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Abstract

For many multivariate problems in finance and economics relative values of the
variables are more relevant than their absolute values, which is the basis of com-
positional data analysis. This thesis aims at contributing to the integration of the
compositional framework into a relevant domain of financial analysis, namely, fi-
nancial stability. The thesis is organized into three distinct parts, each focusing on
a specific financial analysis.

The first one relates to the Feldstein-Horioka (F-H) puzzle, which states that lib-
eralization of capital markets does not necessarily lead to a movement of capital
looking for a better allocation of resources, as classical theory suggests. In recent
years, Chile, Colombia, Mexico and Peru joined the Latin American Integrated
Market through an agreement that allows investors in any of the participating mar-
kets to invest in the others. Both cross sectional and time series compositional
methods were used to assess whether the creation of the joint market led to a flow
of capital between markets. As a result, it was found that it is not possible to reject
the F-H hypothesis, supporting the idea that the liberalization of capital markets is
not enough to generate capital flows between markets.

Secondly, a concentration index for financial/banking systems via compositional
methods is constructed to establish the potential existence of “too big to fail” fi-
nancial entities and provide regulators with an early warning tool for this type of
institution. The index was applied to the Colombian banking system and monitored
over time to assess whether the financial system was becoming more concentrated.
Results found that the concentration index was decreasing, and this trend would
continue. From the methodological point of view, compositional models showed to
be more stable and to lead to better prediction compared to classical methodologies.

Finally, the relationships between assets in a portfolio are evaluated from a com-
positional perspective. For many years, the issue of spurious correlations among
variables expressed in relative terms, such as composition data, has received a lot of
interest. As an alternative to the correlation, this thesis proposes a proportionality
index for parts of a composition based on the log-ratio variance, a measure widely
used when analyzing proportionality. The index was applied to a hypothetical port-
folio composed of stocks from the Spanish stock market to assess the connections
between the allocations generated by the Mean-Variance portfolio method. The in-
dex shed light on how the allocation process assigns the optimal allocations.

JEL classification: C01, E22, F32, G11, G17, G21, G28.
Keywords: Aitchison geometry, Feldstein-Horioka puzzle, banking concentration,
systemically important banks,Mean-Variance portfolio, proportionality.
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1 Introduction

Multivariate analysis focuses on datasets containing multiple measurements of each
experimental unit (Olkin and Sampson, 2001). The methods used in multivariate
analysis are numerous, going from covariance analysis and regression to copulas,
principal component analysis or machine learning. Depending on whether the ob-
servations are cross sectional or time series, the tools employed will change. In the
first case the measurements are taken over different agents, usually at one point in
time, while the second are observations over the same agent over time.

Compositional data are a type of multivariate data in which the absolute values
are irrelevant whilst the participation of each variable in the total is the key factor,
said, the relative importance of one variable with respect to the others (Pawlowsky-
Glahn et al., 2011). A composition is a vector of non-negative elements with the
restriction of adding up to a constant, usually the unit. Expressing data in terms
of compositions allows for the use of a different framework, which is consistent
with the nature of such series. Compositional techniques have extensively been
applied in fields like geology (e.g. minerals that form the soil) or sociology (e.g.
socio-demographic groups within a population, depending on characteristics such
as religion, race, age, etc.). Important advances in the compositional techniques
have been done by researchers in catalan universities like Juan José Egozcue Rubí
(Research group in Compositional and Spatial Data Analysis at UPC) or Dr. Vera
Pawlowsky-Glahn and Dr. Josep Antoni Martín Fernández (Research Group Statis-
tics and Compositional Data Analysis at UdG), for example.

In economics and finance the use of compositional techniques is still incipient.
Nevertheless, there is a wide spectrum of economic variables which can be ana-
lyzed by means of compositional data. For instance, gross domestic product can be
expressed in terms of the participations of each sector to the total growth or in terms
of the participation of each region in the overall production. Expanding this analy-
sis to other economic variables may lead to models with a better understanding of
the dynamics of such figures. Yet, the application of compositional techniques has
gained some importance. For example, Glassman and Riddick (1996) assess the
performance of international portfolios using logarithmic transformations. Belles-
Sampera et al. (2016) were the first to show the connection between capital alloca-
tion and compositional data, through a descriptive analysis of various solutions to
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1 Introduction

capital allocation problems. More recently, Verbelen et al. (2018) used composi-
tional models to establish car insurance tariffs and Boonen et al. (2019) proposed
time series models to study the evolution over time of capital allocations in a set of
stock indices, while Fiori and Porro (2023) and Fiori and Rosazza Gianin (2025)
deepen into the compositional nature of capital allocations. However, a field that
has seen an important increase in the application of compositional techniques is the
analysis of financial statements, including the contributions of Linares-Mustarós
et al. (2018), Carreras-Simó and Coenders (2021), Arimany Serrat et al. (2022),
Linares-Mustarós et al. (2022), Arimany-Serrat et al. (2023), Molas-Colomer et al.
(2024), Hernandez-Romero and Coenders (2025), Coenders and Arimany Serrat
(2025), and Magrini (2025).

This doctoral thesis aims at contributing to the analysis of multivariate problems
in the fields of financial markets and financial stability by introducing a novel com-
positional approach, which emphasizes the relative nature of information (compo-
sitions) across multiple financial contexts. Indeed, there is no doubt that a proper
understanding of economic crises is essential, not only to find ways to avoid them
in the future, but also to be better prepared when the next one comes, given that
economic cycles are inherent to the system and so are the bearish periods. The aim
is to show how the compositional data analysis provides a valuable set of tools that
have been under exploited for this analysis, focusing on three financial applications.
First, since Feldstein and Horioka (1980) found evidence on what later was called
the “home bias” of investment (a preference of investors to invest locally, even with
perfect mobility of capital across countries), much effort has been put on finding
the reasons behind this behavior. One of the main explanations is that risks (either
exchange rate risk, volatility of capital flows, or regulatory risk, among others) play
a key role on these investment decisions (Horioka et al., 2016). In this case, the
compositional approach is used to provide evidence on capital flows in integrated
markets (specifically the MILA market). Second, the recent global financial crisis
highlighted the importance of understanding the role of large players in the financial
system, meaning those with high participation in the market. This already implies
the suitability of compositional methods in such analysis and here a tool to grasp
concentration in the market is developed from this perspective. Finally, the need
for regulation that helps reduce the impact of crises on economic agents is the base
of capital and asset allocation analysis, and recent literature has shown that this is
a compositional problem by construction. Here, this base is used to analyze the
relationships between allocations in a portfolio.

To develop this analysis, the thesis contains a methodological chapter provid-
ing an insight of the building blocks that will support the study of the three cases
mentioned and that are investigated in detail in one chapter each. Finally, the main
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findings are summarized in the concluding remarks.
Chapter 2 is dedicated to explaining the methodological framework supporting

the upcoming research. This chapter starts with a formal definition of compositional
data and the Aitchison geometry, which is the departing point of compositional
analysis. This is followed by the introduction of concepts such as subcompositional
coherence and logarithmic transformations, which are key for understanding the
approach used afterwards. Finally, traditional time series and its compositional
approach are explained. With this toolkit, the three multivariate problems in the
fields of financial markets and financial stability are analyzed.

Chapter 3 analyzes the Feldstein-Horioka puzzle from a compositional perspec-
tive. Feldstein and Horioka (1980) found through an analysis of the investment-
saving relationship that the liberalization of capital markets is not enough to gen-
erate net transfers of financial capital between countries and that the integration of
goods markets is also necessary to compensate the transfers of capital (Ford and
Horioka, 2017). During the recent years, many authors have tried to find evidence
and explanations in favor and against this theory. For instance, Narayan (2005)
finds that the Feldstein-Horioka puzzle is verified in China between the 1950s and
the 1990s, while Fouquau et al. (2008) conclude through a transition regression
model that openness, country size and current account size have an influence in the
relationship between investment and saving. On the other hand, authors like Coak-
ley et al. (1996) and Drakos et al. (2017) try to find different explanations for the
correlation between investment and savings that debate Feldstein and Horioka’s ar-
gument. For the case of Latin America, Bellod-Redondo (1996) analyzes the capital
flows in Mexico, before and after the integration to the North Atlantic Free Trade
Agreement (NAFTA), concluding that saving rates limit the investment. On the
other hand, Ibarra-Yunez (2008) tried to verify the Feldstein–Horioka puzzle in the
region finding that, despite the opening in the economies during the recent years,
there is no evidence of capital movements. Under this scenario, compositional data
is used to analyze the Latin American Integrated Market (MILA) which is an agree-
ment between the stock markets of Chile, Colombia, Mexico and Peru, that created
a common stock market in which all participants should be able to invest in stocks
from the four markets as if they were investing in their local markets. The analysis
will intend to determine whether the composition of the investment across the four
markets is different after the entry into force of the agreement, implying that there
was a movement of capitals from one country to another. As can be seen, the anal-
ysis focuses on a specific type of capital flow, contrary to the approach of Feldstein
and Horioka, which uses the aggregated data of the capital account of the balance of
payments. Similar analyses of capital movements have been conducted by Adedeji
and Thornton (2007) and Vieira (2003), not concentrating on the Feldstein–Horioka
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1 Introduction

puzzle itself, but rather on the flows of capital.
In this case, compositional methods are used to analyze the behavior of the par-

ticipation of each market before and after the entry into force of the interconnected
market. The idea is to determine whether there has been a change in the composi-
tion of the integrated market after investors were given the opportunity to trade in all
the markets. The time frame selected (2010 to 2020) contains observations within
the three periods: before June 2011 (when Chile, Colombia and Peru founded the
joint market), from this moment until December 2014 (when Mexico joined) and
from December 2014 onwards, with the current configuration of the interconnected
market in operation. Both cross sectional and time series compositional methods
are applied to find if there was a change in the composition of the investment in the
four markets produced by the creation of the joint market and, thus, if there was
evidence to reject (or not) the Felstein-Horioka hypothesis, supporting the idea that
liberalization is not enough to generate capital flows between markets.

In Chapter 4 compositional data is applied to create an indicator of concentration
for the Colombian banking system. This kind of analysis has been of relevance dur-
ing the last decades, considering the potential exposures of highly concentrated sys-
tems to (negative) shocks in one of the main participants. Indeed, these participants
have received the name of “too big to fail” (TBTF) institutions and the discussion
about them dates back to the 1980s. However, there was still no evidence, nor con-
sensus, about the actual impact of these institutions to the overall risk of the market.
For instance, Mishkin et al. (2006) summarize the debate in literature regarding this
topic. It was during the financial crisis in 2008 that the attention was turned to-
wards these institutions, because of the large amounts of public funds invested by
governments to prevent them from failing. The main critique to this response from
governments and regulators comes from the moral hazard implied: as these banks
know about their systemic importance, they have incentives to act in a risk lover
fashion, expecting governments to come in their rescue in case of materialization of
risk. The analysis during the recent years has been focused on whether this kind of
institutions should reduce their size and, therefore, their systemic importance (to-
gether with the risk exposure of the system to their behavior), or how to regulate
them to reduce such risk.

Undeniably, literature on TBTF entities started growing in the following years,
including analyses like Sorkin (2010), Shull (2010) and Zhou (2010). Later on,
the definition of TBTF institutions expanded after the Basel Committee on Bank-
ing Supervision (2013) defined systemically important banks (SIBs) also in terms
of interconnectedness, substitutability, cross-national activity and complexity. On
the other hand, a revision of literature by Moch (2018) concluded that the size of
banks has a nonlinear relationship with systemic risk. This means that systemic
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risk increases more than proportionally when the size of banks increases. Addition-
ally, it was found that interconnectedness and concentration sharpen this nonlinear
effect. More recent approaches to the matter include the risk indicator proposed
by Bezrodna et al. (2019), which aimed to connect the size of a bank in terms of
assets to the riskiness of the institution, and the leave-one-out method used by Li
et al. (2020), who intended to determine the effect of each single institution in the
systemic risk. The amount of literature on TBTF institutions shows the relevance
of the topic and the continuous search for new methodologies that can help keep
track of them, as well as all potential tools that can be used to minimize the risk
associated with them.

Thus, considering each financial institution as a part of the system, composi-
tional methods are applied to elaborate a concentration index for the financial sys-
tem. This methodology is applied to the Colombian banking system, assessing its
trend through the recent years. Furthermore, the model is used for forecasting the
behavior of the index in the following years. Summarizing, the concentration in-
dex proposed is expected to be considered as an early warning, to alert the policy
makers and regulators about the existence of potential TBTF entities in the system.

Chapter 5 assesses the relationships between allocations within a portfolio. In-
deed, asset and capital allocations are compositional by nature. One of the most
well-known asset allocation methods used in portfolio theory is the Mean-Variance
portfolio (MVP) theory from Markowitz (1952), and provides the optimal partici-
pation of each asset within a portfolio based on their expected returns and volatility.
This optimization process does not only consider the individual volatilities (mea-
sured through the variance), but also the covariances (thus correlations) between
them. However, the existence of spurious correlations firstly noticed by Pearson
(1897) and later analyzed by Chayes (1960) gave rise to the use of log-ratios to over-
come the limitations of the correlation as a measure of relationship between vari-
ables. For instance, Egozcue and Pawlowsky-Glahn (2023) show through a simple
example how correlations of parts of compositions represented in closed form (fur-
ther explained in section 2.1) are inconsistent depending on which and how many
parts conform the composition. Hence Lovell et al. (2015) and later Egozcue and
Pawlowsky-Glahn (2023) used the log-ratio variance defined by Aitchison (1986) as
the building block of proportionality analysis and propose an index that suits better
the properties of compositions than correlations.

Further developing on proportionalities, this chapter elaborates on the statistical
properties of the log-ratio variance to propose a new proportionality index that al-
lows to assess the relationships between parts of a composition. This methodology
is used to assess the relationships between allocations in a hypothetical portfolio
formed with the top five stocks in the IBEX35 (the reference index of the Spamish
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1 Introduction

stock market). The allocations are obtained by using the minimum variance method
(a particular case of the MVP mentioned earlier), hence the need for using composi-
tional methods. The methodology sheds light on how the proportionalities between
the allocations can be used to understand the way allocations are assigned by the
Mean-Variance method.

In Chapter 6 concluding remarks are summarized. Overall, the use of composi-
tional methods in the three problems analyzed show the suitability of such methods
in financial stability analysis. Additionally, this chapter offers an introduction to
new paths of research, by employing the tools from compositional data analysis to
answer relevant questions in economics and finance.

6



2 Compositional methods

This chapter is dedicated to explaining the methodological background that is com-
mon to the three upcoming chapters. As mentioned before, the backbone of the
thesis is compositional data analysis, a full set of methodologies to study vectors
which components are part of a whole.

Hence, Section 2.1 introduces the Aitchison geometry, which is the basis of the
compositional data analysis and Section 2.2 elaborates on the concept of subcom-
positional coherence. Finally, Section 2.3 explains time series analysis focusing on
its implementation for compositional data.

2.1 Aitchison geometry

Formally, a composition is a vector X = [x1, . . . ,xn] of size n > 1, whose elements
carry only relative information, such that Ân

j=1xj =  (Pawlowsky-Glahn et al.,
2011). Therefore, it is defined in the simplex:

Sn = {X 2 Rn
+|xi � 0, i= 1, . . . ,n,

n

Â
i=1

xi = } (2.1)

For simplicity, the value of  is set to 1, without loss of generality. The char-
acteristics of Sn impose several restrictions at the moment of modeling the series.
Despite being an issue for several years, it was Aitchison (1982, 1983, 1984, 1986)
who defined desirable features of compositional methods and what is referred to as
the Aitchison geometry. This includes, among other methods, transformations to
express compositional series (defined in the sample space Sn) in Rn and then being
able to apply conventional statistical techniques to the transformed series.

As mentioned, the value of  can be set to a desired value to improve inter-
pretability of the compositions: 1, 100, 1000, 1 million, etc. For the sake of this
thesis, the value = 1 is chosen. This is done by using the closure operation:
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2 Compositional methods

C(X) =


x1

Ân
i=1xi

,
x2

Ân
i=1xi

, . . . ,
xn

Ân
i=1xi

�
2 Sn

C(X) =


x1

Ân
i=1xi

,
x2

Ân
i=1xi

, . . . ,
xn

Ân
i=1xi

�
2 Sn

(2.2)

Furthermore, Aitchison (1986) defined other elements of the algebraic-geometric
structure of the simplex. For instance, the perturbation operation � within the sim-
plex is defined as X�Y =

⇣
x1·y1

Ân
i=1xi·yi

, . . . ,
xn·yn

Ân
i=1xi·yi

⌘
for X,Y 2 Sn. Moreover, the

powering operation � is defined as ��X =
⇣

x�1
Ân
i=1x

�
i
, ...,

x�n
Ân
i=1x

�
i

⌘
for � 2 R.

With this in mind, Aitchison (1986) also expressed the compositional mean for
M compositions as AM�(X1, . . . ,XM ) = 1

M �
LM

m=1Xm. Additionally, according
to Aitchison geometry the distance between two compositions X and Y is defined
by Equation 2.3:

AD�(X,Y ) =kX Y k�=

vuut 1

n

n

Â
i=1

n

Â
j=1

✓
ln

xi

xj
� ln

yi

yj

◆2

(2.3)

where k · k� is the norm and X  Y = X � [(�1)�Y ]. This definition brings
to light an important drawback of the Aitchison geometry: logarithmic transforma-
tions do not allow for zeros in the compositions. The usual approach when dealing
with zeros in compositions is to replace them with sufficiently small values (Martín-
Fernández and Thió-Henestrosa, 2013). Nevertheless, the issue of zeros remains a
point of debate, following the contributions of Simone (2014), Templ et al. (2011)
and Bouzid and Kervrann (2019).

Despite the advantages of using the compositional data framework to analyze
multivariate series, the sum of the vector X being equal to a constant is a constraint.
This limitation causes issues when the usual multivariate econometric models are
applied. To overcome this issue, the elements of X 2 Sn need to be translated into
elements of R. Aitchison (1986) suggested a first attempt by defining the centered
log-ratio (clr) transformation:

clr(X) =


ln

x1

g(X)
, ..., ln

xi

g(X)

�
with g(X) =

 
n

’
i=1

xi

!1/n

(2.4)

where g(X) is the component-wise geometric mean of the composition. As
can be seen, because the clr is a component-wise transformation, it follows that
clr(X) 2Rn. However, by definition, the elements of clr(X) add up to zero, which
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2.2 Subcompositional coherence

imposes a new restriction.1

To apply the usual econometric models, X must be translated into the Euclidean
space without restrictions. This can be achieved through the isometric log-ratio (ilr)
transformation (Pawlowsky-Glahn et al., 2011). Starting from an orthonormal basis
e = {e1, ..., en�1}, it is possible to create the matrix V , whose rows are defined as
clr(ej). Therefore, V is n� 1⇥n. Given its construction, V satisfies: V · V 0 =

In�1 and V
0 ·V = In� (1/n)10n1n where In is the identity matrix of size n and 1n

is the n-row vector of ones. With V , the ilr transformation can be defined as:

ilr(X) = clr(X) ·V (2.5)

Another advantage of the ilr transformation is that �(X,Y ) = d(ilr(X), ilr(Y )),
where d(·, ·) is the Euclidean distance. More details can be found in Aitchison
(1986) and Egozcue et al. (2003).

Now, the issue relies on defining the orthonormal basis e. The most common
method used in compositional data literature is what Egozcue et al. (2003) pro-
posed through binary partitions. This method has the advantage of interpretability
because the partitions can be such that the groups can be translated into a principal
component analysis. In this process, the parts of the composition are divided into
two groups. The elements of one of the groups will be assigned +1 while those of
the other will be given �1. This way, the elements of one group balance with those
of the other. In the subsequent steps, one of the groups is taken and divided again
into two subgroups, coded +1 and �1, while the elements of the other group(s) are
assigned 0. Therefore, the balances between two groups are created at each step.
This process has to be completed n�1 times, until each subgroup contains only one
element. The result is a matrix n� 1⇥n filled with +1, �1 and 0, which can be
used as the orthonormal basis for the V matrix and the ilr transformation. After the
transformation, the components of X are now represented by coordinates in Rn�1,
which allows using conventional statistical methods for multivariate analysis.

2.2 Subcompositional coherence

In the same line, a subcomposition is defined as a subset of components from a
composition Aitchison (1982). Thus, for a subset of components m✓ [1, . . . ,n] the
subcomposition is2:

1This implies that the covariance matrix of clr(X) is singular, that is, the determinant is zero
(Pawlowsky-Glahn et al., 2011).

2Note that they do not necessarily correspond to the first m parts of the composition.
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2 Compositional methods

Xm = [xj ]j2m, for m✓ [1, . . . ,n] (2.6)

This implies that the size of Xm must be larger than one (by the definition of the
composition X) and smaller or equal to n. Then, by applying the closure operation:

C(Xm) =


xi

Âj2mxj

�

i2m
(2.7)

This means that the subcomposition can be seen as a composition itself and can
be analyzed independently.

Considering the nature of compositional data, Aitchison (1983, 1984, 1986) de-
fined desirable features of compositional methods. One of these characteristics is
subcompositional coherence, which implies that the conclusions obtained for ele-
ments in a subcomposition should be equal to those obtained in the full composition.

More formally (Egozcue and Pawlowsky-Glahn, 2023), a function fn : Sn! R
is subcompositionally coherent if it is:

1. Scale invariant: For a positive real constant ↵, if it holds that fn(↵ ·X) =

fn(X), then it is scale invariant. This, translated into compositional terms
means that for fm : Sm! R containing only the parameters of the elements
in the subset m, it should hold that fn(X) = fm(Xm) for any subcomposition
Xm. This is referred to as an invariant function under subcomposition.

2. Subcompositionally dominant: If it holds that either fn(X)� fm(Xm) (non-
increasing dominance) or fn(X)  fm(Xm) (non-decreasing dominance),
then fn is subcompositionally dominant with respect to fm under the sub-
composition Xm.3

To acknowledge this, Aitchison (1986) proposed the logratio variance to measure
the association between components. Thus, for two components xi and xj , the
logratio variance is defined as:

⌧ij = V ar (log(xi/xj)) (2.8)

This measure has desirable characteristics: in particular, it fulfills subcomposi-
tional coherence, since the ratios xi/xj are independent of the other components.

3A full, detailed definition of subcompositional coherence can be found in Section 3 of Egozcue
and Pawlowsky-Glahn (2023)
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2.3 Compositional time series models

2.3 Compositional time series models

2.3.1 Time series analysis

Following Fuller (1996), a time series is a real function z(t,!) for t 2 T (time) and
! 2 ⌦ (all possible realizations of the variable). Therefore, z is defined on T ⇥⌦.
For a fixed t, x is a random variable on a probability space. On the other hand, for a
fixed !, z is a function of time called a realization or sample function, and it is what
can be actually observed in practice. Therefore, each one of the observations in the
time series is a random variable itself and has its own distribution. When looking at
the distribution of the observations over time (the sample function), it was found to
be a joint distribution function of all individual random variables.

With this in mind, a time series is told to be strictly stationary if the joint distri-
bution is the same, independent of the time t. Nevertheless, as mentioned before, in
reality, it is only possible to observe one realization of the time series, which makes
it impossible to obtain the joint distribution function. Therefore, it is common to
consider the weak stationarity of time series by examining only the first two mo-
ments of the distribution. Indeed, a time series is said to be weakly stationary if the
expected value of z is constant for all t and the covariance matrix is only a function
of the distance between the realizations and does not depend on t itself.

In practice, the stationarity of a time series is tested using unit roots tests. The
augmented Dickey-Fuller test (Said and Dickey, 1984) assesses the null hypothesis
of unit roots in the characteristic equation of the time series, against the alternative
of a stationary series. The idea behind this is that all roots of the characteristic
equation of a stationary series should lie inside the unit circle.

For stationary time series, it is possible to find a stochastic difference equation of
the form:

p

Â
i=0

↵izt�i = ⇠t or the equivalent zt =
p

Â
i=1

�izt�i+ ⇠
0
t (2.9)

where ↵i is a scalar coefficient with ↵0 6= 0 and ↵p 6= 0, p is the order of the
autoregressive time series, ⇠ follows a normal distribution with mean zero and vari-
ance �⇠, N(0,�⇠), �i is a coefficient in terms of ↵ and ⇠

0 follows N(0,�⇠0). The
latter equation is known as the generic form of an autoregressive process.

In practice, to define the number of lags p to be used in the model, the Akaike’s
information criterion (AIC) and the Bayesian information criterion (BIC) are used.
The AIC is a likelihood criterion for measuring the fitness of a statistical model to
a sample. It is defined as AIC = �2`+2K where ` is the log-likelihood of the
estimation and K corresponds to the number of parameters in the model. Similarly,
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2 Compositional methods

the BIC is defined as BIC = �2ln(`)+K ln(n), where n is the sample size. As
can be seen, in both cases the higher the goodness-of-fit with respect to the number
of parameters used, the lower the values of the information criteria. Therefore, a
lower value of the criteria will indicate a better model.

The vector autoregressive (VAR) model can be seen as an extension of the autore-
gressive model defined previously for which the variable z is replaced for a vector
Z = [z1, . . . , zn], usually referred to as a multivariate time series. With this in mind,
the general form of the VAR model is:

Zt =
p

Â
i=1

BiZt�i+ ✏t (2.10)

where Bi is a matrix of parameters in Rn⇥n and ✏t is the error term with multi-
variate normal distribution with zero means and a covariance matrix ⌃✏, Nn(0,⌃✏).
The model in (2.10) can be extended by adding a vector At = [a1, . . . ,al] of control
variables:

Zt =
p

Â
i=1

BiZt�i+�At+ ✏t (2.11)

where � will be the l� 1⇥ 1 vector of coefficients associated with the control
variable.

However, in real life, many observed series are not stationary. Even though the
VAR model can be estimated in the absence of stationarity because the estimators
exist and are consistent (Sims et al., 1990), this is one of the main assumptions to
determine the estimators’ distribution and be able to make an inference.

If there is no stationarity, classical theory usually proposes two ways of modeling
the time series: a VAR model in differences and a vector error correction (VEC)
model (Lütkepohl, 2007). In the first case, the non-stationary series are differenced
to obtain stationarity. Then, a VAR model is estimated with the new variables. This
approach has a limitation regarding interpretability because the new coefficients will
not refer to the effect of one variable on the other, but to the effect of changes in one
variable on changes in the other one. The VAR in differences model is defined as:

�Zt =
p

Â
i=1

Bi�Zt�i+ ✏t (2.12)

where � is the difference operator defined as �Zt = Zt�Zt�1.
A second approach relies on the fact that even if the series are not stationary, they

can maintain a long-term relationship that may be stationary. Two non-stationary
time series are cointegrated if it is possible to find a linear combination of them that
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2.3 Compositional time series models

forms a stationary series. Therefore, relying on this assumption, the VEC estimation
intends to model this long-term relationship and add it to the VAR model. Thus, the
VEC model is defined as:

�Zt = ⌘+H ·Zt�1+
p�1

Â
i=1

B
⇤
i�Zt�i+ ✏t (2.13)

where ⌘ is a vector of parameters in Rn, H =Âp
s=1Bs�I and B

⇤
r =�Âp

s=r+1Bs

(Bs corresponds to the matrix of the VAR model’s coefficients in Equation 2.10,
meaning both H and B

⇤
r are of size n⇥n). Furthermore, H = ↵ ·�0 can be defined,

where ↵ will denote the size of the cointegration effects and � the cointegration
matrix leading to the stationarity of the series. The dimensions of both ↵ and � will
be determined by the rank of �, which is explained below. Consequently, the VEC
model can be interpreted as composed via the long-term dynamics (contained in H)
and the short-term effects (modeled through B

⇤
r ).

To estimate a VEC model, the variables’ order of integration must be known,
meaning how many times it is necessary to difference each variable to obtain a
stationary series, and whether the variables are cointegrated, that is if a long-term
relationship exists between the variables and how many variables are needed to
obtain it, which would correspond to the rank of the cointegration matrix �.

2.3.2 Compositional time series

The time series approach can be extended to compositional data. In this case, after
applying the ilr transformation, it is possible to use conventional statistical models
and estimate a VAR model. Therefore, the generic VAR model for a composition
X (after applying the ilr transformation) is defined as:

ilr(Xt) =
p

Â
i=1

%iilr(Xt�i)+ "t (2.14)

And the extended form would be:

ilr(Xt) =
p

Â
i=1

%iilr(Xt�i)+�At+ "t (2.15)

Similar to the previous case, if the transformed series is not stationary, then it is
possible to differentiate the series by applying the � operator, and, if the series in
differences is stationary, then the model to estimate would be:

�ilr(Xt) =
p

Â
i=1

%i�ilr(Xt�i)+ "t (2.16)
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2 Compositional methods

Finally, for the VEC compositional model it would be:

�ilr(Xt) = µ+M · ilr(Xt�1)+
p�1

Â
i=1

%
⇤
i�ilr(Xt�i)+ ✏t (2.17)

Now that the general methodology for the upcoming chapters has been explained,
it is time to apply these concepts in different issues in economics and finance. Nev-
ertheless, each chapter contains an explanation on which parts and how these tools
are used to contribute to each particular matter and generate results and conclusions.
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3 Capital flows in integrated capital

markets: MILA case
4

The aim of this chapter is to analyze if there are movements of capital across mar-
kets when they become fully integrated. The Feldstein-Horioka (F-H) puzzle states
that the liberalization of capital markets is not enough to generate net transfers
of capital between countries (Feldstein and Horioka, 1980). This study analyzes
investment flows in the Latin American Integrated Market (MILA), which is an
agreement between four markets (Chile, Colombia, Mexico and Peru), that allows
perfect mobility between them. The participation of each stock exchange in the
joint market is examined over time to assess whether the entrance in force of the
agreement generated a recomposition of the MILA, debating the F-H hypothesis.
Thus, this approach does not enquire into the overall investment of a country, but
focuses on portfolio investment, which is expected to be less subject to restrictions
and less dependent on other types of international transfers, such as those in goods
and services markets.

Since the assessment focuses on the participation, compositional methods are a
natural approach to the problem. These methods have been widely developed in the
recent decades, but applications in economics remain rare5. Therefore, this is also
an opportunity to employ novel methods and contribute to the debate around the
F-H puzzle.

In this case, there are two options: first, data can be treated as cross-sectional,
applying compositional models and measures of distance to assess the hypothesis;
second, treat data as time series, using these models to search for a change in the
dynamics of the market structure. Therefore, both perspectives are used to verify
the F-H puzzle, and the results are evaluated to determine which provides better
insight into the problem.

The paper is structured as follows. Section 3.1 explains the F-H puzzle and the

4This chapter is based on an article published on Quantitative Finance and Economics (Vega
Baquero and Santolino, 2022a).

5See, for example, Belles-Sampera et al. (2016), who studied capital allocation problems us-
ing the compositional framework, or Boonen et al. (2019), who forecasted risk allocations through
compositional data.
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3 Capital flows in integrated capital markets: MILA case

analysis that gives motivation for this study. Then, section 3.2 provides insight into
the MILA market and its participating countries. Section 3.3 describes the method-
ology used to assess the F-H hypothesis, and Section 3.4 presents the dataset. Fi-
nally, Section 3.5 shows the main results of the evaluation of the F-H puzzle and
Section 3.6 concludes the study.

3.1 The Feldstein-Horioka puzzle

The findings of Feldstein and Horioka (1980) marked the beginning of a discussion
in economics: Does the liberalization of capital markets generate net transfers of
financial capital between countries? Classical theory would say yes, but the authors
concluded that the data do not agree. In particular, they used data on 21 Organisa-
tion for Economic Co-operation and Development (OECD) countries for the period
1960–1974 to assess the relationship between domestic saving and domestic in-
vestment. The idea behind is that with perfect mobility of capital, there should be
no correlation between these two variables since the investment decisions would
respond to the opportunities in the global market. Indeed, they found that “interna-
tional differences in domestic savings rates among major industrial countries have
corresponded to almost equal differences in domestic investment rates” (Feldstein
and Horioka, 1980, p. 328). As explained later by Ford and Horioka (2017), the
liberalization of capital markets is not enough to generate net transfers of financial
capital between countries, so the integration of goods markets is also necessary to
compensate the transfers of capital.

Following these findings, the literature on the matter has been prolific, trying to
argue both,in favor and against the conclusions drawn. For instance, Narayan (2005)
used a cointegration approach to verify whether saving and investment were corre-
lated in China between the 1950s and the 1990s, concluding that, due to the fixed
exchange rate regime operating during the largest part of the period, the Feldstein-
Horioka (F-H) puzzle holds and the correlation between savings and investment is
high. On the other hand, Fouquau et al. (2008) made use of panel threshold re-
gression models to assess the impact of other variables on the relationship between
savings and investment, finding that openness, country size and current account size
have an influence.

Conversely, Coakley et al. (1996) tried to explain the correlation between savings
and investment through the use of a theoretical model in which the correlation is due
to the cointegration of the variables, as explained in the stationarity of the current
account balance (since the current account is equal to savings minus investment).
Furthermore, Drakos et al. (2017) analyzed the relationship between savings and
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investment from long-term and short-term perspectives, seeking for an explanation
of the high correlation between the variables; they found that this is consistent with
the existence of solvency constraints in the long run.

More specifically, in Latin America, Bellod-Redondo (1996) analyzed the cap-
ital flows in Mexico before and after the integration into the North Atlantic Free
Trade Agreement (NAFTA), concluding that saving rates limit the investment. An-
other enquiry on the topic for Latin American countries was conducted by Sinha
and Sinha (1998), who used a cointegration test to determine whether this can be
the actual explanation for the high correlation between savings and investment and
found that, for some of the countries in the sample, there was a long-term relation-
ship between the two variables, while, for others, there was not; this coincided with
high macroeconomic instability. More recently, Ibarra-Yunez (2008) tried to verify
the F–H puzzle in the region, finding that, despite the opening of the economies
during the recent years, there is no evidence of capital movements.

Additionally, there is extensive research on spillovers and connections in financial
markets. Some of the most recent approaches include those by Chen and Dong
(202), Dong (2020) and Jia (2021).

3.2 MILA market

The MILA is an agreement signed by the stock exchanges from Chile, Colombia
and Peru, which started operating as an interconnected market in 2011. By the end
of 2014, Mexico joined the three founding members to form the current MILA. The
four countries from the Pacific Alliance (a Latin American trading bloc) signed the
agreement which allows investors from any of the participating markets to invest in
stocks from any of the exchanges. By the end of 2020, the market operated with
more than 700 listed companies and had a capitalization above USD 770 billion.
Operationally, the instruments are kept in the four separated exchanges, but they
are interconnected for investors to be able to trade in any of the markets. A short
anecdotal review of the history of each one of the markets is presented below in or-
der to understand the different backgrounds that led to the foundation of the current
MILA.

3.2.1 Chile

The Bolsa de Comercio de Santiago was founded in 18936, working during several
years in parallel with the Bolsa de Corredores de Valparaíso. During part of the 20th

6https://www.bolsadesantiago.com
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century, the latter was the main stock market in Chile because of the important eco-
nomic activity taking place in Valparaíso, the country’s main port. Nevertheless, as
the years passed, and due to several regulatory changes, the Bolsa de Comercio de
Santiago became the most important stock market in Chile. Since 1908, investors
in both exchanges had the possibility to trade stocks in both markets through Inter
Exchange Operations. In 2005, the two exchanges, together with the Bolsa Elec-
trónica (founded in 1989), signed agreements to allow investors to trade stocks in
all markets. In 2018, the Bolsa de Corredores de Valparaíso ceased operations.

As part of the participation in international entities and the alliances with other
stock markets around the world, the Bolsa de Comercio de Santiago joined, as a
founding member, the Ibero-American Federation of Stock Exchanges and Securi-
ties Markets in 1973 and, in 1991, the World Federation of Exchanges. In 2000,
the Mercado de Valores Extranjeros (Foreign Stock Exchange) was created as a
platform for local investors to trade foreign stocks. Finally, in 2011, the Bolsa de
Comercio de Santiago joined the MILA, creating the biggest stock market in the
region.

3.2.2 Colombia

The Bolsa de Valores de Colombia7 was born in 2001 after the fusion of the Bolsa de
Bogota (created in 1928), the Bolsa de Medellin (created in 1961) and the Bolsa de
Occidente (created in 1983). Since the creation of the Bolsa de Bogota, the trading
of stocks in the country has been closely linked to the performance of the business
activity. Indeed, following the economic instability after the Great Depression, the
first years of the trading activity were slow and the strongly restrictive legal frame
during the following decades did not allow for important growth of the trading ac-
tivity. It was not until the creation of the Bolsa de Medellin that the stock markets
started gaining some dynamism, paired with the important growth in the economic
activity during the 1960s. This led to the creation of the Bolsa de Occidente a few
years later.

The technological improvements achieved in the 1990s helped the three markets
experience an increase in their activity. Starting in the 2000s, the aim of the three
markets to attract more international investment led to their fusion and the creation
of the current Bolsa de Valores de Colombia.

7https://www.bvc.com.co
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3.2.3 Mexico

After several years of informal trading, in 1894, the Bolsa Nacional was born in
Mexico City8. A few months later, another stock exchange, the Bolsa de Mexico,
started operating in the same city. Later, both exchanges found that it was more
beneficial to work together and decided to merge under the name Bolsa de Mexico.
In 1933, with the new legislation about the stock exchanges, the Bolsa de Valores
de México was created as the sole exchange in the country. In the 1950s, the Bolsa
de Monterrey and the Bolsa de Occidente (in Guadalajara) were created to stimulate
the economic activity in those regions. In 1975, the new legislation on capital mar-
kets in Mexico led to the merge of all stock exchanges into the new Bolsa Mexicana
de Valores.

By the end of the 1980s, and through the 1990s, the Bolsa Mexicana de Valores
gained considerable dynamism due to the electronic negotiation, the incursion of
international stockbrokers and an important increase in the number of listed com-
panies. Additionally, in 2003, it started the investment of local agents in interna-
tional stocks, continuing the internationalization of the Mexican stock market. In
2014, the Bolsa Mexicana de Valores joined the Latin American Integrated Market
(MILA), after several years of technical adjustments.

3.2.4 Peru

The Bolsa de Comercio de Lima started operating in 18619. For several years, there
were no shares from private companies traded in the stock exchange, but it was
creating valuations for them. After the high inflation period in the 1870s, the stock
market regained some dynamism. The name was changed to Bolsa Comercial de
Lima in 1898, with an increased offer for investors and changes in the benefits for
traders and other agents in the market. The beginning of the 20th century brought
important growth in the trading activity of the Peruvian stock market, which was
stopped by the uncertainty generated by the Great Depression and World War II.
This led to large reforms and the creation of the new Bolsa de Comercio de Lima in
1951.

At the beginning of the 1960s, the hundredth anniversary of the Peruvian stock
market was a transition period in which the main objective was to strengthen the
market and increase capitalization by incorporating new firms. This growth period
led to further reforms and the creation of the current Bolsa de Valores de Lima
(BVL) in 1971. During the following years, the BVL experienced important dy-

8https://www.bmv.com.mx
9https://www.bvl.com.pe
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namism, marked by the incorporation of new technologies, it then became one of
the most profitable stock markets in the world by the beginning of the 1990s. In
1995, the BVL started operating electronically, and from 2002, the market informa-
tion was available for all users online, increasing the transparency and efficiency of
the market. In 2011, the BVL joined the MILA with Chile and Colombia, with the
aim of increasing the investment possibilities for all agents. In recent years, more
innovations have come to the market, such as the creation, in 2013, of the Mercado
Alternativo de Valores (Alternative stocks market), which is for the negotiation of
shares from smaller companies, the incorporation of new indices and a remarkable
internationalization strategy.

3.2.5 Joint market

The four stock markets that form the MILA have important participation in the
company shares, although private and public bonds, derivatives and currencies are
also traded. Regarding the main sectors trading in the exchanges, it is worth noting
that all of them have important participation in the financial services, energy and
mining and food and beverage companies within the most traded stocks.

Additionally, the Bolsa de Comercio de Santiago has important companies in
sectors such as retail, real state and transportation services, while the Bolsa de Val-
ores de Colombia has important public services firms participating in the market.
On the other hand, the Bolsa Mexicana de Valores combines public services and
transportation enterprises in the main traded shares, and the Bolsa de Valores de
Lima has retail and industrial companies among the most relevant in the exchange
market.

Although each stock market continues to have its own indices, financial services
firms like the S&P Dow Jones Indices10 carry indices of the joint market, such
as the S&P MILA Pacific Alliance Select, which includes the largest, most liquid
companies of the MILA; or the S&P MILA Andean 40, which includes the 40
largest and most liquid stocks in Chile, Colombia and Peru.

3.3 Methodology

This section is dedicated to introducing the methodology used through the analysis.
The compositional data framework explained in Chapter 2 is used as the build-
ing block to construct several approaches to assess the F-H puzzle in the proposed
setting. First, the cross-sectional methods with compositional data are shown. Af-

10https://www.spglobal.com/spdji
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ter, considering that the data corresponds to a multivariate time series, this frame-
work is explained comparing the traditional and the compositional data approaches.
Throughout the analysis, the focus is on assessing whether there was a change in the
composition of the MILA market in June 2011 (when the markets of Chile, Colom-
bia and Peru created the joint market) or in December 2014 (when Mexico joined
the three founding members). The dataset (explained in more detail in Section 3.4)
includes monthly observations from January 2005 to December 2020, meaning that
there are observations before and after these breaking points. Thus, the composi-
tion treated in this chapter is X = [x1,x2,x3,x4] where each xi is the participation
of one market in the total MILA market.

3.3.1 Cross-sectional approach using compositional data

The first approach is to analyze the compositional series as cross-sectional data.
Therefore, it is possible to estimate a mixture model adjusted for compositional data
as explained by Comas-Cufí et al. (2016). In this case, it is assumed that the dataset
follows a linear combination of a finite set of K distributions and has a probability
density function (pdf) of the form ⇡1f1(·;✓1)+ · · ·+⇡KfK(·;✓K), where ✓1, · · · ,✓K
are the parameters of the pdfs f1, · · · ,fK , respectively, and ⇡1, · · · ,⇡K are positive
numbers with ÂK

k=1⇡k = 1 and the weights of each individual pdf (McLachlan and
Peel, 2004). Considering that compositional data are defined in the simplex Sn, the
Dirichlet distribution is commonly used for modeling. However, Comas-Cufí et al.
(2016) explained that an orthonormal transformation can be used to transform the
data so that they can be modeled using distributions defined in the real space. In this
case, the ilr transformation defined in Equation 2.5 is applied, so a Gaussian distri-
bution can be used and a Gaussian mixture model is estimated. Therefore, in this
estimation, each one of the fk distributions corresponds to a Gaussian distribution
with the parameters ✓k = [µk,�k] for k = 1, . . . ,K.

The idea behind this approach is that, assuming the data comes from a mixture
of K = 3 Gaussian distributions (one for each period analyzed), the model should
assign the observations to these distributions following the three periods under anal-
ysis. If the model assigns the observations to the three distributions in a different
fashion, then there is no evidence of a change in the composition of the MILA mar-
ket due to the entrance in force of the agreement and the F-H puzzle could not be
rejected.

On the other hand, it is possible to use different measures of distance between
compositions to check whether the entrance in force of the agreement produced a
change in the composition of the joint market, meaning that there was a potential
movement of capital that would contradict the F-H puzzle. For each one of the
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3 Capital flows in integrated capital markets: MILA case

three measures of distance, it is calculated for every period Xt with respect to the
previous one Xt�1 to see if there was an immediate shift in the composition of the
MILA market that would indicate any potential movement of capital at the moment
of implementation of the agreement. This was done by comparing the results for the
breaking points of the MILA market (detailed in Section 3.4) with those of the rest
of the observations to obtain an idea of a “normal” value of each distance measure.
If the variation at the period of interest appears as "atypical", it could indicate a
potential flow of capital induced by the entrance in force of the agreement.

The first of these measures is the Aitchison distance defined in Equation 2.3 for
two compositions Xt and Xt�1 2 Sn:

AD�(Xt,Xt�1) =

vuut 1

n

n

Â
i=1

n

Â
j=1

✓
ln

xi,t

xj,t
� ln

xi,t�1

xj,t�1

◆2

(3.1)

Also, following Thomas and Lovell (2014), it is possible to use measures like the
compositional Kullback-Leibler divergence, which measures the difference of two
compositions and is defined by Martín-Fernández et al. (ND) as:

KL�(Xt,Xt�1) =
n

Â
i=1

ln
xi,t

xi,t�1
(3.2)

Thomas and Lovell (2014) also proposed the cosine similarity, which ranges be-
tween –1 (completely opposite vectors) and 1 (completely proportional vectors),
with 0 meaning completely orthogonal vectors. The cosine similarity is defined as

CS�(Xt,Xt�1) =
Ân
i=1

xi,t
xi,t�1q

Ân
i=1x

2
i,t

q
Ân
i=1x

2
i,t�1

(3.3)

3.3.2 Time series approach

Another way to assess the F-H puzzle is by estimating a VAR model as defined in
Equation 2.10 to find relationships between the market capitalization of the partic-
ipants of the MILA and see whether the market capitalization of one market or its
past observations are able to explain the market capitalization in the others. Thus,
in this case the variables Z = [z1, z2, z3, z4] are the market capitalization of each
exchange. However, if the augmented Dickey-Fuller test shows that the series are
not stationary, then the model to estimate will be the one in Equation 2.12.

Also, the compositional models from Equations 2.14 and 2.16 are estimated for
the composition X defined at the beginning of this chapter.

For the estimation, it is necessary to decide which models fit better to the data,
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including the proper number of lags p for each model by using the AIC and BIC
criteria. Then it is time to examine whether the F-H puzzle holds for this specific
setting. In order to do this, the model will be first estimated for the whole sample
(in this case, from January 2005 to December 2020, as explained in more detail in
Section 3.4). Later, the model will be estimated for three different subsamples: be-
fore June 2011 (when the MILA market started operating with Chile, Colombia and
Peru), from July 2011 to November 2014 and from December 2014 onward (when
Mexico joined the MILA). Finally, the coefficients obtained in the four models will
be compared in order to see if the entrance in force of the agreement produced a
change in the participation of each market in total, meaning that there was a recom-
position of the investment induced by the agreement. Thus, if the coefficients of the
general model are different from those for the models in the subsamples, this would
mean that the dynamics of the series changed and there was a recomposition of the
market.

3.4 Dataset

The variable to be used is the monthly market capitalization of each stock market.
The data are publicly available from the World Federation of Exchanges11 and are
expressed in US dollars as common currency. The dataset is composed by utiliz-
ing the market capitalization of the four markets from January 2005 to December
2020. Figure 3.1 shows the dataset in levels, while Figure 3.2 shows the composi-
tion formed by the four markets. In both figures, there are two white lines dividing
the graph: the first one corresponds to June 2011, when Chile, Colombia and Peru
joined the MILA, and the second one to December 2014, when Mexico joined the
three founding members and formed the current MILA. Therefore, the analysis will
be concentrated on finding differences in the market capitalization of the four mar-
kets before and after the entrance in force of the agreement.

The use of this dataset has an important implication: by using a common cur-
rency (to be able to compare the data from the four markets), the fluctuations in
the exchange rates in each country are disregarded. Therefore, an assumption is
required to proceed: the four countries are affected in the same sense by shocks in
the currency exchange markets. This means that, if one country suffers devaluation,
the others will also go through the same process. To assess this assumption, the
exchange rate fluctuations of the four currencies were verified for the period of in-
terest. When checking for their pairwise correlations, all of them were above 0.59,
meaning that there is a strong correlation between the exchange rates of all coun-

11https://www.world-exchanges.org/.
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Figure 3.1: Market capitalization of MILA exchanges

tries against the US dollar, validating the assumption made. However, there is still
room for a caveat regarding the potential effects of currency exchange fluctuations
in the results.
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Figure 3.2: Composition of the market capitalization of MILA exchanges
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3.5 Evaluation of F-H puzzle in MILA market

3.5.1 Cross-sectional analysis results

Figure 3.3 shows the results of the estimation of the Gaussian mixed model with
three distributions. There seem to be two breaking points in the series, but they do
not correspond to the entrance in force of the MILA market, which means that it is
not possible to find a recomposition of the capital market caused by the agreement.
Therefore, it is not possible to reject the F-H puzzle.
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Figure 3.3: Gaussian mixed model results.

Regarding the results of the distance measures, Figure 3.4 shows that the distance
between the composition of the MILA market each period, with respect to the period
before, has been close to zero along the whole period under analysis, without any
important variation around the moments of implementation of the MILA market.

Likewise, the cosine similarity estimation results are presented in Figure 3.5. It is
possible to see that the values were close to one along the whole period, particularly
in the moments of the integration of the markets, which means that there is no
evidence of recomposition of the MILA market with the entrance in force of the
agreement.

Finally, Figure 3.6 shows similar results for the compositional Kullback-Leibler
divergence. Thus, across the period under analysis, the divergence between the
composition of the MILA market for a month and the month before remained close
to zero, particularly in the periods of interest when the joint market started operat-
ing.
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Figure 3.4: Aitchison distance results.
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Figure 3.5: Cosine similarity results.
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Figure 3.6: Compositional Kullback-Leibler divergence results.

As can be seen, the cross-sectional methods used agree with the F-H puzzle, as
none of them have revealed any change in the composition of the market capitaliza-
tion in the MILA with the entrance in force of the agreement.

3.5.2 Compositional time series results

Time series model selection

To define the (compositional) time series models to estimate, it is necessary to per-
form some diagnostic tests in the series. First, the stationarity of the series was
tested since it is the first assumption when using time-series techniques. The aug-
mented Dickey-Fuller test assesses the null hypothesis of a unit root in the charac-
teristic equation of the series, which implies that the series is non-stationary. As
shown in Table 3.1, none of the four series of market capitalization showed station-
ary in levels. After differentiating the series one time, the results of the test show
that the series are stationary (Table 3.1), meaning that the series are integrated of
order one and the model to be estimated is the one in Equation 2.12. In the case
of the compositions, the situation is similar. Table 3.2 reports the results for the ilr
transformed series. Recall that the size of ilr(X) is 3 and there is no direct cor-
respondence with the four countries that form the original composition because of
the construction of the transformation. Therefore, the variables are renamed V.1,
V.2 and V.3. The test results show that the levels are not stationary, unlike the first
differences; so, the model in Equation 2.16 is the one to estimate.
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Levels First differences
Statistic P-value Statistic P-value

Chile -1.90 0.62 -4.69 0.01
Colombia -1.50 0.79 -5.43 0.01

Peru -2.69 0.29 -5.16 0.01
Mexico -2.63 0.31 -5.31 0.01

Table 3.1: Augmented Dickey-Fuller test for market capitalization series

Levels First differences
Statistic P-value Statistic P-value

V.1 -1.81 0.66 -5.72 0.01
V.2 -1.70 0.70 -5.68 0.01
V.3 -2.24 0.48 -5.60 0.01

Table 3.2: Augmented Dickey-Fuller test for ilr transformed series

At this point, it is necessary to determine how many lags are needed in each model
by using the AIC and BIC criteria. As shown in Table 3.3, both the AIC and the
BIC conclude that, for the model with the differences of the market capitalization,
the more lags added the best. The number of lags was tested to up to 36, and
the AIC continued to decrease at each time. Considering that the model should be
parsimonious, the chosen number of lags for the estimated model was 12, consistent
with the periodicity of the series. Therefore, the model to be estimated is expressed
in Equation 3.4:

�Zt =
12

Â
i=1

Bi�Zt�i+ ✏t (3.4)

For the case of the compositional model, the results vary substantially. Thus, the
information criteria show that the models with only one lag had the best adjustment,
meaning that the model to be estimated is the one in Equation 3.5:

�ilr(Xt) = %�ilr(Xt�1)+ "t (3.5)
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No. of lags
Market capitalization differences Ilr transformed series differences

AIC BIC AIC BIC
1 16085.49 16150.43 -1843.73 -1804.76
2 16010.39 16127.09 -1823.78 -1755.70
3 15932.34 16100.63 -1803.59 -1706.50
6 15728.65 16050.69 -1749.24 -1565.68

12 15317.52 15942.24 -1620.94 -1267.14
24 14379.77 15589.55 -1481.95 -799.11
36 12544.07 14309.25 -1510.65 -515.45

Table 3.3: AIC and BIC results for the proposed models

Time series model estimation results

The results for the model in Equation 3.4 show that almost all coefficients are non-
significant except, for a few coefficients in random lags which do not have further
interpretation. For instance, in the equation for Chile, only the second lag of Mex-
ico, the third of Peru, the eleventh of Chile and the twelfth of Colombia are signif-
icant; in the equation for Colombia, only the eleventh lag of Peru is significant. In
the equation for Peru, the significant coefficients are its first and eighth lags; lags
2, 3, 8 and 11 of Chile; Mexico’s eighth lag and Colombia’s eleventh lag. Finally,
in the equation for Mexico, its second lag, Peru’s second and ninth lags and Chile’s
eleventh lag are significant. These results mean that it was not possible to find a dy-
namic process generating the data of the market capitalization of the MILA market.

This was confirmed by the Granger causality test (Granger, 1969), which shows
that none of the variables contain information that can be used to explain the others.
Table 3.4 reports the statistic and p-value results for the test with the null hypothesis
that each dependent variable is explained by the others. Furthermore, when estimat-
ing the three separated models for the periods under study, the results were found to
be very similar to those of the first model, i.e., most of the coefficients were not sig-
nificantly different from zero. This implies that the model also has little predictive
power in the subsamples, and that there is no difference between the three periods
studied. The latter can be seen as a confirmation of the F-H puzzle, as there is no
change in the coefficients of the model in the periods under analysis.

For the compositional model (Equation 3.5) the results are similar. Figure 3.7 re-
ports the coefficient results for the compositional VAR model. In the left panel, V.1
corresponds to the proportion of Chile, Colombia and Peru with respect to Mexico,
as explained by the first lags of itself and the other variables. V.2, in the middle,
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Dependent variable Statistic P-value
Chile 1.33 0.10
Colombia 1.05 0.40
Peru 1.15 0.26
Mexico 0.83 0.75

Table 3.4: Granger causality test for market capitalization model

corresponds to the proportion of Chile and Colombia with respect to Peru, as ex-
plained by the same variables as before; the right panel shows the estimation results
for V.3, which is the proportion of Chile with respect to Colombia.

As can be seen in Figure 3.7, almost all coefficients were non-significant, except
for the equation for V.2, in which its own lag is significant. Also, the separated
models for the three periods exhibited a similar result. Furthermore, the Granger
test concludes that there is no causality between the variables and the previous ob-
servations of the others (Table 3.5). Furthermore, when comparing the coefficients
of the general model for the whole sample and the models for the three subperiods,
the results were statistically the same for most of them, which means that it is not
possible to find a recomposition of the integrated capital market after the entrance
in force of the agreement. This would mean that the F-H puzzle still holds in this
specific setting.

Dependent variable Statistic P-value
V.1 1.67 0.01
V.2 1.06 0.39
V.3 1.06 0.38

Table 3.5: Granger causality test for compositional model
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Figure 3.7: Estimated coefficients compositional model in differences.
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3.6 Conclusions

Different methods were applied to assess the F-H hypothesis, according to which
the liberalization of capital markets does not necessarily lead to a movement of cap-
ital between countries. The particular case of the MILA was used by considering
the specificity of the setting, in which only stock markets were liberalized to allow
investors to trade shares in other markets as they would do locally. The hypoth-
esis testing strategy was based on the market capitalization of the MILA market
and the relative importance of each of the participants within the total, looking for
any change in the composition of the market that could indicate a flow of capital
between the stock exchanges. As a result, it is not possible to find a change in the
participation of the four markets in the MILA caused by the entrance in force of the
agreement. Therefore, there was no indication of capital flows within the markets
after the implementation of the agreement, meaning that the F-H puzzle holds also
in this specific setting.

From the methodological point of view, it was possible to use compositional
methods to assess the hypothesis by analyzing the series as cross-sectional data,
achieving consistent results. On the other hand, compositional and traditional time
series models did not provide useful information to assess the hypothesis, as the
estimated models did not deliver significant results. This sheds light on the potential
of compositional methods for analyzing problems for which other approaches fail
to come up with meaningful results.

This study contributes to the debate on the effects of capital markets’ liberaliza-
tion, and its findings can provide policymakers with arguments in favor or against
the applications of certain policies, particularly in the field of international invest-
ment. Further research on the topic could aim to implement similar methodologies
in different settings, such as the European Union, which not only allows for the
mobility of capital, but also incorporates other factors, such as labor.
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4 Too big to fail? An analysis of the

Colombian banking system

through compositional data
12

This chapter constructs a concentration index for financial/banking systems via
compositional analysis to establish the potential existence of “too big to fail” fi-
nancial entities. The intention is to provide an early warning tool for regulators
about this type of institution, so they can define thresholds and measures depend-
ing on their risk appetite and the systems’ specificities. The index is applied to
the Colombian banking system and assessed over time with a forecast to determine
whether the system is becoming more concentrated. Both traditional and composi-
tional time series methods are used for the forecast, comparing different alternative
models to define which one is the most suitable for the problem in hand.

This chapter is divided into five sections. Section 4.1 introduces and motivates the
analysis of this chapter, while Section 4.2 describes the methodology, emphasizing
the compositional data framework and its application. Section 4.3 explores the
Colombian banking system and the data set used in the analysis, which is included
in section 4.4, together with the comparison and assessment of the proposed model.
Finally, section 4.5 summarizes the findings and concludes.

4.1 Introduction

The term “too big to fail” (TBTF) has been in use since the 1980s for institutions that
can pose “significant risks to other financial institutions, to the financial system as
a whole, and possibly to the economic and social order” (Stern and Feldman, 2004,
p. 1). Nevertheless, some authors did not consider that the TBTF concept should
be central to banking regulation (Mishkin et al., 2006) until the financial crisis in
2008, when evidence emerged of how the effect of shocks in these institutions can
expand without control. An anecdotal explanation on the development of the crisis

12This chapter is based on an article published on Latin American Journal of Central Banking
(Vega Baquero and Santolino, 2022b).

33



4 Too big to fail? An analysis of the Colombian banking system through compositional data

can be found in Sorkin (2010). Some of the initial literature on TBTF institutions
after the crisis include Shull (2010) and Zhou (2010). More recently, authors such
as Barth and Wihlborg (2017), Ioannou et al. (2019), Omarova (2019) and Cetorelli
and Traina (2021) have continued the discussion on TBTF institutions, focusing on
their development after the crisis.

As a response to the crisis from the regulatory side, the Basel Committee on
Banking Supervision (BCBS) started working on a new framework to reduce the
risk of such a disruption in the future. This led to new definitions, especially those
of global systemically important banks (G-SIBs) and domestic systemically im-
portant banks (D-SIBs)13. In general, Systemically Important Banks (SIBs) are
large, interconnected financial institutions whose failure could generate widespread
disruptions in the financial system, both domestically and internationally (Alzoubi
et al., 2022). In the case of the D-SIBs, the definition includes not only the size, but
also other characteristics such as interconnectedness, substitutability and complex-
ity of the financial institutions, while for G-SIBs, the cross-national activity should
also be considered. Both definitions are complementary, depending on the nature of
each entity. The BCBS also mentions the importance of considering the potential
impact of a D-SIB at an international level, either regional or bilateral, even if the
effect at a global level might be insignificant. Moch (2018) carried out an interest-
ing review of recent literature about SIBs. Among the most important conclusions,
the author noted that there was consensus that the relationship between the size of
banks and systemic risk was nonlinear. In other words, the risk increases more than
proportionally to increases in the size of banks. Furthermore, the author found that
concentration and interconnectedness in systems could lead to an amplified effect
of size on systemic risk. Li et al. (2020) developed a recent attempt to measure the
effect of SIBs on systemic risk. They tried to determine the importance of an insti-
tution in the system via changes in the systemic risk measured with and without it
(a leave-one-out method), using z-scores as the risk measure. Another approach can
be found in Bezrodna et al. (2019), who proposed a risk indicator that considered
the importance of banks in terms of the size of their assets with respect to the total
assets the banking system held and connected this with the riskiness of the entity
to determine whether an SIB needed greater supervision than others did. This ap-
proach relies on the assumption that highly concentrated, interconnected systems
are more vulnerable to distress in one SIB.

More specific to the United States context, the concentration of the financial sys-
tem and the risk it imposes on competition and stability has been largely studied.
For instance, before the crisis Cetorelli et al. (2007) studied the effects of concen-

13Basel Committee on Banking Supervision (2022).
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trated markets to stability. More recently, Vives (2016) focused on competition and
its effect on stability in light of the events of the financial crisis and Bikker and
Spierdijk (2019) published a handbook discussing the methodologies available for
policymakers to assess competition in the financial system. Indeed, regulators in the
US have a wide range of indicators that allow them to estimate the status of compe-
tition in the financial sector such as the Lorenz Index and the Herfindahl-Hirschman
Index. Notably, the latter is used in assessing of mergers and acquisitions.14

As can be seen, the size of banks and financial institutions continues to play a
key role in determining whether an entity is considered TBTF. This study proposes
a novel approach to evaluating concentration in financial systems through construct-
ing a concentration index based on the relative size of each entity in terms of assets.
Then, the main assumption of this analysis is that the importance of a financial en-
tity on a system depends on its relative size, that is, its size in relation to the size
of the other entities within the system. The composition of the relative participa-
tion of each financial entity on the whole system will determine the system’s degree
of concentration. The methodology presented uses the compositional data frame-
work to estimate an indicator of concentration that can be tracked over time, to gain
insight into a defined system’s current and expected concentration. In the compo-
sitional data framework, relative information is more relevant than absolute values
are. Individuals (in this case, financial institutions and more specifically banks) are
not considered independently but as part of a whole (here the financial/banking sys-
tem), measured in relative terms instead of absolute terms (van den Boogaart and
Tolosana-Delgado, 2013).

For this study, the variable of interest is a bank’s relative weight with respect
to others in terms of assets. Therefore, the value of assets each bank holds is ex-
pressed in compositional terms to compare the actual composition of the banking
system with the benchmark, defined as an ideal composition in which all entities
have the same participation. This comparison is made through the Aitchinson dis-
tance (Aitchison, 1986), which measures the distance between two compositions,
to create an indicator for the concentration of the system. However, this indicator
per se does not explain the evolution of the system’s concentration level. Hence, the
indicator is assessed over time to define the system’s concentration trend. Further-
more, a time series model could forecast the future behavior of the concentration
of the system, which can be used as an early warning for regulators. For instance,
regulators could set thresholds (following their risk appetite) for the deviations from
the forecasted behavior or rules to react to facing changes in the trend toward a more
concentrated system.

14More information on the application of this index in
https://www.federalreserve.gov/bankinforeg/competitive-effects-mergers-acquisitions-faqs.htm.

35



4 Too big to fail? An analysis of the Colombian banking system through compositional data

This methodology is applied to the Colombian banking system, to estimate the
concentration trend over the last decade and try to forecast its behavior in the fol-
lowing years. Furthermore, the estimated model is compared with other potential
estimation methodologies and assessed for its estimation hypotheses.

Compositional methods have scarcely been used in finance and economics. Pre-
vious applications of this methodology in economics include Belles-Sampera et al.
(2016), who made an initial approach to understanding capital allocation problems
as compositional problems, and Boonen et al. (2019), who went beyond this to
forecast risk allocations using the compositional data framework. Furthermore,
approaches to forecasting compositional data have been taken by Mills (2010),
Kynčlová et al. (2015) and Zheng and Chen (2017). All of them showed the benefits
of using compositional data framework in different fields.

4.2 Methodology

This section explains the methodology used for the analysis, based on the definition
of the compositional data framework and the centered log-ratio (clr) and isometric
log-ratio (ilr) transformations explained in Chapter 2. Additionally, the criterion for
the model selection and assessment of results are explained.

4.2.1 Compositional VAR model

Considering that the main objective of the models to be estimated is forecasting the
composition of the Colombian banking system, several specifications are assessed
to choose the one that suits the most the problem in hand and then use this model to
see the expected behavior of the concentration of the market in the upcoming years.
This modeling strategy follows the approach in Boonen et al. (2019), who analyzed
the market risk in a stock portfolio.

Thus, for the models in Equations 2.10, 2.11, 2.12, and 2.13 the variables Z =

[z1, . . . , zn] will be the value of the assets held by each institution. The final figure
of institutions included will be defined in Section 4.3.

On the other hand, the compositional approach uses the participation of each
institution to construct the composition X = [x1, . . . ,xn]. This is done my apply-
ing the closure operation from Equation 2.2 on the vector Z mentioned previously.
Thus, this is the variable to use in the estimation of Equations 2.14, 2.15, 2.16, and
2.17.

Furthermore, for the estimation of Equations 2.11 and 2.15 the control variable At

will be the total value of assets in the market at moment t, defined as At = Ân
i=1 zi,t.
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The variable will be used in logarithm to eliminate the scale effect and lagged one
period, meaning that for the estimation of Zt the control variable will be log(At�1).

To define the number of lags to be used in every model, the AIC from Chapter 2
is used. Additionally, the dataset will be diagnosed to test for the stationarity and
cointegration assumptions using the augmented Dickey-Fuller test. With the infor-
mation obtained, the models that suit the data’s characteristics will be estimated.

4.2.2 Model comparison

When the estimated models have been obtained, the next step is to compare them.
In this case, the AIC cannot be used because the models to be compared now have
different dependent variables. Therefore, this comparison is achieved through the
accuracy of the forecasts the models make (considering that the intended use for the
estimated models is forecasting).

In this case, for a sample with T periods, an h > 1 number of periods can be
selected. Then, for each period k 2 {T �h, . . . ,T �1}, the model can be estimated
with the information up to k. Next, with the estimated model, forecast periods
{k+1, . . . ,T} and the forecasted values, the deviation from the observed values can
be calculated through the mean Aitchison distance of prediction errors (MADPE):

MADPE(k,m) =
1

T �k

T

Â
t=k+1

AD�(Xt, X̂
k,m
t ) (4.1)

where AD�(·, ·) is the Aitchison distance defined in Equation 2.3 and X̂
k,m
t is

the forecast for the period t with the model m estimated with information up to
k. Again, as the MADPE measures the forecasts’ accuracy through the distance
between the observed and predicted values, the model with the lowest MADPE will
be best for forecasting.

4.3 Colombian financial system data

The Financial Superintendence of Colombia15 (financial regulator) defines credit
establishments as all the entities that channel resources from the public (capturing
them as deposits) to individuals and companies in need of liquidity (by provid-
ing credit). These are divided into four groups, depending on the means used to
channel the resources: banking establishments that obtain resources from the mar-
ket via current accounts or term deposits to provide credit; financial corporations,

15https://www.superfinanciera.gov.co
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which channel resources to companies to promote their growth; commercial financ-
ing companies, which raise funds through fixed-term deposits to provide finance for
the commercialization of goods and services, and leasing operations; and financial
cooperatives that are authorized to provide credit to non-associated parties. Addi-
tionally, the Colombian financial system has special official institutions, which are
government-financed entities providing development financing for specific purposes
or to specific clients that the legal act creating each entity defines.

The study aims to analyze the financial system’s risk of concentration with a low
number of institutions managing most of the assets. Notably, the gorvernment funds
special official institutions (exclusively or in a high proportion). In most cases, they
are created with the purpose stabilizing the system through liquidity in situations of
disruption or to provide liquidity to a specific public. Therefore, considering that
their activity responds to rules different from those of the free competitive activity
that govern the banking establishments, these entities will be excluded from the
analysis.

Following financial regulation, all credit establishments ought to provide key fi-
nancial indicators monthly. Considering that the aim is to analyze the financial sys-
tem through the relative importance of each entity within the system, assets would
be a good size indicator. The total assets in credit establishments have been growing
in recent decades with banking establishments’ considerable participation, which
on average was 95.6% during the last decade. The next type of entity is financial
corporations with 2.6%, followed by commercial financing companies with 1.4%,
and finally financial cooperatives with 0.4%. Therefore, the composition of credit
establishments shows very high relevance of banking establishments, while the rest
are irrelevant regarding total assets. Furthermore, financial corporations, commer-
cial financial companies and financial cooperatives use specific means to fund their
credit operations. Therefore, the risk they are exposed to differs in some sense
from that of banking establishments. Consequently, the data set to be used for the
analysis will only contain banking establishments.

4.3.1 Colombian banking system

The data set considered is from January 2010 to April 2020, which provides a base
availability of 124 observations for each entity. The series consists of 26 banking
establishments. However, the financial system is dynamic. Therefore, four estab-
lishments did not have observations for the full period, either because they started
operating after January 2010 or they ceased operations before April 2020. These in-
stitutions participated marginally in the system. Therefore, it is assumed that their
effect on the outcome is negligible, and they have been excluded to avoid issues
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Figure 4.1: Total assets per banking establishment in Colombia from January 2010
to April 2020

with zeros in the data set.16

Hence, the data set to be used in the analysis consists of 22 banks and is sum-
marized in Figure 4.1, which shows the total assets each banking establishment
held. Figure 4.2 shows the relative proportion of the total assets (compositions) per
entity. Three entities hold over 10.0% of the assets individually and can be con-
sidered as systemically important: Bancolombia, Banco de Bogota and Davivienda
with 24.6%, 14.5% and 12.5%, respectively. Together, they account for more than
50.0% of the total assets in the banking system.

4.3.2 Concentration level

To analyze if there is a concentration of the assets within one or a small group of
institutions, a benchmark is required for comparison. In this case, this is the uniform
distribution of assets across all entities (or the neutral element of the perturbation
operation for compositional data): W = [w1, ...,wn] with wi = 1/n. Therefore,
the distance between this hypothetical distribution and the actual distribution of
the assets among the entities should be measured. Thus, the Aitchison distance
between the neutral composition and the observed compositions of the Colombian

16The concentration index was also calculated for the timeframes in which it was possible to have
observations of each of these entities and the results are similar regarding the trend and the values,
confirming the assumption that they can be neglected.
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Figure 4.2: Assets composition per banking establishment in Colombia from Jan-
uary 2010 to April 2020

banking system’s relative assets is computed.17 Note that the aim is to evaluate the
trend rather than the absolute values obtained because it is not possible to define
what a high concentration would be regarding the value of the distance from an
objective perspective. For instance, the indicator can virtually go to infinite as the
composition approaches extreme values. Therefore, the explicit threshold to define
excessive market concentration would depend on risk appetite of decision makers.
The calculation of the monthly distances is shown in Figure 4.3. As observed, the
distance has been decreasing throughout the period analyzed, which would signal
a more equal distribution of assets among the banks, getting closer to the ideal
uniform distribution.

Now, the next step is to obtain a model that can be used to predict the asset
composition’s behavior in the banking system, to assess the potential concentration
of the market and use the outcome as an input for decision making on financial
regulation, by creating an alert on potential TBTF institutions.

17The methodology proposed allows assessing the value of the distance between the observed
composition and a composition used as benchmark. The neutral composition is chosen as bench-
mark, but other compositions may be chosen as benchmark based on the risk appetite of decision
makers and the specificities of the system under analysis.
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Figure 4.3: Observed concentration level index of the Colombian banking system:
Aitchison distance between the actual composition of assets and the hy-
pothetical composition in which assets are equally distributed among all
entities

4.3.3 Data diagnosis

After defining the data set to be used, the time series needs to be diagnosed to
determine which of the proposed models is more suitable to estimate. The first as-
sumption in time series analysis refers to the stationarity of the series. A common
test for stationarity is the augmented Dickey-Fuller test (Said and Dickey, 1984),
mentioned in Chapter 2. In this case, the null hypothesis of unit roots in the charac-
teristic equation is compared to the alternative of the stationarity of the process.

Hence, the augmented Dickey–Fuller test can be applied to each individual series
in Z and X (i.e., the values and compositions of assets in the Colombian banking
system, respectively). For the series of the value of assets banking institutions hold,
the results show that there is no stationarity for 21 out of 22 entities at 5.0% of
significance. This non-stationarity was expected because most time series showed
an increasing trend in Figure 4.1. Similarly, for the series of compositions there is
no stationarity in 19 out of 21 variables. Nevertheless, both sets are integrated of
degree one, meaning that the first differences of each individual series of both Z

and X are stationary.

Because the series to be analyzed are not stationary and are integrated of degree
one, it is worth testing for cointegration. In this case, considering the problem
has more than two variables, the test to be used is the Johansen cointegration test
(Johansen, 1991). This test uses the cointegration matrix of the data set (which
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contains the linear relations of the variables) and assesses the null hypothesis of no
cointegration (the rank r of the matrix is zero) against the alternative of rank r > 0,
meaning there is a cointegrating relationship between at least two of the variables.
Subsequently, it evaluates r 1 against r > 1 and continues recurrently until rn�
1 (where n is the number of variables tested). At this point, if the null hypothesis is
rejected, meaning r > n�1, it can be assumed that the matrix is of full rank (r= n),
that is, all the variables are cointegrated. Due to the data set’s high dimension (22
variables in the case of the values of assets and 21 in the case of the ilr-transformed
compositions), confidence intervals for the tests cannot be computed. Nevertheless,
the values of the statistics are high. Therefore, cointegration in the series can be
assumed, although it is not possible to know the rank of the cointegration matrix.

The diagnosis showed that the data set is non-stationary and cointegrated, which
allows estimating any of the models presented previously, each with its advantages
and disadvantages. In the absence of stationarity, VAR in differences and VEC
models are the usual approaches to obtain the assumed distribution of the residuals.
However, the VAR model (and its extended version) can still be estimated with
consistent results. Therefore, the models are compared using the MADPE described
previously to determine which of the models performs better regarding forecasting.

4.4 Results

Now that the methodology and the data set have been defined, the methodology
must be applied and the results assessed. First, the number of lags p to be used for
each model needs to be defined via the AIC. Then, the four proposed models will be
assessed through the MADPE. Afterwards, the models’ specification assumptions
will be assessed, to confirm their correct specification. Finally, the model with the
best performance will be used to forecast the composition of the Colombian banking
system and evaluate its concentration trend.

4.4.1 Model selection

The AIC selection criteria’s results for the models are shown in Table 4.1. As seen,
for the proposed specifications using compositional data, one lag should be used
for the VAR models.18 For the models using the value of the assets the banks held,
three lags should be used in the VAR models.

Therefore, the initial VAR models from Equations 2.10 and 2.14 will correspond
to:

18In the case of equality, the model with the lowest number of lags is to be chosen for parsimony.
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Model N. of lags AIC
Compositional model Model with value of assets

VAR
1 -12,993.35 72,096.36
2 -12,993.35 71,487.74
3 -12,836.35 70,434.82

Extended VAR
1 -13,008.18 72,051.00
2 -13,008.18 71,450.68
3 -12,885.30 70,360.87

VAR in differences
1 -12,461.58 71,923.12
2 -12,461.58 71,923.12
3 -12,461.58 70,442.79

Table 4.1: AIC results for different models and number of lags

Zt =
3

Â
i=1

BiZt�i+ ✏t (4.2)

ilr(Xt) = %ilr(Xt�1)+ "t (4.3)

Similarly, the extended models to be estimated from general Equations 2.11 and
2.15 are:

Zt =
3

Â
i=1

BiZt�i+� log(At�1)+ ✏t (4.4)

ilr(Xt) = %ilr(Xt�1)+� log(At�1)+ "t (4.5)

Likewise, for the models in differences, the equations are:

�Zt =
3

Â
i=1

Bi�Zt�i+ ✏t (4.6)

�ilr(Xt) = %�ilr(Xt�1)+ "t (4.7)

For the VEC models, the program automatically selects the number of lags during
the estimation19 and is set to two in both cases. Therefore, following the models
defined in Equations 2.13 and 2.17 the models to be estimated will be:

19The package vars in R estimated the VEC models (Pfaff, 2008).
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�Zt = ⌘+H ·Zt�1+
2

Â
i=1

B
⇤
i�Zt�i+ ✏t (4.8)

�ilr(Xt) = µ+M · ilr(Xt�1)+
2

Â
i=1

%
⇤
i�ilr(Xt�i)+ ✏t (4.9)

Now, starting from the base availability of data (124 observations), the MADPE is
calculated for all models, taking h= 36, meaning the model will be used to predict
up to 36 months ahead (i.e., 3 years).

Figure 4.4 compares the basic VAR models with the extended models. The first
notable aspect is that including the first lag of the total value of the assets (in log
scale) as a control variable does not improve their forecasting power regarding the
MADPE. Furthermore, although similar when predicting up to 18 periods ahead, the
compositional models show a more consistent performance, with the lowest value
of the MADPE almost all of the time.
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Figure 4.4: Mean Aitchison distance of prediction errors (MADPE): Compositional
VAR model, VAR model, extended compositional VAR model and ex-
tended VAR model

Similarly, Figure 4.5 includes models in differences. As seen, the compositional
model continues to outperform the model with the values of the assets. In addition,
the model in differences seems to perform better compared to the basic composi-
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tional VAR. However, the difference is very small, and it is not possible to conclude
whether this difference is significant because the confidence intervals are not avail-
able.

The VEC models compared in Figure 4.6 show interesting results. VEC mod-
els for compositional data and for the value of the assets perform very similarly to
the basic compositional VAR model. This could be due to that the modeled data is
cointegrated. A model that considers this stylized fact would perform better. Nev-
ertheless, the basic VAR model for compositional data shows very similar results to
those of the other models for compositional data and to the VEC for the values of
assets. An initial hypothesis would suggest that even if cointegration is not taken
into account, the data expressed in compositional terms already considers the inter-
action between variables through explaining them in terms of relative importance
with respect to the others. This, combined with the fact that VAR coefficients are
consistent even in the absence of stationarity, could determine why compositional
models perform similarly regardless of the specification. In addition, the basic com-
positional VAR model has other advantages, such as reduced manipulation of the
data set and the lower number of parameters to be estimated. Thus, the composi-
tional VAR model would require the estimation of [(n� 1)⇥ (n� 1)⇥ p] +n� 1

coefficients and the VAR model for the value of assets (n⇥n⇥p)+n coefficients.
In the case of the VAR in differences models, the disadvantage comes from the fact
that there are not T observations but T � 1 observations. This reduces the estima-
tion’s degrees of freedom, while VEC estimations are even more complex, and the
parameters cannot be easily interpreted.

Furthermore, this leads to another finding: The classical multivariate time se-
ries models for the value of asset banking institutions held are very sensitive to the
specification. Indeed, misspecification can lead to a considerable decrease in the
model’s performance. Moreover, these models seem to be more sensitive to shocks
in the series. This can be seen in the peaks in the MADPE when forecasting 19/20,
31 and 35/36 periods ahead, which are especially notorious in the basic VAR mod-
els. For example, for the model forecasting 20 periods ahead, the data set used for
the estimation runs from January 2010 to August 2018 (and September 2018 for
the forecast of 19 periods ahead). However, there was a sharp increase in the assets
the two main banking institutions held in October 2018, which might explain why
there is a bigger error when trying to forecast with a model estimated without infor-
mation on this specific period. Relevant news for this period informed about good
results for the financial system (notably for these entities), but there was no mention
of acquisitions or any other important change in the assets’ compositions. Similar
relationships can be found in the other peaks in the MADPE for the VAR models
for the value of assets.

45



4 Too big to fail? An analysis of the Colombian banking system through compositional data

0

2

4

6

8

 6 12 18 24 30 36
Number of periods predicted

M
ea

n 
Ai

tc
hi

so
n 

di
st

an
ce

 o
f p

re
di

ct
io

n 
er

ro
rs

Model
Compositional VAR model
VAR model
Compositonal VAR in differences model
VAR in diferences model

Figure 4.5: Mean Aitchison distance of prediction errors (MADPE): Compositional
VAR model, VAR model, compositional VAR in differences model and
VAR in differences model

Considering all these findings, the basic VAR model with compositional data (ba-
sic compositional VAR model) has more advantages compared to the other speci-
fications. Therefore, the assumptions are assessed for this model. In addition, to
maintain equivalence to the models using the value of assets, the same tests will be
performed on the model in Equation 4.2 (basic VAR model).

4.4.2 Model diagnosis

Once the models have been defined, the assumptions of the models must be tested
to determine whether they are correctly specified. For VAR models, the usual tests
include Granger causality, autocorrelation, heteroscedasticity and normality of the
residuals.

VAR models describe the joint generation process of numerous variables over
time. Although in this chapter VAR models are used for forecasting, they can also be
used for investigating relationships between variables, which the Granger causality
test verifies (Granger, 1969). This test can be interpreted as a significance test for
VAR models because it assesses whether adding lags of one variable improves the
forecast of the other(s), that is, it contains valuable information for explaining the
other variable(s) in the model. For the compositional VAR, the test shows that 5
out of the 21 series do not Granger cause the others at 5.0% significance (and only
2 when the significance is 10.0%). In the case of the VAR for the series of assets,
only one of the 22 entities does not Granger cause the others.
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Figure 4.6: Mean Aitchison distance of prediction errors (MADPE): Compositional
VAR model, VAR model, compositional VEC model and VEC model

The autocorrelation test determines whether the residuals are independently dis-
tributed, which is one of the main assumptions for the estimation. Following the
results for the Portmanteau test, the residuals from the compositional VAR do not
show signs of serial correlation, while those from the VAR for the value of assets
are autocorrelated.

Regarding the homoscedasticity of the residuals, a multivariate test cannot be
performed because of the data’s high dimensionality. Therefore, individual tests for
the residuals of each equations are performed. For each residual series, conditional
heteroscedasticity models with a different number of lags (up to 20 in this case)
were estimated. Meaning, that for the compositional model, there were a total of
420 models (21 series of residuals by 20 number of lags), while for the model for
the value of assets, the figure is 440 (22 series of residuals by 20 number of lags).
For both the compositional and the value of assets models, at 5.0% significance,
there is evidence of heteroscedasticity for at least one of the tested number of lags
in four series of residuals. To obtain overall insight into the results, the proportion
of models in which there is evidence of heteroscedasticity with respect to the total
can be estimated to construct a pseudo-statistic for heteroscedasticity for the VAR
models. For the compositional VAR, this ratio corresponds to 8.1% (34 out of 420),
while for the VAR for the value of assets, it is 7.3% (32 out of 440). In both cases,
at 5.0% of significance, the hypothesis of heteroscedasticity cannot be rejected, but
this is possible at 10.0%.

The residuals from the compositional model do not appear to be normally dis-
tributed, while those from the model for the value of assets are normally distributed.
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Source: Financial Superintendence of Colombia and estimated forecast

Figure 4.7: Assets composition per banking establishment from January 2010 to
April 2020 and forecast for May 2020 to April 2023

Non-normal errors may violate some of the assumptions for the variance properties;
therefore, some caution should be taken in coefficient inference. However, in this
case, the model is used for forecasting and the normality of residuals is not required
(Lütkepohl, 2007).

4.4.3 Forecast

After assessing the selected model (compositional model from Equation 4.3), the
next step is to generate the forecast for 36 periods ahead (3 years from May 2020 to
April 2023) to establish the expected composition of the Colombian banking system
in the coming months and the concentration trend of the assets. Figure 4.7 shows
the expected composition of the assets including the forecasted period to the right of
the white line. As seen, the participation of each bank in the system is not expected
to undergo major changes in the coming years. There is only a slight increase in the
participation of Davivienda, the third entity, regarding participation, which might
lead it to surpass Banco de Bogota (the second one). Apart from that, the financial
system’s composition seems to remain similar to that observed in previous years.

However, as can be seen in Figure 4.8, the decreasing trend of the distance be-
tween the benchmark and the actual composition of assets in the Colombian bank-
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Figure 4.8: Predicted concentration level index of the Colombian banking system:
Aitchison distance between the predicted composition of assets and the
hypothetical uniform composition

ing system is expected to continue according to the model, despite the increase
seen in the beginning of 2020. It tends to stabilize by the end of the forecasted pe-
riod. This result is important regarding financial stability policy because, at least for
the moment, the model does not predict that the overall system is becoming more
concentrated, which would threaten the stability. Furthermore, the composition of
the assets across banking institutions is expected to remain stable, without major
changes in the coming months.

4.5 Conclusions

Compositional data methodologies have gained popularity in recent years as a new
perspective to study and model phenomena in which relative information is more
relevant than absolute values. In this study, this framework is used to propose an in-
dicator for concentration in financial systems, as applied to the Colombian banking
system. The main goal was to analyze whether the difference in the participation
between large and small financial institutions has been decreasing or increasing in
recent years and to predict their expected evolution in the future. The concentration
of the banking system was estimated as the distance between the actual composition
of the financial system and the hypothetical composition in which assets are equally
distributed among all entities, which was monitored over time. Therefore, the larger
the distance, the higher the degree of concentration of the system in a few entities.

49



4 Too big to fail? An analysis of the Colombian banking system through compositional data

This analysis is relevant regarding policy making, considering the lessons learnt
during the 2008 financial crisis when the global financial system was at high risk
because of some “too big to fail” institutions. Thus, the proposed indicator can be
used as an additional early warning for regulators about this kind of institution, to
reinforce monitoring them and to maintain the overall system’s stability. Further-
more, the indicator can be extended to assess the effect of mergers and acquisitions
between entities on the concentration of the system and, consequently, on its stabil-
ity. Conversely, it is worth mentioning that the definition of the financial system and
the banking system may vary depending on the context. There are multiple other ac-
tors that have an influence in the financial system and its overall risk. For instance,
shadow banking and more recently, fintech companies offer services that should also
be considered when assessing financial risk (Adrian and Ashcraft, 2016). Thus, the
model can be extended to account for the specificities of these entities and their
effect in the system’s stability.

Compositional multivariate time series methods were used to predict the banking
system’s future composition. These methods have shown increased performance
in the prediction, considering multiple stylized facts the data showed. One of the
most remarkable results is that using compositional methods provides a more robust
model with lower sensibility to outliers in the data set. Furthermore, the composi-
tional framework appears to catch the intrinsic connections between all entities in
the system, which would need to be modeled through cointegrated models (such as
vector error correction models). Additionally, the model has shown that it fulfils the
estimation assumptions, particularly regarding autocorrelation and homoscedastic-
ity of errors. In terms of the expected future behavior of the Colombian banking
system’s composition and its concentration index trend, the forecast for the next
3 years shows little variation in the participation of each entity. Furthermore, the
deconcentration trend that the banking system has shown in the last decade is ex-
pected to continue over the coming months.

To conclude, the methodology applied in this chapter opens opportunities for
multiple applications in the context of financial risk and stability. This methodol-
ogy is flexible enough to be adapted to other contexts, where a different number of
entities (either much higher or much lower) or a different concentration pattern of
assets among the entities could lead to interesting results. For instance, special offi-
cial institutions were excluded from the study because their activity does not always
follow the free market rules. Given that the literature has identified a potentially sig-
nificant policy trade-off between competition and stability, the concentration level
index was predicted including these entities to have an idea of the effect of these
firms’ omission on the results, and a more stable trend of the predicted concen-
tration index was observed. Additionally, total assets were used in this study as a
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measure of size. In general, most definitions of SIBs include assets as the metric
for the size of the entities because total assets reflect loans and other components
of bank’s portfolios, which multiple other types of assets can form and are also
considered in the risk metrics regulators require. Nevertheless, using alternative
size metrics such as total loans can also be an interesting extension of the analysis
and can also be considered by regulators, depending on the specific context of each
country. Likewise, the methodology can be used to measure risk within entities.
Some potential applications are analyzing portfolios as compositional data and as-
sessing risk exposure to specific assets. Nevertheless, the proposed methodology
does not consider the entrance and exit of actors in the system because this would
require dealing with zeros in the compositions. Indeed, this study has excluded
those banks entering and leaving the market, considering they had low participa-
tion. However, this limitation can affect the results, especially in longer time series
when relatively important participants can enter or leave the market. This opens an
opportunity for further developing the model, considering the existing literature on
how to transform compositional data in the presence of zeros (Aitchison, 1986).
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5 Proportionality between

allocations in asset management
20

Asset allocation refers to deciding the optimal participation of each asset within
a portfolio. Therefore, these participations are a composition, and compositional
methods should be used to treat the data and perform analysis over it. When trying
to find relationships between parts of a composition, proportions have shown to be
more suitable than correlations. In this chapter, the proportionality approach is used
to analyze the asset allocation in a portfolio composed of five stocks from the IBEX
35 (the Spanish stock market index).

The chapter is structured as follows. Section 5.1 introduces the concepts of asset
allocation and proportionality, while Section 5.2 explains in more detail the asset
allocation method used to obtain the compositions. Then, Section 5.3 elaborates on
the methodology applied and Section 5.4 shows the dataset. Results are shown in
Section 5.5 and Section 5.6 concludes.

5.1 Introduction

Asset and capital allocation are important parts of portfolio and risk management
for any business. From one side, asset allocation is related to the optimal portfolio
selection, introduced by Markowitz (1952), and refers to the construction of portfo-
lios that maximize the expected returns while minimizing risk. On the other hand,
within Enterprise Risk Management (ERM), risk capital allocation is the partition of
a specific capital (usually the capital requirements set by regulatory entities) among
the different sources of risk (Dhaene et al., 2012). The set of guidelines to solve this
kind of problems are commonly called capital allocation principles.

Despite being similar in the sense that both asset and capital allocation consider
interconnectedness of the components and their risk to define participations, there
are differences to consider. A very relevant one is that while capital allocation is
derived from analyzing the contributions of individual risks to potential aggregate

20This chapter is based on a working paper in progress included in the IREA Working paper
series (Vega Baquero and Santolino, 2025).
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losses, asset allocation is an investment decision aiming at maximizing profit with
minimum risk.

This chapter focuses on asset allocation. Following its construction, the Markowitz
(1952, 1991) minimum variance portfolio principle has a compositional nature and,
hence, any analysis needs to acknowledge this characteristic. However, up until now
there has been no compositional analysis on asset allocation. Conversely, although
still incipient, the compositional nature of capital allocation has been analyzed by
Belles-Sampera et al. (2016), Boonen et al. (2019), Fiori and Porro (2023) and Fiori
and Rosazza Gianin (2025), for example, showing how the compositional approach
can be a relevant and desirable tool for this matter.

Consequently, it is necessary to use what is known as the Aitchison geometry
(Aitchison, 1986). In this framework, the logratio variance is defined as a measure
of the proportionality between parts of a composition. Following this approach,
Lovell et al. (2015) showed that proportions are more suitable than correlations to
find relationships between parts of compositions (the assets in the portfolio, in this
case), whilst Egozcue and Pawlowsky-Glahn (2023) assessed different functional
forms to improve the interpretability of the logratio variance and formulated the
Proportionality Index of Parts (PIP).

In this chapter, the logratio variance is revisited from the point of view of sub-
compositional coherence to propose a new proportionality index. This approach
focuses on pairs of parts of the composition, which is the smallest subcomposition
possible, to derive the maximum and minimum limits for the logratio variance and
obtain an interpretable index. This proportionality methodology is applied to a port-
folio composed by the top 5 stocks by market capitalization traded in the Spanish
stock market. The optimal weights for each asset are calculated daily using the
minimum variance portfolio principle, from January 1st, 2021 to June 30th, 2024.

As a result, the stocks showed low proportionalities. However, one of the assets
showed consistently higher proportionalities to the others. A deeper look into this,
showed that this stock exhibits the lowest volatility for most of the period under
analysis, which would be consistent with the expectation that the allocation method
would assign the less volatile asset a higher participation and assign the others using
this one as benchmark.

As a limitation for this study, it is not possible to assess the behavior of the index
for high proportionalities, since none of them appeared to be high. Hence, more
work is required to better understand this matter.
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5.2 Mean-Variance portfolio theory

5.2 Mean-Variance portfolio theory

Portfolio and risk management include a large set of components, from which asset
and capital allocation are particularly relevant. The first to discuss asset allocation
and introduce modern portfolio theory was Markowitz (1952), who discussed the
trade-off between the two objectives of investors: maximize the expected returns
and minimize risk. This is the main idea of the Mean-Variance portfolio theory,
which tries to find all portfolios that satisfy the two objectives. Therefore, it can
be formulated as the maximization of the returns given a maximum accepted risk
or as the minimization of risk given a minimum expected return. For the sake of
this analysis the latter formulation will be used, which is the minimum variance
portfolio approach. Hence, the problem can be expressed as in Markowitz (1952,
1991):

min
www

www
>⌃⌃⌃www

Subject to:
www

>1= 1 (Fully invested)

where www is the vector of asset weights and ⌃⌃⌃ is the covariance matrix of asset
returns21. The solution of this problem is a set of weights www

⇤ that contains the
participation of each asset within the total of the allocation. Therefore, www⇤ has a
compositional nature, as explained in more detail in the next section. As such, when
assessing the existence of relationships between the components of the allocation,
correlation is not the most suitable tool and proportions are a better approach, as
concluded by Lovell et al. (2015).

5.3 Compositional data and proportionality

Ever since Pearson (1897) mentioned the issue of spurious correlation, followed by
Chayes (1960) deepening on the closure problem for certain variables, the measure-
ment of the relationship between parts of a composition has remained an ongoing
discussion. As part of his lifelong interest in compositional data, Aitchison (1986)
proposed the logratio variance, defined in Equation 2.8.

As can be seen, this logratio variance is zero when the two variables are exactly
proportional. Nevertheless, it is noticeable that there is no upper bound for this
indicator, which means that the magnitude itself does not provide much informa-
tion about the proportionality of two variables. However, following Lovell et al.

21It is possible to add the constraint www>µµµ= µ for target return µ.
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(2015), it is possible to compare the pairwise proportionalities of several variables
and define which of these pairs are more proportional than others.

To overcome this, Egozcue and Pawlowsky-Glahn (2023) proposed a set of mea-
sures of association based on the logratio variance, aiming at improving the inter-
pretability issue, and assess the desirable characteristics of them to find the one that
behaves best. The result is the Proportionality Index of Parts (PIP), which has the
form:

PIP (i, j) =
1

1+
p
⌧ij

(5.1)

These limits indicate that the PIP takes the value of 1 if ⌧ij = 0, i.e., when lo-
gratios log(xi/xj) are constant. For the PIP to take the value of zero, it would be
necessary that ⌧ij goes to infinite. Hence, following the properties of logarithms
and variances, it is possible to consider the following finite upper and lower limits
for ⌧ij by decomposing it as follows:

⌧ij = V ar (log(xi/xj))

⌧ij = V ar (log(xi)� log(xj))

⌧ij = V ar (log(xi))+V ar (log(xj))�2Cov (log(xi), log(xj))

(5.2)

Now, since the interest is in the relationship between pairs of parts of the com-
position, it is possible to consider the subcomposition formed only by xi and xj ,
which is the minimal subcomposition possible with two elements, and apply the
closure operation, following the definitions in Equations 2.6 and 2.7 to have:

x̃ij =

✓
xi

xi+xj

◆

x̃ji =

✓
xj

xj +xi

◆ (5.3)

Now, replacing xi and xj for x̃ij and x̃ji, respectively, in Equation 5.222

⌧ij = V ar (log(x̃ij))+V ar (log(x̃ji))�2Cov (log(x̃ij), log(x̃ji)) (5.4)

22This will not change the relationship ⌧ij , since it is invariant under the subcomposition Xm

(Egozcue and Pawlowsky-Glahn, 2023). It is straightforward to see that since log(x̃ij/x̃ji) =

log
⇣

xi/(xi+xj)
xj/(xj+xi)

⌘
= log(xi/xj), the value of ⌧ij is the same, regardless of the use of xi and xj

or x̃ij and x̃ji
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Since the covariance in Equation 5.4 is always negative23, this new relationship
has a lower bound which is attained when the Cov (log(x̃ij), log(x̃ji)) = 0, implying
the highest possible relationship between the variables. Consequently, it is possible
to define:

⌧
MIN
ij = V ar (log(x̃ij))+V ar (log(x̃ji)) (5.5)

On the other hand, regarding the maximum value ⌧ij can take, following the
Cauchy–Schwarz inequality 24, the limit for the covariance is given by the covari-
ance inequality (Keener, 2010) |Cov(A,B)| 

p
V ar(A) ·

p
V ar(B) = �A · �B ,

where �A =
p
V ar(A) and �B =

p
V ar(B) are the standard deviations of A and

B, respectively. This implies that:

⌧
MAX
ij = V ar (log(x̃ij))+V ar (log(x̃ji))+2�log(x̃ij)�log(x̃ji) (5.6)

Setting these limits for ⌧ij allows for a new definition of the proportionality as
the difference between its maximum and the observed values, normalized by its full
range:

Propij =
⌧
MAX
ij � ⌧ij

⌧
MAX
ij � ⌧

MIN
ij

Propij =
V ar(log(x̃ij))+V ar(log(x̃ji))+2�log(x̃ij)

�log(x̃ji)
�[V ar(log(x̃ij))+V ar(log(x̃ji))�2Cov(log(x̃ij),log(x̃ji))]

V ar(log(x̃ij))+V ar(log(x̃ji))+2�log(x̃ij)
�log(x̃ji)

�[V ar(log(x̃ij))+V ar(log(x̃ji))]

Propij =
V ar(log(x̃ij))+V ar(log(x̃ji))+2�log(x̃ij)

�log(x̃ji)
�V ar(log(x̃ij))�V ar(log(x̃ji))+2Cov(log(x̃ij),log(x̃ji))

V ar(log(x̃ij))+V ar(log(x̃ji))+2�log(x̃ij)
�log(x̃ji)

�V ar(log(x̃ij))�V ar(log(x̃ji))

Propij =
2

✓
�log(x̃ij)

�log(x̃ji)
+Cov(log(x̃ij),log(x̃ji))

◆

2�log(x̃ij)
�log(x̃ji)

=
�log(x̃ij)

�log(x̃ji)

�log(x̃ij)
�log(x̃ji)

+
Cov(log(x̃ij),log(x̃ji))

�log(x̃ij)
�log(x̃ji)

Propij = 1+⇢log(x̃ij),log(x̃ji) = 1+⇢log(x̃ij),log(1�x̃ij)

23Because of the closure operation, x̃ji = 1� x̃ij , which implies that whenever one of the com-
ponents increases its participation, the other one will decrease and, therefore, the covariance will be
negative.

24Expressed in its general form as: |hu,vi|  kuk ·kvk, where u and v are two vectors, h·, ·i is
the inner product and k ·k is the norm (Ford, 2015).
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5 Proportionality between allocations in asset management

where ⇢log(x̃ij),log(x̃ji) is the Pearson’s correlation coefficient, defined as: ⇢A,B =
Cov(A,B)
�A·�B . Since this correlation is always negative, it will be in the interval [�1,0],

with 0 being the highest proportionality. Thus, Propij will be in the interval [0,1]
with 0 meaning no proportionality and 1 meaning complete proportionality. As can
be seen, this index depends only on the relative importance of the two elements in
question within the subcomposition formed by them, meaning that it is not affected
by the other components.

Nevertheless, it is worth mentioning the case i = j. As can be seen, in this case
x̃ij = x̃ji = x̃ii = 0.5, which is a constant. Consequently, V ar (log(x̃ii)) = 0 and
⌧ii = ⌧

MAX
ii = ⌧

MIN
ii = 0, so Propii is not defined. Therefore, since this case is

the maximum proportionality possible, it is defined as Propii = 1. Then, the full
definition of the proportionality index would be:

Propij =

8
<

:
1+⇢log(x̃ij),log(1�x̃ij) for i 6= j

1 for i= j

(5.7)

5.4 Data and empirical approach

When measuring relationships between assets in a portfolio, subcompositional co-
herence is relevant because of the nature of portfolios. Depending on the policies
defined by each investor, the composition of portfolios is updated frequently, and
having a measure of dependence that is not affected by the entrance and exit of
assets in the portfolio can be useful and desirable.

As an example, the methodology proposed is used to assess the proportionalities
between stocks in a portfolio composed by the five stocks with the highest market
capitalization of the IBEX35, the main reference index of the Spanish stock market.
The participations in the portfolios are calculated daily from January 1st, 2021, to
June 30th, 2024, following the Markowitz (1952) capital allocation method and
using the previous month of observations to estimate the volatility. For the selected
stocks, the price used is the daily closing price adjusted for splits, dividends, and
capital gain distributions.

Hence, following the definition in 5.3, the optimal weights www
⇤ for any pair of

assets i and j can be expressed as:
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w̃
⇤
ij =

 
w
⇤
i

w
⇤
i +w

⇤
j

!

w̃
⇤
ji =

 
w
⇤
j

w
⇤
i +w

⇤
j

! (5.8)

Then, following equation 5.7 the pairwise proporcionality between assets’ allo-
cations in risk management will have the form:

Propij =

8
<

:
1+⇢log(w̃⇤

ij),log(1�w̃⇤
ij)

for i 6= j

1 for i= j

(5.9)

5.5 Results

Table 5.1 shows the proportionality matrix for the stocks in the proposed portfolio:
Banco Santander (SAN), Iberdrola (IBE), Industria de Diseño Textil – INDITEX
(ITX), Banco Bilbao Vizcaya Argentaria (BBVA), and Caixa Bank (CABK). Al-
though the proportionalities are rather low in general, it is worth noticing that those
of Iberdrola with the other stocks are the highest ones.

SAN IBE ITX BBVA CABK
SAN 1 0.33 0.25 0.25 0.24
IBE 0.33 1 0.32 0.29 0.33
ITX 0.25 0.32 1 0.25 0.27

BBVA 0.25 0.29 0.25 1 0.24
CABK 0.24 0.33 0.27 0.24 1

Table 5.1: Proportionality matrix for the proposed portfolio.

Enquiring into the potential causes for this, one can look at the allocation method
used to obtain the optimal weights www⇤. As mentioned in section 5.2, it is the min-
imization of the variance what defines the optimum. Figure 5.1 shows the 30-day
volatility of the five stocks. It is possible to see that, for most of the period, Iber-
drola exhibits the lowest volatility. This makes the allocation method put a higher
weight on this stock and it is possible that the participation of the other stocks in the
portfolio keeps a closer relation with this stock than to others.

Nevertheless, it is necessary to look deeper into the proportionalities and compare
different scenarios to understand better the behavior of the indicator.
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5.6 Conclusions

The logratio variance has shown interesting properties when analyzing composi-
tional data, particularly the proportionality between its parts. Recent work aiming
at analyzing proportionality has proposed indexes that overcome the lack of scale
of the logratio variance. This chapter proposed a different approach, by using prop-
erties of the variance and re-expressing subcompositions to assess proportionality
using a different index. With the new index, it is possible to define the maximum
and minimum possible values of the logratio variance, and express the index in
relative terms to these limits.

1

2

3

Jan−2021 Apr−2021 Jul−2021 Oct−2021 Jan−2022 Apr−2022 Jul−2022 Oct−2022 Jan−2023 Apr−2023 Jul−2023 Oct−2023 Jan−2024 Apr−2024 Jul−2024
Time

Vo
la

til
ity

Stock
BBVA.MC

CABK.MC

IBE.MC

ITX.MC

SAN.MC

Source: Own calculations with data from Yahoo finance.

Figure 5.1: 30-day volatility of the selected stocks.

The proposed methodology was applied in a scenario in portfolio analysis in
which subcompositional coherence is relevant, making proportionality a measure
with desirable characteristics in this case. As a result, the stocks showed low pro-
portionalities. However, one of the assets showed consistently higher proportionali-
ties to the others. A deeper look into this, showed that this stock exhibits the lowest
volatility for most of the period under analysis, which would be consistent with the
expectation that the allocation method would assign the less volatile asset a higher

60



5.6 Conclusions

participation and assign the others using this one as benchmark.
Summarizing, although the participations of the assets show little proportionality,

the index showed consistency in the different scenarios. Additionally, comparing
the values of proportionalities, it is possible to understand the how the minimum
variance method provides allocations, offering evidence on the advantages of using
the compositional framework for this analysis. Further work is required to analyze
more deeply the behavior of the proposed index when proportionalities are high,
since the index has a theoretical bound, but the application proposed did not show
any proportionality close to it.
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6 Concluding remarks

Throughout this thesis it has been shown how compositional methods are a powerful
tool in multivariate analysis in finance. The initial interest in financial stability plus
the acquired one in compositional methods, led to find three applications in relevant
financial topics in which the relative information is more relevant than the actual
values.

Firstly, the Feldstein-Horioka puzzle was analyzed in a particular setting. The
integration of the stock markets of Chile, Colombia, Mexico and Peru into the Latin
American Integrated Market (MILA) would have been expected to generate flows
of capitals from one market to the other, as investors would seek for more profitable
opportunities after facilitating the investment. The study aimed at assessing whether
a change in the composition of the MILA occurred because of the agreement. How-
ever, and in line with the Feldstein-Horioka puzzle, the compositional methods used
found that there was no change in the composition of the market. This means that,
despite being able to invest in any market, investors continue to prefer local assets,
which is also known as the “home bias” of investment.

Secondly, compositional methods were used to create an index of concentra-
tion, applied to the Colombian banking system. The index measures the differ-
ence between the actual composition of the system and a theoretical composition
in which all entities have the same participation (which would mean a complete
de-concentration of the system). For the period analyzed, the Colombian banking
system showed a de-concentration trend, meaning that the actual composition of the
market is getting closer to the ideal one. Furthermore, time series models were used
to forecast the behavior of the index. In this case, the compositional version of the
models showed a good performance, compared to the traditional multivariate ap-
proach. Finally, the compositional time series model was used to predict the value
of the index in the future, showing that the system is expected to continue its trend
towards a lower concentration.

The third study deepened into a topic that has been key for compositional data
analysis since its very foundations: alternatives to spurious correlations in composi-
tional data. Indeed, this issue gave birth to the log-ratio variance as the main tool for
measuring proportionality between parts of a composition and recent developments
in literature have used it as the building block for constructing indexes to measure
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such associations. These tools were used to analyze the connection between opti-
mal allocations in a portfolio composed by assets from the IBEX35 (the Spanish
stock exchange reference index), coming from the Mean-Variance portfolio (MVP)
theory. Besides, by using the statistical properties of the log-ratio variance, a new
index for proportionality was proposed. Further than showing consistency in terms
of subcompositional coherence, the index has shown to be useful to understand the
process behind the optimization of the MVP method.

As can be seen, in the three analyses it was possible to obtain interesting findings
that have gained recognition among researchers from related fields. These results
have also been shared with the academic community in several events, promoting
fascinating debates around them. Moreover, the analyses made also have policy
implications in terms of financial stability, including early warning tools for “too
big to fail” institutions or frameworks to analyze the investment and risk allocation
decisions of investors.

The expertise acquired in compositional methods and recent debates in financial
stability through the process of this thesis opens the door to numerous analyses that
can be done in the future. To start with, current work focuses on the proportion-
ality index proposed in the third analysis, because even if the results obtained so
far are relevant, there is still much to say about its properties and the interest of
fellow researchers in the application of compositional methods in asset and capital
allocation can lead to enriching synergies and valuable results. Furthermore, the
Feldstein-Horioka puzzle analysis can be expanded to different settings, to be an-
alyzed using compositional methods, while the recent developments in asset and
capital allocation from a compositional perspective open new research possibilities
in the design and evaluation of such methods.
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Dades composicionals per a l’anàlisi en economia i finances

Resum

A molts problemes multivariants a finances i economia els valors relatius de les
variables són més rellevants que els seus valors absoluts, sent aquesta la base de
l’anàlisi de dades composicionals. Aquesta tesi té com a objectiu contribuir a la inte-
gració del marc composicional en un àmbit rellevant d’anàlisi en finances: l’estabilitat
financera. La tesi s’organitza en tres parts diferents, cadascuna centrada en una
anàlisi financera concreta.

La primera es refereix al puzle Feldstein-Horioka (F-H), que afirma que la liberal-
ització dels mercats de capitals no condueix necessàriament a un moviment de capital
en busca d’una millor assignació de recursos, com suggereix la teoria clàssica. En
els últims anys, Xile, Colòmbia, Mèxic i Perú s’han incorporat al Mercat Integrat
Llatinoamericà a través d’un acord que permet als inversors de qualsevol dels mer-
cats participants invertir en els altres. Mètodes composicionals, tant transversals com
de sèries temporals, es van utilitzar per a avaluar si la creació del mercat conjunt va
conduir a un flux de capital entre mercats. Com a resultat, no va ser possible rebutjar
la hipòtesi de F-H, recolzant la idea que la liberalització dels mercats de capitals no
és suficient per generar fluxos de capital entre mercats.

En segon lloc, es crea un índex de concentració de sistemes financers i bancaris
mitjançant mètodes composicionals per establir l’existència potencial d’entitats fi-
nanceres “Too big to fail" (massa grans per fer fallida), proporcionant així als regu-
ladors d’una eina d’alerta davant d’aquest tipus d’institucions. L’índex es va aplicar
al sistema bancari colombià i es va monitoritzar en el temps per a avaluar si el sistema
financer estava cada vegada més concentrat. Els resultats van trobar que l’índex de
concentració anava disminuint i que aquesta tendència continuaria en el futur. Des
del punt de vista metodològic, els models composicionals van mostrar ser més es-
tables i amb una millor capacitat predictiva en comparació amb les metodologies
clàssiques.

Finalment, les relacions entre actius d’una cartera s’avaluen des d’una perspectiva
composicional. Durant molts anys, el tema de les correlacions espúries entre vari-
ables expressades en termes relatius, com les dades composicionals, ha rebut un gran
interès. Com alternativa a la correlació, la tesi proposa un índex de proporcional-
itat per les parts d’una composició que es basa en la variància dels log-ràtios, una
mesura àmpliament utilitzada per analitzar la proporcionalitat. L’índex es va calcu-
lar per a una cartera hipotètica d’accions del mercat borsari espanyol per a avaluar
les connexions entre les assignacions generades pel mètode Mean-Variance. L’índex
proporciona informació rellevant sobre com es generen les assignacions òptimes amb
aquest mètode.

Classificatió JEL: C01, E22, F32, G11, G17, G21, G28.
Paraules clau: Geometria d’Aitchison, puzle Feldstein-Horioka, bancs amb im-
portància sistèmica, concentració bancària, cartera Mean-Variance, proporcionalitat.
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