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The Isometry-Dual Property in Flags of
Two-Point Algebraic Geometry Codes

Maria Bras-Amorós, Alonso S. Castellanos, Luciane Quoos

F

Abstract—A flag of codes C0 ( C1 ( · · · ( Cs ⊆ Fn
q is said to

satisfy the isometry-dual property if there exists x ∈ (F∗q)n such that
the code Ci is x-isometric to the dual code C⊥s−i for all i = 0, . . . , s.
For P and Q rational places in a function field F , we investigate the
existence of isometry-dual flags of codes in the families of two-point
algebraic geometry codes

CL(D, a0P + bQ) ( CL(D, a1P + bQ) ( · · · ( CL(D, asP + bQ),

where the divisor D is the sum of pairwise different rational places of
F and P,Q are not in supp(D). We characterize those sequences in
terms of b for general function fields. We then apply the result to the
broad class of Kummer extensions F defined by affine equations of the
form ym = f(x), for f(x) a separable polynomial of degree r, where
gcd(r,m) = 1. For P the rational place at infinity and Q the rational
place associated to one of the roots of f(x), and for D an Aut(F/Fq)-
invariant sum of rational places of F , such that P,Q /∈ suppD, it
is shown that the flag of two-point algebraic geometry codes has the
isometry-dual property if and only if m divides 2b + 1. At the end we
illustrate our results by applying them to two-point codes over several
well know function fields.

Keywords: AG code; function field; dual code; flag
of codes; isometry-dual property.
MSC classification codes: 14G50, 11T71, 94B27,
14Q05

1 INTRODUCTION

A linear code C ⊆ Fnq is a Fq-linear subspace of Fnq . The
dual code C⊥ of C is defined as the orthogonal complement
of C in Fnq with the standard inner product of Fnq . The
explicit determination of dual codes is specially important
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in the detection and correction of errors. A code is self-dual
if C = C⊥ and such codes have been investigated in [28],
[29] and recently in [31], [35]. This is a restrictive condition
and can be relaxed to the condition C ⊆ C⊥, defining the
so-called self-orthogonal codes. In [1], [30] and [23] we find
applications of self-orthogonal algebraic geometry codes to
the construction of quantum codes using the CSS construc-
tion introduced in [20].

A flag of linear codes C0 ( C1 ( · · · ( Cs is said to have
the isometry-dual property (first introduced in [12]) if there
exists x ∈ (F∗q)n such that Ci is x-isometric to C⊥s−i for all
i = 0, . . . , s, that is, Ci = x · C⊥s−i.

The theory of algebraic geometry codes attracted a lot of
attention in the last decades since the construction of linear
codes from algebraic curves by Goppa in 1982 [14]. LetF/Fq
be a function field. Consider D = P1 + · · · + Pn a divisor
given by the sum of pairwise distinct rational places on F ,
and G a divisor such that Pi is not in the support of G
for i = 1, . . . , n. The algebraic geometry code CL(D,G)
(abbreviated by AG code) is defined by

CL(D,G) = {(f(P1), . . . , f(Pn)) | f ∈ L(G)} ⊆ Fnq ,

where L(G) denotes the Riemann-Roch space associated
to the divisor G. These codes are called one-point or two-
point codes provided the divisor G is supported on a single
rational place P (that is, G = aP ), or on two different
rational places P,Q (that is, G = aP + bQ), respectively.
We notice that a point for us is the same as a rational place.
Determining or even improving the parameters of one or
two-point AG codes has been a major subject of research,
see for example [15], [17], [19], [33], and [5].

Natural flags of one-point codes are obtained by varying
a in the divisor G = aP . In [3], [12] one can find an analysis
of flags of one-point AG codes satisfying the isometry-
dual property. Explicit constructions are carried on over
the projective line, Hermitian, Suzuki, Ree, and the Klein
function fields. In [4] there is a characterization of isometry-
dual flags of one-point codes in terms of sparse ideals of
numerical semigroups.

In this work we investigate the isometry-dual property
in flags of two-point algebraic geometry codes. Given a fixed
b ∈ N and an increasing sequence 0 ≤ a0 ≤ · · · ≤ as we
study the flag

CL(D, a0P + bQ) ( CL(D, a1P + bQ) (
· · · ( CL(D, asP + bQ)
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An important role in this investigation is played by the sets

Hb = {a ≥ 0 : `(aP + bQ) 6= `((a− 1)P + bQ)}

and

H∗b = {a ≥ 0 : CL(D, aP + bQ) 6= CL(D, (a− 1)P + bQ)}

that have a close connection with the Weierstrass semi-
groups at one rational place H(P ), and two rational places
H(P,Q). In Theorem 4.2 this connection allows to provide
an arithmetic condition on b to decide when the flag (1) has
the isometry-dual property.

From a coding theory point of view, it is natural to con-
sider function fields with many rational places. Indeed, if n,
k, d are, respectively, the length, dimension, and minimum
distance of an algebraic geometry code over a function field
of genus g, the rate (k + d)/n satisfies the relation

1 + (1− g)/n ≤ (k + d)/n ≤ 1 + 1/n.

These inequalities depend on the length n of the code with
respect to the genus g of the underlying function field.
Codes with a large rate (k + d)/n are considered the best
ones. Thus, function fields with many rational places, that
is, function fields over Fq such that the number of rational
places is close (or equal) to the Hasse-Weil upper bound
q+1+2g

√
q have been intensively studied. A function field

attaining the Hasse-Weil upper bound is called a maximal
function field. Several explicit constructions of AG codes over
well known families of maximal or with many rational
places function fields can be found in the literature, see
[11], [19], [25], [27], [33], and [6]. In these papers a variety
of subjects are investigated, such as the computation or
improvement of parameters. It turns out that numerous
examples of function fields with many rational places can
be described by an affine equation of the form ym = f(x)
for some polynomial f(x) ∈ Fq[x]. Important examples of
maximal function fields of such form are the Hermitian
function field [26], the Giullietti-Korchmáros function field
[13], and the generalized Hermitian function field described
in [10], [22]. Other examples of such function fields with
many rational places are given by the norm-trace function
field [11], [27], and the ones as the described in [9]. Function
fields defined by equations of the form ym = f(x) are
also known as Kummer extensions, see [32] for a formal
definition. The study of codes on one or more points over
certain Kummer extensions can be found in [2], [7], [11],
[27], [34].

Using a result in [24] we are able to investigate the
isometry-dual property in the large class of algebraic Kum-
mer extensions given by ym = f(x), where f(x) is a
separable polynomial of degree r, with r,m coprime and
2 ≤ r ≤ m− 1. These function fields have only one place at
infinity, denoted by P∞. Fixing a second place Q associated
to a root of f(x), in Theorem 6.3 we show that the flag (1)
satisfies the isometry-dual condition if and only ifm divides
2b+ 1.

The article is organized as follows. In Section 2, we
present preliminary results on function fields, codes and
Weierstrass semigroups. In Section 3, we investigate the
dimension of certain Reimann-Roch spaces and codes as-
sociated to these spaces. In Theorem 4.2 in Section 4, we

present our main result concerning the isometry-dual prop-
erty on flags of AG two-point codes. In Section 5, we present
the case of two-point codes and the isometry-dual property
over the Hermitian function field. In Section 6, we present
results for Kummer extensions in Theorems 6.1 and 6.3, and
provide explicit results for the norm-trace function field and
for the generalized Hermitian function field defined by the
equation yq

`+1 = xq +x over Fq2` . We implemented several
examples in magma and sage to illustrate all the results
presented in each section.

2 PRELIMINARIES

In this section we state the notation and some preliminary
results on function fields, algebraic geometry codes, and
Weierstrass semigroups.

Let F/Fq be a function field. We denote by P(F) the
set of places of F , and the places of degree one over
Fq are called rational places. A divisor is a formal finite
sum of places in P(F), and the degree of a divisor D =∑
P∈P(F) nPP is the sum deg(D) =

∑
P∈P(F) nP deg(P ).

For a function z in F , (z), (z)0, and (z)∞ stand for its
divisor, zero divisor, and pole divisor, respectively.

Given a divisor D, the Riemann-Roch vector space as-
sociated to D is defined by L(D) = {z ∈ F : (z) ≥
−D} ∪ {0}. We denote by `(D) the dimension of L(D)
as a vector space over Fq . Two divisors D1 and D2 are
said to be equivalent if there exists a function z ∈ F such
that D1 = D2 + (z) and we write D1 ∼ D2. In this case,
L(D1) = z−1L(D2) and it follows that the Riemann–Roch
spaces L(D1) and L(D2) are isomorphic.

In the present work we illustrate our results on the broad
class of Kummer extensions defined by affine equations of
the form ym = f(x), for f(x) a separable polynomial of
degree r with gcd(m, r) = 1 and 2 ≤ r ≤ m − 1. This
class contains important examples such as the Hermitian,
the norm-trace, and the generalized Hermitian function field
defined by the equation yq

`+1 = xq + x over Fq2` . In this
case, the dimension of Riemann-Roch spaces can be ana-
lyzed by means of the next theorem due to Maharaj [24] by
decomposing them as a direct sum of Riemann–Roch spaces
of divisors over the projective line. At first we need a defini-
tion. For any function field extension K ⊆ E ⊆ F , and for a
divisor D of F , define the restriction of D =

∑
P∈P(F) nPP

to E as the divisor

D|E =
∑

R∈P(E)

min

{⌊
nP

e(P |R)

⌋
: P ∈ P(F) and P |R

}
R,

where e(P |R) is the ramification index of P over R.

Theorem 2.1. [24, Theorem 2.2] Let F/K(x) be a Kummer
extension of degreem defined by ym = f(x). Then for any divisor
D of F , with D invariant by the action of Gal(F/K(x)), we
have that

L(D) =
m−1⊕
t=0

L([D + (yt)]|K(x)) y
t.

Let D and G be divisors on F such that D is the sum of
n distinct rational places on F that are not in the support
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of G; say, P1, . . . , Pn. The linear algebraic geometry code
CL(D,G) is defined by

CL(D,G) = {(f(P1), . . . , f(Pn)) : f ∈ L(G)} ⊆ Fnq .

Through all the paper n, k, and d will stand for the length,
dimension, and minimum distance of CL(D,G), respec-
tively. The next result establishes the relationship between
these parameters and the divisor G.

Proposition 2.2. [32, Theorem 2.2.2, Corollary 2.2.3] For the
code CL(D,G),

k = `(G)− `(G−D) and d ≥ n− deg(G).

Moreover,

(1) if deg(G) < n, then k = `(G) ≥ deg(G) + 1− g, and
(2) if 2g−2 < deg(G) < n, then k = `(G) = deg(G)+1−g.

Let P and Q be two rational places in P(F) and let N =
{0, 1, . . . } denote the set of natural numbers. We define the
Weierstrass semigroup at one place P , and two places P,Q as

H(P ) = {a ∈ N : ∃ f ∈ F with (f)∞ = aP}, and
H(P,Q) = {(a, b) ∈ N2 : ∃ f ∈ F with (f)∞ = aP + bQ}.

One can check thatH(P ) andH(P,Q) are, indeed, subsemi-
groups of N and N2, respectively. It follows by definition
that a ∈ H(P ) if and only if `(aP ) 6= `((a − 1)P ) and, in a
similar way, (a, b) ∈ H(P,Q) if and only if `(aP + bQ) 6=
`((a − 1)P + bQ) or `(aP + bQ) 6= `(aP + (b − 1)Q). The
gap sets are the complement sets G(P ) = N \ H(P ) and
G(P,Q) = N2 \H(P,Q). For the semigroup defined at one
rational place P the set G(P ) has g elements [32, Theorem
1.6.8] and its maximum element is at most 2g − 1. For the
semigroup at two places, in general the cardinality of the
gap set G(P,Q) depends on the fixed places, see [15] and
Section 3 in [2].

In the case of two rational places P and Q, the knowl-
edge of the Weierstrass semigroup at each one of the
places allows a full description of the Weierstrass semigroup
H(P,Q) as we describe below. Let β1 < β2 < · · · < βg and
γ1 < γ2 < · · · < γg be the gap sequences at P and Q,
respectively. For each i, let nβi = min{γ ∈ N : (βi, γ) ∈
H(P,Q)}. Then {nβ : β ∈ G(P )} = G(Q) by [21, Lemma
2.6]. So there exists a permutation σ of the set {1, 2, . . . , g}
such that nβi = γσ(i). The graph of the bijective map
between G(P ) and G(Q) is the set

Γ(P,Q) = {(βi, nβi) : i = 1, 2, . . . , g}
= {(βi, γσ(i)) : i = 1, 2, . . . , g}
⊆ G(P )×G(Q).

Given Γ(P,Q), we can compute H(P,Q) in the following
way. For two pairs x = (β1, γ1) and y = (β2, γ2) ∈ N2,
the least upper bound of x and y is defined as lub(x,y) =
(max{β1, β2},max{γ1, γ2}).

The elements in a semigroup always satisfy the follow-
ing property concerning the lub function.

Lemma 2.3. [21, Lemma 2.2] If u1 and u2 ∈ H(P,Q), then
lub(u1,u2) ∈ H(P,Q) .

In general we have

Lemma 2.4. [21, Lemma 2.3] Let P and Q be two distinct
rational places. The Weierstrass semigroup associated to P and Q
is given by

H(P,Q) = {lub(x,y) :

x,y ∈ Γ(P,Q) ∪ (H(P )× {0}) ∪ ({0} ×H(Q))}.

3 DIMENSION OF TWO-POINT RIEMANN-ROCH
SPACES AND DIMENSION OF TWO-POINT CODES

Let P,Q be two different rational places on the function field
F/Fq of genus g. For b in N define the set

Hb = {a ≥ 0 : `(aP + bQ) 6= `((a− 1)P + bQ)}.

The next lemma relates the set Hb with the sets
H(P ), H(Q), and H(P,Q).

Lemma 3.1. (1) For b ∈ N, {a ≥ 0 : (a, b) ∈ H(P,Q)} ⊆
Hb, and if b ∈ H(Q) then Hb = {a ≥ 0 : (a, b) ∈
H(P,Q)}.

(2) If b ∈ H(Q), then H(P ) ⊆ {a ≥ 0 : (a, b) ∈ H(P,Q)}.
(3) For b ∈ N, if a ≥ 2g − b then a ∈ Hb.

Proof. (1) The first inclusion follows by definition. Suppose
that b ∈ H(Q) and let a ∈ Hb. Then there exists a
rational function f ∈ L(aP +bQ)\L((a−1)P +bQ). So,
the pole divisor of f is (f)∞ = aP +rQ with r ≤ b. This
implies that (a, r) ∈ H(P,Q) and as (0, b) ∈ H(P,Q)
then from Lemma 2.3 we have (a, b) ∈ H(P,Q).

(2) Since H(P ) × H(Q) ⊆ H(P,Q), we get H(P ) ⊆ {a ≥
0 : (a, b) ∈ H(P,Q)}.

(3) If a ≥ 2g − b, then deg(aP + bQ) ≥ 2g and we get
`(aP + bQ) = `((a− 1)P + bQ) + 1.

Example 3.2. Consider the Hermitian function field over F4.
In Figure 1 we depicted the sets Hb, H(P,Q), and H(Q), so
that all the items in Lemma 3.1 can be checked. Details of this
function field will be explicited in Section 5. The set Γ(P,Q) was
computed using the results in [8, Theorem 3.4]. Notice that in
this case the unique gap of H(Q) is b = 1. We can check that for
any b it holds {a ≥ 0 : (a, b) ∈ H(P,Q)} ⊆ Hb. Furthermore,
for b outside 1 the inequality is, indeed, an equality and it holds
H(P ) ⊆ {a ≥ 0 : (a, b) ∈ H(P,Q)}. But this is not true for
b = 1.

Similarly, consider the norm-trace function field over F8. In
Figure 2 we depicted the sets Hb, H(P,Q) and H(Q). Details
of this function field will be explicited in Section 6. Again, the
set Γ(P,Q) was computed using the results in [8, Theorem 3.4].
In this case the genus is g = 9. We can check that for any b it
holds {a ≥ 0 : (a, b) ∈ H(P,Q)} ⊆ Hb. Furthermore, for
b ∈ H(Q), the inequality is, indeed, an equality and it holds
{a ≥ 0 : (a, b) ∈ H(P,Q)} ⊇ H(P ). This is not true outside
H(Q).

In both cases the diagonal line is on the points where a =
2g − b, so that one can visually check the third item.

Now, let D = P1 + · · · + Pn be the sum of n distinct
rational places different than P and Q. For b in N define

H∗b = {a ≥ 0 : CL(D, aP + bQ) 6= CL(D, (a− 1)P + bQ)}.

Notice that H∗b is always a finite set with #H∗b ≤ n. The
next lemma relates the sets Hb and H∗b at a given b ∈ N.
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Figure 1. Hermitian function field over F4 defined by the affine equation
y3 + x2 + x = 0. In this case n = 7, g = 1, P = (1 : 0 : 0), Q = (0 : 0 :
1), H(P ) = H(Q) = {0, 2, 3, . . . }, and Γ(P,Q) = {(1, 1)}.
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a at (a, b) if a ∈ H(P )c at (a, b) if (a, b) ∈ H(P,Q)eat (a, b) if a ∈ Hb

Lemma 3.3. For b ∈ N we have

(1) H∗b ⊆ Hb, and
(2) Hb \ H∗b = {a ≥ 1 : `(aP + bQ − D) 6= `((a − 1)P +

bQ−D)}.
(3) If 0 ≤ a < n− b then a ∈ H∗b if and only if a ∈ Hb.

Proof. For any divisor G with supp(G) ∩ supp(D) = ∅,
the evaluation map ev : L(G) → Fnq has image the code

Figure 3. Hermitian function field over F4 defined by the affine equation
y3 + x2 + x = 0.
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Figure 4. Norm trace function field over F8 defined by the affine equation
y7 + x4 + x2 + x = 0.
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eat (a, b) if a ∈ Hb

∗ at (a, b) if a ∈ H∗b
bounds on max(H∗b )

CL(D,G) and kernel L(G−D). This yields

dimCL(D, aP + bQ)− dimCL(D, (a− 1)P + bQ) =

`(aP + bQ)− `((a− 1)P + bQ)− `(aP + bQ−D)

+ `((a− 1)P + bQ−D),

and items (1) and (2) follow.
Let us prove now item (3). If 0 ≤ a < n− b we have 0 ≤

a+ b < n. Applying Proposition 2.2 yields dimCL(D, aP +
bQ) = `(aP + bQ) and dimCL(D, (a− 1)P + bQ) = `((a−
1)P + bQ).

Example 3.4. Consider the Hermitian function field over F4. In
Figure 3 we depicted the sets Hb, and H∗b , while in Figure 4 we
depicted the same sets for the norm-trace function field over F8.
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The first and third items in Lemma 3.3 can be checked. That is,
for each b in both graphs, the set H∗b is included in Hb and below
the lower diagonal line both sets coincide.

The next lemma bounds the maximum element in H∗b .

Lemma 3.5. Suppose that the genus of F is nonzero. For b ∈ N,
(1) max(H∗b ) ≤ n+ 2g−1− b. In particular, if b > n+ 2g−1

we have H∗b = ∅.
(2) max(H∗b ) ≥ n− b.

Proof. (1) By the Riemman-Roch Theorem, `((n + 2g − 1 −
b)P + bQ − D) = g because deg((n + 2g − 1 − b)P +
bQ −D) = 2g − 1, while `((n + 2g − 1 − b)P + bQ) =
g + n because deg((n + 2g − 1 − b)P + bQ − D) =
2g−1+n ≥ 2g−1. On the other hand, by Proposition 2.2,
dimCL(D, (n + 2g − 1− b)P + bQ) = `((n + 2g − 1−
b)P + bQ)− `((n+ 2g − 1− b)P + bQ−D) = n.

(2) Let a0 ≥ 0 be the minimum such that dim CL(D, aP +
bQ) = n, ∀a ≥ a0. Since dim CL(D, a0P + bQ) =
`(a0P + bQ) − `(a0P + bQ − D), we have that if
a0 < n − b − 1 then dim CL(D, a0P + bQ) = `(a0P +
bQ) ≤ a0 + b + 1 < n, a contradiction. We conclude
that a0 ≥ n − b − 1. If max(H∗b ) = n − b − 1 then
n = dim CL(D, (n− b− 1)P + bQ) and as deg((n− b−
1)P + bQ) = n− 1 < n then by Proposition 2.2 we have
that `((n − b − 1)P + bQ) = n − g, and we conclude
g = 0.

Example 3.6. In Figures 3 and 4 we also depicted the two
diagonal lines representing the upper bound and the lower bound
of Lemma 3.5. It can be easily checked that for each b, the
maximum of H∗b lies between the two lines.

4 THE ISOMETRY-DUAL PROPERTY FOR TWO-
POINT CODES

The next definition was first introduced in [12].

Definition 4.1. A flag of codes (Ci)i=0,...,s is said to satisfy the
isometry-dual condition if there exist x ∈ (F∗q)n such that Ci is
x-isometric to C⊥s−i for all i = 0, . . . , s.

In [12] the isometry-dual property was studied for one-
point codes, that is, codes of the form CL(D, iP ), where
P ∈ P(F) is a rational place, and D is the sum of n different
rational places of P(F), all of them different than P . The
authors defined the set H∗D(P ) = {0 ≤ i : CL(D, iP ) 6=
CL(D, (i−1)P )} and they proved that, given n > 2g+2, the
flag of one-point codes CL(D, iP ), for i ∈ H∗D(P ), satisfies
the isometry-dual condition if and only if the divisor (n +
2g − 2)P − D is canonical or, equivalently, n + 2g − 1 ∈
H∗D(P ). This result was extended for any n ≥ 2g + 2 in [3].
Next we extend this results to two-point codes. Just notice
that the two-point codes defined on a function field have
length at most the number of rational places in the function
field minus two, while the maximum length that one-point
codes can have in the same function field is one more.

Theorem 4.2. Let F be a function field of genus g over Fq and
P,Q two different rational places in P(F). Consider b ∈ N and
the divisor D = P1 + · · · + Pn the sum of n ≥ 2g + 2b + 2
distinct rational places, P,Q /∈ supp(D).

Let H•b = {0} ∪ (H∗b ∩ {1, . . . , n + 2g − 2 − 2b}). The
following are equivalent.
(1) There exists a constant vector x such that the flag of codes

CL(D, a0P + bQ) ( CL(D, a1P + bQ) (
· · · ( CL(D, asP + bQ)

is x-isometry-dual, where 0 ≤ a0 < a1 < · · · < as is the
ordered sequence of elements in H•b .

(2) The divisor E = (n+2g−2−2b)P +2bQ−D is canonical.
(3) n+ 2g − 1− 2b ∈ H∗2b.

Proof. Let us first prove that (1) implies (2). By hypothesis
there exists a such that 2g ≤ a ≤ n − 2 − 2b. Since a ≥ 2g,
by Lemma 3.1 we have a ∈ Hb, and since a ≤ n− 2− 2b ≤
n − 1 − b, from Lemma 3.3(3) we obtain a ∈ H•b . Define
a⊥ = n+ 2g − 2− 2b− a. As before, since a ≤ n− 2− 2b,
we have a⊥ ≥ 2g and hence a⊥ ∈ Hb. Furthermore, since
a ≥ 2g we also have a⊥ ≤ n− 2− 2b, and so a⊥ ∈ H•b .

Notice that, since 2g ≤ a + b, a⊥ + b < n, it holds
dim(CL(D, aP+bQ)) = a+b+1−g and dim(CL(D, a⊥P+
bQ)) = a⊥+b+1−g = n−dim(CL(D, aP+bQ)). So, a and
a⊥ correspond to dual indices in the isometry-dual flag. We
know that CL(D, aP + bQ)⊥ is CL(D,D +W − aP − bQ),
where W is a canonical divisor with vP (W ) = −1 for any
P in supp(D) (see [32, Proposition 2.2.10]). Assuming the x-
isometry-dual property we deduce that D+W −aP −bQ ∼
a⊥P + bQ, since a ≥ 2g. Then W ∼ (a+a⊥)P +2bQ−D =
(n+ 2g − 2− 2b)P + 2bQ−D = E. Hence E is canonical.

Now we prove that (2) implies (1). Suppose that E =
(n + 2g − 2 − 2b)P + 2bQ − D is a canonical divisor. Let
W be a canonical divisor with vP (W ) = −1 for any P in
supp(D) (see [32, Proposition 2.2.10]). Then there is a ratio-
nal function f such that E + (f) = W . In particular, f has
neither poles, nor zeros in the support ofD. Let x = evD(f).
Then, for any a ∈ H•b , let a⊥ = n + 2g − 2 − 2b − a and
(a⊥)∗ = max{a ∈ H•b : a ≤ a⊥}. Notice that (a⊥)∗ ∈ H•b .
We have

D +W − (aP + bQ)

= D + E + (f)− (aP + bQ)

= (n+ 2g − 2− 2b)P + 2bQ+ (f)− (aP + bQ)

= (a⊥P + bQ) + (f).

Hence,

CL(D, aP + bQ)⊥ = x · CL(D, a⊥P + bQ)

= x · CL(D, (a⊥)∗P + bQ).

With this we proved that, assuming (2), there exists a
vector x such that the dual code of any code of the form
CL(D, aP + bQ), where a ∈ H•b is exactly x · CL(D, a′P +
bQ) for some a′ ∈ H•b . Hence, the flag in (1) satisfies the
isometry-dual property.

Now we prove that (2) and (3) are equivalent. By
Riemann-Roch Theorem we know that `(E + P ) = g and,
consequently, `(E) ≤ g. Since deg(E) = 2g − 2, E is
canonical if and only if `(E) = g (see [32, Proposition 1.6.2]).
Then E is canonical if and only if `(E) = `(E + P ), that is,
if and only if

`((n+2g−2−2b)P+2bQ−D) = `((n+2g−1−2b)P+2bQ−D).
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By Lemma 3.3(2) this is equivalent to n + 2g − 1 − 2b ∈
H∗2b.

Notice that the condition n + 2g − 1 − 2b ∈ H∗2b is
equivalent to the maximum of H∗2b attaining the upper
bound in Lemma 3.5. If b = 0 we are in the case of one-
point codes and the condition n + 2g − 1 ∈ H∗0 is coherent
with [3, Theorem 2].

5 THE ISOMETRY-DUAL PROPERTY FOR TWO-
POINT HERMITIAN CODES

In this section we study the isometry-dual property for two-
point codes arising from the Hermitian function field. The
results here, which are interesting on their own, will serve as
an example for what will be proved about the isometry-dual
property for Kummer extensions.

Consider the Hermitian function field H over Fq2 of
genus g = q(q−1)

2 defined by the affine equation yq+1 =
xq + x. Let P = P∞ denote the only pole of x and y in H.
The Hermitian function field is maximal over Fq2 with q3+1
rational places denoted by

{Pα,β : βq+1 = αq + α, α, β ∈ Fq2}.

The study of a two-point code over the Hermitian function
field does not depend on the fixed places P and Q since
the automorphism group Aut(H) of the Hermitian function
field acts double transitively on the Fq2 rational places. An
explicit proof of this fact can be found in [16, Lemma 3.1].

From now on we fix P = P∞ and Q = P0,0 and consider
the divisor

D =

 ∑
βq+1=αq+α

Pα,β

−Q
in order to study the family of algebraic geometry codes
CL(D, aP + bQ) of length n = q3 − 1.

The Riemann-Roch spaces L(aP + bQ) and L((a + q +
1)P + (b − q − 1)Q) are isometric by multiplication by the
function x. By recursion, suppose that θ, ρ are the quotient
and remainder of the division of b by q + 1, that is, b =
θ(q+ 1) + ρ, 0 ≤ ρ ≤ q, 0 ≤ θ. Then, it follows by induction
on θ ≥ 1, that

a ∈ H∗b if and only if a+ θ(q + 1) ∈ H∗ρ .

A complete characterization of the set H∗b can be found
in [16, Section 3], where the dimensions of the codes
CL(D, aP+bQ) have been determined by Homma and Kim.
Let 0 ≤ b ≤ q, then

H∗b = {qθ + ρ : 0 ≤ ρ ≤ q − 2, ρ ≤ θ ≤ ρ+ q2 − 1}
∪ {qθ + (q − 1) : q − b− 1 ≤ θ ≤ q2 + q − b− 3}.

This characterization can be also found in the introductions
of the papers [17] and [18]. We now compute the maximal
element in H∗b .

From Equation (5) we have

max(H∗b ) = max(H∗ρ )− θ(q + 1)

=

{
n+ 2g − (θ + 1)(q + 1) if 1 ≤ ρ ≤ m− 1,

n+ 2g − q − θ(q + 1) if ρ = 0.

Figure 5. Hermitian function field over F16 defined by the affine equation
y5 + x4 + x = 0. In this case n = 63, g = 6, P = (1 : 0 : 0),
Q = (0 : 0 : 1), H(P ) = H(Q) = {0, 4, 5, 8, 9, 10, 12, 13, . . . }, and
Γ(P,Q) = {(1, 11), (6, 6), (2, 7), (11, 1), (7, 2), (3, 3)}.
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∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗ ∗
∗
∗
∗
∗

∗ at (a, b) if a ∈ H∗b
delimits the hypothesis of Theorem 4.2 (n ≥ 2g+2b+2)r at (a, b) if CL(D, aP + bQ) in an isometry-dual sequence

guaranteed by Theorem 4.2.

Now we can state the main theorem of this section.

Theorem 5.1. Let n = q3 − 1 and suppose b ≤ n/2 − g − 1.
Let 0 ≤ a0 < · · · < as be the ordered sequence of elements in
H•b = {0} ∪ (H∗b ∩ {1, . . . , n+ 2g − 2− 2b}). The code flag

CL(D, a0P + bQ) ( CL(D, a1P + bQ) (
· · · ( CL(D, asP + bQ)

satisfies the isometry-dual condition if and only if q is even and
b is congruent with q/2 modulo q + 1. In particular, for odd q’s
the flag of two-point codes over the Hermitian function field is not
isometry-dual for any b.

Proof. From Theorem 4.2 and the description of the maxi-
mum of H∗b we deduce that the flag satisfies the isometry-
dual condition if and only if 2b is congruent with q modulo
q + 1.

Example 5.2. In Figure 5 there is a graph of the sets H∗b for
the two-point codes CL(D, aP + bQ) defined on the Hermitian
function field over F16. The sequences of places corresponding to
codes satisfying the isometry-dual property are marked with black
bullets. One can check all results analyzed up to this point for
two-point Hermitian codes.

6 THE ISOMETRY-DUAL PROPERTY FOR TWO-
POINT CODES DEFINED ON KUMMER EXTENSIONS

Let F/Fq be a Kummer extension defined by the affine
equation

ym = f(x) =
r∏
i=1

(x− αi), αi ∈ Fq (1)
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where f(x) is a separable polynomial of degree 2 ≤ r ≤
m − 1 with gcd(m, r) = 1. This function field has genus
g = (m− 1)(r− 1)/2 and only one rational place at infinity
denoted by P∞, which is also the only pole of x and y. Let
R∞ ∈ P(Fq(x)) be the only pole of x, and R1, . . . , Rr stand
for the places of the rational function field Fq(x) associated
to the zeros α1, . . . , αr of f(x), respectively. Since the places
R1, . . . , Rr are totally ramified in the extension F/Fq(x),
there exists a unique rational place Pαi,0 in P(F) over Ri
for i = 1, . . . , r. Notice that P∞ in P(F) is the only place
over R∞. Then we have the following divisors in F :
(1) (x− αi) = mPαi,0 −mP∞ for every i, 1 ≤ i ≤ r,
(2) (y) = Pα1,0 + · · ·+ Pαr,0 − rP∞.

From now on in this section, fix P = P∞ and Q = Pαk,0
for some k = 1, . . . , r. Let D be the sum of n rational
places in P(F) such that P,Q 6∈ supp(D). We investigate
the dimension of the two-point codesCL(D, aP+bQ) where
a ≥ 0 and b ≥ 0. First of all, notice that multiplication by the
function x−αk gives an isomorphism between the Riemann-
Roch spaces L(aP+bQ) and L((a+m)P+(b−m)Q), and so
the codes CL(D, aP +bQ) and CL(D, (a+m)P +(b−m)Q)
are isometric. In particular, if b ≥ m, then a ∈ H∗b if and only
if a + m ∈ H∗b−m. Inductively, suppose that θ and ρ are the
quotient and remainder of the division of b by m, that is,
b = θm+ ρ, 0 ≤ ρ < m, 0 ≤ θ. Then,

a ∈ H∗b if and only if a+ θm ∈ H∗ρ .

Next theorem is the principal result in this section. The
notation α mod m is used to refer to the unique integer
congruent with α modulo m in the interval from 0 to m− 1.

Theorem 6.1. LetF/Fq be a Kummer extension of genus g given
by

ym = f(x) =
r∏
i=1

(x− αi),

where αi ∈ Fq, f(x) is a separable polynomial of degree
2 ≤ r ≤ m − 1, and gcd(m, r) = 1. For r1 ≤ q − r, fix
Rr+1, . . . , Rr1 rational places in P(Fq(x)) completely split in
the extension F/Fq(x). Let P = P∞ and Q = Pαk,0 for some
k = 1, . . . , r. Consider the divisor

D =

(
r∑
i=1

Pαi,0

)
−Q+

r1∑
i=r+1

∑
P̃ |Ri

P̃ .

Denote n = deg(D) and suppose n > 2g − 1.
Let 1 ≤ r̃ ≤ m− 1 be the multiplicative inverse of r modulo

m. Then, a ∈ H∗b if and only if{
r̃a mod m ≤ a+b

r−1 , if 0 ≤ a+ b < n,

r̃(a− n− 1) mod m > a+b−n
r−1 , if n ≤ a+ b ≤ n+ 2g − 1.

Proof. We use the same notations as above. We have n =
r− 1 + (r1 − r)m ≥ (m− 1)(r− 1)− 1. By Proposition 2.2,
a ∈ H∗b if and only if

1 = `(aP + bQ)− `((a− 1)P + bQ)

− `(aP + bQ−D) + `((a− 1)P + bQ−D).

Hence, a ∈ H∗b if and only if

`(aP + bQ)− `((a− 1)P + bQ) = 1 and
`(aP + bQ−D)− `((a− 1)P + bQ−D) = 0.

(2)

In the same way R1, . . . , Rr denote the places in the ratio-
nal function field Fq(x) associated to the zeros α1, . . . , αr
of f(x), we suppose the rational places Rr+1, . . . , Rr1
in P(Fq(x)) are associated to the zeros of the functions
x−αr+1, . . . , x−αr1 ∈ Fq(x), respectively. Then the divisor

of the function z = y
r1∏

i=r+1
(x− αi) in F is

(z) = D+Q−((r−1)+m(r1−r)+1)P∞ = D+Q−(n+1)P.

This yields the following equivalence of divisors

D ∼ (n+ 1)P −Q,

which allows to conclude

`(aP + bQ−D) = `((a− n− 1)P + (b+ 1)Q). (3)

By [24, Theorem 2.2] we have that for any a ≥ −1 and b ≥ 0

L(aP + bQ) =
m−1⊕
t=0

L([aP + bQ+ (yt)]|Fq(x)) y
t

which gives

`(aP + bQ) =
m−1∑
t=0

`([aP + bQ+ (yt)]|Fq(x))

=
m−1∑
t=0

`([aP + bQ+
r∑
i=1

tPi − rtP ]|Fq(x))

=
m−1∑
t=0

`

(⌊
a− rt
m

⌋
R∞ +

⌊
b+ t

m

⌋
Rk

)
.

For t = 0, . . . ,m− 1 define Dt,a,b =
⌊
a−rt
m

⌋
R∞+

⌊
b+t
m

⌋
Rk.

Then, using equation 3 we have

`(aP + bQ)− `((a− 1)P + bQ) =
m−1∑
t=0

[
`(Dt,a,b)− `(Dt,a−1,b)

]
,

and
`(aP + bQ−D)− `((a− 1)P + bQ−D)

=
m−1∑
t=0

[`(Dt,a−n−1,b+1)− `(Dt,a−n−2,b+1)] .

From equation (2), we have a ∈ H∗b if and only if

m−1∑
t=0

[
`(Dt,a,b)− `(Dt,a−1,b)

]
= 1 and

m−1∑
t=0

[`(Dt,a−n−1,b+1)− `(Dt,a−n−2,b+1)] = 0.

In the rational function field Fq(x), by the Riemann-Roch
theorem, we have that for any divisor A with deg(A) ≥ −1,
`(A) = deg(A) + 1. This yields two cases to be analyzed
depending on the value of the sum a+ b.

Case 1: if 0 ≤ a + b < n then `(aP + bQ − D) =
`((a − 1)P + bQ − D) = 0, and we are left to analyze the
condition `(aP +bQ)− `((a−1)P +bQ) = 1. Now we have
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m−1∑
t=0

[`(Dt,a,b)− `(Dt,a−1,b)] = 1 if and only if the following

two conditions are satisfied
∃ 0 ≤ t0 ≤ m− 1 such that deg(Dt0,a−1,b) ≥ −1 and⌊
a− rt0
m

⌋
=

⌊
a− 1− rt0

m

⌋
+ 1.

(4)

Case 2: if a + b ≥ n > 2g − 1, then by Riemann-Roch
theorem we have `(aP + bQ) − `((a − 1)P + bQ) = 1,
and we are left to analyze the condition `(aP + bQ −
D) − `((a − 1)P + bQ − D) = 0. In this case we get
m−1∑
t=0

[`(Dt,a−n−1,b+1)− `(Dt,a−n−2,b+1)] = 0 if and only if

for every t ∈ {0, . . . ,m− 1} one of the following conditions
is satisfied:

i) deg(Dt,a−n−1,b+1) =
⌊
a−n−1−rt

m

⌋
+
⌊
b+1+t
m

⌋
< 0 or

ii) deg(Dt,a−n−1,b+1) =
⌊
a−n−1−rt

m

⌋
+
⌊
b+1+t
m

⌋
≥ 0 and⌊

a−n−1−rt
m

⌋
=
⌊
a−n−2−rt

m

⌋
.

These conditions can be summarized as a ∈ H∗b if and only
if

i)
⌊
a+b−(r−1)t0

m

⌋
≥ 0 and m | (a − rt0) for some

0 ≤ t0 ≤ m− 1 , if 0 ≤ a+ b < n

ii) m - (a − n − 1 − rt), for all t ∈{
0, . . . ,min

{
m− 1, ba+b−nr−1 c

}}
, if n ≤ a + b ≤

n+ 2g − 1.

Once more, we have a ∈ H∗b if and only if
i) a ≡ rt0 mod m for some 0 ≤ t0 ≤ min{m− 1, ba+br−1c}

if 0 ≤ a+ b < n.

ii) a − n − 1 6≡ rt mod m, for all t ∈{
0, . . . ,min{m− 1, ba+b−nr−1 c}

}
if n ≤ a+b ≤ n+2g−1.

Now, since r̃ is the inverse of r modulo m, we deduce that
a ∈ H∗b if and only if

i) r̃a ≡ t0 mod m for some 0 ≤ t0 ≤ min{m −
1, ba+br−1c}if 0 ≤ a+ b < n.

ii) r̃(a − n − 1) 6≡ t mod m for all t ∈{
0, . . . ,min{m− 1, ba+b−nr−1 c}

}
if n ≤ a+b ≤ n+2g−1.

And the result in the statement of the theorem follows.

Notice that the divisor D in Theorem 6.1 has degree n =
r− 1 +M , where M is a multiple of m and n is assumed to
be larger than 2g − 1. Of course, n is also at most the total
number of rational places on F minus 2.

The results of Theorem 6.1 allow to compute the maxi-
mum of H∗b for Kummer extensions as follows in the next
proposition.

Proposition 6.2. With hypotheses and notation as in Theo-
rem 6.1, and b = θm+ ρ where 0 ≤ ρ ≤ m− 1,

max(H∗b ) =

{
n+ 2g − b+ ρ− r − rρ if 0 ≤ ρ < bmr c
n+ 2g − b+ ρ−m if bmr c ≤ ρ ≤ m− 1.

Proof. Since gcd(m, r) = 1, we can choose 1 ≤ u ≤ m − 1
and 1 ≤ λ ≤ r − 1 such that λm = ur + 1. In particular we
have that 1 ≤ r̃ = m−u ≤ m−1 is the inverse of r modulo
m. Notice that u ≡ m − r̃ modulo m and that bmr c = buλc.
We recall that 2g = (m− 1)(r − 1).

First let us show that a = n+ 2g − b+ ρ− r − rρ ∈ H∗b .
By Theorem 6.1, we need to prove that r̃(a−n− 1) modulo
m is larger than a+b−n

r−1 . In this case we have r̃(2g − b+ ρ−
r− rρ− 1) ≡ m− ρ− 2 mod m, which is already between
0 and m− 1 and which is larger than

a+ b− n
r − 1

=
2g + ρ− r − rρ

r − 1
= m− ρ− 2− 1

r − 1
,

as desired.
Let us now prove that a = n + 2g − b + ρ − m ∈ H∗b .

We need to prove that r̃(a− n− 1) modulo m is larger than
a+b−n
r−1 . We have r̃(2g − b + ρ −m − 1) ≡ m − 1 mod m,

which is obviously larger than a+b−n
r−1 = m − 1 − m−ρ

r−1 , as
desired.

Now suppose 0 ≤ ρ < bmr c and let a = n+ 2g− b+ ρ−
r−rρ+` with ` > 0. We are going to prove that r̃(a−n−1)
modulo m is at most a+b−n

r−1 = m − ρ − 2 + `−1
r−1 . We have

r̃(2g − b + ρ − r − rρ + ` − 1) ≡ r̃` − ρ − 2 mod m. Let
λ`+ 1 = tr + s with 0 ≤ s ≤ r − 1. Define

µ =
u

λ

(
−s+ 1 +

⌈s
r

⌉
r
)

+
t+ d sr e
λ

− ρ− 2 .

Notice that µ ∈ Z and that µ is congruent with r̃` − ρ − 2
modulo m. We are going to prove that 0 ≤ µ ≤ m − 1
and that µ ≤ a+b−n

r−1 = m − ρ − 2 + `−1
r−1 , proving hence

that n + 2g − b + ρ − r − rρ + ` does not belong to H∗b .
In fact, if we prove the last inequality, then the inequality
µ ≤ m − 1 is a consequence of it, together with the bound
` ≤ (ρ+ 1)(r − 1), derived from Lemma 3.5.

If s = 0, then µ = u+t
λ − ρ − 2 = m+`

r − ρ − 2. Since
gcd(λ, r) = 1 from the equality λ(m + `) = r(u + t) we
conclude that r divides m + `. Hence ρ + 1 ≤ bmr c <

m
r <

m+`
r and therefore µ ≥ 0. On the other hand, as r ≥ 2, if

` < r we have m+`
r < m and then µ ≤ m−ρ−2+ `−1

r−1 . Now,
if ` ≥ r then `

r ≤
`−1
r−1 . So, µ = m

r −ρ−2+ `
r ≤ m−ρ−2+ `−1

r−1 .
If s > 0, we have that d sr e = 1 and µ = u

λ (−s+ 1 + r) +
t+1
λ −ρ−2 is a decreasing function of s. The lowest value of
µ is when s = r− 1. In this case λ(m+ `) + 1 = r(u+ t+ 1)
and so

µ ≥ 2u+ t+ 1

λ
− ρ− 2

=
u

λ
+
λ(m+ `) + 1

λr
− ρ− 2

=
u

λ
+

1

λr
+
m+ `

r
− ρ− 2,

then µ ≥ m
r + m+`

r − ρ − 2 ≥ 0, where the last equality is
because ρ+ 1 ≤ bmr c ≤

m
r and m+`

r ≥ 1.
Taking s = 1 we have µ = ur

λ + t+1
λ −ρ−2 = m−ρ−2+ t

λ .
From s = 1 we also obtain λ` = tr, and since λ and r are
coprime we conclude r divides `, and in particular ` ≥ r.
Therefore t

λ = `
r ≤

`−1
r−1 . Hence, µ ≤ m− ρ− 2 + `−1

r−1 ,
Secondly suppose bmr c ≤ ρ ≤ m − 1 and let a = n +

2g − b + ρ − m + ` with ` > 0. We need to prove that
r̃(a−n− 1) modulo m is at most a+b−nr−1 = m− 1 + `−m+ρ

r−1 .
We have r̃(2g− b+ ρ−m− 1 + `) ≡ r̃(`− r) ≡ m− 1− u`
mod m. Let ˜̀ be the residue of ` modulo m and µ = m −
1−

(
˜̀− b

λ˜̀−1
r c
λ r

)
u+

bλ˜̀−1
r c
λ .
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Notice that since 1 ≤ λ˜̀− bλ˜̀−1r cr ≤ r, one has

−1 < −1+
1

λ
+
bλ˜̀−1r c
λ

≤ µ ≤ m−1− u
λ

+
bλ˜̀−1r c
λ

≤ m−1,

and so µ is the residue of m− 1− u` modulo m. It remains
to check that µ ≤ m− 1 + `−m+ρ

r−1 .
Dividing λ˜̀− 1 by r we get λ˜̀− 1 = t′r + s′, 0 ≤ s′ ≤

r − 1. Then

µ = m− 1− u

λ
(λ˜̀− t′r) +

t′

λ

= m− 1 +
t′ − us′ − u

λ

= m− 1 +
(t′ − us′ − u)(r − 1)

λ(r − 1)

= m− 1 +
λ˜̀− s′ − 1− ur(s′ + 1)− t′ + us′ + u

λ(r − 1)

= m− 1 +
λ˜̀− (ur + 1)(s′ + 1)− t′ + us′ + u

λ(r − 1)

= m− 1 +
λ˜̀− λm(s′ + 1)− t′ + u(s′ + 1)

λ(r − 1)

= m− 1 +
˜̀−m−ms′

r − 1
+
u(s′ + 1)− t′

λ(r − 1)

= m− 1 +
˜̀−m+ ρ

r − 1
− ms′ + ρ

r − 1
+
u(s′ + 1)− t′

λ(r − 1)

= m− 1 +
˜̀−m+ ρ

r − 1
− λms′ + λρ− us′ − u+ t′

λ(r − 1)

≤ m− 1 +
`−m+ ρ

r − 1
− u(rs′ − s′ − 1) + λρ+ t′ + s′

λ(r − 1)
.

Let A = u(rs′−s′−1)+λρ+t′+s′
λ(r−1) , we need to prove that A ≥ 0.

If s′ > 0, since r ≥ 2, then A ≥ 0. If s′ = 0, then we get
λ(˜̀−m) = r(t′−u) and r divides ˜̀−m since gcd(λ, r) = 1.
Then, from ρ ≥ bmr c, we obtain

A =
t′ − u+ λρ

λ(r − 1)
=

t′−u
λ + ρ

r − 1
=

˜̀−m
r + ρ

r − 1
≥
⌈
−mr

⌉
+ ρ

r − 1
≥ 0.

Theorem 6.3. With the same notation as in Theorem 6.1, suppose
that 0 ≤ b ≤ n/2− g− 1. Let 0 = a0 < · · · < as be the ordered
set of elements in H•b = {0}∪ (H∗b ∩{1, . . . , n+ 2g−2−2b}).
The flag of algebraic geometry codes

CL(D, a0P + bQ) ( CL(D, a1P + bQ) (
· · · ( CL(D, asP + bQ)

is x-isometry-dual for some vector x if and only if m divides
2b+ 1.

Proof. By Theorem 4.2, the flag above is x-isometry-dual for
some vector x if and only if n + 2g − 1 − 2b ∈ H∗2b. Now,
by Theorem 6.1, n + 2g − 1 − 2b ∈ H∗2b if and only if the
remainder of r̃((n + 2g − 1 − 2b) − n − 1) divided by m
is larger than 2g−1

r−1 . But, since 2g = (m − 1)(r − 1), this is
equivalent to the remainder of r̃(−r− 2b− 1) divided by m
being exactly m− 1. That is, if and only if −r− 2b− 1 ≡ −r
modulo m, i.e., 2b+ 1 ≡ 0 modulo m.

Corollary 6.4. If m is even, there is no isometry-dual flag of
codes for 0 ≤ b ≤ n/2− g− 1. If m is odd, there is an isometry-
dual flag of codes at a given integer b, for 0 ≤ b ≤ n/2−g−1, if
and only if b = mt̃−1

2 for some t̃, which is necessarily odd. Hence,
b = mt+ m−1

2 for some 0 ≤ t ≤ bn−m−2g−12m c.

Remark 6.5. With the same notation as in Theorem 6.1, let n
stand for the total number of rational places on the function field.
Notice that Theorem 6.3, in the case b = 0, corresponds to flags of
one-point algebraic geometry codes. In particular, it is shown that
there is no isometry-dual flag of one-point codes of length n − 2
for the case of the Kummer extensions we analyzed.

This is coherent with the existence of isometry-dual flags of
one-point codes of length n − 1 such as the Hermitian function
fields examples is [12] and [3]. Indeed, in [3, Theorem 23] it was
shown that unless the Weierstrass semigroup at P is N, if a flag
of codes of length n− 1 satisfies the isometry-dual condition then
the flag obtained by shortening it at one place (that is, of length
n− 2) does not satisfy the isometry-dual condition.

In what follows we illustrate the results in Corollary 6.2
and Theorem 6.3 for two function fields.

Example 6.6. In this first example we work with a maximal
function field that has been object of investigation in [10]. It is
called the generalized Hermitian function field. It is defined by the
affine equation yq

`+1 = xq+x over Fq2` with ` odd. It has genus
g = q`(q − 1)/2, one single place at infinity P∞ = (1 : 0 : 0)
and plus q2`+1 rational places.

We take P = P∞ and Q = P0,0 and consider the codes
CL(D, aP + bQ) of length n = q2`+1 − 1.

If m is even (i.e. q odd), by Corollary 6.4, there will be no
isometry-dual flags for 0 ≤ b ≤ n/2− g− 1. So, we will analyze
only the cases in which m is odd, and so the characteristic is
2. In this case, Theorem 6.3 and Corollary 6.4 ensure that for
0 ≤ b ≤ n/2− g − 1, the flag of codes associated to H•b satisfies
the isometry-dual property if and only if b = (q` + 1)t + q`

2 for
t = 0, . . . , b (q

`−1)q`+1−3
2(q`+1)

c.
In Figure 6 there is a graph of the sets H∗b for the two-point

codes CL(D, aP + bQ), where P = P∞ and Q is the place
at the origin defined over F64, with q = 2 and ` = 3. The
sequences of places corresponding to codes satisfying the isometry-
dual property are marked with black bullets. As just proved, they
correspond to the values of b equal to 9t+ 4 for t = 0, . . . , 6.

Example 6.7. In this second example we work with the norm-
trace function field that was first addressed by Geil in [11]. In
[19] there is a study of two-point codes over this function field.
Let ` ≥ 2. The norm-trace function field is defined by the affine

equation y
q`−1
q−1 = xq

`−1

+ xq
`−2

+ · · · + x. It has genus g =
(q`−1−1)

2 ( q
`−1
q−1 − 1), and q2`−1 + 1 rational places over Fq` .

We take P = P∞ and Q at the origin and consider the codes
CL(D, aP + bQ) of length n = q2`−1 − 1.

If m is even (this occurs if and only if q is odd and ` is
even), by Corollary 6.4, there will be no isometry-dual flags for
0 ≤ b ≤ n/2− g−1. So, we will analyze only the cases in which
m is odd. In this case, Theorem 6.3 and Corollary 6.4 ensure that
for 0 ≤ b ≤ n/2 − g − 1, the flag of codes associated to H•b
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Figure 6. Generalized Hermitian function field over F64 defined by the
affine equation y9 + x2 + x = 0. In this case n = 127, g = 4, P =
(1 : 0 : 0), Q = (0 : 0 : 1), H(P ) = {0, 2, 4, 6, 8, 9, . . . }, H(Q) =
{0, 5, 6, 7, 8, 9, . . . }, and Γ(P,Q) = {(7, 1), (5, 2), (3, 3), (1, 4)}.
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satisfies the isometry-dual property if and only if

b =
q` − 1

q − 1
t+

q`−1
q−1 − 1

2
, for

t = 0, . . . , b (q
2`−1 − 2)(q − 1)− (q` − 1)− (q`−1 − 1)(q` − q)

2(q` − 1)
c

=
q2` − 2q2`−1 + q` − 3q + 3

2(q` − 1)
.

Notice that for q = 2, t attains only one value and so there is only
one isometry-dual flag of codes for a fixed b ≤ n/2− g − 1.

In Figure 7 there is a graph of the sets H∗b for the norm-
trace function field over F8, i.e, with q = 2 and ` = 3. The
sequences of places corresponding to codes satisfying the isometry-
dual property are marked with black bullets. One can check all
results analyzed up to this point for two-point norm-trace codes.
In this case, for 0 ≤ b ≤ n/2− g− 1, the flag of codes associated
toH•b satisfies the isometry-dual property if and only if b = 7t+3
for t = 0. That is, if and only if b = 3.
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