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Abstract—This paper focuses on analyzing the fast scale
stability in a peak current-mode-controlled boost converter with
a constant power load. Since with this kind of nonlinear loads
the analytical expression of the discrete time model is not
available and the existing averaged models are inadequate in
describing accurately the fast scale dynamics of these converters,
a piecewise linear switched model is established by approximating
the constant power load by a composite linear load. The model
is first demonstrated to predict accurately the same bifurcation
points predicted by the switched model using the nonlinear load.
The bifurcation analysis using Floquet theory and the resulting
monodromy matrix and its eigenvalues loci clearly shows the
effect of system parameters on its stability. The fast scale stability
boundaries in terms of suitable parameters are obtained by using
eigenvalues analysis. The effect of the proportional gain of the
voltage controller is studied. Finally, experimental results are
further given to verify the theoretical analysis and simulation
results obtaining a good agreement.

Index Terms—switching converters, conversion, nonlinear load,
constant power load, stability analysis, fast scale stability, sun-
harmonic oscillation

I. INTRODUCTION

ELECTRIC energy systems reliability is fundamental to
guarantee their correct operation. Many undesired non-

linear phenomena can arise in dc-dc switching converters that
are indispensable parts of modern energy systems. These phe-
nomena can significantly downgrade the system performance.
Understanding the behavior of switching power converters
is essential to determine the safe operating conditions, and
subsequently, prevent undesired operating behavior. Bifurca-
tion analysis can offer an in-depth understanding of these
behaviors. In recent years, this approach has been used in a
substantial amount of research works. The analysis, prediction
and control of these behaviors have increasingly become of
great concern of many researchers all over the world [1]–[12].
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Switching converters with a resistive load are piecewise
linear systems. In the past, these systems have been widely
studied and it has been shown that they can exhibit a rich
variety of complex nonlinear dynamic phenomena such as
subharmonic oscillation [13], [14] known also as fast-scale
instability [15] or period-doubling bifurcation [1], [10], [16].
They also can exhibit Hopf or Neimark-Sacker bifurcation [9],
[17] and Border collision bifurcations [18], [19]. Bifurcations
taking place at the slow scale such as Hopf bifurcation can
be predicted by averaged models [20]. However, this model
cannot predict fast scale instabilities such as period doubling
bifurcation leading to subharmonic oscillation. Fast scale bi-
furcations require more accurate mathematical tools such as
discrete-time models [1], [12], [15], [18], [19], [21], [22] and
Floquet theory combined with Filippov method [1], [23]. Both
approaches lead to the derivation of the monodromy matrix
which is an effective tool to accurately analyze the stability of
dc-dc switching converters at both fast and slow scale.

The load types for dc-dc switching power converters could
be mainly resistive or constant impedance load, capacitive
load, constant voltage or battery load, constant current load or
inductive impedance load. Most of the existing research papers
on nonlinear dynamics of switching converters have focused
on the previous linear loads. The derivation of the discrete-
time models in this case is based on the description of dc-dc
switching converters as piecewise linear system. Nevertheless,
it has been shown in the literature that in some industrial
applications such as in distributed power systems [24], [25],
power factor correction [26], electrical vehicles [27], [28],
microgrids [29], [30], more electric aircrafts [31] and electric
ships [32] the load is of a constant power nature. With this kind
of load, the switched model is no more piecewise linear and
the nonlinearity of the resulting differential equation precludes
the use of matrix-based system state solutions for obtaining
the discrete time model since the model of the power stage
becomes nonlinear and these solutions are not available in
closed form. Therefore, the existing used techniques for linear
resistive loads are not directly applicable to the case of a
Constant Power Load (CPL). This explains why the vast
majority of existing works considering nonlinear CPL deals
only with the low frequency behavior of the converter using
averaged models.

Obtaining suitable ways for accurately tackling the problem
is extremely important for dealing with accurate fast scale
stability analysis of switching converters loaded by a CPL.
Some works have been carried out recently in [33], [34] using
discrete time models obtained numerically. Although these

This is the author's version of an article that has been published in this journal. Changes were made to this version by the publisher prior to publication.
The final version of record is available at  http://dx.doi.org/10.1109/JESTPE.2019.2960564

Copyright (c) 2020 IEEE. Personal use is permitted. For any other purposes, permission must be obtained from the IEEE by emailing pubs-permissions@ieee.org.



IEEE JOURNAL OF EMERGING AND SELECTED TOPICS IN POWER ELECTRONICS VOL. XX, NO. Y, MONTH., YEAR. 2

works provide faithful results, the complexity of the techniques
used to obtain them prevents their use by power electronics
researchers.

This paper presents a new alternative approach to obtain
a piecewise linear switched model for accurate fast scale
stability analysis which is as easy to use as with the case
of linear loads but still providing the accuracy of the original
switched model with a nonlinear CPL. Reasonable approxi-
mation of the nonlinear load is applied to provide a simple
model for fast-scale stability analysis resulting in accurate
determination of parametric regions where stability at the fast
scale is guaranteed. It is worth to note that the dynamics of
the inductor current is linear and in the case of open voltage
loop the results available for the case of resistive load can
be applied to the case of a CPL. However, it is well known
that the voltage loop ripple can have either a stabilizing or a
destabilizing effect on the subharmonic oscillation boundary
[3], [8]. Therefore, with voltage loop closed, the study of
subharmonic oscillation in switching converters with CPLs
becomes challenging. Our conjecture is that the subharmonic
oscillation is a local instability of the limit cycle of the
switched system that can be predicted by a piecewise linear
(PWL) switched model which can be obtained by linearizing
the CPL in the vicinity of its operating point.

This paper uses bifurcation analysis to study the fast scale
stability in a dc-dc boost converter with CPL in terms of sys-
tem parameters. Using the nonlinear models of the converter
and the CPL, the dynamics of the system is first explored
in terms of the voltage feedback gain using a circuit-level
switched model. It is first shown that the stability of the
fundamental periodic orbit may be lost by a period-doubling
bifurcation leading to the exhibition of subharmonic oscillation
and other complex nonlinear behaviors. In particular, for duty
cycle values lower than, ideally, 0.5, the feedback gain has a
destabilizing effect while for duty cycle values larger than 0.5,
this gain has a stabilizing effect. Experimental measurements
are provided to validate the theoretical predictions and the
numerical simulations resulting in a good agreement.

The rest of this paper is organized as follows. After this
introduction, from here forward, Section II presents the de-
scription of the system under study which consists of a dc-dc
boost converter loaded by a CPL. The dynamics of the system
is explored in Section III in terms of the system parameters
using a circuit-level switched model of the boost converter im-
plemented in PSIM c© software and the nonlinear model of the
CPL by varying different parameters. Simulations are repeated
for the same system by substituting the CPL by its linearized
model showing that for predicting subharmonic oscillations
and other kind of fast scale instabilities, the nonlinearity of
the CPL is not relevant and that a linear model can be used. In
section IV the piecewise linear model of the system is obtained
from which an approximate and accurate stability analysis
is performed in Section V. Stability boundaries in terms of
some parameters are obtained in Section VI. An experimental
validation of some of the results is provided in Section VII
and finally concluding remarks are given in Section VIII.

2P
VoC

P
L

P

Ideal CPL Equivalent linear model

−V 2
o
P

vo
+

−
C vo

+

−
C

Fig. 1. Output terminal of a dc-dc converter showing the capacitor in parallel
with the CPL.

II. THE NONLINEAR MODEL OF THE CPL

Fig. 1-a shows the output terminals of a dc-dc converter with
a CPL. This load can be described by the following nonlinear
model [28]

io =
P

vo
(1)

Therefore, the describing equation for output terminal of a dc-
dc converter with capacitor in parallel with the CPL can be
expressed as follows

dvo
dt

=
iX
C
− P

voC
(2)

where iX is the current flowing to the output terminal which
coincides with the inductor current for the case of the buck
converter and with the diode current for the boost and buck-
boost converters. The nonlinear nature of the capacitor voltage
dynamics, due to its connection with the CPL can clearly be
observed (2).

The CPL can be linearized around its operating point of
voltage Vo and power P as shown in Fig. 1-b. Following the
same procedures as in [28], once the system is working close
to operating point, the model of the CPL can be substituted
by its linear Norton equivalent circuit which includes a current
source Io in parallel with the dynamic negative resistance Ro

[28].

io =
vo
Ro

+ Io (3)

where Ro and Io are given by the following equations

Ro = −V
2
o

P
, Io =

2P

Vo
(4)

After linearizing the CPL, the capacitor voltage equation
becomes as follows

dvo
dt

=
iX
C
− 2P

CVo
− vo
RoC

(5)

Then, the resulting negative incremental resistance can be
used in a mathematical description similar to the case of
resistive load while the current source can be considered as
an external input. Definitely, the CPL can be represented with
a composite load consisting of the parallel connection of a
negative resistance and a dc current source.
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Fig. 2. Schematic circuit diagram of a boost converter under current mode
control with a PWM strategy and loaded by a CPL.

III. THE BOOST CONVERTER LOADED BY A CPL

The system under study is presented in Fig. 2. The power
processing unit is a dc-dc boost converter with a constant
input voltage and loaded by a CPL. The power converter
stage is controlled using a two loop strategy where the outer
voltage loop provides the reference signal for the inner current
loop using fixed frequency peak current mode control. The
ON/OFF binary driving signal u for the switch S is generated
by a comparator and a set-reset (SR) latch as shown in
Fig. 2. Its duty cycle is generated according to the comparison
between the sensed current RsiL and its reference Rsiref
after subtracting a compensating ramp signal vramp whose
amplitude is VM and whose period is T hence with a slope
ma = VM/T .

The reference signal Rsiref is provided by the outer voltage
loop regulating the CPL voltage vo to a desired voltage vref .
The outer voltage controller is a PI compensator having a
proportional gain κp and a time constant τ . The control
logic works as follows. The switch S is forced to be ON
at the starting of each switching cycle. If RsiL reaches
Rsiref − vramp, the switch S is turned OFF.

During start-up, a dc-dc converter may exhibit an unaccept-
able inrush current. To avoid this, a limiter is placed at the
output of the PI compensator.

IV. STEADY-STATE BEHAVIOR OF THE SYSTEM:
SIMULATION RESULTS FROM THE CIRCUIT-LEVEL

SWITCHED MODEL

TABLE I
THE FIXED PARAMETER VALUES

vref L C P VM T τ
48 V 200 µH 130 µF 48 W 1 V 25 µs 1 ms

In this section, the dynamical behavior of the system is
explored in order to gain insight on suitable ways of obtaining
an appropriate model that can be used for a mathematical
stability analysis. First, the system has been carefully studied
through simulations using the switched model of the converter
loaded with the ideal nonlinear model of the CPL. Bifurcation
diagrams have been obtained using the exact circuit-level

switched model of PSIM c© by varying the proportional gain
κp for two different values of the steady duty cycle. The fixed
parameter values used for the rest of the study are reported in
Table I.

A convenient way of having a panoramic view of the
stability status under the varying parameter without any math-
ematical analysis and using the nonlinear model of the system
is through the brute force bifurcation diagrams. In obtaining
such diagrams, a suitable variable is sampled at every clock
instant and the corresponding data is represented when a
parameter varies. If the system exhibits a T−periodic regime
in steady-state, all the sampled points will have the same value
and they will represent a single point. When 2T− periodic
subharmonic regime takes place in steady-state, one gets two
points instead of one, and so on. The simulation is run for
sufficiently long time to allow the system to reach its steady-
state. The bifurcation diagrams represented below are obtained
by computing the inductor current iL at every switching cycle
nT during a sufficiently large time interval (0, tsim), tsim > tc,
where tc is the time instant at which the average voltage vo
reaches the desired voltage vref which is approximately given
by [35]

tc = tr +
RsC

2((RsIlim −maT )vg −RsP )
(v2ref − v2g) (6)

where tr is the time instant at which the current line iL reaches
the current limit Ilim established by the limiter at the output
of the PI voltage controller.

tr =
RsIlim −maT

Rsm1
(7)

where m1 = vg/L is the inductor current slope during the ON
interval.

The data obtained during time transient within the startup
phase and during the transient regime of the regulation phase
are fully eliminated. Only the last 50 samples of the state
variables are considered as steady-state in the computed bi-
furcation diagrams.

Fig. 3-a shows the bifurcation diagram of the system without
slope compensation (ma = 0) a steady-state duty cycle
D = 0.33. Fig. 3-b shows the bifurcation under the same
conditions but with the nonlinear CPL substituted by its
linearized composite model constituting of a linear negative
resistance and a current sink. It can be observed that the
matching between the two bifurcation diagrams is excellent.
It is widely believed among power electronics community
that with values of steady-state duty cycles less than 0.5,
no external ramp is needed to achieve a stable and well-
damped, wide bandwidth current control and this could lead
to simplifying the control integrated-circuit design and reduce
the cost. However, from the previous bifurcation diagrams it is
clear that the system is still prone to subharmonic oscillation
even for D < 0.5 if the gain is increased beyond κp = 5.5.
Therefore, a ramp slope compensation is also necessary for
duty cycle values less than 0.5 like with the case of a resistive
load [3], [8].

Fig. 4-a shows the bifurcation diagram of the system
with slope compensation and with a steady-state duty cycle
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Fig. 3. Bifurcation diagrams of the boost converter loaded by a CPL showing
the inductor current iL at time instants nT by taking the voltage proportional
gain κp as a bifurcation parameter for vg = 32 V (D = 0.33) showing that
a slope compensation is needed even for D < 0.5 if κp ≥ 5.5 hence the
voltage feedback has a destabilizing effect in this case.

D ≈ 0.66. Fig. 4-b shows the bifurcation under the same
conditions but with the nonlinear CPL substituted by its
linearized composite model. Again, the matching between the
two bifurcation diagrams is remarkable.

It can be observed that for D > 0.5, the voltage loop
has a stabilizing effect since when the proportional gain κp
is increased beyond a critical value κp ≈ 0.79, subharmonic
oscillation disappears. Furthermore, the ramp slope ma needed
for κp > 0.79 is smaller than the one obtained when ignoring
the effect of the voltage loop. Note that with a higher value
of κp not only the system is more stable at the fast scale
hence having the tendency to remove subharmonic oscillation,
but also the performance of the system is better in terms of
settling time and overshoot at the slow scale. However, there
is a limit for the proportional gain beyond which the system
can undergo slow scale instability [35].

The effect of the voltage-loop on the fast scale stability
has been analytically derived in [3] and [8] for different
conventional converter topologies with a constant resistance
or with a constant current sink as loads. In particular, for the
boost converter with the previous linear loads, it has been
shown that the output voltage feedback loop has a stabilizing
effect on the subharmonic oscillation for values of duty cycle
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(a) vg = 16 V (D ≈ 0.66 > 0.5) and ma = 40 kV/s
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Fig. 4. Bifurcation diagrams of the boost converter loaded by a CPL showing
the inductor current iL at time instants nT by taking the voltage proportional
gain κp as a bifurcation parameter for vg = 16 V (D ≈ 0.66) showing
that by increasing the proportional gain κp the system is stabilized. Indeed,
in this case the needed ramp slope ma is smaller than the predicted by the
conventional approach ignoring the effect of the outer loop.

D larger than 0.5. This is also the case for the same converter
with a CPL.

Numerical simulations using PSIM c© were performed to
check the dynamics of the system in both sides of the
period doubling bifurcation point. The steady-state waveforms
obtained at both sides are depicted in Fig. 5 for two different
values of the considered duty cycles. Fig. 5-a and Fig. 5-b
show the time domain waveforms of the state variables in the
case of a stable periodic regime.

Let vg = 32 V (D < 0.5) . According to Fig. 3, the critical
value of the proportional gain is κp ≈ 5.55. Let κp = 3, the
converter is stable as predicted in Fig. 3 and confirmed by
time domain numerical simulations depicted in Fig. 5(a). Let
κp = 6.5, the converter exhibits subharmonic oscillation as
predicted in Fig. 3 and confirmed by the simulations shown
in Fig. 5(c).

Let vg = 16 V (D > 0.5) . According to Fig. 4, the critical
value of the proportional gain is κp ≈ 0.79. Let κp = 3, the
converter is stable as predicted in Fig. 4 and confirmed by
time domain numerical simulations depicted in Fig. 5(b). Let
κp = 0.4, the converter exhibits subharmonic oscillation as
predicted in Fig. 4 and confirmed by the simulations shown
in Fig. 5(d).
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(b) κp = 3, vg = 16 V (D > 0.5)
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(c) κp = 6.5, vg = 32 V (D < 0.5)
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(d) κp = 0.4, vg = 16 V (D > 0.5)

Fig. 5. Simulated time domain waveforms showing the steady-state inductor current iL and the output capacitor voltage vo for two different values of
steady-state duty cycle D and κp before and after subharmonic oscillation takes place.
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Fig. 6. Schematic diagram of the boost converter after linearizing the CPL.

V. STATE-SPACE SWITCHED PIECEWISE LINEAR MODEL
FOR FAST SCALE STABILITY ANALYSIS

The mathematical model developed here reveals the impact
of parameter variations on system steady-state behavior. Let
x = (vo, iL)ᵀ. By replacing the model of the CPL by its
linearized expression, the boost converter with a CPL can
be described by the schematic circuit diagram depicted in
Fig. 6. If this circuit diagram is used instead of the one
with the nonlinear CPL, the system can be described by a
piecewise linear switched model as follows on system steady-
state behavior. Let x = (vo, iL)ᵀ. By replacing the model
of the CPL by its linearized expression, the boost converter
with a CPL can be described by the schematic circuit diagram
depicted in Fig. 6. If this circuit diagram is used instead of

the one with the nonlinear CPL, the system can be described
by a piecewise linear switched model as follows

ẋ = A1x + B1w, for u = 1, (8a)
ẋ = A0x + B0w, for u = 0, (8b)
v̇i = vref − vo, (8c)

where vi :=
∫

(vref − vo)dt is the integral of the error signal
vref − vo, A0 ∈ R2×2, A1 ∈ R2×2, B0 ∈ R2×2 and B1 ∈
R2×2 are the system state matrices presented below and w is
the vector of the external inputs of the system supposed to be
constant within a switching cycle. By using Fig. 6, the system
matrices and vectors are given as follows:

A1 =

 P

v2refC
0

0 −rs
L

 ,A0 =

 P

v2refC

1

C

− 1

L
−rs
L

 , (9a)

B1 = B0 =

 0 − 1

C
1

L
0

 , w =

 vg
2P

vref

 (9b)

With both inner current and outer voltage loops closed, the
current reference Rsiref for the inner loop is provided by the
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output of the voltage controller according to the following
expression:

Rsiref = κp(vref − vo) +Wivi, (10)

where Wi = κp/τ is the integral gain of the PI compensator, τ
being its time constant. The closed loop model can be obtained
by taking into account the switching condition which dictates
the duty cycle cyclically. The switching from the ON to the
OFF phase takes place whenever the signal RsiL and the signal
Rsiref − vramp := κp(vref − vo) +Wivi− vramp intersect, i.e,
whenever the following equality holds:

κp(vref − vo) +Wivi −RsiL − vramp = 0, (11)

where vramp = matmodT . The expression (11) can be written
as follows

κpvref +Wivi(dnT ) + Kx(dnT )− vramp(dnT ) = 0, (12)

where K = (−κp, −Rs) is the vector of feedback gains
and dn is the discrete-time duty cycle during the nth switch-
ing cycle. The system of equations (8a)-(8c) together with
(12) establish the nonlinear switched model of the system.
The steady-state duty cycle D can be obtained by simply
performing a net volt-second balance in steady-state regime
[36] leading to

D =
2(vref + VF )− vg

2(vref + VF )
−

√√√√√ v2g

4(vref + VF )2 − rs
Ro

. (13)

Hence, for a fixed value of the desired output voltage vref ,
if the input voltage vg is fixed, the steady-state operating duty
cycle D is determined according to (13) where the value of
VF = 0.7 V has been considered for the forward voltage
of the diode. This value has been introduced to improve the
matching between the simulation results and the experimental
measurements to be presented later. Therefore, there is no need
to numerically solve the equation resulting from the switching
condition (12) to obtain the steady-state duty cycle D.

VI. ORBITAL STABILITY ANALYSIS

The stability of periodic orbits of a nonlinear system can
be analyzed by checking the evolution of a small perturbation
in the vector of the state variables within one period. This
problem can be tackled by different ways. One of the most
used techniques is to analyze the stability of the fixed points
of the Poincaré map of the system by using its Jacobian matrix.
The periodic orbit will be stable if this matrix evaluated at the
associated fixed point has all the eigenvalues with modulus less
than 1. Another technique is by using Floquet theory combined
with Filippov method which leads to the same results [23]. The
Jacobian matrix of the Poincaré map (discrete-time model)
coincides with the monodromy matrix.

To perform a stability analysis of the system, Floquet theory
is used here and therefore the monodromy matrix M is
first obtained. Let x(DT ) = (I − Φ)−1Ψ be the steady-
state value of x(t) at time instant DT , where Φ = Φ1Φ0,
Φ1 = eA1DT , Φ0 = eA0(1−D)T , Ψ1 = (eA1DT −I)A−1

1 Bw,

Ψ0 = (eA0(1−D)T − I)A−1
0 Bw, Ψ = Φ1Ψ0 + Ψ1. Let

m1(x(t)) = A1x(t)+B1w and m0(x(t)) = A0x(t)+B0w.
The integral variable has a negligible effect on the fast scale

stability boundary apart from fixing the steady-state duty cycle
[7]. However, to take into account the integral variable and
the integral gain in the analysis, let us define the augmented
state vector xa = (vo, iL, vi)

ᵀ. Let the augmented matrices
Aa1, Ba1, Aa0, Ba0, augmented feedback vector Ka and
augmented vector of external parameters wa be as follows

Aa1 =

(
A1 0
−1 0

)
, Ba1 =

(
B1 0
0 1

)
(14a)

Aa0 =

(
A0 0
−1 0

)
, Ba0 =

(
B0 0
0 1

)
(14b)

Ka =
(
K Wi

)
,wa =

(
w
vref

)
(14c)

Let us also define the augmented state transition matrices
Φa1 = eAa1DT and Φa0 = eAa0DT and the augmented vector
fields ma1(xa(t)) = Aa1xa(t) + Ba1wa and ma0(xa(t)) =
Aa0xa(t) + Ba0wa. Then, the full-order monodromy matrix
can be expressed as follows

M = Φa0SΦa1, (15)

where S is the saltation matrix adapted from [23] as follows

S = I +
(ma0(xa(DT ))−ma1(xa(DT )))Kᵀ

a

Wi(vref − vo(DT )) + Kᵀm1(x(DT ))−ma
. (16)

The steady-state duty cycle D is determined according
to (13). The expression of vi(DT ), the third component in
xa(DT ), can be obtained from (12) in steady-state:

vi(DT ) =
maDT −Kᵀx(DT )− κpvref

Wi
(17)

In order to locate the critical value of the gain for which the
desired T−periodic regime loses its stability, the eigenvalues
of the monodromy matrix called also Floquet multipliers were
obtained. By varying the gain κp, the operating point of
the system was first calculated and the monodromy matrix
was evaluated at this point. The same two different values
of the duty cycles considered for computing the bifurcation
diagrams presented previously were used for computing the
Floquet multipliers when the proportional gain of the voltage
controller is varied. At a point where a 2T -periodic regime
develops, one of the eigenvalues is equal to −1. Fig. 7 shows
the evolution of the Floquet multipliers in the complex plane
for both values of the steady-state duty cycle. For vg = 32 V
(D ≈ 0.33), the proportional gain has been varied in the range
(0.1, 5) and the critical value of κp leading to one Floquet
multiplier being located at −1 is κp ≈ 0.79. For vg = 16 V
(D ≈ 0.66), the proportional gain has been varied in the range
(2, 7) and the critical value of κp leading to one Floquet
multiplier being located at −1 is κp ≈ 5.55. Both values are
in perfect agreement with the bifurcation diagrams presented
in Section IV.
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(a) vg = 32 V (D < 0.5)
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(b) vg = 16 V (D > 0.5)

Fig. 7. Eigenvalues of the monodromy matrix of the boost converter loaded by a CPL when the proportional gain κp is varied for two fixed values of the
input voltage corresponding to two different values of the steady-state duty cycle. (a) vg = 32 V (D < 0.5): when the proportional gain increases, the
eigenvalue at the left side crosses the unit circle from its inside to its outside at κp ≈ 5.55. (b) vg = 16 V (D < 0.5): when the proportional gain increases,
the eigenvalue at the left side crosses the unit circle from its outside to its inside at κp ≈ 0.79.

VII. STABILITY BOUNDARIES IN THE PARAMETER SPACE

One of the ways to locate subharmonic oscillation boundary
is by using the expression of the characteristic equation
det(M− λI) = 0, imposing the period-doubling condition in
the eigenvalue λ and solving the resulting equation together
with the steady-state condition. Therefore at the boundary of
this bifurcation, the following conditions hold

det(M + I) = 0 (18a)
x(DT )− x((D + 1)T ) = 0 (18b)

where 0 ∈ R2 is a null vector. Note that the integral state
variable can be determined by (17).

Equations (18a)-(18b) will be used later and the results from
them will be contrasted with experimental measurements from
a laboratory prototype.

VIII. EXPERIMENTAL VALIDATION

Based on the system structure in Fig. 2 and parameters in
Table I, an experimental prototype has been constructed to
validate the theoretical results and the numerical simulations.
The feedback circuit uses a PI controller to fix the desired
steady-state of the output voltage at vref = 48 V. The changes
in the steady-stare duty cycle D were provoked by varying the
input voltage vg . In order to emulate an ideal constant power
load at the converter output, an electronic load (ELEKTRO-
AUTOMATIK EL3400-25) was used. This electronic load
has four different operating modes: constant power, constant
voltage, constant current and constant resistance. In all exper-
iments presented in this work, the constant power mode was
used. In this mode, the electronic load behaves as a nonlinear
current sink maintaining the product of the voltage and the
current in its terminal constant.

The inductor was built using toroidal Magnetics Kool-
mu c© core. The current is sensed using the hall effect current
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(a) vg = 32 V (D < 0.5)
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(b) vg = 16 V (D > 0.5)

Fig. 8. The fast scale stability boundary from theoretical analysis using (18a)-
(18b) (solid) and experimentally (dots) in terms of the current proportional
gain κp and the amplitude of the ramp compensating signal VM . The
theoretical fast scale stability boundary (dash-doted) corresponding to a
resistive load consuming the same power is also shown in the same figure for
comparison.
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sensor LEM LA25NP with total conversion ratio 1 volts per
amperes and an equivalent resistance rs = 6.3 mΩ. Tek-
tronix digital oscilloscope was employed to record the time-
domain waveforms. A comparison between the responses from
numerical simulation and the ones obtained from prototype
measurements was conducted. The experimental results are
discussed below.

(a) κp = 3, vg = 32 V VM = 1 V. (b) κp = 3, vg = 16 V, VM = 1 V.

(c) κp = 7, vg = 32 V, VM = 1 V. (d) κp = 0.5, vg = 16 V, VM = 1 V.

(e) κp≈8.62, vg=32 V, VM =0.5 V(f) κp≈3.74, vg=16 V, VM =0.5 V.

Fig. 9. Measured time domain waveforms showing the steady-state inductor
current iL and the output capacitor voltage vo for two different values of
steady-state duty cycles D and κp before (a) and (b) and after (c) subharmonic
oscillation takes place. Chaotic behavior can also take place if the ramp
amplitude is is decreased for both D < 0.5 and D > 0.5 (e) and (f).

Fig. 8 shows the boundary between stable and unstable
regions in the parameter space (κp, VM ) obtained from (18a)-
(18b) for two different values of the input voltage vg . Some
experimental points obtained from measurements using the
boost converter prototype with a CPL are also depicted. It
can be observed that a good matching exists between the
theoretical results and the experimental measurements which
validates the approach and the methodology followed in this
study to locate the fast scale stability boundary of switching
converters with nonlinear loads such as a CPL. The observed
discrepancies between the experimental and the theoretical
results can be attributed to non modeled parasitic elements
such as small resistances in the reactive components and in
the switching devices.

The theoretical fast scale stability boundary corresponding
to a resistive load consuming the same power is also depicted
in Fig. 8. For both the CPL and the resistive load, in the
stability region depicted in Fig. 8, one can note that for
D < 0.5 the higher the feedback gain κp the smaller the
minimum amplitude of the ramp compensator needed for

stabilizing the converter. On the contrary, for D < 0.5 the
higher the feedback gain κp the larger the minimum amplitude
of the ramp compensator needed for stabilizing the converter.
Hence, the stabilizing and the destabilizing effects of the
voltage loop in the different ranges of the steady-sate duty
cycle values can be clearly noticed.
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(b) vg = 16 V (D > 0.5)

Fig. 10. The fast scale stability boundary from theoretical analysis for
different values of power P using (18a)-(18b) (solid) in terms of the current
proportional gain κp and the amplitude of the ramp compensating signal VM .

To check the obtained fast scale stability boundary obtained
before, Fig. 9 shows the experimental waveforms of the system
at both sides of the instability boundary depicted in Fig. 8 for
two different values of the considered duty cycles in different
points in the plane (κp, VM ). Fig 9-a and Fig. 9-b show stable
periodic regime and they correspond to Point A in Fig. 8-a and
Point D in Fig. 8-b. Fig. 9-c and Fig. 9-d show subharmonic
oscillation and they correspond to Point B in Fig. 8-a and
Point E in Fig. 8-b. The experimental results depicted in Fig. 9-
a,b,c and d correspond to the numerical simulations presented
in Fig. 5. As can be observed, a very good matching between
the results is obtained. Further increasing the gain for D < 0.5
or decreasing it for D > 0.5 leads to chaotic oscillation as
can be observed in Fig. 9-e and Fig. 9-f. These chaotic time
domain waveforms correspond to Point C in Fig. 8-a and
Point F in Fig. 8-b respectively.

From Fig. 8, it can be observed that for the considered
values of parameters and in particular for the used power value
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P = 48 W, there is only a small difference between the results
corresponding to a CPL and those corresponding to a resistive
load. However, for large value of power, the difference starts to
be appreciated. Fig. 10 shows the theoretical fast scale stability
boundaries for P = 1 kW. As can be observed, the fast scale
stability curves corresponding to the CPL and the resistive
load are quite different.

IX. CONCLUSIONS

In this paper, the nonlinear dynamics and fast scale stability
analysis of boost converter under constant power load condi-
tions were addressed. By using bifurcation diagrams computed
from the circuit-level switched model of the system with the
nonlinear model of the constant power load it was shown that
it could exhibit nonlinear phenomena in the form of fast scale
instabilities leading to period doubling and subharmonic os-
cillation. The same behavior and the same bifurcation patterns
were observed when a piecewise linear model was used hence
justifying the use of this simple model to perform the stability
analysis of the system and demonstrating that our conjecture
that the subharmonic oscillation is a local instability of the
limit cycle of the switched system that can be predicted by a
piecewise linear switched model is reasonable. The key point
to ensure a small error in the prediction of the fast scale
stability boundary by using this simplified model is that the
ripple in the CPL voltage be small enough in such a way
that the linearized model of the CPL is accurate during the
entire switching cycle. Under this condition which is widely
satisfied in a practical design, it was shown how the proposed
simplified model can be used to mathematically locate the
stability boundary in terms of the system parameters with a
high accuracy. Furthermore, its compatibility with simulation
software allows an easy analysis of the system behavior.
The theoretical results was validated by numerical simulations
and experimental measurements from a laboratory prototype
showing a perfect agreement in most of the cases.
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