behavioral difference between the types—which is what really motivates
accounting for them—, the equilibrium probability of adoption shows a marked non-
linear dependence on the number of A-type (or N-type) agents in the group. This is
especially true for qn (94 is always high), growing nonlinearly from low values in a
uniform N-type group (14 = 0) to medium-high values when all the others in the
group are A-type’s (np = n — 1). In other words, the equilibrium solution stemming
from the simple (linear) contagion mechanism takes the form of a complex (nonlinear)
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Figure 4.11: Equilibrium adoption probability for A-type individuals, g4 (red points),
and for N-type ones, gy (blue points), against the number of A-type’s in
the group (from 1 to n for an A-type’s, from 0 to n — 1 for a N-type’s).
Different symbols denote different adoption rates for A-type’s, by, while
the other rates are fixed as ¢y = cny = 0.05 and by = ¢n/20. In Sec. 4.3.4
we use by = 1.0 (hexagons). Left plot is for 2-edges (n = 2), middle plot
for 3-edges (n = 3) and right plot for 4-edges (n = 4). To better appreciate
the nonlinear dependence on 1, we also depicts through solid lines the
equilibrium solutions as if 15 was a continuous variable.

contagion mechanism. Thanks to the timescale separation, the outcome of the simple
contagion effectively acts as a complex contagion, typical of behavioral dynamics.?

Figure Fig. 4.11 shows the nonlinear dependence of the solutions g5 and gn on
the composition of a group, for different values of the A-type’s adoption rate, bp, and
different group sizes. The other rates are fixed as used in Sec. 4.3.4,i.e.,cpo = cn = 0.05
and by = cN/20. There, we will take by = 1.0 (hexagon-shaped points in Fig. 4.11),
which yields a probability of adoption of around 95% and 5% in an uniform A-type
and N-type group, respectively. In a {A, N} 2-edge, the adoption probability jumps to
around 87% for the N-type agent and decreases to around 91% for the A-type’s. In a
{A,N,N} 3-edge, it goes to around 80% for the N-type’s and to 88% for the A-type’s,
while in a {A, A,N} one, to around 89% and 93%, respectively.

4.3.2.2 Binary models

We define here the binary models we call of ‘easy adaptation” and ‘hard adaptation’.
In both of them g5 = 1 always, i.e., A-type agents are assumed to behave according to
their intrinsic propensity and independently of the context observed in a group. We
then have the following:

(i) In easy adaptation, gy is 1 when at least an A-type is present (specifically, for

2 This observation actually raises the question of whether certain social contagions are genuinely
complex, or if they only appear as such due to the temporal resolution at which they are studied.
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rank-3 hypergraphs, in {A,N}, {A,N,N} and {A,A,N} groups)) and 0 otherwise (that is,
in uniform N-type groups). N-type agents are easily (maximally) driven by A-type’s
in this scenario;

(ii) In hard adaptation, qn is 1 when all the other individuals in the group are
A-type’s ({AN} and {A,AN} groups) and is 0 otherwise., i.e., N-type’s are hardly
(minimally) driven by A-type’s in this case.

The only and crucial difference between the two behavioral models is, for rank-3
hypergraphs, the N-type agents’ behavior in {A,N,N} groups: the presence of the A-
type agent induces active behavior in the two N-type’s in the easy adaptation model,
but not in the hard adaptation one. As shown in the next sections, this difference
modifies the spreading process by making it strongly dependent on the behavioral
dynamics taking place at the group-level, hence on the properties of the higher-order

interaction structure.

433 Spreading dynamics

Once the interaction structure and the behavior’s context-dependency have been mod-
elled, we are ready to investigate how they jointly affect a spreading process taking
place upon that structure. For the sake of simplicity, we assume the spreading process
to be represented by a SIS dynamics. Let thus  be the transmission rate and y the
recovery rate. We denote with Yx = Yx(t) the fraction of agents of type X € {A,N}
in compartment Y € {S,I} at time t. In particular, Ix is the type-specific prevalence
for type X, while I = pIp + (1 — p)Iy is the prevalence overall. The dynamics can be
modelled through the following system of differential equations

In = —pla + BSa (In0a—a + INONA) & (4.58)
In = — pIn + BSn (Ia6a—N + INONSN) (4.59)

with Sx = 1 — Ix. Here B0x_,7 is the total transmission rate from a X-type to a Z-type,

reading
1,1 1,2 22) (22
GA%A = KAlAr(A )S(A ) + KA NlAr(A ) ( ) + ZKA A|Ar(A )S(A ) , (460)
0,1 02 1,2) (0,2
Onoa = Fnjara sy + K nary” 5\ 2 2 nard s (4.61)
0,1 0,2 1,2) (0,2
Or_N = KA‘NT(A >51(\I )+KAN|N7‘5§ ) ( )+2KAA‘NT’(A >Sl(\l ) , (4.62)
11 1,2 2,2) (2,2
9N~>N = KN\NrI(\I )SI(\T ) +x N|er(\l ) ( ) +2K N\ "1(\1 )Sl(\] ) ’ (463)
where fry (nx—1n— 1)5(an71’”71) is the effective transmission rate for an interaction oc-

curring within a n-edge composed of nx X-type and nz Z-type agents. This is written
as the product of an out-going (i.e., depending on the infected, a X-type) transmission
(=111 and an in- -going (i.e., depending on the susceptible, a Z-type)

(nz=1n—1) . With the same notation used in Sec. 4.3.2, the

probability ry

transmission probability s,
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superscript (nx — 1,n — 1) indicates how many of the other n — 1 nodes in the group
are of type X (subscript), given at least an X-type is present. In other words, rx and
sx encode the context within which a direct interaction occurs from the perspective
of a X-type agent. Their form is dictated by the specific mechanism through which
transmission can be modified and, via their dependence on the agents’ probability
to adopt active behavior, by how the mechanism is affected by the size and the type-
composition of a group. For prophylactic mechanisms, such as face-masks, considered
in the following, rx and sx act as reduction factors of the transmission probability.

Linearizing Eqs. (4.58) and (4.59) around the disease-free equilibrium,
(In, IN, Sa,SN) = (0,0,1,1), the associated NGM matrix reads

NGM = B [0a-a Onoa) (4.64)
F\Oasn OnoN

Denoted with @ the matrix with entries {6x_,7}, the effective reproduction number,
R, reads R = Bkegs/ 1, with

1
ket = 5 |0a—a + 0NN + \/ (Ba—sa — ON-N)” +408A0AN | (4.65)

being the largest eigenvalue of ©, representing the effective—for spreading—average
pairwise degree. Imposing R = 1 provides the epidemic threshold B. = u/keg, above
which the epidemic-free equilibrium is unstable and an endemic state is reached. If
there is no modification of the transmission (i.e., rx = sx = 1, VX) and there is no
correlation between type and degree (k(()tll) = kg’jo) = k(m), Vn), all agents are equivalent
and mixing is irrelevant, hence ko¢f = k and R = Ry = Bk/p, as the SIS model on
networks is recovered.

Notice that it is possible to get a closed form for the endemic solution of Egs. (4.58)
and (4.59). However, the complicated form of the solution does not allow to draw any
noteworthy conclusion directly from it, hence we do not report its expression here.
Nonetheless, an approximate solution that preserves the qualitative behavior of the
system can be found under high prophylactic efficacy (see Appendix D.2.3). Moreover,
no qualitative changes are observed in the results presented below when, instead of
a SIS, a SIR is considered. In that case, the results refer to the final attack rate rather

than to the equilibrium prevalence.

4.3.3.1 Application to face-masks adoption

To describe an epidemic spreading in the presence of face-masks, we need to specify
a suitable form for the probabilities rx and sx appearing in Egs. (4.60) to (4.63). To
this end, let eout, €in € [0,1] be the out- and in-going efficacy of a face-mask, respect-
ively. The quantities 80utq§(nxfl’n71) and sinqg(nxfl’nfl) are then the probabilities that

a X-type individual wears a mask and that the mask avoids, respectively, out-going



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Clic Bured
Giulio Burgio 43 CONTAGIONS UNDER CONTEXT-DEPENDENT BEHAVIOR 143

transmission when the X-type is infectious, and in-going transmission when the X-
type is exposed to an infection. In more general terms, they quantify how strongly
the spreading process can be affected by an agent’s behavior: for perfect efficacy, the
success of a spreading event is decided in a deterministic way by the eventually adop-
ted behavior; on the contrary, for null efficacy, spreading and behavior fully decouple.
Thus we have

r&nx_l'n_l) =1- Soutqulx_l’n_1> , (4.66)
Sg(nxfl,nfl) —1_ Einqg(nrl,nfl) ] (4.67)

In the following we assume eoyt = 0.9 and ¢j, = 0.5. The effect of varying each efficacy
will be discussed whenever significant.

434 Results

To study how the group structure of the contacts affects the spreading dynamics,
we vary the interaction structure along two directions. For given average values of
degree, k, and assortativity, a, we ask what is the effect of distributing (i) the degree
(le) and kl(\'; )) and (ii) the assortativity (zx%) and aif’l)) differently at the varying of the
group size n. To isolate the role of the mixing, we assume that type and degree are
hereafter independent random variables. Therefore, a priori, k(g) = kg’ ) — k(”), Vn,
and consequently "‘571) = zx%) = wy,. We consider individuals gathering in pairs and
triads, i.e., n = 2,3.

In the following, we display and analyze the results for the social contagion model
of Sec. 4.3.2.1. To this end, we leverage the basic understanding provided by the binary
models of Sec. 4.3.2.2. As anticipated in Sec. 4.3.2.1, we fix the adoption probabilities
by taking cpo = cn = 0.05, bp = 20cp = 1.0 and by = ¢ /20 = 0.0025. Apart from the
numerical details, what ultimately matters is that the A-type agents act as modifiers of
the infectious interactions in a group by lowering the transmission probability through
the prophylaxis induced in the N-types’.

43.4.1 Varying the degree among group sizes

Suppose that the mixing parameters for each group size, ap, a3 and B3, are given.
We then vary k(2 and k(®) respecting the constraint k = k(2) 4 2k(®) and study how
this affects the dynamics. Specifically, we ask: in order to avoid an epidemic (i.e., keep
R < 1) or to reduce its size (i.e., minimize prevalence), should the agents interact
more in pairs or in triads?

BASIC REPRODUCTION NUMBER. Let us first consider the effective reproduc-
tion number, R. We find the behavior of R to generally depend on both the mixing
pattern (a, a3, B3,1) and the type-composition of the population (p), but in a different
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Figure 4.12: Normalized reproduction number, R/Ry = keg/k, computed from
Eq. (4.65), as a function of the proportion of 2-edges, k(2) /k, and of the
A-type proportion in the population, p, for 831 = 1.0, Ry = k = 6, and (a)
ay = 0.85 and a3 = 1.15, (b) ap = a3 = 1.0, (¢) ap = 1.15 and a3 = 0.85.
Since k = k@ + 2k(3>, k() /k = 0 means nodes interacts only within tri-
ads, while k(?) /k = 1 means they do it just in pairs. White curves report
the levels indicated in the respective colorbar. The red one indicates the
critical curve R =1 (R/Rg = 1/6), above which the epidemic-free state is
stable.

way depending on the system being closer to the easy or the hard adaptation scen-
ario. This is observed, for example, for the intermediate scenario we used, generated
by the social contagion model; see Fig. 4.12. This scenario is closer to the easy adapt-
ation limit, thus let us first analyze the latter. Assuming an ideal perfect protection
in at least one direction (i.e., eout = 1 and/or &, = 1), we prove in Appendix D.2.2.1
that, under easy adaptation, there exists a threshold value

20(3 — 2

4.68
x3P3,1 (4.68)

p=
such that R increases or decreases with k(2 (for fixed k) depending on whether p is
lower or higher than . At p = p, a N-type individual has the same probability of
finding at least an A-type’s—and so, under easy adaptation, be induced to adoption—
in a pair or in a triad. When p < §, such probability becomes lower in a pair than
in a triad, leading R to increase with k@); vice versa for p > p. As a consequence,
expressed the critical threshold as the value p = p. at which R = 1 (red curves in
Fig. 4.12), the threshold moves up or down with k(2) depending on whether p. < f or
pc > p. Notice from Eq. (4.68) that p € [0,1] requires a3 € [42/2, a2/ (2 — B31)]. When
a3 < ap/2, p < 0and R thus always decreases with k(z), for it is easier for a N-type’s
to find at least an A-type’s in a pair than in a triad, whatever the fraction p of A-type’s
in the population. Said differently, the induced prophylaxis is less frequent in triads
than in pairs because the former are comparatively too much assortative, therefore
R is minimized (the epidemic threshold is maximized) by interacting in pairs only,
ie., for k? = k and k®) = 0. In the opposite case in which a3 > ay/ (2 — B31)
§ > 1 and R thus always increases with k(2), for a N-type’s is more likely to find
at least an A-type’s in a triad than in a pair, no matter the value of p. Among the
groups containing type A, while a {A,A,N} triad and {A N} pair generate equivalent
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contexts, a {A,N,N} triad has the advantage of weakening the N-N contact thanks to
the prophylaxis induced in the two N-type agents, that would be absent if the two
interacted as a pair. This results in R being minimized by interacting in triads only,
i.e., for k2 =0and k® =k/2.

Going back to the intermediate scenario considered in Fig. 4.12, treating it as if
was an easy adaptation scenario with perfect unilateral protection, Eq. (4.68) yields
p > 1 for ay < a3 (panels (a) and (b)), and p ~ 0.65 for ay; = 1.15 and a3 = 0.85,
which is anyway not far from the true threshold, p ~ 0.60 (panel (c)). This consistency
with the results reported in Fig. 4.12 confirms the explanatory power of the simplified
dynamics assumed to derive Eq. (4.68).

In the hard adaptation limit, again assuming perfect unilateral protection, the shape
of R is instead always monotonic, increasing or decreasing with k(?) solely depend-
ing on whether «; is smaller or larger than a3, respectively (see Appendix D.2.2.1 for
proof). Indeed, since prophylaxis is not induced in the {A,N,N} triads in this case, re-
ducing R simply amounts to rise disassortativity (i.e., increase &) and in turn increase
the frequency of adoption for the N-type’s.

All in all, this analysis proves that, depending on the behavioral properties of the
agents, solely changing the (first moment of the) group-size distribution can move the
system from the subcritical (epidemic-free) to the supercritical (endemic) phase, and
vice versa.

PREVALENCE. Looking now at the levels of prevalence at equilibrium, we can
appreciate how differently the two types are affected by the interaction structure. We
can first observe that Iy qualitatively behaves like R (compare panels (c), (f) and
(i) in Fig. 4.13 with panels (a), (b) and (c) in Fig. 4.12, respectively), therefore the
analysis following Eq. (4.68) approximately applies to Iy too. This correspondence
between Iy and R is actually expected whenever there is a substantial behavioral
difference between the two types and prophylactic efficacy is high. In such case (see
Appendix D.2.3 for proof) the epidemic pressure mainly comes from type N and the
dynamics for the latter is well approximated by a standard, one-type population SIS,
where both Iy and R are largely determined by n_,N. Since, instead, fn_, 5 can show
a different and opposite dependence on the parameters compared with On_,N, Ia
might not generally follow R, as seen comparing panels (b), (e) and (h) in Fig. 4.13
with panels (a), (b) and (c) in Fig. 4.12, respectively.

The results for I5 thus require a more detailed inspection. For the intermediate
scenario considered in Fig. 4.13, they broadly overlap with those obtained in the
easy adaptation limit (compare with Fig. E.1). A clear exception is the case ay = a3
(panel (e)), for which I, first increases and then decreases with k@ as p is decreased,
whereas, in easy adaptation, 5 monotonically increases with k). The discrepancy
is explained by the quantitative differences that make the intermediate scenario in-
deed depart from the easy adaptation limit and get a slight contribution from its hard
adaptation “component”. On one hand, in easy adaptation, the increase of Iy with
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Figure 4.13: Equilibrium endemic state (fixed point of the system of Eqgs. (4.58)
and (4.59)) as a function of the proportion of 2-edges, k(?) /k, and of the
A-type proportion in the population, p, for f3; = 1.0, Ry = k = 6, and
(a—) ap = 0.85 and a3z = 1.15, (d-f) ap = a3 = 1.0, (g-i) ap = 1.15 and
«3 = 0.85. (a, d, g) Overall prevalence, I, (b, e, h) prevalence for type A,
In, and (c, £, i) prevalence for type N, Iy. Since k = k(2 +2k(), k) /k = 0
means nodes interacts only within triads, while k@) /k = 1 means they do
it just in pairs. White curves report the levels indicated in the respective
color bar. The red one indicates the critical curve R = 1, above which the
epidemic-free state is stable.

k?) gradually vanishes when p approaches small values: with a low proportion of
A-type individuals in the population, the modification mechanism weakening the N-
N interactions in {A,N,N} triads which makes Iy, and consequently I, smaller, is
largely compensated by the high epidemic pressure that anyway emerges via the more
frequent N-type uniform groups. On the contrary, in hard adaptation (see Fig. E.3),
Ip decreases faster and faster as p gets smaller: while Iy is not directly affected by
group size (as there is no modification of the N-N interactions), I5 decreases by trad-
ing {A,N,N} triads for {A,N} pairs thanks to the gained bilateral protection, and
{A,N} and {A,N, N} are those groups in which A-type individuals interact the most
when p is small. Therefore, combining the fact that in the intermediate scenario gy in
a {A,N,N} triad is not as high as in a {A, N} pair, differently from the easy adapta-
tion limit in which gx = 1 in both cases, with the fact that by decreasing p the effect
of k@) on I, gets weaker in easy adaptation but stronger in hard adaptation, results
in the decrease of I seen in Fig. 4.13(e) for low enough p.
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4.3 CONTAGIONS UNDER CONTEXT-DEPENDENT BEHAVIOR

Such sort of competition between easy and hard adaptation, determining what we
observe in an intermediate scenario, is certainly present also for ay # a3. However, it
has no qualitative impact when &, and a3 are not too close to each other. In such case,
the considered intermediate scenario has the same qualitative behavior than the easy
adaptation one.

Accordingly, for ay < a3 (and B3 = 1), increasing k), not only makes the weaken-
ing of the N-N interactions rarer as less interactions occur in triads, but also increases
the rate at which N-N interactions take place, for pairs are more assortative than tri-
ads. This results in a rapid increase of Iy (as we already know from R) which, in
turn, pushes I up. At the same time, especially for lower p, type A benefits from the
increase in homophily provided by a higher k(%) as it isolates it from the more infec-
tious type N. Eventually, when p is not too high and the increase of Iy gets slower
(see Fig. 4.13(c)), the two contributions to I, become comparable, giving the latter the
nonmonotonic shape observed in Fig. 4.13(b). This holds whenever efficacy is high at
least in one way, so that there is a substantial difference between the epidemic pres-
sures of the two types; otherwise, homophily looses importance and I just grows
driven by Iy.

Finally, for ay > a3 (see Figs. 4.13(h)-(i)), I mainly behaves as Iy (hence as R).
Differently from the previous case, pairs are now less assortative than triads and so
type A cannot benefit from mixing to compensate for the larger exposure to type N
implied by a higher k@) I, thus just follows Iy.

All in all, it is Iy to be the main driver of the observed phenomenology in the
easy adaptation scenario. This leads to the conclusion that, by exploiting the indir-
ect weakening of the N-N contacts, the system (made few exceptions) benefits from
interacting more in triads than in pairs. In the limit of hard adaptation that role is
instead played by I5 (see Appendix E.1 for a detailed discussion about the results
in this scenario). As observed before, while type N is not directly affected by group
size in this case, type A benefits from the protection induced in {A, N} pairs, absent
in {A,N,N} triads, making pairs preferable to triads for the system overall. What is
found for any intermediate scenario, as the one we derived from the social contagion
model, eventually depends on how close this is to either one limit or the other.

At last, we considered quenched contact structures (see Appendix D.2.4 for the nu-
merical implementation of the model) to test whether the presence of topological cor-
relations changed the phenomenology predicted by the mean-field model, Egs. (4.58)-
(4.59). Specifically, keeping fixed the mixing parameters to some values, we varied
k?) /k and looked at the equilibrium endemic state. As Fig. 4.14 shows, the qualit-
ative behavior is accurately reproduced. Note that the systematic overestimation of
the prevalence is actually expected for approximation schemes that ignore dynamical
correlations when the system is enough above the epidemic threshold [282].
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Figure 4.14: Monte Carlo results for the equilibrium endemic state as a function of the
proportion of 2-edges, k(2) /k, for regular rank-3 hypergraphs of N = 1000
nodes and pairwise degree k = k(2) + 2k(®) = 12. Here, p = 0.1, ¢ = 0.2
and ay = a3 = P31 = 1.0 (homogeneous mixing). (a) Prevalence for type
A, I, and (b) for type N, IN. Each point is obtained by averaging over
2500 runs with random initial conditions (infectious state and type as-
signment). Error bars, representing standard deviations, are smaller than
point size. Solid lines represent the results predicted by the mean-field
model.

4342 Varying the type-assortativity among group sizes

We briefly summarize here the results obtained when distributing the assortativity
differently between 2- and 3-edges. That is, we fix & and vary ap, with a3 = a +
(« — ap) k@ /(2kB)) (from Eq. (4.32)).

As proved in Appendix D.2.2.2, the reproduction number, R, increases with &, in
the easy adaptation scenario, whereas it decreases in the hard adaptation one.

The same holds also for the type-specific prevalences Iy and Ia, hence for the
prevalence overall (see Figs. E.2 and E.4), and is explained as follows. In the easy
adaptation limit, a higher (lower) a, («3) means a lower rate at which {A,N,N} tri-
ads form, implying that less N-N interactions are weakened. As a consequence, the
N-type’s prevalence, I\, increases. At the same time, since in this scenario the A-N
interactions are dynamically equivalent whether they occur isolated or within a triad,
the A-type’s probability of infection is not directly affected by the assortativity distri-
bution. However, since Iy increases, I5 increases as well (unless ¢j, = 1), although in
a milder way being the A-N contacts always bilaterally protected. In hard adaptation,
instead, there is no indirect mechanism modifying the N-N interactions, hence Iy is
not directly affected by the assortativity distribution. On the other hand, rising (lower-
ing) ay («3) means increasing the rate at which the A-N interactions are bilaterally
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protected, implying a lower I5. In any case, infection from an A-type’s is unlikely
(unless €j, and eoyt are both small), therefore Iy is only slightly reduced by «a5.

As already observed in Sec. 4.3.4.1, what to expect in an intermediate behavioral
scenario depends then on how close it is to either one of the two limit scenarios, the
results being generally an interpolation between the two (see Appendix E.2 for the res-
ults found in the intermediate scenario used in Sec. 4.3.4.1). We can generally say that
lowering the assortativity within triads (i.e., raising a3) makes the endemic prevalence
decrease for type N, and increase or decrease for type A depending on whether the
share of A-type individuals, p, stays below or above a certain value: the easy adapt-
ation “component” dominates for high p (Ip decreases), the hard adaptation one for
low p (I increases).

To close the analysis, note that the same qualitative effects of increasing (decreas-
ing) a; (a3) are also implied by increasing the higher-order mixing parameter f3 1, for
the frequency of the {A,N, N} triads is either way reduced (see Appendix E.2). While
this should not be surprising, as 3 determines the structure as much as any pair-
wise parameter (xp and a3), it remarks the fact that exclusively relying on pairwise
information does not guarantee an accurate description of the system.

435 Summary and discussion

We have defined a minimal model of context-dependent spreading where, during an
interaction, an agent either actively behave to alter the diffusion or not depending on
either the behavior it observes among the co-present peers and its intrinsic inclination
to take on the active behavior.

Referring to an epidemic spreading model where context-dependency concerns
the adoption of prophylactic behaviors like face-mask wearing, we have shown that
accounting for the behavioral dynamics unfolding at the higher-order level of organiz-
ation of the interactions, can lead to important deviations from what can be expected
based on pairwise information alone. We have revealed that the direction and the
magnitude of those deviations primarily depend on the properties of the behavioral
dynamics; more specifically, on how effective are the (non) adoption-inclined agents
in inducing (inhibiting) adoption of active behavior on the others. Then, depending
also on the proportion of adoption-inclined agents in the population and the way
type-assortativity distributes among the group sizes, and, secondarily, on the prophy-
lactic efficacy, gathering more often in pairs than in triads (larger groups) can either
facilitate or impede the spreading. We have proven this analytically for the basic re-
production number and shown how exclusively changing the group-size distribution
can determine whether an outbreak will be subcritical—and eventually vanish—or
supercritical—leading to endemicity.

More specifically, either for the reproduction number and the prevalence, we can

conclude that in general (made few exceptions) when prophylactic behavior is easy to
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induce, then the system generally benefits by interacting in larger groups, for many
otherwise unprotected contacts would be now protected thanks to the elicited adop-
tion. Moreover, the benefit increases when the smaller (larger) groups are the more
(dis)assortative. On the contrary, when adoption is hard to induce (e.g., when some
majority rule applies), smaller (and disassortative) groups become preferable.

Looking at each type-specific prevalence, we have seen that the type of an agent,
not only—as expected—strongly affects its infection risk but also changes the qualit-
ative dependence of that risk on the parameters characterizing the contact structure.
Observing this becomes especially important when, for instance, adoption is mostly
driven by the vulnerability to the spreading disease. For example, if elderly and young
people have very different chances of suffering from severe symptoms—as it is for
COVID-19 [426] or influenza [427]—, they may also have a dissimilar propensity to
protect themselves and the others [428—-431]. In such cases, either the overall preval-
ence and the reproduction number might not be the most useful indicators, for the
prevalence within the vulnerable (and probably adoption-inclined) class does not gen-
erally follow the same phenomenology.

Our model stimulates a new direction in the discourse on the interplay between be-
havior and epidemic spreading. It helps to understand the role of contextual informa-
tion in decisions to reduce the impact of infectious spreading and provides theoretical
support for epidemic control policies based on public gathering restrictions.

In the end, the mean-field approximation provided here opens new possibilities in
the modeling of higher-order systems, specifically serving as a basic theory to invest-
igate virtually any process for which mutable and contextual factors can be relevant.
Inspired by growing evidence in ecology, we have studied one of such processes and
suggested a few more (see also Sun [320]), but perhaps many others have not yet been
recognized.

44 ON A GENERAL FRAMEWORK FOR CONTEXT-DEPENDENT INTERACTIONS

To close this chapter, we outline a way to build a general framework for systems
including context-dependent interactions. We expand over two directions. First, in
Sec. 4.3, we considered all the direct interactions as pairwise, modified by a third
unit. However, the direct interactions themselves can involve more than two units, as
seen in Sec. 3, thus defining a hypergraph; and, moreover, we may think of a modi-
fication as caused not by just one unit, but concurrently by more units. The direct
interactions can be cast in the factor graph associated to the hypergraph, which is a
bipartite graph. Besides, the interaction modifications can be described by a tripart-
ite graph where edges go from the nodes representing the units of the system, to
the nodes representing the modifications, to those representing the direct interactions.
The set of nodes pointing to the same interaction-modification node constitute the
group of units producing that modification; the direct-interaction nodes pointed by
an interaction-modification node are those on which the modification acts on. Notice
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that we could squeeze the tripartite graph into a bipartite one where units directly
point to the interactions they modify, but this would come with a loss of information.
Indeed, it would be impossible to distinguish whether a modification is the result of a
combination of pairwise modifications from different units or, instead, it is produced
by an entangled action, involving many units, that cannot be separated into pair-
wise contributions. Representing the modifications explicitly as nodes—through the
“middle” partition—allows us to keep this fundamental distinction in our framework.
In truth, it is also a key step in extending the framework in a second direction.

In fact, an interaction modification can in turn be itself modified. Evidence for this
comes again from ecology [432]. For instance, in coffee agroecosystems [433, 434]—
whose preservation is of worldwide interest given the magnitudes of the coffee in-
dustry and market—, Azteca ants (Azteca instabilis) limit the ability of female lady
beetles (Azya orbigera) to locate good sites where posit their eggs. This negative ef-
fect is understood as an interaction modification (caused by the ants) of the positive
interaction between the adult beetles and the larvae they produce. But there is more.
The presence of a parasitic fly (in the Phoridae family) induces defensive behavior in
the ants, consequently reducing the ability of the latter to harass female beetles. That
is, the modification perpetrated by the ants is in turn modified by the presence of the
flies. These two modifications are a first-order and a second-order interaction modi-
fication, respectively. The tripartite representation suggested above naturally describe
interaction modifications of first, second or any higher order. While we are currently
not aware of third-order modifications in any kind of system, we would not be too
surprised to learn that they have been observed in systems of mesmerizing complexity
as ecological and social systems.

The resulting structure, encompassing both direct interactions and modifications,
maps to a multilayer, multipartite (bi- and tri-partite) network, as Fig. 4.15 illustrates.
Providing a novel perspective on systems with multi-order context-dependent inter-
actions, we believe that this network representation may provide important insights
about the dynamics of such systems. An interesting question is whether network
measures tailored for this representation will provide already new understanding. A
first application would be the analysis of ecological systems, for which a suitable

representation is still lacking [432].
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Figure 4.15: Representation of a generalized context-dependent interaction system as
a multilayer, multipartite network. In top-down order, the first layer is a
directed bipartite network (also a factor graph) containing the units/phys-
ical nodes of the system (circles) and their direct interactions (up-pointing
triangles). The second layer is a directed tripartite network where the
first-order modifications (squares) represent the action of the units on the
direct interactions. The third layer is also a directed tripartite network,
where the second-order modifications (down-pointing triangles) repres-
ent the action of the units on the first-order ones. The following layers are
all directed tripartite networks representing the action of the units on the
modifications of order n through modifications of order (n+1), n > 2.
The sub-network formed by the units is thus a multiplex intersecting all
the layers, while any interaction or modification intersects two layers, the
one in which it acts and the subsequent one, where it is potentially mod-
ified. Using a tripartite representation allows to distinguish whether the
action of multiple units on an interaction or modification is separable or
not. If separable, the overall action consists of the combination of inde-
pendent pairwise modifications and is represented by multiple modifica-
tions, each one pointed by a single unit, incident on a modification at the
next lower order (e.g., in the second layer, the second and third units af-
fecting the first interaction via two independent first-order modifications).
Otherwise, the overall action cannot be separated, thus we represent it as
a unique modification, pointed by all the units producing it (e.g., in the
third layer, the second and third units affecting the third first-order modi-
fication via a unique second-order modification).
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This thesis has been devoted to deepening our understanding of how group interac-
tions affect the propagation of biological and social contagions. To this aim, we refined
existing theoretical approaches and introduced novel ones. As a result, we provided
more accurate predictions, characterized new phenomena, and opened the path to
unexplored modeling possibilities.

We organized our developments into two parts, according to two definitions of
group, higher-order interaction. In the first part, Chapter 3, we considered inter-
actions directly involving more than two agents at a time as an extension of pair-
wise, two-body interactions. In this context, we focused on higher-order contagions,
namely, complex contagion processes—characterized by reinforcement mechanisms
where transmission relies on the exposition to multiple, different sources—conveyed
by group interactions, a particularly relevant representation for social contagions. Our
results advanced the qualitative understanding of how group interactions and their
structural organization—in the form of a hypergraph—affect the contagion dynamics.
A key feature common to all the models proposed in Chapter 3 is the ability to ac-
count for local dynamical correlations. This allowed us to discover effects that elude
approaches neglecting those correlations.

Section 3.1 revisited the behavior of higher-order contagions, revealing, in particu-
lar, that higher-order interactions affect the invasion threshold in quenched simplicial
complexes, offering accurate predictions of such dependence. There, we realized that
discrete-time formulations aiming at accounting for correlations within subsets of
three or more nodes require those subsets to share at most one node. This led us to
introduce the notion of edge-disjoint edge clique cover, for which we proposed a heur-
istic algorithm then used or adapted by other researchers working with higher-order
networks [435, 436]. The algorithm also provides a way to generate hypergraphs by
promoting cliques of a graph while respecting the requirement that any two maximal
hyperedges share no more than one node. Such hypergraphs would serve as a refer-
ence to investigate the structural and dynamical implications of sharing more nodes,
a mainly uncharted territory.

Section 3.2 extended the above analysis through a mean-field triadic approximation.
Leveraging the mathematical tractability of the latter, we established a fundamental
link between the behavior of higher-order contagions and the degree of overlap—
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zero in linear hypergraphs, maximal in simplicial complexes—between 2- and 3-body
interactions. Increasing the overlap has the double-edged effect of helping the conta-
gion to thrive—lowering the invasion threshold—while hampering it once it becomes
extensive—reducing the outbreak size. To the best of our knowledge, this result rep-
resents the first evidence of how the structural arrangement of interactions of different
orders essentially affects the contagion dynamics. Careful consideration is thus neces-
sary when choosing a higher-order representation for the system.

Section 3.3 closed the chapter by introducing a generalized approximate mas-
ter equations framework accounting for dynamical correlations within and partially
across groups, attaining unparalleled accuracy among mean-field models. Most im-
portantly, the framework paves the way to investigate adaptive higher-order systems
where agents can strategically leave and join groups in response to local dynamics (e.g.,
trying to avoid infectious environments)—a modeling possibility beyond the scope of
earlier approaches. For both simple and complex contagions, we unveiled novel phe-
nomena exclusively ascribable to the group structure, such as detrimental rewiring,
where escaping from infectious groups makes the contagion spread even more, or
a non-monotonic regime, where an intermediate rewiring rate performs worse than
both a slow (yet nonzero) and a fast rewiring. Moreover, we identified and character-
ized two general optimal strategies for agents to hinder spreading, targeting either the
dynamics—leaving infectious groups—or structure—leaving large groups. These find-
ings result from just a first exploration of the adaptive mechanisms that can modeled
with our framework, which is, additionally, by no means restricted to biological and
social contagions. A future research line could be, for instance, the study of the evolu-
tion of group-structured systems where a group’s functioning depends on the extent
of cooperativeness of its members (e.g., informal organizations) [437-439], while the
latter adapt their membership in search of more cooperative and functional environ-
ments.

The second part of the thesis, Chapter 4, built on the notion of interaction modific-
ation coming from ecology—where the presence of a third species changes the func-
tional relation between two species —recognizing it as a more general higher-order
mechanism typical of other complex systems, such as social and biological systems.
The observable properties and behaviors of the units inducing the modification create
a context that alters the direct interaction among other units. Such interaction would
be generally different in another context and, therefore, cannot be considered separ-
ately from it. Context-dependency is thus an indirect form of higher-order interaction.
Chapter 4 specifically explored the implications of context-dependent prophylactic
behavior on epidemic spreading.

As a preliminary step, this required developing a theory to account for
heterogeneous—assortative /homophilic versus disassortative/heterophilic—mixing
between nodes of different types in a hypergraph. We provided such a theory in
Sec. 4.1 in the form of a mean-field approximation mapping an ensemble of hyper-
graphs to a set of measurable mixing parameters. It serves as a first approximation to
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investigate virtually any process for which mutable and contextual factors can be rel-
evant. In the herein-considered problem, node types correspond to behavioral types
representing individuals with different inclinations to adopt prophylactic measures.

Analyzing first the degenerate case of context-independent behavior (i.e., exclus-
ively determined by the behavioral type, hence fixed at all times) on pairwise net-
works, Sec. 4.2 uncovered three dynamical regimes valid for any prophylactic measure
unable to provide perfect, independent protection to the adopter, such as imperfect
vaccines (Sec. 4.2.1) or, by construction, digital proximity tracing apps (Sec. 4.2.2). The
three regimes are identified by how the final attack rate (or the peak of prevalence)
depends on homophily. At odds with the previous belief, built on the assumption of
perfect protection, that homophilic adoption is always detrimental to epidemic control,
we proved that the opposite can also be true. Indeed, when infectivity is high com-
pared to the effectiveness of the prophylactic tool, a clustered, homophilic adoption is
needed to break the infection chains, or even the adopters would be scarcely protec-
ted. When infectivity is relatively low instead, since prophylaxis provides sufficient
protection to even isolated adopters, these should mix as much as possible with non-
adopters to dilute the contacts among the latter and offer them indirect protection—a
generalized herd immunity. In such a case, which includes the perfect-protection scen-
ario, homogeneous or even heterophilic mixing is preferable overall. Interestingly, in
a situation of relatively intermediate protection, the ability of an epidemic to spread
shows a non-monotonic dependence on mixing, implying eventually that different
outbreak sizes (infectivities) are compatible with the same infectivity (outbreak size).

While such phenomenology remains valid in higher-order networks, interacting in
a group lets individuals influence (either intentionally or not) the current behavior of
the other co-present individuals, consequently modifying the local spreading between
any two of them. This behavioral context-dependency results in the rich dynamics dis-
closed in Sec. 4.3. There, by examining groups composed of two and three individuals,
we unveiled the significant impact that the interplay between epidemiological and so-
ciological factors can exert on the outcome of an epidemic. Fixing the average contact
rate and the average homophily across group sizes, we found that, as a general rule,
it is beneficial (detrimental) for epidemic control gathering more frequently in triads
than in pairs if prophylactic behavior is easy (hard) to induce, even more so when
pairs are more (less) assortative than triads. Our developments demonstrated that in-
corporating the contextual character of behavior, shaped at the group level, can result
in notable deviations from what might be anticipated based on pairwise information
alone.

We concluded the chapter by suggesting in Sec. 4.4 a flexible network representa-
tion for systems holding context-dependent interactions of virtually any order in both
the hierarchy of interaction modifications—first-order modifications of direct interac-
tions, second-order modifications of first-order modifications, and so on—and in the
number of involved units. Currently, no proper network representation can do it, not
even to accommodate first-order modifications. Adopting the proposed representa-
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tion might lead to reconsiderations about our understanding of the interplay between
structure and dynamics for those systems characterized by context-dependent inter-
actions. Ecological systems where first- and second-order modifications are either
known or expected to exist [310, 312, 313, 433, 434] will provide the first ground to
test whether or not a detailed representation as ours can offer new relevant insights.

FURTHER CONTRIBUTIONS

This thesis has only dealt with a few problems where higher-order interactions are
relevant [88-90]. During the past four years, we ourselves have also investigated a
few other topics (not all related to contagion processes). Building on the work by
Hébert-Dufresne et al. [424], we used group-based approximate master equations to
study the co-evolution of contagions and institutions [440]—a multi-level feedback
process where a contagion spreads within and between groups represented as hy-
peredges, and institutions grow on top of the latter trying to extinguish the contagion.
Public health departments or moderation teams on social media platforms are ex-
amples of group governances established to control harmful contagions. Nonetheless,
each group is not isolated but is a piece in an ecology of other groups fighting the
same contagion. Facing the dilemma of eradicating the contagion while attempting
to contain the economic and social costs this entails, groups undergo an evolutionary
process where they adapt their institutions based on their own and the other groups’
successes and failures. Incorporating these institutional changes into the contagion
dynamics revealed counterintuitive effects that cannot be predicted by regarding in-
stitutions and contagions as independent. For instance, a higher transmission rate can
result in smaller outbreaks, while a slower institutional adaptation generally reduces
outbreak size.

Still in the realm of evolutionary processes, we explored the effect of group interac-
tions on the evolution of cooperative behavior. Cooperation—the act of covering some
cost to benefit another individual—is observed in systems ranging from genomes to
human societies [441-444], and not as a marginal phenomenon: it often profoundly
shapes and makes even possible the existence of those systems. However, evolution-
ary game theory predicts that cooperative behavior cannot survive against selfish
behavior in well-mixed populations [445, 446]. Hence, numerous mechanisms have
been proposed to explain its ubiquity. Among those mechanisms, the so-called net-
work reciprocity [447-455] helps cooperation to thrive based on two factors: a limited,
recurrent set of interacting game opponents—the network neighbors—and a local ad-
aptation mechanism through which an individual can change its behavior depending
on how its neighbors in the network behave and perform. Whether this kind of reci-
procity is possible also under group interactions was still unknown. Regarding group
interactions as instances of a public goods game [456], we actually proved them to
reinforce network reciprocity [265].
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Lastly, we devoted some of our work to deepening the current understanding of
synchronization in the presence of 3-body interactions. Synchronization is the fas-
cinating phenomenon for which oscillators—units following oscillatory dynamics by
themselves—spontaneously synchronize their frequencies due to their mutual influ-
ence [457-459]. Even though convincing empirical evidence for higher-order inter-
actions in synchronization phenomena is still lacking, a considerable theoretical ef-
fort has been put in place lately [460-467], proving their validity at least as effective
models. Higher-order interactions appear as small corrections in the so-called phase
reduction of the dynamic equations governing the behavior of weakly coupled os-
cillators [457, 463]. In well-mixed systems of Kuramoto phase oscillators, the critical
value of the pairwise coupling strength separating the incoherent (disordered) state
from a partially coherent (ordered) one—where an extensive proportion of units os-
cillates phase-locked at the same frequency—is independent of 3-body (or higher)
coupling strengths. However, whether some dependence on the latter can develop
due to a nontrivial network structure—analogous to what we discovered for higher-
order contagion processes—remains to be determined. Numerical simulations consid-
ering 3-body interactions on small hypergraphs (~ 10? — 10% nodes) suggest such
dependence exists. However, it is still unclear whether or not it is a finite-size effect
and how specific structural properties affect it. Mapping a second-order Kuramoto
model to a linear model of complex-valued phase oscillators [468], and carrying out
a rank-one dimensional reduction of the resulting evolution matrix, preliminary (still
unpublished) analytical predictions for the critical point appear in good agreement
with numerical results, at least for small 3-body coupling strengths, and point out
the degree correlation between 2- and 3-degree as responsible for an increase of the
dependence of the critical point on the 3-body coupling.

WRAP-UP AND FUTURE DIRECTIONS

The study of systems with higher-order interactions is still in its infancy. When this
thesis project started, few works on this subject existed in the complex system literat-
ure. Specific fields such as ecology or sociology were already familiar with higher-
order interdependencies, as theoretical and experimental efforts have been put in
place from much earlier. However, an interdisciplinary perspective capable of integ-
rating knowledge from different scientific domains and recognizing known and new
common mechanisms was almost absent. In four years, we witnessed an explosion of
works that started the process of forging such a perspective. As a theoretical study of
contagion processes relevant to biological and social systems, this thesis is our con-
tribution to this endeavor. Beyond specific aspects, we can perhaps identify two gen-
eral upshots from our findings about interacting within groups: it generally leads to
stronger dynamical correlations, thus retaining the latter becomes of primary import-
ance for a satisfactory description, often even at a qualitative level; and it can involve
either direct many-body interactions, indirect interaction modifications, or multi-level
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feedback loops, and all these types of non-pairwise interdependencies can be equally
significant for the dynamics and potentially concurrent. Despite the advancements
made in these years by the complex systems community, we just scraped the surface
of the complexities hidden in the higher-order organization of systems observed at
disparate scales.

Based on common limitations of current methodologies, we can delineate a few
directions for future theoretical research about contagions and other processes in
higher-order networks. For the sake of mathematical tractability, most of the current
approaches make either explicitly (as we did ourselves in Secs. 3.1 and 3.2) or impli-
citly (respectively, in Sec. 3.3) the assumption that maximal cliques/hyperedges share
at most one node. This is likely not the case for several systems; for instance, social
groups such as face-to-face interactions [369, 410-412] or online communities [469-
471], typically share two or more members. When transmission requires multiple sim-
ultaneous exposures, a larger share of nodes could be decisive for the local spillover
between groups, thus for the contagion overall [291]. Furthermore, since people often
coordinate their decisions, accounting for shared group members may be especially
relevant when adaptive behavior is allowed, as is frequently the case within social and
economic systems. Despite recent advancements [291, 292], the potential dynamical
implications of shared group members remain largely unknown. Preliminary analysis
suggests that approximate master equations might be good candidates for this.

Furthermore, we lack a general method to tell whether a contagion is simple or
complex (and in which sense) from observed time series, albeit promising steps have
been recently made. Cencetti et al. [472] proposed a heuristic classifier based on the
order in which nodes are infected and on its correlations with their local topology
(2- and 3-degree). The method shows remarkable performances for Sl-like processes.
Nonetheless, a classifier trained on a particular ensemble of structures is not guaran-
teed to perform satisfactorily on other structures, as its performance is strictly related
to network properties. Moreover, the method requires full knowledge of the single
nodes’ degrees and their order of infection. Other research, however, has pointed
out that distinguishing simple and complex contagion becomes challenging, if not
impossible when information about transmission settings (e.g., group size or environ-
mental conditions) is imperfect [114] as well as when multiple contagious entities (e.g.,
ideas or memes) are competing [473]. The inverse problem of retrieving the structure
from observed dynamics [474-478] is also quite open for higher-order networks [479-
483]. To this end, one could perhaps leverage the dependence unveiled in Sec. 3.2 of
the contagion dynamics on the (average) degree of interaction overlap.

Finally, the number of possible state configurations and microscopic processes ad-
mitted by a group undergoes a combinatorial explosion with increasing the group’s
size. Thus, a method to make a priori estimations of the importance of interactions of
higher and higher order is paramount, for it would inform us of the error made when
neglecting interactions above a particular order. Finding such a method is among the

most critical and challenging unresolved problems in the field.
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FINAL CONSIDERATIONS

The ontological nature of (social) groups—What does identify a group? Can group
agency always be reduced to a collection of individual agencies?—is a fervent mat-
ter of current philosophical debate [484-489]. Nonetheless, the recent developments
brought by the complex systems community, and even earlier by specialized research
fields, make it hard to deny the usefulness of the concept of group to describe and
comprehend several natural systems. Besides, accounting for the higher-order organ-
ization of such systems adds a thick layer—of the thickest ones—to the already high
mountain of complexities we hope to climb. Dense substructures create stronger dy-
namical correlations while increasing their size leads to combinatorial barriers. As we
have directly seen in this thesis, higher-order structures thus call for more sophistic-
ated models. In turn, it becomes increasingly harder to analyze and even define such
models and understand the mechanistic origin of their predictions.

On a personal note, I want here to emphasize that the defining purpose of science is
to generate understanding. Tools able to provide detailed descriptions and accurate pre-
dictions are crucial to making scientific progress, but they have no intrinsic scientific
value. As a human endeavor, science is and must remain a science for humans, inter-
pretable and acknowledgeable by humans. Paraphrasing Heinz von Foerster, father of
second-order cybernetics, complexity is a property of the relation observer-observed:!
the simplifications we make to understand some aspects of a system—which become
simple—also prevent us from accessing others—which remain complex. Ultimately, this
trade-off between interpretability and accuracy implies, in my opinion, that a limit to
the comprehension of the world we can achieve does exist. Based on our short journey
in modeling higher-order systems, I feel that limit to be closer—but not close! Plenty

of exciting problems are out there waiting to entertain us. Boring times are far off.

1 Translated from an Edgar Morin’s essay [1].
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BASIC METHODS

Al LINEAR STABILITY OF THE INACTIVE STATE

A linear stability analysis is a standard technique to obtain conditions for the stability
of the stationary orbits of a dynamical system. For the purposes of this thesis, we
focus in particular on fixed points. We are interested on the (local) stability of the
inactive state for contagion processes, here understood as the absorbing state where
all the units of the system are susceptible. The critical point at which the inactive state
looses stability is known—also—as the invasion threshold. According to linear stability
analysis, the threshold is given by the value of the infection rate—or of one of the
infection rates, if many—at which the spectrum of the Jacobian matrix associated to
the linearized system (around the inactive state) develops at least an eigenvalue with
either nonnegative real part, if in continuous time, or with unitary modulus, if in
discrete time. First, we breifly summarize the stability analysis in both cases, as we
used either continuous and discrete time models. Then, we reconcile the threshold
condition provided by the Jacobian matrix with the one defined by the so-called basic
reproduction number, which is one of the most relevant quantities to understand the
growth dynamics of populations, of which contagion processes are a special case.

Consider a dynamical system described by the following first-order differential
equation,

£(t) = f(x(1)) , (A1)

defined by the smooth map f : IR" — IR". Suppose that xj is an equilibrium, i.e.,
f(x0) = 0. Expanding Eq. (A.1) around x, at first order in the infinitesimal displace-
ment dx(t) = x(t) — xo, one gets

ox(t) = Jox(t), (A2)

where J, of elements [;; = df;/9x;(x¢), is the Jacobian matrix. Denoted with ¢; the ei-
genvector of J of eigenvalue A;, ¢; solves Eq. (A.2) as ¢;(t) = ¢;(0)e’*, given the initial
condition éx(0) = x(0) — xp at t = 0. Being Eq. (A.2) linear, any displacement dx(t)—
hence trajectory x(t)—solution of Eq. (A.2) can be expressed as a linear combination
of the eigenvectors of J, therefore as dx(t) = Y, c;e’*. Supposing the eigenvectors
have been labeled so that Re(A >1) > Re(Ap) > -+ > Re(Ay), 6x(t) is dominated by
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the largest eigenvalue(s) at large t. Thus, if Re(A1) < 0, dx(¢) — 0 for t — oo, imply-
ing that xp is an asymptotically stable local equilibrium. If instead Re(A1) > 0, dx(¢)
diverges and xy is unstable. Therefore Re(A1) = 0 marks the critical point at which x
changes stability. For a contagion process, Re(A1) is a function of the infection rate(s).
Then, given the inactive state xg = 0, solving Re(A;) = 0 with respect to (one of) the
infection rate(s) provides the invasion threshold (expressed as a value of that infection
rate).
Similarly, let us consider now a system evolving according to a discrete map,

x(t+1) = f(x(t)), (A3)
t € IN; such that f(xg) = xo, with xg = 0. The linearization gives
x(t+1) = Jx(t), (A4)

If ¢; is an eigenvector of J, then ¢;(t+1) = A;¢p;(t), which is solved by ¢; () = ¢;(0)A;".
The generic solution x(t) of Eq. (A.4) thus reads x(t) = Y ; c;A;'. This goes to zero
over time if and only if the eigenvalue of largest modulus lies inside the unit circle,
ie., if |[A1] < 1. The condition |A;| = 1 marks the critical point at which x; changes

stability and therefore provides the invasion threshold.

A1.1  Basic reproduction number

As long as we are exclusively interested on getting a threshold condition for some
parameter of the system (e.g., an infection rate) determining the stability of an equilib-
rium, such condition is always implicit in Re(A1) = 0 or [A1| = 1. However, we could
be interested in another threshold condition which, while being equivalent to the oth-
ers, has a physical meaning of interest. For instance, when studying the growth dy-
namics of some population, as in ecology and epidemiology. A species grows through
the reproduction of its individuals; an epidemic grows through the spread of a patho-
gen, reproducing itself from host to host. In both cases, a basic physical quantity is
how many times a typical individual/host reproduces over its lifetime; or, in other
words, the expected number of secondary individuals/hosts generated by a primary
individual/host (the precise meaning of “typical” and “expected” is clarified later in
this section). In particular, if the initial amount of cases (individuals/hosts) in the sys-
tem is negligible, that number is called basic reproduction number and is traditionally
denoted as Ry. Whether or not an initial negligible number of cases grows to occupy
a finite proportion of the system depends on Rg [195]. If Ry > 1, a primary case pro-
duces more than one secondary case, giving rise to an exponential growth of cases; if
Rp < 1, instead, it produces less than one secondary case, leading the cases to expo-
nentially disappear. Therefore, the condition Ry = 1 decides the local stability of the
inactive state — understood as the state with no cases. In those sections in which we
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explicitly refer to epidemic modeling, the stability condition is always expressed in
terms of Ry.

Except for very simple models, however, finding the expression for Ry directly from
Re(A1) = 0or |Aq| = 1is generally unfeasible. Incorporating few more heterogeneities
(e.g., by grouping individuals with respect to a given trait) or individual states (e.g.,
the exposed state, where an individual is infected but still not infectious) in the system,
easily prevents extracting Ry from the condition provided by the Jacobian spectrum.
In 1990, Diekmann et al. [196], conceived the next generation matrix method, which
allows to compute Rp for any transmission (or population dynamics) model under
a set of fairly weak assumptions. In the following, we refer to the later formulation
given by van der Driessche et al. [490, 491], which further developed the theory for
compartmental models.

The key idea is to split the Jacobian matrix as | = F — V, where F; gives the rate
at which individuals in state i are generated through infection by individuals in state
j, while V;; is the rate at which individuals, initially in state j, exit state i. One of the
assumptions above imposes that infections can only be produced by infected individu-
als within the system. Therefore, once in a state with no infected individuals (as the
inactive state), the system can only transition to states with no infected individuals,
meaning the set of infection-free states is invariant. A direct consequence of this is
that the linearized equations for the infected compartments fully decouple from the
remaining equations, and the stability of the inactive state is thus governed by the
former only. We can therefore restrict J—hence F and V—to the m infected compart-
ments and forget about the n — m remaining ones. Then, under the aforementioned
assumptions and through a series of results from linear algebra, it can be proved
that Rp = Amax(F V_l), being F V1 the so-called next generation matrix (NGM) and
Amax(F V_l) its dominant eigenvalue (what before we denoted as A1). The meaning
associated to F and V! clarifies why Ry precisely derives from the matrix F vl In
particular, [V_l]ij is the average time that an individual initially in the infected state
j spends in the infected state i. [F V_l]ij thus gives the average number of individuals
in state i that an individual initially in state j generates during its lifetime (i.e., while
in any of the infected states in its path from state j to state i). Accordingly, the eigen-
vector associated to Ry can be thought of as the distribution of individuals among
the infected states that maximizes the number of secondary infections per genera-
tion. Being Ry the dominant eigenvalue, any initial distribution will converge to the
former over generations. Ry thus represents the expected number of secondary cases
per generation produced after enough generations, assumed the number of cases is
still negligible (i.e., the linearized system is still valid).

While we refer to van der Driessche et al. [490, 491] for the general proof, which we
do not report here, we give a fast proof which is sufficient for the simple models con-
sidered in this thesis. From the decomposition of the Jacobian matrix, the linearized
equation reads

ox(t) = (F—V)ox(t) . (A.5)
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Supposed V is invertible, applying V! to both sides of the equation and assuming
Fv-1l= Vle, we get
VIsx(t) = (FV1 —1)éx(t) , (A.6)

being 1 the identity matrix. The condition F v-1l=v-1IF puts strong constraints on
the form of F and V, hence on the complexity of the models fulfilling it. Perhaps,
the only sensible case is when V1 is proportional to the identity (as it is V, which
is indeed invertible), say, V=1 = 1. The latter means assuming that (i) there are
no spontaneous (i.e., not caused by infection) transitions between infected states (no
off-diagonal entries) and (ii) these states are all exited at the same rate. Condition (i),
in particular, implies that a given individual can go through a single infected compart-
ment only, and therefore y represents the recovery rate from that compartment. Condi-
tions (i) and (ii) are satisfied by basic models such as the susceptible-infected (SI), the
susceptible-infected-recovered (SIR), the susceptible-infected-susceptible (SIS), and
the susceptible-infected-recovered-susceptible (SIRS), with the additional freedom of
grouping individuals with respect to some fixed trait, as long as this trait affects trans-
mission but not recovery (if any). Going back to Eq. (A.6), given V=1 = =11, we can
absorb y in the time parameter by redefining t through the map t — wut. The new
temporal parameter is a generational time, for a unit corresponds to the average time
spent by an individual in the infection state, i.e., to the duration of a generation (in
general, we can think of V~! as providing a different rescaled time for each trans-
ition an individual can experience while infected, i.e., while going through an entire

generation). Consequently, Eq. (A.6) becomes
Sx(t) = (FV™1 =1)dx(t), (A7)

from which FV-! —1 = pu~1J. The threshold condition for the inactive state,
Amax(J) = 0, is thus equivalent to Amax(F V_l) = 1, consistently with the general

result. In conclusion,
Ro = AmaX(Fvil) =1+ FflAmaX(I) (A-8)

in this case.

Following analogous steps, this is easily extended to discrete maps (Eq. (A.3)). In
fact, as demonstrated by van der Driessche et al. [492], the general proof holds true
also in this case, establishing Ry = Amax(NGM), with NGM = F(1 — T)~!. The mat-
rix T is related to the matrix V of the continuous time model through T =1 — V. The
reason is that, compared to the continuous time case, the Jacobian matrix additionally
includes an identity matrix that accounts for those individuals that persist in the same
state from one time step to the next. Since F exclusively accounts for the generation of
new infections (that survive the time step), all other processes, including the persist-
ence in the same state, are included in the matrix T, so that J] = F + T. In particular,
the case V = pl yields T = (1 — p)1, from which (1 — T)™! = p~'1 = V-1 From
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this, it immediately follows that Rg = 1+ ;FlAmax(I -1) =1+ yil(Amax(]) -1).
Since switching to the discrete-time model requires adding the identity matrix to the
Jacobian matrix of the respective continuous-time model, this equation is identical to
Eq. (A.8) once ] is written explicitly.

A.2 QUASI-STATIONARY STATE METHOD

The quasi-stationary state (QS) method [284, 285, 493] allows for the estimation in
finite-sized systems of the long-time behavior of processes with an absorbing state. In
a finite-sized system, the absorbing state is the unique actual equilibrium, as there is
a finite probability—however small this can be—that statistical fluctuations lead to it.
Therefore, even when crossed a critical point and the absorbing state is unstable, it is
still reachable. Differently put, although in the active phase the expected survival time
(out of the absorbing state) increases exponentially with the system size, it remains
finite, unless the thermodynamic limit (N — o0) is considered. Consequently, to re-
cover the non-trivial long-time state distribution (the QS distribution), one must refer
to the so-called surviving averages, which are averages restricted to runs that, after the
system relaxed, have not been absorbed. Indicating with P, (t) the probability for the
system to be in the active (i.e., nonabsorbing) state ¢ at time ¢, the QS distribution
consists of the time-independent probabilities By = lim;_,e Py (t)/Ps(t), where Ps(t)
is the probability that the system survived up to time ¢. These are probabilities for
the active states conditioned on survival. Accordingly, in the long-time QS regime,
Py (t) &~ Ps(t)D,. This factorization says that, at long times, the survival probability is
redistributed among all the active states proportionally to their QS probabilities.
Estimating the QS distribution requires retaining only those Monte Carlo simu-
lations that resulted in some active state, so to compute surviving averages. Unfor-
tunately, especially near a critical point, the majority of the simulations ends up in
the absorbing state either before or soon after the transient period of the dynamics,
implying that a very large numbers of Monte Carlo runs must be performed to get
a sufficient statistics for the surviving configurations. The factorization above, how-
ever, suggests an alternative, more efficient way to find the QS distribution. In fact,
Dickmann et al. [284] showed that, given a Markov process with a finite set of states,
the respective QS distribution is the stationary solution of a macroscopic equation of
motion given by the master equation associated to the original process, plus a non-
linear memory term (which thus makes the equation no longer a master equation).
This additional term takes all the flux of probability that would go into the absorbing
state and redirects it into the active subspace, specifically proportioning to each active
state a fraction of the flux equal to the probability of that state. The QS distribution of
the original process is thus the stationary distribution of the modified process. This
observation provides the basis for an alternative simulation strategy that provides an
unbiased estimation of the QS distribution, avoiding in this way the dispendious pro-
cedure of running the process many times. Introduced by de Oliveira et al. [493] and
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then extended to complex networks by Ferreira et al. [285], this strategy implements
the modified version of the original stochastic process, whose macroscopic equation
is solved by the QS distribution. More precisely, each time the system falls into the
absorbing state, this configuration is replaced with one active configuration stored in
a list of active states. This list, at each time step, is updated with a certain probability
by replacing one element of the list with the current active configuration. The longer is
the time the system spends in a given configuration, the larger will be the number of
respective copies in the list. Accordingly, during a sufficiently large time interval, the
frequency of appearance of a configuration in the list will converge to its probability
of being visited in the QS state. In other words, by letting the system evolve enough
time past the transient period, the list eventually converges to an unbiased sample
of the QS distribution. Obtained the latter, we can then immediately calculate the QS
values of any macroscopic quantity of interest, e.g., the order parameter.

To notice that not all the processes with absorbing states admit a QS distribution,
but it is reasonable to assume it exists for many processes [284]. This is the case for
the SIS-like processes considered in this thesis, for which the QS method has been
used.

A.3 SIMPLICIAL EPIDEMIC LINK EQUATIONS

To characterize the simplicial contagion process they introduced, Iacopini et al. [199]
used a standard homogeneous mean-field model to approximate the dynamics in
simplicial 2-complexes. As we have seen in Sec. 2.2.3.2, thanks to its simplicity, the
mean-field approach allows for the analytical characterization of the qualitative phe-
nomenology. On the flip side, however, the mean-field model gives poor quantitative
predictions in quenched structures [199, 282]. In an attempt to fill this gap, Matamalas
et al. [230] extended the MMCA [222] and the ELE [229] to simplicial 2-complexes. This
resulted in the so-called ‘simplicial ELE’, from which the ‘simplicial MMCA' is simply
recovered by neglecting dynamical correlations.

As the original version, the simplicial ELE preserve the dynamical correlations
within pairs of neighboring nodes by following the states of the L edges (1-simplices)
in the simplicial complex. Assuming the equations for the edges can be marginalized
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to recover the equations for the nodes, the model describes the simplicial contagion
process through the following set of N + L equations,

Pl(t+1) =(1 - wE/(t) + [1—%( a2 ] P, (A9)
Pil(t+1) = [1—111 (Day() (Bu ]>(t)] (1= a0 (00 (0u? (0] PSS (1)
1) [1 = (1= B0y (a5 (0] PST(1)
+(1-p) [1 — (1= Mgy (Da ) (0] P (1)
+(1-u)?Pl (1), (A.10)

where ;(t) and g;(;) (f) are as in Eqs. (2.33) and (2.36), while

PSII t
1@ =11 <1 — A 1’“"(())) (A11)
I<m
o) @) 5 Pt &)
Ui (t) :17[ (1 —Ajj e P%I(t) ) ’ (A.12)

are the probabilities that node i is not infected via edges and triangles shared with
node j, respectively. Moreover, ql%)) (t) coincides with qlm () except for removing the
triangles including node j. The element (i,,1) of the adjacency tensor A equals 1
if there is a triangle incident on nodes i, j and I, and 0 otherwise. The equations are
then closed by factorizing the 3-node probabilities in a symmetric product of 2-node
probabilities. Dynamical correlations among three or more nodes are thus neglected.

Independently from the closure, comparing Eqs. (A.9) and (A.10) with Egs. (2.27)
and (2.35), we see that the simplicial ELE gene1(ra)lize the ELE to include the 3-body
2

interactions via the simple substitutions g; — 4;4;

ous extension hides, however, a subtlety that makes Egs. (A.9) and (A.10) inconsistent.

, et similia. This apparently innocu-

This, eventually, prevents the computation of the invasion threshold. To reveal where
the inconsistency lies, it is sufficient to consider a single, isolated triangle. Say i, j and
I, are the three nodes involved. According to Eq. (A.9), if node i is susceptible, it gets
infected with probability

1) pl|S 1) pl|S 2) pl1|S
1- (1 - Py (t)) (1 - pp] (t)) (1 - 2P (t)) . (A.13)
Take now /3(1) = 1. Being the pairwise transmission certain in this case, the
probability for i to get infected should simply coincide with the probability 1 —
Pﬁlsz,ls( ) that at least one among j and ! is infected. Instead, Eq. (A.13) becomes

1-— PS‘JS(t)PS“S( ) (1 - p@p H“S( )), which is correct only for f2 = 0, i.e,, when

transmission is only pairwise and the model reduces to the original ELE. For ,8(2) #£0,
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there is an extra term! which is clearly inconsistent, as it wants j and ! to be suscept-
ible and infected at the same time. The error comes from considering the two events
‘node j (I) is infected and infects node i through an edge’ and ‘nodes j and ! are infected
and infect node 7 through a triangle’ as independent. They are not, as they indeed rely
on the current states of the same nodes, j and I. Supposed these are in a certain state
(with the respective probability), the rest of the stochasticity exclusively comes from
the transmission processes. For instance, supposing j and [ are infected (which occurs
with probability P].Ilﬂ.s
angle occur only depends on the probabilities (1) and (?). Equation (A.13), instead,

(t)), whether or not the infections via either the edges or the tri-

tacitly assumes that the state of the nodes is redrawn (with the respective probability)
each time a transmission process is considered, eventually leading to the inconsist-
ency that a node can be simultaneously found in more states. A consequence of this
is that Egs. (A.9) and (A.10) violate the marginalization condition Pfi = ngs + ngl.
This, in turn, comes with two related problems. First, the invasion threshold cannot be
computed. Second, contrarily to what assumed, the 3L equations for the state of the
edges cannot be reduced to L, leading to quantitative errors. Nonetheless, the simpli-
cial ELE manage to provide generally good predictions, as confirmed by comparison
with numerical simulations [230, 282].

Going back to the example of the isolated triangle, the consistent expression for the
probability for node i to get infected, reads

Y (Pial® + Pl ) + {1 -(1- /3(1>)2 (1- ,3(2))} Pols. (A.14)

This is a combination of mutually exclusive events, as it should be, and solves the

issues of the simplicial ELE.

A4 PROBABILITY GENERATING FUNCTIONS

Probability generating functions (PGFs) are a key concept for percolation-based meth-
ods and approximate master equations, discussed in Sec. 2.3.3. We make explicit use
of them in Sec. 3.3. Regarding networks as combinatorial objects, describing processes
on them usually boils down to counting things—nodes or edges of a certain type,
paths, motifs, etc.

A PGF is a representation of the probability distribution of discrete and non-
negative random variables in the form of a power series. As such, it fully encodes
the distribution. Using a PGF becomes particularly useful when an algorithm to find
the distribution of some quantity we want to count is unavailable—let alone an expli-
cit formula for it. Instead, while an analytical expression for the PGF can be found
in some cases, from which a closed-form expression for the probability distribution

Being positive, it is partially responsible for the overestimation of the prevalence made by the
simplicial ELE, as shown in Sec. 3.1. The error grows with (2.
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could be derived, the distribution can be always retrieved from the PGF (see Ap-
pendix A.4.1). Therefore, at least when we just want the numerical values of the dis-
tribution, all we need to know is to how define the PGF for our counting problem
correctly.

Let us suppose we have m discrete and non-negative random variables, {n;};_1 __u,
with joint probability mass function py,,. u,. The associated (multinomial) PGF is

defined as
(o)

G(x1,- o Xm) = Y Py XX (A.15)

1., =0
That is, a PGF is a series that encodes the generic element py,,, .5, of the distribution as

the coefficient of the monomial x* - - - xj"

. The powers in the monomial thus represent
the counts. In the words of Herbert S. Wilf, “probability generating functions are a
bridge between discrete mathematics, on the one hand, and continuous analysis, on
the other” [494].

Let us list below a set of basic properties of PGFs. First, supposing we got an
expression for the PGEF, i.e., a function of the m arguments x1, ..., xy, it is immediate

to see that the coefficient (probability) py,,... s, is found through differentiation as

mo1on
Pryen = | T1 G(x1,...,%m) (A.16)

1:1 Qi
i ni! ox;

X100 X =0

Second, G(1,...,1) = Y37 . _(Pny,..,n, = 1 expresses the normalization of the prob-

ability mass function. Third, the mixed moment (1%t - - - 11,,%n) is given by

m

9\
<n1k1 .. .nmkm> = H (xig) G(X1,...,xm)
1

i=1

(A.17)

X100 Xm =1

Very simply, applying d/9x; provides a n; from x;", which becomes x;"~1. Multiply-
ing the latter by x; gives x;" back. Repeating this operation provides any power of n;
we wish.

The two properties below are essential for our purposes. Suppose that the m ran-
dom variables are counting all the same quantity, so that we can actually sum them.
For example, imagine we want to know how many infected nodes there are across the
m groups a node belongs to. Then, Eq. (A.15) takes the simpler form

Gx)= Y pup,xEe (A.18a)
11,0ty =0
=Y Y PuenOpyr X =Y qux", (A.18b)
n=0mny,....n, =0 n=0

In

being 4, , the Kronecker delta. Since we are only keeping information about the sum
of the m random variables, not about each of them, the associated PGF is a function of
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a single variable. Equation (A.18b) makes this fact explicit. If the m variables are stat-
istically independent, then py, . n, = [T/ pn;» and from Eq. (A.18a) it immediately
follows that the PGF can be factorized too, i.e.,

G) =TT X pux™ =[]Gi(x). (A19)
i=1n;=0 i=1
Gi(x)

The first key property thus states the following: the PGF of the sum of independent
random variables equals the product of the PGFs of the single variables. As a special
case, if the variables are also identically distributed, then G;(x) = g(x), Vi, and we
obtain G(x) = (g(x))™.

Assume now that also the number m of random variables is itself a random variable.
Going back to the previous example, it means that we don’t know how many groups a
node belongs to, we just know the distribution of this number. Denoted with p,%_)__,nm
the joint probability mass function for the entire set of m + 1 variables, the associated
PGEF reads - -

G =Y % pm (A.20)
m=0ny,...,n,;;=0

(m)

If m is statistically independent from the other variables, then p,, " . = lmpu,,.. 1.
being {h;, } the distribution for m. Equation (A.20) becomes

(o] o0

Gx)=Y huw Y Py, (A21)

m=0 Nny,ee, My =0

which is nothing but an average of PGFs over the distribution {4, }. In particular, if
the m random variables are all independent and identically distributed (i.i.d) with
PGF g(x), using Eq. (A.19), Eq. (A.21) becomes

6() = X n(s())" = H(s(x) (a2)

where H(x) is the PGF associated to {h,}. Equation (A.22) states the second key
property: the PGF of the sum of a variable number of i.i.d random variables is found
by the composition of the PGF of that number with the PGF associated to each of
those variables. Consistently, if the value of the variable m was known to be k (that
is, hm = 6,,x), then Eq. (A.22) would reduce to G(x) = (g(x)). Consider again the
previous example. Assume that the states of nodes in different groups are i.i.d. vari-
ables and that they are also independent from the number of groups a node belongs
to. Then, the distribution for the total number of infected neighbors of a random node
is characterized by a PGF constructed by composing the PGF of the number of groups
to which a random node belongs to (say H(x)) with the PGF of the number of infected
nodes in a random group (say g(x)).
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a4l Retrieving the numerical values of the coefficients of a PGF

Recovering the probability distribution by repeated differentiation as in Eq. (A.16) is
impractical, as the number of terms for a partial derivative of degree n requires By,

terms, being B, the Bell number?. A more efficient way to find py,,... u, is through a

m

discrete Fourier transform, as

1 Nzl N-t ‘ . .
Z Z G(€2mu1/N1,._.,eZmum/Nm)eme):}":l niu;/N; , (A23)

Pny,nin = 7m N
i=1Ni [ Z0  un—0

where N; is the maximal count we can have for the i-th variable—anything we
can count in the physical world comes limited in number. Equation (A.23) is eas-
ily verified to be an identity by inserting Eq. (A.15) and using Zf;ol 2milr=sju/N —
N&,s. Computing the entire set {pu,,. . n,} of Ni X --- X Ny, coefficients using
Eq. (A.23) directly, takes O(N? - - - N2) operations, which is still computationally ex-
pensive. Using the fast Fourier transform, however, the complexity greatly reduces to
O((NplogNy) - - - (N logNyy, ) ). We compute FFTs via the FFTW,j1 Julia package [496],
which provides bindings to the FFTW library [497].

2 B,=1,1,2,5,15,52,203,877,4140, ... forn =0,1,2,3,4,5,6,7,8, ... [495].
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B.1 METHODS FOR SEC. 3.1
B.1.1 Derivation of the invasion threshold predicted by the MECLE

In this section, we derive the invasion threshold ,8((:1), defined as the value of ,B<1) at
which the inactive state looses stability. Above this threshold, the system reaches an
active state. In the presence of a bi-stable region, ﬁgp identifies the rightmost trans-
ition.

We linearize Eq. (3.5) by regarding of the same order €, with € — 0, all the prob-
abilities of states with at least one infected node, i.e., PZ ’11:; € O(e)if Ik:0; =L
Consequently, Pi?::g,,g € 1 — O(e). Without this assumption, higher-order dynamical
correlations would be lost, and the critical point would not be correctly located.

For a lighter notation, the value of the time step is omitted from now on. All the

()

states appearing in g; ., see Eq. (3.10), include at least one infected node, therefore we

ir,g’
have,
(r) _ 1— Z i 1- wl(:g i PI...ISMSS + 0(62) (B 1)
g = =1y fit i iy 1 foy 8 » (B
o |1=1 ( ) ki Ak =1 +
{eir e ! !

where the squared brackets contain O(¢) terms only. We want to stress here that, if
in the considered clique there was at least another node i; forming with i; an edge

(r)

g could not

included in some other maximal clique, let us say a (g, r)-clique, then g

S i~
be linearized. Indeed, the closure in Eq. (3.3) would now have Pikzk in the denomin-
k
ator, since we must condition on the state of the shared edge {i, i;}. The sum over
the states of the (g,r)-clique in Eq. (3.10) would contain terms with ;. = I. Like

the numerator, P; ;. € O(e), and those terms would be O(1), preventing lineariza-

K%
tion. Please, noticek that this is not a specific issue of our discrete-time formulation;
rather, it is of any model willing to preserve dynamical correlations in structures with
non-edge-disjoint subgraphs (see for instance Wu et al. [498], where a continuous-
time pair-approximation model is presented to study epidemic spreading in clustered

networks).
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Going back to the derivation, since P{? :::iS 2 is fixed by normalization,

S...S  _ 0 iy
Pi]"'i"'g =1- Z Pﬁ .1..i,,,g ’ (B.2)
{o1,..,00 } #{S,...,.S}

we only need the linearized equations for arrival states with at least one infected node,
ie., {(Ti/l, ... ,Ui/n} #{S,...,S}, which are 2" — 1 in number. Retaining the O(e) terms
in ¢; ¢, the MECLE (Eq. (3.5)) become

/ /

A Ty <Oy N N. (n—1) Ny (n—1) Nsjs
Pilig = ) P ling {(1*@ s (1*1"1\],@ ) (wNz,g >
{oiy 000 }

£(5,..,5}

+ oy, =5 Wk, Ikoy =1) Y (1 - 171(:)@) +0(e?), (B.3)
(81)

where N\, = |{ix=1,...ul05 = 0, Ui’k = ¢’}| is the number of nodes going from state

0 to state ¢’; and the asterisk (*) means that the focal (g, n)-clique, {i1,..., iy}, is ex-
cluded from the sum in Eq. (B.1). The second term in Eq. (B.3) contains only those
transitions bringing the focal clique from the state {S,...,S} to a state with exactly
one infected node, due to infections coming from external cliques. This is the only
transition the latter can cause. This fact is a direct consequence of the used approx-
imation closure, Eq. (3.3), as it treats the states of adjacent maximal cliques as con-
ditionally independent variables with respect to the node they share. Therefore, the
joint probability for the the focal clique and any other adjacent clique to be both in
an infected state is of order €, hence negligible. Accordingly, external cliques appear
in only n of the 2”7 — 1 equations, corresponding to the n arrival states containing just
one infected node. The remaining 2" — n — 1 equations, instead, only contain state
probabilities of the focal clique. As a special case of Eq. (B.3), the dynamic equation
for a single node (Eq. (3.11)), reads

Pl=pPla-m+ Y (1-q0)) + O, (B.4)
(g7)
with ql(kr)g from Eq. (B.1).

Given C") is the number of maximal (-,1)-cliques in the system, by using
Eq. (B.3) only, we would have to solve a linear system of Y, (2" — 1) C(") equa-
tions. As we know, we can reduce this number to neq = N + n(efqli), being n,(;cii) =

", (2" —n—1) C" the reduced number of equations for the maximal cliques. We
do this by leveraging the consistency relations PI{( =) ! Pﬂ:.’:;g, Vke{1,...,n},
to express n of the state probabilities of each clique in terms of the n state probabilit-
ies of its nodes; and then using Eq. (B.4). Conveniently, we could choose the n state
probabilities of a clique to replace to be those in which the clique contains a single

infected node (notice that we already made this kind of choice in Sec. 2.3.2.2, when
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we reduced the linearized equations of the ELE model to Eqs. (2.38)-(2.39)). In this
way, the 2" —n — 1 equations for a clique would only contain state probabilities of
the clique itself and of the nodes it includes, not of external cliques. With this choice,
suitably ordering the state variables, the nfa_ccil) X n,(:cil) sub-matrix J of the Teq X Meq
Jacobian matrix J, would be block diagonal, each (2" —n —1) x (2" —n —1) block
being associated to one of the C(") maximal cliques (in the case of the ELE model,
since n = 2, those blocks are just scalars; see Eq. (2.39)). At this point, one could com-
pute Amax(J) numerically and look for the smallest value of B(1) for which |Amax(J)|
crosses 1. The block structure would allow to speed up the computation, especially
for dense structures, for which N < n(dl).

In truth, we can further reduce the number of linear equations to consider to just
N. We have seen an analogous reduction in Sec. 2.3.2.2, when going from N + C @ to
N equations. Here, we extend the method for cliques of any size and for more general
contagion dynamics. The key observation is that, in the large time limit, the state of
the system aligns with the dominant eigenvector of the original Jacobian matrix. At
the threshold, Amax(J) = 1, meaning the dominant eigenvector is a fixed point of

the linearized dynamics. The state of the system, converging to it, thus approaches
tationarity. Imposing P, T _ = plnn
sta Y P & i1..0n,§ i1..0n,g

for each of the C(") maximal (-, n)-cliques. With such constraints (n(eali) in total), we

in Eq. (B.3), we get 2" —n — 1 constraints

can write the state probabilities of every (-, n)-clique as a linear combinations of the
. IR . I I . . . . .
marginal probab1ht1es of its nodes, P; ,...,P; . Given a (g,n)-clique {i1,..., i}, its

generic state P Tin decomposes as,
Pl — 2 Pl +Y 2 Pl +0(e (B.5)
ioin,g N;g l,g ’
ko, = ko, =
where we can take Y,(,ngl) = 0, as there are no nodes in state S for N; = n. Equa-

tion (B.5) is the most general linear combination which respects the existing symmetry
between nodes in the same state in the clique. The linear coefficients, which are func-

tions of all the m; microscopic parameters of the model ({ ,B(S) Ys=1,..,m—1 and p), con-

nect the state probability of a clique to the state probabilities of its single nodes when
the system is in the critical region around the invasion threshold. The coefficients are
found by eliminating the clique state probabilities from the n,(ef]li) equations of the form
of Eq. (B.3), after imposing stationarity. Equivalently, one can directly insert Eqs. (B.5)

(ch)

into the ngg’ stationary equations and get a determined system of equatlons for the

linear coefﬁc1ents in Eq. (B.5). We have to find one coefficient (Xn,g ) for N = n and
two coefficients (XI(\Z _g Y and Y ) foreach Ny € {1,...,n—1}, hence 2n — 1 of them
in total. Summing over every n from 2 to my for ¢ = 0, and from 3 to my for g =1, we
get a maximum of mo? — 1 and m12 — 3 linear coefficients to fix, respectively.

We can show, however, that only one coefficient is left to be determined for each size
n (given g). The number of equations of the system for the linear coefficients can be
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thus reduced from my% — 1 to mg — 1 for g =0,and from my2 —5 to mq — 2 for g=1To
see this, observe that summing the state probabilities of a (-, n 4 1)-clique over all the
possible states of a single node in it, we must recover the state probability of the (-, n)-
clique containing the other n nodes. In other words, the state of the sub-clique must
be recovered by marginalizing the state of any clique including it. Let us consider a
(g,n)-clique {iy,...,in } in a state with I nodes in state I. We can conveniently order the
indices of the nodes so that those I nodes occupy the first  positions. Then, given the
i ; ;g ; I..IS...S — pl.IS..SS
(g’n + 1)_Chque {11’ e Iln,1n+1}’ the relatlon Pll/ rlll71+lr /lmg - Pil/m/ilri1+l/~~~/in/in+lrg
PZ.I ~I5..8L , must hold. The insertion of Eq. (B.5) in the latter, imposes the
Lo A4 st I 1,8
following constrains,

(n) _q .
(@) Xl+1g+Yl,g =0 ;
(n) _ y(n=1) |
©) X+ X =x"Y
(n) _ y(m-1) |
(C3) ng—i-Y Ylg ;
with I € {1,...,n}. Directly from Eq. (B.5), PI IZ 1g > 0 implies X£1+)1g > 0. (C1)
thus yields Y,S'? < 0. The latter, coupled to PII1 __{f” g > 0, implies Xﬁ,; > 0; in turn,
(C1) imposes Y. r(l ) 1 <0 We can proceed in this way down to I = 1. Thus, for any I,
( ) > 0and Y< - —x™ <0.Asa Consequence, (C3) is identical to (C2). The lat-

I+1,g
ter allows us to fmd the quantities {X } |=1,..,n Tecursively. Starting from n = 1, (C2)

yields Xé )+ ng) =1, for X( ) = X%O) must be 1 to trivially satisfy P! = X(O)Pl-l; thus
X( Jo1- (1) . Given Y( ) < 0 PS> 0 requires X( ) > 0, and thus X( ) ¢ € (0,1).

g 11,12,
Gomg(t()) n —(2) (C2)(1r)nphes Xé ) + X( ) = ( )( f)or l —(2> hen(ce; X( ) = Xé(g) X%%,
and XZ,g + Xl,g for I =1, from Wthh X; X; 1g X2 =1- 2X2 + X3g.
Again, being Y< ) < 0 1111152 g > 0 requires Xg ) > 0, therefore X( ) < X( ) < 1; and
given Yf,) <0, Plllsif g 0 imposes X( ) > 0, yielding X( ) < X< ) Eg) More

generally, for any 1, we start using (C2) from I =nand fmd X,(,g) = Xf:_'gl ¢ Xflt?l).

Thenat! = n —1, we get X(n) = X(n) — Xfln_llg, where X,g"g) has just been found and
XEI 1lg) is already known from the same procedure performed at n — 1 — building up
from n = 2. Proceeding in this way, one finds that the generic Xl( g) withl € {1,...,n}

can be expressed as a linear combination of the n quantities {XI(Q1 g} I=1,..,n- Besides,

PI IS...S

(n) . . . o
o ”“/ g > O Coupled to Y}, < 0, impose a chain of inequalit

the conditions
ies that bound any X (m) (hence Y ) between 0 and 1. In particular, we can show
that, for any n, it holds (n+ 1)X§l+)1g < nX,S,g U Let us denote with (Pl), the
average of the state probabilities {P] }]71-1,___,1»" associated to the nodes of a clique

{i1,-..,in}, so that Pllll P = nX(nfl)( Phy,. Similarly, for the clique {i1,...,in, in11},

superset of the former, we have PII1 I,Izn,z,,ﬂ = (n+ 1)X1(1+>1 (P1),.11. Then, since (i)
pl-I. — pL.IL 4 pL.IS =~ pL.IIL , and (ii) we can always choose i,

Wyeeerln i eeesli in 1 1yeeeslnsdng1 i1, A in 1
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to be the node with the highest infection probability among the n + 1 nodes, so that
(PDY, < (P1),.41; the above inequality follows. Summing up, ¥(g,n), I € {1,...,n},
we proved the following properties:

(n) (m) .

(P1) V' = —X1}, <0 ;
(n-1) (n-1) .
(P2) Xn+1g nilx,,,g <Xng ' <1;

(P3) X Ve (0,1) ;
P4) X" Z x|\, o with cff) € Z, .

From (P4) it follows that the only coefficients left to be determined are the my — 1 coef-
ficients {X,S7g71)}n:2,..,,mo and the m; — 2 coefficients {X£17g71)}n:3,.../m1. As explained
in the previous paragraph, these are found from the stationary equations.

Finally, plugging Eq. (B.5) into Eq. (B.4), we are left with a closed system of N linear
equations for the N node state probabilities {P/},_; . Before presenting the asso-
ciated reduced Jacobian matrix, J’, let us define the generalized adjacency matrices
{A(O")} and {A(l")} , such that Afg’r) equals 1 if there is a

re{l,...,mp—1} ref{2,..,m—1} ]
(g, 7+ 1)-clique in D(K) including both nodes i and j, and 0 otherwise. Notice that
these matrices depend on the decomposition D(K). Moreover, being the D(K) edge-
disjoint, only one of these matrices can have a non-zero element in the position corres-
ponding to a given pair of nodes. Consequently, the (D(K)-independent) adjacency
matrix of IC (1), the underlying graph of K, is simply obtained by the sum of all those
generalized adjacency matrices. From the latter, we can define the generalized (g, r)-

(g7)

degree of node z', k , as the number of (g,7+ 1)-cliques incident on node i in D(K),

computed as k = YN, A% Besides, the (D(K)-independent) pairwise degree
k; of node i in K@ can be computed as k; = kl( ) + kgl), where k1(0> = Z;":"l rkgo’r)
and klm =y, rk}l’r) are the total number of neighbors of i within, respectively,

(0, -)-cliques and (1, -)-cliques.
Endowed with these definitions and substituted Eq. (B.5) in Eq. (B.4), we eventually
get
Pl(t+1) =J'Pl(1), (B.6)
with
'=M-D+(1—-ul, (B.7)

having defined the matrices M and D, of elements

T ! r r—1 r r—1 r
:(Z)Aff Y (1-wf) KFJX,(,;JF( l )Ylﬁg)} , (B.8)
g

=1

Dij = —(51']' (B.9)

T . r r r
TR (1-0l)) (7)1

=1
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The matrices M and D account for the transition from state S to state I, and the
form they take is understood in this way. The sum in Eq. (B.1) over all the state
configurations of a (g, + 1)-clique, using Eq. (B.5), yields a term Xl(g)P]I or Yl(g> i
every time a node j included in the clique is in state I or S, respectively. Consider i as
the focal node — the one that could transition from S to I — and j one of its neighbors

through a (g, 7 + 1)-clique, i.e., A<g’r)

= 1in Eq. (B.8). Then, if j is in state I, there are
(7:%) =0 l)) ways in which the other I —1 (r — 1) nodes in state I (S) can be chosen
among the r — 1 remaining ones in the clique; if in state S, instead, there are (y_ l—1)
(= (rjl)) ways in which the other r — I — 1 (I) nodes in state S (I) can be chosen among
the r — 1 remaining ones. Regarding the focal node, this will contribute a term Yl(Q P!
— stored in Eq. (B.9) — for each of the state configurations in which the other r nodes
can be found. These configurations are (}) (=(,”;)), which is the number of ways in
which [ (r —I) out of r nodes can be chosen to be in state I (S).

We could, at this point, require Amax(J’) = 1 and find the invasion threshold as
the smallest ,B<1) satisfying that condition. Nonetheless, we can make the threshold
condition more explicit. One way to do it, is imposing P!(t + 1) = PI(t) and
converting Eq. (B.6) into the eigenvalue equation BP! = (u/B)P!, once defined
B = (1/B)(M — D). This has the same form of Eq. (2.44), found in Sec. 2.3.2.2 for
the ELE. Since the coefficients X (hence Y ) lie in (0,1), the entries of B are lim-
ited functions of the microscopic parameters { [3 }5:1,‘“,,,11_1 and y. We can thus use
the same reasoning presented after Eq. (2.44) to prove that ﬁﬁ? can be found from the
implicit equation ,B<1) = 1t/ Amax(B). An alternative, more robust and elegant way —
outlined at the end of Sec. 2.3.2.2 — is the following. Let us first prove that M is a non-
negative and irreducible matrix, so that the Perron-Frobenius theorem can be applied.
In fact, the non-negativity comes directly from the physical meaning of its entries.
They quantify the by-definition positive contribution of neighboring nodes to the in-
fection probability of a focal node. Nevertheless, we can prove the non-negativity even
without this information. The probability wl(rg), being a decreasing function of I, takes
its minimum for [ = r and its maximum for / = 1. Consequently, the value of the sum

Y, (1— w}?)[ --] in Eq. (B.8), is limited by (1 — wig) Y_4[: -] from below and by

(1- wﬁ?) Yi_1[- - -] from above; with
r r r—1
= () ()]

r+1 r—1
L ()R 5 (0
(7N ()0 ¥, X=X 5,

1=2

where we used Yl( >1g = _Xl(;) and (r+1) = 0. Therefore, 0 < (1 — w%)Xirg <

Y, (11— wl(g)[ <1 w(r))X(g) < 1, which proves that M is non-negative (and
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bounded). Its irreducibility simply derives from assuming X (or equivalently, its un-
derlying graph (1)) to be connected. Connectedness also implies that D has only
nonzero elements in the diagonal. Given Yl(,;) < 0, these elements are all positive, and
this obviously holds true if y is added to them. Therefore, the matrix D = D + u1 is
invertible, and the inverse, D, has elements [571]1‘]‘ = 6;j(Djj + #)~ 1. In the end, by
imposing P!(t + 1) = PI(t), we get

MP! = Dp!, (B.10)
which, applying D! to both sides, becomes
Mpl=pl, (B.11)

where we defined M = DM, of elements ]\71,']' = M;;(Dj; + )"l As M, M is a
non-negative and irreducible matrix. By the Perron-Frobenius theorem, M admits a
unique dominant eigenvector P} with all entries real and positive. This is associated
to AmaX(M ), which is real and positive too. Since Plis positive, Pl = Plis the only
acceptable solution of Eq. (B.11). In the limit € — 0, and up to a O(1) global rescaling,
P! = P! represents the expected state of the system right at the invasion threshold.
In conclusion, fixed the values of the recovery probability, y, and of the higher-order

(1)

infection probabilities, {/3(”}5:2,,”,,”1, the invasion threshold B¢’ is implicitly found

as the smallest value of B(1) such that
Amax(M) =1. (B.12)

More generally, Eq. (B.12) imposes a constraint among the 17 parameters of the model,
identifying one or more surfaces in the mj-dimensional parameter space. Among
them, there is the critical surface, the one marking the loss of stability for the in-
active state, from which we can isolate the critical value of any of the m; parameters,

eg., /3(1).

B.1.1.1 Node-based mean-field approximation

The node-based, homogeneous mean-field (MF) approximation of Eq. (3.11) is found
by neglecting both the state correlations and the local structural heterogeneity among

the nodes, i.e., regarding every node as the “average node” in the structure [499].

pl.-15.. r-l

Given any (g, r)-clique {iy, ..., i}, it follows i g = o' (1—p)"'; and, for any

node i, kl(g’r) = k®") where k(&) is the average value of the (g, r)-degree of the nodes
in the structure. Thus, Eq. (3.11) becomes

plt+1)=p () (1—p)+(1—p(t)) (1 qé”) , (B.13)
(&7)
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where
, k@&r)
r -
%) = [1 - (l) (1-wly)e' -y ’] . (B.14)
I=1 ‘

The stationary solution is then got imposing p (t+1) = p(t) in Eq. (B.13). The
linearization around the epidemic-free state is then implemented by taking p = € — 0.
Looking at Eq. (B.14), the only O(e) terms are given by I = 1, whatever the couple
(g,7). That is, only the pair-wise probability ﬁm contributes in the MF approximation.
With few algebra, one gets the renowned formula

o _ *

:BCI‘ - <k> ’ (B15)
where (k) = Zfi 1 ki/N, is the average degree of a node in K(). Equation (B.15) holds
identical also for the MF approximation of the simplicial ELE (MMCA) [230].

More generally, following Ref. [499], it is straightforward to prove that under the
node-based, heterogeneous mean-field approximation of either the MECLE and the
simplicial ELE, the threshold reads

o _, (k)

Ber' = P‘@ ’ (B.16)
being (k%) = Zili 1 kiz /N. Equation (B.16) is also found in continuous time [275].

Finally, any quenched model treating the nodes states as independent, thus in-
cluding the MMCA approximation of the MECLE and of the simplicial ELE, yields
the same prediction made by the MMCA in pairwise networks, Eq. (2.31). Accord-
ingly, Egs. (B.15) and (B.16) are recovered as the homogeneous and heterogeneous
mean-filed approximations of the MMCA. All these approaches, whether quenched
or annealed, share one fundamental assumption, namely, the absence of dynamical
correlations. This causes their inability to predict that /3,&1) does depend on ﬁ(z), or on
any other higher-order parameter.

B.2 METHODS FOR SEC. 3.3

B2.1 General A-GAME

For a general adaptive hypergraph model, we allow both susceptible and infectious
nodes to rewire away from groups, respectively at rates g and ;. This leads to the
following additional adaptive terms (tagged with the ‘a” superscript), schematized in
Fig. B.1, to the static GAME framework,
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Figure B.1: States and transitions for the general version of the A-GAME, where also

infected nodes can rewire. This is a graphical representation of Egs. (B.17).

While susceptible nodes rewiring from group to group only affect the sizes
of the latter (hence the group size distribution and the pairwise degree
distribution of nodes), the migration of infected nodes can also affect the
activity state of the groups, thus the active membership (and degree) of
the nodes therein, giving rise to a more complex dynamics.

Coi=rslsi [(n+1—10)Cyyn,i — (n —i)Cp ]
+ 91 [L57(i +1)Cpgrizr — 157iC i)

1. -
+ (LCKZ +1- 'I> ['YSQS\;}{Cnfl,i - (7505\,->;+ 'nQ”b;) Cn,i]
1<1
171.\7
+ ( C‘Kf +1- ’7) Y195 Cn-1i-1 (B.17a)
1<1

520 =75 [+ 1 =1)Cis] [(1+1)Sy 151 — 1Sy
Ui 1-y
Tl g —+ o7
I‘l>l (Qs|,‘<{ QS )
X Qgjiziq [(m—14+1)Sy 1 — (m—1)Sy] , (B.17b)
jﬁz,l =71 [’7 +(1— 17)C,-<;] [(l + D)Ly — Hm,l]

T
o (4D D1 — 1]
I|i>i

Qpi—;
Q

+ 7171 — 1) [(m—=14+1)], 1 — (m—1)L,] . (B.17¢)

These equations are simply added to Egs. (3.22). We defined C;,_; = ¥, ;;Cy,
Qs = Yi(n = 1)Ci, Qgjini = Loy ini(n = )Cris Qgjici = Ly ici(n = )Cris Qi1 =
La(n =i+ 1)Cpp 1, O = YuiiCiy Opini = LpiniiCuis Qpizi = L iC, 5 and
Tm:m =Yy,i[+ 1)Cn,;+1. The first two terms in Eq. (B.17a) account for S and I
nodes leaving groups, the third and the forth for S and I nodes joining groups. The
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first term in Eq. (B.17b) accounts for S nodes rewiring away, while the second term
for I nodes rewiring to groups with i = i — 1, making them active for the S nodes
therein. Lastly, the first term in Eq. (B.17c) considers I nodes rewiring away, while the
second (third) term accounts for I nodes leaving (joining) groups with i = i+ 1 (i = i),
making them inactive (active) for the I nodes therein. The simpler version where only
S nodes rewire, Egs. (3.45), is recovered by setting y; = 0 (ys = 7).
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SUPPLEMENTARY INFORMATION FOR
SEC. 3

c.l SUPPLEMENTARY INFORMATION FOR SEC. 3.1
c.1.1  Robustness of the MECLE under variable estimation of the EECC

Here we assess the dependence of the predictions made by the MECLE on the use
of different EECCs found for a given SC, K. If the maximal cliques of the underlying
graph K1) of the latter are all mutually edge-disjoint, then there is a unique EECC.
Otherwise, two cases must be distinguished: (i) K is strictly 0-connected, so the only
non-edge-disjoint cliques in K1) are cliques also in K (i.e., they are (0, -)-cliques); (ii)
K is non-strictly 0-connected, so the non-edge-disjoint cliques in (1) can be either
cliques or simplices in K (i.e., (0,)- or (1, -)-cliques, respectively). The MECLE model
strictly applies only to the case (i) but, as shown in Sec. 3.1, it keeps working well
when the strictly 0-connectedness is only slightly broken. In order to prove how ro-
bust is the model in both cases, we consider structures possessing high proportions of
edges shared by multiple cliques. Indeed, the higher is the number of times edges are
shared, the higher is the probability that the proposed heuristic returns (proportion-
ally) different EECCs. We recall that the algorithm is not deterministic only when, at
some point, among the cliques with the minimum score, there are multiple ones hav-
ing maximum order, among which one is randomly chosen (step 3.b of the proposed
heuristic).

Let us first focus on case (i). The best way to prove the robustness of the MECLE
model is, in this case, considering a graph (i.e.,, a 1-dimensional SC), so that the
number of non-edge-disjoint maximal (0, -)-cliques is maximized; otherwise, some
of them would be (1, -)-cliques, which in this case are supposed strictly 0-connected
and hence not affecting the edge covering. In Fig. C.1 we show and discuss the results
obtained computing several EECCs of a graph generated by the Dorogovtsev-Mendes
model [147]. There are no tree-like regions in such a graph. Rather, 3-cliques percolate
it entirely through shared edges. Despite this high rate of edge overlap, the prediction
made by the MECLE is substantially independent from the used covering.
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Figure C.1:
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The robustness of the MECLE under different EECCs is assessed for
a graph generated from the Dorogovtsev-Mendes model, forming a 0-
connected simplicial complex. This boasts a very high rate of edge overlap
and, therefore, potentially different EECCs could lead the MECLE to make
notably dissimilar predictions. Indeed, about 34% of the edges in the net-
work are shared at least by two maximal cliques. Specifically, within that
34%, edges are shared by about 2.5 maximal cliques on average, with a
standard deviation of 0.85 and a skewness of 2.3. The recovery probabil-
ity is fixed as p = 0.2. (a) 20 prevalence curves obtained by 20 different
EECCs are shown in black, while in red is reported their average curve
pavg(ﬁ(l)), defined by the average value of p at each value of /3(1). Since
the deviations are below the width of the red line, the black lines are not
visible. (b) The ratio 0, between the sample standard deviation ¢ and
pavg for each 5(1). The value of 0., vanishes everywhere, expect for a
small region around the invasion threshold. This is below 2.5% for values
of Pavg ~ 1074 ~ N1, proving the remarkable robustness of the model.

to case (ii), we consider several EECCs of the clique complex of the

Dorogovtsev-Mendes network used in (i). The clique complex is obtained by con-

verting all

the 3-cliques of the network in 2-faces, so it is 1-connected. To force

strict 0-connectedness, many 2-faces must be sacrificed, implying that the resulting

EECCs might substantially differ from one another. Nonetheless, the results reported

in Fig. C.2 show the low variability among the predictions made by the model. Accord-

ingly, such variability becomes negligible when the simplicial complex only slightly

breaks strict 0-connectedness, so that we may just use the first EECC we estimate. This

is the case for the simplicial complexes considered in Fig. 3.5, for which the model is
still reliable.
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C.1 SUPPLEMENTARY INFORMATION FOR SEC. 3.1
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The robustness of the MECLE under different EECCs is assessed for a
1-connected simplicial complex generated from the Dorogovtsev-Mendes
network used in Fig. C.1. The recovery probability is y = 0.2. (a) 20 preval-
ence curves obtained by 20 different EECCs are shown in black, while in
red is reported their average curve payg ( [5(1) ), defined by the average value
of p at each value of ,B(l). (b) The ratio 0y, between the sample standard
deviation ¢ and pavg for each B). The pick at about 1) = 0.0047 is due
to some curves transitioning at slightly different values of (1), In fact,
the uncertainty about the location of the critical point is of only about
0.0002, corresponding to a relative uncertainty of less than 5%. The inset
plot shows a zoom of 0y to the right of the transition: oy stays below
6% next to the transition, while rapidly decreasing towards zero for larger
values of ﬁ(1>, hence enlightening the robustness of the model.

c.12 MECLE for simplicial 2-complexes

We here illustrate the form taken by the MECLE when the interaction structure is a

simplicial 2-complex, i.e., the (3,3) implementation of the model. Cliques and faces

can only have order n = 2, 3.

The evolution of the probability P! for node i being infected is governed by
Eq. (3.11), which now takes the form

PH(t+1) =P () (1= + PP (1) (1-aigasa)) . (1)
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where
(1 _ plls
o = ( ]|10) (C2)
]erl()
@) _ pIsIs | psIIs
Tig = { ( Jk\lg Jk|’8) €3)
{]k}er

[ () (1-a8®) | Rl €4

According to Eq. (3.5), the state of a (0,1)-clique {i,} is governed by the following

equations,

1 2) (2
Pin{O(iL +1) Pz?%(t) (1 ] 0‘71 0 Qz 1)) (1 - q]('(')),oq](‘,())q](‘g))
(

+ P (1= (= pMgll) aldad) 1= )

ij,0 )
Pll]SO(t)
)

(1-p) ( — (1= Mgl o)
+Pf(1) (1 *M)Z (C.5a)
P (t+1) = PSS(6) (1-qip) Oq,oq,l)) (700097
+ P (1= (= pMail) paifay ) m
+ P () (1 - p) (( B)al) i)
+Pio(t) (1= ) p (C.5b)

where q(()) coincides with ql( 0) except for excluding the (0,1)-clique {i,j} from the
product, and analogously for the other similar terms.
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The state of a (0,2)-clique {i, ], k} follows the equations,

Pl (t+1) = PSES(1) (1 - qf?q(zjk o17) (1= 0009500095 ) (1= a2t 013
+P5Eh) (1= (1- 8D ) algalh0nd) (1- (1= M) algalh 0a?) 1= 1)
+ P51 (1 ( - )quqz((])k o”/z<21>) (1 (1_5(1 )”/k>‘71(<<z);)o”/1(c21))
+ RS =) (1- ( D) g5 aion0n1 ) (1= (1-BY) aaits 01t? )

+ BSIh(1) (1 (1-50) g} qfffk o ) —n)’
+Pf§‘i,[()(t) (I—mn) (1 - <1 _,B(l) q]o ‘7] (ik )09]1
+PHS () (1 - p)? (1 ~(1- 5“)) B0 00 )
P (-7, (C6a)
)2 @ ) @ 1 2
Pzﬁiso(t +1) = Pz?}fg(t) <1 - qfo)qz((])k) 0‘751)> ( q](o q/((z)k) 0‘7;( 1)) (ql(<0>qk(z>]) 0‘71<<1>)
1 2 2
ilfé(t) (1 (1 - ! ) ‘71(0>”/z((]>k) oqf1>) ( <1 - ) ‘i,(o "7]<(z>k) oq;(1)> H
1 2 1 2
+ P (1= (1= M) algai0h 007 ) =10 (1 8Y) algaich o)
2 1 2
+ R0 1= (1= (1= ) g0l 007) ((1-87) akailoni?)
PslglO()(l_(l_ﬁu qzoqf(zj)k Oqzl) ,‘l/l)]l
Bl @ = (1= (1= 5) gD o ) o
Pzgis()( ) (1 - V)z ((l - ﬁ(l)) Qko‘iﬁz]) Oql(cl))
+ Pl () (1 =) pe, (C.6b)
1 2 ) @2 @
Plﬁi%(t + 1) = Pz?lfg(t) <1 - qfo)qz(])k) Oq§1)> (q] O)q;(z)k Oq >) <ql<<0)qlg(z)]) Oq/<C1)>

)
+5Eh(e) (1= (1-B) aldah o0y ) (18 )‘7]0‘7](21)1() 013 )
+ B3t (1= (1= ) afgalih 00id ) 1 (1~ )c/koqﬁ?,) okt )

+ P =) (1= algathny ) ((1-8Y) aioait) eah)

+ Pith (1) (1 (1) g2, 0”71(21)) W

1 2
+ gi[o(t (1—p) (( 1) ”//<0>‘1](1>k)o”/]<1>>ﬂ
2
+PL% (1) ( 1_ 1 qkoql(c(z)])oql(cl))

+ Péifo( ) (1—p) > (C.6¢)
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2
where ql((].)k)lo
product, and analogously for the other similar terms.

Finally, for a (1,2)-clique {i, j, k}, we get the following equations,

coincides with ql(,? except for excluding the (0, 2)-clique {i, j, k} from the

Pl (1) = PRS(0) (1= i afZ a0, ) (1= 03090 01) (1 9609050.0)
+ P51 (1= (1= 8D ) algals ath,) (1— (1= 8D algaFalh,) 4 -
+ P50 (1= (1= ) aigag o) 1 —w (1- (1-8Y) aga
+BE 0 1 —p) (1= (1= ") aiga 0k, ) (1= (1-8Y) alay]
+Pth (1) (1 ~ (1) (1-82) 4 DaZ42, | ) (1 p?
+Bfgh 0 -0 (1= (1= (1= ) gD ) - )
Bl 0 0w (1 (1-50) (1) aBaiaiD )
+PIL () (11—, (C.7a)
Pis(t+1) = PES(t )< %o qf?%(}k) ) ( _‘7](0)‘1](0 ‘7]<(21>k)1) (%ﬁlqung(c(z)]) )
R0 (1~ (=P ) (1= (180 3 )
+ P (1) (1- (1- g0 )%?%8%}0 Y= ((1-8") aiadai)
+ P =) (1= (1= M) algaan 1) ((1-8) adaiait)
+Piih (1) (1— (1-p0) (1-52) 4 DaZ42), | )(1—V)14
+PIL (1) (1= p) (1—<1—/5“>) (1-82) al0a0a} )u
+ P (1) (1 — p)? ((1 —B0Y (1) 4(Hg2 qif?,-),l)
+PRL () =)y, (C.7b)
PES(t+1) = PSSO (1 - ald 0l alh 1) (000955950 1) (7609t9i0)

)
Nalgagaie) (18" )q]oq,ov/fffk) )

) (2)
qu(zj)l)
) (2)
qu(ij),l)

+ PR3 (1 (1 pC
+ PSS (1= (1= M) algaldalh ) 1w ((1-8Y) aboaiiais )

+ RS0 (= (1) a0 a2 aitm1) ((1-8") a0ak090.1)
P,%ﬁ()(l—(l—ﬁ“))z(l ) a0 a5 alh )P’Z
) (1—p) (( —!3“ - )qf%))q]o)q](,l)l)u
+PES () (A=) ( /5(2)> qko%(czoqk(z)])
+Ph (D) (1- (C.70)

ISI
+ Pl]k 1
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where qf(zj)mj

product, and analogously for the other similar terms.

coincides with qg except for excluding the (1, 2)-clique {i, j, k} from the

c.1.3 Invasion threshold for highly symmetrical structures

Here we make predictions for some particularly symmetrical structures, for which

(1)

Eq. (B.12) can be recast in a more explicit form to compute B¢ . As a particular case,
we show the monotonous decrease of ,Bg) with respect to B(2) in the herein examined
2-dimensional SCs. We stress that such dependence, as like as any other one, of /32}) on

the higher-order couplings, is completely overlooked by uncorrelated-state models.

c.13.1 Regular SCs

For a simplicial complex such that kl(g’r) = k(g'r), Vi € V, ¥(g,7), since all the non-
zero elements of M are equal to the same constant, from the Collatz-Wielandt for-
mula [223], it follows,

)y (N [ =1y (") | r=1y3(7)
— N Lgr) k@M (1 wl,g) [(lfl)xl,g + (3 )Yl,g]
Amax (M) = ; Mij = o K@D YT (1 — Y o (C8)
= I3 (g7) 1=1 Lg/\IV g

where both equalities hold for any chosen i € V. Using Eq. (B.12), Amax(M) =1, one
(1)

can solve with respect to B and express ‘BC1 in terms of all the other parameters.

In particular, for a simplicial 2-complex, using the properties (P1) and (P4) proved

in Sec. B.1.1, Amax(M) = 1 becomes,

B2 [K02) (3x(2) — 2x) + 02 (1 — 2) (3x2) — 2x4))]

10 {00 (-2 1210 (1 -2 - )
+2k02 [1 - 2x5Y) - 2x{Y) + p® (3x) —2x{)) [}

+2k(12)6(2) <X£11) _ zxé21)> —u=0, (C.9)

where Xélg) and Xézg are themselves functions of (1), B(2) and . More precisely, only

those with ¢ = 1 depend on B(®) - taking k12 = 0, (2) must disappear from the
equation.
We can observe a few things from Eq. (C.9). First, if only k(%) was nonzero —

1)

meaning that the simplicial complex would be just a graph — and we neglected 2X; o,

we would recover the node-based solution /Sg) =pu/ k(©1) Therefore, fZXéll()) (but also
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72X£11) ) is the correction due to 2-nodes correlations. By not neglecting it, we indeed
recover the prediction made by the ELE model for a regular graph, which is

IBEP = #_, given k(01 > 0, k82 =0 (C.10)

Since (1—p)/(1—p/2) > 0for u € [0,1), we recover the well-known fact that the pair-
based threshold is higher than the node-based one. This is because a newly infected
node cannot infect back the neighbor from which it was infected, for the neighbor
will take, on average, 1/; > 1 time steps to recover. Consistently, the two coincide
for u = 1, since in this case the neighbor will be already recovered at the end of the
time step; in other words, state correlations took one time step to disappear (Xélg)
vanishes). Besides, the fact that (1 — p)/(1 — u/2) < 1 implies that the threshold
above, in discrete time, is smaller than the one predicted in continuous time, namely,
‘Bg) = 1/ (k) —1). The two converge only for  — 0, for a node infecting another
node has, almost surely, not recovered after one time step (in continuous time, the
next event, almost surely, is not recovery).

Second, the rest of the terms in Eq. (C.9) yield the correction due to 3-clique correl-
ations, which obviously depends on how many 3-cliques and 2-simplices the nodes
participate in, and on the intensity B(2) of the 3-body interactions. As it should be,
Eq. (C.9) becomes symmetric with respect to 3-cliques and 2-simplices when g(2) = 0.
Moreover, the same argument regarding the vanishing of the correlations for p = 1,
given for the pair approximation, holds identical in the presence of higher-order cor-
relations. Indeed, property (P2) in Sec. B.1.1 implies that X(/2)

3.8
In the general case, a closed-form solution for Eq. (C.9) can be found, but its rather

. (1)
vanishes if XZ,g does.

complicated expression makes it not very informative. Therefore, we do not show it
here; we report its predictions. Figure C.3 shows how ﬁg) decreases with ﬁ(Z) for two
classes of regular simplicial 2-complexes. In particular, the periodic triangular clique
complex, considered in Sec. 3.1.4, falls in one of this classes.

c.1.3.2 Friendship SCs

As an opposite case, we consider now extremely heterogeneous SCs. A Friendship
graph F;, is a Windmill graph Wd(m, n) whose “sails” are cliques of order m = 3.
It consists of N = 2n + 1 nodes, where 7 is the number of 3-cliques incident on the
central node. Starting from F;, we convert a fraction pa of the n 3-cliques in 2-faces.

The central node has k(02) (12)

=(1—ppa)n=mngandk = pan = ny. Then, 2ng of the
peripheral nodes have each k(%) = 1 and k(1?) = 0, while the remaining 21; have
k(12 = 1 and k(2 = 0. The greater N (hence, 1), the higher the degree disparity
between the central node and the peripheral ones. In the large N limit, the average
number of neighbors k= 3% tends to 3, whereas any higher m-moment diverges

as N"~1. Accordingly, we expect the invasion threshold to vanish in that limit.
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Figure C.3: The value of the invasion threshold 559, as computed from Eq. (C.9),
is shown against [3(2> for (a) any regular clique 2-complex with k01 —
k© =0 and k(12 = k1) =3 (notice that the periodic triangular clique
complex used in Sec. 3.1.4 is one of them); (b) any regular clique 2-complex
with k(01 = k(0 = 12 and k(12) = k(1) = 4 (a proxy for large random
SCs). Note that the HoMF approximation, Eq. (B.15), wrongly predicts

BY = u/k, ¥B?), where k = 6 in (a), k = 20 in (b).

In order to find a closed expression for the invasion threshold [39, we take advant-
age of the nearly block structure featured by matrix M. It can be partitioned as

M = (B P) , (C.11)
cC 0

where Bisa (N —1) x (N — 1) block diagonal matrix, where each 2 x 2 block corres-

ponds to the peripheral edge of a (0,3)- or a (1,3)-clique. That is, B can be put in the
form

B = diag(Bo,...,Bo,Bl,...,B]) ’ (C12)
—_—

no n

By = (NO M<Pf8>) , (C.13)
Mpg 0

where
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and

() + (10 () (1)) o

Mp oy = . (Cl4)
(Pg) 5 2 5
=280 = (1 (1) (1-g0) ) o)

for ¢ = 0,1; where Xﬁ; =1- Zng) + XéZg), XEZ; = XS; - ngg), Yl(? = fXéz;, and

Yz(zg) = 7X§2g) Then, P is a (N — 1) x 1 matrix whose elements equal ]\71(1;,0) or ]\71(1;,1)
depending on whether the peripheral node (hence the ‘P’) corresponding to the con-
sidered row participates, respectively, in a (0,3)- or a (1,3)-clique. Similarly, C is a
1 x (N — 1) matrix whose elements equal A7I(C,O> or M(C,l) depending on whether the
central node (hence the ‘C’) participates, respectively, in a (0, 3)- or a (1, 3)-clique with
the peripheral node corresponding to the considered column; where

Y ()« (1= 0-8)" (1-97) ) o

Mcg) = 2 5 o7 €1
P Ye=01Mg {M(l)yl,g + (1 - (1 - 'B(l)) (1 B gﬁ<2))) Yzlg]
forg=0,1.
We now compute the determinant of
M- My = B=Mya P (C.16)
C —A

where 1y is the N x N identity matrix. Thanks to the Schur complement formula [223],
we can compute it as

det(M — Aly) = det(B — Aly_1) [f/\ —C(B—My_q) ! p} . (C.17)
Using the properties of block diagonal matrices [223],
~ no ~ n
det(B— Aly_;) = <A2 _ M%PIO)) (/\2 - M%PJ)) , (C.18)

implying that A(p o) = M(p,g), Vg € {0,1}, solves det(M — Aly) = 0; and therefore
one between A(pg) and A(p ) is the dominant eigenvalue of B. However, receiving
contributions from peripheral nodes only, the latter can be shown to never coincide
with the dominant eigenvalue of M. In particular, when both ng > 1 and n; > 1, we
already know this is true, for the dominant eigenvalue is simple [223]. Therefore, let

us suppose A # /\( Pg) Vg € {0,1}, and look for Amax(M) in the other factor, the one
containing the contribution coming also from the central node. It is easily found that

(B—AMy_1) ' = diag(B;',..., By L, By L. ByY), (C.19)

no m
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Figure C.4: The value of the invasion threshold ,Bg) is shown against p(2) for sim-
plicial 2-complexes constructed from the Friendship graph F;;, a proxy for
extremely heterogeneous structures, where n = (N —1)/2. Here pa = 0.5,
thus k(02) = k(12) = /2 for the central node, k(12) = 1 and k(02 = 0
for half of the peripheral nodes, and k(°?) = 0 and k(1) =1 for the other
half. The recovery probability is 4 = 0.2. The mean-field approximation,

Eq. (B.15), wrongly predicts ﬁgp = u/k, V@, where k = 3(N —1)/N.
The inset plot shows the curves ,BEP VN vs. /3(2). These all collapse to the
same value x* ~ 0.27 at B(®) = 0, implying that /SEP — 0 for N — o0 as
x*/v/N, in accordance with previous findings [227]. Besides, the larger N

— hence the degree disparity —, the faster 58) decreases with (2.

being

_ —A -M
By = iAz,j\zz ( _ <P'8>> : (C.20)
(Pg) \—Mpg) —A

the inverse matrix of Eg = Bg — Alp, ¢ = 0,1. With a few algebra, it follows

(C.21)

+nq —

C(B—My_q) 'P=-2 (no -
A — M(P,O) /\ - M(P,l)

M(P,O)M(C,O) M(P,DM(CJ) )

We now impose det(M — Aly) = 0 which, using the previous result A # Ap,g)s
Vg € {0,1}, reduces to —A — C (B — Aly_1) "' P = 0. This can be rearranged in the

form

A3 — A2 (M(P,O) + M(P'1>>

+ A <M(P,0)A7I(P,1) — 21101\71(13,0)]\7[((3’0) — anﬂ(P,l)M(C,l)>

+ 21\7[(13/0)]\71(13/1) (7’[01\7[((:/0) + n1]\71(c,1)> =0. (C22)



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Gluide BUrd}Pp1 EMENTARY INFORMATION FOR SEC.3

The largest of the solutions of Eq. (C.22) is A = Amax(M). Imposing Amax(M) = 1
and solving with respect to (1), we finally obtain /BEP as a function of the micro-
scopic parameters, 8(2) and y, and of N and p . Results are shown in Fig. C.4, where
several values of N are explored for po = 0.5. There, it is shown that the invasion
threshold vanishes in the limit of large N, as we expect, given the second moment
of the link-degree distribution diverges with N. For fixed N, the threshold decreases
with B(?), and this dependence gets stronger with N, hence with the degree dispar-
ity between the central node and the peripheral ones. This, coupled to the similar
dependence found for Dorogovtsev-Mendes simplicial complexes (Fig. 3.4) and the
weaker one found for regular structures (Fig. C.3), indicates that the dependence of
ﬁ,gp on B2 grows with the triangle-degree heterogeneity. In fact, also the triangle-
degree distribution has a diverging second moment with N. Despite their simplicity,
Friendship simplicial complexes capture some basic dynamical implications of more
complex heterogeneous structures.

c.1.4 Continuous-time model

Let us first sketch how to derive the continuous-time limit of the MECLE. This re-
quires making the following substitutions,

U — uAt,
5(5) N [5(5) At

where now y and () represent rates, i.e., probabilities per unit time. Once multiplied
by the duration of the time interval At, they give the probabilities of the respective
processes to occur during that interval. Then, we take At — 0. Consequently, all
those terms appearing in the equations as second or greater powers of At becomes
negligible. In other words, only single-node state changes need to be considered, as
they are the only O(At) processes. The resulting system of ODEs is thus quite simpler
than the respective difference equations in discrete-time.

The linearized equations around the inactive state, as Eq. (B.3), include all the pos-
sible infection channels within a focal facet, hence any infection rate up to ("), sup-
posed  is the dimension of the facet. Consequently, all such rates up to (") do show
up in the threshold condition, Eq. (B.12), for the invasion threshold, 5&1) Focusing on
simplicial 2-complexes, Fig. C.5 reports how 5&1) depends on ,8(2) as computed from
the linearized equations for a Dorogovtsev-Mendes SC.

Since the MECLE are by construction defined over strictly 0-connected SCs, their
continuous-time model is too. To obtain a continuous-time model valid for simplicial
complexes of any g-connectedness, we rather define the model by considering time as
continuous from the beginning. We provide equations for simplicial 2-complexes. The
extension to any dimension is straightforward.
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Figure C.5: The value of the invasion threshold ,Bg), as predicted in the continuous-
time limit of the MECLE, is shown against (2) for a Dorogovtsev-Mendes
simplicial complex with k(01) = 1.10 and k(12) = 1.45. The results are very
similar to their continuous-time counterparts, shown in Fig. 3.4.

Let us define the following overall infection rates,

o=p" T B w=p® T Rl
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with w;; = w?;(k) = 0, Vk, if the 2-clique {i,j} is not face of any 2-simplex. The
dynamic equations then read,

Pl =—uPl +v; +w;, (C.23a)
B = = (e + B) PJF — o) — wjs — )+ Bl 0fy + ), (C230)
Bt == 2ubj 4+ BUPE + ojy + wyi + wj + PG 4 0f) 4wy 4wy,

(C.230)
e == (w2810 P —0lfy) — iy — iy
+ 1P = Vil ~ Wi ~ Wilw T ik T @it - (C.23d)

5IIS 1 2 11S 11 I I IT I11
fie = (2028 88 ) PIES — vl — kg — why) — wkly + Pl

1) pISS IS S IS
+BUPES + 0l + i + ity

1) pSIS | IS s Is C
+ ﬁ( )Pi]-k/g + ViGik) + W7k + WiCik) - (C.23¢)
SIIT 111 1 2 11s ISI SIT
ikg = — SHPijrg T2 (.3< )+ gﬁ( )) (Pijk,g + Pijkg T ijk,g)

11 1 1 11
T Ok(ij) T Wri(j) T Whjiiy T Wij)

11 1 I 11
T Vi) T Wik T Wika) T Wi

11 I I II
F i) T Wik(j) T Wi T Wi - (C.23f)

These equations are then closed by specifying a moment closure for the 4-node and
5-node state probabilities in terms of the 2-node and 3-node ones.

C.2 SUPPLEMENTARY INFORMATION FOR SEC. 3.2
c2.1 Generation and properties of the hypergraphs used in Fig. 3.8

The hypergraphs used in Fig. 3.8 are derived from two real-world datasets. One data-
set contains face-to-face interactions recorded during a conference [293], the other one
proximity data recorded within a university campus [294]. The procedure we use to
generate the hypergraphs is the same for both datasets.

These consist of time-resolved interactions (each representing a face-to-face inter-
action or proximity between two people) which, once aggregated, yields very dense
networks [293]. Therefore, we first build a static pairwise network where each edge
is assigned a weight equal to its number of appearances (i.e., how many times the in-
teraction between the two agents has been detected throughout the entire observation
time) and then threshold it.

Starting from an empty network with only the nodes in the dataset (N = 219 for the
conference’s and N = 672 for the university campus’), edges are listed in decreasing
order of weight and added to the network starting from the first one. Since some nodes
only participate to edges with very low weight, waiting until all nodes are included
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would yield a network identical to the original one, except for just few missing edges.
To avoid this, we stop including edges when the 95% of the nodes has been connected
to some other node (notice that disconnected components may still exist at this point),
indeed thresholding the original network!. The remaining degree-0 nodes are then
connected to the other nodes at random. If the network is disconnected, the connected
components are connected to the largest connected component by adding an edge at
random between each of them and the latter. In practice, at the moment in which the
95% of the nodes is reached, there exists a component containing almost all nodes and
very few other components of very few nodes. Consequently, the few edges added to
connect the network do not affect the properties of the thresholded network.

The binary network obtained in this way represents the pairwise backbone to which
we add three-body interactions in order to get rank-3 hypergraphs. To do this, we
first list all the 3-cliques in the network?. Then, to each 3-clique, we add a three-body
interaction (i.e., a 3-edge containing the three nodes) with probability /, such that,
if the addition occurs, a 2-simplex (triangle) is formed. Otherwise (occurring with
probability 1 — h), the 3-edge is added to three unconnected nodes chosen at random,
so that a three-body interaction not overlapped with two-body interactions is formed.
Notice that the total number of three-body interactions added is independent from #;
only their distribution over the system changes with it. Setting 1 = 0 yields a linear
hypergraph. Increasing h, more and more frequently three-body interactions overlap
with two-body interactions. At i = 1, the structure becomes a simplicial 2-complex.

Some of the basic properties of the generated hypergraphs are listed below. Fig-
ure C.6 reports their 2-degree and 3-degree distributions, which are well reproduced
by exponential and gaussian distributions, respectively.

CONFERENCE’S DATASET. The hypergraphs consist of N = 219 nodes. The 2-
degree xM (number of 2-edges incident on a node) is distributed heterogeneously.
The first and the second raw moments of the 2-degree distribution are (kM) ~ 33.05
and <K<1)2> ~ 2034.16, giving a high variance of var(x(})) ~ 941.84. The structure also
shows 2-degree assortativity (coefficient ¥ = 0.1 [500]). At last, the first and the second
raw moments of the 3-degree (number of 3-edges incident on a node) distribution are
(x®) ~ 16.22 and (K(2)2> ~ 280.03, giving a low variance of var(x(?)) ~ 16.97.

The original networks include many large cliques. Since our model assumes cliques of up to 3
nodes, when an edge is included as above we check whether a 4-clique formed, in which case
the edge is ignored. Including 4-cliques or larger ones does not change qualitatively the results.
On the other hand, avoiding them makes the network less dense and the phenomenology easier
to appreciate.

Notice that some 3-cliques share two nodes with other 3-cliques, meaning that those 2-cliques
which are part of more than one 3-clique appear multiple times in the list. Each appearance is
considered as a different interaction. An alternative method that would avoid repeated 2-cliques
would consist in finding an edge-disjoint edge clique cover of the network, as done in Sec. 3.1.
This would change the number of 2-cliques and 3-cliques in the network, but the results would
be qualitatively unaffected.
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Figure C.6: Histograms of the 2-degree and 3-degree distributions of the hypergraphs
generated from the conference’s dataset ((a) and (b)) and the university
campus’ dataset ((c) and (d)). These are well reproduced by exponential
(mean: 1/ (x(1))) and gaussian (mean: (x(2)); variance: var(x(?))) distribu-
tions, respectively (red curves).

UNIVERSITY CAMPUS’S DATASET. The hypergraphs consist of N = 672
nodes. The 2-degree (1) is distributed heterogeneously. The first and the second raw
moments of the 2-degree distribution are (k1)) ~ 15.3 and <K(1)2> ~ 479.67, giving a
high variance of var(x(!)) ~ 245.56. The structure also shows 2-degree assortativity
(coefficient r = 0.19 [500]). At last, the first and the second raw moments of the
3-degree distribution are (k(?)) ~ 7.06 and <K(2)2> ~ 57.68, giving a low variance of
var(k®) ~ 7.84.

c.2.2  Results for the simplicial SIR model

We show here the results of numerical simulations we performed using a higher-
order susceptible-infectious-recovered (SIR) contagion model. This generalization of
the SIR model has been very recently analyzed in detail by Lv et al. [501]. The au-
thors showed that, as in the SIS model, sufficiently high values of the three-body
infection rate, ﬁ(2), make the phase transition for the final attack rate (R«) discontinu-

ous in both homogeneous and heterogeneous simplicial complexes. Using however
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Figure C.7: Numerical simulations performed on the hypergraphs constructed from
the university campus’ [294] datasets when the contagion dynamics is a
SIR process. (a) Final attack rate, Reo, Versus the two-body infection rate,
B, Points denote medians computed over 100 random initializations; rib-
bons cover from the 25-th to the 75-th percentile. The added three-body
interactions form triangles with probability & = 0 (linear hypergraph; blue
curve) and & = 1 (simplicial complex; red curve). Clearly, turning off the
three-body interactions (8(2) = 0), varying / has no effect on the dynam-
ics (grey curve). (b) Same as panel (a), but with logarithmic abscissa to

stretch the low-B(1) interval and better appreciate the shift of the invasion
threshold.

a node-based approximation, their approach is insensible to the way in which two-
and three-body interactions are arranged in the structure, hence to their degree of
overlap. Consequently, it is not possible to discern a simplicial complex from a linear
hypergraph (or any other intermediate structure).

In Fig. C.7, we show the results of the numerical simulations performed on hyper-
graphs generated from the university campus’ dataset. These confirm the generality
of the phenomenology our mean-field model revealed: (i) three-body interactions af-
fect the invasion threshold only if they overlap with two-body interactions (k > 0);
(ii) a larger overlap (higher /) implies lower invasion thresholds but also smaller out-
breaks; and (iii) varying exclusively the degree of overlap can change the nature of
the phase transition. About the last point, it should be noted that the discontinuity of
the transition for 2 = 2 and i = 0 is blurred by strong finite-size effects.

C.3 SUPPLEMENTARY INFORMATION FOR SEC. 3.3
c3.1 A-GAME: Additional results

We report here few additional findings for the adaptive hypergraph model studied in
Sec. 3.3.2.1, which results are displayed in Fig. 3.11. Figure C.8(a) helps distinguish the
different regimes determined by the rewiring accuracy, 1. Figures C.8(b) and (c) then
mimic Figs. 3.11(b) and (c) but for complex contagion (v = 2), showing that increasing
either the speed () or the accuracy () of rewiring heightens the persistence threshold,
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Figure C.8: (a) Horizontal slices of the phase diagram in Fig. 3.11(a) (| = v = 1,
6 = 0.2). The purple curve corresponds to detrimental rewiring, where
the equilibrium fraction of infected nodes, I*, is larger than in absence of
rewiring (dashed line); green curves represent increasingly beneficial re-
wiring; orange curves denote non-monotonic beneficial rewiring, leading
to a local maximum in I[*. (b and c) As panels (b) and (c) in Fig. 3.11, but
for complex contagion (v = 2). Lower (solid) and upper (dashed) branches
of the prevalence I* versus the per-node infection rate ¢ using different re-
wiring rates 7 for, respectively, random (7 = 0.0) and perfectly targeted
(7 = 1.0) rewiring. While there is no invasion threshold for this dynamics,
the persistence threshold, as for simple contagion, increases due to either
a faster or more accurate rewiring.

as for simple contagion. Differently from the latter (see Fig. 3.11(d)), however, since
the threshold-like complex contagion does not admit an invasion threshold by con-
struction, there exists no value of 7 able to make the transition continuous. Lastly,
Fig. C.9 shows how the degree evolves differently for susceptible and infected nodes.
In particular, the reduced ability of susceptible nodes to avoid infectious groups when
the rewiring accuracy is lower, explains why the contagion persists more (i.e., the per-
sistence threshold diminishes) under a poorer accuracy (7 closer to 0).
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Figure C.9: Analysis of the evolution of the degree of susceptible ((a)-(c)) and infec-

ted ((d)-(f)) nodes for the adaptive hypergraphs in Figs. 3.11(b) and (c).
((a) and (d)) In absence of rewiring (y = 0.0), as in pairwise networks,
infections localize in higher degree nodes, so a positive (negative) correla-
tion between being infected (susceptible) and degree emerges. In the case
6 = 0.08, the only one in which I* = 0, the degree of susceptible nodes
gets back to the initial (uncorrelated) value given every node is now sus-
ceptible and the average degree is conserved under no rewiring. ((b) and
(e)) When rewiring is sufficiently accurate (here is perfect, = 1.0) we
find, except for a different transient that alters the group size distribu-
tion and thus the average degree, the same positive (negative) correlation
between being infected (susceptible) and degree. Notice that I* = 0 ex-
cept for 6 = 0.18. ((c) and (f)) When rewiring is sufficiently inaccurate
(here is uniformly random, # = 0.0), instead, while the susceptible nodes
still mature higher degrees, the connectivity of the infected nodes can re-
main unaffected or even slightly increase. In this example, this happens
for 6 = 0.16 and 0.18, for which the system is still above the persistence
threshold (I* > 0). Decreasing accuracy prevents susceptible nodes from
effectively isolating infected nodes, thus producing a lower persistence
threshold.
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METHODS FOR SEC. 4

D.1 METHODS FOR SECTION 4.2
p.1.1 Mixing parameter estimation from vaccination data

We infer the mixing parameter « of SARS-CoV-2 vaccine adoption through an age-
stratified approach for different regions/countries. We make use of an empirical con-
tact matrix C [212] and the vaccination coverage v;() in age-strata i = 1,2,..., M at
time ¢ [363-366]. The entry C;; of the contact matrix represents the average number
of daily contacts of an individual in age-strata i with an individual in age-strata ;.
Vaccination data is stratified into intervals of 10 years (0—9,10—-19,...,70 —79,80+),
while the contact matrices use 5 year bins. Therefore, as a first step, we average the
empirical contact matrices to transform them into 10 year bins according to the census
data.

Generally, the empirical contact matrices do not respect the balance equation
CijN,- = Cjisz where N; represents the number of individuals in age-strata i. There
are various approaches to fix this issue [502]. Here, we defined the matrix C as

NG + NGy
i = % , (D.1)
such that the balance equation is met, being C the empirical matrix. To infer a(t)
we leverage its relation with the homophily, h(t); ie., a(t) = (1 —h(t))/[2V(1 - V)]
(Eq. (4.37)), where V is the fraction of vaccinated individuals in the overall population.

The homophily is computed as

2 N[00 + (1 = 0(0)1 - 1)
h(t) = 2= — . (D.2)
X GijN;
i,j=1
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p.1.2  Procedure for the distribution of binary types in a network

Given a (weighted) network of N nodes, we want to assign the types ‘0" and ‘1’ to the
nodes in order to reach a desired value for the homophily, /. This is computed as the
sum of the weights over the homophilic edges (0-0 and 1-1), normalized by the sum
over all the edges. Denoted with a; € {0,1} the type of node i and with w;; the weight
of the edge between nodes i and j, the homophily reads

=z
L=

w;;j {aiaj +(1=-a)(1- a]-)]

=
Il
=

NN (D.3)
L L w
i=1j=1
The mixing parameter, &, is then obtained from Eq. (4.37) as « = (1 —h)/[2p(1 — p)],
being p = Zf\i 1 a;/ N the proportion of nodes of type 1 in the network.

To reach a desired value for &, we initially distribute the vaccine at random (« =
1) and then iteratively swap the type of two randomly selected neighboring nodes
whenever this leads to a decrease in &, until the latter attains the preset value (+0.01).
Additionally, if the average strength is higher (lower) for type 1 nodes than for type
0’s, a swap is only allowed if it increases (decreases) the strength of the latter. Without
this condition, the algorithm induces a spurious correlation between type and the
strength of a node. Given the role that more connected nodes play in driving the
spreading dynamics, such correlation can importantly affect the results. Therefore,
only innocuous, not correlating swaps are carried out.

We apply the algorithm for the case of vaccination in Sec. 4.2.1, where type 1 is
assigned to vaccinated individuals, and the case of digital proximity tracing apps in
Sec. 4.2.2, where type 1 is assigned to individuals adopting the app. In both cases, the
type assignment is made on top of weighted networks resulting from the aggregation
of temporal networks generated by a five-minutes binning of the data. Accordingly,
the weight w;; measures the total amount of time nodes i and j interacted, understood
as the number of five-minutes bins this occurred (e.g., w;; = 3 means that the edge
appeared in 3 bins during the entire observation time).

p.1.3  Efficacy reduction of contact tracing

The analysis presented in Sec. 4.2.2 is based on the assumption that app users infec-
ted by other app users do not further transmit the disease, meaning that the contact
tracing app is fully effective. Clearly, in real scenarios contact tracing may lose some
degree of efficacy due to different factors. For example, efficacy may be reduced by in-
dividuals that do not to self-isolate after notification. Furthermore, since also presymp-
tomatic individuals could be infectious, substantial time may pass between infection
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and notification, leaving the door open for the disease to spread further. Notification
delays might be also due to technological/organizational reasons.

Here we introduce both these factors by generalizing Eqs. (4.46)-(4.48). Specifically,
we indicate with € € [0,1] the probability that an app user, once notified about a
contact with an infectious app user, does not self-isolate (and, therefore, potentially
extend the infection chain). Then, with ¢ € [0,1], we indicate the reduction of the in-
fectious period (in principle, 1/ ) of an infected app user due to self-isolation after no-
tification. The larger -, the larger the delay between infection and notification, hence
longer the period during which the infectious adopter can infect. Combined the two
factors, an individual in compartment I5 5 has an effective infectious period rescaled
by ¢ = €+ 7(1 — ¢€). Indeed, such an user is infectious if (i) it does not isolate (with
probability €), no matter how late it receives the notification; (ii) it isolates (with prob-
ability 1 — €), but getting to the user takes the notification a time v, in units of infec-
tious period. Rescaling the infectious period in compartment Ip 4 is here equivalent
to rescale the associated infection rate as p — . Perfect tracing is thus recovered for
€ = v = 0, while a completely ineffective tracing corresponds to € = v = 1. In this
setup, the number of infected individuals in the compartments Iy and I54 can also
grow through the interaction with the ones in Ipa. In the end, Egs. (4.46)-(4.48) take

the new form,

IN(t+1) = IN(E) (1 —p) + B [KN|NIN(t) +xan (Tan(t) + EIAA(t))} Sn(t), (D4)
Ian(t+1) = Ian(8) (1 = p) + PrnjaIn(£) Sa(t) (D.5)
Iaa(t+1) = Iaa(t) (1 — p) + Praja an(t) + SIaa(t)] Salt) (D.6)

Consistently, Eqs. (4.46)-(4.48) as well as the phenomenology they generate are re-

covered for ¢ = 0. The linearization of Egs. (D.4)-(D.6) yields the following next-

generation matrix,
KNN  KAN  GKAIN
NGM = ﬁ KN|A 0 0 . (D.7)
0 Kala GKaja
The effective reproduction number, R = Amax(NGM), then reads
_Rop (-
R = 5 l—aT+Z&(1—a(1-T))
+\/[1—4xT—§(1—o¢(1—T))}2+44x2T(1—T) . (D.8)

This expression correctly reduces to R = Ry for ¢ = 1, as a standard SIR is recovered.
We observe that the functional form of R with respect to « is independent of ¢ € [0, 1).
Following the same analysis performed in the manuscript, we can thus show that the
phenomenology predicted in the fully effective case is still valid.
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Firstly, we impose ‘é—g = 0 to prove the existence of & = a* at which R reaches its

minimum value, for any given values of T and ¢. As before, it yields a second-order
equation having a single positive solution « = a*, reading

2 3
M:T_c[T+1—§<2—T>+62(1—T>}+V(T+¢‘§T) 0" py)

(1—@{M—anT—zawl—Ty+?(L—nﬂ

By differentiation, one sees that a* is a decreasing function of ¢. Then, imposing
a* < 1, we find the upper bound T* for the app coverage T, below which a* lies
in the homophilic range, going from fully assortativeness (¢ = 0) to homogeneous

L1 1+¢
T _3+§(1+m), (D.10)

reducing to T* = 2/3 for ¢ = 0. Additionally, T* takes physical values, thatis T* <1,
if and only if ¢ < (\@ - 1) /2 = 0.6181. Consequently, for greater values of ¢, a* < 1
for any T € [0,1], meaning the minimum for R is always in the homophilic region

mixing (« = 1). It reads,

when tracing is poor enough.
Secondly, we find that eradication (i.e., R < 1) is possible for « € (a;,a}), being

1
g ZZROT(l—T) 1-8) [T+&(1-T)—¢Ro

i¢ﬁ+§ﬂfowaf4TﬂfTﬂlf@[&NL+@7175&H}(DH)

the two roots of the equation R = 1.

Alike Fig. 4.7, Fig. D.1 condenses the outcome of the above analysis; precisely, for
the dynamics obtained with v = 0.30 and € = 0.20 (¢ = 0.44). Overall, we observe
that the reduction in efficacy of the tracing process emphasizes the phenomenology
found in the fully effective case.

p.14 Annealed network formulation

The model presented in Sec. 4.2.2 has been derived under the homogeneous mean
field approximation, which assumes that all the individuals in the population have
the same number of contacts k. In that formulation we see, from Eq. (4.52), that the
dependence on k in the effective reproduction number factors out. In what follows
we show that the same happens when the heterogeneity in the number of contacts
(degree heterogeneity) is taken into account, given the latter do not correlate with app

1 As a matter of curiosity, this value exactly equals 1/ ¢, being ¢ the golden ratio.



UNIVERSITAT ROVIRA I VIRGILI
CONTAGION PROCESSES ON HIGHER-ORDER NETWORKS

Giulio Burgio

D.1 METHODS FOR SECTION 4.2

A 0 Cc = critical = intermediate saturated
overall attack rate R
095 2.1
& 0.6
= 18
& 090 3
04
1.5
085 o \__
. 12
0.00 025 050 075 1.00 ~~—— \__
o 00 09
B 100q
attack rate adopters attack rate non adopters
0754 =
06 075
075
3050
050 04 050
- 025
025 02 : 025
0.00 00 0.00

0.00 025 0.50 075 1.00 0.00 025 0.50 0.75 1.00
o

Figure D.1: Analogous illustration to Fig. 4.7, but for v = 0.30 and € = 0.20, giving
¢ = 0.44. A: Normalized reproduction number, R/Ry, for different val-
ues of adoption, T, below T* =~ 0.85. Dots indicate the minimum at a*,
while the dashed line shows its variation for T € [0.1,0.55]. B: Attack rate
as a function of « and Ry. The solid line indicates the threshold aZF for
which R = 1. Colored, dashed lines denote the dynamical regimes: crit-
ical, intermediate and saturated. Adoption was fixed as T = 0.7. C: Top
panels show the attack rate and the reproduction number for the different
regimes defined in B. The specific attack rates for adopters and non ad-
opters are reported in the bottom panels. Black diamonds indicate a_, at
which R = 1.

adoption. Thus, in the annealed network formalism [80, 209], Eqgs. (4.46)-(4.50) are
generalized to take the form,

K+ 1) = - )+ 2 > Cur [ IS () + kA Iin (O] Sk(t), (D12)

Bn(t+1) = B0 -0 + 2 Y cgmgat(0si ), (D13)
k!
k gk B B K k
Iaa(t+1) = a1 —p) + r kZCkk’KA\AIAN(t)SA(t) , (D.14)
Sh(t+1) =Sy () — gzckk’ [KN\NIIE;(t) + KA\NIKN(t)] Sa(t) (D.15)
k/
Sh(t+1) = sk - %kzckkf [kna () + kaain (D] 8K (1), (D.16)

where Cw = kP(K'|k) are the entries of the connectivity matrix C, as defined in [80].
P(K'|k) is the probability that a node of degree k connects to a node of degree k/,

209
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and thus accounts for potential degree-degree correlations in the network. The next-
generation matrix is now given by the tensor

kNNCre KaNCre 0 KNIN Kan O
NGM = ke | 1A Crie 0 0l = ka0 0 @ Chr . (D17)
0 KA|ACkk’ 0 0 KA\A 0

This splits into the tensor product of two matrices that encode the effect of mixing
in the app adoption and the network structure, respectively. As a consequence, its
spectral radius factorizes as well, reading

R=— 5/2\;5) [1 —aT+/(1-aT)? +422T(1 - T) | , (D.18)
where A(C) is the spectral radius of the connectivity matrix Cy. This allows us to
redefine the basic reproduction number as Ry = BA(C)/p, which simply reduces to
Bk/u in the homogeneous mean field approximation. Meanwhile, the contribution of
mixing in the app adoption remains unaffected. Accordingly, the effective reproduc-
tion number, R, is still given by Eq. (4.52), meaning that the phenomenology presented
in the manuscript is qualitatively unchanged. The same argument also holds (i) when
including the effects presented in Sec. D.1.3, in which case R would still be given by
Eq. (D.8), but with Ry = BA(C)/; (ii) for any other type of heterogeneity — encoded
in a matrix, like C encodes degree information — that is introduced into the dynamics,
as long as it is does not correlate with the app adoption; and (iii) considering other
prophylactic measures, as this could only change the dimension and the entries of the
transmission part of next-generation matrix — for instance, for vaccine adoption, that
part would be given by Eq. (4.42).

D.2 METHODS FOR SECTION 4.3

p.2.1 Derivation of the social contagion model

We detail here the derivation of the social contagion model presented in Sec. 4.3.2.1.
Consider a group of size n, composed of ns and ny agents of type A and N, re-
spectively, and denote with gx(t) the probability of adopting an active behavior for
a X-type’s at time t. An A-type agent in the adopter state is induced to switch to
the nonadopter state by the current nonadopters in the group. These are, on average,
(1—ga(t)) (na —1) + (1 —gn(t)) nn. If, instead, the A-type’s is in the nonadopter
state, it is induced to switch to the adopter one by the g4 (t) (na — 1) + gn(t)nN ad-
opters that, on average, it currently finds in the group. The same holds for a N-type
agent given na — 1 and ny in the expressions above are replaced by n and ny — 1, re-
spectively. Additionally, agents can spontaneously move between the two behavioral
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compartments at rates depending solely on their type. These rates quantify some cost
of adopting an active behavior and the will to bear that cost. Denoting with cx the
I-to-S rate and with by the S-to-I rate, for type X, the adaptive behavioral dynamics is
described by the following system of two differential equations

. _ l’lA—l nN
ja =(1 QA){QAn_l +¢7Nn_1}

—4qa {(1_%)1@\—14_(1_%})”71\1}

n—1 n—1
+ba(1—qa) —caqa, (D.19)
(11— nN—1 na
in = (1—9gN) {QN o1 1A
_ RN Nl Caa) A
o (1= an) D+ (- g0) 5
+bn (1 —4n) —eNiN S (D.20)
where gx = q&"xfl’nfl) (t) for a lighter notation. The n — 1 in the denominator comes

from assuming that each of the n — 1 sources weights the same in affecting the beha-
vior of a focal agent. It is immediate to see that the terms involving only one type
(e (1 —gx) gx), as well as the mixed quadratic terms (e gagn), cancel out. Therefore,
we are left with the linear system defined by Egs. (4.56) and (4.57), and the solutions
described after it.

In the solution for mixed groups (i.e., 1 < np < n — 1), the constants C; and Cy,
which depend on all the figuring parameters, read

(n — 1) bAbN + Z nbe
X=AN

¢ = ) D21
P D (bt ea) o) + 3 x (bt ox) 2D
X=AN
G = n-1 : (D.22)
(n—1) (ba+ca) (bn+on) + ), nx (bx+cx)
X=AN

The difference ga — gn = Ca (bacn — bnca) requires bacn > bnca in order for A-
type agents to be actually more inclined to be adopters than N-type’s are. We can
thus choose by > cp (or by > cp) and by < cn (or by < cn). Also, it requires Cp
to be large enough and, from Eq. (D.22), we see this means considering not too large
values for the rates (specifically for by and cy, when by > c5 and by < ).
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p.2.2  Dependence of the basic reproduction number on the structural parameters

p.2.2.1 Degree

The basic reproduction number, R = Bkeg/ i, is here studied as a function of the
2-degree, k{2, while keeping fixed the total pairwise degree, k = k(2 + 2k(3). We
assume type and degree to be uncorrelated, i.e., kxl) = kl(\? ) = k). For any fixed k,
we want to establish the sign of IR /9k?) |, = (B/p) dkegs/k?) ;. To this end, given
the complicated expression of keg (Eq. (4.65)), we simplify it by referring to the binary
behavioral scenarios presented in Sec. 4.3.2.2. In both of them, it holds rp =1 — eout
and sy = 1 — €j,. Moreover, we assume perfect protection in at least one way, that is,
&in = 1l and/or goy = 1.

EASY ADAPTATION. Here,ry=1—¢oqtandsy =1—¢forl <ny<<n—1,
with &, = 1 and/or eout = 1, and 1Ny = sy = 1 for ny = n. Only On_,N is nonzero,
hence ko = 6NN and is given by

keit = K& (1= w3p) + (k= K@) [1 = a3p 2= Ba10)] , (D23)

where the two terms multiplying the degrees account for the probability that a N-type
individual takes part to a type-N uniform group of size 2 and 3, respectively, for these
are the groups where it is not an adopter. Then we obtain

Okt
ok |

=p[az(2—B310) — 2] , (D.24)

and equaling it to zero, we get the solutions p = 0 and p = p, with

20(3 — X

D.25
a3f31 (0-25)

p=
given w3fB31 # 0. Also, note that § € [0,1] requires a3 € [42/2, a2/ (2 — B31)]. Technic-
ally, p results from the fact that the frequency of the {A,A,N} and {A N,N} triads are
both quadratic (respectively, increasing and decreasing) functions of pz, whereas the
frequency of the {A,N} pairs increases linearly with p. Finally, differentiating Eq. (D.24)
with respect to p and computing it at p = 0 and p = f, one finds

iakeﬂ: _ 203 —ap atp=0, (D.26)

xy —2n3 atp=p.

Thus, it follows that dkeg/9k?) |y is positive for p € (0,5) and negative for p € (g,1].
Rephrasing it, ke (hence R) is an increasing or decreasing function of k(2) depending

on whether p is lower or higher than p.
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HARD ADAPTATION. In thisscenario, rny =1 —¢out and sy =1 — ¢, forny =1,
with g, = 1 and/or g5yt = 1, and ry = sy = 1 otherwise. We get

kest = K2 (1= azp) + <k - k(2)> (1—asp) , (D.27)

the two terms — notice, both linear in p — accounting for the probability that a N-type
individual finds at least another N-type’s in a group of size 2 and 3, respectively, not
being an adopter in such cases. We obtain

ket
ok(2)

=p (a3 —az) , (D.28)

k

therefore kog (R) increases or decreases with k(2) solely depending on whether a3 is
larger or smaller than ay, respectively.

D.2.2.2 Assortativity

Here we study how the basic reproduction number is affected by the way in
which assortativity is distributed between 2- and 3-edges. No correlation is as-
sumed between type and degree. Fixed the average pairwise mixing parameter,
a = (a2k<2> +21x3k(3) /k, with k = k2 4+ 2k(3), we want to establish the sign of
OR/0az|u = (B/ ) Okets/ Otz a-

EASY ADAPTATION. Here,ry=1—¢oqtandsy =1—¢forl <ny<n—1,
and ry = sy = 1 for ny = n. After some algebra, one gets to

k2

ok,
eff | _ T[0 (1- ‘B3llp) (€out + €in — Soutsin)

BIXZ «

[T

C + [Cz + [2k0¢ (1 - Eout) (1 - Sin)]zp (1 - P)]

x . (D.29)
(€24 [2ka (1 = o) (1 =€) p (1= )]
k(2
2 > F (1—PB3,1p) (€out + €in — €outéin)
X €+ - >0. (D.30)

[C2+ 2k (1= €out) (1= &) 2 (1= )]

Whatever the value of C, which is a function of the various parameters, since the first
term in Eq. (D.29) is nonnegative (recall the condition B3; < 1/p, Eq. (4.31)) and
the second term within the square root as well, immediately follow both inequalities.
From Eq. (D.29) we see that dkegr/daz |y is strictly positive when at least one between
gout and g, is nonzero, i.e., trivially, whenever there is protection. Additionally, we
note that the dependence of kg on a5 is reduced by making 1 — B3 10 smaller. From
any equation among Egs. (4.18), (4.24) and (4.26), we see that that means lowering the
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frequency of {A,N,N} triads, confirming them as the responsible for that depend-

ence.

HARD ADAPTATION. In this scenario, rny =1 — éout and sy =1 — ¢, fornyg =1,
and ry = sy = 1 otherwise. With a bit of algebra, one finds

ket

St o=k (1= ) (1= Paap) (1= foue) (1~ )

o

X [Sout + &in — 2&out€in

2)
X (ﬁs,lp +(1=B31p) azlfk ﬂ ak (D.31)

< - k<2)P (1=p) (1= B31p) (1 —eout) (1 — &in)
X (Sout + &in — 2sout“:in) ak <0, (D.32)

where the constant of proportionality in Eq. (D.31) is positive. The first inequality
comes from the constraints ay < ak/k(®), ensuring a3 > 0 (combining Egs. (4.30) and
(4.32)), and B31 < 1/p (Eq. (4.31)), so that the term in square brackets is a decreasing
function of a, and thus takes its minimum value at a, = ak/k(). Since the remaining
terms in Eq. (D.32) are all nonnegative, we finally have okeg /03| < 0. Combining
this result with the previous one, we see that the sign of dkeg/0das |, is thus dictated
by whether the adaptation by the N-type individuals is easy or hard. From Eq. (D.31)
we note that the derivative goes to zero for either full out-going (¢out = 1) or in-going
(ein = 1) protection (besides eout = €jn = 0). In such cases, secondary infections are
exclusively generated by N-types’, but in absence of indirect modifications, their state
is unaffected by how assortativity is distributed among group sizes. In the end, as
before, lowering 1 — B3 10 reduces the dependence of k¢ on a;, corroborating the role
of the {A,N, N} triads.

D.2.3 Approximate dynamics for high prophylactic efficacy

Let us assume that the probability of adoption is low in type-N uniform groups
and high for type A in any group. Considering first the limit of high out-going
prophylactic efficacy, i.e., 1 — eout < 1, we have 0p_,4,04 N € O (1 —€out), hence
a—a < Onoa and 04N < On—N- In such regime, Egs. (4.58) and (4.59) approxim-
ate to

In~ —plp + B (1—1p) INON=A (D.33)
In~ —pIn+ B (1~ IN) INONN - (D.34)
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Figure D.2: Exact versus approximated prevalence as given by Egs. (D.35) and (D.36)
(dotted). Here, ap = a3 = &, 31 = 1.0, p = 0.45, k = k@ +2k(®) = 6 and
B/p=1

Equation (D.34) is a standard SIS dynamics for Iy, hence its nonzero fixed point
(stable for BON_,N = ) reads

1
nN=1--—" ~1-2 D.
N ‘B 9N~>N R ’ ( 35)

where the approximation comes from ke ~ On_N (see Eq. (4.65)). As a consequence,
IN™ and R share the same dependence on the various parameters. The nonzero fixed

point for I, is then
1

IA* ~ 6N—>A~ (D36)

=™

1+ gt
In particular, if also the in-going efficacy is high, then Eq. (D.36) implies I} < Iy
From Egs. (D.35) and (D.36) is easy to see how IN* and Ip* can show different shapes.
For instance, everything else left unchanged, an overall increased homophily yields a
higher 6n_,N but a lower 6x_, o, therefore IN* grows (as R does) but Ix* can either
increase or decrease depending on whether the rate at which 6n_, 5 decreases is lower
or higher than that at which IN* (growing with 6n_,N) increases. In other words, the
reproduction number may not be informative about the endemic equilibrium for type
A —not even qualitatively —, although it generally may for type N.

Considering now the limit of high in-going prophylactic efficacy, i.e., 1 — &, < 1,
we get 0a,a,O0n—a € O (1 —gy), implying that I € O (1 — gjy) is the only solution.
In turn, the latter yields I} as given — again — by Eq. (D.35), the solution of Eq. (D.34).

Figure D.2 gives an example of how the approximation performs for either high
out-going or in-going efficacy. It is less accurate in the former case for type A because,
not being the in-going efficacy high enough, the A-to-A infection rate is not so small

as assumed. In any case, the approximation preserves the qualitative behavior.
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p.24 Numerical simulation of the microscopic spreading dynamics

The microscopic SIS spreading dynamics is simulated as a discrete-time Markov
process. Letting At < 1 be the time step duration, the local state of the nodes is
updated synchronously at the discrete times t = 0,At,2At,..., up to a maximum

(n)

time step. At each step, every node interacts within each of the k;’ n-edges includ-

ing it. The contact structure is encoded in the adjacency tensors {A(”)} such that

Az(ln,.)..,in = 1 if nodes ij,...,i; form a n-edge and 0 otherwise. In the following we
consider n = 2,3. Denoting with 0;(t) € {0,1} the binary variable representing the
state of node i € {1,..., N} at time ¢ (0;(¢) = 0 if susceptible, 0;(t) = 1 if infected), we
need to compute the transition probabilities of infection, P (0;(t + At) = 1|o;(¢) = 0),
and recovery, P (0;(t + At) = 0|o;(t) = 1). Finally, let X; € {A, N} be the type of node
i

If the interaction occurs in a 2-edge, we have four possible values for the transmis-
sion probability, depending on the types of the two involved nodes, say i and j. If i is

the susceptible node and j the infected one, then the transmission rate is ﬁr (L) )((1 D

if X; = X; and ,BrXO 1) ( Uit X; # X;. Accordingly, the transmission probablhty from j

to i during the time 1nterval [t t + At] is, respectively, ,Brg(lfl (DAt and [Sr )At
The out-going and in-going probabilities, » and s, are gi]ven in Egs. (4.66) and (4.67)
and are computed at the equilibrium of the adoption dynamics (i.e., using the fixed
point of Egs. (4.56)-(4.57)). The probability wgz) (t) that i does not get infected via any
of the 2-edges incident on it, thus reads

N
w (1) :gAf?) [1*17]‘(@/37;;)&] , (D.37)
where
2 1,1) (11 0,1) (01
o® =1 (><xl,x]) — by " <X, s 4 (1_5”) g( )50 (D38)

being 6,y a Kronecker delta.

If the interaction is part of a 3-edge, the transmission probability can take eight
different values, depending on the type of all the three nodes, say i, j and [. Focusing
on the interaction between i and j, if the former is susceptible and the other one is

infected, we have: ﬁrg(z’) (22) fX =X; —X,, ﬁrx ) i X = X; # X5 ,folz (?2)

if X; # X; and X; = X; and ﬁrx if X; #X; and Xi; = X;. Then, the probability

w§3)( t) that i does not get infected w1th1n any of the 3-edges it takes part to, reads

(11145 [1-opea] [1-ampa] . ©39)

>

H
et
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where

=1 (xon)

2,2) (2,2 1,2) (1,2
= (SXx‘er |:5Xirxlr§(j )Sg(,- ) + (1 - 5XirXI) rg(j )S§(i )]

0,2) (1,2 1,2) (0,2
+ (1 - 5Xi,X7‘> |:5Xi/xl rg(f )Sg(i ) + (1 — 5Xi,Xl> Fg(] )Sg(l_ ):| . (D40)
All in all, the probability that a susceptible node i gets infected via at least one of

its contacts is
P(0i(t+At) = 1]o;(t) = 0) = 1—w® (' (t), (D.41)

while its probability of recovery if infected is simply
P (o;(t+ At) =0|o;(t) = 1) = puAt. (D.42)

The stochastic process is implemented by drawing a value for u; ~ Uniform(0,1)
independently for each node i, and at each time step. If node i is suscept-
ible, it gets infected if P (o;(t+ At) = 1|o;(t) =0) > u;; if infected, it recovers if
P (oi(t+ At) =0|o;(t) =1) > u;.

The continuous dynamics corresponds to the limit At — 0, as only the terms linear
in At survive. In the simulation, we took At = 0.05. Using the quasistationary state
(QS) method (with 50 stored active states and a 25% probability of update)[285], we
let the system run for a transient of 1000 time steps and then averaged over the last
500 ones.
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EJl ENDEMIC STATE FOR THE TWO BINARY MODELS

In this section we show the results for the endemic equilibrium in the two limits of
easy and hard adaptation, useful to properly interpret the results obtained for inter-
mediate scenarios like the ones entailed by the social contagion model of Sec. 4.3.2.1.
We either vary (i) the 2- and 3-degree for a fixed overall degree k = k@ 4+ 2kB), for
given values of the mixing parameters («, a3 and B3 1); (ii) the pairwise assortativity
distribution between pairs (#p) and triads (a3) for a fixed average pairwise assortativ-
ity & = (ak® + 2a3k(3)) / (k@) 4 2k3)), assumed k") = k(") = k(") n = 2,3. In both
cases we use gout = 0.9 and €j, = 0.5. Results are shown in Figs. E.1-E.4. The results
found in the hard adaptation limit when varying the degree distribution among group
sizes are analysed below, while all the others are already discussed in Sec. 4.3.4.

el.1 Varying the degree distribution among group sizes: hard adaptation

Here we provide a detailed analysis of the results obtained in the limit of hard adapt-
ation when varying the distribution of the degree between the two group sizes (see
Fig. E.3). In this behavioral scenario, I is the main driver of the observed phenomen-
ology. For ay = a3 (recall B31 = 1), I decreases with k@), for the A-N interactions
in which the N-type individual is also an adopter becomes more frequent (panel
(e)). Since the N-type individuals self-protect more often, also Iy decreases, but only
slightly (panel (f)), as the epidemic pressure from the type A is small (unless efficacy
is low in both ways). For a; < a3, the effect on Iy produced by the more frequent N-N
interactions, as implied by a raised k(2), overcomes the little benefit coming from the
protection in the fewer A-N interactions, hence Iy increases (similarly to R; panel (c)).
This growth is faster for high values of p, for the {A,N,N} triads become scarce and
only few protected A-N interactions are gained interacting within pairs. Moreover, for
high enough p, the growing pressure coming from type N is able to compensate the
benefit for type A entailed by a lower mixing with type N. When the efficacy is very
high (and hence mixing is important), Iy can even show a non-monotonous shape,
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with a maximum at small values of k(%) ; otherwise it decreases monotonically with
the latter (panel (b)). On the other hand, for low p (meaning A-type’s mainly find
themselves in the highly infectious {A,N,N} configuration when interacting in tri-
ads) and poor protection in both ways, the relative decrease of I, is sufficiently rapid
to even induce a slight decrease of Iy.

Considering ap > a3, IN (like R) decreases with k2 (panel (i) as a consequence of
the N-N interactions becoming sparser and, secondarily, of the A-N interactions being
more often bilaterally protected. The decrease is faster when p is high as the many
A-type individuals can better decrease the epidemic pressure among the N-type’s.
The increased rate at which A-N interactions are fully protected generally makes I
decrease as well (panel (h)). An exception to this exists for low values of p when the
in-going and out-going efficacy are, respectively, high and low. In such situation, on
one hand, since the efficacy is high in at least one way (in-going), the two types have
sensibly different epidemic pressures, therefore the mixing matters and for type A is
convenient to reduce the contacts with type N; on the other, the transmission coming
from type N is only poorly stopped (eout low), hence the more frequent adoption from
type N, as entailed by a larger k(2), benefits type A only marginally. Altogether, type
A finds it convenient to mix less with type N, as implied by a smaller k(z), but only if
o is not too high, otherwise the rapid decrease of Iy with k2 drives I A to decrease as
well.

E.2 VARYING THE TYPE-ASSORTATIVITY DISTRIBUTION AMONG GROUP SIZES:
INTERMEDIATE SCENARIO (SOCIAL CONTAGION)

We here focus on the effect of distributing the assortativity differently between 2-
and 3-edges considering the intermediate scenario derived from the social contagion
model of Sec. 4.3.2.1.

BASIC REPRODUCTION NUMBER. As Fig. E.5(a) shows, the basic reproduction
number, R, increases (decreases) with ay (x3), whatever is the proportion p of A-type
individuals in the population. In other words, for a given overall assortativity, the
minimal (maximal) (dis)assortativity within triads is the optimal mixing scheme to
minimize the early growth rate of an outbreak. This is in accordance with the fact that
in easy adaptation, which is a proxy for the considered scenario, R decreases mono-
tonically with a, under unilateral perfect protection, as proved in Appendix D.2.2.2.
In fact, in the considered scenario, qn jumps from around 0.05 to 0.80 when going
from a {N,N, N} triad to a {A,N,N} one, thus a single A-type suffices to notably re-
duce the transmission probability of all the direct interactions in the triad, including
the N-N one. Minimizing the assortativity within triads implies maximizing the fre-
quency of the {A,N, N} triads (see any equation among Eqs. (4.17), (4.24) and (4.26)),
and therefore the rate at which N-N direct interactions are indirectly weakened (the
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Figure E.1: Easy adaptation. Equilibrium endemic state as a function of k() /k and
p for 31 = 1.0, Ry = k = 6, and (a—c) ap = 0.85 and a3 = 1.15, (d—f)
ay = a3 = 1.0, (g-i) ap = 1.15 and a3 = 0.85. (a, d, g) Overall prevalence,
I, (b, e, h) prevalence for type A, I, and (¢, {, i) prevalence for type N, Iy.
White curves report the levels indicated in the respective colorbar. The red
one indicates the critical curve R = 1, above which the epidemic-free state
is stable.

(a) a=09, 8, =09

0.175

0.150

0.6
0.125
0.5
0.100
= 0.4:Z
0.075
0.3
0.050 0.2
0.025 01

Figure E.2: Easy adaptation. Equilibrium endemic state as a function of a; and p for
a =09, B31 =09, k2 = 2k®) and Ro = k = 6. (a) Overall prevalence,
I, (b) prevalence for type A, I, and (c) prevalence for type N, Iy. White
curves report the levels indicated in the respective colorbar. The red one
indicates the critical curve R = 1, above which the epidemic-free state is
stable.
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Figure E.3: Hard adaptation. Equilibrium endemic state as a function of k(?) /k and
p for 31 = 1.0, Ry = k = 6, and (a—¢c) ap = 0.85 and a3 = 1.15, (d—f)
ay = a3 = 1.0, (g—i) ap = 1.15 and a3 = 0.85. (a, d, g) Overall prevalence,
I, (b, e, h) prevalence for type A, I, and (¢, f, i) prevalence for type N, Iy.
White curves report the levels indicated in the respective colorbar. The red
one indicates the critical curve R = 1, above which the epidemic-free state
is stable.

Figure E.4: Hard adaptation. Equilibrium endemic state as a function of &, and p for
a =09, 31 = 0.9, k? =2k and Ry = k = 6. (a) Overall prevalence,
I, (b) prevalence for type A, I, and (c) prevalence for type N, Iy. White
curves report the levels indicated in the respective colorbar. The red one
indicates the critical curve R = 1, above which the epidemic-free state is
stable.
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Figure E.5: Intermediate scenario. Normalized reproduction number, R/Rg = keg/k,
as a function of p and of (a) a; (¢ = 1.0, B31 = 1.0), and (b) B3 (a2 =
a3 = o = 1.0). We fixed k@ = 2k0) and Rg = k = 6. White curves report
the levels indicated in the colorbar. The red one indicates the curve R =1
(R/Rg = 1/6), above which the epidemic-free state is stable.

a=09, 5, =09 0-09, 4, 09

Figure E.6: Intermediate scenario. Equilibrium endemic state as a function of a; and p
fora =09, B31 = 0.9, k2 = 2k®) and Ro = k = 6. (a) Overall prevalence,
I, (b) prevalence for type A, I, and (c) prevalence for type N, Iy. White
curves report the levels indicated in the respective colorbar. The red one
indicates the curve R = 1, above which the epidemic-free state is stable.

A-N ones are anyway weak due to the A-type). The frequency of the {A, N, N} triads
also grows raising 3 1, leading again R to increase with a (see Fig. E.5(b)).

PREVALENCE. The results for the equilibrium prevalence are reported in Fig. E.6.
We assume a moderate overall assortativity by taking « = 0.9, and we fix 837, = 0.9.
The phenomenology is qualitatively unaltered by choosing other values for these para-
meters, whose effect is mainly changing the ranges within which a; and a3 can vary
(in particular, « # 1 shifts the ranges, while 31 # 1 makes them asymmetric with
respect to the exchange p <+ 1 — p). The results are explained by the same logic dis-
cussed in Sec. 4.3.4. For any intermediate scenario, we can generally say that lowering
the assortativity within triads makes the endemic prevalence decrease (or, at least, not
increase) for type N, and increase or decrease for type A depending on whether the
share of A-type individuals, p, stays below or above a certain value: the easy adapta-
tion “component” dominates for high p, the hard adaptation one for low p. Lastly, as
already seen for the basic reproduction number, increasing 31 has the same qualitat-
ive effect of increasing «5.
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