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Abstract

In this paper, we show that the Italian domination number of every lexicographic prod-
uct graph G ◦ H can be expressed in terms of five different domination parameters of G.
These parameters can be defined under the following unified approach, which encompasses
the definition of several well-known domination parameters and introduces new ones.

Let N(v) denote the open neighbourhood of v ∈ V (G), and let w = (w0, w1, . . . , wl)
be a vector of nonnegative integers such that w0 ≥ 1. We say that a function f : V (G) →
{0, 1, . . . , l} is a w-dominating function if f(N(v)) =

∑
u∈N(v) f(u) ≥ wi for every

vertex v with f(v) = i. The weight of f is defined to be ω(f) =
∑

v∈V (G) f(v). The
w-domination number of G, denoted by γw(G), is the minimum weight among all w-
dominating functions on G.

Specifically, we show that γI(G ◦ H) = γw(G), where w ∈ {2} × {0, 1, 2}l and
l ∈ {2, 3}. The decision on whether the equality holds for specific values of w0, . . . , wl will
depend on the value of the domination number of H . This paper also provides preliminary
results on γw(G) and raises the challenge of conducting a detailed study of the topic.
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1 Introduction
Let G be a graph, l a positive integer, and f : V (G) → {0, . . . , l} a function. For every
i ∈ {0, . . . , l}, we define Vi = {v ∈ V (G) : f(v) = i}. We will identify f with the
subsets V0, . . . , Vl associated with it, and so we will use the unified notation f(V0, . . . , Vl)
for the function and these associated subsets. The weight of f is defined to be

ω(f) = f(V (G)) =

l∑
i=1

i|Vi|.

An Italian dominating function (IDF) on a graph G is a function f(V0, V1, V2) satisfy-
ing that f(N(v)) =

∑
u∈N(v) f(u) ≥ 2 for every v ∈ V0, where N(v) denotes the open

neighbourhood of v. Hence, f(V0, V1, V2) is an IDF if N(v)∩V2 ̸= ∅ or |N(v)∩V1| ≥ 2
for every v ∈ V0. The Italian domination number, denoted by γI(G), is the minimum
weight among all IDFs on G. This concept was introduced by Chellali et al. in [6] under
the name of Roman {2}-domination. The term “Italian domination” comes from a subse-
quent paper by Henning and Klostermeyer [13].

In this paper we show that the Italian domination number of every lexicographic product
graph G◦H can be expressed in terms of five different domination parameters of G. These
parameters can be defined under the following unified approach.

Let w = (w0, . . . , wl) be a vector of nonnegative integers such that w0 ≥ 1. We say
that f(V0, . . . , Vl) is a w-dominating function if f(N(v)) ≥ wi for every v ∈ Vi. The
w-domination number of G, denoted by γw(G), is the minimum weight among all w-
dominating functions on G. For simplicity, a w-dominating function f of weight ω(f) =
γw(G) will be called a γw(G)-function.

This unified approach allows us to encompass the definition of several well-known
domination parameters and introduce new ones. For instance, we would highlight the fol-
lowing particular cases of known domination parameters that we define here in terms of
w-domination.

• The domination number of G is defined to be γ(G) = γ(1,0)(G) = γ(1,0,0)(G).
Obviously, every γ(1,0,0)(G)-function f(V0, V1, V2) satisfies that V2 = ∅ and V1 is
a dominating set of cardinality |V1| = γ(G), i.e., V1 is a γ(G)-set.

• The total domination number of a graph G with no isolated vertex is defined to be
γt(G) = γ(1,1)(G) = γ(1,1,w2,...,wl)(G), for every w2, . . . , wl ∈ {0, 1}. Notice
that there exists a γ(1,1,w2,...,wl)(G)-function f(V0, V1, . . . , Vl) such that Vi = ∅ for
every i ∈ {2, . . . , l} and V1 is a total dominating set of cardinality |V1| = γt(G),
i.e., V1 is a γt(G)-set.

• Given a positive integer k, the k-domination number of a graph G is defined to be
γk(G) = γ(k,0)(G). In this case, V1 is a k-dominating set of cardinality |V1| =
γk(G), i.e., V1 is a γk(G)-set. The study of k-domination in graphs was initiated by
Fink and Jacobson [8] in 1984.

• Given a positive integer k, the k-tuple domination number of a graph G of minimum
degree δ ≥ k−1 is defined to be γ×k(G) = γ(k,k−1)(G). In this case, V1 is a k-tuple
dominating set of cardinality |V1| = γ×k(G), i.e., V1 is a γ×k(G)-set. In particular,
γ×1(G) = γ(G) and γ×2(G) is known as the double domination number of G. This
parameter was introduced by Harary and Haynes in [9].
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• Given a positive integer k, the k-tuple total domination number of a graph G of
minimum degree δ ≥ k is defined to be γ×k,t(G) = γ(k,k)(G). In particular,
γ×1,t(G) = γt(G) and γ×2,t(G) is known as the double total domination number,
and V1 is a double total dominating set of cardinality |V1| = γ×2,t(G), i.e., V1 is a
γ×2,t(G)-set. The k-tuple total domination number was introduced by Henning and
Kazemi in [12].

• The Italian domination number of G is defined to be γ
I
(G) = γ(2,0,0)(G). As

mentioned earlier, this parameter was introduced by Chellali et al. in [6] under
the name of Roman {2}-domination number. The concept was studied further
in [13, 16].

• The total Italian domination number of a graph G with no isolated vertex is defined
to be γtI(G) = γ(2,1,1)(G). This parameter was introduced by Cabrera et al. in
[4], and independently by Abdollahzadeh Ahangar et al. in [1], under the name of
total Roman {2}-domination number. The total Italian domination number of lexi-
cographic product graphs was studied in [5].

• The {k}-domination number of G is defined to be γ{k}(G) = γ(k,k−1,...,1,0)(G).
This parameter was introduced by Domke et al. in [7] and studied further
in [3, 15, 17].

Notice that the concept of Y -dominating function introduced by Bange et al. [2] is quite
different from the concept of w-dominating function introduced in this paper. Given a set
Y of real numbers, a function f : V (G) → Y is a Y -dominating function if f(N [v]) =
f(v) +

∑
u∈N(v) f(u) ≥ 1 for every v ∈ V (G). The Y -domination number, denoted

by γ
Y
(G), is the minimum weight among all Y -dominating functions on G. Hence, if

Y = {0, 1, . . . , l}, then γ
Y
(G) = γ(1,0,...,0)(G) = γ(G).

For the graphs shown in Figure 1 we have the following values.

• γI(G1) = γ(2,1,0)(G1) = γ(2,2,0)(G1) = 4 < 6 = γ(2,2,1)(G1) = γ(2,2,2)(G1).

• γI(G2) = γ(2,1,0)(G2) = γ(2,2,0)(G2) = γ(2,2,1)(G2) = γ(2,2,2)(G2) = 3.

• γI(G3) = γ(2,1,0)(G3) = 6 < 8 = γ(2,2,0)(G3) = γ(2,2,1)(G3) = γ(2,2,2)(G3).
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Figure 1: The labels of black-coloured vertices describe a γ(2,1,0)(G1)-function, a
γ(2,2,0)(G2)-function and a γ(2,2,2)(G3)-function, respectively.
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The remainder of the paper is organized as follows. In Section 2 we show that for any
graph G with no isolated vertex and any nontrivial graph H with γ(H) ̸= 3 or γ

I
(H) ̸= 3,

the Italian domination number of G◦H equals one of the following parameters: γ(2,1,0)(G),
γ(2,2,0)(G), γ(2,2,1)(G) or γ(2,2,2)(G). The specific value γ

I
(G ◦H) takes depends on the

value of γ(H). For the cases where γ
I
(H) = γ(H) = 3, we show that γ

I
(G ◦ H) =

γ(2,2,2,0)(G). Section 3 is devoted to providing some preliminary results on w-domination.
We first describe some general properties of γw(G) and then dedicate a subsection to each
of the specific cases declared of interest in Section 2.

We assume that the reader is familiar with the basic concepts, notation and terminology
of domination in graph. If this is not the case, we suggest the textbooks [10, 11, 14]. For
the remainder of the paper, definitions will be introduced whenever a concept is needed.

2 Italian domination in lexicographic product graphs
The lexicographic product of two graphs G and H is the graph G ◦H whose vertex set is
V (G ◦ H) = V (G) × V (H) and (u, v)(x, y) ∈ E(G ◦ H) if and only if ux ∈ E(G) or
u = x and vy ∈ E(H).

Notice that for any u ∈ V (G) the subgraph of G ◦ H induced by {u} × V (H) is
isomorphic to H . For simplicity, we will denote this subgraph by Hu. Moreover, the
neighbourhood of (x, y) ∈ V (G)×V (H) will be denoted by N(x, y) instead of N((x, y)).
Analogously, for any function f on G ◦H , the image of (x, y) will be denoted by f(x, y)
instead of f((x, y)).

Lemma 2.1. For any graph G with no isolated vertex and any nontrivial graph H with
γ

I
(H) ̸= 3 or γ(H) ̸= 3, there exists a γ

I
(G◦H)-function f satisfying that f(V (Hu)) ≤ 2

for every u ∈ V (G).

Proof. Given an IDF f on G ◦H , we define the set Rf = {x ∈ V (G) : f(V (Hx)) ≥ 3}.
Let f be a γ

I
(G ◦H)-function such that |Rf | is minimum among all γ

I
(G ◦H)-functions.

Suppose that |Rf | ≥ 1. Let u ∈ Rf such that f(V (Hu)) is maximum among all vertices
belonging to Rf . Suppose that f(V (Hu)) > γ

I
(H). In this case we take a γ

I
(H)-function

h and construct an IDF g defined on G ◦ H as g(u, y) = h(y) for every y ∈ V (H) and
g(x, y) = f(x, y) for every x ∈ V (G) \ {u} and y ∈ V (H). Obviously, ω(g) < ω(f),
which is a contradiction. Thus, 3 ≤ f(V (Hu)) ≤ γ

I
(Hu) = γ

I
(H). Now, we analyse the

following two cases.

Case 1. f(V (Hu)) ≥ 4. Let u′ ∈ N(u) and v ∈ V (H). We define a function f ′ on G ◦H
as f ′(u, v) = f ′(u′, v) = 2, f ′(u, y) = f(u′, y) = 0 for every y ∈ V (H) \ {v}, and
f ′(x, y) = f(x, y) for every x ∈ V (G) \ {u, u′} and y ∈ V (H). Notice that f ′ is an IDF
on G ◦H with ω(f ′) ≤ ω(f) and |Rf ′ | < |Rf |, which is a contradiction.

Case 2. f(V (Hu)) = 3. Suppose that γ
I
(H) ̸= 3. Since γ

I
(H) ≥ 4, there exist u′ ∈

N(u) and v ∈ V (H) such that f(u′, v) ≥ 1. Hence, the function f ′ defined in Case 1 is an
IDF on G ◦H with ω(f ′) ≤ ω(f) and |Rf ′ | < |Rf |, which is again a contradiction.

Thus, γ
I
(H) = 3, and so γ(H) ̸= 3, which implies that γ(H) = 2. Let {v1, v2} be

a γ(H)-set. Let u′ ∈ N(u) and v′ ∈ V (H) such that f(u′, v′) = max{f(u′, y) : y ∈
V (H)}. Consider the function f ′ defined as f ′(u, v1) = f ′(u, v2) = 1, f ′(u, y) = 0 for
every y ∈ V (H) \ {v1, v2}, f ′(u′, v′) = min{2, f(u′, v′) + 1}, f ′(u′, y) = 0 for every
y ∈ V (H) \ {v′}, and f ′(x, y) = f(x, y) for every x ∈ V (G) \ {u, u′} and y ∈ V (H).



A. Cabrera Martı́nez et al.: From Italian domination in lexicographic product graphs to . . . 5

Notice that f ′ is an IDF on G ◦ H with ω(f ′) ≤ ω(f) and |Rf ′ | < |Rf |, which is a
contradiction.

Therefore, Rf = ∅, and the result follows.

Theorem 2.2. The following statements hold for any graph G with no isolated vertex and
any nontrivial graph H with γ

I
(H) ̸= 3 or γ(H) ̸= 3.

(i) If γ(H) = 1, then γ
I
(G ◦H) = γ(2,1,0)(G).

(ii) If γ2(H) = γ(H) = 2, then γ
I
(G ◦H) = γ(2,2,0)(G).

(iii) If γ2(H) > γ(H) = 2, then γ
I
(G ◦H) = γ(2,2,1)(G).

(iv) If γ(H) ≥ 3, then γ
I
(G ◦H) = γ(2,2,2)(G).

Proof. Let f(V0, V1, V2) be a γI(G ◦H)-function which satisfies Lemma 2.1. Let f ′(X0,
X1, X2) be the function defined on G by X1 = {x ∈ V (G) : f(V (Hx)) = 1} and
X2 = {x ∈ V (G) : f(V (Hx)) = 2}. Notice that γ

I
(G ◦H) = ω(f) = ω(f ′). We claim

that f ′ is a γ(w0,w1,w2)(G)-function. In order to prove this and find the values of w0, w1

and w2, we differentiate the following three cases.

Case 1. γ(H) = 1. Assume that x ∈ X0. Since f(V (Hx)) = 0, for any y ∈ V (H) we
have that f(N(x, y) \ V (Hx)) ≥ 2. Thus, f ′(N(x)) ≥ 2. Now, assume that x ∈ X1,
and let (x, y) ∈ V1 be the only vertex in V (Hx) such that f(x, y) > 0. Since γ(H) = 1,
for any z ∈ V (H) \ {y}, we have that f(N(x, z) \ V (Hx)) ≥ 1, which implies that
f ′(N(x)) ≥ 1. Therefore, f ′ is a (2, 1, 0)-dominating function on G and, as a consequence,
γ

I
(G ◦H) = ω(f) = ω(f ′) ≥ γ(2,1,0)(G).

Now, for any γ(2,1,0)(G)-function g(W0,W1,W2) and any universal vertex v of H , the
function g′(W ′

0,W
′
1,W

′
2), defined by W ′

2 = W2 × {v} and W ′
1 = W1 × {v}, is an IDF on

G ◦H . Therefore, γ
I
(G ◦H) ≤ ω(g′) = ω(g) = γ(2,1,0)(G).

Case 2. γ(H) = 2. As in Case 1 we conclude that f ′(N(x)) ≥ 2 for every x ∈ X0. Now,
assume that x ∈ X1, and let (x, y) ∈ V1 be the only vertex in V (Hx) such that f(x, y) >
0. Since γ(H) = 2, there exists a vertex z ∈ V (H) such that (x, z) ∈ V0 \ N(x, y).
Hence, f(N(x, z) \ V (Hx)) ≥ 2, which implies that f ′(N(x)) ≥ 2. Therefore, f ′ is a
(2, 2, 0)-dominating function on G and, as a consequence, γ

I
(G ◦H) = ω(f) = ω(f ′) ≥

γ(2,2,0)(G).
Now, if γ2(H) > γ(H) = 2, then for every x ∈ X2, there exists y ∈ V (H) such that

(x, y) ∈ V0 and f(N(x, y)∩V (Hx)) ≤ 1, which implies that f(N(x, y)\V (Hx)) ≥ 1, and
so f ′(N(x)) ≥ 1. Hence, f ′ is a (2, 2, 1)-dominating function on G and, as a consequence,
γ

I
(G ◦H) = ω(f) = ω(f ′) ≥ γ(2,2,1)(G).

On the other side, if γ2(H) = 2, then for any γ(2,2,0)(G)-function g(W0,W1,W2)
and any γ2(H)-set S = {v1, v2}, the function g′(W ′

0,W
′
1,W

′
2), defined by W ′

1 = (W1 ×
{v1}) ∪ (W2 × S) and W ′

2 = ∅, is an IDF on G ◦H . Therefore, γ
I
(G ◦H) ≤ ω(g′) =

ω(g) = γ(2,2,0)(G).
Finally, if γ2(H) > γ(H) = 2 then we take a γ(2,2,1)(G)-function h(Y0, Y1, Y2) and

a γ(H)-set S′ = {v′1, v′2}, and construct a function h′(Y ′
0 , Y

′
1 , Y

′
2) on G ◦ H by making

Y ′
1 = (Y1 × {v′1}) ∪ (Y2 × S′) and Y ′

2 = ∅. Obviously, h′ is an IDF on G ◦H , and so we
can conclude that γ

I
(G ◦H) ≤ ω(h′) = ω(h) = γ(2,2,1)(G).
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Case 3. γ(H) ≥ 3. In this case, for every x ∈ V (G), there exists y ∈ V (H) such
that f(N [(x, y)] ∩ V (Hx)) = 0. Hence, f(N(x, y) \ V (Hx)) ≥ 2, which implies that
f ′(N(x)) ≥ 2 for every x ∈ V (G). Therefore, f ′ is a (2, 2, 2)-dominating function on G
and, as a consequence, γ

I
(G ◦H) = ω(f) = ω(f ′) ≥ γ(2,2,2)(G).

On the other side, for any γ(2,2,2)(G)-function g(W0,W1,W2) and any v ∈ V (H), the
function g′(W ′

0,W
′
1,W

′
2), defined by W ′

2 = W2 × {v} and W ′
1 = W1 × {v}, is an IDF on

G ◦H . Hence, γ
I
(G ◦H) ≤ ω(g′) = ω(g) = γ(2,2,2)(G).

According to the three cases above, the result follows.

The following result considers the case γ
I
(H) = γ(H) = 3.

Theorem 2.3. If H is a graph with γ
I
(H) = γ(H) = 3, then for any graph G,

γ
I
(G ◦H) = γ(2,2,2,0)(G).

Proof. Let f(V0, V1, V2) be a γI(G ◦ H)-function, and f ′(X0, X1, X2, X3) the function
defined on G by X1 = {x ∈ V (G) : f(V (Hx)) = 1}, X2 = {x ∈ V (G) : f(V (Hx)) =
2} and X3 = {x ∈ V (G) : f(V (Hx)) ≥ 3}. We claim that f ′ is a (2, 2, 2, 0)-dominating
function on G.

Let x ∈ X0 ∪X1 ∪X2. Since f(V (Hx)) ≤ 2 and γ(H) = 3, there exists y ∈ V (H)
such that f(N [(x, y)] ∩ V (Hx)) = 0. Thus, f ′(N(x)) ≥ 2 for every x ∈ X0 ∪X1 ∪X2,
which implies that f ′ is a (2, 2, 2, 0)-dominating function on G. Therefore, γ

I
(G ◦H) =

ω(f) ≥ ω(f ′) ≥ γ(2,2,2,0)(G).
On the other side, let h(Y0, Y1, Y2, Y3) be a γ(2,2,2,0)(G)-function, h1 a γ

I
(H)-function

and v ∈ V (H). We define a function g on G◦H by g(x, v) = h(x) for every x ∈ V (G)\Y3,
g(x, y) = 0 for every x ∈ V (G) \ Y3 and y ∈ V (H) \ {v}, and g(x, y) = h1(y) for every
(x, y) ∈ Y3 × V (H). A simple case analysis shows that g is an IDF on G ◦H . Therefore,
γ

I
(G ◦H) ≤ ω(g) = ω(h) = γ(2,2,2,0)(G).

The graph shown in Figure 2 satisfies 6 = γ(2,2,0)(G) = γ(2,2,1)(G) < 7 =
γ(2,2,2,0)(G) < γ(2,2,2)(G) = 8.

2 1 1 2 2 2 2

Figure 2: This figure shows two γ(2,2,0)(G)-functions on the same graph. The function on
the left is also a γ(2,2,1)(G)-function.

3 Preliminary results on w-domination
In this section, we fix the notation Z+ = {1, 2, 3, . . .} and N = Z+ ∪ {0} for the sets of
positive and nonnegative integers, respectively.
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Throughout this section, we will repeatedly apply, without explicit mention, the follo-
wing necessary and sufficient condition for the existence of a w-dominating function.

Remark 3.1. Let G be a graph of minimum degree δ and let w = (w0, . . . , wl) ∈ Z+×Nl.
If w0 ≥ · · · ≥ wl, then there exists a w-dominating function on G if and only if wl ≤ lδ.

Proof. Let w = (w0, . . . , wl) ∈ Z+ × Nl such that w0 ≥ · · · ≥ wl. If wl ≤ lδ, then the
function f , defined by f(v) = l for every v ∈ V (G), is a w-dominating function on G, as
Vl = V (G) and for any x ∈ Vl, f(N(x)) ≥ lδ ≥ wl.

Now, suppose that wl > lδ. If g is a w-dominating function on G, then for any vertex
v of degree δ we have g(N(v)) ≤ δl < wl ≤ wl−1 ≤ · · · ≤ w0, which is a contradiction.
Therefore, the result follows.

We will show that in general the w-domination numbers satisfy a certain monotonicity.
Given two integer vectors w = (w0, . . . , wl) and w′ = (w′

0, . . . , w
′
l), we say that w ≺ w′ if

wi ≤ w′
i for every i ∈ {0, . . . , l}. With this notation in mind, we can state the next remark

which is direct consequence of the definition of w-domination number.

Remark 3.2. Let G be a graph of minimum degree δ and let w = (w0, . . . , wl), w
′ =

(w′
0, . . . , w

′
l) ∈ Z+×Nl such that wi ≥ wi+1 and w′

i ≥ w′
i+1 for every i ∈ {0, . . . , l−1}.

If w ≺ w′ and w′
l ≤ lδ, then every w′-dominating function is a w-dominating function

and, as a consequence,
γw(G) ≤ γw′(G).

We would emphasize the following remark on the specific cases of domination param-
eters considered in Section 2. Obviously, when we write γ(2,2,2)(G) or γ(2,2,1)(G), we are
assuming that G has minimum degree δ ≥ 1.

Remark 3.3. The following statements hold.

(i) γ
I
(G) = γ(2,0,0)(G) ≤ γ(2,1,0)(G) ≤ γ(2,2,0)(G) ≤ γ(2,2,1)(G) ≤ γ(2,2,2)(G).

(ii) If w2 ∈ {1, 2}, then γ(1,0,w2)(G) = γ(1,0,0)(G) = γ(G) and γ(1,1,w2)(G) =
γ(1,1,0)(G) = γt(G).

(iii) For any integer k ≥ 3, there exists an infinite family Hk of graphs such that for every
graph G ∈ Hk, γ

I
(G) = γ(2,0,0)(G) = γ(2,1,0)(G) = γ(2,2,0)(G) = γ(2,2,1)(G) =

γ(2,2,2)(G) = k.

(iv) There exists an infinite family of graphs such that γ
I
(G) < γ(2,1,0)(G) <

γ(2,2,0)(G) < γ(2,2,1)(G) < γ(2,2,2)(G).

In order to see that the remark above holds, we just have to construct families of graphs
satisfying (iii) and (iv), as (i) is a particular case of Remark 3.2 and (ii) is derived from
the definition of (w0, w1, w2)-domination number. In the case of (iii), we construct a fam-
ily Hk = {Gk,r : r ∈ Z+} as follows. Let k ≥ 3 be an integer, and let Nr be the
empty graph of order r. For any positive integer r we construct a graph Gk,r ∈ Hk

from a complete graph Kk and
(
k
2

)
copies of Nr, in such way that for each pair of dif-

ferent vertices {x, y} of Kk we choose one copy of Nr and connect every vertex of Nr

with x and y, making x and y vertices of degree (k − 1)(r + 1) in Gk,r. For instance,
the graph G3,1 is isomorphic to the graph G2 shown in Figure 1. It is readily seen that
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γ
I
(Gk,r) = γ(2,2,2)(Gk,r) = k. On the other hand, in the case of (iv), we consider the

family of cycles of order n ≥ 10 with n ≡ 1 (mod 3). For these graphs we have that
γI(Cn) < γ(2,1,0)(Cn) < γ(2,2,0)(Cn) < γ(2,2,1)(Cn) < γ(2,2,2)(Cn). The specific values
of γ(w0,w1,w2)(Cn) will be given in Subsections 3.1 – 3.4.

Next we show a class of graphs where γ(w0,...,wl)(G) = w0γ(G) whenever l ≥ w0 ≥
· · · ≥ wl. To this end, we need to introduce some additional notation and terminology.
Given two graphs G1 and G2, the corona product graph G1 ⊙ G2 is the graph obtained
from G1 and G2, by taking one copy of G1 and |V (G1)| copies of G2 and joining by an
edge every vertex from the ith-copy of G2 with the ith-vertex of G1. For every x ∈ V (G1),
the copy of G2 in G1 ⊙G2 associated to x will be denoted by G2,x. It is well known that
γ(G1 ⊙ G2) = |V (G1)| and, if G1 does not have isolated vertices, then γt(G1 ⊙ G2) =
γ(G1 ⊙G2) = |V (G1)|.

Theorem 3.4. Let G ∼= G1 ⊙ G2 be a corona graph where G1 does not have isolated
vertices, and let w = (w0, . . . , wl) ∈ Z+ × Nl. If l ≥ w0 ≥ · · · ≥ wl and |V (G2)| ≥ w0,
then

γw(G) = w0γ(G).

Proof. Since G1 does not have isolated vertices, the upper bound γw(G) ≤ w0|V (G1)| =
w0γ(G) is straightforward, as the function f , defined by f(x) = w0 for every vertex
x ∈ V (G1) and f(x) = 0 for every x ∈ V (G) \ V (G1), is a w-dominating function on G.

On the other hand, let f be a γw(G)-function and suppose that there exists x ∈ V (G1)
such that f(V (G2,x)) + f(x) ≤ w0 − 1. In such a case, f(N [y]) ≤ w0 − 1 for every
y ∈ V (G2,x), which is a contradiction, as |V (G2)| ≥ w0. Therefore, γw(G) = ω(f) ≥
w0|V (G1)| = w0γ(G).

Proposition 3.5. Let G be a graph of order n. Let w = (w0, . . . , wl) ∈ Z+ ×Nl such that
w0 ≥ · · · ≥ wl. If G′ is a spanning subgraph of G with minimum degree δ′ ≥ wl

l , then

γw(G) ≤ γw(G
′).

Proof. Let E− = {e1, . . . , ek} be the set of all edges of G not belonging to the edge set of
G′. Let G′

0 = G and, for every i ∈ {1, . . . , k}, let Xi = {e1, . . . , ei} and G′
i = G −Xi,

the edge-deletion subgraph of G induced by E(G) \Xi. Since any w-dominating function
on G′

i is a w-dominating function on G′
i−1, we can conclude that γw(G′

i−1) ≤ γw(G
′
i).

Hence, γw(G) = γw(G
′
0) ≤ γw(G

′
1) ≤ · · · ≤ γw(G

′
k) = γw(G

′).

From Proposition 3.5 we obtain the following result.

Corollary 3.6. Let G be a graph of order n and w = (w0, . . . , wl) ∈ Z+ × Nl such that
w0 ≥ · · · ≥ wl.

• If G is a Hamiltonian graph and wl ≤ 2l, then γw(G) ≤ γw(Cn).

• If G has a Hamiltonian path and wl ≤ l, then γw(G) ≤ γw(Pn).

In order to derive lower bounds on the w-domination number, we need to state the
following useful lemma.
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Lemma 3.7. Let G be a graph with no isolated vertex, maximum degree ∆ and order n.
For any w-dominating function f(V0, . . . , Vl) on G such that w0 ≥ · · · ≥ wl,

∆ω(f) ≥ w0n+

l∑
i=1

(wi − w0)|Vi|.

Proof. The result follows from the simple fact that the contribution of any vertex x ∈ V (G)
to the sum

∑
x∈V (G) f(N(x)) equals deg(x)f(x), where deg(x) denotes the degree of x.

Hence,

∆ω(f) = ∆
∑

x∈V (G)

f(x)

≥
∑

x∈V (G)

deg(x)f(x)

=
∑

x∈V (G)

f(N(x))

≥ w0|V0|+
l∑

i=1

wi|Vi|

= w0n+

l∑
i=1

(wi − w0)|Vi|.

Therefore, the result follows.

Corollary 3.8. The following statements hold for k, l ∈ Z+ and a graph G with minimum
degree δ ≥ 1, maximum degree ∆ and order n.

(i) If k ≤ lδ + 1 and w = (k + l − 1, k + l − 2, . . . , k − 1︸ ︷︷ ︸
l+1

), then γw(G) ≥
⌈
(k+l−1)n

∆+1

⌉
.

(ii) If k ≤ lδ and w = (k, . . . , k︸ ︷︷ ︸
l+1

), then γw(G) ≥
⌈
kn
∆

⌉
.

(iii) If k ≤ lδ + 1 and w = (k, k − 1, . . . , k − 1︸ ︷︷ ︸
l+1

), then γw(G) ≥
⌈

kn
∆+1

⌉
.

(iv) Let w = (w0, . . . , wl) with w0 ≥ · · · ≥ wl. If lδ ≥ wl, then γw(G) ≥
⌈

w0n
∆+w0

⌉
.

In the next subsections we shall show that lower bounds above are tight. Corollary 3.8
implies the following known bounds.

γ(G) ≥
⌈

n
∆+1

⌉
, γt(G) ≥

⌈
n
∆

⌉
, γ

I
(G) ≥

⌈
2n

∆+2

⌉
, γtI(G) ≥

⌈
2n

∆+1

⌉
,

γk(G) ≥
⌈

kn
∆+k

⌉
, γ×k(G) ≥

⌈
kn

∆+1

⌉
, γ{k} ≥

⌈
kn

∆+1

⌉
, γ×k,t(G) ≥

⌈
kn
∆

⌉
.

It is readily seen that γ(w0,...,wl)(G) = 1 if and only if w0 = 1, w1 = 0 and γ(G) = 1.
Next we characterize the graphs with γ(w0,...,wl)(G) = 2.
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Theorem 3.9. Let w = (w0, . . . , wl) ∈ Z+ × Nl such that w0 ≥ · · · ≥ wl. For a graph
G of order at least three, γ(w0,...,wl)(G) = 2 if and only if one of the following conditions
holds.

(i) w2 = 0, γ(G) = 1 and either w0 = 2 or w0 = w1 = 1.

(ii) w0 = 1, w1 = 0 and γ(G) = 2.

(iii) w0 = 1, w1 = 1 and γt(G) = 2.

(iv) w0 = 2, w1 = 0 and γ2(G) = 2.

(v) w0 = 2, w1 = 1 and γ×2(G) = 2.

Proof. Assume first that γ(w0,...,wl)(G) = 2 and let f(V0, . . . , Vl) be a γ(w0,...,wl)(G)-
function. Notice that w0 ∈ {1, 2} and |V2| ∈ {0, 1}. If |V2| = 1, then w2 = 0 and Vi = ∅
for every i ̸= 0, 2. Hence, γ(G) = 1 and either w0 = 2 or w0 = w1 = 1. Therefore, (i)
follows.

Now we consider the case V2 = ∅. Notice that V1 is a dominating set of cardinality
two, w1 ∈ {0, 1} and Vi = ∅ for every i ̸= 0, 1.

Assume first that w0 = 1 and w1 = 0. If γ(G) = 1, then γ(w0,...,wl)(G) = 1, which
is a contradiction. Hence, γ(G) = 2 and so (ii) follows. For w0 + w1 ≥ 2 we have the
following possibilities.

If w0 = w1 = 1, then V1 is a total dominating set of cardinality two, and so γt(G) = 2.
Therefore, (iii) follows.

If w0 = 2 and w1 = 0, then V1 is a 2-dominating set of cardinality two, which implies
that γ2(G) = 2. Therefore, (iv) follows.

If w0 = 2 and w1 = 1, then V1 is a double dominating set of cardinality two, and this
implies that γ×2(G) = 2. Therefore, (v) follows.

Conversely, if one of the five conditions holds, then it is easy to check that γ(w0,...,wl)(G)
= 2, which completes the proof.

In order to establish the following result, we need to define the following parameter.

ν(w0,...,wl)(G) = max{|V0| : f(V0, . . . , Vl) is a γ(w0,...,wl)(G)-function}.

In particular, for l = 1 and a graph G of order n, we have that ν(w0,w1)(G) = n −
γ(w0,w1)(G).

Theorem 3.10. Let G be a graph of minimum degree δ and order n. The following state-
ments hold for any (w0, . . . , wl) ∈ Z+ × Nl with w0 ≥ · · · ≥ wl.

(i) If there exists i ∈ {1, . . . , l − 1} such that iδ ≥ wi, then

γ(w0,...,wl)(G) ≤ γ(w0,...,wi)(G).

(ii) If l ≥ i+ 1 ≥ w0, then

γ(w0,...,wi,0,...,0)(G) ≤ (i+ 1)γ(G).
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(iii) Let k, i ∈ Z+ such that l ≥ ki, and let (w′
0, w

′
1, . . . , w

′
i) ∈ Z+ × Nl. If iδ ≥ w′

i and
wkj = kw′

j for every j ∈ {0, 1, . . . , i}, then

γ(w0,...,wl)(G) ≤ kγ(w′
0,...,w

′
i)
(G).

(iv) Let k ∈ Z+ and β1, . . . , βk ∈ Z+. If lδ ≥ k + wl > k and w0 + k ≥ β1 ≥ · · · ≥
βk ≥ w1 + k, then

γ(w0+k,β1,...,βk,w1+k,...,wl+k)(G) ≤ γ(w0,...,wl)(G) + k(n− ν(w0,...,wl)(G)).

(v) If lδ ≥ wl ≥ l ≥ 2, then

γ(w0,...,wl)(G) ≤ lγ(w0−l+1,wl−l+1)(G).

(vi) If δ ≥ 1, w0 ≤ l − 1 and wl−1 ≥ 1, then

γ(w0,...,wl−2,1)(G) ≤ γ(w0,...,wl−1,0)(G).

Proof. If there exists i ∈ {1, . . . , l − 1} such that iδ ≥ wi, then for any γ(w0,...,wi)(G)-
function f(V0, . . . , Vi) we define a (w0, . . . , wl)-dominating function g(W0, . . . ,Wl) by
Wj = Vj for every j ∈ {0, . . . , i} and Wj = ∅ for every j ∈ {i + 1, . . . , l}. Hence,
γ(w0,...,wl)(G) ≤ ω(g) = ω(f) = γ(w0,...,wi)(G). Therefore, (i) follows.

Now, assume l ≥ i + 1 ≥ w0. Let S be a γ(G)-set. Let f be the function defined
by f(v) = i + 1 for every v ∈ S and f(v) = 0 for the remaining vertices. Since f
is a (w0, . . . , wi, 0 . . . , 0)-dominating function, we conclude that γ(w0,...,wi,0...,0)(G) ≤
ω(f) = (i+ 1)|S| = (i+ 1)γ(G), which implies that (ii) follows.

In order to prove (iii), assume that l ≥ ki, iδ ≥ w′
i and wkj = kw′

j for every
j ∈ {0, . . . , i}. Let f ′(V ′

0 , . . . , V
′
i ) be a γ(w′

0,...,w
′
i)
(G)-function. We construct a func-

tion f(V0, . . . , Vl) as f(v) = kf ′(v) for every v ∈ V (G). Hence, Vkj = V ′
j for every

j ∈ {0, . . . , i}, while Vj = ∅ for the remaining cases. Thus, for every v ∈ Vkj with
j ∈ {0, . . . , i} we have that f(N(v)) = kf ′(N(v)) ≥ kw′

j = wkj , which implies that
f is a (w0, . . . , wl)-dominating function, and so γ(w0,...,wl)(G) ≤ ω(f) = kω(f ′) =
kγ(w′

0,...,w
′
i)
(G). Therefore, (iii) follows.

Now, assume that lδ ≥ k + wl > k and w0 + k ≥ β1 ≥ · · · ≥ βk ≥ w1 + k. Let
g(W0, . . . ,Wl) be a γ(w0,...,wl)(G)-function. We construct a function f(V0, . . . , Vl+k) as
f(v) = g(v) + k for every v ∈ V (G) \ W0 and f(v) = 0 for every v ∈ W0. Hence,
Vj+k = Wj for every j ∈ {1, . . . , l}, V0 = W0 and Vj = ∅ for the remaining cases. Thus,
if v ∈ Vj+k and j ∈ {1, . . . , l}, then f(N(v)) ≥ g(N(v)) + k ≥ wj + k, and if v ∈ V0,
then f(N(v)) ≥ g(N(v)) + k ≥ w0 + k. This implies that f is a (w0 + k, β1, . . . , βk,
w1 + k, . . . , wl + k)-dominating function, and so

γ(w0+k,β1,...,βk,w1+k,...,wl+k)(G) ≤ ω(f) = ω(g) + k

l∑
j=1

|Wj |

= γ(w0,...,wl)(G) + k(n− |W0|)
≤ γ(w0,...,wl)(G) + k(n− ν(w0,...,wl)(G)).

Therefore, (iv) follows.
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Furthermore, if lδ ≥ wl ≥ l ≥ 2, then by applying (iv) for k = l − 1, we deduce that

γ(w0,...,wl)(G) ≤ γ(w0−l+1,wl−l+1)(G) + (l − 1)(n− ν(w0−l+1,wl−l+1)(G))

= lγ(w0−l+1,wl−l+1)(G).

Therefore, (v) follows.
From now on, let δ ≥ 1, w0 ≤ l − 1 and wl−1 ≥ 1. Let f(V0, . . . , Vl) be a

γ(w0,...,wl−1,0)(G)-function. Assume first Vl = ∅. Since wl−1 ≥ 1, we have that f is a
(w0, . . . , wl−2, 1)-dominating function on G, which implies that (vi) follows. Assume now
that there exists v ∈ Vl. If f(N(v)) ≥ l− 1, then the function f ′, defined by f ′(v) = l− 1
and f ′(x) = f(x) for every x ∈ V (G) \ {v}, is a (w0, . . . , wl−1, 0)-dominating function
with ω(f ′) < ω(f), which is a contradiction. Hence, f(N(v)) ≤ l − 2 for every v ∈ Vl.
Since δ ≥ 1, for each vertex x ∈ Vl, we fix one vertex x′ ∈ N(x) and we form a set S
from them such that |S| ≤ |Vl|. Let g be the function defined by g(x) = f(x) + 1 for
any x ∈ S, g(y) = l − 1 for any y ∈ Vl, and g(z) = f(z) for the remaining vertices of
G. Since g(N(x)) ≥ l − 1 ≥ wi for every x ∈ S and i ∈ {0, . . . , l − 2}, g(N(y)) ≥ 1
for every y ∈ Vl−1 ∪ Vl, and g(N(z)) ≥ wi for every z ∈ Vi \ (S ∪ Vl−1 ∪ Vl) and
i ∈ {0, . . . , l − 2}, we conclude that g is a (w0, . . . , wl−2, 1)-dominating function on G.
Therefore, γ(w0,...,wl−2,1)(G) ≤ ω(g) ≤ ω(f) = γ(w0,...,wl−1,0)(G), which completes the
proof of (vi).

In the next subsections we consider several applications of Theorem 3.10 where we
show that the bounds are tight. For instance, the following particular cases will be of
interest.

Corollary 3.11. Let G be a graph of minimum degree δ, and let k, l, w2, . . . , wl ∈ Z+ with
k ≥ w2 ≥ · · · ≥ wl.

(i) If δ ≥ k and w = (k + 1, k, w2, . . . , wl), then γw(G) ≤ γ×k(G).

(ii) If δ ≥ k and w = (k, k, w2, . . . , wl), then γw(G) ≤ γ×k,t(G).

(iii) If lδ ≥ k ≥ l ≥ 2 and w = (k + 1, k, . . . , k︸ ︷︷ ︸
l+1

), then γw(G) ≤ lγ×(k−l+2)(G).

(iv) If lδ ≥ k ≥ l ≥ 2 and w = (k, k, . . . , k︸ ︷︷ ︸
l+1

), then γw(G) ≤ lγ×(k−l+1),t(G).

(v) If l ≥ k, δ ≥ 1 and w = (k, . . . , k︸ ︷︷ ︸
l+1

), then γw(G) ≤ kγt(G).

Proof. If δ ≥ k, then by Theorem 3.10(i) we conclude that (i) and (ii) follows.
If lδ ≥ k ≥ l ≥ 2, then by Theorem 3.10(v) we deduce that

γ(k + 1, k, . . . , k︸ ︷︷ ︸
l+1

)(G) ≤ lγ(k−l+2,k−l+1)(G) = lγ×(k−l+2)(G).

Hence, (iii) follows. By analogy we derive (iv), as γ(k−l+1,k−l+1)(G) = lγ×(k−l+1),t(G).
Finally, if l ≥ k and δ ≥ 1, then by Theorem 3.10(iii) we deduce that

γ(k, . . . , k︸ ︷︷ ︸
l+1

)(G) ≤ kγ(1,1)(G) = kγt(G).

Therefore, (v) follows.
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3.1 Preliminary results on (2, 2, 2)-domination

Theorem 3.12. For any graph G with no isolated vertex, order n and maximum degree ∆,⌈
2n

∆

⌉
≤ γ(2,2,2)(G) ≤ 2γt(G).

Furthermore, if G has minimum degree δ ≥ 2, then

γ(2,2,2)(G) ≤ γ×2,t(G).

Proof. From Corollary 3.8 we deduce the lower bound. The upper bound γ(2,2,2)(G) ≤
2γt(G) follows by Corollary 3.11(v), while, if δ ≥ 2, then we apply Corollary 3.11(ii) to
deduce that γ(2,2,2)(G) ≤ γ×2,t(G). Therefore, the result follows.

The bounds above are tight. For instance, for the graphs G2 and G3 shown in Figure 1
we have that

⌈
2n
∆

⌉
= γ(2,2,2)(G2) = γ×2,t(G2) = 3 and γ(2,2,2)(G3) = 2γt(G3) = 8. No-

tice that every graph Gk,r belonging to the infinite family Hk constructed after Remark 3.3
satisfies the equality γ(2,2,2)(Gk,r) = γ×2,t(Gk,r) = k. Furthermore, from Theorem 3.4
we have that for any corona graph G ∼= G1⊙G2, where G1 does not have isolated vertices,
γ(2,2,2)(G) = 2γ(G) = 2γt(G).

Notice that by Theorem 3.12 we have that γ(2,2,2)(G) ≥
⌈
2n
∆

⌉
≥ 3 for every graph G

with no isolated vertex. Next we characterize all graphs with γ(2,2,2)(G) = 3. To this end,
we need to establish the following lemma.

Lemma 3.13. For a graph G, the following statements are equivalent.

(i) γ(2,2,2)(G) = γ×2,t(G).

(ii) There exists a γ(2,2,2)(G)-function f(V0, V1, V2) such that V2 = ∅.

Proof. If γ(2,2,2)(G) = γ×2,t(G), then for any γ×2,t(G)-set D, the function g(W0,W1,
W2), defined by W1 = D and W0 = V (G) \D, is a γ(2,2,2)(G)-function. Therefore, (ii)
follows.

Conversely, if there exists a γ(2,2,2)(G)-function f(V0, V1, V2) such that V2 = ∅, then
V1 is a double total dominating set of G, and so γ×2,t(G) ≤ |V1| = ω(f) = γ(2,2,2)(G).
Therefore, Theorem 3.12 leads to γ(2,2,2)(G) = γ×2,t(G).

Theorem 3.14. For a graph G, the following statements are equivalent.

(i) γ(2,2,2)(G) = 3.

(ii) γ×2,t(G) = 3.

Proof. Assume first that γ(2,2,2)(G) = 3, and let f(V0, V1, V2) be a γ(2,2,2)(G)-function.
Suppose that there exists u ∈ V2. Since f(N(u)) ≥ 2, we deduce that γ(2,2,2)(G) ≥
4, which is a contradiction. Hence, V2 = ∅ and by Lemma 3.13 we conclude that
γ×2,t(G) = 3.

Conversely, if γ×2,t(G) = 3, then G has minimum degree δ ≥ 2 and so Theorem 3.12
leads to 3 ≤

⌈
2n
∆

⌉
≤ γ(2,2,2)(G) ≤ γ×2,t(G) = 3. Therefore, γ(2,2,2)(G) = 3.

Next we consider the case of graphs with γ(2,2,2)(G) = 4.
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Theorem 3.15. For a graph G, γ(2,2,2)(G) = 4 if and only if at least one of the following
conditions holds.

(i) γ×2,t(G) = 4.

(ii) γt(G) = 2 and G has minimum degree δ = 1.

(iii) γt(G) = 2 and γ×2,t(G) ≥ 4.

Proof. Assume γ(2,2,2)(G) = 4. Notice that G does not have isolated vertices. Let
f(V0, V1, V2) be a γ(2,2,2)(G)-function. If V2 = ∅, then by Lemma 3.13 we obtain that
γ×2,t(G) = γ(2,2,2)(G) = 4, and so (i) follows.

From now on, assume that |V2| ∈ {1, 2}. If |V2| = 2, then V1 = ∅ and, as a result,
V2 is a total dominating set of G, which implies that γt(G) = 2. On the other side, if
|V2| = 1, then |V1| = 2 and both vertices belonging to V1 are adjacent to the vertex of
weight two, and every v ∈ V0 satisfies N(v) ∩ V2 ̸= ∅ or V1 ⊆ N(v). This implies that
the union of V2 with a singleton subset of V1 forms a total dominating set of G, and again
γt(G) = 2. Now, if δ ≥ 2, then Theorem 3.12 leads to 4 = γ(2,2,2)(G) ≤ γ×2,t(G).
Hence, by Theorem 3.14 we conclude that either δ = 1 or γ×2,t(G) ≥ 4. Therefore, either
(ii) or (iii) holds.

Conversely, if γ×2,t(G) = 4, then G has minimum degree δ ≥ 2 and by Theorem 3.12
we have that 3 ≤ γ(2,2,2)(G) ≤ 4. Hence, by Theorem 3.14 we deduce that γ(2,2,2)(G) =
4. Finally, if γt(G) = 2, then Theorem 3.12 leads to 3 ≤ γ(2,2,2)(G) ≤ 4. Therefore, if
δ = 1 or γ×2,t(G) ≥ 4, then Theorem 3.14 leads to γ(2,2,2)(G) = 4.

Theorem 3.12 implies the next result.

Corollary 3.16. For any integer n ≥ 3,

γ(2,2,2)(Cn) = n.

In order to give the value of γ(2,2,2)(Pn), we recall the following well-known result.

Proposition 3.17 ([14]). For any integer n ≥ 3,

γt(Pn) =


n
2 if n ≡ 0 (mod 4),
n+1
2 if n ≡ 1, 3 (mod 4),

n
2 + 1 if n ≡ 2 (mod 4).

Lemma 3.18. If Pn = u1u2 . . . un is a path of order n ≥ 6, then there exists a γ(2,2,2)(Pn)-
function f such that f(un) = f(un−3) = 0 and f(un−1) = f(un−2) = 2.

Proof. Let f(V0, V1, V2) be a γ(2,2,2)(Pn)-function such that |V2| is maximum. Since un

is a leaf, f(un−1) = 2. Notice that f(un) + f(un−2) ≥ 2. Hence, we can assume that
f(un−2) = 2 and f(un) = 0. Now, if f(un−3) > 0, then we can define a (2, 2, 2)-
dominating function f ′ by f ′(un−3) = 0, f ′(un−5) = min{2, f(un−5) + f(un−3)} and
f ′(ui) = f(ui) for the remaining cases. Since ω(f ′) ≤ ω(f) = γ(2,2,2)(Pn), either f ′

is a γ(2,2,2)(Pn)-function with f ′(un−3) = 0 or f(un−3) = 0. In both cases the result
follows.
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Proposition 3.19. For any integer n ≥ 3,

γ(2,2,2)(Pn) = 2γt(Pn) =


n if n ≡ 0 (mod 4),

n+ 1 if n ≡ 1, 3 (mod 4),

n+ 2 if n ≡ 2 (mod 4).

Proof. Since Theorem 3.12 leads to γ(2,2,2)(Pn) ≤ 2γt(Pn), we only need to prove
that γ(2,2,2)(Pn) ≥ 2γt(Pn). We proceed by induction on n. It is easy to check that
γ(2,2,2)(Pn) = 2γt(Pn) for n = 3, 4, 5, 6. This establishes the base case. Now, we assume
that n ≥ 7 and γ(2,2,2)(Pk) ≥ 2γt(Pk) for k < n. Let f(V0, V1, V2) be a γ(2,2,2)(Pn)-
function which satisfies Lemma 3.18, and let f ′ be the restriction of f to V (Pn−4), where
Pn = u1u2 . . . un and Pn−4 = u1u2 . . . un−4. Hence, by applying the induction hypothe-
sis,

γ(2,2,2)(Pn) = ω(f) = ω(f ′) + 4 ≥ γ(2,2,2)(Pn−4) + 4 ≥ 2γt(Pn−4) + 4 ≥ 2γt(Pn).

To conclude the proof we apply Proposition 3.17.

3.2 Preliminary results on (2, 2, 1)-domination

Theorem 3.20. For any graph G with no isolated vertex, order n and maximum degree ∆,⌈
2n+ γt(G)

∆ + 1

⌉
≤ γ(2,2,1)(G) ≤ min{3γ(G), 2γt(G)}.

Furthermore, if G has minimum degree δ ≥ 2, then

γ(2,2,1)(G) ≤ γ×2,t(G).

Proof. In order to prove the upper bound γ(2,2,1)(G) ≤ 2γt(G), we apply Remark 3.2 and
Theorem 3.12, i.e., γ(2,2,1)(G) ≤ γ(2,2,2) ≤ 2γt(G).

Now, let S be a γ(G)-set. Since G does not have isolated vertex, for each vertex
x ∈ S such that N(x) ∩ S = ∅, we fix one vertex x′ ∈ N(x) and we form a set S′

from them. Hence, S ∪ S′ is a total dominating set and |S ∪ S′| = |S| + |S′| ≤ 2γ(G).
Notice that the function g(X0, X1, X2) defined by X2 = S and X1 = S′, is a (2, 2, 1)-
dominating function on G. Thus, γ(2,2,1)(G) ≤ ω(g) = 2|S| + |S′| ≤ 3γ(G), and so
γ(2,2,1)(G) ≤ min{2γt(G), 3γ(G)}.

On the other side, if G has minimum degree δ ≥ 2, then by Corollary 3.11(ii) we have
that γ(2,2,1)(G) ≤ γ×2,t(G).

In order to prove the lower bound, let f(V0, V1, V2) be a γ(2,2,1)(G)-function. Since
V1 ∪ V2 is a total dominating set, γt(G) ≤ |V1|+ |V2|. Furthermore, from Lemma 3.7 we
have, 2n − |V2| ≤ ∆γ(2,2,1)(G), which implies that 2n + γt(G) ≤ 2n + |V1| + |V2| ≤
∆γ(2,2,1)(G)+|V1|+2|V2| = (∆+1)γ(2,2,1)(G). Therefore, the lower bound follows.

The bounds above are tight. For instance, the graph in Figure 3 satisfies γ(2,2,1)(G) =
3γ(G) = 9. Next we show that the remaining two bounds are also achieved.

Corollary 3.21. Let G be a graph with no isolated vertex, order n and maximum degree
∆. If γt(G) < n+∆+1

∆+1/2 , then

γ(2,2,1)(G) = 2γt(G) or γ(2,2,1)(G) =

⌈
2n+ γt(G)

∆ + 1

⌉
.
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Figure 3: This figure shows a γ(2,2,1)(G)-function and a γ(2,2,2,0)(G)-function on the same
graph.

Proof. If γ(2,2,1)(G) ̸=
⌈
2n+γt(G)

∆+1

⌉
and γ(2,2,1)(G) ̸= 2γt(G), then by Theorem 3.20 we

deduce that
⌈
2n+γt(G)

∆+1

⌉
+ 1 ≤ γ(2,2,1)(G) ≤ 2γt(G) − 1, which implies that γt(G) ≥

n+∆+1
∆+1/2 . Therefore, the result follows.

For the graphs G2 and G3 illustrated in Figure 1 we have that γt(G2) = 2 < 22
9 =

n+∆+1
∆+1/2 and γt(G3) = 4 < 32

7 = n+∆+1
∆+1/2 . Notice that, γ(2,2,1)(G2) = 3 =

⌈
2n+γt(G2)

∆+1

⌉
and γ(2,2,1)(G3) = 8 = 2γt(G3).

Below we characterize the graphs with γ(2,2,1)(G) = 3.

Theorem 3.22. For a graph G with no isolated vertex, the following statements are equiv-
alent.

(i) γ(2,2,1)(G) = 3.

(ii) γ(G) = 1 or γ×2,t(G) = 3.

Proof. Assume first that γ(2,2,1)(G) = 3, and let f(V0, V1, V2) be a γ(2,2,1)(G)-function.
If V2 ̸= ∅, then V2 is a dominating set of cardinality one. Hence, γ(G) = 1. Now, if
V2 = ∅, then V1 is a double total dominating set of cardinality three. Thus, γ×2,t(G) = 3.

On the other side, by Theorem 3.20 we have that 3 ≤
⌈
2n+γt(G)

∆+1

⌉
≤ γ(2,2,1)(G) ≤

3γ(G). Hence, if γ(G) = 1, then γ(2,2,1)(G) = 3. Now, if γ×2,t(G) = 3, then G has
minimum degree δ ≥ 2 and by Theorem 3.20 we have that γ(2,2,1)(G) ≤ γ×2,t(G) = 3.
Therefore, γ(2,2,1)(G) = 3.

Next we consider the case of graphs with γ(2,2,1)(G) = 4.

Theorem 3.23. For a graph G, the following statements are equivalent.

(i) γ(2,2,1)(G) = 4.

(ii) γt(G) = γ(G) = 2 or γ×2,t(G) = 4.

Proof. Assume γ(2,2,1)(G) = 4. Notice that G does not have isolated vertices and, by
Theorem 3.20, we have that γ(G) ≥ 2. Let f(V0, V1, V2) be a γ(2,2,1)(G)-function. If V2 =
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∅, then V1 is a double total dominating set of cardinality four. Hence, 3 ≤ γ×2,t(G) ≤
|V1| = 4, and Theorem 3.22 implies that γ×2,t(G) = 4.

From now on, assume that |V2| ∈ {1, 2}. If |V2| = 2, then V1 = ∅ and, as a result, V2 is
a total dominating set of G, which implies that γt(G) = γ(G) = 2. Now, if |V2| = 1, then
|V1| = 2 and both vertices belonging to V1 are adjacent to the vertex of weight two, and
every v ∈ V0 satisfies N(v)∩V2 ̸= ∅ or V1 ⊆ N(v). This implies that the union of V2 with
a singleton subset of V1 forms a total dominating set of G, and again γt(G) = γ(G) = 2.

Conversely, if γ×2,t(G) = 4, then G has minimum degree δ ≥ 2 and by Theorem 3.20
we have that 3 ≤ γ(2,2,1)(G) ≤ γ×2,t(G) = 4. Hence, by Theorem 3.22 we deduce that
γ(2,2,1)(G) = 4. Finally, if γt(G) = 2, then Theorem 3.20 leads to 3 ≤ γ(2,2,1)(G) ≤ 4.
Therefore, if γ(G) = 2 then by Theorem 3.22 we conclude that γ(2,2,1)(G) = 4.

Lemma 3.24. For any integer n ≥ 3,

γ(2,2,1)(Pn) ≤

n−
⌊
n
7

⌋
+ 1 if n ≡ 1, 2 (mod 7),

n−
⌊
n
7

⌋
otherwise.

Proof. First we show how to construct a (2, 2, 1)-dominating function f on Pn for n ∈
{2, . . . , 8}.

• n = 2: f(u1) = 2 and f(u2) = 1.

• n = 3: f(u1) = 0, f(u2) = 2 and f(u3) = 1.

• n = 4: f(u1) = f(u4) = 0 and f(u2) = f(u3) = 2.

• n = 5: f(u1) = f(u5) = 0, f(u2) = f(u4) = 2 and f(u3) = 1.

• n = 6: f(u1) = f(u6) = 0, f(u2) = f(u5) = 2 and f(u3) = f(u4) = 1.

• n = 7: f(u1) = f(u4) = f(u7) = 0, f(u2) = f(u6) = 2 and f(u3) = f(u5) = 1.

• n = 8: f(u1) = f(u4) = f(u8) = 0, f(u2) = f(u6) = f(u7) = 2 and
f(u3) = f(u5) = 1.

We now proceed to describe the construction of f for any n = 7q + r, where q ≥ 1 and
0 ≤ r ≤ 6. We partition V (Pn) = {u1, . . . , un} into q sets of cardinality 7 and for r ≥ 1
one additional set of cardinality r, in such a way that the subgraph induced by all these sets
are paths.

For any r ̸= 1, the restriction of f to each of these q paths of length 7 corresponds to
the weights associated above with P7, while for the path of length r (if any) we take the
weights associated above with Pr. The case r = 1 and q ≥ 2 is slightly different, as for the
first q − 1 paths of length 7 we take the weights associated above with P7 and for the last
8 vertices of Pn we take the weights associated above with P8.

Notice that, for n ≡ 1, 2 (mod 7), we have that γ(2,2,1)(Pn) ≤ ω(f) = 6q + r + 1 =

n−
⌊
n
7

⌋
+1, while for n ̸≡ 1, 2 (mod 7) we have γ(2,2,1)(Pn) ≤ ω(f) = 6q+r = n−

⌊
n
7

⌋
.

Therefore, the result follows.

Lemma 3.25. Let P7 = x1 . . . x7 be a subgraph of Cn and X = {x1, . . . , x7}. If f is a
(2, 2, 1)-dominating function on Cn, then

f(X) ≥ 6.
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Proof. Notice that f({x1, x2, x3}) ≥ 2 and f({x4, x5, x6, x7}) ≥ 3 as f is a (2, 2, 1)-
dominating function. If f({x1, x2, x3}) ≥ 3, then we are done. Hence, we assume that
f({x1, x2, x3}) = 2. In this case, it is not difficult to deduce that f({x4, x5, x6, x7}) ≥ 4,
which implies that f(X) ≥ 6, as desired. Therefore, the proof is complete.

Lemma 3.26. For any integer n ≥ 3,

γ(2,2,1)(Cn) ≥

{
n− ⌊n

7 ⌋+ 1 if n ≡ 1, 2 (mod 7),

n− ⌊n
7 ⌋ otherwise.

Proof. It is easy to check that γ(2,2,1)(Cn) = n for every n ∈ {3, 4, 5, 6}. Now, let
n = 7q + r, with 0 ≤ r ≤ 6 and q ≥ 1. Let f(V0, V1, V2) be a γ(2,2,1)(Cn)-function.

If r = 0, then by Lemma 3.25 we have that ω(f) ≥ 6q = n − ⌊n
7 ⌋. From now on we

assume that r ≥ 1. By Proposition 3.5 and Lemma 3.24 we deduce that γ(2,2,1)(Cn) ≤
γ(2,2,1)(Pn) < n, which implies that V2 ̸= ∅, otherwise there exists u ∈ V (Cn) = V0∪V1

such that N(u) ∩ V0 ̸= ∅ and so |N(u) ∩ V1| ≤ 1, which is a contradiction. Let x ∈ V2

and, without loss of generality, we can label the vertices of Cn in such a way that x = u1,
and u2 ∈ V1 ∪ V2 whenever r ≥ 2. We partition V (Cn) into X = {u1, . . . , ur} and
Y = {ur+1, . . . , un}. Notice that Lemma 3.25 leads to f(Y ) ≥ 6q.

Now, if r ∈ {1, 2}, then f(X) ≥ r + 1, which implies that ω(f) ≥ r + 1 + 6q =
n− ⌊n

7 ⌋+ 1. Analogously, if r = 3, then f(X) ≥ r and so ω(f) ≥ r + 6q = n− ⌊n
7 ⌋.

Finally, if r ∈ {4, 5, 6}, then as f is a (2, 2, 1)-dominating function we deduce that
f(X) ≥ r, which implies that ω(f) ≥ r + 6q = n− ⌊n

7 ⌋.

The following result is a direct consequence of Proposition 3.5 and Lemmas 3.24
and 3.26.

Proposition 3.27. For any integer n ≥ 3,

γ(2,2,1)(Cn) = γ(2,2,1)(Pn) =

{
n− ⌊n

7 ⌋+ 1 if n ≡ 1, 2 (mod 7),

n− ⌊n
7 ⌋ otherwise.

3.3 Preliminary results on (2, 2, 0)-domination

Theorem 3.28. For any graph G with no isolated vertex, order n and maximum degree ∆,⌈
2n

∆+ 1

⌉
≤ γ(2,2,0)(G) ≤ 2γ(G).

Furthermore, if G has minimum degree δ ≥ 2, then

γ(2,2,0)(G) ≤ γ×2,t(G).

Proof. The upper bound γ(2,2,0)(G) ≤ ω(g) = 2γ(G) is derived by we applying Theo-
rem 3.10(ii) for i = 1 and l = 2. Furthermore, if G has minimum degree δ ≥ 2, then by
Corollary 3.11(ii) we have that γ(2,2,0)(G) ≤ γ×2,t(G).

Now, let f(V0, V1, V2) be a γ(2,2,0)(G)-function. From Lemma 3.7 we deduce that
2(n − |V2|)) ≤ ∆γ(2,2,0)(G), which implies that 2n ≤ 2n + |V1| ≤ (∆ + 1)γ(2,2,0)(G).
Therefore, the result follows.
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Theorem 3.28 implies that, if γ(G) = n
∆+1 , then γ(2,2,0)(G) = 2n

∆+1 . It is easy to
see that a graph satisfies γ(G) = n

∆+1 if and only if there exists a γ(G)-set S which is a
2-packing1 and every vertex in S has degree ∆. The upper bound γ(2,2,0)(G) ≤ 2γ(G)
is achieved for the graph G shown in Figure 2, which satisfies γ(2,2,0)(G) = 2γ(G) = 6.
Furthermore, by Theorem 3.4 we have that for any corona graph G ∼= G1 ⊙G2, where G1

does not have isolated vertices, γ(2,2,0)(G) = 2γ(G).
As shown in Theorem 3.9, for a graph G, γ(2,2,0)(G) = 2 if and only if γ(G) = 1.

Now we consider the case γ(2,2,0)(G) = 3.

Theorem 3.29. For a graph G, γ(2,2,0)(G) = 3 if and only if γ×2,t(G) = γ(G) + 1 = 3.

Proof. Assume γ(2,2,0)(G) = 3. By Theorem 3.9 we have that γ(G) ≥ 2. Let f(V0, V1, V2)
be a γ(2,2,0)(G)-function. If |V2| = 1 then |V1| = 1, and as f is a (2, 2, 0)-dominating
function we deduce that N [V2] = V (G), i.e., γ(G) = 1, which is a contradiction. Thus,
V2 = ∅ and |V1| = 3. Notice that V1 is a double total dominating set and since γ(G) ≥ 2,
it follows that 3 ≤ γ(G) + 1 ≤ γ×2,t(G) ≤ |V1| = 3. Hence, γ×2,t(G) = γ(G) + 1 = 3,
as required.

Conversely, assume γ×2,t(G) = γ(G) + 1 = 3. Since G has minimum degree at least
two, Theorem 3.28 leads to 2 ≤ γ(2,2,0)(G) ≤ γ×2,t(G) = 3, and so Theorem 3.9 implies
that γ(2,2,0)(G) = 3, which completes the proof.

Theorem 3.30. For a graph G, γ(2,2,0)(G) = 4 if and only if one of the following condi-
tions holds.

(i) G ∼= K1 ∪G1, where G1 is a graph with γ(G1) = 1.

(ii) γ×2,t(G) = 4.

(iii) γ(G) = 2 and G has minimum degree one.

(iv) γ(G) = 2 and γ×2,t(G) ≥ 4.

Proof. If K1 is a component of G, then by Theorem 3.9 we conclude that γ(2,2,0)(G) = 4
if and only if G ∼= K1 ∪G1, where G1 is a graph with γ(G1) = 1.

From now on, we consider the case where G is a graph with no isolated vertex. Assume
γ(2,2,0)(G) = 4 and let f(V0, V1, V2) be a γ(2,2,0)(G)-function. If V2 = ∅, then V1 is a
double total dominating set of G. In this case, G has minimum degree δ ≥ 2 and by
Theorem 3.28 we have that γ×2,t(G) ≤ |V1| = 4 = γ(2,2,0)(G) ≤ γ×2,t(G). Hence (ii)
follows.

Now, assume that |V2| ∈ {1, 2}. If |V2| = 2, then V1 = ∅, and so γ(G) ≤ 2. Now, if
|V2| = 1, then |V1| = 2 and both vertices belonging V1 are adjacent to the vertex of weight
two, and every v ∈ V0 satisfies N(v) ∩ V2 ̸= ∅ or V1 ⊆ N(v). This implies that the union
of V2 with a singleton subset of V1 forms a dominating set of G, and again γ(G) ≤ 2. Thus,
from Theorem 3.9 we deduce that γ(G) = 2. Furthermore, if δ ≥ 2, then by Theorem 3.28
we have that γ×2,t(G) ≥ γ(2,2,0) = 4. Therefore, either (iii) or (iv) holds.

Conversely, if γ×2,t(G) = 4, then Theorem 3.28 leads to 2 ≤ γ(2,2,0) ≤ γ×2,t(G) = 4.
Hence, by Theorems 3.9 and 3.29 we deduce that γ(2,2,0)(G) = 4. Analogously, if γ(G) =
2 and δ ≥ 1, then Theorem 3.28 leads to 2 ≤ γ(2,2,0) ≤ 2γ(G) = 4. Thus, by Theorem 3.9
we have that 3 ≤ γ(2,2,0) ≤ 4. In particular, if δ = 1 or γ×2,t(G) ≥ 4, then Theorem 3.29
leads to γ(2,2,0)(G) = 4, which completes the proof.

1A set S ⊆ V (G) is a 2-packing if N [u] ∩N [v] = ∅ for every pair of different vertices u, v ∈ S.
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Lemma 3.31. For a graph G, the following statements are equivalent.

(i) γ(2,2,0)(G) = 2γ(G).

(ii) There exists a γ(2,2,0)(G)-function f(V0, V1, V2) such that V1 = ∅.

Proof. First, we assume that γ(2,2,0)(G) = 2γ(G) and let D be a γ(G)-set. Hence, the
function f(V0, V1, V2), defined by V2 = D and V0 = V (G) \D, is a γ(2,2,0)(G)-function
which satisfies (ii), as desired.

Finally, we assume that there exists a γ(2,2,0)(G)-function f(V0, V1, V2) such that V1 =
∅. This implies that V2 is a dominating set of G. Hence, γ(2,2,0)(G) ≤ 2γ(G) ≤ 2|V2| =
γ(2,2,0)(G), and the desired equality holds, which completes the proof.

The following result provides the (2, 2, 0)-domination number of paths and cycles.

Proposition 3.32. For any integer n ≥ 3,

γ(2,2,0)(Pn) = γ(2,2,0)(Cn) = 2
⌈n
3

⌉
.

Proof. We first prove that γ(2,2,0)(Cn) ≥ 2
⌈
n
3

⌉
. Let f(V0, V1, V2) be a γ(2,2,0)(Cn)-

function. If V1 = ∅, then by Lemma 3.31 it follows that γ(2,2,0)(Cn) = 2γ(Cn) = 2
⌈
n
3

⌉
.

If V1 ̸= ∅, then 1 + 2|V2| ≤ |V1|+ 2|V2| = γ(2,2,0)(Cn) ≤ 2γ(Cn) = 2
⌈
n
3

⌉
, which leads

to |V2| ≤
⌈
n
3

⌉
− 1. By Lemma 3.7 we have that γ(2,2,0)(Cn) ≥ n− |V2| ≥ n−

⌈
n
3

⌉
+1 ≥

2
⌈
n
3

⌉
, as desired.

Therefore, by the inequality above, Proposition 3.5 and Theorem 3.28 we deduce that
2⌈n

3 ⌉ ≤ γ(2,2,0)(Cn) ≤ γ(2,2,0)(Pn) ≤ 2γ(Pn) = 2⌈n
3 ⌉. Thus, we have equalities in the

inequality chain above, which implies that the result follows.

3.4 Preliminary results on (2, 1, 0)-domination

Given a graph G, we use the notation L(G) and S(G) for the sets of leaves and support
vertices, respectively.

Theorem 3.33. For any graph G with no isolated vertex, order n and maximum degree ∆,⌈
2n

∆+ 1

⌉
≤ γ(2,1,0)(G) ≤ min{γ×2(G)− |L(G)|+ |S(G)|, 2γ(G)}.

Proof. If f(V0, V1, V2) is a γ(2,1,0)(G)-function, then from Lemma 3.7 we conclude that
2n−|V1|−2|V2| ≤ ∆γ(2,1,0)(G). Hence, 2n ≤ ∆γ(2,1,0)(G)+ω(f) = (∆+1)γ(2,1,0)(G).
Therefore, the lower bound follows.

Let D be a γ×2(G)-set. Notice that S(G) ∪ L(G) ⊆ D. Since |N [v] ∩ D| ≥ 2 for
every v ∈ V (G), the function g(V0, V1, V2) defined by V1 = D \ (L(G) ∪ S(G)) and
V2 = S(G), is a (2, 1, 0)-dominating function. Hence, γ(2,1,0)(G) ≤ ω(g) = γ×2(G) −
|L(G)|+ |S(G)|.

By Remark 3.2, γ(2,1,0)(G) ≤ γ(2,2,0)(G), hence the upper bound γ(2,1,0)(G) ≤
2γ(G) is derived from Theorem 3.28. Therefore, γ(2,1,0)(G) ≤ min{γ×2(G)− |L(G)|+
|S(G)|, 2γ(G)}.
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The bounds above are tight. For instance, for the graph G1 shown in Figure 1 we have
that γ(2,1,0)(G1) =

⌈
2n

∆+1

⌉
= γ×2(G1) = 2γ(G1) = 4. As an example of graph of

minimum degree one where γ(2,1,0)(G) = γ×2(G) − |L(G)| + |S(G)| we take the graph
G obtained from a star graph K1,r, r ≥ 3, by subdividing one edge just once. In such a
case, γ(2,1,0)(G) = 4 = γ×2(G)− |L(G)|+ |S(G)|. Another example is the graph shown
in Figure 2 which satisfies γ(2,1,0)(G) = γ×2(G)− |L(G)|+ |S(G)| = 6.

Notice that γ(2,1,0)(G) ≥
⌈

2n
∆+1

⌉
≥ 2. As shown in Theorem 3.9, γ(2,1,0)(G) = 2 if

and only if γ(G) = 1. Next we characterize the graph satisfying γ(2,1,0)(G) = 3.

Theorem 3.34. For a graph G, γ(2,1,0)(G) = 3 if and only if γ×2(G) = γ(G) + 1 = 3.

Proof. Assume γ(2,1,0)(G) = 3. By Theorem 3.9 we have that γ(G) ≥ 2. Let f(V0, V1, V2)
be a γ(2,1,0)(G)-function. If |V2| = 1 then N [V2] = V (G), i.e., γ(G) = 1, which is a con-
tradiction. Thus, V2 = ∅ and |V1| = 3, which implies that V1 is a double dominating set.
Hence, 3 ≤ γ(G) + 1 ≤ γ×2(G) ≤ |V1| = 3. Therefore, γ×2(G) = γ(G) + 1 = 3.

Conversely, assume γ×2(G) = γ(G) + 1 = 3. Notice that G has minimum degree
δ ≥ 1 and so by Theorems 3.9 and 3.33 we have that 3 ≤ γ(2,1,0)(G) ≤ γ×2(G) = 3,
which implies that γ(2,1,0)(G) = 3.

Next we consider the case of graphs with γ(2,1,0)(G) = 4.

Theorem 3.35. For a graph G, γ(2,1,0)(G) = 4 if and only if one of the following condi-
tions is satisfied.

(i) G ∼= K1 ∪G1, where G1 is a graph with γ(G1) = 1.

(ii) γ×2(G) = 4.

(iii) γ(G) = 2 and γ×2(G) ≥ 4.

Proof. If K1 is a component of G, then by Theorem 3.9 we conclude that γ(2,1,0)(G) = 4
if and only if G ∼= K1 ∪G1, where G1 is a graph with γ(G1) = 1.

From now on, we consider the case where G is a graph with no isolated vertex. Assume
γ(2,1,0)(G) = 4. By Theorem 3.33 we deduce that γ×2(G) ≥ 4 and γ(G) ≥ 2. Let
f(V0, V1, V2) be a γ(2,1,0)(G)-function. If V2 = ∅, then V1 is a double dominating set of
G, which implies that γ×2(G) ≤ |V1| = 4. Hence, (ii) follows. From now on, assume
|V2| ∈ {1, 2}. If |V2| = 2, then V1 = ∅ and so, V2 is a dominating set of G, which implies
that γ(G) = 2. If |V2| = 1, then for every v ∈ V1 we have that V2 ∪ {v} is a dominating
set of G. Hence, γ(G) = 2. Therefore, (iii) follows.

Conversely, if (ii) or (iii) holds, then by Theorems 3.33 we have that 2 ≤ γ(2,1,0)(G) ≤
4. Therefore, by Theorems 3.9 and 3.34 we deduce that γ(2,1,0)(G) = 4, which completes
the proof.

The formulas on the {k}-dominating number of cycles and paths were obtained in [17].
We present here the particular case of k = 2, as γ{2}(G) = γ(2,1,0)(G).

Proposition 3.36 ([17]). For any integer n ≥ 3,

γ{2}(Cn) =

⌈
2n

3

⌉
and γ{2}(Pn) = 2

⌈n
3

⌉
.
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3.5 Preliminary results on (2, 2, 2, 0)-domination

The following result is a direct consequence of Theorem 3.10(i), (ii) and (vi).

Corollary 3.37. For any graph G with no isolated vertex,

γ(2,2,1)(G) ≤ γ(2,2,2,0)(G) ≤ min{3γ(G), γ(2,2,2)(G)}.

The bounds above are tight. For instance, every graph Gk,r belonging to the in-
finite family Hk constructed after Remark 3.3 satisfies the equalities γ(2,2,1)(Gk,r) =
γ(2,2,2)(Gk,r) = γ(2,2,2,0)(Gk,r) = k. In contrast, the graph shown in Figure 2 satis-
fies γ(2,2,1)(G) = 6 < 7 = γ(2,2,2,0)(G) < 8 = γ(2,2,2)(G). Moreover, Figure 3 illustrates
a graph G with γ(2,2,1)(G) = γ(2,2,2,0)(G) = 3γ(G) = 9.

In order to characterize the graphs with γ(2,2,2,0)(G) ∈ {3, 4}, we need to establish the
following lemma.

Lemma 3.38. For a graph G, the following statements are equivalent.

(i) γ(2,2,2,0)(G) = γ(2,2,2)(G).

(ii) There exists a γ(2,2,2,0)(G)-function f(V0, V1, V2, V3) such that V3 = ∅.

Proof. If γ(2,2,2,0)(G) = γ(2,2,2)(G), then for any γ(2,2,2)(G)-function f(V0, V1, V2), there
exists a γ(2,2,2,0)(G)-function g(W0,W1,W2,W3) defined by W0 = V0, W1 = V1, W2 =
V2 and W3 = ∅. Therefore, (i) implies (ii).

Conversely, if there exists a γ(2,2,2,0)(G)-function f(V0, V1, V2, V3) such that V3 = ∅,
then the function g(W0,W1,W2), defined by W0 = V0, W1 = V1 and W2 = V2, is a
(2, 2, 2)-dominating function on G, and so γ(2,2,2)(G) ≤ ω(g) = ω(f) = γ(2,2,2,0)(G).
Therefore, Corollary 3.37 leads to γ(2,2,2,0)(G) = γ(2,2,2)(G), which completes the proof.

Theorem 3.39. For a graph G, the following statements are equivalent.

(i) γ(2,2,2,0)(G) = 3.

(ii) γ(G) = 1 or γ×2,t(G) = 3.

Proof. Assume first that γ(2,2,2,0)(G) = 3, and let f(V0, V1, V2, V3) be a γ(2,2,2,0)(G)-
function. Notice that |V3| ∈ {0, 1}. If |V3| = 1, then V1 ∪ V2 = ∅, which implies that V3

is a dominating set of cardinality one. Hence, γ(G) = 1.
If V3 = ∅, then by Lemma 3.38 we have that γ(2,2,2)(G) = γ(2,2,2,0)(G) = 3, and by

Theorem 3.14 we deduce that γ×2,t(G) = 3.
Conversely, if γ(G) = 1, then Corollary 3.37 leads to 3 ≤ γ(2,2,2,0)(G) ≤ 3γ(G) = 3.

Moreover, if γ×2,t(G) = 3, then G has minimum degree δ ≥ 2 and so Theorem 3.10(i)
leads to 3 ≤ γ(2,2,2,0)(G) ≤ γ(2,2,2)(G) ≤ γ×2,t(G) = 3. Therefore, γ(2,2,2,0)(G) = 3.

Theorem 3.40. For a graph G, γ(2,2,2,0)(G) = 4 if and only if at least one of the following
conditions holds.

(i) γ×2,t(G) = 4.

(ii) γ(G) = γt(G) = 2 and G has minimum degree δ = 1.
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(iii) γ(G) = γt(G) = 2 and γ×2,t(G) ≥ 4.

Proof. Assume γ(2,2,2,0)(G) = 4. Let f(V0, V1, V2, V3) be a γ(2,2,2,0)(G)-function. Hence,
|V3| ∈ {0, 1}. If |V3| = 1, then V3 is a dominating set of cardinality one. Hence, γ(G) = 1,
which is a contradiction with Theorem 3.39. Hence, V3 = ∅, and so, Lemma 3.38 leads to
γ(2,2,2)(G) = γ(2,2,2,0)(G) = 4. Thus, by Theorems 3.15 and 3.39 we deduce (i) – (iii).

Conversely, if conditions (i) – (iii) hold, then by Theorem 3.14 we have that
γ(2,2,2)(G) = 4. Corollary 3.37 leads to 3 ≤ γ(2,2,2,0)(G) ≤ γ(2,2,2)(G) = 4. No-
tice that if δ ≥ 2, then γ(G) ≥ 2 and γ×2,t(G) ≥ 4. Hence, Theorem 3.39 leads to
γ(2,2,2,0)(G) = 4.

Proposition 3.41. For any integer n ≥ 3,

γ(2,2,2,0)(Cn) = n.

Proof. By Corollaries 3.16 and 3.37 we have that γ(2,2,2,0)(Cn) ≤ γ(2,2,2)(Cn) = n.
We only need to prove that γ(2,2,2,0)(Cn) ≥ n. Let f(V0, V1, V2, V3) be a γ(2,2,2,0)(G)-
function such that |V3| is minimum. If V3 = ∅, then by Lemma 3.38 and Corollary 3.16
we conclude that γ(2,2,2,0)(Cn) = n. Assume V3 ̸= ∅. If v ∈ V3, then N(v) ⊆ V0 as
otherwise, by choosing one vertex u ∈ N(v) \ V0, the function f ′ defined by f ′(v) = 2,
f ′(u) = min{2, f(u) + 1} and f ′(x) = f(x) for the remaining vertices, is a (2, 2, 2, 0)-
dominating function with ω(f ′) ≤ ω(f) and |V ′

3 | < |V3|, which is a contradiction. Hence,∑
x∈V3

f(N [x]) = 3|V3|. Now, we observe that

2
∑

x∈V (Cn)\N [V3]

f(x) ≥
∑

x∈V (Cn)\N [V3]

 ∑
u∈N(x)

f(u)

 ≥ 2(n− 3|V3|).

Therefore,

γ(2,2,2,0)(Cn) = ω(f) =
∑
x∈V3

f(N [x]) +
∑

x∈V (Cn)\N [V3]

f(x)

≥ 3|V3|+ (n− 3|V3|) = n,

and the result follows.

Proposition 3.42. For any integer n ≥ 3,

γ(2,2,2,0)(Pn) =

{
6 if n = 5,

n otherwise.

Proof. It is easy to check that γ(2,2,2,0)(Pn) = n for n = 3, 4, 6, 7, 8, and also
γ(2,2,2,0)(P5) = 6. From now on, assume n ≥ 9. By Propositions 3.5 and 3.41 we have that
n = γ(2,2,2,0)(Cn) ≤ γ(2,2,2,0)(Pn). Hence, we only need to prove that γ(2,2,2,0)(Pn) ≤ n.
To this end, we proceed to construct a (2, 2, 2, 0)-dominating function f(V0, V1, V2, V3) on
Pn = v1v2 . . . vn such that ω(f) = n.

• If n ≡ 0 (mod 3), then we set V3 =
⋃n/3

i=1{v3i−1} and V0 = V (G) \ V3.

• If n ≡ 1 (mod 3), then we set V3 =
⋃(n−4)/3

i=1 {v3i−1}, V2 = {vn−2, vn−1} and
V0 = V (G) \ (V2 ∪ V3).
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• If n ≡ 2 (mod 3), then we set V3 =
⋃(n−8)/3

i=1 {v3i−1}, V2 = {vn−6, vn−5, vn−2,
vn−1} and V1 = ∅.

Notice that in the three cases above, f is a (2, 2, 2, 0)-dominating function of weight
ω(f) = n, as required. Therefore, the proof is complete.
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