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Abstract It is well known that models of power
electronic converters belong to the scope of the
theory of piecewise smooth systems. Recently, it
has been shown that DC-AC and AC-DC power
converters (whose dynamics is governed by two
vastly different frequencies) lead to a special class
of piecewise smooth models whose properties have
been barely investigated before. The characteris-
tic feature of these models is a very high (prac-
tically unpredictable) number of switching mani-
folds between partitions in the state space associ-
ated with different dynamics. In the previous pub-
lications we have considered several models of DC-
AC converters and have shown that the properties
of their models lead to a number of unusual dy-
namic phenomena. In particular, we have shown
that transformations of chaotic attractors in such
models can be caused in the regions of the attrac-
tors associated with an ultra low invariant density,
which is beyond a practical observability in phys-
ical or numerical experiments. The appearance of
such low-density regions has been explained by the
so-called spiking phenomenon. In the present pa-
per, we make the next step and ask the natural
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question what are the reasons behind the appear-
ance of spikes. We consider a model of a power con-
verter belonging to a different class than the mod-
els considered before (a PFC AC-DC converter)
and discuss a connection between spiking and the
presence of two vastly different frequencies in the
modeled system. This leads us to the conclusion
that the described properties of transformations
of chaotic attractors are generic for a broad class
of power converters.

Keywords power electronic AC-DC PFC
converter - piecewise-smooth map - chaotic
attractor - homoclinic bifurcation

1 Introduction

Power electronics converters are used in many in-
dustrial applications such as in motor drives [1],
interfaces between the renewable energy resources
and loads [2], electrical vehicle battery charging
[3], efficient emerging Light Emitting Diode (LED)
lighting [4] among others. Their control is based on
adequate switching between different circuit topolo-
gies using active and passive switching devices.
The standard technique for driving the active switch-
ing devices is by means of a fixed frequency pulse
width modulation (PWM). Accordingly, as any other
switching circuits, power converters belong to the
scope of the theory of piecewise smooth systems
[5,6].

Many modern loads for the electrical mains are
are nonlinear and this can induce serious power
quality problems. With the increasing demand for
power from the AC line and more constraints for



power quality, including a Power Factor Correc-
tion (PFC) circuit is necessary to comply with
the regulatory requirements and standards such
as the TEC61000-3-2. Basically, A PFC circuit is
an AC-DC converter usually controlled by pulse
width modulation strategy and input current con-
trol. This control is performed in such a way to
maximize the active power extracted from the avail-
able mains and in this way, the converter emulates
a pure resistance. Therefore, the extracted current
from the mains is in phase with the mains voltage
hence resulting in a unity power factor hence min-
imizing waste of electrical energy and improving
the system efficiency. A diode rectifier followed by
a boost converter working in Continuous Conduc-
tion Mode (CCM) is the most popular unidirec-
tional AC-DC converter commonly used for many
medium and high power applications [7,8].

For an appropriate functioning of this system,
the output voltage of the boost converter must be
always higher than the peak line voltage. For usual
line input voltage applications, the bus voltage is
usually fixed to values around 380 V DC which is
achieved by a voltage feedback compensating loop.
One of the important tasks in the design of PFC
power supplies is the control loop implementation
which ensures a system free from any kind of insta-
bilities, with an adequate dynamic behavior under
all loading and power conditions. However, it is
well known that this aim is difficult to be achieved
for all values of system parameters. A series of
studies dealing with nonlinear behavior in these
systems have been carried out in the past [9-11].
Later, many studies have dealt with such effects
occurring in boost PFC circuits as the period dou-
bling instability at the line frequency, as well as the
appearance of bubbling at the switching frequency
(often, although not entirely correctly, referred to
as the fast-scale period doubling) [12-15]. Under-
standing of these phenomena is extremely impor-
tant for design, prediction and control of the dy-
namics occurring in this type of power electronics
systems.

The major part of the results on possible bifur-
cation phenomena in several classes of switching
power converters have been achieved for DC-DC
converters, in particular because the converter of
this class leads to relatively simple models [16—
18,5,19,6,20]. By contrast to that, converters of
the DC-AC and AC-DC types are more difficult
to deal with, since their dynamics is governed by
two vastly different frequencies, namely the high
switching frequency and the low line frequency which

may be related to the output (DC-AC ) or input
(AC-DC ) signals. The ratio m between these fre-
quencies is referred to as the frequency modulation
ratio, and takes typically the values of the magni-
tude between 102 and 103.

In our previous publications [21-23] we pre-
sented a generic two-step approach for modeling
of power converters.

e The first step of this approach is common to
all classes of converters and involves the calcu-
lation of a primary stroboscopic mapping with
the sampling frequency equal to the high switch-
ing frequency. For DC-DC converters the result-
ing stroboscopic map is in general autonomous
and represents already a final model, while for
DC-AC and AC-DC such a primary stroboscopic
map depends on the phase of the low frequency
signal, i.e., is non-autonomous.

e As a second step, specific for DC-AC and AC-
DC converters, we introduce a secondary stro-
boscopic mapping with the sampling frequency
equal to the low frequency. Provided that the
frequency modulation ratio is an integer num-
ber, the secondary stroboscopic map can be ob-
tained from the iterate of the primary strobo-
scopic map which corresponds to one period of
the low frequency signal (for example, the m-
th iterate in the case of the DC-AC converters
considered in the works cited above). Moreover,
since the sampling frequency is chosen to be
identical with the low frequency, the secondary
stroboscopic map is autonomous.

Due to a high value of m, the resulting model (the
secondary stroboscopic map) belongs to a specific
class of piecewise smooth maps barely investigated
before. The characteristic feature of maps belong-
ing to this class is an extremely high number of
the switching manifolds separating the branches of
the function which governs the dynamics. This can
easily be understood, taking into account that for
any piecewise smooth map the number of branches
of the m-th iterate grows exponentially with m.

Clearly, the presence of an extremely high num-
ber of branches essentially influences the dynamics
and causes several unusual phenomena to occur, as
for example transitions to chaos via irregular cas-
cades of border collisions [21], structures in param-
eter space formed by persistence border collisions
inside the domain of regular dynamics [22], and a
global alignment of the boundaries associated with
smooth bifurcations [23].

Transformations of chaotic attractors in a map
with an extremely high number of branches result-



ing from the modeling of a DC-AC converter have
been considered recently in [24]. In the cited work
we have shown that transformations of chaotic at-
tractors in this map can be explained by well known
homoclinic bifurcations, which however, in addi-
tion to their usual effects, lead to the appearance
of the regions of chaotic attractors associated with
a very low invariant density. In many cases, this
density is below the observability level, both in
physical and numerical experiments based on for-
ward iterations of the models. In the cited work, we
explained the presence of these low density regions
by the so-called spiking effect, i.e., the appearance
of a small number of branches of the map with very
small domains and unusually large ranges. How-
ever, in [24], the natural question “what are the
reasons for the spiking phenomenon to occur?” has
been left out for the future research.

In fact, quite unusual transformations of chaotic
attractors in an AC-DC converter model has been
reported for the first time in [25], but not explained.
In the present work, we turn back to the model
considered in that publication. Applying to this
model the two-step approach recently developed
for DC-AC converters and considering the secondary
stroboscopic mapping, we can explain these phe-
nomena. Following the line of research started in [24],
in the present work we aim to demonstrate that
spiking and similar effects influence transforma-
tions of chaotic attractors in models of AC-DC
converters in a way similar to the one already re-
ported for models of DC-AC converters. However,
the main goal of the present work is to identify
the sources of the spiking phenomenon. To this
end we introduced a novel approach, similar to
the usual cobweb diagrams but applicable to non-

autonomous 1D maps. Using this approach we demon-

strate that the appearance of spikes under parame-
ter variation is caused by a change of the positions
of some specific images of the border points of the
function with respect to each other. As a next step,
we provide some evidence in which class of mod-
els this phenomenon occurs. Although this ques-
tion can still not be seen as completely solved, we
present some evidence that spiking is caused by the
presence of two different frequencies governing the
dynamics and is therefore a generic phenomenon

in DC-AC and AC-DC converters.

The paper is organized as follows. First, in Sect. 2
we briefly describe the investigated circuit and its
discrete-time models (the primary and the secondary
stroboscopic maps). Then, in Sect. 3 we discuss
several transformations of chaotic attractors in the

considered model, the spiking-related mechanisms
leading to their appearance, and the connection
of the observed effects to the low density parts
of chaotic attractors. The mechanism causing the
spikes to emerge is discussed in Sect. 4. Thereafter,
in Sect. 5, we turn to the question which proper-
ties of the considered model lead to the spiking
phenomenon. Sect. 6 concludes.

2 Modeling
2.1 System description

The block diagram of a typical AC-DC boost recti-
fier for PFC is shown in Fig. 1. The supply voltage
(AC 50 — 60 Hz) at the system input is first ap-
plied to a diode full wave bridge rectifier to obtain
a full wave rectified voltage v, (t) whose frequency
is doubled (100—120 Hz). Then, this voltage is sup-
plied to a current-mode controlled DC-DC boost
converter whose main task is to perform the cor-
rection of the input PF.

In practice, at the output side of this converter,
there is a large capacitor C to provide a roughly
DC voltage Vy from the AC voltage source vgy(t)
with relatively small ripple. Usually, the voltage
controller consists of a feedback compensating loop,
and the average output voltage Vj is roughly reg-
ulated to a value between 380 V and 400 V DC for
a line input voltage between 85 V AC and 265 V
AC.

In order to generate the switching signal to
the DC-DC boost converter, the feedback corrector
first determines the error signal & = Vi (t) — Ves(t)
that measures the difference between the reference
voltage Vier(t) and the output voltage Vis(t) =
¥ir(t) of the current sensor (CS). Here, i, is the
inductor current and 4 is referred to as the current
sensor sensitivity parameter.

To ensure that the average value of the inductor
current iy, is in phase with the input voltage, the
reference signal Vi..f is given by the rectified voltage
vg(t) multiplied by a suitable transfer coefficient g:

Viet () = g 04(1).

Here, the coefficient g is provided by the slow out-
put of the external voltage controller VC and vy(t) =
V| sin(wit)] is the rectified sinusoidal voltage with
the amplitude V; and the angular frequency w; =
27 /T,. Hence,

Viet (t) = g Vg sin(wit)].



As mentioned before, the value of the transfer coef-
ficient ¢ is given by a low bandwidth external loop
controller regulating the output voltage. In most
applications, this coefficient as well as the output
voltage Vp can be considered as constant.

The sample-and-hold unit S/H reads the error
signal £(t) at every clock time ¢t = kT, 0,1,2,...
and maintains it for the following switching period.
This produces the control signal Vop (t). Then, the
comparator DA compares this signal with a peri-
odic ramp function Viamp(t) in order to generate
the switching signals to the switch S.

The ramp function Viamp(t) varies from zero
to —Iy in synchrony with the clock signal Vjock-
If Veon(t) > 0 or Veon(t) < —Ip, the modulator is
saturated. In the first case, i.e., if Von(t) > 0, the
duration of the pulse is equal to the ramp period
T, and in the second case (i.e., if Veon(t) < —Ip) it
is equal to zero.

In this way, the dynamics of PFC converters
are characterized by two forcing frequencies: the
switching frequency f; = 1/T and the line fre-
quency f; = 1/T, with f, < fs, where Ty is the
period of the reference signal and T is the ramp
period (the period of the clock signal).

2.2 Model in continuous time

The dynamics of a PFC converter described above
can be represented by the following non-autonomous
differential equation with a discontinuous right hand
side:

@ _ ‘/9| Sin(wlt)|7 lf ‘/con > V;amp(t)a
dt Vylsin(wit)| = Vo,  if Veon < Viamp(t),
with

chon = g(t)|t:kT7
£@t) = g Vgl sin(wit)| — 9 iL(t),

t t
‘/ramp(t) =—1Ip (1 - T + {TJ) 5
2w Ty

wp = ﬁ, ? =1m,

where number |¢/T| is the largest integer num-
ber not greater than ¢/T (i.e., the integer part, or
floor, of t/T) and, as previously introduced, m is
referred to as the frequency modulation ratio, i.e.,
the number of clock cycles during the period Ty of
the reference signal.

Let us introduce now the dimensionless state

. wr . . . . .
variable x = A -11,, the dimensionless time vari-

0
able 7 = w;t and the following set of dimensionless

parameters:
1. Lw; Iy gVy Vy
W TE I Pt 1=,

The parameters P and I" control the amplitude
of the ramp function normalized with respect to
I, =1 A, B represents the amplitude of the AC line
voltage, and « is the normalized amplitude of the
rectified sinusoidal source voltage. For simplicity,
m is assumed to be an odd integer.

In these terms, the behavior of the considered
converter is described by the following ordinary
differential equation with a discontinuous right-
hand side:

. v |sin7|,

T = ]
v|sinT|—1,

where & denotes the derivative of x with respect

to 7. The scalar function (7, x)

. [ 27k
sin <m> ‘ — (1),
with

n(T):PF(l—%T—i—L%TD,

A ()

defines the switching manifold (sometimes referred
to as the discontinuity boundary)

T = {(r.2) | p(r,x) = 0}.

The manifold X' separates the phase space of Eq. (1)
in two partitions

{(T,l‘) | o(1,2) > 0} and {(T,:Z?) | o(1,7) < 0}

in which the dynamic behavior of the system is
governed by different vector fields. As shown in our
recent publications [21-23], all solutions to Eq. (1)
intersect the switching manifold X' transversely so
that no sliding motion can occur.

it (r,z) >0

if o(r,x) <0, W)

30(7—7 1') =z —f

2.3 Primary stroboscopic mapping

The derivation of the discrete-time model of the
circuit described above is presented in [25]. This
model (the primary stroboscopic mapping) is ob-
tained by integration of the continuous time model
over one ramp period and, in the normalized form
(with the dimensionless state variable and param-
eters), is given by

Th41 = Fk(l‘k), (2&)



where

Fk(xk) =
2k +1
Ff(zy) = o, + o - sin (7r + )
m
if g < bIZ’
2k +1 2
FM(zg) =zp +a-sin (7 * )ka
ifb, <axp < b
2k +1 2
FF(zy) =z + o - sin (ﬂ' i ) 7
m m
if x> b - I,
(2b)
with
|k — x|
— 5k R] 2
2k P.I ) ( C)
k
qr = fsin (27rm> , a=2sin (%) , (2d)
b, =qk, bf =qx+P-T. (2e)

The shape of the function Fi(z) for 0 < k < im
is shown in Fig. 2. It follows from Egs. (2b), (2c)
and (2d) that the function Fy(z) is 3m-periodic
with respect to k.

As in [25], let us fix the following parameter
values: g = 0.01; V, = 2202 V: Vo =380V, L =
15mH; I, =1 A, Ty =1/f, =20 ms, ¥ = 1.0 2
and consider I" as a control parameter.

2.4 Secondary stroboscopic mapping

The bifurcation diagram of map (2) obtained at
the previous parameter values which correspond to
the results reported in [25] are shown in Fig. 3(a).
Up to some extent this bifurcation diagram re-
sembles the well know bandcount doubling cas-
cade which is typical for piecewise smooth maps
as for example the skew tent map [26,27]. Re-
call that this scenario represents a sequence pa-
rameter intervals corresponding to 2¥-band chaotic
attractors, k£ > 0, separated from each other by
the points of merging bifurcations [28,27] associ-
ated with homoclinic bifurcations of harmonic 2*-
cycles [29,26]. Still, there are several features in
the bifurcation diagram shown in Fig. 3(a) which
does not match the properties of the bandcount
doubling cascade. The most striking of them are

1 Note that the function Fy(z) has two arguments,
z and k (see Fig. 2). For sake of compactness, we use
a mixed notation and write the second argument as a
lower index.

parameter intervals associated with missing bands
of the attractors which interrupt the scenario re-
peatedly but without any recognizable systemat-
ics. Moreover, in some parts of the bifurcation di-
agram the chaotic attractors contain regions as-
sociated with extremely low density (which have
been overseen in [25] and wrongly interpreted as
gaps between the bands of multi-band chaotic at-
tractors). Finally, in some parameter intervals the
scenario is enriched by bistability, as indicated in
Fig. 3(a).

All the phenomena mentioned above indicate
clearly that the observed sequence of bifurcations
differs from the bandcount doubling scenario and
requires an explanation. To this end, one can make
use of the technique recently developed for mod-
els of DC-AC converters and successfully applied
in [21-23]. Proceeding in this way, one considers
a secondary stroboscopic mapping over one period
of the low frequency signal. Indeed, since the dy-
namics of the PFC AC-DC converter discussed in
the present work is essentially governed by two
frequencies, the primary stroboscopic mapping (2)
over one period of the fast switching signal is non-
autonomous. However, as the function Fy(z) is
%m—periodic with respect to k, the secondary stro-
boscopic mapping over one period of the low fre-
quency signal is given by the %m—th iterate of the
primary stroboscopic mapping. Moreover, for the
same reason, for each value of 7 such that 0 < i <
%m, the corresponding iterate function

2
w1 =f" 2 (wr) = Forirlm—t®

3)

Fk+i+%m72o +++ 0 Fk+i+1 o F;,H_i(xk)

is autonomous. The results presented in [21-23]
confirm that several dynamical effects in power
converters whose dynamics is governed by two vastly
different frequencies are easier to investigate using
1D autonomous maps similar to (3) (for which the
desired behavior of the converter corresponds to
a stable fixed point) than using non-autonomous
maps similar to (2). However, the price to pay
for this explication is the necessity to work with
a high iterate. Indeed, in the present case, the val-
ues of the parameters Ty = 20 ms; T = 200 us
used in [25] lead to the frequency modulation ratio
m = 1000, so that one has to consider the function
290, As a matter of fact, a numerical treatment of
this function is related to serious problems. Since
the particular parameter values are of minor sig-
nificance for the purposes of this paper, we prefer
to avoid these problems and to change the param-



eters to the values Ty = 1 ms; T' = 50 us, which
lead to the frequency modulation ratio m = 200.
Proceeding in this way one has to consider the
iterate function f1% (as in [21-23]). The bifur-
cation diagram obtained in this case is shown in
Fig 3(b). Clearly, the overall shape of the bifurca-
tion diagram changes significantly compared with
the one shown in Fig 3(a). However, the mech-
anism causing the transformations of chaotic at-
tractors remains the same and can be investigated
more easily in the case of f19 than in the case
of f590. Specifically, in the following we consider
the part of the bifurcation diagram which is shown
outlined by a rectangle Ry in Fig 3(b) and magni-
fied in Fig 3(c). As shown below, in this part one
can clearly observe several mechanisms leading to
transformations of chaotic attractors due to the
spiking phenomenon and similar effects.

3 Transformations of chaotic attractors and
low density chaos

Let us start with the part of the bifurcation se-
quence outlined by the rectangle marked by Ro
in Fig 3(c) and shown magnified in Fig 3(d). In
the left part of the bifurcation diagram the map
has two coexisting attractors. First, for increas-
ing value of I', the attractors do not undergo any
visible changes, then at some parameter value the
lower attractor start to shrink in size. Thereafter
it keeps its smaller size for some parameter inter-
val, and eventually it grows back to its previous
size. Eventually, the upper attractor starts to grow
(note that the density in the added part of the at-
tractor is much lower than in the other part) and
then it disappears, leaving only the lower attrac-
tor to exist in the right part of the bifurcation di-
agram.

To explain the observed transformations of the
attractors let us consider the shape of the func-
tion f™/2 at some characteristic parameter values.
The function /2 at the parameter values corre-
sponding to the point A; in Fig 3(d) is shown in
Fig. 4(a). In is clearly visible in this figure that at
the considered parameter value the map has two
coexisting one-band chaotic attractors. Indeed, as
one can see in Figs. 4(b) and (c), the intervals
[cL, 2] and [c2,cl] are invariant and absorbing.
As the function /2 is everywhere expanding in
these intervals, the intervals represent chaotic at-
tractors. Moreover, it follows immediately from the
shape of the function f”/2 in these intervals, that
the density distributions on these attractors are

highly non-equal. In particular, in the middle part
of the chaotic attractor [ck,c%] there is a sub-
interval [c, ¢2,] confined by the minimal and max-
imal values of the corresponding branches as indi-
cated in Fig. 4(b). As one can see in this figure, the
points of this interval have a significantly smaller
number of preimages inside the absorbing interval

[cL,c2] than the points of the complementary set

[ek,c2]\ [ck,c2]. Accordingly, the density in the

interval [c}, 3] is much lower than in other parts
of this attractor. A similar reasoning applies to the
other chaotic attractor [¢2,cl] (see Fig. 4(c)).
Note also that in addition to two chaotic at-
tractors, the interval [}, c1] contains also a chaotic
repeller. Indeed, let * be the fixed point belong-
ing to the branch of f™/2 which is most close from
the right side to the interval [ck, %] and has the
range [cL, cl] (see Fig. 4(a)). Similarly, let 2** be
the fixed point belonging to the branch of f™/2
which is most close from the left side to the in-
terval [c%,cl] and has the range [ck,cl]. It can
easily be shown that these fixed points, as well as
all other fixed points which belong to the branches
with the range [ck,cl] are homoclinic. Therefore,
the interval [z*, 2**] does necessarily contain a set
on which the map f™/2 is chaotic [30]. As the inter-
val [z*,2™*] is not absorbing (since it contains val-
ues ¢’ with f(2') & [x*,2**]), this set is a chaotic
repeller. Accordingly, some of the transformations
of chaotic attractors discussed below are caused
by interactions of the chaotic attractors with this

chaotic repeller.

It is clearly visible in Fig 3(d) that as I" is in-
creased to the point marked with B; in this figure,
the lower chaotic attractor shrinks in size. The rea-
son for that can be seen in Fig. 4(d) which shows
the function f™/2 at the corresponding parame-
ter value. Indeed, the overall shape of the func-
tion f™/2 does not significantly change compared
with the one shown in Fig. 4(a), but the number of
spikes in the interval [}, 2] decreases, and in par-
ticular, there are no spikes in the interval [¢3, c2]
(see Fig. 4(e)). As a consequence, the typical ini-
tial values from the interval [c},c2,) are mapped
in the interval [¢3, cZ], which is now invariant and
forms a chaotic attractor. Note also that the inter-
val [ck,¢3) contains still a spike which intersects
the diagonal. Accordingly, there are still repelling
fixed points in this interval. Moreover, it can be
easily shown that these fixed points are homo-
clinic, so it follows from the results proven in [30]
that a chaotic repeller exists in a neighborhood of
the homoclinic orbits to these fixed points. Clearly,



the points of this repeller and their preimages in
the interval [ck,c3,) are the atypical initial values
from the interval [cL, ¢3 ) which are not mapped in
chaotic attractor given by the interval [c3, c2].

For further increasing values of I', the spikes
appear in the interval [¢3, 2], so that eventually
the lower chaotic attractor restores its size and be-
comes [ck,c2] again. Moreover, as one can see in
Fig. 4(f), spikes appear also on the upper attrac-
tor. As a consequence, this attractor is no longer
given by the interval [c2, cL] but instead by [c2, cl],
where 2 is the minimal value of the spikes in the
interval [c2,cL]. This explains also why the den-
sity of this chaotic attractor has a highly unequal
distribution. Indeed, as one can see in Fig. 4(g),
there are only two spikes in the interval [¢2,cl],
with very small domains, and the only way for an
orbit to reach the interval [¢2, ¢2) is to be mapped
previously to a suitable part of these (already very
small) domains. Accordingly, the invariant density
of the attractor in the interval [c2,c2) is much
lower than in the interval [c2, cL].

As I' increases further, two coexisting chaotic
attractors [ck, ¢4 ] and [¢2, cL] persist but the spikes
belonging to the upper attractors grow. Then, as
illustrated in Fig. 4(h), the lower boundary of the
attractor (the critical value ¢2) reaches the repelling
fixed point x**. The condition

5

o kk
=

c

(4)
corresponds to a homoclinic bifurcation of this fixed
point, which (being one-side homoclinic before this
bifurcation) becomes two-side homoclinic after. Ac-
cordingly, as illustrated in Fig. 4(i), the interval
[c2, L] is no longer invariant after the bifurcation,
so that the described homoclinic bifurcation of x**
causes a final bifurcation of the chaotic attractor.
After this bifurcation occurs, the chaotic attrac-
tor does not exist any longer, and the interval
L] contains points of a chaotic repeller (more
precisely, the chaotic repeller which was confined
before the bifurcation in the interval [x*, z**], ex-

pands after the bifurcation to the interval [x*, cl]).

[:L,>|<>|<7 c

Hence, a typical initial value from the interval [c2., 2**)

converges eventually to the chaotic attractor [c}, ¢2],
which is now the only attractor. However, an orbit
started at an initial value in the interval (z**,cl]
may remain in this interval for a quite long time,
showing the so-called transient chaos [31,32]. In-
deed, it is clearly visible in Fig. 4(i) that there are
three spikes in the interval (z**,cl], and that the
only way for an orbit to leave this interval is to
reach a points 2’ with f™/2(2') < 2** which nec-
essarily belongs to the domain of one of the spikes.

With increasing I” the chaotic attractor [ck, c2]
remains the only attractor in a quite large parame-
ter interval, as illustrated in Fig. 5(a)—(c). In fact,
in this parameter interval the function /2 un-
dergoes some significant transformations, which,
however, influence the structure of the chaotic re-
peller only. It can be clearly seen in Fig. 5(a) that
the spikes in the interval [#**, c1] which have previ-
ously caused the final bifurcation described above
continue to increase in size and in number. At the
parameter value corresponding to Fig. 5(b) the
ranges of the corresponding branches cover already
the complete interval [c}, cL], while at the parame-
ter value corresponding to Fig. 5(c) these branches
do not intersect the diagonal any longer. Clearly,
the disappearance of the fixed points belonging to
these branches is associated with homoclinic bifur-
cations which change the structure of the chaotic
repeller but do not affect the chaotic attractor. Fi-
nally, the function f™/? takes the configuration
shown in Fig. 5(d), with the major part of branches
having the same range as the branches in the in-
terval [cL,c2], and a couple of spikes whose range
decreases with increasing I.

As already mentioned, the described transfor-
mations of the shape of the function f™/2 do not
influence the chaotic attractor, which remains to
be given by the interval [c},c2]. This changes at
the parameter value at which the spikes begin to
grow in this interval (see Fig. 5(d)). As one can
see in the magnification shown in Fig. 5(e), there-
after the upper boundary of the chaotic attractor
is given by the critical values 3. As at the begin-
ning there are only a few spikes, the density of the
attractor is almost completely concentrated in the
part of the attractor given by the former ranges

L 2], while the density in the interval (c2,c2]

[CR’CR R TR

is very low. Then, the condition

c?z =z*

signifies a homoclinic bifurcation of the fixed point
x* which becomes two-side homoclinic (in other
words, at this point a chaotic attractor merges
with a chaotic repeller), as illustrated in Fig 3(e)
and Figs. 5(c),(d). Accordingly, as the fixed point
has a positive eigenvalue, the chaotic attractor ex-
pands suddenly to the full range [}, cl], i.e., un-
dergoes an expansion bifurcation ([28,27]) and af-
ter that, the interval [c}, ¢] is no longer invariant

(see Fig. 5(e),(f)). "

For larger values of I" (in the parameter range
indicated by the rectangle Ry in Fig. 3(c) and



shown magnified in Fig. 3(f)), one can observe also
a merging bifurcation ([28,27]) associated with a
homoclinic bifurcation of the fixed point z**. Note
that the shape of the bifurcation diagram close
to this bifurcation differs quite significantly from
the typical shapes related to merging bifurcations.
However, it is easy to see that the fixed point x**
has a negative eigenvalue, as required for merging
bifurcations, and the unusual shape of the bifurca-
tion diagram is in fact explained by the high abso-
lute value of the slope of the branch containing this
fixed point. As soon as the preimage of the criti-
cal value defining the boundary of the low-density
part of the chaotic attractor reaches the domain of
this branch, a slightest parameter variation causes
a significant movement of this boundary, reflected
in an almost vertical edge in the bifurcation dia-
gram (see also [24]).

To summarize, all three standard types of trans-
formations of chaotic attractors in 1D maps (the
merging, the expansion and the final bifurcations)
occur in the considered system, and qualitatively
they occur as described in the literature [28]. How-
ever, quantitatively the situation is quite differ-
ent from the known examples, since the parts of
the chaotic attractors involved in these bifurca-
tions have an extremely low density. The reasons
for that are related with the spiking phenomenon.
Still, the question remains open, which reasons
cause the spikes to appear?

4 Appearance of the spikes

A wide-spread approach for a qualitative study of
the dynamics of 1D maps are so-called cobweb dia-
grams, which show the behavior of orbits in a com-
pact form on the graph of the function. However,
for the function f™/2 this approach is practically
not applicable due to a very high number of its
branches and their extremely small domains. To
solve this problem, we suggest a slightly modified
technique which can be seen as a natural extension
of the usual cobweb diagrams.

Recall that the function F' is non-autonomous
and depends on two arguments, z and k. However,
as the argument k takes integer values between 0
and 5 — 1, the function F' can also be seen as a
set of & functions Fy, k = 0,...,%% — 1, each of
which depends on one argument x only. For each
fixed k, the function F () is bimodal, with a local
maximum at the border point b, and a local min-
imum at bz. Accordingly, the overall function F'
has m border points b, b;, as illustrated in Fig. 7

(see also Fig. 2). As one can see in Fig. 7(a) and
the magnifications shown in Fig. 7(b),(c), with &
increasing from zero to m/4 (a half of the period
of the function F' with respect to k), the function
F}, is translated upwards and to the right, and
thereafter (in the second half-period) it is trans-
lated downwards and to the left. Accordingly, in
Fig. 7(a)—(c), the top-most function is F5o and the
low-most is Fj.

In the presented setup, the cobweb diagrams
can be presented as follows. Recall, that in the
usual cobweb diagrams an orbit moves from a point
on the diagonal vertically to the value of the func-
tion at this point, then horizontally to the diag-
onal, to the function again, and so on. For map
F, the diagram is produced similarly, with the dif-
ference that an orbit moves from a point on the
diagonal to the value of the function F}, then to
the diagonal and to the value of the next func-
tion Fji1 mod m/2, and so on. As an example,
Fig. 7(d) illustrates an unstable m/2-cycle of map (2)
presented in this way.

Now let us turn back to the mechanism leading
to the appearance of spikes in the function f™/2.
Recall that the function /2 is an iterate of the
function F. Therefore, the border points of f7/2
are preimages of the border points of F', and the
values of f™/2 at these border points are images of
the border points of F' [27]. Clearly, by monotonic-
ity of all branches of f™/2, the tips of the spikes
are located at the border points of f™/2. Using
the described extension of the cobweb diagrams,
we can determine to which border points of F' the
spikes are related.

As an example, let us consider now the shape of
the function /2 in the same interval at two pa-
rameter values, before and after the appearance of
spikes, as shown in Fig. 6(a) and (b), respectively.
In fact, the parameter value chosen in Fig. 6 is
the same as in Fig. 4(g), so the four spikes shown
there are related to the final bifurcation discussed
above. The border points of f™/2 corresponding to
the tips of these spikes are

2V ~0.0235366, 22 ~ 0.0237158,
2 ~ 00238224, 28" ~0.0240122.

Using the extended cobweb diagrams, it can be
easily shown that in a few iterations these border
points are mapped on the same border point of
map F. Indeed, as shown in Fig. 8(a), in one step



they are mapped pairwise together:
1 4 1/4
i (ay)) =Fgy(ag”) = ai'!?,
2 3 2/3
Fii(ay)) =F(ay)) == o/,
2/3)

Thereafter, the points :c(ll/4) and x(l
by the function FZf(x), so that

are mapped

1/4 1/4 2/3 2/3
g = B aiY), 2 = B ).

Eventually, as illustrated in Fig. 8(b), after one
more step performed by the function FZf the or-
bits started at all four points xgj), j =1,2,3,4,
coincide:

1/4 2/3 1/2/3/4
s (a5'1V) = Fg(a) o= ! /2310,

Moreover, as illustrated in Fig. 8(b) as well, after
one more iteration the point x:(,)l/ 2/3/4) i mapped

on the border point b3, of the function Fi4(z):
1/2/3/4
(e PP00) = b,

that means for all four points :céj), 73 =1,23,4,
that

F53 o F52 9} F51 9} F50(I6J)) = b;_4

Therefore, the border points of /2 specified in
Eq. (5) are in fact given by the preimages of the
border point b7, as follows:

1 . ) ) ,
zy) = (Fi) ™ o (B ™ o (F35) ™" o (Fe) ™ (bd),
zy) = (Fig) ™ o (F) ™ o (F33) " o (F) ™ (b3a),
xy) = (Fg5) "o (F) ™ o (F) ™ o (F5) 7 (bda),
zy) = (F55) "o (F) ™ o (F¥) ™" o (Fo) ™ (bd)

Next, to explain the appearance of spikes, we have
to trace the value ¢2 of the iterate at these border
points, i.e., the value

S = 2@y, j=1,2,3,4.

Note that here we assume implicitly that this value
is the same for all four considered points. As shown
below, this is indeed the case. Recall also that the
value ¢2 is involved in the final bifurcation dis-
cussed in the previous section (see condition (4)).
By definition of the iterate this value is given by

Ci :F490F480~-~OF1OF()OFggOFggO-'-O

() (7)
F54 0 Fsg 0 F5g 0 F51 0 Fyo(zg).

However, as all four points :c((Jj), 7 =1,2,3,4, are
mapped within the first three iterations on the

same border point bd,, it follows from Egs. (6)
and (7) that

Ci = F4g OF48 O« OF55 OF54(bg—4).

Noteworthy, this proves that the values at the tips
of all four spikes are identical as well.

In a similar way, the values at the other border
points of f™/2 can be determined, in particular
at the border points located close to the spikes
described above. Using the extended cobweb di-
agrams starting at these border points one can
show that these points are preimages of the bor-
der points of F' different from b;;- For example,
the critical values cl, ¢% (see Fig. 6) turn out to
be given by:

ci :F490F48(bj1_8)7
Ci = F49 OF48 OF47OF46(bI6)'

A direct computation shows that at the parame-
ter value corresponding to Fig. 6(a), the value 2
satisfies

2 5 1
c, <c, <c..

However, with increasing I, the value ¢> decreases
are eventually reaches ¢2. Accordingly, the appear-
ance of spikes is associated with the condition

_ 5
=c,,

so that they exist for ¢ < ¢% and do not exist

otherwise. In other words, the appearance of spikes
is explained by the fact that the location of the
images of specific border points of F' with respect
to each other changes under parameter variation.

In more general terms, the mechanism leading
to the appearance of spikes can be summarized as
follows. Let A be a chaotic attractor of map f™/2
and B = {b°,b%,...,b"} be the set of border points
of f™/2 inside A. Clearly, the lower and the upper
boundaries of A are giver by

Cmin — rnjn fm/Q(bj), cmax max fm/Q(by)
J J

Suppose, for almost all j the border points b/ € B
are given by preimages of a few border points of F'.
However, there are also a few border points b’ € B
defined by preimages of a different border point
of F. As long as the value f™/2(b’) belongs to the
interval [¢™®, ¢™aX] there are no spikes. As soon
as the value f™/2(b’) exceeds this interval, spikes
appear.



5 Preconditions for spiking

So far we have shown that the appearance of the
spiking phenomenon can be explained by the fact
that specific images of some border points of F
change their locations with respect to each other.
In practical situations, this result, although math-
ematically correct, is not particularly useful, since
one does not know a priori which images of which
border points are to be considered. Moreover, the
question is still open in which class of maps this ef-
fect occurs. First, it can be shown that the appear-
ance of spikes is not related to the non-linearity of
the function F* in Eq. (2). Indeed, if this function
is replaced by its linear approximation, no signif-
icant changes regarding the low-density parts of
chaotic attractors can be observed. Therefore, it is
justified to consider a piecewise linear model which
differs from map F' quite significantly but still ex-
hibits the spiking phenomenon.

Among 1D piecewise linear maps, the most known

is the standard tent map defined by
w1 = Alwr) = a (3 — |oe = 3]) - (8)

The shape of the m-th iterate A™, for a = 1.14
and m = 100, is shown in Fig. 9. As one can see,
this function has a shape quite similar to the one of
the function f™/? considered in the previous sec-
tions. Indeed, in the presented example, the major
part of the branches have the ranges confined to
four intervals corresponding to the bands of the 4-
band chaotic attractor of map (8) existing at the
considered parameter value. Only a few branches
have larger ranges, and it is easy to see that they
contain the repelling fixed point and the repelling
2-cycle of map (8), as well as their preimages. How-
ever, it is well known that chaotic attractors of the
tent map do not contain any low-density parts. Ac-
cordingly, no one of the large-range branches are
located in the intervals corresponding to the bands
of the chaotic attractor, and no spikes exist.

Among the differences between the map (2)
and the tent map (8), the one which appears to be
responsible for the existence of spikes in map (2)
and their absence in map (8), is that map (8) is
autonomous while map (2) is not. To confirm that
let us introduce the following non-autonomous ex-
tension of the tent map:

Tp1 = h(zy)

~ (a2 1),

with 8 < «. As one can see comparing Eqgs. (8)

the corresponding term in map (9) oscillates around
the value o with a small amplitude 5 and the pe-
riod m.

Recall that for map (8), the maximal value of
the function is given by A(1) = 1a. For map (9),
this value oscillates in the interval

[3(a—B),5(a+B)].

Consequently, the absorbing interval [h?(3), h(3)]
in which the dynamics of map (9) is confined, has
oscillating boundaries, similar to map (2). In sev-
eral other respects, maps (9) and (2) differ quite
significantly: for each fixed k¥ map (9) is unimodal
while map (2) is bimodal; under variation of k the
absorbing interval of map (9) grows and shrinks in
size, while for map (2) it moves to the left and to
the right preserving its size, and so on.

Clearly, for 8 = 0, map (9) is identical with
map (8) and shows neither the spiking phenomenon
nor the low-density parts of chaotic attractor. As
an illustration, Fig. 10(a) shows a part of the bi-
furcation diagram of the tent map containing two-
band chaotic attractors. Although the invariant
density of the bands has a non-uniform distribu-
tion, the differences in the density inside the bands
are not significant. By contrast, map (9) with 5 >
0 shows in the same parameter range two-band
chaotic attractors with extreme differences in the
density inside the bands, as illustrated by the bi-
furcation diagram in Fig. 10(b). In fact, the pre-
sented bifurcation diagram has been calculated us-
ing 100000 000 iteration steps of map (9), and this
high number of iteration is indeed necessary, as the
results obtained using a smaller number of itera-
tions can easily be mistaken for four-band chaotic
attractors. The reasons for that can easily be un-
derstood comparing the shapes of the functions A™
and h™. Indeed, the overall shape of these func-
tions is almost the same (see Figs. 10(c) and (d)).
However, as illustrated in Figs. 10(e) and (f), us-
ing a sufficient magnification one can see that the
shapes on the microscopic level differ significantly.
For map (8), each of the bands of the chaotic at-
tractor is covered by the majority of the branches
of A™. For map (9), the situation is essentially
different. The majority of the branches have the
ranges covering only the upper or only the lower
parts of the attractor, while the middle part of the
band is reachable via a small number of branches
only. As one can see, some of these branches be-
long to spikes, while the other connect the lower
and the upper parts of the attractor. In any case,

and (9), instead of a constant parameter o in map (8), there are only a few of such branches, the union



of their domains covers a small fraction of the at-
tractor, and therefore, the density in the middle
part of the bands is much lower (at some param-
eter values by factor 103) than in the upper and
the lower parts.

The presented example can be seen as a confir-
mation that the appearance of spiking phenomenon
is related to the presence of low frequency oscilla-
tions. Indeed, as soon as the low frequency oscil-
lations of the absorbing interval are introduced,
even such a simple model as the tent map starts
to show the spiking phenomenon and the resulting
low density parts of chaotic attractor. This is also
consistent with the fact that the presence of the
low frequency causes the function to have a num-
ber of critical points which were not present before,
and a complex interplay between their images be-
comes possible, leading in some configuration to
the appearance of spikes.

6 Summary

A boost PFC AC-DC power converter can sub-
stantially improve the power factor and reduce the
harmonic distortion. Converters of this type use a
switching element to force the input AC current
to be sinusoidal and in phase with the input volt-
age and play an important role in modern power
electronics applications. The initial motivation be-
hind this work was to reconsider the transforma-
tions of chaotic attractor in a model of a PFC AC-
DC converter which have already been reported
in [25] but not completely understood. To explain
the mechanisms leading to these transformations
we applied the recently developed two-step mod-
eling approach [21-23] consisting of the calcula-
tion of a primary stroboscopic mapping with the
sampling rate determined by the high switching
frequency followed by the calculation of the sec-
ondary stroboscopic mapping with the sampling
rate determined by the low switching frequency.
Note that this modeling approach has been devel-
oped for DC-AC converters, and in this work we
demonstrated for the first time that it can be ap-
plied to AC-DC converters as well. As the behavior
of converters of both classes is essentially deter-
mined by two vastly different frequencies, it is not
surprising that ultimately their discrete-time mod-
els belong to the same class of maps, characterized
by the presence of an extremely high number of
switching manifolds.

Using the obtained model, we have shown that
to explain the observed transformations of chaotic
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attractors it is necessary to take into account the
parts of these attractors characterized by an ultra-
low invariant density. Indeed, as reported in [24],
the homoclinic bifurcations leading to the trans-
formations of chaotic attractors may occur in such
parts of the attractors and their effect becomes vis-
ible for parameter values quite far away from the
bifurcation point. Similar to the models of DC-AC
converters discussed in the cited work, the model
considered in the present paper exhibits all three
types of transformations of chaotic attractors (the
expansion, the merging and the final bifurcations)
typical for 1D maps and these bifurcations are as-
sociated with extreme differences in the attrac-
tors’ invariant density. It has been already shown
in [24] that this effect is caused by the spiking
phenomenon. In the present work we have pointed
out that this phenomenon causes also the transient
chaos to occur.

To explain the mechanism leading to the spik-
ing effect, we developed an extension of the usual
cobweb diagrams, making them applicable to non-
autonomous maps with a periodic dependency on
the discrete time variable k. Applying this exten-
sion we traced the way to the values defining the
tips of the spikes from the border points of the pri-
mary stroboscopic mapping which determine these
values. It turned out that in the configuration of
the parameters related to the appearance of spikes,
among a multitude of border points of the sec-
ondary stroboscopic mapping a few are determined
by the images of a single border point of the pri-
mary stroboscopic, while the other are determined
by some others. In this way we have demonstrated
how, under parameter variation, a displacement of
specific images of the critical points of the map
leads to the spiking effect. We have also provided
at least a clear evidence that this effect is a conse-
quence of the presence of two vastly different fre-
quencies governing the dynamics, and is therefore
quite generic for the considered class of models.
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[c2, k] move downwards and cease to intersect the diagonal. (d) Function f™/2 at the param-
eter value I' = 5.8354 marked with Aj in Fig. 3(e). (e) Magnification of the rectangle marked
in (d). The spikes start to grow in the interval [ck, %] and approach the fixed point z*. (e),
(f) The same region as in (d) at the parameter values I' = 5.835437 which corresponds to
the expansion bifurcation and I' = 5.8366 (after this bifurcation) marked with B in Fig. 3(e). 18
Appearance of spikes. (a) I' = 5.8256, there are no spikes. (b) I" = 5.825837, there are four
spikes with the tip points at :v(j), 3=1,2,3,4. . .. 19
(a) Functions Fy(z) for fixed values of k, 0 < k < $m. (b), (c) Magnifications of the rectangles
marked in (a). For some k, the boundary points b, and bz are marked. Additionally, the
functions F(z,2) and F(z,96) are indicated. (d) Cobweb diagram of an unstable $m-cycle
of map F. I' = 5.825837. . . . . . o e e 20
Developments of orbits started at the points xéj), j=1,2,3,4, corresponding to the tips of
four spikes of fm/2 shown in Fig. 6. (a) In the first step, the orbits merge pairwise, being
mapped by the function F(z,50). (b) In the third step, the resulting two orbits are merged
by the function F(z,50). Eventually, the resulting single orbit is mapped on the border point
b, of the function F(2,54). ' =5.825837. . . . . . . . i i 21
(a) The function A™ for o = 1.15 and m = 100. (b) in addition, the 4-band chaotic attractor of
map T is shown. The long-range almost vertical branches intersecting the diagonal correspond
to the repelling fixed point and the repelling 2-cycle of the tent map, the other (short-range)
branches correspond to the 4-band chaotic attractor. . . . . . . . . .. ... oL 22
Left column: original tent map (8); right column: non-autonomous tent map (9), 8 = 0.1,
m = 101. (a) and (b): bifurcation diagrams showing the invariant density of the attractors.
(c) and (d): function A™ and h™ at a = 1.236 (the parameter value is indicated in (a) and
(b)). (e) and (f): magnification of a small interval from (c) and (d). FIGURE 10(f) missing! 23
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Vo

Fig. 1 Schematic diagram of the considered AC-DC converter. C'S is the current sensor, S/H is the sample-and-hold unit,
and VC is the voltage controller. vg(t) = Vy|sin(w;t)| is the rectified sinusoidal source voltage, where Vj is a constant
amplitude and w; = % Vo is the output voltage supposed to be constant for simplicity.
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m. Additionally, the bimodal functions

1
2

Fig. 2 Function Fi(z) given by Eq. (2) depending on z and k for 0 < k <

F(z,30) and F(z,40) are indicated.
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Fig. 3 Bifurcation diagrams for map (2) calculated using the secondary stroboscopic map (3) at (a) m = 1000 and (b)
m = 200. The rectangle R; outlined in (b) is shown magnified in (c), the rectangles Ra 3 4 outlined in (c) and are magnified
in (d), (e) and (f), respectively. The invariant density of the attractors corresponds to color bars. In (a) and (d), the
bistability intervals are indicated by the background color.
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Fig. 4 (a) Function f™/2 at the parameter value I = 5.825 marked with A; in Fig. 3(d). (b), (c) Magnifications of the
rectangles marked in (a), showing that the intervals [ck, c%] and [¢Z, ck] are invariant and absorbing. (d) Function f™/2
at the parameter value I' = 5.8255 marked with By in Fig. 3(d). (e¢) Magnification of the rectangle marked in (d). The
spikes are located outside the interval [¢3,,c%]. (f) Function f™/2 at the parameter value I' = 5.8258 marked with C;
in Fig. 3(d). (g) Magnification of the rectangle marked in (f). Spikes, growing with increasing I", approach the unstable
fixed point z**. (h), (i) The same region as in (g) at the parameter values I" = 5.825837 which corresponds to the final
bifurcation and I" = 5.82588 (after this bifurcation) which is marked with D; in Fig. 3(d).
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Fig. 5 (a), (b), (¢) Function f™/2 at the parameter values I' = 5.827, I' = 5.828, I" = 5.829, respectively. With increasing
I, the branches of the function, previously located in the interval [c%,ci] move downwards and cease to intersect the
diagonal. (d) Function f™/2 at the parameter value I' = 5.8354 marked with As in Fig. 3(e). (e) Magnification of the
rectangle marked in (d). The spikes start to grow in the interval [ck, c¢%] and approach the fixed point z*. (e), (f) The same
region as in (d) at the parameter values I" = 5.835437 which corresponds to the expansion bifurcation and I" = 5.8366
(after this bifurcation) marked with B2 in Fig. 3(e).
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Fig. 6 Appearance of spikes. (a) I' = 5.8256, there are no spikes. (b) I" = 5.825837, there are four spikes with the tip
points at x(j), 7=1,2,3,4.
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Fig. 7 (a) Functions Fj(x) for fixed values of k, 0 < k < %m (b), (c) Magnifications of the rectangles marked in (a). For
some k, the boundary points b, and bz are marked. Additionally, the functions F(z,2) and F(z,96) are indicated. (d)
Cobweb diagram of an unstable %m—cycle of map F. I' = 5.825837.
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Fig. 8 Developments of orbits started at the points x(()j), j =1,2,3,4, corresponding to the tips of four spikes of f™/2
shown in Fig. 6. (a) In the first step, the orbits merge pairwise, being mapped by the function F(z,50). (b) In the third
step, the resulting two orbits are merged by the function F(z,50). Eventually, the resulting single orbit is mapped on the

border point b;'4 of the function F(z,54). I' = 5.825837.
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Fig. 9 (a) The function A™ for a = 1.15 and m = 100. (b) in addition, the 4-band chaotic attractor of map 7' is shown.
The long-range almost vertical branches intersecting the diagonal correspond to the repelling fixed point and the repelling
2-cycle of the tent map, the other (short-range) branches correspond to the 4-band chaotic attractor.
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Fig. 10 Left column: original tent map (8); right column: non-autonomous tent map (9), f = 0.1, m = 101. (a) and (b):
bifurcation diagrams showing the invariant density of the attractors. (c) and (d): function A™ and h™ at a = 1.236 (the
parameter value is indicated in (a) and (b)). (e) and (f): magnification of a small interval from (c) and (d). FIGURE 10(f)
missing!
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