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Abstract

Recently, Haynes, Hedetniemi and Henning published the book Topics in Domina-

tion in Graphs, which comprises 16 contributions that present advanced topics in graph

domination, featuring open problems, modern techniques, and recent results. One of these

contributions is the chapter Multiple Domination, by Hansberg and Volkmann, where they

put into context all relevant research results on multiple domination that have been found

up to 2020. In this note, we show how to improve some results on double domination that

are included in the book.
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1 Introduction

Given a simple graph G, the open neighbourhood of a vertex v ∈V (G) is defined to be N(v) =
{u ∈V (G) : u is adjacent to v}, and the closed neighbourhood of v is N[v] = N(v)∪{v}.

Harary and Haynes [1, 2] introduced, in two different papers published in 1996 and 2000,

the concept of double domination and, more generally, the concept of k-tuple domination.

Given a positive integer k, a subset D ⊆ V (G) is said to be a k-tuple dominating set if |D∩
N[v]| ≥ k for every vertex v ∈ V (G). Of course, this definition requires that the graph in

question has minimum degree at least k−1.

The k-tuple domination number γ×k(G) is defined to be

γ×k(G) = min{|D| : D is a k-tuple dominating set}.

The case k = 2 corresponds to double domination, and γ×2(G) is known as the double domi-

nation number, while for k = 1, the 1-tuple dominating sets are the classical dominating sets,

and hence the domination number is γ(G) = γ×1(G).
For a comprehensive survey on k-tuple domination in graphs, we cite the book Topics in

Domination in Graphs, published in 2020, which was edited by Haynes, Hedetniemi and Hen-

ning [3]. In particular, there is a chapter, Multiple Domination, by Hansberg and Volkmann,
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where they put into context all relevant research results on multiple domination concerning

k-domination, k-tuple domination, and total k-domination that have been found up to 2020. In

this note, we show how to improve some of the results on double domination that are included

in the book.

2 Upper bounds on the double domination number

We begin with the following definitions. We define a γ(G)-set as a dominating set D with

|D| = γ(G). The same agreement will be assumed for optimal parameters associated to other

characteristic sets defined in the paper.

Recall that a set of vertices of a graph, no two of which are adjacent, is called an indepen-

dent set. The independence number α(G) is defined to be

α(G) = max{|S| : S is an independent set}.

A set S⊆V (G) which is both dominating and independent is called an independent dominating

set. Moreover, the independent domination number i(G) is

i(G) = min{|S| : S is an independent dominating set}.

In 2007, Blidia, Chellali and Favaron [4] proved the following relationship between the

double domination number, the independent domination number and the independence number

of a graph.

Theorem 2.1. [4] For any graph G with no isolated vertex,

γ×2(G)≤ α(G)+ i(G).

As shown in [4], the bound above is tight. Even so, the next result shows that, in a certain

sense, Theorem 2.1 has room for improvement. In fact, this can be seen as a corollary of

Theorem 2.2, as γ(G)≤ i(G).

Theorem 2.2. For any graph G with no isolated vertex,

γ×2(G)≤ α(G)+ γ(G).

Proof. Let S be an α(G)-set and D a γ(G)-set. Given a vertex u ∈ S∪D, the external private

neighbourhood of u with respect to S∪D is defined to be

epn(u,S∪D) = {v ∈V (G)\ (S∪D) : N(v)∩ (S∪D) = {u}}.

Note that if u ∈ S, then epn(u,S∪D)⊆ epn(u,S).
Now, we define W ′ ⊆ V (G) as a set of minimum cardinality among all supersets W of

S∪D such that the following properties are satisfied.

(a) If x ∈ S∩D and epn(x,S∪D) 6=∅, then W ∩ epn(x,S∪D) 6=∅.

(b) If x ∈ S∩D and epn(x,S∪D) =∅, then W ∩N(x) 6=∅.
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By definition, W ′ is a dominating set of G whose induced subgraph has no isolated vertex

and |W ′| ≤ |S|+ |D|. To conclude that W ′ is a double dominating set of G, we only need

to prove that |N(v)∩W ′| ≥ 2 for every v ∈ V (G) \W ′. Suppose to the contrary that there

exists v ∈V (G)\W ′ such that v ∈ epn(u,W ′) for some vertex u ∈W ′. Now, since S and D are

dominating sets of G, we have that u∈ S∩D. By (a), there exists v′ ∈W ′∩epn(u,S∪D). Since

v,v′ ∈ epn(u,S) and epn(u,S) forms a clique, vertex v has at least two neighbours u,v′ ∈ W ′,

which is a contradiction. Therefore, W ′ is a double dominating set of G and so, γ×2(G) ≤
|W ′| ≤ |S|+ |D|= α(G)+ γ(G).

Let H be the family of graphs Gt,r defined as follows. For any pair of integers t,r ∈
Z, with t ≥ 2 and 1 ≤ r ≤ t − 1, the graph Gt,r is obtained from two different copies of a

star T1
∼= T2

∼= K1,t such that V (Gt,r) = V (T1)∪V (T2), V (T1) = {u,v1, . . . ,vt} and V (T2) =
{u′,v′1, . . . ,v

′
t}, u and u′ are the support vertices of the stars, and E(Gt,r) = E(T1)∪E(T2)∪

{uu′,v1v′1, . . . ,vrv
′
r}. Figure 1 shows a graph of this family. Observe that γ×2(Gt,r)= 2t−r+2,

γ(Gt,r) = 2, i(Gt,r) = t+1 and α(Gt,r) = 2t−r for every Gt,r ∈H. Therefore, for these graphs

Theorem 2.2 gives the exact value γ×2(Gt,r) = α(Gt,r)+ γ(Gt,r), while Theorem 2.1 gives

γ×2(Gt,r)≤ α(Gt,r)+ γ(Gt,r)+ t −1 = α(Gt,r)+ i(Gt,r).

Figure 1: A graph G4,2 ∈H.

A set S of vertices of G is a vertex cover if every edge of G is incident with at least one

vertex in S. The vertex cover number of G, denoted by β (G), is defined as

β (G) = min{|S| : S is a vertex cover}.

Theorem 2.3. Let G be a graph with no isolated vertex of order n ≥ 3. Let L(G) and S(G) be

the set of leaves and support vertices of G, respectively. Then

γ×2(G)≤ β (G)+ γ(G)+ |L(G)|− |S(G)|.

Proof. Let S be a β (G)-set and D a γ(G)-set such that S(G)⊆ S∩D. Let us define W ′ ⊆V (G)
as a set of minimum cardinality among all sets W satisfying the following properties.

• S∪D∪L(G)⊆W .

• If v ∈ (S∩D)\S(G), then N(v)∩W 6=∅.

Since S ∪L(G) ⊆ W ′, we conclude that every vertex outside W ′ is adjacent to at least two

vertices in W ′. Now, let x ∈ W ′. If x ∈ S ∩D, then N(x)∩W ′ 6= ∅ by definition. If x ∈
(S∪D) \ (S∩D), then N(x)∩W ′ 6= ∅, as S and D are dominating sets of G. Therefore, W ′

is a double dominating set of G, and since S(G) ⊆ S ∩D we obtain that γ×2(G) ≤ |W ′| ≤
|S|+ |D|+ |L(G)|−|S(G)|= β (G)+γ(G)+ |L(G)|−|S(G)|, which completes the proof.
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The bound above is tight. For instance, it is achieved by any graph Gt,r ∈H, where H is

the family of graphs defined after the proof of Theorem 2.2. In this case, γ×2(Gt,r) = 2t−r+2,

γ(Gt,r) = |S(Gt,r)|= 2, |L(Gt,r)|= 2(t − r) and β (Gt,r) = r+2 for every Gt,r ∈H.

In 2000, Harary and Haynes [2] gave the following upper bound on the double domination

number of a graph in terms of the order and the domination number.

Theorem 2.4. [2] For any graph G of order n and minimum degree δ (G)≥ 2,

γ×2(G)≤

{

⌊n
2
⌋+ γ(G), if n = 3,5

⌊n
2
⌋+ γ(G)−1, otherwise.

Furthermore, the bound is tight.

We proceed to show that Theorems 2.2 and 2.3 allow us to improve the bound given in

Theorem 2.4. To this end, we need to state the following well-known result, due to Gallai,

which states the relationship between the independence number and the vertex cover number

of a graph.

Theorem 2.5. [6](Gallai’s theorem) For any graph G of order n,

α(G)+β (G) = n.

By combining Theorems 2.2, 2.3 and 2.5, we have the next result, which clearly improves

the bound given in Theorem 2.4 for graphs of minimum degree at least two and order n ≥ 6,

whenever α(G) /∈ {n±2
2
, n

2
} for n even, and α(G) /∈ {n±1

2
, n±3

2
} for n odd.

Theorem 2.6. For any graph G of order n and minimum degree δ (G)≥ 2,

γ×2(G)≤ min{α(G),n−α(G)}+ γ(G).

The bound above is tight. For instance, it is achieved by any complete graph, as γ×2(Kn) =
α(Kn) + γ(Kn) = 2, while Theorem 2.4 gives γ×2(Kn) ≤

⌊

n
2

⌋

for n > 5 and γ×2(K5) ≤ 3.

Now, in order to show another example where the difference between the bounds given by

Theorems 2.6 and 2.4 can be as large as desired, we consider the family H
′ of graphs defined

as follows. For every integer r ≥ 2 the graph Gr ∈ H
′ has order n = 3(r+ 1), as V (Gr) =

{a1,a2,a3,v1, . . . ,v3r}, and the edges of Gr are of the form {v j,ai} and {v j,ai+1} whenever

j ≡ i (mod 3). In this case, γ×2(Gr) = 5, Theorem 2.6 gives γ×2(Gr) ≤ 3(r+1)−α(Gr)+

γ(Gr) = 6, while Theorem 2.4 gives γ×2(Gr)≤
⌊

3(r+1)
2

⌋

+2. Figure 2 shows the case r = 2.

a1 a2 a3

v1 v2 v3 v4 v5 v6

Figure 2: The graph G2 ∈H
′.
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In 1985, Fink and Jacobson [7, 8] extended the idea of domination in graphs to the more

general notion of k-domination. A subset D ⊆ V (G) is said to be a k-dominating set if |D∩
N(v)| ≥ k for every vertex v ∈V (G)\D. The k-domination number γk(G) is defined to be

γk(G) = min{|D| : D is a k-dominating set}.

The case k = 1 corresponds to standard domination.

Bonomo et al. [9] obtained the following relationship between the double domination

number and the 2-domination number.

Theorem 2.7. [9] For any graph G with no isolated vertex,

γ×2(G)≤ 2γ2(G)−1.

The inequality of this theorem was proved previously for trees in [5]. In fact, the result

was stated as γ×2(T )≤ 2γ2(T )−2 for every tree T of order at least four.

Since γ(G) ≤ γ2(G), the next result improves the bound given in Theorem 2.7 whenever

γ(G)≤ γ2(G)−2.

Theorem 2.8. For any graph G with no isolated vertex,

γ×2(G)≤ γ2(G)+ γ(G).

Proof. Let S be a γ2(G)-set and D a γ(G)-set. Now, we define W ′ ⊆V (G) as a set of minimum

cardinality among all supersets W of S∪D such that N(x)∩W 6=∅ for every x ∈ S∩D.

By definition, W ′ is a double dominating set of G and |W ′| ≤ |S|+ |D|. Therefore,

γ×2(G)≤ |W ′| ≤ |S|+ |D|= γ2(G)+ γ(G), which completes the proof.

The bound above is tight. For instance, it is achieved by the graph G shown in Figure

3, where γ(G) = 2, γ2(G) = 4 and γ×2(G) = 6. For a simple example where the difference

between the bounds given by Theorems 2.8 and 2.7 can be as large as desired, we can take

G ∼= K1,n−1 with n ≥ 3. In this case, Theorem 2.8 gives the exact value γ×2(K1,n−1) = n, while

Theorem 2.7 gives γ×2(K1,n−1)≤ 2n−3.

Figure 3: A graph G with γ×2(G) = γ2(G)+ γ(G) = 6 < 7 = 2γ2(G)−1.

A total dominating set, in a graph G with no isolated vertices, is a set S of vertices of G

such that every vertex of G is adjacent to at least one vertex in S. The total domination number

γt(G) is defined to be

γt(G) = min{|S| : S is a total dominating set}.

The theory of total domination has been extensively studied. For instance, we cite the book

[10] by Henning and Yeo.

A graph is claw-free if and only if it does not contain the complete bipartite graph K1,3 as

an induced subgraph.
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Theorem 2.9. [4] For any claw-free graph G with no isolated vertex,

γ×2(G)≤ min{2γt(G),3γ(G)}.

As shown in [4], the bound above is tight. Even so, the next result shows that Theorem

2.9 has room for improvement, as γ(G)≤ γt(G) and γt(G)≤ 2γ(G).

Theorem 2.10. For any claw-free graph G with no isolated vertex,

γ×2(G)≤ γt(G)+ γ(G).

Proof. Let S be a γt(G)-set and D a γ(G)-set. As above, given a vertex v ∈ S∪D, the external

private neighbourhood of v with respect to S∪D will be denoted by epn(v,S∪D).
Now, we define W ′ ⊆ V (G) as a set of minimum cardinality among all supersets W of

S∪D such that the following property is satisfied.

(⋆) If x ∈ S∩D and epn(x,S∪D) 6=∅, then W ∩ epn(x,S∪D) 6=∅.

By definition, W ′ is a total dominating set of G and |W ′| ≤ |S|+ |D|. It remains to show

that |N(v)∩W ′| ≥ 2 for every v ∈ V (G) \W ′. Suppose, to the contrary, that there exists v ∈
V (G)\W ′ which is an external private neighbour of u ∈W ′, i.e., N(v)∩W ′ = {u}. Since both

S and D are dominating sets, u ∈ S∩D. Now, by (⋆), there exists v′ ∈W ′∩(epn(u,S∪D)\{v})
and, since S is a total dominating set, there exists u′ ∈ N(u)∩ S. Hence, if G is a claw-free

graph, then v and v′ have to be adjacent vertices, which is a contradiction. Thus, W ′ is a double

dominating set of G. Therefore, γ×2(G) ≤ |W ′| ≤ |S|+ |D|= γt(G)+ γ(G), which completes

the proof.

The bound above is tight. For instance, it is achieved by any graph of order n+1 obtained

from a complete graph of order n ≥ 2 by adding a pendant edge.

To show clear examples where the difference between the bounds given by Theorems 2.10

and 2.9 can be as large as desired, we can take the case of path and cycle graphs of order large

enough.
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