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4

a Departament d’Enginyeria Mecànica5
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Abstract8

The buoyancy-driven flow in a cubical cavity with differently heated opposed
walls has been chosen to investigate the laminar and turbulent heat transfer
in enclosed domains. This type of configuration contains the essential physics
existing in flows where transport between a fluid and an adjacent solid surface
is controlled by the existence of boundary layers. The dependence of the wall
heat transfer on the buoyancy force over the range Ra = 105 to Ra = 5.4× 108

has been investigated, for air (Pr = 0.7), using Direct Numerical Simulations.
Under the assumption of mixed convection flow within the boundary layer pro-
duced by the combined effect of buoyancy and forced convection due to the
large-scale flow, we assessed the validity of classical 2D boundary layer solu-
tions in this flow configuration. The resulting characterization of the near-wall
flow allows to derive new semi-analytical models for wall transfer applications
in enclosed cavities.
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1. Introduction11

Free convection flows in enclosed spaces are commonly encountered in many12

technological, industrial and natural situations. The efforts to understand the13

flow behavior and its effects on the heat transfer processes have been important14

and have produced a vast literature on the topic. Simple geometries, as two-15

dimensional or three-dimensional parallelepipedic or cylindrical cavities with16

well-defined thermal boundary conditions, have been used as benchmarks to17

investigate, in well controlled conditions, the increasing complexity of the flow18

as the importance of the buoyancy force is increased.19

Enclosed Rayleigh-Bénard flows heated from below and side wall heated20

cavities have been considered as prototypical configurations to analyze laminar,21

transitional and turbulent free convection flows and their interaction with the22

thermally active or adiabatic confining walls. Variations of these two reference23
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flow configurations are countless. Some examples of the wide ranges of geome-24

tries and boundary conditions considered so far are given in the recent reviews25

of [5], [11] and [15]. Some of these flow configurations are popular benchmark26

problems for heat and mass transfer applications [28, 27].27

Natural convection in parallelepipedic cavities with simultaneously imposed28

vertical and horizontal temperature gradients, often referred as mixed cavity free29

convection, can model thermal conditions inside rooms and exhibition cases of30

art works. In these situations the vertical temperature gradient can be stable31

(cold at the bottom and hot at the top) or unstable (hot at the bottom and cold32

at the top). The relative strength of these two gradients is another additional33

parameter of the problem.34

The stable configuration was analyzed numerically in two dimensional cav-35

ities by [19] and [1] and experimentally by [14] and [26]. The effect of the36

stabilizing vertical temperature gradient on the heat transfer rate depends on37

its intensity with respect to the horizontal temperature gradient. In the laminar38

regime, both the horizontal and vertical Nusselt numbers increase in comparison39

with the case with isothermal horizontal walls at the average temperature [19].40

The unstable configuration of the vertical temperature gradient produces41

surface averaged Nusselt numbers larger on the horizontal walls than in the ver-42

tical walls. This arrangement has been analyzed numerically at low Rayleigh43

numbers (Ra ≤ 106) using two-dimensional simulations ([19, 4, 3]) and exper-44

imentally in a cubical cavity (L = 0.305 m) filled with water at high Rayleigh45

numbers (Ra = O(1010)) [9]. [23] also considered experimentally this flow setup46

at Ra = 5.4 × 108 and Ra = 3.6 × 109 as a representative of the free convec-47

tion in indoor environments to analyze the particle deposition on the walls of48

a cubical cavity filled with air (L = 1.22 m). At high Rayleigh numbers [7]49

computed the flow at Ra = 2.15 × 1010 and reported the heat transfer rates50

in a two-dimensional square cavity solving numerically the Reynolds Averaged51

Navier-Stokes equations (RANS). This literature review shows that there is a52

lack of information about the flow and the corresponding heat transfer rates53

within the range 106 < Ra ≤ 4× 109.54

This paper is divided as follows: Section 2 discusses the physical and mathe-55

matical models. Results for time-averaged flow fields and heat transfer and com-56

parison of numerical profiles and classical boundary layer solutions for mixed57

convection are presented in Section 3. Section 4 summarizes the conclusions of58

this work.59

2. Physical and mathematical model60

A sketch of the computational domain consisting in a cubical cavity filled61

with air with coordinate origin located at the center is shown in Fig. 1. The62

cavity, with a wall side length of L̃, is heated by imposing a constant temperature63

T̃h at the bottom ỹ = −L̃/2 and left x̃ = −L̃/2 walls (in red) and cooled by64

imposing a constant temperature T̃c at the top ỹ = L̃/2 and right x̃ = L̃/265

walls (in blue). Front and back walls at z̃ = −L̃/2 and z̃ = L̃/2 respectively are66
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considered adiabatic, i.e. ∂T̃∂z̃

∣∣∣
z̃=±L̃/2

= 0. The temperature difference between67

the hot and cold walls is ∆T̃ = T̃h− T̃c. The physical properties of the air at the68

reference temperature T̃0 = T̃h+T̃c

2 are listed in Tab. 1. With the set of values in69

Tab. 1 and ∆T̃ = 3 K, the smallest and largest values of the Rayleigh number70

considered in this work, namely Ra = 105 and Ra = 5.4× 108, can be attained71

with cavities of side length L̃ = 0.07 m and L̃ = 1.2 m respectively. Note that72

the tilde symbol indicates dimensional quantities.73

Density ρ0 1.3 kg m−3

Kinematic viscosity ν 1.57× 10−5 m2 s−1

Thermal diffusivity α 2.24× 10−5 m2 s−1

Themal expansion coefficient β 3.33× 10−3 K−1

Table 1: Physical properties of air at T0 = 300 K.

The largest Rayleigh number considered, Ra = 5.4 × 108, corresponds to74

the smallest Ra analyzed experimentally by Thatcher et al.[23] who reported75

measurements of wall particle deposition. This problem will be numerically76

studied using the present DNS set-up in future investigations.77

~g

x

y
z

L̃

Figure 1: A sketch of the computational domain.

Assuming incompressibility conditions, Boussinesq approximation and neg-78

ligible radiation effects, the non-dimensional conservation equations for mass,79

momentum and heat can be written as:80

∂ui
∂xi

= 0, (1)

∂ui
∂t

+
∂ujui
∂xj

= − ∂p

∂xi
+

Pr√
Ra

∂2ui
∂xj∂xj

+ Prθδi2, (2)

∂θ

∂t
+
∂uiθ

∂xi
=

1√
Ra

∂2θ

∂xi∂xi
, (3)
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where ui are the i-th velocity component in the direction xi (see Fig. 1), p is the81

pressure, t is time, g is the magnitude of the gravity acceleration (aligned with82

−y), δij is the Kronecker delta and θ = T − T0 is the temperature perturbation83

with respect to the reference temperature.84

With the Rayleigh and Prandlt numbers defined as Ra = gβ∆T̃ L̃3

να and Pr =85

ν/α respectively, the characteristic length, time, velocity and temperature scales86

have been chosen to be L̃, L̃2

α
√
Ra

, α
√
Ra

L̃
and ∆T̃ respectively.87

Equations 1-3 have been numerical integrated using the Nek5000 solver [6].88

This tool uses a Spectral Element Method (SEM) approach for spatial discretiza-89

tion and a time-adaptive 4-th order Backward Differentiation Formula (BDF)90

for time integration. Nek5000 has been validated for a wide range of flow config-91

urations on many different computational platforms. The performance results92

demonstrate an excellent scalability on parallel machines that allows an explicit93

resolution of a broad range of turbulence spatial and temporal scales.94

Along with the temperature boundary conditions of Neumann type at the95

adiabatic walls, i.e. ∂θ∂z
∣∣
z=±1/2

= 0, and Dirichlet type (constant temperature)96

at the other walls, i.e.θy,x=−1/2 = 1/2 and θy,x=1/2 = −1/2 , no-slip bound-97

ary conditions have been imposed on every wall. The initial conditions for all98

the numerical simulations presented here correspond to quiescent, ui = 0, and99

neutrally buoyant flow, i.e., θ = 0 (or T̃ = T̃0).100

The numerical results presented in this work have been obtained by explicitly101

resolving all the spatial and temporal scales present in the flow. The numerical102

details for these Direct Numerical Simulations are listed in Tab. 2 including the103

number of spectral elements in each direction K = Kx = Ky = Kz, the order of104

the polynomial expansion N = Nx = Ny = Nz, the total number of mesh points105

(K(N +1))3 and the minimum and maximum grid spacing ∆min = min (∆x) =106

min (∆y) = min (∆z) and ∆max = max (∆x) = max (∆y) = max (∆z). This107

resolution meets DNS requirements suggested by Scheel et al.for other buoy-108

ancy driven flows [16]. Meshes have been constructed to meet the Grötzbach’s109

criterium in Rayleigh-Bénard flows for every mesh element of the grid, this is,110

∆max ≤ π


 Pr2

Ra
(
N̂uh − 1

)




1/4

(4)

where hat symbol indicates wall average. In addition we ensured a mini-111

mum number of 6 grid points within the thermal boundary layer thickness112

δt =
(

2N̂u
)−1

. The last column presents the average value of the adaptive113

time stepping 〈∆t〉 used over the entire simulation. Brackets denote temporal114

average.115
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Ra K N (K(N + 1))3 × 10−6 ∆min × 104 ∆max × 103 〈∆t〉 × 104

105 8 7 0.26 42.1 37.3 69.1
106 9 9 0.28 18.9 28.8 58.4
107 13 11 3.79 8.76 16.0 16.5
108 16 15 16.8 3.48 9.86 5.8

5.4× 108 30 13 74.1 2.68 5.75 4.1

Table 2: Mesh details.

3. Results116

In the configuration depicted in Fig. 1, the flow will developed a large-scale117

recirculation in the clockwise direction as seen from the +z direction. This118

dominant flow feature generates a boundary layer in the vicinity of each non-119

adiabatic wall. Given the distinct alignment of the gravity vector with respect to120

the horizontal and vertical walls (normal and parallel respectively), both types121

of walls will exhibit different boundary layer characteristics.122

3.1. Temporal evolution of integral quantities and mean fields123

The results discussed in this section correspond to the five different cases
listed in Tab. 2 over the range 105 ≤ Ra ≤ 5.4 × 108. The temporal evolu-
tion of the volume-averaged (indicated with an overbar) kinetic energy k and
dissipation ε, defined as:

k =
1

2

∫

V

(uiui) dV, (5)

ε = ν

∫

V

(
∂ui
∂xj

∂ui
∂xj

)
dV , (6)

respectively, are shown in Fig. 2. The results indicate that, after a transient124

stage, the flow at Ra = 105 and Ra = 106 becomes laminar with the latter case125

exhibiting a periodic behavior associated to the existence of coherent structures126

in the flow. In contrast, cases at Ra = 107, Ra = 108 and Ra = 5.4 × 108
127

exhibit a fully turbulent regime. Momentum and heat average and turbulent128

transport fields were collected once the flow reaches a statistically steady regime129

for t > 50.130

The average heat flux across a wall can be characterized by the average131

Nusselt number over its surface N̂u which, from dimensional analysis of Fourier’s132

Law [2], can be defined as:133

N̂um = −
∫

Ωm

∂θ

∂nm
dΩm (7)

where m = {b, t, l, r, p, q} represent each face of the cubical domain and nm134

represent the corresponding face-normal direction. By definition, N̂up = N̂uq =135

0 on the adiabatic walls.136
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Figure 2: Temporal evolution of volume-averaged kinetic energy and dissipation.

The temporal evolution of the wall-averaged Nusselt number N̂u over the137

time span 50 ≤ t ≤ 145 for each case is shown in Fig. 3. The top panel shows138

the results for the vertical walls with solid and dotted lines for the hot (left)139

and cold (right) walls. Analogously, the bottom panel shows the N̂u results140

for the horizontal walls with solid and dotted lines for the hot (bottom) and141

cold (top) wall respectively. The results show that the heat flux enhances as142

the Rayleigh number increases and that its value is larger for the horizontal143

walls for all Rayleigh numbers. Fig. 3 also suggests that the flow is statistically144

developed for times t > 50 for all Rayleigh numbers considered.145

To illustrate the flow, Fig. 4 shows three slices of instantaneous temperature146

(a), y-velocity (b), z-velocity (c) and pressure (d) fields at x = 0.495, y = −0.495147

and z = −0.45 for the Ra = 5.4 × 108 case. The slices in x and y, located148

within the boundary layer, show the instantaneous structure of the near-wall149

flow (see Fig. 4(a)-4(b)). The footprint of the dominant clockwise recirculation150

is clearly illustrated in Figs. 4(b) and 4(d): the air rises along the hot left151

wall and descends along the opposite right cold wall generating large values of152

instantaneous pressure at the corners where the flow impinges. The lack of large153

scale inhomogeneities in the z-velocity field shown in Fig. 4(c) is associated to154

existence of a z = 0 symmetry plane.155

The dependence of the vertical (in black) and horizontal (in red) wall Nusselt156

numbers in the present study is shown in Fig. 5. These results are compared with157

2D numerical simulations [19, 4], 3D RANS solutions [7] and experiments [9].158

The current 3D numerical results at the two smallest Rayleigh numbers, Ra =159

105 and Ra = 106, are slightly larger than those found in the 2D simulations160
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Figure 3: Temporal evolution of the Nusselt numbers on each wall. Solid and dotted lines
correspond to hot and cold walls respectively. See legend in Fig. 2

reported by Corcione [4]. When compared with the 2D simulations by Shiralkar161

and Tien [19], the present work wall-averaged Nusselt values are larger for both162

the vertical and horizontal walls at Ra = 105. At Ra = 106 the values found in163

[19] deviate significantly from both the present and Corcione [4] results.164

As shown in Fig. 5, the results at Ra = 107, Ra = 108 and Ra = 5.4 × 108

fill an existing gap in the literature. The wall-averaged Nusselt numbers have
been fit to the power laws

N̂uv = 0.139Ra0.288, (8)

N̂uh = 0.317Ra0.266, (9)

for the vertical and horizontal walls respectively. The values of the slopes are165

relatively close to those found in the experiments by Kirkpatrick and Bohn [9]166

for values of Ra > 4.5× 109.167

3.2. Mean quantities168

The time-averaged velocity and temperature perturbation fields at z = 0 for169

the different values of Ra number considered here are shown in Fig. 6 (z = 0).170

The results show the footprint of the clockwise recirculation on the average171

fields. Although the z = 0 symmetry plane should lead to limt→∞ 〈w〉|z=0 = 0,172

the results for 〈w〉 at Ra = 5.4× 108 obtained by averaging over the finite time173

span 50 < t < 145 exhibit significant values of this velocity component. The174

lack of symmetry at Ra = 5.4 × 108 with respect to z = 0 is clearly shown in175

the other two midplanes at x = 0 (Fig. 7) and y = 0 (Fig. 8). This asymmetry176

can be explained by a very low frequency mode in the numerical solution that177

has not been fully captured in the averaging time span used in the simulation.178

This type of slow transitions between different dominant Large-Scale Convective179
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(a) (b)
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Figure 4: Instantaneous temperature (a), y-velocity (b), z-velocity (c) and pressure (d) fields
at Ra = 5.4 × 108.

Circulations in buoyancy-driven enclosed flows has previously been observed in180

Rayleigh-Bénard convection cells [24, 25].181

To further illustrate the lack of symmetry of the Ra = 5.4 × 108 case, the182

off-axis time-average fields at y = 0.45 are shown in Fig. 9. These results suggest183

that while the flow at Ra > 108 is characterized by a mode unity along the z-184

direction, at Ra = 5.4× 108, the dominant flow feature can exhibit a 3/2-mode185

in the time-averaged 〈w〉.186

3.3. Structure of the horizontal and vertical boundary layers187

In this section we analyze the structure of the momentum and thermal188

boundary layers on the horizontal and vertical walls. We compare the pro-189

files of velocity and temperature obtained numerically with those predicted by190
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Figure 5: Dependence of the Vertical (black) and Horizontal (red) wall Nusselt numbers on
the Rayleigh number in the present study (circles), 2D numerical simulations [19] (squares)
and [4] (solid line), 3D RANS solutions [7] (diamonds) and experiments [9] (dashed line).

the classical two dimensional boundary layer theory. The comparison is ex-191

tended for the local heat transfer rates on the walls. We selected the vertical192

axis (x = 0, z = 0) and the horizontal axis (y = 0, z = 0) of the cubical cavity193

for the comparison. Figure 10 shows the velocity (top panel) and temperature194

(bottom panel) along these axes. The data at Ra ≥ 106, for which the flow is195

unsteady, correspond to time-averaged values.196

The models considered are based on the hypothesis of a mixed convection197

flow within the boundary layer produced by the combined effect of buoyancy198

and the forced convection effect of the large-scale flow out of the boundary199

layer. This approach was used by Shi et al (2012) [18] to analyze the horizon-200

tal boundary layers in turbulent Rayleigh-Bénard flow in a cylindrical cavity.201

For the vertical boundary layers we consider a mixed convection Falkner-Skan202

similar boundary layer [10].203

Irrespective of wall considered, we take the s-direction parallel to the wall204

with the positive s-direction aligned along the main direction of the flow. Thus,205

s = 0 is located at the upstream corner and s = 1 at the downstream one.206

The n-direction is perpendicular to the wall with n = 0 at the surface. The207

governing equations, under the Boussinesq and boundary layer hypotheses, can208

be written as209
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Figure 6: Slice at z = 0.

∂u

∂s
+
∂v

∂n
= 0, (10)

u
∂u

∂s
+ v

∂u

∂n
= −∂p

∂s
+

Pr√
Ra

∂2u

∂n2
+ Pr θ δsy, (11)

0 = − ∂p
∂n

+ Pr θ δny, (12)

u
∂θ

∂s
+ v

∂θ

∂n
=

1√
Ra

∂2θ

∂n2
. (13)

In case of horizontal walls s is aligned with the x direction with s = 1
2 − x210

for the bottom wall and s = 1
2 + x for the top wall (see Fig. 1). For the vertical211

walls s is aligned with the y direction with s = 1
2 − y for the right wall and212

s = 1
2 + y for the left one. According to this, the last term of Eq. (11) is zero213

for the horizontal boundary layers (δsy = 0). For the vertical boundary layers214

(δny = 0) Eq. 12 is simplified to ∂p/∂n = 0.215

The boundary conditions at the wall (n = 0) are u = 0, v = 0, and θ = θw216

(θw = 1
2 at the hot walls and θw = − 1

2 at the cold walls). For the horizontal217

boundary layers, far away from the wall at n → ∞, θ = θ∞ = 0 and u = U∞,218
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Figure 7: Slice at x = 0.

where U∞ is the velocity out of the boundary layer. For a natural convection,219

at n→∞, θ = θ∞ = 0 and u = 0.220

Expansions of the flow velocities (or streamfunction) and temperature can221

be expressed, for a forced convection flow, as [8]222

u(s, n)

U∞
≈ f ′0(η) + εf ′1(η) + ε2f ′2(η) + · · · (14)

Ξ(η) =
θ(s, n)

θw
≈ Θ0(η) + εΘ1(η) + ε2Θ2(η) . . . (15)

where η is the similarity variable and f ′ and Θ are the similar velocity and tem-223

perature profiles, respectively. The subindex 0 corresponds to the unperturbed,224

pure forced convection profiles (Blasius-Pohlhausen solution) and the subindex225

1 indicates a linear contribution (perturbation) due to the natural convection.226

As in Shi et al. (2012) [18], we assume small perturbations (ε � 1) and we227

consider only the first two terms of the series.228

Similarly, the truncated expansions for a natural convection flow can be229

written as [18],230
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Ra = 105

〈u〉

Ra = 106 Ra = 107 Ra = 108 Ra = 5.4× 108

〈v〉
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〈θ〉

z z z z z

x

x
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Figure 8: Slice at y = 0.

u(s, n)

U∞(s)
≈ g′0(η) + εg′1(η), (16)

Ξ(η) =
θ(s, n)

θw
≈ χ0(η) + εχ1(η). (17)

In this case the subindex 0 corresponds to the unperturbed, natural convec-231

tion profiles of the Stewartson solution for a horizontal boundary layer ([21],232

[17]) and the subindex 1 indicates the perturbation (ε � 1) due to the forced233

convection. The reader can find information about the definition of the similar-234

ity variables and the complete sets of ordinary differential equations in Appendix235

A (Eqs. (A.1) to (A.13)). For the vertical boundary layers, we compare the nu-236

merical results with the classical pure natural convection vertical boundary layer237

[13] and with a mixed convection Falkner-Skan solution [10]. For completeness,238

the detailed formulations of the pure natural convection and mixed convection239

boundary layers are included in Appendix A (Eqs. (A.14) to (A.28)).240

Figure 11 shows the velocity and temperature boundary layer thicknesses of241

the profiles shown in Fig. 10. The boundary definition used here corresponds to242

the distance from the wall where the line with a slope of the gradient at the wall243

intercepts the extreme value of velocity or temperature outside the boundary244
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Figure 9: Slice at y = 0.45.

−0.4 −0.2 0 0.2 0.4

−0.4

−0.2

0

0.2

0.4

(x, v)

(y, u)

(a)

x,u

y
,v

Ra = 105 Ra = 106 Ra = 107 Ra = 108 Ra = 5.4× 108

−0.4 −0.2 0 0.2 0.4

−0.4

−0.2

0

0.2

0.4

(x, θ)

(y, θ)

(b)

x,θ

y
,θ

Figure 10: Velocity (left) and temperature (right) profiles along the horizontal and vertical
bisectors of the symmetry plane of the cavity z = 0.

13



layer. It can be seen that the velocity boundary layers at the horizontal wall are245

about 20% thinner than at the vertical walls in the range of Rayleigh numbers246

considered. The thermal boundary layers thicknesses are about 4 times larger247

than the velocity boundary layers. For turbulent flow conditions (Ra ≥ 107) the248

thermal and momentum boundary layer thicknesses decrease, approximately, as249

Ra1/3 and Ra1/4 respectively. Similar trends are found in turbulent Rayleigh-250

Bénard convection ([22]) and turbulent natural convection in a vertical channel251

([12]).252

105 106 107 108 109

10−2

10−1

Ra

δ

δvh δvv
δth δtv

Ra−1/3 Ra−1/4

Figure 11: Thermal and velocity boundary layer thickness of the profiles shown in Fig. 10.

3.3.1. Horizontal boundary layers253

Figures 12 and 13 show the comparison of the theoretical predictions of254

the two different types of boundary layers (forced and natural convection) with255

the profiles of the numerical simulations shown in Fig. 10. These profiles have256

been scaled with the maximum velocity and the similarity variable η for the257

numerically predicted profiles has been computed to obtain the same gradient258

at the wall as the corresponding similar solution. In addition, the profiles near259

the hot and cold walls have been averaged assuming antisymmetry with respect260

to the center of the cavity (see Fig. 1).261

Figure 12 shows the comparison between the numerical results and the pure262

(ε = 0) forced (Blasius-Pohlhausen, left panels) and natural (Stewartson, right263

panels) convection boundary layers. Figure 13 shows analogous results of the264

profiles for forced convection and natural convection boundary layers with small265

contributions (ε = 0.075) of natural and forced convection effects. It can be266

seen that at Ra = 105 and Ra = 106 (laminar flow), the numerical velocity267

profiles follow a natural convection dominated boundary layer (see Figs. 12(b-268

1) and 13(b-1)). At larger Rayleigh numbers the flow is turbulent and the269

velocity boundary layers resemble the theoretical profiles corresponding to a270
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forced convection flow (see Figs. 12(a-1) and 13(a-1)). As reported by Shi et al.271

(2012) [18] for Rayleigh-Bénard flow, the numerical predictions depart slightly272

from the Blasius solution (ε = 0) in the range 2 < η < 5 (see Fig. 12(a-1)). It can273

be seen in Figure 13(a-1) that a forced boundary layer with a small contribution274

of natural convection (ε = 0.075) makes the numerical profiles to collapse with275

the boundary layer solution. The temperature profiles are less sensitive to the276

value of ε and they show deviations with respect to the theoretical boundary277

layer predictions for η > 2.278
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Figure 12: Comparison of the numerical velocity and temperature profiles with classical hor-
izontal boundary layer predictions. (a-1) and (a-2) Pure forced convection. (b-1) and (b-2)
Pure natural convection. ε = 0

3.3.2. Vertical Boundary layer279

The profiles of the vertical boundary layers are plotted in Fig. 14. The theo-280

retical boundary layer profiles shown in Figures 14(a-1) and 14(a-2) correspond281

to pure natural convection with zero velocity and constant temperature outside282

the boundary layer and Figures 14(b-1) to 14(b-2) to the Falkner-Skan similar283

solution boundary layer. The natural convection solution was first reported by284

Ostrach (1952) [13] and it is also described in Schlichting and Gersten (2017)285
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Figure 13: Comparison of the numerical velocity and temperature profiles with classical hor-
izontal boundary layer predictions. (a-1) and (a-2) Forced convection with small natural
convection contribution. (b-1) and (b-2) Natural convection with small forced contribution.
ε = 0.075

[17]. The Falkner-Skan mixed convection boundary layer in a vertical wall is286

presented and discussed in Merkin (2016) [10].287

It can be seen that the numerical velocity profiles agree with the pure natural288

boundary layer predictions Fig. 14(a-1) for η ≤ 1 independently of the Rayleigh289

number. At η > 1 the numerical predictions progressively deviate from the290

theoretical profile as the Rayleigh number is increased. In fact Fig. 14(a-1)291

shows that at Ra = 105 and for η ≤ 2 the velocity boundary layer is well292

reproduced by the theoretical profile corresponding to a pure natural convection293

flow. As the Rayleigh number is increased the numerical predictions approach294

the theoretical mixed-convection profile. For example, at Ra = 5.4 × 108 the295

numerical velocities agree with the Falkner-Skan solution for η ≤ 3. Similarly296

to the horizontal boundary layers, the numerical temperature profiles exhibit297

larger deviations with respect the boundary layer similar solutions for η > 1.5.298

In summary, Figures Fig. 12, 13 and 14 indicate that the velocity boundary299

layers in the cavity are well reproduced by classical laminar boundary layer300
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Figure 14: Comparison of the numerical velocity and temperature profiles with classical ver-
tical boundary layer predictions. (a-1) and (a-2) Pure natural convection. (b-1) and (b-2)
Falkner- Skan mixed convection.

models, even for Rayleigh numbers for which the flow is turbulent (Ra ≥ 107).301

At low Ra numbers (laminar flow, Ra ≤ 106) the boundary layers are controlled302

by pure natural convection effects while at large Ra numbers (turbulent flow)303

the boundary layers are dominated by the forced convection effect of the large304

scale flow circulation.305

3.3.3. Local Nusselt numbers306

Figure 15 shows the local Nusselt numbers along the intersection of the walls307

with the vertical symmetry plane (z = 0) of the cavity. For the horizontal hot308

wall, the lines correspond to y = 1
2 , z = 0 and for the vertical hot wall to309

x = 1
2 , z = 0. Note that in these figures the horizontal axis correspond to the310

s-direction. The values at the hot and cold walls have been averaged consid-311

ering antisymmetry with respect to the center of the cavity. For the turbulent312

flows (Ra ≥ 107) the square mean root of the intensity of the fluctuations of313

the local Nusselt numbers have been included in Fig. 15 with dashed lines. The314

theoretical dependences of the local heat transfer coefficients with the position315

predicted by the boundary layer theories for the horizontal (Nul ∝ s1/2) and316

vertical (Nul ∝ s1/4) have also been included in Figs. 15(a) and 15(b), re-317
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spectively. The derivations of these dependences are included at the end of318

Appendix A. It can be seen that the values of the local Nusselt numbers at319

different Rayleigh numbers show a relatively good collapse near the center of320

the walls (0.2 ≤ s ≤ 0.8), if they are scaled with the dependence of the surface321

averaged Nusselt number on the Rayleigh number. This collapse is more evi-322

dent at Ra ≥ 107 (turbulent flow) and for the vertical walls (Fig. 15(b)). Figure323

15(a) shows that the dependence of the local Nusselt number predicted by the324

theory for a forced convection dominated boundary layer is well reproduced by325

the numerical results, especially at the largest Rayleigh number. The intensi-326

ties of the fluctuations of the local Nusselt number are approximately constant327

and about 15%-40% of the time averaged values for s < 0.6. The fluctuations328

increase near the corner (s ≈ 1) where the flow bends towards the vertical wall.329

The local Nusselt numbers of the vertical walls (Fig. 15(b)) show, in general,330

more constant values than those of the horizontal walls. The curves correspond-331

ing to turbulent flows (Ra ≥ 107) show a good collapse for 0.1 < s < 0.8 and332

the theoretical dependence of the local Nusselt number along the wall agrees333

well with the numerical predictions.334
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Figure 15: Local Nussel numbers. (a) Horizontal walls. (b) Vertical walls.
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4. Conclusions335

The time-average wall heat transfer in cavities with thermally opposed walls336

over the Rayleigh number range 105 < Ra < 5.4×108 have been determined via337

Direct Numerical Simulations. The results allowed to fill the existing gap in the338

Ñu ≡ Ñu(Ra) curves for this specific configuration. The values of wall Nusselt339

numbers at Ra ≤ 106 are in good agreement with previously reported results.340

When compared to available data for higher Rayleigh numbers, the current341

predictions are in good agreement with experimental measurements carried out342

at Ra ∼ 1010.343

The time-averaged momentum and thermal fields in the near-wall regions344

have been compared to classical laminar boundary layer models. The results345

exhibit notable agreement with the corresponding analytical solutions for both346

the horizontal and vertical walls even at Rayleigh numbers for which the flow347

is turbulent (Ra ≥ 107). At low Ra numbers (laminar flow, Ra ≤ 106), the348

boundary layers are controlled by pure natural convection effects while, at large349

Ra numbers (turbulent flow), the boundary layers are dominated by the forced350

convection associated to the outer flow large scale circulation.351

Future efforts will be directed to investigate the particle transport and wall352

deposition at Ra = 5.4 × 108 presented here. Wall deposition rate results will353

be compared to available experiments reported in the literature at the same354

Rayleigh number.355
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Appendix A.443

In this appendix we report, for completeness, the mathematical models (gov-444

erning equations and definition of the similarity variables) of the classical two445

dimensional boundary layers considered for the comparison with the DNS re-446

sults. The theoretical dependences of the local Nusselt number along the wall447

are also included at the end of this appendix. The hypotheses, common to all448

the cases, are: constant gravity and wall temperature, validity of the Boussinesq449

approximation and negligible radiation and viscous dissipation effects. The x-450

direction is parallel to the wall and the y-direction is perpendicular to the wall.451

The wall is located at y = 0 and has dimension L.452

Governing equations for horizontal boundary layers453

For the horizontal boundary layers, we follow the perturbative expansion of454

the equations reported in Shi et al.(2012) [18]. In this approach the boundary455

layer is assumed to be governed mainly by forced convection or, alternatively,456

by natural convection. A small linear contribution is added to the dependent457

variables (streamfunction and temperature) to model the effect natural convec-458

tion in a forced convection boundary layer or, alternatively, the effect of forced459

convection in a natural convection boundary layer (see Eqs. (14) and (15)). The460

definition of the similarity variable, η, and the expansion parameter, ε, are, for461

a forced convection boundary layer462

η =
y

x
Re1/2

x and ε = Grx/Re
5/2
x (A.1)

and for a natural convection boundary layer463

η =
y

x
Gr1/5

x and ε = Rex/Gr
2/5
x . (A.2)

The introduction of the definitions of Eqs.(14) to (17) and Eqs.(A.1) and
(A.2) into the governing equations leads to the following sets of ordinary differ-
ential equations. For forced convection the base flow is governed by

f ′′′0 +
1

2
f ′′0 f0 = 0, (A.3)

Θ′′0 +
Pr

2
f0Θ′0 = 0, (A.4)
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with boundary conditions: at η = 0, f0 = f ′0 = 0 and Θ0 = 1 and for η → ∞,
f ′0 = 1 and Θ0 = 0. For the forced convection flow, the natural convection
perturbation is governed by

f ′′′1 + f ′′0 f1 +
1

2
f0f
′′
1 −

1

2
f ′0f
′
1 −

1

2
h0 +

η

2
h′0 = 0, (A.5)

h′0 = Θ0, (A.6)

Θ′′1 +
Pr

2
f0Θ′1 −

Pr

2
f ′0Θ1 + PrΘ′0f1 = 0, (A.7)

with boundary conditions: at η = 0, f1 = f ′1 = 0 and Θ1 = 0 and for η →∞,
f ′1 = Θ1 = h0 = 0. The term h′0 arise from the pressure term. For a natural
convection boundary layer the base flow is governed by

g′′′0 +
3

5
g′′0 g0 −

1

5
(g′0)

2 − 2

5
k0 +

2

5
ηk′0 = 0, (A.8)

k′0 = χ0, (A.9)

χ′′0 +
3Pr

5
g0χ
′
0 = 0, (A.10)

with boundary conditions: at η = 0, g0 = g′0 = 0 and Ξ0 = 1 and for η → ∞,464

g′0 = Ξ0 = k0 = 0. For the natural convection flow, the forced convection465

perturbation is governed by466

g′′′1 +
3

5
g′′1 g0 −

1

5
g′1g
′
0 +

2

5
g′′0 g1 −

1

5
k1 +

2

5
ηk′1 = 0, (A.11)

k′1 = χ1, (A.12)

χ′′1 +
3Pr

5
g0χ
′
1 +

Pr

5
g′0χ1 +

2Pr

5
χ′0g1 = 0, (A.13)

with boundary conditions: at η = 0, g1 = g′1 = Ξ1 = 0 and for η → ∞,467

Ξ1 = k1 = 0 and g′1 = 1. Again, k0 and k1 arise from the pressure term.468

Governing equations for vertical boundary layers469

The laminar steady pure natural convection boundary layer flow near an470

isothermal vertical wall was analyzed by Ostrach (1953) [13] and it is also de-471

scribed in Bergman et al. (2011) [2].472

Considering the following similarity variables

η =
y

x
(Grx/4)

1/4
, (A.14)

F(η) = ψ/
[
4ν (Grx/4)

1/4
]
, (A.15)

Ξ(η) =
θ(s, n)

θw
, (A.16)
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the boundary layer equations can be written as

F′′′ + 3FF′′ − 2F2 + Θ = 0, (A.17)

Θ′′ + 3 Pr FΘ′ = 0, (A.18)

with boundary conditions: at η = 0, F = F ′ = 0 and Θ = 1 and for η → ∞,473

F ′ = 0 and Θ = 0.474

The effect of a large scale flow in vertical pure natural convection boundary475

layers has been investigated by Shishkina (2016) [20]. Here we consider the476

effect of the bulk flow on the vertical boundary layers by imposing a wind far477

away from the wall. In order to express the boundary layer equations in terms478

of similarity variables, we adopt Falkner-Skan velocity and temperature profiles479

out of the boundary layer (y →∞) of the form (Merkin, 2016) [10].480

U∞(x) = Ũ(x/L)m, (A.19)

T∞ − Tw(x) = T̃ (x/L)2m−1. (A.20)

Since the wall temperature is constant in the vertical boundary layers of the481

cavity, m = 1/2 and consequently the velocity far from the wall is assumed482

to be U∞(x) = Ũ(x/L)1/2. As we particularize the solution for a constant483

temperature increment (i.e. m = 1/2) then T̃ = Tw − T∞ = ∆T1/2.484

We can define the following non-dimensional variables

Ψ = LRe−1/2ŨΨ∗∗, (A.21)

T − T∞ = ∆T1/2T
∗∗, (A.22)

x = Lx∗, (A.23)

y = Re−1/2Ly∗∗, (A.24)

with Re = ŨL/ν.485

The similarity variables, F , Θ and η are defined as

F = Ψ∗∗(x∗)−3/4, (A.25)

Θ = T ∗∗Ri1/2 = Ξ(η), (A.26)

η = y∗∗(x∗∗)−1/2, (A.27)

where Ri1/2 is the Richardson number, Ri1/2 = Ra1/2Re
2 =

gβ∆T1/2L

U0
. The486

introduction of these definitions into the 2D boundary layer equations results487

in the following system of ordinary differential equations.488

F′′′ +
3

4
FF′′ +

1

2

(
1− F2

)
+ Θ = 0, (A.28)

Θ′′ +
3

4
Pr FΘ′ = 0, (A.29)

with boundary conditions: at η = 0, F = F ′ = 0 and Θ = 1 and for η → ∞,489

F ′ = 1 and Θ = 0.490
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Theoretical dependences of the local Nusselt number491

The local Nusselt number Nul can be defined as492

Nul = − ∂T

∂y

∣∣∣∣
y=0

L

∆T
= − ∂Ξ(η)

∂η

∣∣∣∣
y=0

∂η

∂y
. (A.30)

For a horizontal boundary layer governed by a forced convection flow (ε = 0)493

the dependence of the local Nusselt number with the position along the wall is494

Nul ∝ x−1/2 (A.31)

and for a horizontal natural convection boundary layer (ε = 0),495

Nul ∝ x−4/5. (A.32)

For a vertical pure natural convection boundary layer and for a mixed convection496

Falkner-Skan flow497

Nul ∝ x−1/4. (A.33)
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