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ABSTRACT

In the classical exploratory factor analysis (EFA) model, residuals are constrained to be uncorrelated.
However, since the 1960s, extensions of the classical model that allow correlated residuals to be modeled
exist. Furthermore, in many EFA applications (especially those intended for item analysis) it is highly
relevant to decide whether an extended solution is more appropriate than the simpler classical solution.
This decision, in turn, requires effective and powerful methods for detecting correlated residuals (doub-
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lets) when they are really present to be available. This paper discusses two existing detection approaches
in the EFA context, and proposes a third, new procedure. Reference values, based on the concept of
parallel analysis, are proposed for deciding the relevance of the flagged doublets in all the considered
procedures. The functioning of the three procedures is assessed by using simulation, and illustrated with
an illustrative example. The proposal, finally, has been implemented in a well-known noncommercial EFA

program, and an implementation in R is being developed.

A distinctive feature of the restricted (confirmatory) factor
analysis model (CFA) is that it allows correlated residuals to
be specified. In contrast, in the unrestricted (exploratory) FA
(EFA) model, the residual matrix is assumed to be diagonal,
and so, all the residual correlations are constrained to be zero.
This distinction, however, only holds for the “classical” EFA
model (e.g., Mulaik, 2010; S6rbom, 1975), as, since the 1960s,
more flexible EFA solutions that allow correlated residuals to
be modeled have been proposed (Butler, 1968; McDonald,
1969; Mulaik, 2010; Yates, 1987). At present, correlated resi-
duals within an EFA solution can be modeled via ESEM
(Asparouhov & Muthén, 2009; Van Kesteren & Kievit, 2020),
or R packages, such as the function “esem” in the “psych”
package (Revelle, 2021) or combining the packages “psych”
and “lavaan” (Rosseel, 2012).

There is a vast literature and a heated debate on the con-
venience of allowing correlated residuals to be modeled in FA
solutions (e.g., Asparouhov et al, 2015; MacCallum et al.,
1992). Given the aims of this article (which are stated below),
an exhaustive review of these issues is beyond its scope.
However, an initial, brief discussion as well as a statement of
our perspective is in order.

In an EFA based on sample data, detected correlated resi-
duals might occur for at least two reasons: First is “true”
population residuals that are perfectly justifiable (e.g., because
of repeated presentation of the same items, wording simila-
rities in the item stems, context effects ... etc.). Second is
sampling fluctuation around “true” zero residuals. In the first
case, constraining these residuals to be zero are specification
errors that, in principle, are expected to give rise to two
consequences: (a) bad model-data fit, and (b) biased para-
meter estimates (e.g., Montoya & Edwards, 2021; Mulaik,

2010; Yates, 1987). As for point (a), however, in many appli-
cations, reasonably acceptable fits might still be obtained, but
at the cost of grossly biased parameter estimates or additional
factors that do not reflect substantive content (e.g., Costner &
Schoenberg, 1973).

In the case of spurious correlated residuals that are due to
sampling error, freeing them “blindly” with the sole purpose
of improving model-data fit, is a clear case of capitalization on
chance. Model-data fit in this particular sample will, no
doubt, be improved, but results would not reflect “true”
model-data fit in the population. Furthermore, biased esti-
mates would be also expected to occur. However, the litera-
ture suggests that the biases in this case are not as large as
those expected when “true” residuals are constrained to be
zero (Reddy, 1992). We believe that blind post-hoc modifica-
tion with the sole purpose of improving fit is unacceptable
practice (e.g., Browne, 2001). So, the tools we shall propose in
this paper are expected to be used in scenarios in which (a)
samples are large enough to reasonably prevent substantial
spurious correlated residuals to appear, and (b) the detected
correlated residuals have a clear and defensible justification.
Furthermore, we believe that cross-validation must become
a routine practice for checking the consistency and stability of
the diagnostic results. Having said that, we believe that
obtaining efficient and powerful EFA-based diagnostic pro-
cedures for detecting correlated residuals is a relevant aim
and has a clear interest.

The present article considers and compares three
approaches (and indices derived from them), aimed at detect-
ing the presence and magnitude of correlated residuals in
datasets that are to be fitted by a classical EFA solution. Of
these procedures, the first is the most common, and is
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implemented in most EFA packages. The second, has been
proposed in the literature, but is less known. The third
approach, finally is, we believe, a new contribution.
Furthermore, a new general procedure for obtaining reference
or cutoff points for all the indices is proposed. So, this article
not only reviews and compares existing procedures, but aims
also to make new methodological contributions. Finally, an
instrumental contribution of this proposal is that all the con-
sidered indices and reference values have been implement in
a noncommercial widely used EFA program.

A variety of dimensional-reduction procedures that allow
residual correlations to be detected under fixed conditions (i.e.
when conditional independence would be expected), and that
go beyond the specific domain of FA have been proposed in the
literature (e.g., Glymour et al., 2019). Within the FA modeling,
correlated-residuals-diagnostic procedures have been pro-
posed in the CFA context, and, of these, perhaps, the most
well-known are those based on Bayesian analysis (BSEM;
Asparouhov et al.,, 2015; Zhang et al., 2021). None of these
approaches will be discussed here; however, as we intend to
focus only in EFA solutions.

Opverall, the present proposals are thought to be particularly
useful in calibration-type psychometric applications in which
item scores are factor-analyzed. On the one hand, in most cases
item banks are large and item scores have complex structures
(Cattell, 1952; Marsh et al., 2014), which makes unrestricted
FA quite an appropriate model (P.J. Ferrando & Lorenzo-Seva,
2000). On the other hand, as mentioned above, correlated
residuals are very common with this type of variables. So
common, in fact, that in the context of item factor analysis,
they traditionally receive the specific name of “doublets”
(Mulaik, 2010; Thurstone, 1947) a name that we shall also
use here. However, we note that the present proposal might
be used in different types of applications, such as longitudinal
studies (e.g., Little, 2013).

Rationale, basic results, and estimation procedures

As a basis for our proposal, we shall first consider an extended,
unrestricted multiple FA solution in which the initial unrotated
pattern loading matrix is in canonical form:

R = AA + ¥R = AA' + Cyy. (1)

where R is the m x m inter-item correlation matrix, A is
the m x r canonical unrotated pattern (e.g., Harman, 1976),
¥ is the m x m diagonal matrix containing the item residual
standard deviations, and Ry, is the m x m residual correlation
matrix. So, Cuy = YR, Y is the residual covariance matrix.

If the residuals are all uncorrelated, Ry, becomes an identity
matrix, and model (1) reduces to the classical EFA model

R = AA' + V2. (2)

Solutions (1) and (2) are direct, unrotated solutions, and are
expected to be further transformed (possibly obliquely) at the
rotation stage. Transformations of the common part of the solu-
tion, however, do not affect the detection of correlated residuals.
For this reason, we consider the most usual, and possibly simpler,
direct orthogonal solution (the canonical pattern) as a basis for

our proposal. We also assume R to be positive definite (see
Lorenzo-Seva & Ferrando, 2021). However, apart from that, the
basic modeling is quite comprehensive, and can be considered for
() binary scores, (b) graded scores treated as ordered categorical
variables, and (c) graded or more continuous scores treated as
continuous variables. In case (a) the elements of R are tetrachoric
correlations. In case (b) they are polychoric correlations, and in
case (c) they are product-moment (Pearson) correlations.

From the modeling bases so far described, detection of
correlated residuals can be viewed as an assessment of the
extent to which the simpler solution (2) is appropriate with
respect to the extended solution (1). In more detail, what is to
be assessed is (a) the magnitude of the non-diagonal elements
of Ry, and (b) the extent to which constraining these elements
to be zero, biases the structural estimates of the common-factor
parameters in (2), (i.e. loadings and residual variances).

Three approaches for detecting the presence of correlated
residuals

Suppose that the extended solution (1) holds for a given set of
measurements but it is the classic solution (2) that is instead
fitted to a sample inter-item correlation matrix. The elements
of the fitted residual matrix

Cres = R - A]\/7 (3)

represent the differences between the observed sample correla-
tions and the model-fitted, or model-expected correlations.
These elements are usually known as correlation residuals
(Bollen, 1989) but this name is potentially misleading, because
they are in fact covariances (see Equation (1)).

At first sight, the C,.s matrix can be considered to be an
estimate of the “true” C,, matrix in (1). So, the largest (in
absolute value) elements of C,., would indicate which the most
salient doublets are. This approach is the most common in
practice, and is the first that we shall consider here.

Evidence suggests that in some cases (particularly in simple
and clear solutions) the standard approach based on (3) works
well, but in others might be highly misleading (Blalock, 1971,
part IV; Costner & Schoenberg, 1973; Soérbom, 1989; Little,
2013). If substantial correlated residuals exist but are forced to
be zero, the un-modeled or omitted correlations or covariances
will tend to be “re-assigned” in parameter estimation so as to
keep the omitted parameter as close to zero as possible, which
means that the estimated A loadings as well as the remaining
residual estimates are expected to be biased to a greater or lesser
extent. So, we might as well end with a substantially biased
estimated solution (most Heywood cases are due to doublets;
see McDonald, 1985) while, at the same time, the “true” culprit
residuals remain unsuspectedly low in the fitted matrix (3).

The second approach we shall consider can be derived from
Guttman’s (1953) image theory. The negatives of the off-
diagonal elements of the anti-image correlation matrix contain
the partial correlations between the corresponding pairs of
variables after conditioning on the remaining variables. These
elements are available in several standard statistical packages as
indices for assessing “sampling adequacy”—the extent to which



the data fulfil preliminary assumptions of the EFA model-
(Kaiser, 1974). Here, however, we propose to use them for
different purposes (Mulaik, 2010, p. 233). Define:

§* = [diagR™")]"!
Q=SR''s.
P=20-Q

4)

Then Q is the anti-image correlation matrix, and P the partial
correlation matrix (with unit values in the main diagonal).
Now, if model (1) is correct, then P is an estimate of the “true”
R,y correlation matrix in (1), and will approach more and
more R,, as the ratio variables to factors increases without
bound (Kaiser, 1963; McDonald, 1985; Mulaik, 2010).

As a diagnostic tool for detecting doublets, P has two
obvious advantages. First, it is obtained “a priori” with no
need to fit first any EFA model. Second, its elements are readily
interpretable as correlations. As for the shortcomings, even
when the elements of P are obtained “a priori,” they are only
correct estimates of Ry, for the solution with the correct
number of common factors. Second, they only become really
interchangeable to their corresponding parameter values as the
number of indicators per factor is very large. In solutions with
few indicators per factor, the off-diagonal elements of P are
expected to overestimate their corresponding true values
(Kaiser, 1963; McDonald, 1985, p. 72), which would lead to
detect more doublets than there really are. Our simulations
below clearly support this expectation.

The third diagnostic tool that we propose appears to be
a new contribution, and is derived from the concept of
“Expected Parameter Change” (EPC; Saris et al., 1987, 2009).
We shall first describe its general rationale, and then describe
the specific estimation procedure we propose.

The EPCs in our proposal are obtained sequentially as follows:
for each of the (mx(m-1))/2 possible doublets, the constraint:
Puju=0 (which involves variables j and k that form the particular

possible doublet under study) is relaxed, and this residual corre-
lation is freely estimated by using the estimation procedure
described below. Furthermore, the vectors of loadings corre-
sponding to variables j and k are estimated (a) under the stan-
dard pujuk=0 constraint, and (b) when the residual correlation is

freely estimated. Now, if we denote the reproduced communality
of variable j as ﬁzj => j\qu, the two types of EPC we propose for
q=1

each possible pair of variables are as follows :
EPCI: Expected REsidual correlation direct Change index
(EREC index)

®)

EPC2: Expected commuNallty DirEct change Index (ENIDE
index)

EPCLij = [p s — 0.

22(0)  ~2(1) 22000 ~2(1)
|(h; " —h; )[4 |(hy " —hy )

5 (6)

EPC2j;, =

The interpretation of both indices is rather simple. EREC
quantifies the amount of misspecification in the residual cor-
relation itself, which is induced by setting p,;,,=0, and its
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magnitude is interpreted as a correlation coeflicient. As for
ENIDE, it quantifies in a single index the extent to which this
misspecification “propagates” and produces biased loading
estimates, and is interpreted as an average proportion of
change (in the estimated common variance of both variables).

We turn now to the proposed estimation procedure for the
tool so far summarized. It is based on previous proposals by
Wright (1968) and Yates (1987), who called them residual
omission and sectioning, respectively, and is intended to mini-
mize the biases of both the residual estimates themselves and
the rest of the structural parameter estimates in A and V.
Essentially, it is a three-stage unweighted least squares (ULS)
procedure. In the first stage, and for each possible doublet (j,
k) the implied variables are omitted from the dataset, and
model (2) is fitted to the remaining (m-2) variables (that we
refer as the core set) by using ULS estimation. If the pair (j, k)
is, actually, a nontrivial doublet this first-stage fitting is
expected to provide less biased estimates of the elements of
A and ¥ corresponding to the core variables. We note also
that, once a possible doublet has been omitted, at least three
variables must remain if a factor solution is to be fitted to the
core set. So, even in the simplest unidimensional case, the
estimation procedure is not feasible with less than five
variables.

At the second stage, the estimates of A and W for the two
variables not included in the first-stage core set, are obtained by
using extension analysis (e.g., Nagy et al., 2017) separately for
each variable. Thus, for the j variable omitted in step 1, the
pending estimates are A; and @; , and are obtained as follows:
Let Ijcore be the column vector containing the correlations
between variable j and the variables in the core set. The pend-
ing estimates are obtained as

~ ~ /A ~

~ Al A
Aj = (Acore Acore)ilAcore/rj,core ; ¢j = 1- Aj Aj (7)
At the end of stage 2 estimates of A and W for the full set of
variables have been obtained. At the third stage, finally, the
estimate of the residual correlation specified to be free is
obtained by

Ru =¥ '(R—AA )P 8)
And the (j,k) element of Ry, in (8) is the estimate we want to
obtain. As stated above, the process so far described is carried
out for each possible doublet until all the non-duplicated non-
diagonal elements of Ry, have been estimated. Overall, Ry, is
intended to be an estimate of Ry, which is obtained from
estimates of A and W that have been corrected for potential
biases due to the “propagating” effects of the non-modeled
doublets.

We shall name this estimation procedure Minimum
expected bias Of Residual and loadinG vAlues iN sAmple
estimates method (MORGANA method).

The choice of the ULS criterion in MORGANA can be
justified on various grounds. ULS is easily implemented and
computationally robust (Forero et al., 2009; Joreskog, 2003; Lee
et al., 2012; Mislevy, 1986; Zhang & Browne, 2006), and this is
particularly relevant here given that the proposal is expected to
be used in datasets with a large number of variables and
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complex structures. Furthermore, in many cases, it will be used
with solutions based on tetrachoric and polychoric R’s, in
which ULS has proved to be a defensible option (Forero
et al, 2009; Knol & Berger, 1991; Lee et al,, 2012; Zhang &
Browne, 2006).

Reference values and upper bounds

The outcome of any of the procedures considered here would
consist of (mx(m-1))/2 estimated indices, whose magnitude is
thought to indicate the plausibility that the corresponding
residual correlation is a true doublet. In order to make correct
decisions, however, reference values for deciding whether the
obtained index flags a true doublet or is a false alarm are clearly
needed. The general approach we propose for obtaining these
values is based on the concept of Parallel Analysis (PA; see, e.g.,
Timmerman & Lorenzo-Seva, 2011) and is discussed below in
relation to the different procedures.

EREC, fitted residuals, and partial correlations
Indices in this group are estimates of the elements of the
residual covariance matrix C,, (fitted residuals), or of the
residual correlation matrix Ry, in (1). So the basis procedure
is the same for all of them. Let X (N x m) be the data matrix
that is factor-analyzed. The first step is to construct the matrix
Xa (N x m) in which each column has been obtained from the
corresponding column in X but with the elements re-ordered
at random. So, the distribution of the columns of X and Xa is
the same, but the correlations between the columns of Xa are
all zero (at least in the population). Let now be Ca the covar-
iance matrix, Ra the correlation matrix, and Pa the partial
correlation matrix obtained all of them from Xa. The elements
of Ca and Ra can be viewed as the residual covariances and
correlations respectively that would arise merely by sampling
error, and so, are appropriate references against which the
fitted residuals and the EPC1 values (respectively) obtained
from X can be compared. The elements of Pa can be viewed
as the partial correlations that would arise solely because of
sampling error, and so can be taken as appropriate references
against which the corresponding values in P can be compared.
The process of creating Xa from X is repeated 500 times and
this provides a distribution of values for each element of Ra
and Pa. Typically, in PA the mean and the 95™ centile are
considered as suitable thresholds. In the simulation study that
follows, we shall test both of them. In order to do it, the mean
of the distribution (as well as the 95™ centile) is computed from
the random distribution of each element of Ra and Pa. With
the aim of having a single value as threshold, the grand mean is
computed and used as criterion (i.e., the mean of the means,
and the mean of the 95 centiles). We can advance that both
thresholds lead to very similar outcomes, with that based on
the means being the most accurate.

ENIDE

ENIDE values are estimates of average communality changes,
and the procedure for obtaining reference values is not as
direct as above. Let X (N x m) be as before, and A (N x r)
the estimated factor pattern matrix obtained from factorizing

X. We first generate a dataset in which A is the “true” popula-
tion pattern and the residuals are uncorrelated. To do so, we (a)
compute the reproduced correlation matrix R* =A A’ and
obtain L, the Cholesky decomposition of R*. And (b) generate
a matrix Z(N x r) of uncorrelated standard normal scores (in
the population) and compute Y = ZL’. Then Y is a matrix of
factor scores derived from a solution in which A is true in the
population and the residuals are uncorrelated.

At the next stage, we obtain the correlation matrix of the
Y scores, factorize this matrix in r factors, and obtain an
estimated pattern denoted by A . When ENIDE is computed
from A | we are obtaining the communality changes that can
be expected solely by chance. As in the proposal above, the
process is repeated 500 times and this provides a distribution of
values for each ENIDE that would be obtained if no doublets
existed in the solution and estimates of parameter change were
solely due to sampling error. As in the previous case, we
consider as possible thresholds the mean and the 95™ centile
of the random distributions.

An illustrative example

The small example described in this section is expected to be
useful for illustrating the rationale of the proposal, as well as the
functioning of the methods that are to be compared. Suppose that
a researcher wants to analyze the scores on a 6-item set expected
to measure a single dimension. However, the wording of items 1
and 2 is similar, leading to a substantial doublet. We produced an
artificial dataset with the item scores of 500 individuals to these 6
items. As we generated the data, we know that the correlation
residual between item 1 and 2 is .40 at the population. Table 1
shows the sample correlation matrix that is positive definite and
well suited for FA (Lorenzo-Seva & Ferrando, 2020). We fitted
a single-factor ULS solution, and obtained the results in Table 1.

The estimated loadings show substantial biases with respect
to the true loadings. The loadings in the two items that form
the doublet are clearly inflated, whereas the remaining loadings
are strongly deflated. Note that the loading corresponding to
the first item of the doublet even approaches a Heywood case.
The researcher, who is not aware of the existence of the doub-
let, would likely think that item 1 is an excellent indicator of the
common factor: almost a marker in fact.

In order to assess now the possible existence of doublets, we
first inspect the fitted-residual-matrix C,s in Equation (3). It is
in Table 2:

In this example C,.s would do a poor job in identifying
the “true” doublet involving items 1 and 2, which remains
undetected. In contrast, the cutoff value based on PA

Table 1. Sample correlation matrix and loading matrices related to the illustrative
example.

Sample correlation matrix

Items ULS-EFA True
1 2 3 4 5 6 Loadings  Loadings
1 1 0.902 0.60
2 .688 1 0.684 0.60
3 275 192 1 0.366 0.60
4 264 128 224 1 0.308 0.60
5 278 204 251 A7 1 0.357 0.60
6 .256 204 157 119 128 1 0.311 0.60




Table 2. Fitted-residual matrix. lllustrative example.
Items Fitted-residual matrix
1 2 3 4 5 6
1 -
2 .071 -
3 —-.056 -.059 -
4 -.014 —-.082 J11* -
5 —-.045 —-.040 -119* .060 -
6 —-.026 —-.008 .043 .023 017 -

residual covariances 3-4 and 3-5
(marked with an *) as possible doublets. The misspecifica-
tion error in this case has clearly propagated, and the
omitted covariance has been “re-assigned” to the loading
estimate of the first item, and also to other residual covar-
iances, whose estimated values are far larger than that
corresponding to the original doublet.

Let us try now the second procedure. The anti-image-based
partial correlation matrix is in (Table 3):

Clearly, P does here a far better job than C,, and its
largest element correspond to the “true” population doublet.
Note also that this value is far larger than any of the remain-
ing estimates. However, the criterion based on PA would
also flag residual 1-4 as a potential doublet. So, possibly,
P shows here the problem derived from its asymptotic deri-
vation, which was discussed above: In this solution with very
few indicators of the factor, its elements tend to overestimate
their corresponding true values, which would lead us to
think that there is more than one substantial doublet in
this solution.

would signal the

Table 3. Anti-image-based partial correlation matrix. lllustrative example.

Partial correlation matrix

ltems
1 2 3 4 5 6
’| -
2 .652* -
3 121 .008 -
4 192% —-.081 143 -
5 131 .022 A71 .077 -
6 122 .043 .077 .041 .041 -

Table 4. EREC values for each possible doublet. lllustrative example.

ltems EREC
1 2 3 4 5 6
‘| -
2 .584* -
3 .269*% 178 -
4 .072 .189 146 -
5 169 125 169 .084 -
6 .012 .020 .068 .033 .034 -

Table 5. ENIDE values for each possible doublet. lllustrative example.

Items ENIDE
1 2 3 4 5 6
1 -
2 A446% -
3 .087 .087 -
4 .072 056 .027 -
5 .024 .035 .036 .017 -
6 .181 .042 .024 .010 .018 -
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We turn finally to our proposal. Tables 4 and 5 shows the
EREC estimates (Equation 5) in panel (a), and the ENIDE
estimates (Equation 6) in panel (b). As in the previous results,
the potential doublets flagged by the PA criterion are denoted
with an *.

Opverall, the new proposed indices work rather well here.
Both attain, bay far, the maximum value for the true doublet.
EREC would still flag a non-existing second doublet, while
ENIDE correctly flags the only existing doublet without arriv-
ing at any false alarm.

Additional considerations

A priori, the diagnostic procedures proposed so far are
expected to work reasonably well if certain conditions are
fulfilled. First, the number of common factors is correctly
specified. Second, the sample is large enough to minimize
large sampling fluctuations. Third, the number of substantial
doublets is small relative to the size of the residual matrix Ry,
(i.e. most of the correlated residuals in Ry, are near zero, and
only a few are substantial). As Steiger (1990) showed, the
procedures will possibly fail in a scenario in which all the
residuals were correlated and the values of the residual correla-
tions were similar among them. This scenario, however, seems
quite unlikely, at least in the context of item analyses.

Within the same context of item analysis, our proposed
procedures will probably work better if the few existing sizable
doublets are all of the same sign (possibly positive), as this
condition will prevent effects of “ensemble” biases that impact
in opposite direction the estimated parameters of the FA
model. In our experience, and in the item-analysis context,
doublets mainly reflect shared specificities due to similarities
in item content, context and/or wording (see also Bandalos,
2021). If this is so, the doublets are expected to be generally
positive provided that all the items are scored in the same
direction of the trait/s being measured (see Bandalos, 2021,
Tables 1 and 2), which is the most usual practice. We note that
the operating mechanism under this scoring will be very simi-
lar to that in repeated item presentations (including retest
effects), which are expected to give rise to positive residual
correlations (e.g., Little, 2013).

In order to prevent the procedures here considered to arrive
at misleading detections, two basic, common-sense, initial
recommendations can be made. First is to work well-
designed datasets obtained from large samples. Second is to
use cross-validation whenever possible. Although the PA
approach described above is intended to prevent spurious
detections, we agree with Steiger (1990) that, to achieve this
aim, nothing substitutes replication. We would also note that
both recommendations are closely linked. We would not pro-
vide here a minimal sample size criterion, because sampling
stability depends on many determinants (see Lorenzo-Seva &
Ferrando, 2021). Rather, our advice focus on replicability: if an
FA solution (with or without doublets) is not replicated in
different, well-chosen, samples, then the sample is too low.

Assuming that a correct diagnostic has been achieved, issues
of model identification can be next carefully considered regard-
ing further possible decisions made by the researcher on the
basis of the detection results. Thurstone (1947) recommended
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to always avoid doublets, and, following this advice, the
researcher might well decide to discard offending items until
no doublet remains. If so, identification issues are simply those
of the standard EFA model in (2) (see Hayashi & Marcoulides,
2006). On the other hand, if he/she decides to fit the more
flexible model (1) (possibly in a new sample), then assessing
model identification and determinacy becomes crucial, and
this issue requires additional considerations above those dis-
cussed above. More specifically, the essential conditions are
now two. First, as stated above, that there are only a few
substantial doublets and the remaining are essentially zero.
Second, that the common part of the solution is over-
determined, with not too many factors and multiple indicators
per factor (Hayashi & Marcoulides, 2006; Mulaik, 2010). If
these conditions are not fulfilled, the resulting solution based
on (1) is likely to be not unique and highly indeterminate.

In order to approach the first condition above, and also to
minimize the impact of capitalization on change, for all the
procedures considered in the ms., we propose to limit the
maximum number of detected doublets to g - r, where g is
Ledermann’s (1937) bound solved for the number of common
factors (Hayashi & Marcoulides, 2006; Mulaik, 2010). This
limitation is not arbitrary, but has, in our view, a defensible
rationale. Doublets can be regarded as minor factors related to
a substantial amount of variance that is only shared by a pair of
variables. If m is the number of observed variables, and r is the
number of common factors extracted from them, then g can be
interpreted as the maximum number of (major plus minor)
factors that can be determined from the observed variables (or,
in other words that still leaves a number of degrees of freedom
greater than zero, and allows the model to be testable). Now, if
we consider doublets as minor factors, then the number of
doublets that can be allowed if determinacy is to be maintained
is related to the specified number of common factors: So, as
r approaches g, less doublets can be allowed. We would stress,
however, that the restriction we impose allows a potential
model of the type (1) to be identified, but does not ensure
that the obtained solution is determinate. To see this point,
note that the restriction only ensures that the number of
degrees of freedom is above zero, but does not inform at all
about whether the common factors are over-determined with
a sufficient number of indicators each.

Simulation study

The simulation study summarized in this section is aimed to
assess and compare the different diagnostic procedures dis-
cussed in this paper. The assessment is done in base to the
sensitivity (ie., the ability to identify in the sample data
a real doublet in the population model), and specificity
(i.e., the ability to identify in the sample data that
a residual is not a real doublet in the population) of the
diagnostic procedures. The study was based on eight inde-
pendent variables, a factorial design with 3,564 conditions,
and 200 replicas per condition. After each condition, the
outcome among replicas was used to stablish the sensitivity
and the specificity of each diagnostic method in this condi-
tion. The independent variables were:

(1) Sample size: samples were drawn to be of sizes 150, 300,
and 1,000.

(2) Number of items: the number of observed variables per
factor were 5 and 10.

(3) Number of factors: factor models in the population
were designed so that the true number of factors were
1, 2, and 3. The number of factor extracted in the
sample data corresponded always with true number of
factors in the population.

(4) Inter-factor correlation: when more than one factor was
present in the population factor model, orthogonal and
oblique models were manipulated. In the oblique models
an inter-factor correlation value of .20 was set for all the
factors.

(5) The level of communality was manipulated choosing
salient loading values in specific ranges. The ranges
used were: .30 to .40 (low communality), .41 to .55
(medium communality), and .56 to .70 (large
communality).

(6) The size of non-salient loading matrices in the popula-
tion were also manipulated so that the maximum abso-
lute values were: .05, .10, and .20.

(7) Number of doublets in the population were manipulated
to be: 1, 2, 3, 4, and 5. However, the number of doublets
were limited in each condition in order that the number
of doublets was lower than half the number of observed
variables in the factor model (for example, in the condi-
tions in which the number of observed variables was 5,
the maximum number of doublets considered was 2).

(8) Size of doublets: in the population model the size of
doublets were manipulated to produce three levels: .20
to .30 (low doublets), .31 to .40 (medium doublets), and
41 to .50 (high doublets).

In all the conditions, including those in which more than one
doublet were simulated in the same dataset, finally, the study
included doublets in both directions. The value and the sign of
each doublet were chosen in two steps: first, the value was
chosen (taking in consideration the condition being
simulated); second, the sign was decided at random with
a chance of 50% for each sign.

The total number of samples generated in the simulation
study were 712,800, and contained a total of 1,992,600 doub-
lets. For each sample, we computed Fitted residuals, Partial
correlations, EREC, and ENIDE. In order to decide which pairs
should be considered as doublets in the sample, we computed
PA for each diagnostic index, and registered True Positives,
True Negative, False Positive, and False Negatives. After the
200 replicates of the condition at hand, we computed a ROC
analysis to assess the sensitivity and the specificity of each
index in this condition.

Results

In order to assess the overall performance we computed the
mean and standard deviation of sensitivity and the specificity
for each index among conditions. Table 6 shows these
statistics.
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index.
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Table 7. Mean and standard deviation of sensitivity and the specificity for EREC
among conditions.

Mean as threshold value of €95 as threshold value of

Diagnostic index PA PA

Sensitivity Specificity Sensitivity  Specificity
Fitted residuals .821 (.205) 945 (.022) 743 (.251) .975 (.020)
Partial correlations  .890 (.127) 948 (.023) .890 (.128) 948 (.022)
EREC 919 (.120) .949 (.019) 918 (.122) .950 (.018)
ENIDE 692 (.147) .944 (.017) 661 (.157) 951 (.013)

As can be seen in the table, mean and C95 thresholds
produced similar outcomes, with the mean value providing
a little more accurate diagnostics. For practical application,
we would advise to use the mean as threshold.

It is interesting that, even when fitted residuals is the
most frequently inspected diagnostic index by researchers,
it was not the most efficient index. It must be said that
when the number of items per factor was large (m/r = 10),
the mean values for sensitivity and specificity were .958 and
.948, respectively. However, as the number of factors
increased, the sensitivity substantially decreased (mean
value of .790).

Partial correlations systematically improved the perfor-
mance of Fitted residuals. The conditions where its perfor-
mance was most accurate were large samples, large number
of items per factor, large communality, and a large size value of
the doublets. In these conditions, its sensitivity and specificity
were systematically over .92 and .95, respectively. In must be
pointed the most factors in the factor model, the best the
performance of this index.

ENIDE showed a specificity comparable to the other
indices. However, its sensitivity was the worst of all of them.
It must be said this index showed it best performance
(Sensitivity> 0.95 and Specificity > 0.96) when N = 1,000 and
a single doublet was present in the population. In addition, the
errors that can affect most the estimates of a factor model are
those related to the low Specificity (i.e., to fix a residual corre-
lation to zero, when in the population the related pair is
a strong doublet; Reddy, 1992).

Finally, as EREC turned out to be the most effective diag-
nostic index. A more acurate report of its performance is given
in Table 7.

The conditions where EREC performance was most accu-
rate were large samples, large number of items per factor,
low communality, and a large size value of the doublets. In
these conditions, its sensitivity and specificity were system-
atically over .92 and .95, respectively. It must be pointed out
that the largest the communality, the worse the performance
of this index is: it can be explained because when the loading
value in the population model is already large, the less room
there is for an overestimation of its value in the sample
model.

Implementing diagnostic indices in FACTOR

The authors’ experience suggests that proposals such as the
present one are only used in practical applications if they are
implemented in user-friendly and easily available software. In
this respect, the procedure proposed here has been

Condition Sensitivity Specificity
N =150 902 (.132) 954 (.019)
N =300 .963 (.077) .956 (.017)
N = 1000 .985 (.049) 957 (.017)
m/r=5 .864 (.139) .950 (.023)
m/r =10 982 (.045) 951 (.014)
m/r =20 988 (.036) .964 (.013)
r=1 952 (.103) 933 (.024)
r=2 945 (.104) 955 (.013)
r=3 953 (.093) .964 (.010)
PHI = .00 951 (.099) .953 (.020)
PHI = .20 .948 (.100) 960 (.013)
h2 =.30 - .40 .970 (.072) .956 (.018)
h2 = .40 - .55 .958 (.085) .956 (.018)
h2 =.55-.70 922 (.126) .955 (.018)
Doublets = 1 .968 (.077) 942 (.024)
Doublets = 2 944 (.109) .950 (.016)
Doublets = 3 .949 (.095) .959 (.010)
Doublets = 4 930 (.117) .965 (.010)
Doublets = 5 .959 (.085) .966 (.008)
Low loadings = .05 .948 (.102) .956 (.018)
Low loadings = .10 949 (.101) 956 (.018)
Low loadings = .20 953 (.095) .956 (.018)
Size of doublets = .20 - .30 918 (.124) 955 (.019)
Size of doublets = .30 - .40 962 (.086) .956 (.018)
Size of doublets = .40 - .50 970 (.072) 956 (.017)

implemented in the 11.04 version of the program FACTOR
(P.J. Ferrando & Lorenzo-Seva, 2017). While the researcher is
allowed to select between the four diagnostic procedures dis-
cussed in this paper, MORGANA-based indices are the default
option. In addition, for those users more accustomed to using
R, a package is currently being developed to be allow these
procedures to be used.

Discussion and conclusions

The convenience of including or not correlated residuals in FA
has been, and continues to be, a controversial issue,
a controversy that is more than justified, because, as discussed
above, this inclusion would be potentially very prone to lead to
abuses and bad practices (e.g., Bandalos, 2021). A basic result,
however, is clear: if substantial correlated residuals exist and
are ignored, the misspecification is expected to distort (some-
times greatly) the solution. In the EFA context, such distortions
refer to incorrect assessment of the number of factors
(Montoya & Edwards, 2021), and biased parameter estimates:
loadings, residual variances, and, in rotated solutions, possibly
also inter-factor correlations (Mulaik, 2010; Yates, 1987). So,
controversies aside, the main aim of this paper: to study and
propose procedures for efficiently detecting correlated resi-
duals in EFA solutions when they are really present, seems, in
our opinion, to be of clear interest.

A first interesting result obtained in this paper, is that
the standard, most widespread procedure for detecting
doublets is not the most efficient that can be considered.
Now, at first sight, inspecting and assessing the off-
diagonal elements of the residual covariance matrix seems
to be the most direct approach for flagging doublets.
However, this directness ignores the fact that residual
correlations constrained to be zero are misspecifications
that can propagate through other estimates of the model.
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This result has been thoroughly discussed at least since the
1970’s. However, it also seems to have been stubbornly
ignored in the applied EFA literature. Oddly enough,
also, assessment of doublets based on the anti-image par-
tial correlation matrix (which is available in widespread
programs, such as SPSS) appear to work clearly better
than the standard approach, but it seems to have been
virtually never used in applications.

In addition to assessing and comparing the two existing
procedures above, we have proposed a new approach and two
derived indices, which we consider to be new contributions.
The basic idea of the MORGANA approach lies in the poten-
tial propagating effects of substantial doublets constrained to
be zero. So, the principle of our proposal is to minimize these
effects in order to obtain clearer change estimates when each
doublet is or is not constrained to be zero. We admit, indeed,
that our proposal is based on previous proposals. However,
the results obtained here, suggests that EREC is highly effi-
cient and outperforms procedures so far available. And
ENIDE might have also value as an auxiliary index, because
it focuses on the bias on the loading estimates rather than on
the residuals themselves.

Following up with the contributions, for all the indices
considered in the article (old and new), we have proposed
procedures for obtaining efficient cutoff values, and we
regard this proposal also as a new, useful contribution.
An instrumental contribution, finally, is that everything
we have proposed and compared here is implemented in
a noncommercial widely known program, and the corre-
sponding developments in R are quite advanced.

We indeed acknowledge that our proposal has its share
of limitations and points that require further research,
mainly, to carry on more extensive simulations and to
undertake empirical studies to ascertain its appropriateness
in practice. With the due reservations, however, we believe
that we have provided the practitioner with efficient tools
for detecting correlated residuals. And the fact that
MORGANA detects doublets in both directions is a good
starting point for future investigations that force the
method into more complicated databases.

Efficiently detecting correlated residuals in EFA is only the
first step in a process in which we will have to decide what to do
with them. As discussed above, Thurstone (1947) proposed to
“clean” the data until the doublets vanish, and so, until
a classical EFA solution (2) could be correctly fitted.
A second action (e.g., Mulaik, 2010; Yates, 1987) would be
explicitly modeling the correlated residuals, using an extended
EFA solution (1) that allows unbiased estimates to be obtained.
If this second action is adopted, a careful assessment of model
identification and determinacy of the solution becomes crucial,
as discussed above. While our proposal implements
a restriction intended to maintain the extended solution iden-
tified, the issue is far more complex and requires a careful
assessment (see Hayashi & Marcoulides, 2006; Mulaik, 2010).
Opverall, we believe that Thurstone’s recommendation is parsi-
monious and defensible in most cases. However, we consider
our proposal here more as a basis for improved extensions of
the classical EFA model.
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