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Abstract The lattice Boltzmann method (LBM) suffers from an instability at low viscosities and from having
to compromise between accuracy and computational efficiency due to its lattice uniformity. Thus, in this
paper, the meshless local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-LBM) is proposed to
remedy these shortcomings. The collision step is modeled by the cumulant method, stable at low viscosities,
and the streaming step is discretized first in time based on the Lax—Wendroff scheme, then in space according to
the meshless local Petrov—Galerkin method, a mesh-free method (MLPG). To substantiate the accuracy of this
method in aeroacoustics, the temporal decay of a standing plane wave, the spatial decay of a planar acoustic
pulse, and the propagation of circular waves are considered, and the results are compared with numerical
and analytical solutions. The comparisons show that MLPGC-LBM presents better results than standard LB
methods, replicating the local radial point interpolation cumulant lattice Boltzmann method (LRPIC-LBM)
results with relatively shorter runtimes, and being in a good agreement with the analytical solutions. The errors
of the acoustic dispersion and dissipation are irrelevant, even for quite low resolutions. Therefore, MLPGC-
LBM can offer an alternative to conventional aeroacoustics simulations alongside LRPIC-LBM with shorter
runtimes, without parametric dependency on the number of points per wavelength and the resolution

1 Introduction

The lattice Boltzmann method (LBM), an explicit time marching scheme [1], has recently been used in many
different fields of fluid mechanics. Originated from the lattice gas automata, the LBM simplifies the imple-
mentation and facilitates the parallelization of simulations of engineering problems with complex geometries.
It dramatically saves time and efforts using probability density functions (probability of detecting particles
in a specific range of velocities and locations at a given time), to determine the momentum distribution in
discrete space [2]. However, the LBM is restricted by the lattice uniformity resulting from the symmetries
of the lattice velocity model assumed. Such limitation causes the LBM suffer from accuracy and efficiency
issues in simulations needing non-uniform meshes [3] such as those with irregular boundaries. Even though
schemes using grid refinement improve accuracy substantially [4], they also pose new challenges like higher
computational cost and even the appearance of additional perturbations in acoustical problems [5].
Conventional non-uniform LB methods have been categorized in different types: interpolation-
supplemented LBM [6,7], combinations of LBM with finite difference methods [8], finite volume methods
[9-11], finite element methods [12—14], and Taylor-series expansion and least-squares-based lattice Boltzmann
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methods [15,16]. These methods have succeeded in simulating different problems; however, they suffer from
drawbacks such as mesh generating costs, low accuracy of the computed stress in fluid-structure interaction
simulations [17], and a disability to model singular physical phenomena. Thus, mesh-free methods are devised
to deal with such obstacles [18,19] by using a set of nodes called field nodes, scattered inside and on the
boundaries of the domain. These methods generate a system of algebraic equations for the field nodes, without
the need to explicitly link them in order to interpolate or approximate the unknown variables.

MFree methods have been developed along with old methods like the collocation method [20,21], vortex
method [22], finite difference method [23-25], and smoothed particle hydrodynamics [26,27]. Among the
MFree methods classified according to their formulation procedure, the so called weak-form methods have
attracted the interest of many researchers and are broadly expanded [18], such as the diffuse element method
[28], the local radial point interpolation method (LRPIM) [29], the local point interpolation method (LPIM)
[30], and the meshless local Petrov—Galerkin method (MLPG) [31]. The idea of combining LBM and Mfree
methods has led to acceptable results in some cases [32-34]. These studies use the standard Bhatnagar—
Gross—Krook (BGK) approach which is not stable at high Reynolds numbers and low viscosities [35,36].
Thus, combining the more stable cumulant LBM [37,38] with Mfree-LB methods could provide better results
in different engineering problems. This is the case when using the local radial point interpolation cumulant
lattice Boltzmann method (LRPIC-LBM) [39]. It can predict analytical results without parameter dependencies
such as the number of points per wavelength Nppy, and the resolution o. In addition, as it will be shown in
the following, the efficiency of Mfree-LB methods could be increased by substituting the local radial point
interpolation method with the meshless local Petrov—Galerkin method in the Mfree part, due to the fact that
radial point interpolation method shape functions used in LRPIM need more computational resources than
moving least squares (MLS) shape functions used in MLPG.

The main objective of this paper is to study the ability of the meshless local Petrov—Galerkin cumulant LBM
(MLPG-LBM) to simulate aeroacoustics problems and compute the errors and deviations from the experimental
and standard LBM, and LRPIC-LBM results. Thus, the LB equation is split into the collision part, modeled by
the cumulant method, and the streaming part which is discretized first in time using the Lax—Wendroff scheme,
then in space utilizing MLPG. This plan is developed in the following Sections. Firstly, a brief explanation
of our new LB method is presented in Sect. 2. The LBM steps (the collision step and the streaming step) are
discussed in Sects. 2.1 and 2.2. The crucial details of the Mfree shape function construction, time discretization
(Lax—Wendroff scheme), and space discretization (MLPG) are explained in Sects. 2.2.1,2.2.2, and 2.2.3. The
results of the MLPG-LBM simulations of the propagation of a planar standing wave, a planar pulse wave, an
acoustic 2D pulse, and an acoustic point source are reported and discussed in Sect. 3.

2 Lattice Boltzmann method

The lattice Boltzmann method (LBM), derived from the kinetic theory of gases, has been a good substitute
for solving the Navier—Stokes equations to model different fluid flow phenomena. In this method, a set of
probability density functions [3] plays a key role in modeling the momentum distribution in discrete space.
The standard force-free lattice Boltzmann equation is

fi (Xa + Cig ALt + A1) = fi (xq, 1) = £2; (1)

where x and ¢; are the particle position and lattice speed, f; is the particle distribution function, and £2; is the
collision operator. For a 2D problem, x, is equal to [x, y].

The LBM is divided into collision and streaming steps. The cumulant method for the collision part, and the
meshless local Petrov—Galerkin method (MLPG) for the streaming part, are adopted to introduce the meshless
local Petrov—Galerkin cumulant lattice Boltzmann method (MLPG-CLBM) as follows.

2.1 Collision step

The cumulant LBM was proposed by Seeger to solve the Boltzmann equation [40,41]. It can improve the
cascade LBM [42,43] developed to ease instability issues of previous models, by removing the lower-order
moment effects on the higher-order moments using a transformation to a set of functions. The central moments
can efficiently give the cumulants of a distribution function. The cumulant LBM can be briefly explained as
follows.
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Considering the local momentum distribution function, f; as a probability mass function consisting of two
random variables &, v with ranges Rg = {£1, &2, ...}, Ry = {v1, v2, ...} based on the microscopic velocities
in x, y directions, the probability density function [3] is

fE V)= [, v))8¢E — &8 — ). (2)

ij

To obtain moments without discontinuity issues, the moment generating function, M(E,Y) =
i j fé&,v j)ec‘g"eT“f ,is used, where E and Y are the normalized wave numbers [44],

gmon
/m n = —M E,T 5 3
Pemon = Gamapn ME DI )

To reduce Galilean relativity issues in the collision scheme, the moment generating function can be shifted to
the reference frame of the moving fluid. Thus, the central moments can be obtained by [45]

amyn
M(E,T)| “4)

Hemom = Sgmayn E=7=0

where M (8, Y) = e~ Z4/¢=Tv/¢M1(E, Y) is the central moment generating function.
The cumulants are calculated as follows [46]:

8mn

3
mn = ————— In(M(E, Y . 5
cgmy SEmaT n(M( ))IE:Y:0 (%)

It should be mentioned that cumulants relax with individual relaxation rates,
C;,,, pn = Cgmyn —+ Wgmyn (Cgflr, ot T Cé:mun), (6)

where cg,q,, n are the equilibrium state cumulants.

The LBM is not completely incompressible but has a finite bulk viscosity as a function of the relaxation
rate. This bulk viscosity damps down pressure waves: the higher the values of the bulk viscosity the faster the
decay of pressure waves in the system. The BGK model, with a single relaxation rate, is only stable at low
enough Reynolds numbers, but at higher Re the bulk viscosity does not reduce the effects of pressure waves,
and the method becomes unstable. This problem is fixed by using a LBM model with different relaxation
rates. Thus, the main goal of developing such models was to maximize the number of adjustable parameters to
improve both stability and accuracy. These methods employ a transformation into equivalent different spaces
—such as the cumulant space, which associates physical quantities with the cumulants of the distribution
functions. In these models, some relaxation parameters are chosen to satisfy the physical parameters of the
fluid, whereas the rest are selected to render the method more stable. Therefore, the second group of parameters
can increase or decrease the stability of the method depending on their values. In addition, the violation of
Galilean invariance affecting the BKG model is not observed in the cuamulant model under the same conditions
[3]. Similarly, relaxation rates for the second cumulants are calculated with the shear viscosity, and as for the
rest of relaxation rates (for the third and fourth cumulants), the value of 1 is selected to minimize instabilities.
The sound speed and the shear viscosity are determined as ¢y = Ax/ (\/§At) and v = At2(1 /o — 0.5) [47],
respectively.

The kernel algorithm to implement the cumulant LBM can be summarized in the following steps [48]; Step
1: Calculating the central moments of the distribution function using Eq. (4), Step 2: Determining cumulants
using the central moments, Step 3: Acquiring post-collision cumulants from the collision operator based on Eq.
(6). Step 4: Extracting post-collision central moments from the post-collision cumulants, Step 5: Transferring
the post-collision central moments back to the distribution functions [3].
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2.2 Streaming step

The second key element of LBM is the streaming process. Generally, this step is implemented by solving a
pure advection equation from a Lagrangian point of view within uniform structured meshes. Therefore, the
CFL number is considered to be unity. By changing the perspective to an Eulerian point of view, it is possible
to deal with such limitation. The pure advection equation is

0 i _

i 0. 7
ar Ci,a ™ (N

Equation (7), a time-dependent equation, is discretized based on a semi-discrete formulation. Thus, the
Lax—Wendroff scheme and meshless local Petrov—Galerkin method (MLPG) are separately used for time and
space discretization. Moreover, the unknown field function f; can be estimated by trial (shape) functions as
an approximate solution for the PDE. In this paper, moving least squares shape functions are chosen.

2.2.1 Mfree shape function construction—moving least squares shape functions

The moving least squares (MLS) approximation developed by mathematicians in the field of data fitting [49]
has been used for constructing MFree shape functions. It is classified as a method of series approximation of
functions.

In the MLS approximation, the distribution function is approximated by f” (x4, t) as

[ Gar 1) % [P0, 1) =) pi (xa)ati (e, 1) = pT (xa)a (xa 1) ®)

i=1

where m, p; (xq), and a; (x4, t) are the number of basis functions, the basis functions, and their corresponding

coefficients, respectively. The coefficient a is determined by minimizing the difference between the local
approximation and the function according to the formula

" 2

=Y i) [P Giwata n — fi0)]', ©)

i=1

where n is the number of nodes in the support domain of x,, for the weight function w; (xo) = w(xy —x;,4) 7 0
with a compact support associated with node x; , and maximum at node x; ,. In addition, f;(t) = f(xj«,?)
is the nodal value of the function f (x4, t). It is called nodal parameter given that f; (1) # f h(xi,a, t) in the
MLS approximation.

Minimizing the functional J leads to

A (xo)a (xq, 1) = B (xo) F (1), (10)

where

[~ n n n =
> w; > xiw; Do viw;
i=l1 i=l1 i=l1

n

n n n
A (xq) = Z wip (xia) P (xig) = | Xoxiwi Y xPwi Y xiyiwi |, (11)
P i=i i=1 i=1
Viwi D XiYiw; > yl'zwi
L i=1 i=1 i=1 _
B (xy) = [wl (xa) P (xl,ot) , w2 (X)) P (xz,oz) s e Wy (Xg) P (xn,a)]
w1 w2 e Wp
= | Xjwp Xw2 ... XpWu |, (12)
yiwy w2 ... YpWp

F@0) =10, @), ..., fu®O]". (13)
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Estimating a (x,, t) from Eq. (10), and substituting it into Eq. (8), results in the following final form:

fM s ) =Y i (o) fi (1) = @ (xa) F (1) , (14)

i=1
where
7 () = {p1 () $200) . u (W)} = PT () A7 (x0) B (xa) (15)
and the shape function ¢; for the i-th node is ¢; (xo) = p” (x4) (A™'B),.

Unlike the finite-element approximation, the continuity of the moving least squares approximation depends
not only on the basis functions, but also on the weight functions. Having C! and C* as the continuity classes for
the basis functions and the weight functions, respectively, results in C™"%-X for the continuity of the moving
least squares shape function. Since the base functions are infinitely differentiable monomial functions, the
properties of the weight functions become thus determinant. Among the different types of weight functions
employed in meshless methods, the cubic spline function is used in this paper,

%—4r2—i—4r3 r<0.5
Vi) =13 —4r+4r> - 3% 05<r <1, (16)
0 r>1

where r = ‘xa — xi,a‘ /d™ and d™# is the radius of the compact support.
2.2.2 Semi-discrete formulation—time discretization

Using the Taylor series expansion of the particle distributions and substituting the time derivatives with the
spatial derivatives up to second order, the time discretization of equation (7) according to the Lax—Wendroff
scheme is obtained as 5 5
afft At a° f
n+l _ rn A i i
i = Jfi —AtCiaT— + —CiaCi
f, fl i,a 8)60, ) i,aCi,p

17
0xq0xp 17

where here n refers to the time step.
2.2.3 Semi-discrete formulation—space discretization

The meshless local Petrov—Galerkin (MLPG) method, a local weak-form, is proposed to avoid global back-
ground cells for either function approximation or integration. The numerical integrations are executed over a
local quadrature domain consisting of a set of distributed nodes. It should be mentioned that the MLS approx-
imation is utilized to construct the shape functions in MLPG, which results in improving the efficiency of the
scheme beyond that of the LRPM.

Generally, the weak form of the problem generated from the method of weighted residuals is used for
MFree local weak-form methods. Thus, the weighted residual form of Eq. (17) on the local domain £2; of
point / bounded by I7 is

off" Ar? O f!
/V[]cin+1 d2 = / V]fl-n d — Al‘/ V[Ci,a% ds2 + T VICi,ozCi,ﬁa fl
a

Q27 2 21 2

ds2 (18)
X 0Xg

where V7 is the local weight function of node / introduced in Eq. (16). Equation (18) is employed for all nodes
in the domain.

Using integration by parts in Eq. (18), a continuous approximate solution is obtained, and the differentiation
requirements of the unknowns in the weighted residual form are reduced,

afr  Ar? vy af
/V]fl-"—Hd.Q=/V1fi"d9—/<AtV1Ci’ai+—C,‘ ! fl )d.Q
£2;

c~ —
0xe | 2 P oxg dxg
2; 2

Ar? af"
- Vic: L a2t dr,
+ ) 1Ci,aCi,B ax ng

o

19)
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where I'7 and ng are, respectively, the boundary of the local domain £2; and the unit outward normal vector.
Substitution of the approximate solution (14) into Eq. (19) gives

Ny Ny
SIMp =DM+ K] £ (20)
J=1 J=1
where M| is the nodal mass matrix and K; ;s is the nodal stiffness matrix, written as
My, = / Vigyds2, (21)
27
A2 AV Ay Ar? dpy
Ki,]] = —/ (AIV] + TCL/S@) Ci’aa ds2 + T V]Ci,aaq’ﬂnﬁ dr. (22)
27 Iy

Therefore, the global equation system for all nodes in the whole domain is expressed by
M =M+ K f} (23)

where f;, M, and K are the particle distribution vector, the global mass matrix, and stiffness matrix, respec-
tively. This system is worked out separately for each direction.
Using the Gauss quadrature scheme leads to the numerical area and curve integration of Egs. (21) and (22),

My = TV () by () |72

k=1

; (24)

o 09
X Y Bxg

cipnp | I

ng

~ A2 9V,
Kirg ==Y % <AIV1(XK) + :
k=1

2 oy 71

X

(25)

) M
At ~ apy
+ > KX:; & Vi(xie )i e )

where ng, ng, Z,(, J%1 and J'T are, respectively, the total number of Gauss points in the quadrature domain,
the total number of Gauss points at the boundaries, the Gauss weight factor for Gauss point x,., the Jacobian
matrix for the domain integrations, and the Jacobian matrix for boundary integrations.

3 Results and discussion

For direct simulations with reduction of computational costs, aeroacoustics has lately adopted the LBM. In
this Section, the standard analysis consisting of obtaining acoustic properties for benchmark cases is studied
using the meshless local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-LBM). Here, the
propagation of planar acoustic waves is considered, focusing on numerical dissipation and dispersion. In
addition, circular wave propagations are studied. Expressing the total pressure as the sum of the atmospheric
pressure pg and the acoustic pressure p’, a lossy wave equation can be written [50] for p/,

4 B a%p’
2 Vz / .
(cs + |:§v + vB]&) Fr (26)

here v and vp are the coefficients of shear and bulk viscosity, respectively. To have a better assessment of
MLPGC-LBM, four setups based on [5,39] are examined including the temporal decay of a standing plane
wave in a periodic domain, the spatial decay of a propagating planar acoustic pulse of Gaussian shape, a 2D
acoustic pulse with Gaussian shape, and an acoustic point source for regular (default) and irregular nodal
distributions (shown in Fig. 1a, b). The base units are in the LB system.
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Fig.1 Nodal arrangement for the propagation of planar acoustic waves in MLPGC-LBM simulations: a Regular nodes. b Irregular
nodes

Table 1 Parameters for the planar standing wave

Variables p(x,y,0) o u' v A
Description Asin (Z2) %/ e ;; 0 1073 po

3.1 Planar standing wave

As a first configuration, a standing plane acoustic wave in a periodic domain is studied. The dissipation and
dispersion relations obtained from Eq. (26) according to a temporal analysis are [51]

or = @27.1)

ar = (27.2)
where k is the wave number. The assumptions for this setup are given as a reference in Table 1 [5,39] (where
"7" is the perturbation quantity). The results of such study can be expressed either as a function of the number
of points per wavelength Ny, = A/Ax, or the non-dimensional wave number kAx = 27/ Nppw.

The acoustic pressure at time ¢ is [5,39]

p'(x,v,t) = Aexp[—art]sin[k (x — crt)]. (28)

To study the pros and cons of the meshless local Petrov—Galerkin cumulant lattice Boltzmann method

(MLPGC-LBM), the propagation of waves with various viscosities, v, and different resolutions (i.e. the number
2

of points per wavelength) was investigated. The acoustic pressure time history for v = 1.0 x 1072 [%] with

Nppw = 14 points per wavelength is presented in Fig. 2. The analytical result is drawn with a solid black line

while MLPGC-LBM with linear basis functions (m = 3) and quadric basis functions (m = 6) are shown with
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Fig. 2 Acoustic pressure [ﬁ] versus time step [A¢] forv = 1.0 x 10 2 [%] with Nppw = 14 points per wavelength
x10°3

T T T T T T

T
Analytical 7
* MLPGCLBM (m=3)

1

08

1 1 1 1 1 1 1

0 5 10 15 20 25 30 35
Time Step
. . . _ 20 . .
Fig. 3 Acoustic pressure [ﬁ] versus time step [Af] forv = 1.0 x 10 4 [AA'—"’] with Nppyw = 14 points per wavelength

a blue five-pointed star and a red asterisk, respectively. It is shown that this method with linear and quadric
basis functions gives a good prediction of the analytical acoustic pressure values.

Figure 3 shows the acoustic pressure time history for v = 1.0 x 1074 [AA—xf] with Nppw = 14 points per
wavelength. It draws a comparison between the analytical solution and the meshless local Petrov—Galerkin
cumulant lattice Boltzmann method results with linear basis functions (m = 3) at low viscosities. One major
drawback of standard LB methods is the instability that develops at low viscosities; however, this method
even with linear basis functions shows a good performance and closely predicts the theoretical solution with
negligible phase speed and temporal dissipation rate errors.

The numerical deviations of the acoustical properties for current standard LB methods are functions of
Nppw and are independent of other parameters such as the frequency and the viscosity. For example, the
errors of the BGK [51] and the cumulant LBM [5] are about 7 percent for Nppyw = 4 for such properties.
However, the advent of combined Mfree-LLB methods such as the local radial point interpolation cumulant
lattice Boltzmann method (LRPIC-LBM) makes it possible to predict wave motion with no dependency on the
number of points per wavelength Ny, Figure 4 shows the acoustic pressure time history for v = 1.0 x 1072

[AA—X:] with Nppw = 4 points per wavelength for the analytical solution (a solid black line), the cumulant LBM
(a dashed red line), and the meshless local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-
LBM) with linear basis functions (magenta asterisk), with Az = 0.1. It shows that MLPGC-LBM with linear
basis functions is more successful in predicting theoretical results than the cumulant LBM, at a low number
of points per wavelength.

In general, one of the characteristics of MLPGM is that the Kronecker delta condition is not satisfied, so
the accuracy of the results obtained in the nodes is reduced. Among the ways presented in Ref. [18] to improve
accuracy, we are interested in increasing the polynomial degree of the basis functions. Thus, by replacing the
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x10°3
T T T T T T T
1r = = 'Cumulant LBM 7
0.8 . Analytical
- # MLPGCLBM (m=3)
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Time Step
2 . .

Fig. 4 Acoustic pressure [%] versus time step [At] for v = 1.0 x 1072 [%] with Nppw = 4 points per wavelength and
At = 0.1

x1073

1F Analytical e
% LRPICLBM

# MLPGCLBM (m=6)

1 1 1 1 1 1 1

0 5 10 15 20 25 30 35
Time Step
. . . _ 2. . . .
Fig. 5 Acoustic pressure [ﬁ] versus time step [A¢] for v = 1.0 x 10 2 [%] with Nppw = 4 points per wavelength with

Ar=0.1

linear basis functions with quadric ones in the meshless local Petrov—Galerkin cumulant lattice Boltzmann
method (MLPGC-LBM), an improvement is achieved as we will show. Figure 5 shows the acoustic pressure

time history for v = 1.0 x 1072 [AA—XZ] with Nppw = 4 points per wavelength for the analytical solution
(black solid line), the local radial point interpolation cumulant lattice Boltzmann method (LRPIC-LBM) (blue
five-point star), and the meshless local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-LBM)
solution with quadric basis functions (m = 6) (magenta asterisk), for Az = 0.1. This Figure shows that both
MLPGC-LBM and LRPIC-LBM replicate the analytical results. On the other hand, one of the pros of MLPGM
is that its efficiency is higher than that of LRPIM due to the difference in the interpolation procedures (the
moving least squares (MLS) shape functions). Therefore, MLPGC-LBM benefits from this feature. Moreover,
for the acoustic pressure time history shown in Fig. 5, the average run time for the MLPGC-LBM is 0.285
times that of the LRPIC-LBM. Both methods give similar results, predicting wave motion accurately with no
dependency on the number of points per wavelength Nppy, but MLPGC-LBM needs lesser run times.

In many engineering problems such as those of acoustics, it is necessary to use irregular nodes. We have seen
how MLPGC-LBM performs efficiently when it comes to predict the propagation of acoustic waves through
domains with regular nodal distributions. However, the accuracy of this method should also be examined with

irregular nodes (Fig. 1b). Figure 6 presents the acoustic pressure time history for v = 1.0 x 1072 [AA—X:] with
Nppw = 14 points per wavelength. It shows the comparison between analytical (solid black line) and MLPGC-
LBM results determined with linear basis functions (m = 3) (blue five-pointed star) and quadric basis functions
(m = 6) (red asterisk). It is shown that MLPGC-LBM with linear basis functions cannot reliably predict the
motion of waves, and results soon depart from the theoretical solution. This issue is related to the lack of a
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Fig. 6 Acoustic pressure [&] versus time step [At] forv = 1.0 x 10 2 [%] with Nppw = 14 points per wavelength with

irregular nodal distributions

Table 2 Parameters for the planar pulse wave

Variables p'(x,y,0) o u' v/ A o
Description Aexp (— In (2) ;—2) L . 0 1073 o 0.06-0.11

delta function in parts of the MLPGC-LBM solver. We observe instead how the results of MLPGC-LBM with
quadric basis functions dramatically improve and very closely reproduce the analytical acoustic pressure.

3.2 Planar pulse wave

As a second case, the study of a planar pulse wave is carried out by choosing a planar pulse of Gaussian shape
located at the center of the domain. The dissipation and dispersion relations are generated from the spatial
analysis of Eq. (26) as follows [51]:

2
cs = Ve, |t (@T) (29.1)

V1+ (0t)* + 1
e @ \/\/l—i-(a)rs)z—l
S_\/zcs

29.2
1+ (wry)? (292

where 7, = 2v/ cf. The planar pulse propagates throughout the domain. The assumptions are shown in Table 2.
It should be noted that periodic boundary conditions are imposed.

To study the behavior of meshless local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-
LBM) in a pulse wave emission, we followed Refs. [5,39]. Thus, different viscosities and resolutions o are
considered. The acoustic pressure time history for v = 1.0 x 1072 [A—":] with 0 = 0.11 is presented in Fig. 7.
It shows the comparison between the cumulant LBM (dashed red line) and the MLPGC-LBM results with
linear basis functions (m = 3) (blue pentagram) and quadric basis functions (m = 6) (solid black line). Data
are taken at 0, 5, 11, and 17 nodes apart from the center of the domain showing that the intensity loss at any
location is proportional to the propagation distance [5,39,51]. It should be noted that the deviations between
the cumulant LBM and MLPGC-LBM with linear or quadric basis functions are minor.

In general, the resolution o is a parameter which can have an effective impact on the accuracy of LBM

results. Figure 8 shows the acoustic pressure time history for v = 1.0 x 1072 [AA—)‘:], with o = 0.06. It shows
that by reducing o the number of nodes inside the pulse reduces, which produces wiggling in the cumulant
LBM results (dashed red line). On the other hand, combinations of LBM and Mfree methods such as local
radial point interpolation cumulant lattice Boltzmann method (LRPIC-LBM) (solid black line) and meshless
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Fig. 7 Acoustic pressure [ e Aﬂ] versus time step [Az] forv = 1.0 x 10~ 2 [ ] with 0 = 0.11: cumulant LBM (dashed red
line), MLPGC-LBM (m = 6) (solid black line), and MLPGC-LBM (m=3) (blue pentagram) (color figure online)

x10*

0 5 10 15 20 25 30 35
Time Step

Fig. 8 Acoustic pressure [ t 5 ] versus time step [A¢] for v = 1.0 x 1072 [m ] with o = 0.06: cumulant LBM (dashed red
line), LRPIC-LBM (solid black line), and MLPGC-LBM (m=3) (blue pentagram) (color figure online)

local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-LBM) with linear basis functions (blue
pentagram) behave smoothly. These two Mfree-LB methods give the same results for this setup, but the average
run time for MLPGC-LBM is 0.289 times the LRPIC-LBM run time per iteration. The comparison of the ratio
p' (x, w) /p’ (x,0), as a function of the angular frequency, between LRPIC-LBM and analytical solutions [39]
shows that LRPIC-LBM with o = 0.06 successfully predicts the theoretical results. And since MLPGC-LBM
data closely follow those of LRPIC-LBM, therefore, this method can successfully simulate wave propagation
even at small resolutions. 5

The acoustic pressure time history for v = 1.0 x 1072 [AA—’;] with o = 0.11 for irregular nodes (Fig. 1b)
is depicted in Fig. 9. Cumulant LBM and meshless local Petrov—Galerkin cumulant lattice Boltzmann method
(MLPGC-LBM) results with linear basis functions (m = 3) and quadric basis functions (m = 6) are represented
by a dashed red line, blue pentagram with blue line, and a solid black line, respectively. Figure 9 shows that
this method with linear basis functions cannot predict wave propagation, which traces back to the lack of a
delta function property in the MLPGM scheme. Therefore, as in the temporal analysis of Sect. 3.1, the solution
shows instabilities. On the other hand, by using quadric basis functions, one can obtain the same results as
with a regular nodal distribution.

3.3 Acoustic pulse

A 2D acoustic pulse is studied as the most standard aeroacoustic 2D benchmark case [52]. This is categorized
as a type of circular wave propagation, with a pulse which is considered as Gaussian in shape. The assumptions
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Fig. 9 Acoustic pressure [ﬁ] versus time step [Az] for v = 1.0 x 1072 [AA—":] with 0 = 0.11: cumulant LBM (dashed red
line), MLPGC-LBM (m = 6) (solid black line), and MLPGC-LBM (m=3) (blue pentagram with blue line) (color figure online)

Table 3 Parameters for the 2D acoustic pulse

Variables o u' v € a o r
Description € exp (—oerz) 0 0 1073 l';@ 0.11 —0.04 Vx2+y?
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Fig. 10 Propagation of the density perturbation through the domain for v = 1.0 x 1072 [AT"[Z] with 0 = 0.11 for time steps
10, 20 and 30 from left to right.: Cumulant LBM (solid black line), MLPGC-LBM (m=6) (dashed red line) (color figure online)

of the setup are written in Table 3. Even though periodic boundary conditions are chosen, the total simulation
time is limited so as to prevent any boundary effects. In this study, an acoustic pulse generated by an initial
Gaussian pressure distribution expands from the center of the domain.

Figure 10 draws a comparison between the solutions of the cumulant LBM (solid black line) and the
meshless local Petrov—Galerkin cumulant LBM with quadric basis functions (m = 6) (dashed red line). The

plot represents the density perturbation obtained with the parameters v = 1.0 x 1072 [AA—"[Z] ando =0.11 as
a function of the radial distance for three time steps: 10, 20, and 30. There is a good agreement between both
methods when o is equal to 0.11 or larger, and the deviations are small.

In the study of the propagation of the circular acoustic pulse, the parameter o can also affect the accuracy
of the LBM results. This is shown in Fig. 11, which represents the density function of the acoustic pulse

propagation for v = 1.0 x 1072 [AA—":] with o = 0.04 for time steps 10, 20, and 30. Here, the same behavior
as in planar acoustic waves is found: by reducing o, the number of nodes inside the pulse is also reduced,
which causes the wiggling seen in the cuamulant LBM density wave. Figure 11 shows that the cumulant LBM
is less stable at low resolutions.
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Fig. 11 Propagation of the density perturbation through the domain for v = 1.0 x 1072 [A" ] with 0 = 0.04 for time steps
10, 20, and 30 from left to right. Cumulant LBM (solid black line), MLPGC LBM (m =6) (dashed red line) (color figure online)

x10"4
T

Fig. 12 Propagation of the density perturbation through the irregular nodal distribution for v = 1.0 x 1072 [Av Jwitho =0.11
for time steps 10, 20, and 30 from left to right.: Cumulant LBM (solid black line), MLPGC-LBM (m=6) (daqﬁed red line) (color
figure online)

Table 4 Parameters for the acoustic point source

/

Variables P w B r T

Description B sin(wt) 27” 1072 VX2 +y2 10-20

The propagation of the circular acoustic pulse for v = 1.0x 1072 [AA—X:] witho = 0.11 for anirregular nodal
distribution and time steps 10, 20, and 30 (Fig. 1b) is illustrated in Fig. 12. The results of the meshless local
Petrov—Galerkin cumulant LBM with quadric basis functions (m = 6) and the cumulant LBM are represented
by a dashed red line and a solid black line, respectively. Figure 12 shows that this method, using quadric basis
functions, can predict the same results as with regular nodes.

3.4 Acoustic point source

In this Section, to further demonstrate the abilities of the meshless local Petrov—Galerkin cumulant LBM in
simulating 2D problems, another test case will be studied: the infinite waves generated by a point source which
transmits a sinusoidal signal. The assumptions for this setup are listed in Table 4. To model this point source,
a sinusoidal density function is set up at the center node of the domain as in Refs. [5], and periodic boundary
conditions are used.
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Fig. 13 Comparison of the values of the density perturbation with a period 7 = 20 [A¢]
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Fig. 14 Comparison of the values of the density perturbation with a period 7 = 10 [Af]

The propagation of the density function of the acoustic point source wave for v = 1.0 x 1072 [AA—xf] with a
period T = 20[ At] is shown in Fig. 13. The meshless local Petrov—Galerkin cumulant (MLPGC-LBM) result
is drawn with a dashed red line while the standard cumulant, and standard BGK LBM results are shown with a
solid black line and a solid blue line, respectively. MLPGC-LBM shows a good agreement with the cumulant
LBM at arelatively suitable period 7 = 20[ A¢]. The BGK LBM result follows the other curves, but it displays
noisy behavior, as the method is here unstable.

The period T, like o, is a parameter which can have effects on the accuracy of LBM results. Figure 14

presents the propagation of the density function of the acoustic point source wave for v = 1.0 x 1072 [AA—x[z],
with periods 7 = 10. It illustrates that by reducing the period, the number of nodes inside the waves is
reduced, which yields worse results for the BGK LBM (solid blue line) than the previous simulation. In fact,
the deviation between the cumulant (solid black line) and the meshless local Petrov—Galerkin cumulant LBM
(dashed red line) increases for T = 10.

A similar analysis can be performed on the same problem using an irregular nodal distribution for the
methods under consideration, with analogous results. As an example, the propagation of the density function
of the acoustic point source wave for v = 1.0 x 1072 [AA—XZ] with period T = 20[ A¢] for an irregular nodal

distribution is depicted in Fig. 15. It shows small deviations between the meshless local Petrov—Galerkin
cumulant (MLPGC-LBM) (dashed red line) and the cumulant LBM (solid black line).
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Fig. 15 Comparison of the values of the density perturbation with a period 7' = 20 [ At] propagating through an irregular nodal
distribution

4 Conclusions

In this paper, propagation of point and planar acoustic waves comprising the temporal decay of a standing plane
wave, the spatial decay of a planar acoustic pulse, and the propagation of circular waves, in most real cases,
are modeled by the meshless local Petrov—Galerkin cumulant lattice Boltzmann method (MLPGC-LBM). In
this model, the collision step is modeled by the cumulant method, and the streaming step is discretized first
in time based on the Lax—Wendroff scheme, then in space according to the meshless local Petrov—Galerkin
method, a mesh-free method (MLPG). The comparison drawn between the results of MLPGC-LBM and
LRPIC-LBM, cumulant LBM, and the analytical solution, illustrates that the acoustic pressure time history
for LB methods has a similar behavior, and the errors of the phase speed and the dissipation rate at high
enough N,,, and o are negligible. Moreover, the decrease of the viscosity does not undermine the stability
of these two LB methods due to the advantages of the cumulant method. However, the meshless local Petrov—
Galerkin cumulant lattice Boltzmann method predicts the same acoustic pressure time history as the local
radial point interpolation cumulant lattice Boltzmann method but with shorter run times, and the error of both
the phase speed and the dissipation rate for low Np, and o are negligible thanks to the properties of the
Mfree method. Furthermore, using MLPGC-LBM with irregular nodal distributions and linear basis functions
to simulate the propagation of acoustic waves does not give correct results; thus, quadric basis functions
are needed due to inaccuracies generated by the lack of delta function properties in the MLPGM scheme.
Moreover, simulating circular propagations (acoustic 2D pulse and acoustic point source) show that when
the number of points per wavelength is high, the deviations between the MLPGC-LBM and cumulant LBM
are low and vice versa, reproducing the same results as planar acoustic wave. To conclude, the possibility of
scattering the computational nodes through the domain depending on problem conditions (such as geometries),
the accuracy achieved by MLPG, and the high stability provided by the cumulant LBM, make MLPG-LBM a
good alternative to conventional methods to model complex engineering problems, especially in aeroacoustics.
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