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Abstract—This part of the paper illustrates the use of the
expression derived in Part I for predicting subharmonic oscil-
lation in switching regulators. Six case studies with different
control schemes from the recent literature are used to validate
the novel approach and the new derived expression which is
benchmarked for these case studies against results obtained using
the discrete-time modeling approach or Floquet theory combined
with Filippov method. Numerical simulations from the circuit-
level switched models, implemented in PSIM© software, are used
to demonstrate the correctness of the derived closed-form condi-
tion. A procedure is presented to apply the approach of the paper
to power converters with nonlinear sources such as photovoltaic
(PV) arrays or fuel cells. Experimental measurements from a
boost converter prototype for PV applications are also provided to
validate the theoretical predictions and the numerical simulations
showing a remarkable agreement.

Index Terms—Circuit stability, DC-DC power conversion, Bi-
furcation, Bilinear systems, Nonlinear systems, Power electronics,
Switched mode power supplies, Time domain analysis.

I. INTRODUCTION

SEVERAL methods for predicting subharmonic oscillation
in switching power converters are present in the literature.

Part I [1] classified and summarized the main approaches,
presented a novel one and established a new analytical expres-
sion for accurate prediction of this phenomenon under fixed
frequency Pulse width Modulation (PWM) and Continuous
Conduction Mode (CCM) operation. This part of the paper
complements Part I and illustrates the usefulness of the new
derived expression. Both simulation and experimental results
are presented to validate the novel approach using different
examples of switching converters. The main findings detailed
in Part I will be first summarized for easy reference.

Consider a switching regulator working in CCM that can
be described by a piecewise linear as follows:

ẋ = A1x + B1w, for u = 1, (1a)
ẋ = A0x + B0w, for u = 0, (1b)
ẋi = e. (1c)
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where u is the square wave signal generated by the PWM
process which is applied to the main switch S. A0 ∈ Rn×n,
A1 ∈ Rn×n, B0 ∈ Rn×p and B1 ∈ Rn×p are the system state
matrices and w ∈ Rp is the vector of the external parameters
of the plant and/or the controller supposed to be constant
within a switching cycle. Recall that (1a)-(1c) includes the
dynamics of both the power stage and the controller. The
variable xi in (1c) stands for the integral of the sensed outer
error e in both Voltage Mode Control (VMC) and Current
Mode Control (CMC) strategies. Note that this variable was
deliberately separated from the rest of state variables to start
with a well-posed problem as was detailed in Part I where
it was demonstrated that at the boundary of subharmonic
oscillation the following equality holds:

−Kᵀ(I+Φ)−1Φ1(m1(x(0))+m0(x(0)))+Wie(DT ) = ma.
(2)

where ma is the slope of the external ramp signal used either
for modulation or for stabilization, K is the vector of feedback
coefficients and Wi is the integral gain. For stability, the ramp
slope ma must be greater than a certain critical value given
by the left side of (2). In control strategies where a ramp
signal is not used (ma = 0), the left hand side of (2) must
be negative for the system to be stable. The vectors m1(x) =
A1x + B1w and m0(x) = A0x + B0w are the vector fields
for each linear configurations of the converter. The matrices
Φ1 = eA1DT are Φ0 = eA0(1−D)T are the state transition
matrices evaluated at their corresponding time intervals and
Φ = Φ1Φ0. The variable D is the steady-state duty cycle and
x(0) is the steady-state periodic orbit evaluated at the start of
the switching period and which can be expressed by:

x(0) = (I−Φ)−1Ψ, (3)

where Φ = Φ0Φ1 and Ψ = Φ0Ψ1 + Ψ0, Ψ1 = A−1
1 (Φ1 −

I)B0w and Ψ0 = A−1
0 (Φ0 − I)B0w. Similarly, one can

obtain that x(DT ), the value of the periodic orbit at the
switching instant DT within the switching period is as follows:

x(DT ) = (I−Φ)−1Ψ, (4)

where Ψ = Φ1Ψ0 + Ψ1. Expression (2) can help switching
converter designers to determine the safe region in the pa-
rameter space where the system operates at a desired periodic
regime. It should also be noted that although the focus of
this work is on subharmonic oscillation boundary, (2) can be
easily adjusted to predict another instability boundary known
as saddle-node bifurcation [2]. Namely, this phenomenon can
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also be detected using (2) by changing the sum m1(x(0)) +
m0(x(0)) by the difference m1(x(0)) − m0(x(0)) and the
sum I + Φ by the difference I − Φ. More information can
be found in [3]. The slow scale instability that in most of the
cases can be predicted analytically by using simple averaging
procedures such as in [4] is omitted in this work.

To illustrate the application of the new approach introduced
in Part I and to validate the closed-form expression in (2),
it is benchmarked in this paper for six different case studies
against results from discrete-time modeling or Floquet theory
combined with Filippov method. Several key parameters which
affect the system dynamical behavior are chosen to show
the subharmonic oscillation boundaries which are presented
in suitable two-dimensional and three-dimensional parameter
spaces.

Numerical simulations from the circuit-level switched
model of the considered examples implemented in PSIM©

software are also performed to demonstrate the validity and
the correctness of the derived closed-form condition. For
switching converters with a nonlinear source such as a fuel
cell or a PV generator, a linearization approach is presented
to readily apply the results of this paper. The approach is
then applied to a PV-fed boost converter working at the
maximum power point (MPP) of the PV generator obtaining
a remarkable agreement among the theoretical findings, the
numerical simulations and the experimental measurements.

The rest of the paper is organized as follows. Section II
illustrates the use of the new derived expression for two
switching regulators from the recent literature with first-
order power stages. Subsequently, other examples are used
in Section III to validate the new obtained expression for
high-order switching regulators with both linear and bilinear
power stages. An additional example for PV applications with
experimental validation is considered in Section IV. Finally,
some concluding remarks are summarized in the last section.

II. SWITCHING REGULATORS WITH FIRST-ORDER POWER
STAGE

A. Example 1: A boost converter under Current Mode Control
(CMC) and a Proportional-Integral (PI) compensator [5]

Consider a first-order boost converter with a constant output
voltage representing a battery or a regulated dc bus and take
into account parasitic parameters of the inductor and the
switching devices [5]. The circuit diagram and the parameter
values are shown in Fig. 1. The system is under CMC with a
PI controller to regulate the inductor current. The only power
stage state variable is the inductor current iL which is governed
by the following differential equation:

diL
dt

=
1

L
(−(r1u+r0(1−u))iL+vg−VSu−(vo+VS)(1−u)).

(5)
where r1 = rL + rs + rS and r0 = rL + rs + rS. All the
parameters can be identified in Fig. 1. In particular, rS, rS , VS

and VS are the diode and the switch (IGBT) turn-on resistances
and voltages respectively and rs is a small shunt resistance
used in practice to sense the inductor current. The voltage
across rs is amplified by a voltage amplifier with gain N ,
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Fig. 1. A boost converter under a Proportional-Integral (PI) Current Mode
Control (CMC) scheme [5].

hence the total current gain is the product Rs = Nrs. In our
case, rs = 0.01 Ω is used to convert inductor current to a
voltage which is amplified by a factor N = 100 and hence
Rs = 1 Ω. The error between this voltage and a suitable
reference vr = Rsiref is processed using an error amplifier in
the form of a PI network using the passive components Ri and
Ci. The control signal vcon is the output of the PI controller
and can be expressed as follows:

vcon(t) = vr −RsiL(t) +Wi

∫
(vr −RsiL(t))dt, (6)

Accordingly, the proportional current gain is ki = Rs = 1 Ω
as in [5]. The integral gain Wi = 1/(RiCi) is considered as a
design parameter and can be varied by varying the capacitance
Ci. For this system one can see from (5) that1:

A1 = −r1

L
, A0 = −r0

L
,B1 =

(
1

L
0

)ᵀ

, (7a)

B0 =

(
0
1

L

)ᵀ

, w =

(
vg − VS

vg − (vo + VS)

)
. (7b)

Let a1 = A1T = −r1T/L, a0 = A0T = −r0T/L, b1 =
B1w = (vg − VS)/L and b0 = B0w = (vg − (vo + VS))/L.
Therefore, the subharmonic oscillation condition in (2) can be
particularized for this example as follows:

−Rs
((A1 + A0)iL(0) + b1 + b0)

1 + ea1D+a0(1−D)
ea1D −RsWi∆iL = ma,

(8)
where ∆iL := iL(DT ) − iref is the inductor current ripple
amplitude in the T−periodic regime and iL(0) and iL(DT )

1Although this is a first-order power stage and its state-space model is first-
order, its corresponding parameters A1 and A0 are represented in boldfaced
upper case to be consistent with all the rest of the paper.
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Fig. 2. Subharmonic oscillation limit in terms of the ramp slope ma and the
integral gain Wi for a boost converter under CMC with a PI control [5].

are its peak and valley values given by:

iL(0) =
(ea1D+a0(1−D) − ea0(1−D))b1
a1T (1− ea1D+a0(1−D))

+
(ea0(1−D) − 1)b0

a0T (1− ea1D+a0(1−D))
, (9a)

iL(DT ) =
(ea1D+a0(1−D) − ea1D)b0
a0T (1− ea1D+a0(1−D))

+
(ea1D − 1)b1

a1T (1− ea1D+a0(1−D))
, (9b)

In this example, the current reference iref = vr/Rs (also
the average inductor current) is related to the steady-state duty
cycle D by the following constraint which can be obtained by
performing a net volt-second balance in steady-state [6]:

D =
vo + VS + r0iref − vg

vo + VS + (rS − rS)iref − VS
. (10)

The parameter values used, shown in Fig. 1, are the same ones
of [5]. Accordingly, the steady-state operating duty cycle is
D = 0.6554. In [5], the stability boundary in terms of the ramp
slope ma and the integral gain Wi was obtained by tracking
the movement of the eigenvalues of the exact discrete-time
model and an improved averaged model. The results were also
validated experimentally. Here, the expression of the critical
Wi is explicitly derived in terms of all system parameters.
According to (8), the critical integral gain at the boundary of
subharmonic oscillation can be expressed as follows:

Wi =
ma

Rs∆iL
+

(A1 + A0)TiL(0) + b1 + b0
Rs∆iL(1 + ea1D+a0(1−D))

ea1D, (11)

Note that for a fixed value of the steady-state duty cycle D,
the critical value of the integral gain Wi is a linear function of
ma with a slope 1/(Rs∆iL). Moreover, the larger the ripple
is, the smaller the critical value of Wi is. Note also that for
a fixed value of the steady-state duty cycle D, the minimal
external ramp slope required for stabilization increases when
the integral gain Wi is increased. Fig. 2 shows the critical
integrator gain Wi in terms of the external ramp slope ma
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Fig. 3. Waveforms of the boost converter of Example 1. (a) Wi = 11.5 krad/s,
before and (b) Wi = 11.7 krad/s, after exhibiting subharmonic oscillation.

using (11). A remarkable agreement can be observed by
comparing Fig. 2 here and Fig. 12 in [5] which was also
validated experimentally in the same paper. However, while
using the two approaches described in [5] could result in a high
computational load, the critical integral gain Wi is explicitly
given by (11) and the corresponding plot in terms of any
parameter requires much less computational effort.

Numerical simulations using PSIM© were performed to
check the dynamics of the system in both sides of the bound-
ary. Fig. 3 shows the waveforms of the inductor current, the
control voltage vcon and the ramp signal vramp just before and
just after subharmonic oscillation takes place for VM = 1 V,
i.e., ma = 10 kV/s. Let Wi = 11.5 krad/s, the converter
is stable as predicted in Fig. 2 and confirmed by numerical
simulations depicted in Fig. 3(a) obtained from the switched
circuit-level model. Let Wi = 11.7 krad/s, the converter
exhibits subharmonic oscillation as predicted in Fig. 2 and
confirmed by the simulations shown in Fig. 3(b).
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Fig. 4. Circuit diagram of the buck LED driver of Example 2 [7], [8].

B. Example 2: A buck LED driver under CMC with a PI
controller [7], [8]

In this second illustrative example, we consider a buck LED
driver depicted in Fig. 4 with the parameter values shown in
the same figure which are the same ones as those in [7], [8].
These parameters correspond to pure white LEDs, Z-POWER
w42182 [8]. The system is under CMC with a PI controller.
Note that in this particular topology, the inductor current
coincides with the LED current. Hence, buck converters do
not need an output capacitor when they work as LED drivers
because the output LED current is continuous for this topology
which is therefore widely used as an LED driver due to
its simplicity, low cost and fast response. Therefore, CMC
without a voltage loop is a natural way for controlling buck
LED drivers like in [7], [8]. A small resistance rs = 0.01
Ω is used to convert the LED current to a voltage which is
amplified by a factor N = 100 to obtain a voltage equal
in magnitude to the LED current. Like in Example 1, the
error between this voltage and its reference is processed by
a PI controller to provide the control voltage vcon which is
finally compared with the ramp signal vramp to decide the
duty cycle of the LED driver. Let r1 = rLED + rL + rs + rS

and r0 = rLED + rL + rs + rS. The only power stage state
variable is the inductor current iL which is governed by the
following differential equation:

diL
dt

= −(
r1

L
u+

r0

L
(1− u))iL −

vLED

L
+
vg
L
u, (12)

For this system one has that:

A1 = −r1

L
, A0 = −r0

L
,B1 =

 1

L

− 1

L


ᵀ

,(13a)

B0 =

(
0

− 1

L

)ᵀ

,w =

(
vg
vLED

)
. (13b)

In [7], [8], the root locus analysis was applied to the discrete-
time model of the converter to locate the stability boundary
and experimental results were presented to confirm the design.
Subharmonic oscillation was observed but no condition for
its occurrence was derived. To use the same parameter values
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Fig. 5. Subharmonic oscillation boundary of a buck LED driver under CMC
and PI controller in terms of the steady-state duty cycle D and the integral
gain Wi for different values of the compensating ramp slope ma.

considered in [?], [8], let us consider rS = rS = 0, hence r1 =
r0 = rLED + rL + rs := r and A1 = A0 = −r/L. Let a =
A1T = A0T = −rT/L, b1 = B1w = (vg − vLED)/L and
b0 = B0w = −vLED/L. Hence, the subharmonic oscillation
condition in (2) becomes as follows:

−Rs
(2AiL(0) + b1 + b0)

1 + eaD
ea +RsWi(iref − iL(DT )) = ma,

(14)
where iL(0) and iL(DT ) are given by:

iL(0) =
(eaD − ea(1−D))b1
aT (1− eaD)

+
(ea(1−D) − 1)b0
aT (1− eaD)

, (15a)

iL(DT ) =
(ea − eaD)b0
aT (1− eaD)

+
(eaD − 1)b1
aT (1− eaD)

. (15b)

For this example, the current reference iref (also the steady-
state average LED current) is related to the steady-state duty
cycle D by the following expression which is obtained by
performing a net volt-second balance in steady-state regime:

D =
riref + vLED

vg
⇒ iref =

vgD − vLED

r
. (16)

The stability boundary is shown in Fig. 5 for different values of
the ramp slope ma. Note that the range of steady-state duty cy-
cles D guaranteing stability becomes smaller as Wi increases
and that the bigger Wi is, the bigger the ramp slope needed for
stabilization is for a fixed value of D. Numerical simulations,
using the circuit-level switched model implemented in PSIM©,
were performed to check the dynamics of the system in
both sides of the boundary. Let ma = 0.5/T = 54 kV/s.
If Wi = 555 krad/s, the converter is stable as predicted
in Fig. 5 and confirmed by numerical simulations depicted
in Fig. 6(a). If Wi = 565 krad/s, the converter exhibits
subharmonic oscillation as predicted in Fig. 5 and confirmed
by the simulations shown in Fig. 6(b).
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Fig. 6. Waveforms of the buck LED driver of Example 2. (a) Wi = 555
krad/s, before and (b) Wi = 565 krad/s, after exhibiting subharmonic
oscillation. ma = 54 kV/s.

III. HIGH-ORDER SWITCHING CONVERTERS WITH LINEAR
AND BILINEAR POWER STAGE

A. Example 3: A buck converter under VMC and a PI con-
troller [9], [10]

The system that will be considered in this example is a very
known and widely studied buck converter under VMC with a
PI controller [9]2. The schematic circuit diagram as well as
the fixed parameter values are shown in Fig. 7. The vector of
the state variables of the power stage is x = (v, iL)ᵀ, where v
is the output capacitor voltage and iL is the inductor current.
The system state equations are as follows:

dv

dt
= − v

RC
+
iL
C
, (17a)

diL
dt

= − v
L

+
vg
L
u, (17b)

2In [10], [12]–[16] the same parameter values are considered but only a
proportional controller was used.
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Fig. 7. The buck converter under VMC of Example 3.
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Fig. 8. Subharmonic oscillation boundary in terms of the input voltage vg and
the load resistance R for a buck converter under VMC with a PI controller
for Wi ∈ (0, kv/(RC)).

Accordingly, the only external input parameter to the power
stage is w = vg and the system state-space matrices are:

A1 = A0 =

 − 1

RC

1

C

− 1

L
0

 ,B1 =

(
0
1

L

)
,(18a)

B0 =

(
0
0

)
,K =

(
kv
0

)
. (18b)

For this example, the voltage reference vref (also the steady-
state average output voltage) is related to the steady-state duty
cycle D and the input voltage by the constraint D = vref/vg .
In [9], [10] the stability boundary is plotted in terms of
the input voltage vg and the load resistance R (see Fig. 6
in [10] and Fig. 7 in [9]). The results were obtained from
Floquet theory by checking when one of the eigenvalue of
the monodromy matrix becomes −1 and were also validated
experimentally. For ease of comparison, the same diagram is
plotted here by using (2). The result is shown in Fig. 8. It can
be observed that when, for example, R = 22 Ω, the critical
value of vg for subharmonic oscillation occurrence is very
close to 24.5 V in a perfect agreement with [9], [10], [16].



IEEE TRANSACTIONS ON POWER ELECTRONICS VOL. XX, NO. Y, MONTH., YEAR. 6

It should be noted that this example uses an LEM strategy
and a change of variable D → (1 − D) must be done in
(2) together with a sign inversion in the voltage feedback
gain kv . It is also worth noting that in a second-order (or
higher) switching converter under a feedback loop involving
an integral action, a slow scale instability (also called Hopf
bifurcation) could take place before subharmonic oscillation
occurs. Based on an approximated averaging procedure [11], it
can be demonstrated that the Hopf bifurcation can be avoided
in a buck converter under VMC with a PI controller if the
integral gain Wi fulfills the following condition:

Wi <
VM + kvvg
RCvg

:= Wi,slow. (19)

If VM � kvvg , which is the case in practice, the critical value
of the integral gain for avoiding the slow scale instability can
be approximated by Wi,slow ≈ kv/(RC). In order to check
the dependence of the subharmonic oscillation on the integral
gain Wi, its boundary is plotted for different values of this
parameter in the range (0, kv/(RC) obtaining practically the
same curve for all this range. The parameter Wi was main-
tained less than kv/(RC) to avoid slow scale instability [11].
The fact that the subharmonic oscillation curve is practically
the same for all the considered values of Wi confirms the
conjecture in [9] which states that the parameter Wi has
practically no effect on this phenomenon. This also confirms
the conclusion in [17] where it was stated that the subharmonic
oscillation boundary is practically unaffected by the integrator
time constant of the voltage loop PI controller. This happens
because the error voltage evaluated at the switching instant
e((1−D)T ) := v((1−D)T )−vref is practically zero as it was
mentioned in Part I. For this reason, it is not expected to see
a significant change in the subharmonic oscillation boundary
if the integral variable had been ignored in the switching
decision. Numerical simulations using PSIM© were performed
to check the dynamics of the system in both sides of the
boundary. Let vg = 28 V. According to Fig. 8, the critical value
of the load resistance for losing the stability is R = 5.815 Ω.
Let R = 5 Ω, the converter is stable as predicted in Fig. 8
and confirmed by numerical simulations depicted in Fig. 9(a),
where it can also be observed that v((1 − D)T ) ≈ vref . Let
R = 7 Ω, the converter exhibits subharmonic oscillation as
predicted in Fig. 8 and confirmed by the simulations shown in
Fig. 9(b). In the previous time-domain simulations, the time
constant of the integrator was fixed at τi = 6 ms by selecting
Ci = 222 nF and R1 = 89.37 MΩ implying that kv = 8.4 and
Wi = kv/τi = 8.4/0.006 = 1.4 krad/s which is smaller than
Wi,slow ≈ kv/(RC) = 16.21 krad/s. The same steady-state
behavior will be obtained for all values of Wi < Wi,slow.

B. Example 4: A buck converter under V2IC control with an
ESR and an ESL in the output capacitor [18]

V2IC control is a ripple-based strategy that presents a very
fast response in front of load and voltage reference step
changes. It is composed by a slow loop, where the output
voltage is regulated with a linear PI controller, and a fast
loop, where the error of the output voltage and the current
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Fig. 9. Waveforms of the buck converter under a PI VMC of Example 3. (a)
R = 5 Ω, before and (b) R = 7 Ω, after exhibiting subharmonic oscillation.
vg= 28 V, Wi = 1.4 krad/s.

through the output capacitor are added to the compensating
ramp. Using the capacitor current in the feedback loop can be
viewed as mean to insert the derivative action in the voltage
loop while avoiding noise injection [19]. Fig. 10 shows the
circuit diagram of a buck converter under a V2IC control.
Excluding the integral variable xi, the vector of the state
variables is x = (v, vs, iL, iC , is)

ᵀ. Let R1 = ron1 + rL +R
and R2 = ron2 + rL + R. By applying KVL to the circuit
diagram, the following state equations are obtained:

dv

dt
=

iC
C
, (20a)

dvs
dt

=
is
Cs
, (20b)

diL
dt

= −R1iL + vg
L

u− R2iL
L

(1− u) +
R

L
(iC + is + io),

(20c)
diC
dt

= −vC
`C

+
R

`C
iL −

R+ rC
`C

iC −
R

`C
is −

R

`C
io, (20d)

dis
dt

= −vs
`s

+
R

`s
iL −

R

`s
iC −

R+Rs

`s
is −

R

`s
io. (20e)
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Fig. 10. A buck converter under a ripple-based V2IC control scheme
corresponding to Example 5. The parameter values used for this example
are also shown. The rest of parameter values not indicated in the figure are
shown in the text.

Accordingly, the system matrices and vectors are:

A1 =



0 0 0
1

C
0

0 0 0 0
1

Cs

0 0 −R1

L

R

L

R

L
1

`C
0

R

`C
−R+ rC

`C
− R
`C

0 − 1

`s

R

Ls
−R
`s

−R+Rs

`s


,

(21a)

A0 =



0 0 0
1

C
0

0 0 0 0
1

Cs

0 0 −R2

L

R

L

R

L

− 1

`C
0

R

`C
−R+ rC

`C
− R
`C

0 − 1

`s

R

`s
−R
`s

−R+Rs

`s


,

(21b)

B1 =


0 0
0 0
1

L

R

L
0 0
0 0

 , B0 =


0 0
0 0

0
R

L
0 0
0 0

 . (21c)

The feedback vector K and the input vector w are as follows:

K =


0
0

KvR
−KvR

nKic −KvR

 , w =

(
vg
io

)
. (22)

The system was recently studied in [18] from a nonlin-
ear dynamics perspective using Floquet theory and discrete-
time-modeling approaches. The critical compensator slope
for stability was obtained using numerical simulations from
the switched model and validated by checking when one of
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Fig. 11. Subharmonic oscillation curves in terms of the steady-state duty
cycle D and the ramp amplitude VM = maT for a buck converter under a
ripple-based V2IC control scheme and considering parasitic components (a)
for ESL `C = 400 pH indicating the stable and the subharmonic oscillation
regions, (b) for different values of ESL `C .

the eigenvalues of the monodromy matrix becomes −1. The
results were also validated experimentally. For comparison,
stability boundaries presented in [18] are plotted in Fig. 11
using (2). Corrected parameter values taken from [20]3 that
are slightly different from the ones reported in [18] were used.
A good agreement can be observed by comparing Fig. 11 here
and Fig. 16 in [18].

Numerical simulations using PSIM© were used to confirm
the theoretical results corresponding to this Example. The
results are shown in Fig. 12. Let VM = 0.6 V and D = 0.5
(vref = 2.25 V), the converter is stable as predicted in Fig. 11
and confirmed by numerical simulations from the switched
circuit-level model depicted in Fig. 12(a). Let VM = 0.5 V and
D = 0.5, the converter exhibits subharmonic oscillation as pre-

3The first author of [18] was contacted by a private communication via
email regarding Fig. 16 in [18] and he was gracious to revise the parameter
values and to provide correct data that were actually used to produce Fig. 16
in [18]. He recalled that the correct parameter values are the ones appearing
in [21] not in [18].
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Fig. 12. Waveforms of the buck converter under a ripple-based V2IC control
scheme for different values of ramp amplitudes VM . Other parameters are:
`c = 900 pH, `s=400 pH.

dicted in Fig. 11 and confirmed by the numerical simulations
shown in Fig. 12(b). Note that the output voltage ripple of this
converter is discontinuous at the switching instants because it
is dominated by the ESL of the output capacitor. However
even with this discontinuity, the integral term Wie(DT ) was
checked to have a negligible effect on the stability limit of the
system since the voltage ripple is maintained at a very low
level (1%). It should be noted that according to [18] when the
current sensor is not perfectly matched and Lc decreases, the
stability range is widened and the system is stable for all values
of the steady-state duty cycle D smaller than a critical value
close to 0.5. However, it can be observed in Fig. 12 that a small
instability region, not detected in [18], appears in this case for
small values of D. Fig. 13 shows a mesh plot representing the
stability boundary for two difference cases. This boundary for
the matched case is very similar to CMC and the critical value
Dc of the duty cycle is close to 0.5 without ramp compensation
(VM = 0) regardless of the value of LC while in the non
matched case, there is a strong dependence of the critical duty
cycle Dc on LC . In this case, for relatively small values of

(a) `s = 444.44 pH

(b) `s = 1000LC V

Fig. 13. Stability boundary of the buck converter under V2IC control showing
the effect of the ESL LC on the stability boundary for perfectly matched and
non matched current sensor.

LC , and without ramp compensation, VM = 0, the stability is
guaranteed only within a certain window of the steady-state
duty cycle D (Fig. 13(a)). This is not the case when Lc and
`s are matched for which if the stability is guaranteed for a
certain value of the duty cycle Dc, it will be also guaranteed
for all values of D smaller than Dc (Fig. 13(b)).

C. Example 5: A buck converter under a type-III VMC scheme
and loaded by a current sink [22]

Consider the buck converter under a type-III VMC scheme
loaded by a current sink io studied in [22]. Fig. 14 shows the
circuit diagram and the fixed parameter values. The transfer
function of the controller can be expressed as follows:

Hv(s) =
Wi

s

(1 + s/ωz1)(1 + s/ωz2)

(1 + s/ωp1)(1 + s/ωp2)
. (23)
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Fig. 14. A buck converter under a type-III VMC scheme loaded by a current
sink of Example 5 [22].

The zeros, the poles and the integrator gain are given by the
following expressions in terms of the passive components:

ωz1 =
1

R2C2
, ωz2 =

1

(R1 +R3)C3
, ωp1 =

C1 + C2

R2C1C2
,

ωp2 =
1

R3C3
, Wi =

1

R1(C1 + C2)
. (24)

Similar to Example 3, for this ideal buck converter one has
vref = Dvg in steady-state. The state equations are given by:

dv

dt
=

iL
C
− io
C

(25a)

diL
dt

= − v
L

+
vg
L
u (25b)

dvp1

dt
= −ωp1vp1 + vref − v (25c)

dvp2

dt
= −ωp2vp2 + vref − v (25d)

where vp1 and vp2 are the state variables due to the voltage
controller. As detailed in Example 2 in Part I, the control signal
in the case of a type-III controller can be expressed as vcon =
Wp1vp1 +Wp2vp2 +Wixi, where Wi is the integrator gain, xi
being the integral of the voltage error and Wp1 and Wp2 are
feedback coefficient corresponding to the state variables vp1

and vp2 that can be expressed as follows:

Wp1 =
Wiωp2(ωz1ωz2 − ωp1(ωz1 + ωz2) + ω2

p1)

ωz1ωz2(ωp1 − ωp2)
, (26a)

Wp2 = −Wiωp1(ωz1ωz2 − ωp2(ωz1 + ωz2) + ω2
p2)

ωz1ωz2(ωp1 − ωp2)
, (26b)

which, as explained in Part I, can be obtained by performing a
partial fraction decomposition (See Example 2 in Part I). With
the selected state variables, the state-space system matrices and
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Fig. 15. Subharmonic oscillation boundary in terms of the output voltage
reference Vref and the ramp amplitude VM = maT for a buck converter
under a type-III VMC and loaded with a current sink [22].

vectors are as follows:

A1 = A0 =


0

1

C
0 0

− 1

L
0 0 0

−1 0 −ωp1 0
−1 0 0 −ωp2

 , (27a)

B1 =


− 1

C
0 0

0
1

L
0

0 0 1
0 0 1

 , B0 =


− 1

C
0 0

0 0 0
0 0 1
0 0 1

 .(27b)

The feedback vector K and the input vector w are given by:

K =


0
0

−Wp1

−Wp2

 , w =

 io
vg
vref

 . (28)

In [22] the stability boundary was determined in the param-
eter space (Vref , VM ), VM = maT , using a circuit-oriented
geometrical approach and the results were validated by an
accurate SPICE-level circuit simulator. The same stability
boundary is reproduced here using the same parameter values
for comparison. In particular, the controller parameters are as
follows: ωz1 = 0.167 Mrad/s, ωz2 = 0.33 Mrad/s, ωp1 = 5
Mrad/s, ωp2 = 7 Mrad/s. Other parameter values are shown in
Fig. 14. Fig. 15 shows the stability boundary plotted by using
(2). A perfect agreement can be observed between the results
in Fig. 15 here and those in Fig. 6 in [22]. It has also been
checked that if the integral term Wie(DT ) is removed from
(2), the stability curve barely changes. Hence, like in all VMC
strategies, the integral term is also negligible for this example
and can be ignored because vref −vo(DT ) = vref −v(DT ) ≈
0.
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Fig. 16. A boost converter fed by a PV source with input feedback for PV
applications (Example 6).

IV. ADDITIONAL PRACTICAL EXAMPLE WITH
EXPERIMENTAL VALIDATION

Since most of the results in the previous sections were
already verified with extensive simulation and experimental
results in previous studies, there is no point of repeating the
efforts. However, a boost converter for PV applications is
considered in this section. Its experimental prototype were
implemented and several experimental tests were performed.

A. Example 6: An input controlled boost converter for PV
applications

Consider a boost converter fed by a PV source and loaded
by a constant voltage source for PV systems. As the solar ir-
radiation G or the temperature Θ change during the operation,
the voltage/current of the PV array is adjusted to correspond to
the maximum available power. In this paper, the input voltage
vpv and the inductor current iL of the system are controlled to
be proportional (iL = gvpv) in such a way to impose a fixed
frequency loss free resistor (LFR) [27], where g = impp/vmpp

is provided by the maximum power point tracking (MPPT)
controller which forces the system to operate at the MPP of the
PV array regardless the weather conditions. Fig. 16 shows the
circuit diagram of the system under input voltage and inductor
current feedback by imposing an LFR behavior. In this kind
of applications, the input must be controlled [23]–[26] while
the output voltage is fixed by appropriate means. For instance,
the battery symbol in Fig. 16 implies a dc bus whose voltage
is relatively constant and can also represent a storage device
like a battery or a super capacitor. It can also represent a dc
link voltage regulated by a grid-connected inverter. The input
current source ipN and the resistance RpN correspond to the
Norton equivalent current and impedance at the MPP (Fig. 17).
In order to obtain these two parameters, the nonlinear model
of the PV source must be linearized in the vicinity of the
MPP where the system is supposed to work. One of the most
widely used models for a PV panel is the single diode model,
which, in many applications, represents a good compromise

Isc

Voc

ipv

vpv

ipN

MPP

− 1
RpN g = iMPP

vMPP
LF

R

vMPP

iMPP

Fig. 17. PV curve and its linear representation at the MPP together with the
load line of an ideal LFR.

between accuracy and simplicity. The equation of the single
diode model can be written as follows [28]:

ipv = Ipv − Is

evpv + rsipv

Vta − 1

− vpv + rsipv

Rp
, (29)

where vpv is the voltage of the module, Ipv and Is are the
photogenerated and saturation currents respectively, Vta is the
thermal voltage which is given by Vta = NsAKθ/q where
A is the diode quality factor, K is Boltzmann constant, q is
the charge of the electron, Θ is the PV module temperature
and Ns is the number of the cells connected in series. The
photogenerated current Ipv depends on the irradiance G and
temperature Θ according to the following equation:

Ipv = Isc
G

Gn
+ CΘ(Θ−Θn), (30)

being Isc the short circuit current, Θn and Gn the nominal
temperature and irradiance respectively and CΘ the tem-
perature coefficient. Practical PV generators have a series
resistance rs and a parallel resistance Rp although they can
be ignored for simplicity purposes. Close to the MPP, the
PV source can be linearized by expanding the PV nonlinear
model as a Taylor series and ignoring high-order terms hence
obtaining (see Fig. 17):

ipv ≈ impp −
1

RpN
(vpv − vmpp). (31)

Therefore, the equivalent Norton current ipN is given by:

ipN = impp +
vmpp

RpN
, (32)

and by using the implicit function theorem, the equivalent
Norton resistance RpN near the MPP can be expressed as
follows:

RpN =
(rs +Rp)Vta + rsRpIse

vmpp+rsimpp
Vta

RpIse
vmpp+rsimpp

Vta + Vta

. (33)



IEEE TRANSACTIONS ON POWER ELECTRONICS VOL. XX, NO. Y, MONTH., YEAR. 11

Hence, by applying Kirchhoff’s voltage and current laws to
the circuit depicted in Fig. 16, the following set of differential
equations describing the power stage is obtained:

dvpv

dt
=

ipN
Cpv
− vpv

CpvRpN
− iL
Cpv

, (34a)

diL
dt

=
vp
L
− Vdc

L
(1− u), (34b)

dvb
dt

=
iL
Cb

(1− u) +
Vdc − vb
rdcCb

. (34c)

A type-II controller is used to impose the LFR behavior. Its
transfer function can be expressed as follows:

Hi(s) =
Wi

s

(1 + s/ωz)

(1 + s/ωp)
. (35)

where Wi is the integrator gain. The zeros, the poles and the
integrator gain are given by the following expressions in terms
of the passive components:

ωz =
1

R2C2
, ωp =

1

R2C12
, Wi =

1

R1(C1 + C2)
. (36)

where C12 = C1C2/(C1 + C2). Performing a partial fraction
decomposition, the transfer function in (35) becomes:

Hi(s) =
Wi

s
+

Wp

s+ ωp
, (37)

where Wp is given by the following expression:

Wp =
Wi

ωz
(ωp − ωz). (38)

Using (37), the state equation corresponding to the state
variable vp of the controller can be expressed as follows:

dvp
dt

= −ωpvp + (iL − gvpv). (39)

Let the state vector be x = (vpv, iL , vb , vp)ᵀ. Accordingly,
the system matrices and vectors are given by:

A1 =


− 1

RpNCp
− 1

Cp
0 0

1

L
−rL + rC

L
0 0

0 0 − 1

rdcC
0

−g 1 0 −ωp

 ,

(40a)

A0 =


− 1

RpNCp
− 1

Cp
0 0

1

L
−rL + rC

L
0 0

1

L
0 − 1

rdcC
0

−g 1 0 −ωp

 ,

(40b)

B1 =


1

C
0

0 0

0
1

rdcC
0 0

 , B0 =



1

C
0

0 − 1

L

0
1

rdcC
0 0

 .(40c)

For this example, the feedback vector K and the input vector
w are as follows:

K =


0
0
0
Wp

 , w =

(
ipN
Vdc

)
. (41)

The steady-state duty cycle D is related to the average value
of the PV source voltage Vpv and the dc output voltage Vdc

as follows:
D =

Vdc − Vpv

Vdc
, (42)

which can be obtained by performing a net volt-second balance
in steady-state regime.

B. Experimental setup

The experimental setup used for obtaining the experimental
results is depicted in Fig. 18 where the boost converter,
its control broad, the load, the power sources and signal
generators can be identified. The inductor was built using
toroidal Magnetics Kool-mu© and its inductance value is
200 µH. The output capacitor is the parallel connection
of five metallized polyester (MKT) capacitors each has a
capacitance of 10 µF and seventy ceramic (X7R) capacitors
each has a capacitance of 2.2 µF. The total capacitance is
204 µF. The input capacitor is the parallel connection of one
metallized polyester (MKT) capacitor with a capacitance value
of 10 µF and fifteen ceramic (X7R) capacitors each with a
capacitance value of 2.2 µF. The total input capacitance is
43 µF. The switch used is an IRFP4110PBF Silicon MOSFET
and the diode is an MBR30H100CTG Silicon Schottky diode.
The rated voltage of all the capacitors, switch and diode
is 100 V. The inductor current sensing was carried out by
an LA25-NP Hall effect current transducer. A PV emulator
AGILENT E4361A was used as a PV source allowing to
obtain repeatable experiments. The emulator was set with
an open circuit voltage Voc = 22.1 V, an MPP voltage
vmpp ≈ 18.17 V, a short circuit current Isc ≈ 5 A and an
MPP current impp = 4.68 A. In order to emulate an ideal
constant voltage sink at the converter output, an electronic load
(ELEKTRO-AUTOMATIK EL3400-25) was used. The steady-
state duty cycle was varied by adjusting the load voltage. To
obtain the LFR behavior, a current reference was generated
by multiplying, using an analog multiplier (AD633JNZ), the
PV panel voltage by a signal from a generator (Tektronix
AFG2021) which emulates the conductance g selected to be
equal to gmpp = impp/vmpp = 0.2575 S. Subtracting the
inductor current from the generated reference, the error is
obtained which is then processed by a PI controller with a
variable proportional gain. The controller output is low pass
filtered using a 25 kHz cut-off frequency, which is one half the
switching frequency. Note that this configuration, consisting of
a PI controller cascaded with a low pass filter, is equivalent
to a type-II controller. The output of this filter is compared
with a 50 kHz sawtooth ramp signal provided from another
signal generator (Tektronix AFG2021). When the ramp signal
is larger than the control signal, the comparator LM319N
forces the SR flip-flop CD4027BE to reset, and the driving
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signal will be zero. At the end of each period of the ramp,
another comparator LM3l9N forces a set for the SR flip-
flop, placing the driving signal to 1. The output of the SR
flip-flop is the switch driving signal by means of the driver
MCP1407-E/P. The results, shown below, were measured by
using the oscilloscope Tektronix TDS 754C and the probes
TEKTRONIX TCP202 for illustrating the current waveforms.

C. Results and discussions

In order to apply the closed-form expression given in (2)
to this system, an automated procedure was used to detect the
MPP, linearize the PV source in its vicinity and to obtain the
optimum value of g corresponding to the MPP as explained in
the previous section. Once the parameters g, RpN and ipN of
the system are obtained, expression (2) can be readily applied
as in the previous examples. The stability boundary of the
system is plotted in Fig. 19 in terms of different parameters.
The fixed parameter values are the same ones described in the
previous section. The plot in Fig. 19(a)-(b) was obtained by
using expression (2) and experimentally. A remarkable agree-
ment can be observed between the results which show that the
first instability that takes place in the system T−periodic orbit
when the parameter Wp is varied is a period-doubling leading
to subharmonic oscillation. Time domain waveforms of the
inductor current and the control signals are shown in Fig. 20
just before and just after subharmonic oscillation is exhibited.
The results are obtained experimentally using the nonlinear PV
emulator source. Similar results have been also obtained from
numerical simulations of the circuit-level switched model.

Finally, it is worth noting that the approach presented in
the present work was also applied to many other examples
dealing with nonlinear dynamics in switching regulators such
as [12], [13], [16], [29]–[34]. In all the cases the agreement
was perfect in predicting the onset of subharmonic oscillation.
It is also worth noting that many complex power electronics
systems can be approximated by a switched model with two
configurations and the approach presented in this paper can
also be applied to this kind of systems. This is the case, for
instance, of [35], [36].
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V. CONCLUSIONS

Part I of this work presented a novel approach for deriving
the subharmonic oscillation boundary in switching regulators.
In this paper, the usefulness of the approach proposed in Part
I was illustrated clearly via six case-studies. The different
examples showed that the new derived expression accurately

predicts subharmonic oscillation occurrence in switching con-
verters under different fixed frequency control strategies. Al-
though, a priori, the approach can only be applied to switching
converters with linear configurations for each switch state, a
procedure was presented to deal with switching converters
with nonlinear sources such as PV arrays or fuel cells. This
approach offers therefore a valuable guidance in assessing
the stability of the system, particularly as nonlinearity and/or
uncertainty in renewable generation can be taken into ac-
count. It was shown that the new analytical expression can
be particularly useful in showing the dependance of the
stability boundary on the system parameters. For design-
oriented prediction of subharmonic oscillation, approximating
the exact expression is desirable, with [37] offering an appeal-
ing approach. Namely, by truncating the exponential matrix
series up to a specified order depending on the converter
topology and the control strategy, simplified design-oriented
expressions can be derived that can be interpreted in terms of
the slope or the ripple of the control signal relative to that
of the external ramp signal [37]. The new derived approach
may also offer a framework for systematically evaluating the
subharmonic oscillation boundary of more complex structures.
Further work is required, though, to apply the approach for
switching converters working under discontinuous conduction
mode as well as for larger networks with multiple switching
configurations.

APPENDIX: MATLAB©CODE FOR PLOTTING SUBHARMONIC
OSCILLATION BOUNDARY

%%%% Prepared by A. El Aroudi on May 28th 2016 %%%%
%This code can be used for plotting subharmonic
%oscillation boundary in switching %converters with
%fixed frequency control and it can also adapted for
%Saddle-Node instability boundaries.

close all, clear all, clc,
%Introduce plant and controller parameter values.
vg=4.2; L=3.3e-6; C=4.7e-6; T=1/1e6;wz1=0.167e6;
wz2=0.33e6;wp1=5e6; wp2=7e6;Io=1;Wi=0.32e6;
% System feedback coefficients.
%This is the case of a type III compensator
Wp1 = Wi*wp2*(wz1*wz2-wp1*wz1-wp1*wz2+wp1^2)/...
wz1/wz2/(wp1-wp2);
Wp2 = -Wi*wp1*(wz1*wz2-wp2*wz1-wp2*wz2+wp2^2)/...
wz1/wz2/(wp1-wp2);
% System state-space matrices.

A1=[0 1/C 0 0;
-1/L 0 0 0 ;
-1 0 -wp1 0;
-1 0 0 -wp2];

A0=A1; % Only for an ideal buck converter.
% Otherwise A0 must be introduced.

B1=[-1/C 0 0;
0 1/L 0;
0 0 1;
0 0 1];

B0=[-1/C 0 0;
0 0 0;
0 0 1;
0 0 1];

% Feedback vector and identity matrix.
K=[0 0 -Wp1 -Wp2]; II=eye(length(A1));
%Introduce steady-state duty cycle D range.
DD=linspace(0.0,1,200);
%Evaluating any dependence on D.
k=1; for D= DD;
vref=D*vg; % From net volt-second balance.
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Fig. 18. The experimental setup used to validate the theoretical and the simulation results.

w=[Io; vg; vref]; % Input pmeter vector
phi1=expm(A1*D*T); phi0=expm(A0*(1-D)*T);
psi1=inv(A1)*(phi1-eye(length(A1)))*B1*w;
% No singularity problem with the use
% of inv with the approach of this paper.

psi0=inv(A0)*(phi0-eye(length(A1)))*B0*w;
PHI=phi0*phi1; PSI=phi0*psi1+psi0;
x0=inv(eye(length(A1))-PHI)*PSI;
% No singularity problem with the use
% of inv with the approach of this paper
xD=phi1*x0+psi1; f1x0=A1*x0+B1*w;
f2x0=A0*x0+B0*w; evD=vref-xD(1);
mI=Wi*evD;
% Term due to the external integral variable
% It can be ignored without a significant error
% in all VMC strategies but not in CMC.
mP=-(K*inv(II+phi1*phi0)*phi1*(f1x0+f2x0));
PD(k)=mI+mP; k=k+1;
end
plot(DD*vg,PD*T,’m-’,’linewidth’,2)
xlabel(’vref’), ylabel(’VM’)
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Fig. 19. The stability boundary from theoretical analysis using (2) and
experimentally (?). (a) in terms of the gain Wp and the steady-state duty
cycle D. (b) in terms of the ramp amplitude VM and the steady-state duty
cycle D, (c) in terms of the temperature Θ and the irradiance G. ωp = 25
krad/s. ωz = 1 krad/s. VM =1 V. The stable region is at the left of the
curves.
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Fig. 20. Experimental waveforms of PV-fed the boost converter with input
variables control before (a) and after (b) subharmonic oscillation takes place.
Vbat = 55 V (D = 0.67).
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