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1 Introduction

A generator of a metric space (X,d) is a set S C X of points in the
space with the property that every point of X is uniquely determined by
the distances from the elements of S. Given a simple and connected graph
G = (V,E), we consider the function dg : V x V' — N U {0}, where dg(z,y)
is the length of a shortest path between u and v and N is the set of positive
integers. Then (V,dg) is a metric space. A vertex v € V' is said to distinguish
two vertices x and y if dg(v,z) # dg(v,y). A set S C V is said to be a metric
generator for G if any pair of vertices of G is distinguished by some element
of §. A minimum cardinality metric generator is called a metric basis, and its
cardinality the metric dimension of G, denoted by dim(G).

Uniquely determining the localization of an intruder in a network was the
problem that motivated Slater in [7] to use the notion of metric dimension of
a graph, where the metric generators were called locating sets. The concept
of metric dimension of a graph was also introduced by Harary and Melter in
[5], where metric generators were called resolving sets.

The concept of adjacency generator® was introduced by Jannesari and
Omoomi in [6] as a tool to study the metric dimension of lexicographic prod-
uct graphs. This concept has been studied further by Fernau and Rodriguez-
Veldzquez in [3,4] where they showed that the (local) metric dimension of the
corona product of a graph of order n and some non-trivial graph H equals n
times the (local) adjacency metric dimension of H. As a consequence of this
strong relation they showed that the problem of computing the adjacency
metric dimension is N P-hard. A set S C V of vertices in a graph G = (V, E)
is said to be an adjacency generator for G if for every two vertices z,y € V—5
there exists s € S such that s is adjacent to exactly one of x and y. A min-
imum cardinality adjacency generator is called an adjacency basis of G, and
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its cardinality the adjacency dimension of G, denoted by adim(G). Since any
adjacency basis is a metric generator, dim(G) < adim(G). Besides, for any
connected graph G of diameter at most two, adim(G) = dim(G). As pointed
out in [3,4], any adjacency generator of a graph G = (V, F) is also a met-
ric generator in a suitably chosen metric space. Given the distance function
dg2:V xV = NU{0}, where

dg2(x,y) = min{dg(z,y), 2}.

Note that the metric dimension of (V,dg 2) is equal to adim(G).

We introduced the concept of k-adjacency generator in [1,2]. We say that
a set S C V(G) is a k-adjacency generator for G if for every two vertices
x,y € V(Q), there exist at least k vertices wy, wa, ..., wx € S such that

dga(x,w;) # dg2(y,w;), for every i € {1,...,k},

A minimum k-adjacency generator is called a k-adjacency basis of G and its
cardinality, the k-adjacency dimension of G, is denoted by adimg(G).

The general objective of our work is to study the problem of finding the
k-adjacency dimension of a graph.

2 Some results on the k-adjacency dimension of graphs

In this section we present some results that allow us to compute the
largest integer k' such that there exists a k’-adjacency basis, as well as, the
k-adjacency dimension of several families of graphs. We also give some tight
bounds on the k-adjacency dimension of a graph.

A graph G is said to be a k-adjacency dimensional graph if k is the largest
integer such that there exists a k-adjacency basis. Given a connected graph G
and two different vertices x,y € V(G), we denote by Cq(z,y) the set of vertices
that distinguish the pair z,y with regard to the metric (1), i.e., Ca(z,y) =
{z € V(G) : daa(z,y) # da2(z,y)}. We define the following global parameter

C(G) = x,;?ér%o){‘cG(x’ y)l}-
Theorem 1. [1] A graph G is k-adjacency dimensional if and only if k =
C(G). Moreover, C(G) can be computed in O(n3) time.

The problem of computing the value k for which a given graph is k-
adjacency dimensional is polynomial as we showed in Theorem 1. It was shown
in [3,4] that the problem of finding the adjacency dimension of a graph is N P-
complete. The N P-completeness of the problem of finding the k-adjacency
dimension of a graph has not studied for k£ > 1. However, it is interesting to
study this invariant for particular classes of graphs, specially for value of &
greater than one.
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We now present some results that allow us to compute the k-adjacency
dimension of several families of graphs. We also give some tight bounds on
the k-adjacency dimension of a graph.

Theorem 2 (Monotony of the k-adjacency dimension). [1] Let G be a k-
adjacency dimensional graph and let k1, ko be two integers. If 1 < k1 < ko < k,
then adimy, (G) < adimg, (G).

Corollary 1. [1] Let G be a k-adjacency dimensional graph of order n.
) ) ()
1. For any r € {2,...,k}, adim,(G) > adim,_1(G) + 1.
2. For any r € {1,...,k}, adim,(G) > adim(G) + (r — 1).
3. For any r € {1,....k — 1}, adim,(G) < n.

Theorem 3. [1] Let G be a k-adjacency dimensional graph of order n > 2.
Then adimy(G) = n if and only if Cx(G) = V(G).

Since Cq(z,y) = Cg(x,y) for all z,y € V(G), we deduce the following
result, which was previously observed for k = 1 by Jannesari and Omoomi in

[6].
Observation 1 [1] For any nontrivial graph G and k € {1,2,...,C(G)},

adimyg (G) = adimg (G).

Proposition 1. [1] If G is a graph of order n > 2, then adimy(G) = k if and
only if k € {1,2} and G € {P», P3, Py, P3}

Theorem 4. [1] For any graph G of order n > 7 and k € {1,...,C(G)},
adimg(G) > k + 2.

Observation 2 [1] A graph G of order greater than or equal to four satisfies
adims(G) = 4 if and only if G € {Py,Cs}.

Observation 3 [1] A graph G of order n > 5 satisfies that adimy(G) = 5 if
and only if G = Cs.

The join G+ H of two vertex-disjoint graphs G = (Vi, Ey) and H = (Va, E»)
is the graph with vertex set V(G + H) = V4 UV, and edge set E(G + H) =
E1UE2U{UU:U€V1,U€VQ}.

Theorem 5. [1] For any nontrivial graph H, the following assertions are
equivalent:
(i) ) ()
1. There exists a k-adjacency basis A of H such that |A — Ng(y)| > k, for
ally e V(H).
2. adimk(Kl + H) = adimk(H).
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Corollary 2. [1] For any graph H of diameter D(H) > 6 and k € {1,...,C(K1+
H)}, adimg (K + H) = adimg(H).

Corollary 3. [1] Let H be a graph of girth g(H) > 5 and minimum degree
d(H) > 3. Then for any k € {1,...,C(K1+H)}, adimg(K1+ H) = adimy(H).

Theorem 6. [1] Let G and H be two nontrivial graphs. Then the following
assertions are equivalent:
(i)

1. There exists a k-adjacency basis Ag of G and a k-adjacency basis Ag of
H such that |(Ag — Ng(x)) U (Ag — Ny (y))| > k, for all x € V(G) and
ye V(H).

2. adimy (G + H) = adimy(G) + adimy(H).
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