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Abstract

In this paper, we show that the Italian domination number of every lexicographic prod-
uct graph G o H can be expressed in terms of five different domination parameters of G.
These parameters can be defined under the following unified approach, which encompasses
the definition of several well-known domination parameters and introduces new ones.

Let N(v) denote the open neighbourhood of v € V(G), and let w = (wo, w1, ..., w;)
be a vector of nonnegative integers such that wy > 1. We say that a function f: V(G) —
{0,1,...,1} is a w-dominating function if f(N(v)) = >_,cne) f(u) = w; for every
vertex v with f(v) = 4. The weight of f is defined to be w(f) = >_,cv/(g) f(v). The
w-domination number of G, denoted by 7,,(G), is the minimum weight among all w-
dominating functions on G.

Specifically, we show that (G o H) = 7, (G), where w € {2} x {0,1,2}' and
l € {2,3}. The decision on whether the equality holds for specific values of wy, . . . , w; will
depend on the value of the domination number of H. This paper also provides preliminary
results on 7, (G) and raises the challenge of conducting a detailed study of the topic.
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1 Introduction

Let G be a graph, [ a positive integer, and f: V(G) — {0,...,l} a function. For every
i € {0,...,1}, we define V; = {v € V(G) : f(v) = i}. We will identify f with the
subsets Vj, ...,V associated with it, and so we will use the unified notation f(Vp,...,V})
for the function and these associated subsets. The weight of f is defined to be

l
w(f) = FV(G)) = 3 _ilVil.

An Italian dominating function (IDF) on a graph G is a function f(Vp, V1, Va) satisfy-
ing that f(N(v)) = >, cn(y) f(u) = 2 forevery v € Vo, where N(v) denotes the open
neighbourhood of v. Hence, f(Vp, V1, V2) isan IDFif N(v)NV2 # @ or [N(v)NVy| > 2
for every v € V. The Italian domination number, denoted by ~;(G), is the minimum
weight among all IDFs on G. This concept was introduced by Chellali et al. in [6] under
the name of Roman {2}-domination. The term “Italian domination” comes from a subse-
quent paper by Henning and Klostermeyer [13].

In this paper we show that the Italian domination number of every lexicographic product
graph G o H can be expressed in terms of five different domination parameters of GG. These
parameters can be defined under the following unified approach.

Let w = (wy, ..., w;) be a vector of nonnegative integers such that wy > 1. We say
that f(Vp,...,V)) is a w-dominating function if f(N(v)) > w; for every v € V;. The
w-domination number of G, denoted by ,,(G), is the minimum weight among all w-
dominating functions on G. For simplicity, a w-dominating function f of weight w(f) =
Y (G) will be called a 7, (G)-function.

This unified approach allows us to encompass the definition of several well-known
domination parameters and introduce new ones. For instance, we would highlight the fol-
lowing particular cases of known domination parameters that we define here in terms of
w-domination.

* The domination number of G is defined to be 7(G) = v(1,0)(G) = Y(1,0,0)(G)-
Obviously, every 7(1,0,0)(G)-function f(Vp, Vi, V) satisfies that Vo = @ and V; is
a dominating set of cardinality |V | = v(G), i.e., V7 is a v(G)-set.

o The total domination number of a graph G' with no isolated vertex is defined to be
1%(G) = v1,1)(G) = Y1,1,ws,...,w) (G), for every wo,...,w; € {0,1}. Notice
that there exists a (1,1,w,,...w,) (G)-function f(Vo, V1, ..., V}) such that V; = & for
every i € {2,...,1} and V; is a total dominating set of cardinality |V1| = %(G),
ie., Vi is a1 (G)-set.

¢ Given a positive integer k, the k-domination number of a graph G is defined to be
Y (G) = Y(k,0)(G). In this case, V} is a k-dominating set of cardinality |Vi| =
vk(G), i.e., V7 is a 5 (G)-set. The study of k-domination in graphs was initiated by
Fink and Jacobson [8] in 1984.

 Given a positive integer k, the k-tuple domination number of a graph G of minimum
degree 6 > k—1is defined to be vx1(G) = Y(k,k—1)(G). In this case, V1 is a k-tuple
dominating set of cardinality |Vi| = yxx(G), i.e., V1 is a yxx(G)-set. In particular,
7x1(G) = v(G) and vx2(G) is known as the double domination number of G. This
parameter was introduced by Harary and Haynes in [9].
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Given a positive integer k, the k-tuple total domination number of a graph G of
minimum degree 0 > k is defined to be vxx,:(G) = Yk (G). In particular,
Yx1,.(G) = v (G) and 7yx2,(G) is known as the double total domination number,
and V] is a double total dominating set of cardinality |V1| = vx2,.(G), i.e., V1 is a
vx2,t(G)-set. The k-tuple total domination number was introduced by Henning and
Kazemi in [12].

The Italian domination number of G is defined to be v,(G) = 7(2,0,0)(G). As
mentioned earlier, this parameter was introduced by Chellali et al. in [6] under
the name of Roman {2}-domination number. The concept was studied further

in[13, 16].

The total Italian domination number of a graph G with no isolated vertex is defined
to be 7¢1(G) = v(2,1,1)(G). This parameter was introduced by Cabrera et al. in
[4], and independently by Abdollahzadeh Ahangar et al. in [!], under the name of
total Roman {2}-domination number. The total Italian domination number of lexi-
cographic product graphs was studied in [5].

The {k}-domination number of G is defined to be 711 (G) = Yk k—1,...,1,0)(G)-
This parameter was introduced by Domke et al. in [7] and studied further
in[3, 15, 17].

Notice that the concept of Y -dominating function introduced by Bange et al. [2] is quite
different from the concept of w-dominating function introduced in this paper. Given a set
Y of real numbers, a function f: V(G) — Y is a Y-dominating function if f(N[v]) =
) + > yen) f(w) = 1 forevery v € V(G). The Y-domination number, denoted
by 7, (G), is the minimum weight among all Y -dominating functions on G. Hence, if

Y ={0,1,..., 1}, then, (G) = y@1.0,..0)(G) = 7(G).
For the graphs shown in Figure 1 we have the following values.

* 'VI(GI) = ’7(2,1,0)((;1) = 7(2,2,0)(G1) =4<6= 7(2,2,1)(G1) = 7(2,2,2)(G1).
* 71(G2) = Y2,1,0)(G2) = Y(2,2,0)(G2) = Y(2,2,1)(G2) = V(2,2,2)(G2) = 3.
* 71(G3) = Y(2,1,0)(G3) =6 <8 = 72,20 (G3) = V(2,2,1)(G3) = V(2,2,2)(G3).

Gl G2

Figure 1: The labels of black-coloured vertices describe a 7y(21,0)(G1)-function, a
Y(2,2,0)(G2)-function and a 7(z 2 2)(G3)-function, respectively.
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The remainder of the paper is organized as follows. In Section 2 we show that for any
graph G with no isolated vertex and any nontrivial graph H with v(H) # 3 or v, (H) # 3,
the Italian domination number of Go H equals one of the following parameters: 7(2,1,0)(G),
Y2,2,0)(G), V(2,2,1)(G) or Y(2,2.2)(G). The specific value 7, (G o H) takes depends on the
value of v(H). For the cases where vy, (H) = ~v(H) = 3, we show that v, (G o H) =
Y(2,2,2,0)(G). Section 3 is devoted to providing some preliminary results on w-domination.
We first describe some general properties of 7,,(G) and then dedicate a subsection to each
of the specific cases declared of interest in Section 2.

We assume that the reader is familiar with the basic concepts, notation and terminology
of domination in graph. If this is not the case, we suggest the textbooks [10, 11, 14]. For
the remainder of the paper, definitions will be introduced whenever a concept is needed.

2 Italian domination in lexicographic product graphs

The lexicographic product of two graphs G and H is the graph G o H whose vertex set is
V(Go H) =V(G) x V(H) and (u,v)(z,y) € E(G o H) if and only if uz € E(G) or
u=zand vy € E(H).

Notice that for any u € V(G) the subgraph of G o H induced by {u} x V(H) is
isomorphic to H. For simplicity, we will denote this subgraph by H,. Moreover, the
neighbourhood of (z,y) € V(G) x V (H) will be denoted by N (z, y) instead of N ((z,y)).
Analogously, for any function f on G o H, the image of (z,y) will be denoted by f(z,y)
instead of f((z,vy)).

Lemma 2.1. For any graph G with no isolated vertex and any nontrivial graph H with
v, (H) # 3ory(H) # 3, there exists a~y, (GoH )-function f satisfying that f(V (H,)) < 2
foreveryu € V(G).

Proof. Given an IDF f on G o H, we define the set Ry = {x € V(G) : f(V(H,)) > 3}.
Let f be ay, (G o H)-function such that | R | is minimum among all -y, (G o H)-functions.
Suppose that |[Ry| > 1. Let u € Ry such that f(V(H,)) is maximum among all vertices
belonging to R¢. Suppose that f(V (H,,)) > v, (H). In this case we take a y, (H )-function
h and construct an IDF g defined on G o H as g(u,y) = h(y) for every y € V(H) and
g(z,y) = f(z,y) forevery x € V(G) \ {u} and y € V(H). Obviously, w(g) < w(f),
which is a contradiction. Thus, 3 < f(V(H,)) < ~,(Hy) = v,(H). Now, we analyse the
following two cases.

Casel. f(V(H,)) > 4. Letv' € N(u) andv € V(H). We define a function " on G o H
as f'(u,v) = F/(u,0) = 2, f'(uy) = f(u',y) = 0 forevery y € V(H) \ {v}, and
f(x,y) = f(x,y) forevery x € V(G) \ {u,v'} and y € V(H). Notice that f’ is an IDF
on G o H with w(f’") <w(f)and |Ry | < |Ry|, which is a contradiction.

Case 2. f(V(H,)) = 3. Suppose that -y, (H) # 3. Since 7, (H) > 4, there exist v’ €
N(u)and v € V(H) such that f(u’,v) > 1. Hence, the function f’ defined in Case 1 is an
IDF on G o H with w(f’) <w(f)and |Ry/| < |Ry|, which is again a contradiction.

Thus, v, (H) = 3, and so v(H) # 3, which implies that v(H) = 2. Let {v1,v2} be
ay(H)-set. Letuw' € N(u) and o' € V(H) such that f(u',v") = max{f(v/,y) : y €
V(H)}. Consider the function f’ defined as f'(u,v1) = f'(u,v2) = 1, f'(u,y) = 0 for
every y € V(H) \ {v1,v2}, f'(v/,v") = min{2, f(u/,v") + 1}, f'(v,y) = 0 for every
y € V(H)\ {v'}, and f'(x,y) = f(x,y) forevery x € V(G) \ {u,u'} and y € V(H).
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Notice that f’ is an IDF on G o H with w(f’) < w(f) and |Rs/| < |Ry|, which is a
contradiction.
Therefore, Ry = @&, and the result follows. O

Theorem 2.2. The following statements hold for any graph G with no isolated vertex and
any nontrivial graph H with vy, (H) # 3 or y(H) # 3.

() Ify(H) =1, then v, (G o H) = 7(2,1,0)(G).

(i) If v2(H) = v(H) = 2, then,(G o H) = 7(2,2,0)(G).
(iii) Ifyo(H) > v(H) = 2, then~,(G o H) = y2.2.1)(G).
(v) Ify(H) > 3, then v,(G o H) = v(2,2,2)(G).

Proof. Let f(Vy, V1, V2) be ay;(G o H)-function which satisfies Lemma 2.1. Let f'( X,
X1, X2) be the function defined on G by X; = {z € V(G) : f(V(H,)) = 1} and
Xy ={z € V(G) : f(V(H,)) = 2}. Notice that v, (G o H) = w(f) = w(f’). We claim
that f’ iS @ Y(wq,w, ,we) (G)-function. In order to prove this and find the values of wg, w1
and wy, we differentiate the following three cases.

Case 1. v(H) = 1. Assume that © € X. Since f(V(H,)) = 0, forany y € V(H) we
have that f(N(z,y) \ V(H,)) > 2. Thus, f/(N(z)) > 2. Now, assume that x € X,
and let (x,y) € V4 be the only vertex in V (H,) such that f(z,y) > 0. Since y(H) = 1,
for any z € V(H) \ {y}, we have that f(N(z,2) \ V(H,)) > 1, which implies that
f'(N(z)) > 1. Therefore, f’isa (2,1, 0)-dominating function on G and, as a consequence,
Y (GoH) =w(f) =w(f’) = 72.1,0(G).

Now, for any v(2,1,0)(G)-function g(Wo, W1, W3) and any universal vertex v of H, the
function ¢’ (W}, W{, W3), defined by Wj = W5 x {v} and W] = W; x {v}, is an IDF on
G o H. Therefore, 7, (G o H) < w(g') = w(g) = v2,1,0)(G).

Case 2. v(H) = 2. Asin Case | we conclude that f'(N(z)) > 2 for every x € X. Now,
assume that € X1, and let (z,y) € V; be the only vertex in V (H,,) such that f(x,y) >
0. Since v(H) = 2, there exists a vertex z € V(H) such that (z,z) € Vo \ N(z,y).
Hence, f(N(x,z) \ V(H)) > 2, which implies that f'(N(x)) > 2. Therefore, f’ is a
(2,2, 0)-dominating function on G and, as a consequence, v, (G o H) = w(f) = w(f’) >
Y(2,2,0)(G).

Now, if v2(H) > ~v(H) = 2, then for every z € Xo, there exists y € V(H) such that
(x,y) € Voand f(N(z,y)NV(H;)) < 1, which implies that f (N (z,y)\V(H;)) > 1, and
so f'(N(z)) > 1. Hence, f’isa (2,2, 1)-dominating function on G and, as a consequence,
Y (GoH) =w(f) =w(f") >v221)(G).

On the other side, if vo(H) = 2, then for any (2,2 0y (G)-function g(Wo, Wi, W)
and any o (H)-set S = {v1, v}, the function ¢'(Wy, W{, W), defined by W, = (W; x
{v1}) U (W3 x S) and W} = &, is an IDF on G o H. Therefore, v,(G o H) < w(g’) =
w(9) = Y(2,2,0)(G).

Finally, if y2(H) > v(H) = 2 then we take a 7(2,2,1)(G)-function h (Y, Y1, Y>) and
ay(H)-set S = {v},v4}, and construct a function h'(Yy,Y{,Yy) on G o H by making
Y] = (Y1 x {v]})U (Y2 x S’) and Y, = &. Obviously, #’ is an IDF on G o H, and so we
can conclude that v, (G o H) < w(h') = w(h) = v2,2,1)(G).
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Case 3. v(H) > 3. In this case, for every x € V(G), there exists y € V(H) such
that f(N|[(z,y)] N V(H,;)) = 0. Hence, f(N(z,y) \ V(H,)) > 2, which implies that
f'(N(z)) > 2 for every z € V(G). Therefore, f is a (2, 2, 2)-dominating function on G
and, as a consequence, v, (G o H) = w(f) = w(f') > v(2,2,2)(G).

On the other side, for any (2 2 2y (G)-function g(Wo, W1, W3) and any v € V (H), the
function ¢’ (W{, W{, W3), defined by W3 = Wy x {v} and W| = W7 x {v}, is an IDF on
G o H. Hence, 7, (G o H) < w(g') = w(g) = 1.0 (G).

According to the three cases above, the result follows. O
The following result considers the case «y, (H) = v(H) = 3.

Theorem 2.3. If H is a graph with v,(H) = v(H) = 3, then for any graph G,

Y (G o H) =72,220)(G).

Proof. Let f(Vp, V1, Va) be a v;(G o H)-function, and f'(Xo, X1, X2, X3) the function
definedon Gby X1 = {z € V(GQ) : f(V(H;)) =1}, Xo ={2 € V(G): f(V(H,)) =
2} and X3 = {x € V(GQ) : f(V(H,)) > 3}. We claim that f is a (2,2, 2, 0)-dominating
function on G.

Letx € XoU X3 U Xy. Since f(V(H;)) < 2and y(H) = 3, there exists y € V(H)
such that f(N[(z,y)] NV (H;)) = 0. Thus, f'(N(x)) > 2 forevery z € Xo U X; U X,
which implies that f’ is a (2,2, 2, 0)-dominating function on G. Therefore, v, (G o H) =
w(f) = w(f’) > v22.20(G).

On the other side, let A (Y, Y1, Y2, Y3) be ay(2,2,2,0)(G)-function, hy a~y, (H )-function
andv € V(H). We define a function g on GoH by g(x,v) = h(x) forevery z € V(G)\Y3,
g(xz,y) =0foreveryz € V(G)\ Ysandy € V(H) \ {v}, and g(z,y) = h1(y) for every
(z,y) € Y3 x V(H). A simple case analysis shows that ¢ is an IDF on G o H. Therefore,
7(G o H) <w(g) = wh) = Y2,2,2,0)(G). H

The graph shown in Figure 2 satisfies 6 = 7(220)(G) = Y221)(G) < 7 =
’7(2,2,2,0)(G) < 7(2,2,2)(G) =38.

O ®)

O ©) @) O

Figure 2: This figure shows two 7(2 2 0) (G)-functions on the same graph. The function on
the left is also a y(2,2,1)(G)-function.

3 Preliminary results on w-domination

In this section, we fix the notation Z* = {1,2,3,...} and N = Z* U {0} for the sets of
positive and nonnegative integers, respectively.
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Throughout this section, we will repeatedly apply, without explicit mention, the follo-
wing necessary and sufficient condition for the existence of a w-dominating function.

Remark 3.1. Let G be a graph of minimum degree § and let w = (wy, . .., w;) € Z+ x N,
If wg > -+ - > wy, then there exists a w-dominating function on G if and only if w; < 6.

Proof. Letw = (wo, ..., w;) € Z* x N such that wg > --- > w;. If w; < 16, then the
function f, defined by f(v) = for every v € V(G), is a w-dominating function on G, as
Vi =V(G) and forany z € V|, f(N(x)) > 16 > w.

Now, suppose that w; > [6. If g is a w-dominating function on G, then for any vertex
v of degree § we have g(N(v)) < 6l < w; < w;—q1 < --+ < wp, which is a contradiction.
Therefore, the result follows. O

We will show that in general the w-domination numbers satisfy a certain monotonicity.
Given two integer vectors w = (wo, . .., w;) and w’ = (wp, ..., w;), we say that w < w' if
w; < w; for every ¢ € {0,...,1}. With this notation in mind, we can state the next remark
which is direct consequence of the definition of w-domination number.

Remark 3.2. Let G be a graph of minimum degree ¢ and let w = (wy,...,w;),w’ =
(w, ..., w)) € Z* x N such that w; > w; 1 and w} > w;j, foreveryi € {0,...,1—1}.
If w < w' and w] < 19, then every w’-dominating function is a w-dominating function
and, as a consequence,

’Yw(G) < ’Yw’(G)'

We would emphasize the following remark on the specific cases of domination param-
eters considered in Section 2. Obviously, when we write (2.2 2)(G) or y(2,2,1)(G), we are
assuming that G’ has minimum degree § > 1.

Remark 3.3. The following statements hold.
@) 7, (G) = 72,0,0)(G) <72,1,00(G) <72,2,0(G) < Y2,2.1)(G) < 2,22 (G).

(i) If wy € {1,2}, then ¥(1,0,u,)(G) = Y(1,0,0(G) = Y(G) and y(1,1,u,)(G) =
7(1,1,0)(G) = %(G)-

(iii) For any integer k > 3, there exists an infinite family . of graphs such that for every
graph G € Hy, 7, (G) = 72,0,0)(G) = Y2,1,0)(G) = Y2,2,0)(G) = Y2,2,1)(G) =
’7(2,2,2)(G) =k.

(iv) There exists an infinite family of graphs such that v,(G) < 7v@2,1,0(G) <
72,2,0)(G) < Y2,2,1)(G) < Y2,2,2)(G).

In order to see that the remark above holds, we just have to construct families of graphs
satisfying (iii) and (iv), as (i) is a particular case of Remark 3.2 and (ii) is derived from
the definition of (wg, w1, w2 )-domination number. In the case of (iii), we construct a fam-
ily Hy = {Gk, : v € ZT} as follows. Let k& > 3 be an integer, and let N, be the
empty graph of order ». For any positive integer r we construct a graph Gy, € Hy
from a complete graph K} and (g) copies of NN,, in such way that for each pair of dif-
ferent vertices {x,y} of K} we choose one copy of N, and connect every vertex of N,
with 2 and y, making = and y vertices of degree (k — 1)(r + 1) in Gy . For instance,
the graph ('3 ; is isomorphic to the graph G5 shown in Figure 1. It is readily seen that
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Y (Gryr) = Y2,2,2)(Gr,r) = k. On the other hand, in the case of (iv), we consider the
family of cycles of order n > 10 with n = 1 (mod 3). For these graphs we have that
Y1(Cn) < 2,1,0)(Cn) < ¥2,2,0)(Cn) < Y(2,2,1)(Cn) < Y(2,2,2)(Crn)- The specific values
Of Y(ag,w1,w2) (Cn) Will be given in Subsections 3.1-3.4.
Next we show a class of graphs where (... w,)(G) = woy(G) whenever | > wq >
- > w;. To this end, we need to introduce some additional notation and terminology.
Given two graphs GG; and G, the corona product graph G1 ® G is the graph obtained
from G and G, by taking one copy of G and |V (G1)| copies of G2 and joining by an
edge every vertex from the iM-copy of G5 with the i"-vertex of G;. For every x € V(G}),
the copy of G in G; ©® G associated to x will be denoted by G'g .. It is well known that
v(G1 ® G2) = |V(G1)| and, if G; does not have isolated vertices, then ,(G1 © G2) =
(G1 © G2) = [V(Gy)l.

Theorem 3.4. Let G = G1 © G2 be a corona graph where Gy does not have isolated
vertices, and let w = (wy, ..., w;) € Zt x NLIfl > wo > -+ > wy and |V (G2)| > wo,
then

Yw(G) = woy(G).

Proof. Since G does not have isolated vertices, the upper bound 7,,(G) < wo|V(G1)| =
woy(G) is straightforward, as the function f, defined by f(z) = wy for every vertex
x € V(Gy) and f(z) = 0 forevery z € V(G) \ V(G1), is a w-dominating function on G.

On the other hand, let f be a v, (G)-function and suppose that there exists x € V(G1)
such that f(V(Ga2z)) + f(z) < wo — 1. In such a case, f(N[y]) < wp — 1 for every
y € V(Ga,), which is a contradiction, as |V (G2)| > wg. Therefore, v,,(G) = w(f) >
wolV (G1)| = woy(G). O

Proposition 3.5. Let G be a graph of order n. Let w = (wy, ..., w;) € Z+ x N such that
wo > -+ > wy. If G' is a spanning subgraph of G with minimum degree §' > “, then

Yu(G) < 1 (G').
Proof. Let E- = {eq,...,ex} be the set of all edges of G not belonging to the edge set of
G'. Let Gy = G and, forevery i € {1,...,k},let X; = {e1,...,e;} and G, = G — X,
the edge-deletion subgraph of G induced by E(G) \ X;. Since any w-dominating function

on G is a w-dominating function on G_,, we can conclude that v,,(G}_;) < 7, (G%).
Hence, 7 (G) = 7 (Gp) < 7w(Gh) < -+ < (Gh) = 7u(G). =

From Proposition 3.5 we obtain the following result.

Corollary 3.6. Let G be a graph of order n and w = (wy, ..., w;) € Zt x N! such that
Wo 2+ 2 Wy

* If G is a Hamiltonian graph and w; < 21, then v, (G) < 7, (Chy).
* If G has a Hamiltonian path and w; <1, then 7,(G) < v (Py).

In order to derive lower bounds on the w-domination number, we need to state the
following useful lemma.
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Lemma 3.7. Let G be a graph with no isolated vertex, maximum degree A and order n.
For any w-dominating function f(Vo, ..., V;) on G such that wg > -+ > wy,

Aw(f) > won + Z(wi — wp)| Vi)

Proof. The result follows from the simple fact that the contribution of any vertex = € V(G)
to the sum v f(IV(2)) equals deg(z) f(x), where deg(z) denotes the degree of z.

Hence,
A>T )

zeV(G)

> deg(x)f ()

zeV(G)

> AN

zeV(G)

Aw(f)

Y]

!
> wolVol + > wilVi

i=1
7w0n+z — wo)|Vil.

Therefore, the result follows. O

Corollary 3.8. The following statements hold for k,l € Z+ and a graph G with minimum
degree § > 1, maximum degree A and order n.

) IfFE<l+landw=(k+1-1,k+1-2,...,k—1), then v,(G) > [(kzl;ll)"—‘.
1+1
() Ifk <ldand w = (k,... k), then v,(G) > [K"]
~———

I+1

Gii) Ifk <10+ Landw = (k,k—1,...,k — 1), then 7w (G) > [ALM
—— —

+1
(iv) Let w = (wp, ..., w;) withwy > -+ > wy. If 16 > wy, then v, (G) > {A“’%Z()—‘

In the next subsections we shall show that lower bounds above are tight. Corollary 3.8
implies the following known bounds.
21k

WG = [25], W@ =[], %@ =&y, %I(G)z[
Y (G) > [A%J, Yxk(G) > {AH] Yk} = {A'%J, Ykt (G) > [22].

It is readily seen that (.. ... «w,)(G) = 1if and only if wy = 1, wy = 0 and v(G) = 1.
Next we characterize the graphs with v(y,,... .w)) (G) =2.

v
D=

l>

l>\§



10 Ars Math. Contemp. 22 (2022) #P1.04

Theorem 3.9. Let w = (wo, ..., w;) € ZT x N such that wg > --- > wy. For a graph
G of order at least three, (... w,)(G) = 2 if and only if one of the following conditions
holds.

(i) we =0, v(G) = 1 and either wy = 2 or wg = wy = 1.
(i) wo =1, wy = 0 and v(G) = 2.
(iii) wo =1, w1 = Land (G) = 2.
(iv) wop =2, wy =0and y2(G) = 2.
(V) wo =2, wy = 1land vx2(G) = 2.

Proof. Assume first that Yy, .. w,)(G) = 2 and let f(Vo,..., Vi) be a Y(uwy,...w)(G)-
function. Notice that wg € {1,2} and |V2| € {0,1}. If V2| = 1, then we = 0 and V; = &
for every i # 0,2. Hence, v(G) = 1 and either wy = 2 or wg = w; = 1. Therefore, (i)
follows.

Now we consider the case Vo = &. Notice that V; is a dominating set of cardinality
two, wy € {0,1} and V; = & for every i # 0, 1.

Assume first that wo = 1 and wy = 0. If 7(G) = 1, then y(yy,....w,)(G) = 1, which
is a contradiction. Hence, v(G) = 2 and so (ii) follows. For wg + w; > 2 we have the
following possibilities.

If wy = wy = 1, then V is a total dominating set of cardinality two, and so v;(G) = 2.
Therefore, (iii) follows.

If wg = 2 and wy; = 0, then V] is a 2-dominating set of cardinality two, which implies
that v2(G) = 2. Therefore, (iv) follows.

If wog = 2 and wy = 1, then V] is a double dominating set of cardinality two, and this
implies that v o(G) = 2. Therefore, (v) follows.

Conversely, if one of the five conditions holds, then it is easy to check that (... .w,) (G)
= 2, which completes the proof. O

In order to establish the following result, we need to define the following parameter.
l/(wow.)wl)(G) =max{|Vy|: f(Vb,...,V])isa *y(wOW)wl)(G)-function}.

In particular, for [ = 1 and a graph G of order n, we have that v, .,,)(G) = n —
Py(wo,wl)(G)-

Theorem 3.10. Let G be a graph of minimum degree 6 and order n. The following state-
ments hold for any (wy, ..., w;) € Z+ x N with wy > --- > wy.

(i) If there exists i € {1,...,1 — 1} such that i6 > w;, then
'Y(wo,...,wl)(G) S 'Y(wo,,w7)(G)~
(i) Ifl > i+ 1 > woq, then

(i +1)7(G).

=
g
S
&
[
2
Q
IN
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(iii) Let k,i € Z such that | > ki, and let (w),w}, ..., w}) € ZT x N Ifi§ > w} and
wy; = kw’; for every j € {0,1,. .., i}, then

Yworow) (G) < KV (w07 (G)-

(v) Letk € Z* and B1,...,B, €ZT. Ifl6 > k+w; > kandwy +k > 31 > -+ >
Br > w1 + k, then

’y(w(,—l-k,ﬁl,...,Bk,w1+k,...,wl+k)(G) S ’y(wg,...,wl)(G) + k(’l’L - l/(wo,...,wl)(G))~
W) Ifld > wy > 1 > 2, then
’y(wo,“.,w,)(G) < l’y(wgfl+1,w;,7l+1)(G)-
Vi) If6 > 1, wog <1 —1and w;_1 > 1, then
Vwosewowr—2,1) (G) < V(wo,..owy_1,0)(G)-
Proof. 1f there exists i € {1,...,] — 1} such that id > w;, then for any v(,,....w.) (G)-
function f(Vp,...,V;) we define a (wy, . .., w;)-dominating function g(Wo, ..., W;) by
W, =V, for every j € {0,...,i} and W; = @ forevery j € {¢ +1,...,1}. Hence,
’Y(wo,.u,wl)(G) < w(g) = W(f) = V(wo,...,wi)(G)' Therefore, (i) follows.

Now, assume | > i + 1 > wy. Let S be a v(G)-set. Let f be the function defined
by f(v) = i + 1 for every v € S and f(v) = O for the remaining vertices. Since f

is a (wo, ..., w;,0...,0)-dominating function, we conclude that v, ...w;.0...,0)(G) <
w(f) = (i +1)|S| = (i + 1)7(G), which implies that (ii) follows.
In order to prove (iii), assume that { > ki, id > w] and wy; = kw;- for every

J € 10,...,3}. Let f'(Vg,...,V/) be a Y(uy,....w)(G)-function. We construct a func-
tion f(Vo,..., Vi) as f(v) = kf'(v) for every v € V(G). Hence, Vi; = V for every
j € {0,...,i}, while V; = & for the remaining cases. Thus, for every v € Vj; with
J €{0,...,i} we have that f(N(v)) = kf'(N(v)) > kw} = wy;, which implies that
[ is a (wo, ..., w;)-dominating function, and sO Y(wy,....u,)(G) < w(f) = kw(f') =
k"y(w{),_”’wg)(G). Therefore, (iii) follows.

Now, assume that [6 > k +w; > kandwg +k > 81 > --- > B > wy + k. Let
g(Wo, ..., W) be ayu,,....w)(G)-function. We construct a function f(Vo, ..., Viix) as
f(v) = g(v) + k for every v € V(G) \ Wy and f(v) = 0 for every v € Wy. Hence,
Vitr = W, forevery j € {1,...,1}, Vi = Wy and V; = & for the remaining cases. Thus,
ifveVjgandje {1,...,0}, then f(N(v)) > g(N(v)) +k > w; + k,and if v € Vj,
then f(N(v)) > g(N(v)) + k > wo + k. This implies that f is a (wo + k, 51, - .-, Bk,
wy + k, ..., w; + k)-dominating function, and so

l
’y(wo+k,ﬁl,...,ﬂk,w1+k,...,wl+k) (G) é W(f) = w(g) + k Z |WJ|
7j=1

= Ywor.yuwr) (G) + k(n — [Wol)
< ’Y(wo,‘..,wl)(G) =+ k(n - V(wo,...,wz)(G))'

Therefore, (iv) follows.



12 Ars Math. Contemp. 22 (2022) #P1.04

Furthermore, if [6 > w; > 1 > 2, then by applying (iv) for £ = [ — 1, we deduce that

7(w0 ..... wl)(G) < 7(w07l+1,wl7l+1)(G) + (l - 1)(77/ - V(w07l+1,wlfl+1) (G))
= l’y(wo—l+1,1ul—l+1)(G)'

Therefore, (v) follows.

From now on, let § > 1, wo < I — 1 and w;_; > 1. Let f(V,,...,V)) be a
Ywo,...;wi1,0)(G)-function. Assume first V; = @. Since w;—; > 1, we have that f is a
(wo, . . ., w;—2, 1)-dominating function on G, which implies that (vi) follows. Assume now
that there exists v € V;. If f(N(v)) > [ — 1, then the function f’, defined by f/(v) =1—1
and f'(z) = f(xz) for every z € V(G) \ {v}, is a (wo, . .., w;—1, 0)-dominating function
with w(f’") < w(/f), which is a contradiction. Hence, f(N(v)) < I — 2 for every v € V.
Since § > 1, for each vertex x € Vj, we fix one vertex ' € N(z) and we form a set S
from them such that |S| < |Vj|. Let g be the function defined by g(z) = f(x) + 1 for
anyx € S, g(y) =1 —1forany y € V}, and g(z) = f(z) for the remaining vertices of
G. Since g(N(z)) >1—1> w; forevery z € Sandi € {0,...,1 — 2}, g(N(y)) > 1
forevery y € Vj_1 UV, and g(N(z)) > w; forevery z € V; \ (SU V1 UV]) and

i €{0,...,1 — 2}, we conclude that g is a (wo, . . ., w;—2, 1)-dominating function on G.
Therefore, Y(wy,...,w_2,1)(G) < w(9) < W(f) = Y(wo,...,wi_1,0)(G), which completes the
proof of (vi). O

In the next subsections we consider several applications of Theorem 3.10 where we
show that the bounds are tight. For instance, the following particular cases will be of
interest.

Corollary 3.11. Let G be a graph of minimum degree 5, and let k, 1, wo, ..., w; € ZT with
k>wy > >wp

() Ifd > kandw = (k+1,k,wa,...,wp), then v,(G) < yxi(G).
@) If 6 > kand w = (k, k,wa, ..., w), then v,(G) < yxx+(G).
(i) Ifl0 > k>1>2andw = (k+1,k,....k), then 7,(G) < vy (h—142)(G).

1+1
Av) Ifl6 > k> 1> 2and w = (k,k,....k), then 7, (G) < 1yx(k—141),t(G).
—_———
+1
W) Ifl>k d>1andw = (k,..., k), then v,(G) < kv (G).
H/—J

I4+1
Proof. If § > k, then by Theorem 3.10(i) we conclude that (i) and (ii) follows.
If i > k > [ > 2, then by Theorem 3.10(v) we deduce that

Y+ 1,k 1) (G) < WVk—tr2.k-141)(G) = lyx (k-112) (G)-
N— —
1+1

Hence, (iii) follows. By analogy we derive (iv), as Y(x—i141,k—i14+1)(G) = Vx (k—141),£(G).
Finally, if [ > k and 6 > 1, then by Theorem 3.10(iii) we deduce that

’Y(k,.i.,k)(G) < k’Y(l,l)(G) = k’Yt(G)~
N——

1+1

Therefore, (v) follows. O
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3.1 Preliminary results on (2, 2, 2)-domination

Theorem 3.12. For any graph G with no isolated vertex, order n and maximum degree A,

2n

2] <0200 < 2000)
Furthermore, if G has minimum degree § > 2, then

Y(2,2,2) (G) < '7><27t(G)'

Proof. From Corollary 3.8 we deduce the lower bound. The upper bound v(22,2)(G) <
27:(G) follows by Corollary 3.11(v), while, if 6 > 2, then we apply Corollary 3.11(ii) to
deduce that (3,2 2)(G) < vx2,:(G). Therefore, the result follows. O

The bounds above are tight. For instance, for the graphs G5 and G5 shown in Figure 1
we have that IV%-I = 7(27272) (GQ) = ’)/ngt(GQ) = 3 and 7(27272) (Gj) = 2’}/t(G3) = 8. No-
tice that every graph G/, - belonging to the infinite family H, constructed after Remark 3.3
satisfies the equality (2 2.2)(Gk,r) = Vx2,t(Gk,») = k. Furthermore, from Theorem 3.4
we have that for any corona graph G =2 (G; ® G2, where (G; does not have isolated vertices,
V(2,2,2)(G) = 29(G) = 2%(G).

Notice that by Theorem 3.12 we have that (2 2 2)(G) > {%’ﬂ > 3 for every graph G
with no isolated vertex. Next we characterize all graphs with (2 5 9)(G) = 3. To this end,
we need to establish the following lemma.

Lemma 3.13. For a graph G, the following statements are equivalent.

() 7(2,2,2)(G) = '7><2,t(G)'
(ii) There exists a y(2,2,2)(G)-function f(Vy, V1, Vz) such that Vy = @.

Proof. If 4(2,2,2)(G) = vx2,:(G), then for any vy +(G)-set D, the function g(Wy, W1,
Ws), defined by Wi = D and Wy = V(G) \ D, is a y(z,2,2)(G)-function. Therefore, (ii)
follows.

Conversely, if there exists a (2 2 2y (G)-function f(Vo, Vi, V2) such that Vo = @, then
V1 is a double total dominating set of G, and 50 vx2¢(G) < |Vi| = w(f) = v2,2,2)(G).
Therefore, Theorem 3.12 leads to y(2,2,2)(G) = Yx2,:(G). O

Theorem 3.14. For a graph G, the following statements are equivalent.
1) Y2,2,2)(G) = 3.
(i) yx2.+(G) = 3.

Proof. Assume first that (2 2 2y(G) = 3, and let f(Vp, V1, V) be a y(2,2,2)(G)-function.
Suppose that there exists u € V5. Since f(N(u)) > 2, we deduce that (3 9.9)(G) >

4, which is a contradiction. Hence, Vo = @ and by Lemma 3.13 we conclude that
’szvt(G) - 3.

Conversely, if yx2 +(G) = 3, then G has minimum degree 6 > 2 and so Theorem 3.12
leads t0 3 < [22] < v(2,2,2)(G) < Yx2,.(G) = 3. Therefore, v(2.2.2)(G) = 3. O

Next we consider the case of graphs with (2 2 2) (@) =4.
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Theorem 3.15. For a graph G, 7(2,2,2)(G) = 4 if and only if at least one of the following
conditions holds.

(1) 'Y><27t(G) =4
(i) v:(G) = 2 and G has minimum degree § = 1.
(i) 1(G) = 2 and yx2+(G) > 4.

Proof. Assume 7y(222)(G) = 4. Notice that G' does not have isolated vertices. Let
Jf(Vo, Vi, Va) be a y(2,2,2)(G)-function. If Vo = @, then by Lemma 3.13 we obtain that
Yx2,t(G) = Y(2,2,2)(G) = 4, and so (i) follows.

From now on, assume that |Va| € {1,2}. If [Vo| = 2, then V; = & and, as a result,
V5 is a total dominating set of GG, which implies that v;(G) = 2. On the other side, if
[V2| = 1, then |V1| = 2 and both vertices belonging to V; are adjacent to the vertex of
weight two, and every v € Vj satisfies N(v) NV, # & or Vi C N(v). This implies that
the union of V5 with a singleton subset of V; forms a total dominating set of G, and again
7(G) = 2. Now, if § > 2, then Theorem 3.12 leads to 4 = 7(2.2.9)(G) < vx2,:(G).
Hence, by Theorem 3.14 we conclude that either 6 = 1 or yx2 (G) > 4. Therefore, either
(ii) or (iii) holds.

Conversely, if 7x2,+(G) = 4, then G has minimum degree ¢ > 2 and by Theorem 3.12
we have that 3 < (32 2)(G) < 4. Hence, by Theorem 3.14 we deduce that v(3 2 2)(G) =
4. Finally, if 7¢(G) = 2, then Theorem 3.12 leads to 3 < 7(22,2)(G) < 4. Therefore, if
§ = 1 or yx2+(G) > 4, then Theorem 3.14 leads to y(2,2,2)(G) = 4. O

Theorem 3.12 implies the next result.

Corollary 3.16. For any integer n > 3,

7(2,2,2)(071,) =n.
In order to give the value of (2 2,2)(P,,), we recall the following well-known result.

Proposition 3.17 ([14]). For any integer n > 3,

5 fn=0 (mod4),
Ye(P) =92 ifn=1,3 (mod4),
5+1 ifn=2 (mod4).

Lemma 3.18. If P, = ujus . . . u, is a path of ordern > 6, then there exists ay(2,2,2)( Py )-
Sfunction f such that f(up) = f(un—3) = 0and f(up—1) = f(up—2) = 2.

Proof. Let f(Vy, Vi, Va) be a 7y(2,2,2) (P, )-function such that [V5| is maximum. Since w,,
is a leaf, f(u,—1) = 2. Notice that f(uy) + f(un—2) > 2. Hence, we can assume that
fup—2) = 2 and f(u,) = 0. Now, if f(u,—3) > 0, then we can define a (2,2, 2)-
dominating function f’ by f'(un—3) = 0, f'(un—5) = min{2, f(un—5) + f(un—3)} and
f'(u;) = f(u;) for the remaining cases. Since w(f’) < w(f) = 7(2,2,2)(Pn). either f’
is a (2,2,2)(Pn)-function with f'(u,_3) = 0 or f(u,_3) = 0. In both cases the result
follows. O
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Proposition 3.19. For any integer n > 3,

n ifn=0 (mod 4),
Ye2,2,2)(Pn) =2v(Pp) ={n+1 ifn=1,3 (mod 4),
n+2 ifn=2 (mod 4).

Proof. Since Theorem 3.12 leads to 7(22,2)(Pn) < 27:(P), we only need to prove
that v(2,2,2(Pn) > 27:(P,). We proceed by induction on n. It is easy to check that
Y(2,2,2)(Pn) = 27¢(Py) for n = 3,4,5, 6. This establishes the base case. Now, we assume
that n > 7 and 7y(2,2,2)(Pr) > 27¢(Py) for k < n. Let f(Vo,V1,V2) be a y(2,2,2)(Pn)-
function which satisfies Lemma 3.18, and let f’ be the restriction of f to V (P, _4), where
P, =ujus...u, and P,_4 = ujus ... u,—_4. Hence, by applying the induction hypothe-
sis,

Y2,2,2)(Pn) = w(f) = w(f') +4 > Y222 (Poes) +4 > 2% (Pr_s) + 4 > 27%(P,).

To conclude the proof we apply Proposition 3.17. O

3.2 Preliminary results on (2, 2, 1)-domination
Theorem 3.20. For any graph G with no isolated vertex, order n and maximum degree A,

Pn +7(G)

2289 < 5aa0/(6) < minf(C). 20 (G

Furthermore, if G has minimum degree § > 2, then

Yi2,2,1)(G) < yx2,t(G).

Proof. In order to prove the upper bound 7(2,2,1)(G) < 27:(G), we apply Remark 3.2 and
Theorem 3.12, i.e., y(2,2,1)(G) < Y(2,2,2) < 2%:(G).

Now, let S be a v(G)-set. Since G does not have isolated vertex, for each vertex
x € S such that N(z) NS = @, we fix one vertex ' € N(z) and we form a set S’
from them. Hence, S U S’ is a total dominating set and |S U S’| = |S| + 57| < 2v(G).
Notice that the function g(Xg, X1, X3) defined by Xo = S and X; = 5, is a (2,2,1)-
dominating function on G. Thus, v(2.2,1)(G) < w(g) = 2|S| + || < 37(G), and so
Y(2,2,1)(G) < min{2%(G), 3v(G)}.

On the other side, if G has minimum degree § > 2, then by Corollary 3.11(ii) we have
that 7(2,2.1)(G) < yx2,4(G).

In order to prove the lower bound, let f(Vp, Vi, V2) be a y(2,2,1)(G)-function. Since
V1 U V4 is a total dominating set, v:(G) < |Vi| + |Vz|. Furthermore, from Lemma 3.7 we
have, 2n — [V| < Av(2,2,1)(G), which implies that 2n + 7(G) < 2n + [Vi| + V| <
Av2,01)(G)+|Vi|+2|Va| = (A+1)v(2,2,1)(G). Therefore, the lower bound follows. [

The bounds above are tight. For instance, the graph in Figure 3 satisfies y(2,2,1)(G) =
3v(G) = 9. Next we show that the remaining two bounds are also achieved.

Corollary 3.21. Let G be a graph with no isolated vertex, order n and maximum degree

A Ifw(G) < "AJF_‘_AJ; then

A+1
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Figure 3: This figure shows a (2 2,1)(G)-function and a (3,2 2,0) (G)-function on the same
graph.

Proof. 1f 7(2.9.1)(G) # P"%AG)W and 7(2,2,1)(G) # 27:(G), then by Theorem 3.20 we
deduce that P"%ﬁ@—‘ + 1 < 92,21 (G) < 2v(G) — 1, which implies that v;(G) >

TLA++A1721 . Therefore, the result follows. O

For the graphs G2 and (7 illustrated in Figure 1 we have that 1 (G2) = 2 < % =

A and 3(Ga) = 4 < 2 = %ES2 Notice that, y(2,2,1)(G2) = 3 = {72”27516;2)}

and y(2,2,1)(G3) = 8 = 27:(G3).
Below we characterize the graphs with (3 2 1) (G)=3.

Theorem 3.22. For a graph G with no isolated vertex, the following statements are equiv-
alent.

6] 7(2,2,1)(G) =3.
(i) v(G) =1orvyx2,.(G) =3.

Proof. Assume first that v(5 5.1)(G) = 3, and let f(Vp, V1, V2) be a y(2,2,1)(G)-function.
If Vo # o, then V5 is a dominating set of cardinality one. Hence, 7(G) = 1. Now, if
Vo = @, then V; is a double total dominating set of cardinality three. Thus, yx2,:(G) = 3.

On the other side, by Theorem 3.20 we have that 3 < P"%ﬁc)-‘ Ye2,2,)(G) <

37(G). Hence, if y(G) = 1, then y(22,1)(G) = 3. Now, if 7x2+(G) = 3, then G has
minimum degree § > 2 and by Theorem 3.20 we have that y(2.2.1)(G) < vx2,:(G) = 3.
Therefore, y(2,2,1)(G) = 3. O

IN

Next we consider the case of graphs with (2 2 1)(G) = 4.
Theorem 3.23. For a graph G, the following statements are equivalent.
1) Y221 (G) =4
(i) 1(G) =7(G) =2 0or yx2,4(G) = 4

Proof. Assume 732 1)(G) = 4. Notice that G does not have isolated vertices and, by
Theorem 3.20, we have that v(G) > 2. Let f(Vp, Vi, Va) be ay(2,2.1)(G)-function. If V5, =
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@, then V] is a double total dominating set of cardinality four. Hence, 3 < 7y42:(G) <
|[V1| = 4, and Theorem 3.22 implies that vx2((G) = 4.

From now on, assume that | V5| € {1, 2}. If |[V2| = 2, then V} = @ and, as aresult, V5 is
a total dominating set of G, which implies that v;(G) = 7(G) = 2. Now, if |V| = 1, then
|V1] = 2 and both vertices belonging to V; are adjacent to the vertex of weight two, and
every v € Vp satisfies N (v)NV, # @ or V4 C N(v). This implies that the union of V5 with
a singleton subset of V; forms a total dominating set of G, and again v;(G) = v(G) = 2.

Conversely, if yx2 (G) = 4, then G has minimum degree ¢ > 2 and by Theorem 3.20
we have that 3 < 7y(221)(G) < vx2,:(G) = 4. Hence, by Theorem 3.22 we deduce that
Y2,2,1)(G) = 4. Finally, if 7;(G) = 2, then Theorem 3.20 leads to 3 < 7(22,1)(G) < 4.
Therefore, if v(G) = 2 then by Theorem 3.22 we conclude that (3 2 1)(G) = 4. O

Lemma 3.24. For any integer n > 3,
n
7
Y2,2,1)(Pn) <
n— L%J otherwise.

Proof. First we show how to construct a (2, 2, 1)-dominating function f on P, for n €
{2,...,8}.

e n=2: f(u1) =2and f(ug) = 1.

e n=23:f(u1) =0, f(uz) =2 and f(uz) = 1.

e n=4 f(u1) = f(us) = 0and f(uz) = fus) =2

e n=>5: f(ur) = f(us) =0, f(uz) = f(us) = 2 and f(uz) =

s n=06: f(ur) = f(ug) =0, f(uz) = fus) = 2and f(us) = f(us) =1

s n="T f(u1) = flus) = fur) =0, f(uz) = f(ue) = 2and f(us) = f(us) =1

fluz) = f(us) =

We now proceed to describe the construction of f for any n = 7g + r, where ¢ > 1 and

0 < r < 6. We partition V(P,) = {uq,...,u,} into ¢ sets of cardinality 7 and for r > 1
one additional set of cardinality r, in such a way that the subgraph induced by all these sets
are paths.

For any r # 1, the restriction of f to each of these ¢ paths of length 7 corresponds to
the weights associated above with P7, while for the path of length r (if any) we take the
weights associated above with P,. The case » = 1 and ¢ > 2 is slightly different, as for the
first ¢ — 1 paths of length 7 we take the weights associated above with P and for the last
8 vertices of P,, we take the weights associated above with Ps.

Notice that, for n = 1,2 (mod 7), we have that (3.2 1)(P,) < w(f) =6¢+7r+1=
n—|2]+1, whileforn # 1,2 (mod 7) we have y(2,2.1)(Pn) < w(f) = 6g+r =n—|%].
Therefore, the result follows. O

Lemma 3.25. Let P; = x1...x7 be a subgraph of Cp, and X = {x1,...,z7}. If fisa
(2,2,1)-dominating function on C,, then

J(X) =6,
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Proof. Notice that f({x1,22,23}) > 2 and f({z4, 5, 26,27}) > 3 as fisa (2,2,1)-
dominating function. If f({x1,z2,23}) > 3, then we are done. Hence, we assume that
f({x1, 22, 23}) = 2. In this case, it is not difficult to deduce that f({x4, x5, z6,27}) > 4,
which implies that f(X) > 6, as desired. Therefore, the proof is complete. O

Lemma 3.26. For any integer n > 3,

n—|2]4+1 ifn=1,2 (mod?7),
Cp) > :
7(27271)( TL) - {n — L%J OlherWise~

Proof. Tt is easy to check that (32 1)(Cn) = n for every n € {3,4,5,6}. Now, let
n="Tq+r, with0 <r <6andq > 1. Let f(Vo, V1, V2) be a y(2,2,1)(C, )-function.

If 7 = 0, then by Lemma 3.25 we have that w(f) > 6¢ = n — [ % |. From now on we
assume that 7 > 1. By Proposition 3.5 and Lemma 3.24 we deduce that (3 2,1)(Cr) <
Y2,2,1)(Pn) < n, which implies that V, # @, otherwise there exists u € V/(C,,) = VoUV;
such that N (u) N'Vy # @ and so |N(u) N V;| < 1, which is a contradiction. Let € V;
and, without loss of generality, we can label the vertices of C,, in such a way that x = u;,
and us € V; UV, whenever r > 2. We partition V(C,,) into X = {uy,...,u,} and
Y = {ur41,...,un}. Notice that Lemma 3.25 leads to f(Y") > 6q.

Now, if r € {1,2}, then f(X) > r + 1, which implies that w(f) > r + 1 + 6¢ =
n — [ 2] + 1. Analogously, if » = 3, then f(X) > randsow(f) >r+6qg=n— [%].

Finally, if » € {4,5,6}, then as f is a (2,2, 1)-dominating function we deduce that
f(X) > r, which implies that w(f) > r +6g =n — [ % ]. O

The following result is a direct consequence of Proposition 3.5 and Lemmas 3.24
and 3.26.

Proposition 3.27. For any integer n > 3,

|+1 ifn=1,2 (mod?7),

n— %] otherwise.

Y2,2,)(Cn) = Y(2,2,1)(Pn) = {

3.3 Preliminary results on (2, 2, 0)-domination

Theorem 3.28. For any graph G with no isolated vertex, order n and maximum degree A,

2n
[A n 1—‘ <Y2,2,0)(G) < 29(G).

Furthermore, if G has minimum degree § > 2, then

Y(22.0)(G) < ¥x2,4(G).

Proof. The upper bound 7(2.2,0)(G) < w(g) = 2v(G) is derived by we applying Theo-
rem 3.10(ii) for ¢ = 1 and [ = 2. Furthermore, if G has minimum degree § > 2, then by
Corollary 3.11(ii) we have that y(2 2 0y (G) < yx2,:(G).

Now, let f(Vp, V1, Va) be a v(2,2,0)(G)-function. From Lemma 3.7 we deduce that
2(n — |Va|)) < Av(2,2,0)(G), which implies that 2n < 2n + [Vi]| < (A + 1)7(2,2,0)(G).
Therefore, the result follows. O]
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Theorem 3.28 implies that, if (G) = X7 then y220)(G) = A211' It is easy to

see that a graph satisfies 7(G) = z'y if and only if there exists a y(G)-set S which is a
2-packing' and every vertex in S has degree A. The upper bound (22,0 (G) < 27(G)
is achieved for the graph G' shown in Figure 2, which satisfies y(2.2,0)(G) = 27(G) = 6.
Furthermore, by Theorem 3.4 we have that for any corona graph G = G; ® G4, where G
does not have isolated vertices, v(2,2,0)(G) = 27(G).

As shown in Theorem 3.9, for a graph G, v(2,2,0)(G) = 2 if and only if v(G) = 1.
Now we consider the case ¥(2,2,0)(G) = 3.

Theorem 3.29. For a graph G, (2,2,0)(G) = 3 if and only if yx2,:(G) = v(G) +1 = 3.

Proof. Assume 7( 2,0)(G) = 3. By Theorem 3.9 we have that v(G) > 2. Let f(Vo, V1, V2)
be a 7y(2,2,0)(G)-function. If [V = 1 then |[Vi| = 1, and as f is a (2,2, 0)-dominating
function we deduce that N[V5] = V(G), i.e., 7(G) = 1, which is a contradiction. Thus,
Vo = @ and | V1| = 3. Notice that V; is a double total dominating set and since v(G)
it follows that 3 < y(GQ) + 1 < vx2.(G) < |V4] = 3. Hence, yx2,.(G) = v(G) + 1
as required.

Conversely, assume yx2 +(G) = v(G) + 1 = 3. Since G has minimum degree at least
two, Theorem 3.28 leads to 2 < 7(2.2,0)(G) < vx2,:(G) = 3, and so Theorem 3.9 implies
that (2,2,0y(G) = 3, which completes the proof. O

\Y
N

3

Theorem 3.30. For a graph G, (2,2,0)(G) = 4 if and only if one of the following condi-
tions holds.

(i) G = K1 UG, where Gy is a graph with v(G1) =
(i) yx2,(G) = 4.
(i) v(G) = 2 and G has minimum degree one.
(iv) Y(G) =2 and yx2,(G) = 4.

Proof. 1f K is a component of G, then by Theorem 3.9 we conclude that (3 2,0)(G) = 4
if and only if G = K; U G1, where (1 is a graph with v(G;) = 1.

From now on, we consider the case where G is a graph with no isolated vertex. Assume
Y(2,2,0(G) = 4 and let f(Vp, V1, Va) be a y(2,2,0)(G)-function. If Vo, = @, then V; is a
double total dominating set of G. In this case, G has minimum degree § > 2 and by
Theorem 3.28 we have that vx2,:(G) < [Vi| = 4 = 7(2,2,0)(G) < Yx2,:(G). Hence (ii)
follows.

Now, assume that |V5| € {1,2}. If |V3]| = 2, then V; = &, and so v(G) < 2. Now, if
[V2| = 1, then | V1| = 2 and both vertices belonging V; are adjacent to the vertex of weight
two, and every v € Vj satisfies N (v) N V2 # @ or V4 C N(v). This implies that the union
of V4, with a singleton subset of V; forms a dominating set of G, and again v(G) < 2. Thus,
from Theorem 3.9 we deduce that v(G) = 2. Furthermore, if § > 2, then by Theorem 3.28
we have that 7,2 ¢(G) > 7(2,2,0) = 4. Therefore, either (iii) or (iv) holds.

Conversely, if yx2,:(G) = 4, then Theorem 3.28 leads to 2 < (2.2,0) < Yx2,t(G) = 4.
Hence, by Theorems 3.9 and 3.29 we deduce that (2 2 0)(G) = 4. Analogously, if v(G) =
2and 6 > 1, then Theorem 3.28 leads to 2 < 7(2 2,0y < 27(G) = 4. Thus, by Theorem 3.9
we have that 3 < 7(2.2,0y < 4. In particular, if § = 1 or yx2,:(G) > 4, then Theorem 3.29
leads to y(2,2,0)(G) = 4, which completes the proof. O

'A set S C V(G) is a 2-packing if N[u] N N[v] = & for every pair of different vertices u,v € S.
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Lemma 3.31. For a graph G, the following statements are equivalent.
@ Y(2,2,0)(G) = 27(G).
(ii) There exists a y(2,2,0)(G)-function f(Vy, V1, Vz) such that Vi = @.

Proof. First, we assume that (2 2,0)(G) = 27(G) and let D be a v(G)-set. Hence, the
function f(Vp, V1, V2), defined by Vo = D and Vy = V(G) \ D, is a y(2,2,0)(G)-function
which satisfies (ii), as desired.

Finally, we assume that there exists a (2 2,0) (G)-function f(Vp, V1, V2) such that V; =
@. This implies that V5 is a dominating set of G. Hence, (2,2,0)(G) < 27(G) < 2|Vs| =
Y(2,2,0)(G), and the desired equality holds, which completes the proof. O

The following result provides the (2, 2, 0)-domination number of paths and cycles.

Proposition 3.32. For any integer n > 3,

n
Y(2,2,0)(Prn) = 7(2,2,0)(Cn) = 2 {g—‘ )

function. If V; = @, then by Lemma 3.31 it follows that (2 2.0y (Cr) = 27(Cy) = 2 [%] .
If Vi # @, then 1 + 2|Va| < |Vi| + 2|Va| = 7(2,2,0)(Cr) < 27(Cr) = 2 [ %], which leads
to [Va| < [2] — 1. By Lemma 3.7 we have that y(2,2.0)(C) > n—|Vao| > n—[2] +1 >
2 {%], as desired.

Therefore, by the inequality above, Proposition 3.5 and Theorem 3.28 we deduce that
2[ 5] < %2,2,0)(Cn) < v2,2,0)(Pn) < 2v(P,) = 2[%5]. Thus, we have equalities in the
inequality chain above, which implies that the result follows. O

Proof. We first prove that y(220)(Cr) > 2[%]. Let f(Vo, V1, V2) be a 7(2,2,0)(Cn)-

3.4 Preliminary results on (2,1, 0)-domination

Given a graph G, we use the notation L(G) and S(G) for the sets of leaves and support
vertices, respectively.

Theorem 3.33. For any graph G with no isolated vertex, order n and maximum degree A,

2n .
|| £ (@) < minfa(@) - L@ + 5@ 2(E)
Proof. If f(Vy, Vi, V) is a y(2,1,0)(G)-function, then from Lemma 3.7 we conclude that
2’[’L—|V1|—2H/2| S A’Y(Q,LO) (G) Hence, 2n S A'Y(Q,I,O) (G)+W(f) = (A—Fl)’}/(z’l’o) (G)
Therefore, the lower bound follows.

Let D be a yx2(G)-set. Notice that S(G) U L(G) C D. Since |N[v] N D| > 2 for
every v € V(G), the function g(Vp, V1, Vs) defined by Vi, = D\ (L(G) U S(G)) and
Vo = S(G), is a (2,1, 0)-dominating function. Hence, ¥(2,1,0)(G) < w(g) = yx2(G) —
IL(G)| +15(G)].

By Remark 3.2, v(2,1,0)(G) < 7(2,2,0)(G). hence the upper bound (2 1,0)(G)

27(G) is derived from Theorem 3.28. Therefore, v(2,1,0)(G) < min{yx2(G) — |L(G)|
1S(G)],29(G) -

O+ IA
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The bounds above are tight. For instance, for the graph G; shown in Figure 1 we have

that v(2,1,0)(G1) = [f—fl—‘ = Yx2(G1) = 2v(G1) = 4. As an example of graph of

minimum degree one where y(2,1,0)(G) = vx2(G) — |L(G)| + |S(G)| we take the graph
G obtained from a star graph K ,, r > 3, by subdividing one edge just once. In such a
case, Y(2,1,0)(G) = 4 = vx2(G) — |L(G)| + |S(G)|. Another example is the graph shown
in Figure 2 which satisfies y(2,1,0)(G) = 7x2(G) — |L(G)| 4 |S(G)| = 6.

Notice that v(2,1,0)(G) > [g—ﬁl—‘ > 2. As shown in Theorem 3.9, y(2,1,0)(G) = 2 if

and only if 7(G) = 1. Next we characterize the graph satisfying v(2,1,0)(G) = 3.
Theorem 3.34. For a graph G, 7(2,1,0)(G) = 3 if and only if 7x2(G) = v(G) +1 = 3.

Proof. Assume (3 1,0)(G) = 3. By Theorem 3.9 we have that v(G) > 2. Let f(V, V1, Va)
be a y(2,1,0)(G)-function. If [V3| = 1 then N[V5] = V(G), i.e., 7(G) = 1, which is a con-
tradiction. Thus, Vo = @ and |V;| = 3, which implies that V7 is a double dominating set.
Hence, 3 < (@) + 1 < vx2(G) < V4] = 3. Therefore, yx2(G) = v(G) + 1 = 3.
Conversely, assume yx2(G) = v(G) + 1 = 3. Notice that G has minimum degree
d > 1 and so by Theorems 3.9 and 3.33 we have that 3 < v(2,1,0)(G) < 7x2(G) = 3,
which implies that v(5 1,0y (G) = 3. O

Next we consider the case of graphs with y(31,0y(G) = 4.

Theorem 3.35. For a graph G, (2,1,0)(G) = 4 if and only if one of the following condi-
tions is satisfied.

(i) G = K1 UGy, where Gy is a graph with v(G1) = 1.
(i) vx2(G) = 4.
(iii) 7(G) = 2 and yx2(G) > 4.

Proof. If K is a component of G, then by Theorem 3.9 we conclude that (5 1,0)(G) = 4
if and only if G = K; U Gy, where G is a graph with v(G;) = 1.

From now on, we consider the case where G is a graph with no isolated vertex. Assume
Y(2,1,00(G) = 4. By Theorem 3.33 we deduce that 72(G) > 4 and v(G) > 2. Let
J(Vo, Vi, Vo) be a y(2,1,0)(G)-function. If V5 = @, then V; is a double dominating set of
G, which implies that v«2(G) < |Vi| = 4. Hence, (ii) follows. From now on, assume
[Va| € {1,2}. If |Va| = 2, then V; = & and so, V5 is a dominating set of G, which implies
that v(G) = 2. If |Va| = 1, then for every v € V7 we have that V5 U {v} is a dominating
set of G. Hence, v(G) = 2. Therefore, (iii) follows.

Conversely, if (ii) or (iii) holds, then by Theorems 3.33 we have that 2 < 7(3.1,0)(G) <
4. Therefore, by Theorems 3.9 and 3.34 we deduce that (3, 1,0y(G) = 4, which completes
the proof. O

The formulas on the {k }-dominating number of cycles and paths were obtained in [17].
We present here the particular case of k = 2, as {21 (G) = ¥(2,1,0)(G).

Proposition 3.36 ([17]). For any integer n > 3,

7{2}(Cn)—{2ﬂ and — v2y(Pn) = [ﬂ
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3.5 Preliminary results on (2, 2, 2, 0)-domination
The following result is a direct consequence of Theorem 3.10(i), (ii) and (vi).

Corollary 3.37. For any graph G with no isolated vertex,

V2,20 (G) < Y2,2,2,0)(G) < min{3v(G), v(2,2,2)(G)}-

The bounds above are tight. For instance, every graph Gy, belonging to the in-
finite family #;, constructed after Remark 3.3 satisfies the equalities y(2.2.1)(Gr,») =
Y2,2,2)(Gryr) = Y2,2,2,0)(Gr,r) = k. In contrast, the graph shown in Figure 2 satis-
fies 7(2,2,1)(G) = 6 < 7 = 7(2,2,2,0)(G) < 8 = Y(2,2,2)(G). Moreover, Figure 3 illustrates
a graph G with ¥(2.2,1)(G) = Y(2,2,2,0)(G) = 37(G) = 9.

In order to characterize the graphs with v 2 2 0)(G) € {3,4}, we need to establish the
following lemma.

Lemma 3.38. For a graph G, the following statements are equivalent.

1) 72,2,2,0)(G) = Y2,2,2)(G).
(ii) There exists a(2,2,2,0)(G)-function f(Vy, Vi, Va, V3) such that V3 = @.

Proof. I (2,2.2.0)(G) = 7Y(2,2,2)(G), then for any (5 2 2y (G)-function f(Vp, V1, V2), there
exists a y(2,2,2,0)(G)-function g(Wo, Wy, Wo, Ws) defined by Wy = Vo, Wi = Vi, Ws =
Vo and W3 = @. Therefore, (i) implies (ii).

Conversely, if there exists a y(2,2,2,0)(G)-function f(Vy, Vi, Va, V3) such that V3 = &,
then the function g(Woy, Wy, Ws), defined by Wy = Vo, Wi = V; and Wy = Vo, is a
(2,2, 2)-dominating function on G, and 50 y(2.22)(G) < w(g) = W(f) = Y(2,2,2,0)(G).
Therefore, Corollary 3.37 leads to 7(2,2,2,0(G) = ¥(2,2,2)(G), which completes the proof.

O]

Theorem 3.39. For a graph G, the following statements are equivalent.
(1) v2,2,2,0)(G) = 3.
(i) v(G) =1orvyx2.(G) =3.

Proof. Assume first that 7(2.220)(G) = 3, and let f(Vp, Vi, V2, V3) be a y(2.2.2,0)(G)-
function. Notice that |V3| € {0,1}. If |V5] = 1, then V3 U V2 = &, which implies that V3
is a dominating set of cardinality one. Hence, v(G) = 1.

If V3 = @, then by Lemma 3.38 we have that y(3 2 2)(G) = 7(2,2,2,0)(G) = 3, and by
Theorem 3.14 we deduce that yx2(G) = 3.

Conversely, if 7(G) = 1, then Corollary 3.37 leads to 3 < 7(2,2,2,0)(G) < 37(G) = 3.
Moreover, if yx2¢(G) = 3, then G has minimum degree ¢ > 2 and so Theorem 3.10(i)
leads to 3 < 7(2,2,2,0) (G) < Y(2,2,2) (G) < 7><2,t(G) = 3. Therefore, Y(2,2,2,0) (G) =3.

O

Theorem 3.40. For a graph G, v(2,2,2,0)(G) = 4 if and only if at least one of the following
conditions holds.

() '7><2,t(G) =4
(i) v(G) = %(G) = 2 and G has minimum degree 6 = 1.
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(i) ¥(G) =(G) = 2and vx2.4(G) = 4.

Proof. Assume 7y(222,0)(G) = 4. Let f(Vy, V1, Va, V3) be a7(2,2,2,0)(G)-function. Hence,
|V3] € {0,1}. If | V3| = 1, then V3 is a dominating set of cardinality one. Hence, v(G) = 1,
which is a contradiction with Theorem 3.39. Hence, V3 = &, and so, Lemma 3.38 leads to
Y2,2,2)(G) = 7Y(2,2,2,0)(G) = 4. Thus, by Theorems 3.15 and 3.39 we deduce (i) - (iii).
Conversely, if conditions (i)—(iii) hold, then by Theorem 3.14 we have that
Y(2,2,2)(G) = 4. Corollary 3.37 leads to 3 < 7(2,22,0)(G) < Y(2,2,2)(G) = 4. No-
tice that if § > 2, then v(G) > 2 and ’yxgyt(G) > 4. Hence, Theorem 3.39 leads to
7(2,2,2,0)(G) =4 ]

Proposition 3.41. For any integer n > 3,

7(2,2,2,0)(071) =n.

Proof. By Corollaries 3.16 and 3.37 we have that v(2220)(Cn) < Y(2,2,2)(Cn) =
We only need to prove that (22.2,0)(Cr) > n. Let f(VO7 Vi, Vo, V3) be a y2,22 0)(G)
function such that | V3| is minimum. If V3 = &, then by Lemma 3.38 and Corollary 3.16
we conclude that y(2.2.2,0)(Cn) = n. Assume V3 # @. If v € V3, then N(v) C 1} as
otherwise, by choosing one vertex u € N (v) \ Vo, the function f’ defined by f'(v) = 2,
f'(u) = min{2, f(u) + 1} and f'(x) = f(z) for the remaining vertices, is a (2,2, 2,0)-
dominating function with w(f’) < w(f) and V3| < |V3|, which is a contradiction. Hence,
> wev, f(N[z]) = 3|V3]. Now, we observe that

2 > f@w= Y > fw) | =2(n-3|Va)).

@€V (Cpn)\N[Vs] @€V (Cn)\N[Vs] \ueN(z)
Therefore,

7(2220)( Zf Z f(x)

z€V3 mEV(Cn)\N[VB]
> 3|Vs| + (n = 3|V3]) = n

and the result follows. O

Proposition 3.42. For any integer n > 3,

6 ifn=2>5,

n  otherwise.

7(2,2,2,0)(Pn) = {

Proof. It is easy to check that y(29920)(P.) = n for n = 3,4,6,7,8, and also
Y(2,2,2,0) (Ps) = 6. From now on, assume n > 9. By Propositions 3.5 and 3.41 we have that
n = 2,2,2,0)(Cn) < Y(2,2,2,0) (Pn). Hence, we only need to prove that v(3,2,2,0)(Pn) < n.
To this end, we proceed to construct a (2, 2, 2, 0)-dominating function f(Vp, V1, Vo, V3) on
P, = v1vy ... v, such that w(f) = n.

e Ifn =0 (mod 3), then we set V3 = U?:/?{Ug,i_l} and Vo =V (G) \ V3.

e If n = 1 (mod 3), then we set V3 = U§ZI4)/3{1}31-,1}, Vo = {vp_2,v,_1} and
Vo = V(G) \ (V2 U Vg)
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e If n = 2 (mod 3), then we set V5 = UEZIg)/S{vgi_l}, Vo = {vn—6, Un—5, Un—2,
Up—1}and Vi = @.

Notice that in the three cases above, f is a (2,2,2,0)-dominating function of weight
w(f) = n, as required. Therefore, the proof is complete. O
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