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Abstract

An extension of the Generalised Energy-Conserving Dissipative Particle Dynamics
method (GenDPDE) that allows mass transfer between mesoparticles via a diffusion
process is presented. By considering the concept of the mesoparticles as property carri-
ers, the complexity and flexibility of the GenDPDE framework was enhanced to allow for
interparticle mass transfer under isoenergetic conditions, notated here as GenDPDE-M.
In the formulation, the diffusion is described via the theory of mesoscale irreversible pro-
cesses based on linear relationships between the fluxes and the thermodynamic forces,
where their fluctuations are described by Langevin-like equations. The mass exchange
between mesoparticles is such that the mass of the mesoparticle remains unchanged af-
ter the transfer process, and requires additional considerations regarding the coupling
with other system properties such as the particle internal energy. The proof-of-concept
work presented in this manuscript is the first part of a two-part manuscript series. In
Part 1, the development of the GenDPDE-M theoretical framework and the derivation
of the algorithm are presented in detail. Part 2 of this manuscript series is targeted
for practitioners, where applications, demonstrations and practical considerations for

implementing the GenDPDE-M method is presented and discussed.

1 INTRODUCTION

Micro- and mesoscale (below 1pm) phenomena play a dominant role in the resulting macro-
scopic properties for a wide variety of material types, e.g., soft matter, biological matter,
complex fluids, composite materials, additively-manufactured materials, and many more. In
many cases, the system can be divided into small domains with nearly homogeneous prop-
erties, whose behavior nevertheless dictates the long wavelength properties and response to
stimuli such as mechanical, electrical, or thermal loading. Furthermore, the behavior of fluids
and condensed matter systems, viewed from smaller scale dimensions, can differ significantly

from their macroscale behavior, e.g., fluids in confinement. Both the spatial and temporal



breadth of the systems of such interest preclude the use of atomistic modelling. To bridge
this gap, coarse-grain (CG) particle modelling and simulation is a valuable approach to study
micro- and mesoscale phenomena because it overcomes these challenges that are encountered
when applying atomistic and continuum approaches. A plethora of CG particle modelling
studies of microscale phenomena can be found in the literature that exemplify the utility
of CG approaches. Studies have been performed over an extensive scope of materials and
applications, including, but not limited to, the life sciences (proteins, colloidal suspensions,
bio-membranes, micelles), industrial applications (surfactants, asphaltenes, viscoelastic flu-
ids), national defence applications (energetic material composites, liquid propellants), and
novel materials (self-assembled block copolymers/nanoparticles). 7

Presently, the most rigorous approaches for developing CG models occur in a bottom-
up fashion, where groups of atoms are mapped onto a statistically-equivalent ensemble of
structureless CG particles. %" 141820 These bottom-up techniques target mapping to pairwise
interactions, resulting in CG potentials that do not capture many-body interactions. How-
ever, it is now well recognised that these many-body interactions are critical for remediating
the accuracy and transferability of the models for conditions beyond the parameterisation
space.?1214 As a means of addressing these deficiencies, a class of CG models that are both
density- and temperature-dependent has recently emerged. These models have several key
attributes, including robust transferability, scaling invariance, and the absence of unphys-
ical ordered phases that can occur for pairwise-only CG models.?! Such models may be

built from higher resolution models, *2-?2

or may be a many-body force field based on an
equation-of-state (MB-FF-EoS).?!

During this growing trend towards density- and temperature-dependent CG models, typ-
ically these models have been simulated at isothermal conditions, while non-isothermal sim-
ulations have been less common. However, non-isothermal conditions arise in many standard

physical circumstances, e.g., under thermal, density, or concentration gradients, in response

to mechanical and/or thermal loading, and from endo- and exothermic chemical reactivity.



For appropriately simulating any type of CG model at non-isothermal conditions, dissipa-
tive particle dynamics with energy conservation (DPDE)?*2! is a CG methodology that has

12,13,25-34 However, additional considerations

proven its applicability in a wide range of cases.
arise when implementing a density- and temperature-dependent force field within the DPDE
framework, since both the local particle density and particle temperature are fluctuating,
and contribute to the interparticle forces and energies. As such, the simulation of density-
and temperature-dependent CG models under non-isothermal conditions requires the re-
cently developed generalised DPDE method (GenDPDE).3*3¢ In addition to providing the
appropriate simulation algorithm, the family of DPDE methods (DPDE, 232> DPDH? and
GenDPDE) provides a mechanism to recover the unresolved (CG) degrees-of-freedom (DoF),
which are a consequence of the CG mapping. Indeed, it is this mechanism that will allow
us to address a key phenomenon lacking in CG particle modelling and simulation — mass
transfer between CG particles.

Mass transfer via diffusion is the macroscopic manifestation of the distinctive motion of
the species with respect to the mainstream velocity, typically represented by the so-called
barycentric velocity v, defined from the momentum density j = ), prvi = pv, where p
is the total mass density, p; is the mass density of species k, and vy is its velocity. These
diffusive fluxes are caused by chemical potential gradients occurring at the microscale, which
are themselves dependent on pressure, temperature and concentration gradients. By con-
struction,®” the diffusive fluxes J;, are not all independent, as they are defined as deviations
from the mainstream material flow, J;, = px(vy — v), and hence >, J, = 0.

Diffusion is a widely occurring phenomenon in many classes of materials and processes.
Examples of diffusion-governed systems can be found in materials processing, extraction,
and refining, which involve complex fluid mixtures that segregate or phase separate. The
CG methodology presented in this series is targeted for such fluid mixtures, particularly
those mixtures that contain inhomogeneity with respect to density, as the diffusive behavior

will vary in the localized density regions. Some example systems include colloid structure



and transport in solution, and multi-phase fluid flow in confinement (e.g., channels) or near
material interfaces. The archetypical system is a multicomponent multiphase fluid with or
without thermal gradients; GenDPDE-M mesoparticles carrying composition can describe
such a situation using EoS information, while any other CG method would require particles
of different species and appropriate potentials between them to reproduce the observed phase
diagram. Furthermore, chemically reacting systems can also be governed by diffusion, adding
to the complexity required for predictive CG particle modelling and simulation. Examples
include chemical separation in confinement or the reactive response of a material system (e.g.,
composite) under thermal or mechanical loading. In the latter case, as compressive or tensile
waves move through the material, density localizations or gradients will arise. To accurately
capture the reactive response of such systems, particularly those with a low Damkdhler
number, a CG methodology that can simulate inter-particle mass transfer is required. While
it may be reasonable under some conditions to neglect mass transfer between particles (e.g.,
reacting systems with large Damkohler numbers), even in those circumstances, as the CG
model resolution increases (i.e., less DoF are coarse grained into the model) this assumption
becomes nebulous. Some specific potential applications include diffusion-governed mixing of
reactive laminates,” and the reactive response of shocked materials. '

The development of a particle-based CG method that can simulate diffusion-governed
behavior would address this computational gap in microscale modeling and simulation. As
such, in this work, we present an extension of the GenDPDE method that allows mass trans-
fer between CG particles via a diffusion process, termed Generalised Energy-Conserving
Dissipative Particle Dynamics with Mass Transfer (GenDPDE-M). In the formulation, the
diffusion is described via Onsager’s theory of linear irreversible processes formulated at the
mesoscale, based on relationships between the fluxes and the thermodynamic forces,®” where
their fluctuations are described by Langevin-like equations.®® The basic ingredient of the
GenDPDE method and the extension presented here, GenDPDE-M, is the definition of a

particle mesoscopic thermodynamic description, which accounts for the physical behavior



of the CG DoF. While in the former such an internal state was characterized by the parti-
cle temperature, mass and local volume, in GenDPDE-M we add the particle composition,
which can vary due to interparticle diffusive processes. Our formulation of these diffusive
processes is analogous to the Maxwell-Stefan theory of multi-component diffusion,3? where
the material exchange between the CG particles is such that the mass of the mesoparticles
remains unchanged after the mass-transfer process. 3”3 While this choice may appear restric-
tive, it is actually necessary, since some extensive property is required to be fixed to define
the mesoparticle size, and thus provide a complete definition of the mesoparticle thermody-
namic state. Without loss of physical consistency, other choices for defining the mesoparticle
size are possible, such as fixing the mesoparticle volume, fixing the mass of a given species,
or fixing the number of physically-embedded particles in the mesoparticle itself, i.e., fixing
the molar content (see ref.,3” Ch. XI, §. 2). However, such alternatives would influence
the dynamics of the mesoparticle in the form of additional forces related to the mass varia-
tion, which would complicate the implementation and physical interpretation of the results.
In summary, keeping the mesoparticle mass fixed during the material exchange is the only
possible choice that complies with the classical non-equilibrium formulation of the balance
equations, described in terms of the barycentric velocity, rendered in Lagrangian form.

The development of the GenDPDE-M method from the extension of the GenDPDE
framework requires the formulation of the dynamic equation for the particle concentration
change and the corresponding fluctuation-dissipation relation, along with the mechanical
equations-of-motion (EoM). The isoenergetic interparticle mass transfer, considered here
as a particular situation for proof-of-concept, demands additional considerations regarding
the coupling with other system scalar properties, such as the particle internal energy. The
general coupling between energy and material transport involves the explicit consideration
of the Ludwig-Soret effect,3” which will be addressed elsewhere.

The work presented in this manuscript is the first of a two-part manuscript series. In this

work, Part 1, the development of the GenDPDE-M theoretical framework and the derivation



of the algorithm are presented. To allow us to investigate the subtleties of the method when
both energy and mass exchange simultaneously occur, we employ a simple generic model for
verification purposes. We explore various conceptual scenarios that enable us to establish
an appropriate and consistent theoretical approach. Part 2 of this manuscript series is tar-
geted for practitioners, where applications, demonstrations and practical considerations for
implementing the GenDPDE-M method are presented and discussed, including a numerical
discretisation algorithm, which is based upon a Shardlow-splitting algorithm.??3%4% In par-
ticular, in Part 2, demonstrations of the method are presented using the ideal gas and van
der Waals equations-of-state as models for the particle internal thermodynamics, at both

equilibrium and non-equilibrium conditions.

2 METHODOLOGY

Before proceeding with the description of the GenDPDE-M methodology, it may be helpful
to place the method within the appropriate context of other DPD approaches. In the original
DPD formulation,? * and subsequent works to establish its physical connection,*'? mesopar-
ticles interact via pair-wise conservative short-range repulsion forces, and non-conservative
dissipative and random forces; the latter acting as a thermostat set at some external reservoir
temperature T'. These mesoparticles are implicitly considered as fixed-volume systems that
represent groups of atoms or molecules, molecular fragments, or “fluid packets”, whose state
is defined only by a position vector and its velocity. Using a top-down parameterization ap-
proach, the interaction parameters are usually related to the Flory-Huggins y-parameters*!
or fit to experimental observables.” * While using a bottom-up approach, these mesoparticle
interactions can also be parameterized by deriving conservative interactions coarse-grained
from structure matching,'® force matching,” * or relative entropy?’ * approaches.

For modeling more complex behavior, such as vapor-liquid coexistence, as well as im-

proving the overall transferability of the mesoparticle models, density-dependent potentials



were introduced.*?*? For such models, the mesoparticles are considered to have a variable
volume defined via the local particle density, giving rise to density-dependent conservative
forces between the particles, and a local concept of “pressure”’. The local particle density
can be introduced into the dynamics through a repulsion-amplitude parameter,*? or alterna-
tively using local density-dependent potentials defined through local EoS models,*® or can
be application-specific.4* ¥ Despite these improvements, these many-body models (MB-FF-
EoS) can only describe isothermal conditions.

The development of the DPDE method was a step forward. DPDE extends the DPD
method to non-isothermal conditions by including an internal energy variable associated
with each mesoparticle.?>?* This particle internal energy implicitly treats the states of the
coarse-grain DoF embedded within each mesoparticle in a thermodynamic manner. Thus,
the particle internal energy is associated with a particle temperature via an additional meso-
scopic EoS; therefore, heat transport can be described at the mesoscopic level. While the
conservative interactions in DPDE are analogous to those in the original formulation of DPD,
density-dependent potentials were also introduced.'>? An interesting application has been
utilized in the DPDE-RX method, where mesoparticles are conceptualised as CG reactors
that mimic evolving species’ chemistry. 16

From a more general perspective, mesoparticle models can be considered as property
carriers, which may include mass, energy and volume simultaneously. From this viewpoint,

35,36 45 the fundamental

GenDPDE introduces a particle thermodynamics in a generalized way,
basis for consistently incorporating density- and temperature-dependent potentials. GenD-
PDE has been demonstrated for non-isothermal MB-FF-EoS,>36 as well as for mesoparticles
treated as CG chemical reactors in the GenDPDE-RX method.” The inclusion of variable
composition systems in the GenDPDE-M method is therefore a natural extension.

In more detail, the GenDPDE method?® a mesoparticle represents a collection of physical

entities such as molecules, atoms or ions, which are embedded within. Each mesoparticle

encompasses a volume estimated as V; = 1/n;, where n; is the local particle (number)



density; both quantities depend on the local environment comprised of the neighboring
mesoparticles. As a property carrier, its state is specified by the values of the properties
that are transported with the mesoparticle, i.e., in addition to V;, the mass m;, position
r;, momentum p,;, and internal energy w;. In practice, the GenDPDE method performs
isoenergetic simulations with particle interactions that are both density- and temperature-
dependent, while the isothermal MB-FF-EoS methods performs isothermal simulations with
particle interactions that are density-dependent only, or that parametrically depend on some
external reservoir temperature T, kept constant.4?? 42

Building further upon the property carrier concept within the GenDPDE framework,
the mesoparticle composition is another property that can be transported and exchanged
between mesoparticles. This extension of the GenDPDE method is the key element of the
GenDPDE-M method introduced in this work. In addition to the properties m;, r;, p;, u;,
and V;, the state of a mesoparticle in GenDPDE-M includes its chemical composition, which
is specified by the set {m?}]avil, where N, is the number of different types of chemical species

a embedded in mesoparticle ¢, each with mass mg. Similar to the Maxwell-Stefan theory

N

of multi-component diffusion,* the extra condition, m; =Y _*,

mg = constant, is imposed
such that only the Ny — 1 embedded-species masses need to be specified. Maintaining the
mesoparticle mass fixed during the material exchange ensures that the internal thermody-
namic state of the mesoparticle is unambiguously defined, provides a means of appropriately
defining the mesoparticle size, and complies with the classical non-equilibrium formulation
of the balance equations in Lagrangian form.

In the following, we first review GenDPDE since it is the reference method from which
the GenDPDE-M is constructed. We then define and describe the dynamics of the mesopar-
ticle composition within the GenDPDE-M framework. For proof-of-concept purposes, we
introduce simple generic models for the energy and mass exchange for the conditions of the

mesoparticles fixed in space. These simple models allow for an unambiguous analysis of the

simultaneous energy- and mass-exchange EoM under various physical conditions, which are



presented in the results section.

2.1 GenDPDE Equations-of-Motion

Since the mesoparticles have a constant mass, the GenDPDE-M method has the same EoM
for the mechanical variables r; and p; as the GenDPDE method.?> The starting point of the

GenDPDE formulation is the generalized Hamiltonian for the system of N mesoparticles

N N 2
P;
i=1 i=1

where s; is the so-called dressed particle entropy (definition provided later), and the particle

volume V; = 1/n; is related to the local particle density,

n; = Z Wi, (2)
J#

where w;; = w(r;;) is a smooth, monotonically decreasing (dw;;/dr;; < 0), non-negative,
spherically symmetric weighting function, vanishing with the interparticle distance r;; >
Reyt; Rew 1s the cut-off range, and w;; is normalised so that 4w fOR”‘t w(r)r*dr = 1 (cf.

footnote* regarding a notation change from the original work).
The equilibrium distribution for the system of N mesoparticles in the canonical ensemble

is

peq(P> Al o exillsi=Hi(Pissi,Vi)l/(kBT) g (3)
where I' = (p1,p2, ..., PN,T1,T2, .-, TN, 81,82, .. .,SNn), T is the system (reservoir) temper-

ature, and kg is the Boltzmann constant. The set of variables I' is referred to as control

variables, which play a central role in the mesoscopic thermodynamic framework developed

*In the original formulation of the GenDPDE method,>® a non-normalised w;; was used, where the nor-
malising factor explicitly appeared in the definition of the local particle density and the pairwise conservative
force.
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here. Further, it is convenient to introduce the functional

FT) =Y [Hi(pi, 5, Vi) — Tsi] (4)
which is defined from Eq. (3) as P(I") oc e~/ 27) The equilibrium distribution of Eq. (3)
is derived from classical statistical mechanics and represents the link between the equilibrium
properties of the mesoscopic system and the underlying physical system. To make this link
more evident, consider a transformation to a different set of control variables, where the en-

tropy s; is replaced by the internal energy w;, i.e., I' = (p1, P2, - -, PNy T1, 2, -« -, TN, U, Uy - o, UN ).

Hence, Eq. (3) can be rewritten as
peq(f‘) dl o eXxilT3i(uiVi)=Hi(psui,Vi)l/(kT) g1 (5)

where the bare particle entropy §; has been introduced as

or
o (6)

8si
8ui

S; = si(ui,ni)—i—kgln

= s;(uj,n;) + kpln

Vi

(7)

The bare entropy §; is directly related to the density of states g(u;, V;) of the unresolved

(CG) DoF of the mesoparticle, i.e.,30:16

Note that Eq. (6) is in fact a differential equation that yields the functional form of the
dressed entropy s; in terms of the resolved variables u; and V;. We further require that any
specified measure obtained from Eq. (5) remain invariant for the distribution in Egs. (3), as

well as for any other distribution that results from a control variable transformation. For
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the set of control variables in Eq. (5), we can define an analogous functional to F, i.e.,
F(I) = Z[Hi(pi7ui7 Vi) — T'5i(wi, Vi) (9)
Analogous to the macroscopic system, the existence of the function wu;(s;,V;) allows the
(inherently fluctuating) mesoparticle intensive properties to be defined, i.e.,
ou; ds, + ou;

dsi |y, AV,
= szsl — WZdVZ

dui =

v, (10)

where 6; is the particle temperature and 7; is the particle pressure, by analogy with macro-
scopic systems. Eq. (10) is used to identify the form of the reversible work in terms of the
mesoparticle variables, where the last term is the reversible work done on the mesoparticle,

dWC¢ = —mdV;. The particle temperature plays the role of an estimator of the system

7

(reservoir) temperature T, since its ensemble average satisfies35:36

1 / ou;
N 832

where Z; is the partition function of the mesoparticle, which is considered at rest, for sim-

elTsi—u(si,Vi)l/(kpT) _ (6;) (11)

plicity. Similarly, the particle pressure is an estimator of the excess system pressure, since
the motion of the mesoparticles adds an ideal gas contribution to the system (macroscopic)
pressure. To illustrate this, we consider the variation of the Helmholtz free energy F' of a
mesoparticle under a volume change, which corresponds to the excess system pressure, P**,

ie.,
OF (T, m;)

per —
)%

k’BT/ 0 (s Vs
— dSi - e[TSZ Uz(sz»vz)]/(kBT) — <7-‘-“> (12)
Tz Vi,

where the implicit definition of m; in Eq. (10) has been used (see refs.?*% for a detailed
analysis of Eq. (12)). Furthermore, the conservative force between a pair of mesoparticles,

£C, can be given by a MB-FF-EoS, and depends on local particle densities, n; and n;,

R
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43,47
0;,

particle pressures, m; and 7;, and particle temperatures, ¢; and and results from the

generalized Hamiltonian of Eq. (1) as

Ou; Ju;  Ou,
fc — J = — J ! = fc 1
i 8rz Z or; Z (8r2 3I‘j) ; ij (13)
where we have used du;/0r; = —3_,,; 0u;/0r; due to translational invariance of H. Then,

using Eq. (2),3536

oV; oV; m i\ dw;;
o 2L ) Y 14
K ( (91‘1 81']) <n2 + n?) drij Cij ( )

7

In Eq. (14), e;; = r;;/74; is the separation-distance unit vector, r;; = r; — r;, and r;; = |r;].
Note that dw;;/dr;; < 0; thus, the interparticle force is repulsive for positive pressures, as
expected. Within this framework, complex interparticle potentials depending on the internal
state of the mesoparticles can be introduced.

The EoM for the reversible part of the dynamics follow from classical mechanics with the
generalized Hamiltonian of Eq. (1) and need to be supplemented by an expression for the

additional variable describing the internal state of the mesoparticle, s; = 0:

s = 0 (15)
o _ Pi 1
h 8pz m; (16)
S — C’

The additional expression, $; = 0, imposes the condition that the reversible processes are
adiabatic, i.e., no heat transport between particles is permitted. Note that we implicitly as-
sume that the unresolved (CG) DoF are instantaneously at thermal equilibrium. Following
the derivation in Ref.,3% the irreversible processes are added in accordance with the physical
nature of the underlying system. Specifically, the irreversible processes are both the dissipa-

tive work due to pairwise friction forces, fg , and the heat exchanged between mesoparticles,

13



¢ij- In addition, we require that fi? = —fﬁ and ¢;; = —¢;; to maintain both momentum and

energy conservation. From Egs. (15) and (17), we then can write

pi = fO+fP (18)
05, = ¢+ VVz - mc (19)
_ QZ + V'Viirre’u

where f7 = 37 £ and ¢; = 3, ¢, while the total, the reversible and irreversible

JFL Y
(dissipative) works done on the mesoparticle are W;, W, and W/ respectively. Eq. (19)

)

follows from the First Law of Thermodynamics

dui = dqi + dVVZ

= O;ds; + dWE

The functional form of W/ depends on the underlying physical model, but its overall
contribution can be determined from the requirement that the total (system) energy is
conserved, even in the presence of dissipative interactions. This is the key element related
to the particle internal energy u; introduced in the DPDE method.?® Hence, in an isolated
system of interacting mesoparticles, energy conservation implies that H = 0. Differentiating

Eq. (1), and using Eqs. (18) and (19), we can write

] i Ou; ou; p;
H = Z(%pl—i_azle—i_;@zj%) (20)
L ‘ ] 1rirrev
- §Z§f5‘<%—%>+2m ~0
i g :

where we used >, f” = 0 because fg = —fP? and Y, ¢; = 0 because ¢;; = —¢;;- The energy

ji»

balance of Eq. (20) should be satisfied by any number of particles,® and therefore the balance

should be independently satisfied by each pair, i.e., Wf]m”—i-Wj[ TV = —fg . (ﬁ — &> How-

m; m;

14



ever, additional information is required to elucidate the actual form of Wg”e”, specifically,
the proportion and distribution of the irreversible work among the interacting mesoparticles,
where such information is outside of the mesoscopic framework. For the present model, we

consider that the irreversible work is evenly distributed between pairs of mesoparticles, i.e.,

[rirrev __ 1 D Di P;
e =y (BB )

J#i J

Furthermore, the consistency of the model with respect to its irreversible behavior requires

that, in the absence of fluctuations and taking into account the interaction with the reservoir,
F <0 (22)

is satisfied, where F is given by Eq. (4). By assuming that the condition in Eq. (22) is
satisfied again for an arbitrary number of mesoparticles, it is then satisfied independently
for each pairwise interaction. Further, it can be shown that the entropy production for
the exchange of the momentum and heat between a pair of mesoparticles ¢ and j satisfies

$; + §; > 0, which, using Eq. (19), is given by

. . 1 1 1 1
Lo o—gp. (Pi_Pi) (2 2 (L L 9
A (mz‘ mj) <9i " 9j> i (9i 9]') 0 (23)

As discussed in Ref.,?® Eq. (23) is reminiscent of Onsager’s formulation of irreversible pro-
cesses at the macroscale, but used here at the mesoscopic level. In Eq. (23), the pairwise
friction force fg and the interparticle heat flux ¢;; are phenomenological, but the positive-
ness of Eq. (23) suggests that at least near equilibrium, fé? and ¢;; are proportional to their

conjugated thermodynamic forces

X = 2_ P (24)
m; m;
11

X, = ——— 25



For the construction of the GenDPDE framework and also following Onsager’s viewpoint, we
chose a linear relationship between a flux and a thermodynamic force, which is valid over a
wide range of conditions, including rather far from equilibrium.3” Following Ref.,?® we thus

consider

Pi Dj
7 = —v (H - —]) €5 €ij (26)

Gij = —rij(0;i —0;) (27)

where v;; = yw(ry;) and k;; = Kw(r;;), 7 and k are mesoscopic analogues of the friction
coefficient and the thermal conductivity, respectively, and w;; and @;; are weighting functions
depending on the distance between the mesoparticles that become zero for r;; larger than
cut-off ranges RY . and R, respectively. While we have chosen linear relationships between
the fluxes and the thermodynamic forces, non-linear relationships satisfying Eq. (23) can
also be considered for the dissipative interactions. Moreover, the advantage of Eq. (27) with
respect to e.g. ¢;; o (1/6; — 1/6;) is that (¢;;) = 0 straightforwardly follows from Eq. (27).
Similarly, (f7) = 0 straightforwardly follows from Eq. (26). The two irreversible processes
given by Egs. (26) and (27) are not coupled since they differ in tensorial nature (Curie’s
principle).37

Finally, the GenDPDE framework is completed by adding random terms associated with
the irreversible processes. As in the classical Langevin equations, the random contributions
are considered additive along with the conservative and dissipative interactions. The prop-
erties of the random contributions must generate dynamics such that the equilibrium prob-

ability of Eq. (3) is correctly sampled, which is guaranteed by the Fluctuation-Dissipation
Theorems (FDTs). Following Ref.,*® we have

0pfi = A\ vks(0i +0;) ei; &;0t" (28)

5u£ = 4/ ZRijkBHiHj gijdtl/Q (29)

16



where 0t is the timestep since the dynamics is formulated using a discrete algorithm. The
derivation of the random terms is outlined in Appendix A. The normalized Gaussian random

number &;; (and analogously &;;) satisfies

<fij> =0 (30)

(& O&ut)) = (dwdjt — 6udjn) Ouer (31)

where ¢;; is the Kronecker delta, and 4, indicates that the random numbers are not correlated
if they belong to different time intervals, spanning ¢ each.

The EoM for the GenDPDE method are derived in Refs.?>3% and they refer to the in-
ternal energy dynamics rather than the entropy dynamics, which allowed us to introduce
the appropriate forms of the irreversible system processes. For completeness, the GenDPDE

EoM are provided here:

r, = rz+—(5t (32)
P, = pi+t Z Cot+Y £t +> " oplt (33)
J#i J#i J#i
1 P:
fo= w— S = — =L )£ 6t 34
S i) o

R

6pzl

1 Pi Pi DPj
-3 () ey S (- ) vl
J#i JFi

J# J#

EETTINET

where primed variables refer to the final state at time ¢ + 6¢, and non-primed variables refer
to the initial state at time . For momentum and energy conservation, the random terms
must satisfy 5pf§ = —5p§ and 5uf} = —(5uﬁ.

On the right-hand-side of Eq. (33), the second term corresponds to the conservative inter-

actions, while the third and fourth terms represent, respectively, the dissipative and random

interactions. These latter two terms account for the unresolved (CG) DoF dynamics, which

17



can be adjusted to reproduce the higher resolution model dynamics that the mesoparticle is
intended to mimic. On the right-hand-side of Eq. (34), the second to fifth terms represent
the mechanical work done on the system by the conservative, dissipative and random forces,
while the last two terms correspond to the heat conduction exchange between mesoparticles.

The GenDPDE method preserves Galilean invariance, conserves the total system energy,

2
H=FE =733 +u;), and conserves total linear and angular momenta.

2.2 GenDPDE-M Framework

In this section, the GenDPDE-M method is formulated as an extension of the GenDPDE
method. Analogous to the GenDPDE method, within each GenDPDE-M mesoparticle is
an Ng-component mixture of physical particles referred to as embedded particles, which
correspond to different chemical species. The number of embedded particles of species «
in mesoparticle 7 is N®, and the total number of embedded particles in mesoparticle i is
N; = Zgil N, Further, m, and C% are the mass and constant-volume heat capacity
per embedded particle of species «, respectively, which are analogues of the molar mass

and molar heat capacity. The mass of embedded particles of species o in mesoparticle 7 is

N

m$ = mu N, and the total mass of mesoparticle 7 is m; = > °,

m¢. Analogously, the
constant-volume heat capacity of mesoparticle 7 is Cy; = Zgil CoNf. Since m; is kept
constant during the diffusion process, the interparticle mass exchange only allows the Ny —1
embedded-particle masses to vary independently.

In summary, in a GenDPDE-M simulation, the total mass embedded in each mesoparticle
is transported by the motion of the mesoparticles governed by the GenDPDE EoM, Egs. (32)
to (34), while via interparticle mass exchange at fixed m;, neighboring mesoparticles i and
j can exchange amounts of each species, {N*}Y, and Ny M. . The new element of

GenDPDE-M is the interparticle mass exchange, which is formulated next.

In the GenDPDE-M method, we consider an extended set of control variables, (s;, V;, {m

[
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for2=1... N, along with the generalized Hamiltonian

H=> [ (50, Vi, im0 (35)

1=1

Eq. (35) leads to the equivalent reversible system dynamics as in GenDPDE, given by the

EoM, Egs. (15) to (17), together with the additional condition, required for the new DoF,
Mo = 0 (36)

for all independent embedded particles « = 1,..., Ny — 1. Egs. (15) and (36) indicate that
there are no reversible processes associated with the internal variables s; and m. If the
reversible processes exist, then it would be necessary to include the conjugated momenta of
s; and m$ into the Hamiltonian of Eq. (35), together with their relevant dynamics, which

37

is outside of the classical non-equilibrium thermodynamics formulation®’ considered in this

work. Since Eq. (17) also holds for the GenDPDE-M method, the conservative force ff is
given by Eq. (14) as in GenDPDE.
Similarly as in GenDPDE, we introduce the irreversible interactions ¢; and fP together

with the mass dissipative fluxes J to the right-hand-side of Eqs. (15), (17) and (36), i.e

6131 _ Q'L + ‘/Viirrev _ Z qu + Wiirrev (37)
J#i
pi = fOHE0 =) £ +> £ (38)
J#i J#i
me o= Jr=>_Js (39)
J#i
Note that the system mass conservation imposes >, J& =0, i.e., Ji; = —J§;. Analogous to

the introduction of Eq. (10), the existence of the function w;(s;, V;, m$) allows the mesopar-
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ticle intensive properties to be defined

ou; ou;

ou;
du; = ds; + dV; + . dmy 40
9si |y, (m?) Vil fmy Z M s, v, gmf7y o
0,d Wi o g, +Nf me
- Si + i - m;
d 7,‘7 ] M’L
where
o Ou
Hi = omg s VimiEe

is the chemical potential of species o within mesoparticle i. For the purpose of eliminating
the mass of the embedded particle of the ultimate-numbered species N, as an independent
variable, in Eq. (40) we employed the constraint that the total mass of mesoparticle i is
conserved, Eq. (36), i.e., Zgil dm§ = 0. To further simplify notation, we define the exchange
chemical potential i = pu§* — /J%N . By evaluating the time-derivative of the Hamiltonian #,
given by Eq. (35), similar to the formulation of GenDPDE, see Eq. (20) and text below,
we identify the system irreversible work by imposing # = 0 after the irreversible fluxes are
included. Further following the GenDPDE formulation, we assume that the energy balance

holds for each pair of mesoparticles,

Ns—1

e = g (B B ST ) ()

Before proceeding further, the form of the coupling between the particle internal energy,
u;, and the embedded-particle masses, {m®}2*7!, during the interparticle energy and mass
transfer must be defined. In the following, for simplicity, we consider no coupling between
the energy and mass transfer, i.e., the embedded-particle masses of each mesoparticle remain
constant during the energy transfer and the internal energy of each mesoparticle is also

kept fixed during the mass transfer. For this simple case, the irreversible work exerted on

mesoparticle ¢ is equal to the variation of its internal energy due to the mass transfer to
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neighboring mesoparticle j. As such, in analogy with Eq. (21), we can write

L 1 7 ) = a -~
M/;TTEU — _5 Zfz]D . (% — TI:L—]]) — Z Z Jij u; (42)

ji j#i a=1

In Eq. (42), we also considered the irreversible work to be evenly distributed between pairs

a1Ns—1
i Ja=1

of mesoparticles since u; and {m are scalar properties, and thus are not coupled
with the distribution of the irreversible work. In contrast to Eq. (21), which refers to the
GenDPDE method, Eq. (42) contains an additional irreversible term corresponding to the
mass exchange, while analogous to GenDPDE, the total energy of an isolated system of
mesoparticles is conserved by construction; cf. Eq. (20).

A brief aside is worthwhile here. In formulating the GenDPDE-M method, the addition
of the variable m{" introduces a degree of complexity that is not present in the GenDPDE
method, namely, the possible coupling between the scalar quantities u;, and m{. In the
simplest case considered here, we have assumed that the energy transfer and the mass transfer
are effectively decoupled, as well as that the different material fluxes are also decoupled
from each other. Other scenarios that allow coupling between wu; and {m¢}Y>1! during the
interparticle energy and mass exchange deserve separate treatment and will be published
elsewhere.

Up to this point in the manuscript, the GenDPDE-M framework has been formulated
using the control variables (s, m). For further development of GenDPDE-M, it is convenient
to change the set of control variables from (s,m) to (u,m), such that we can determine
the appropriate independent thermodynamic forces for the mass transfer. (Note that a

corresponding change in the heat flow model that is used follows this change in the control

variables.3¢) Hence, equivalent to Eq. (22), for the control parameters (u,m) one has

F<0 (43)

with F given by Eq. (9) using the new Hamiltonian of Eq. (35). Hence, the entropy produc-
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tion for the GenDPDE-M method is

b, p\[1 1 I T N I 1
§z‘+§'=fiD"<_l__J> T ‘f"i‘ === |+ Jia‘ TZ_T] >0 44
J J my; m; 91 Qj % 91 0]‘ ; ! 9@ Qj ( )

From Eq. (44), we can identify the new thermodynamic force for the mass transfer as

X==">—-—= (a=1,...,N,—1 45
i ) (45)
where
o 03,
b __ & (46)
0, am;‘ i VigmP#e
and
1 J5;

Using the fact that from Eq. (6) we can write §; = s; — kg In6;, the bare variables can be
directly related to the dressed ones, as we will explicitly show below. In Eqgs. (44) and (45),
T ﬂfvf’ is the exchange bare chemical potential, i is the bare chemical potential
of species «, and 6; is the bare particle temperature. Note that the equilibrium average of
the thermodynamic force vanishes due to the fact that this quantity is an estimator of the

macroscopic chemical potential of the system u®, i.e.,

_ _"?B_T/du. 9
N Zl ‘ om¢

T )

OF (T, {m})

oms

o

/J[,:

€[T§(ui,m?)—ui]/(kBT) — T <§> (48)

Us

according to the equivalence of the probability distributions Egs. (3) and (5). From Eq. (44),

the thermodynamic force for the heat transfer is

X, = (49)

S =
S~

With this set of control parameters, we previously demonstrated that (1/6;) = 1/77.3536
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Hence, the equilibrium average of X, is therefore also zero. Egs. (24), (45), and (49) thus
represent the complete set of thermodynamic forces for the GenDPDE-M method. Along
with Eq. (26), which is still valid for GenDPDE-M, we establish a linear relationship between

the energy and mass fluxes and their corresponding conjugate thermodynamic forces as

. 1 1
Gij = —Hij (5— - 97) (50)
j i

o @ ﬁ? /i.?é
1] 1] (91 0]) ( )

where Dj; = D@ (r;;), D is analogous to a Maxwell-Stefan diffusion coefficient for species
a, and @;; is a weighting function that becomes zero for r;; larger than the cut-off range
R..:. Note that the expression of X, for the GenDPDE-M method necessarily differs from
Eq. (25) for GenDPDE, otherwise the energy and mass fluxes would still be coupled. This
point is not demonstrated here, but will be addressed later when formulating the framework
for the coupling of the scalar properties exchanged between mesoparticles.

Analogous to the formulation of the GenDPDE method, the final step is adding the

random terms to the EoM, which then become

r, = r;+ —(5t (52)
P, = pit+ Z st + Z fi?ét + Z 6pf§ (53)
J#i J#i J#i

W = '__Z<:f;__~) £S5t (54)

= | &3 _ Y5 D _ & o & . R
Z(mz ) ot 22(%‘ mj) Py R
jAi ]#z l#1
J#i J#
me = mo —ZD ( — >5t+25m (=1,...,Ng—1) (55)
J#i J#

The choice of the irreversible work given by Eq. (42) leads to decoupling between the energy
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and mass transfer, therefore, the dynamics of the GenDPDE-M method are analogous to the
GenDPDE dynamics with the addition of Eq. (55) that accounts for the interparticle mass
exchange.

The random term for the mesoparticle momenta satisfies the FDT given by Eq. (28), while
the random term for the energy transfer satisfies the FDT consistent here with Eq. (50), and

given by

oull = \/2k;kp E5t1/ (56)

The FDT for the random term associated with the mass transfer is

omgs" =\ /2D kp

5t/ (57)

e
ij

Both of the FDTs, Egs. (56) and (57), are derived in Appendix A. The normalized Gaussian

random numbers Nf“j satisfy properties analogous to the random numbers &; and &; (cf.
Egs. (30) and (31)), and ~iaj are decoupled from &;; and &;.

Next, as a proof-of-concept of the internal consistency and robustness of the energy- and
mass-exchange dynamics, we analyze different energy- and mass-transfer dynamics using
mesoparticles kept at rest. The analysis of various mass-transfer dynamics of practical

interest is provided in Part 2 of this manuscript series.

2.3 GenDPDE-M Energy- and Mass-Transfer Dynamics

To illustrate the subtleties of fluctuating interparticle mass exchange within GenDPDE-M,
we consider a simplified model system of mesoparticles that: (1) are kept at rest; (2) can
only exchange internal energy via heat conduction; and (3) can exchange interparticle mass
via diffusive fluxes. For this model system, we consider that each mesoparticle contains only
a single type of embedded particle, i.e., only a single chemical species will be exchanged with
neighboring mesoparticles. Consequently, the masses of the mesoparticles can vary, how-

ever, the mass variation is irrelevant for the simplified model system since the mechanical
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motion of the mesoparticles is restricted and a single component system is considered. This
model system allow us to investigate the energy- and mass-transfer processes in the GenD-
PDE framework under different conceptual scenarios, which are compared against numerical
simulations as further consistency verification.

In the model system, we consider N mesoparticles fixed in space and randomly distributed
in a volume V', with a time-dependent particle internal energy u; and particle mass m;. Pairs
of mesoparticles can exchange energy and mass such that both the total energy and the
total mass of the isolated system remain constant. Starting from Eqgs. (54) and (55), the
EoM for this test model system can be derived by eliminating the mechanical contribution,
i.e., momenta, and relaxing the constant mass constraint, Eq. (36), for each particle, while

maintaining system energy and mass conservation. Hence, the simplified EoM become

, 11
w, = ui—zﬁij (07—07) 5t+z5uf§ (58)

j#i J Ji
m, = m;—Y by i H ot+> omf (59)
i O 0 i

with the random terms duf and 5mf}

i given by Egs. (56) and (57), respectively. The

corresponding functional is then

F(T) = us = T8;(u;, my)] (60)

3 RESULTS

Since the complete thermodynamic information regarding the underlying physical system
is contained within the probability distributions, the energy- and mass-exchange dynamics
is validated by sampling the corresponding probability distributions. Correct sampling is
determined by comparing the particle distributions from the energy- and mass-transfer EoM

with those obtained by Monte Carlo (MC) sampling; specifically, the EoM Egs. (58) and
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(59). Furthermore, the equilibrium properties should be independent of the transport coeffi-
cients. Thus, as an additional consistency check, we compared the equilibrium distributions
obtained with two different sets of transport coefficients. Note that reproducing the MC
probability distributions provides a rigorous validation that goes beyond merely establishing

the correctness of the first and second moments of the probability distributions.

3.1 Mesoparticle Thermodynamic Model

For performing the validation simulations described above, we need to introduce a model for
the mesoparticle thermodynamics. Analogous to macroscopic thermodynamics, the mesopar-
ticle thermodynamic functions are also subject to Legendre transformations despite the fluc-
tuating nature of the variables. Hence, the mesoscopic equivalent of the Helmholtz free

energy has the general form

f(@,m)=u—0s (61)

which allows us to consider the particle temperature 6 as an independent variable rather than
the entropy s, whereby 6 fluctuates in a manner analogous to other mesoparticle properties.
The use of # in the Legendre transform allows us to define f locally for each mesoparticle.
On one hand, it is important to realize that such a change of the independent variables in the
mathematical description is not accompanied with a change in the control variables of the
thermodynamic description, therefore, it is a necessary change considering that the control
variables remain (s, m). On the other hand, note that f, given by Eq. (61), is not an estimator
of the system Helmholtz free energy. Throughout this section due to the factorization of the
functional, Egs. (60), we do not include the subindex i in the mesoparticle variable notation,
unless necessary to avoid confusion.

Based on the general expression introduced in Eq. (61), the particular form of the

mesoparticle Helmholtz free energy used here is

f(@,m) = —-CymOIn(6+1) + B (m — mg)? (62)
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where the first term is inspired by the ideal gas model, while the second term corresponds
to an “elastic spring” for the particle mass with a spring constant g and equilibrium mass
mg. Note that f in Eq. (62) is not an extensive function of m, which poses no conceptual
issues in the following analysis. However, thermodynamic relations based on the first-order
homogeneity of the thermodynamic potentials such as the Gibbs-Duhem equation or the
Euler form cannot be invoked here.*8

Related properties such as the entropy, the internal energy, and the chemical potential

follow from f in Eq. (62) as,

of
u = f+0s (64)
2
_ _ 2
= C’Vm9+1+ﬁ(m mo)
and
_ of
= G, o

= —Cy0ln(0+1)+28(m—my)

respectively. It is worth mentioning that the form of the intensive quantities such as pu is

independent of the particle thermodynamic potential, where this independence is utilized
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throughout this work. For example,

of
0, m —
(6, m) om |,
ou
= w0 m)m) = gt (66)
= p(s,m)
_ 9
pu(6,m) om,
0s
= u(0u,m),m)= -0 -— (67)
= ,u(u,m)

The equalities of p in Egs. (66) and (67) need to be interpreted within the context of the
control variables (s, m) because they are different from the analogous quantities of other sets
of control parameters, fi. The relevant quantity is the associated probability distribution,
depending on a given set of control variables.

The implication of the change in the control variables can be illustrated from the following
analysis. Effectively, the EoM Egs. (58) and (59) require a change in the control variables

from (s,m) to (u,m), which is accompanied with the Jacobian of the transformation

J(u,m) = os,m) | _ o o (68)
7 a(ua m) om 1
Oou

1
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Therefore, given the mesoscopic thermodynamic model of Eq. (62), the relevant quantity is

% =— 5_; ) = — % u[s(u,m) + kpIn J(u,m)]
_ # ks 0J
0 JOom " (69)
_ # ks Ou
0 O om/|,
_ By _Fks\ _FksOn
0 C c a0\,
where C' is the heat capacity given by
ou
cO.m) = - N (70)
66 + 2)
Cvm—(9+1)2
Hence, we arrive at
fi 2/ kg CyO 28
S=-Cyln(0+1)+ —(m— — — (m — 1
g = OO Tim =) = [9+1+9(m o) (71)

In addition to the bare chemical potential /i, we need the bare particle temperature, which

is given by3%:36
1 03 0
5 = oul, gul, S el m)
1 00

_ 1 1 — ks
0 C(0,m)
Analogous to the GenDPDE method, Eqs. (71) and (72) allow us to relate the bare ther-

modynamic variables to the dressed thermodynamic variables. Note that the differences

between the corresponding bare and dressed thermodynamic variables within different sets
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of control variables is of the order of the size of the fluctuations, which is proportional to

]{ZB/Cv.

3.2 Numerical verification

For simulating the dynamics and the corresponding MC sampling, we used N = 20 mesopar-
ticles fixed in space, T' = 1, Cy = 5kg, f = 1, and my = 8 with initial particle masses
m = 10. We employed either k = 0.05 and D = 0.01 with 6t = 0.01, or k = 0.5 and D = 0.1
with 0t = 0.001. A comparison of two simulations with different transport coefficients s
and D verifies the independence of the equilibrium properties on the transport coefficients,
and the correctness of the FDTs. The EoM were solved using the Shardlow splitting algo-

rithm, 2940

where all details regarding the numerical integration can be found in Part 2 of
this manuscript series.”

In Fig. 1 we compare the MC particle distributions with those obtained from simulation,
where the dynamics are given by the EoM of Egs. (58) and (59). We consider distributions
for the particle mass, particle internal energy, and particle temperature. For a single particle
variable, the MC sampling is carried out by attempting energy and mass exchanges between
randomly chosen pairs of mesoparticles such that the total energy and mass of the system

remain constant. The MC energy- and mass-exchange moves are accepted /rejected according

to the Metropolis algorithm based on the probability distribution
P(u,m) dudm e Fm)/B5T) oy dm (73)

which follows from Eq. (60). The particle temperature distribution is then determined by the
values of u and m for the mesoparticles, which are independently fluctuating quantities in
the MC sampling. Fig. 1 shows excellent agreement between the simulated and MC particle
distributions, verifying the thermodynamic consistency of the energy- and mass-exchange

dynamics. Note also the ability of the simulations to sample non-Gaussian particle internal
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Figure 1: (a) Particle mass, (b) particle internal energy, and (c) particle temperature dis-
tributions from Monte Carlo (MC) and interparticle simulation (dyn) for isoenergetic mass

exchange.
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energy distributions in Fig. 1b, which is rather skewed due to the small value of Cy used.
Finally, the particle distributions determined from the simulations should be independent
of the values of the transport coefficients, x and . Therefore, as a final assessment of
the energy- and mass-exchange dynamics, the particle distributions using two different sets
of k and D values are presented in Fig. 2. From Fig. 2, it is evident that the energy-
and mass-exchange algorithms are independent of the values of the transport coefficients,
indicating the correctness of the FDTs for the random terms, thus providing further evidence
of the consistency of the thermodynamic framework for the interparticle energy and mass

exchanges.
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Figure 2: (a) Particle mass, (b) particle internal energy, and (c) particle temperature distri-
butions from interparticle simulation with different values of the diffusion coefficient B and

heat conductivity coefficient k for isoenergetic mass exchange.
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4 CONCLUSIONS

In summary, the GenDPDE method?>3% was developed by generalizing the original DPDE
method?? to allow for the transfer of properties other than solely the particle momentum
and particle internal energy. In this work, we advanced the complexity and flexibility of the
GenDPDE framework by further considering the concept of the mesoparticles as property
carriers. For the method introduced here, GenDPDE-M, mass can be exchanged between
mesoparticles, which can be a key mechanism in modelling systems with chemical reactions
and/or phase changes.?® In this first part of the two-part paper series, we described the
formulation of the theoretical framework, where the target audience are those interested in
the internal consistency of the GenDPDE-M method. For the sake of clarity in the demon-
stration and validation of the method, we employed a simple thermodynamic model and
simplified dynamics, where the mesoparticles were kept at rest and were only allowed to
exchange energy and mass. Nonetheless, the model system has sufficiently complex tem-
perature and mass dependencies in the mesoparticle thermodynamic function, cf. Eq. (62),
which allows for the investigation of the subtleties of the GenDPDE-M method when the
transfer of the particle internal energy u;, and particle mass m; occurs simultaneously under
different conditions.

For further simplicity, we have studied only the situation in which energy and mass
exchanges are decoupled. However, by considering frictional forces between the fluxes, the

37.38 also allows for the introduction of the couplings through

theory of irreversible processes
the transport of properties of the same tensorial nature, such as the internal energy wu;
or any of the different constituents of the mesoparticle composition, namely, m{*. Some
examples include the Ludwig-Soret process between species, or the Maxwell-Stefan theory
of mass transfer. Nonetheless, the treatment of a general coupling between energy and mass
transfers is beyond the scope of this work and will be addressed elsewhere.

Part 2 of this series follows and is targeted for practitioners. Applications, demonstra-

tions, and practical considerations for implementing the GenDPDE-M method are presented
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and discussed, including a numerical discretization algorithm. In Part 2, demonstrations are
presented using the ideal gas and van der Waals equations-of-state at both equilibrium and

non-equilibrium conditions.
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APPENDIX A

For determining the Fluctuation-Dissipation Theorem (FDTs), we consider that the equations-
of-motion (EoM) represent a transformation from an initial phase-space point I" to a final
phase-space point I that is reached within the timestep 6t. Thus, in general, the EoM can

be expressed as

I =T, &; 6t] (A1)

where I is the functional form of the EoM, and £ represents random numbers transitioning the
EoM and parametrically determining new values of the state variables. Then, the transition

probability between the initial and final states is given by

W =1

(80 —TIr.&:6))) (A2)

where the average (.) in Eq. (A2) is performed over the random numbers . The particular
FDTs are thus obtained from the requirement that the system dynamics satisfies Detailed
Balance

P, (DYW( = I') = P (T)W(T* - ') (A3)

where I'* = eI and I'¥' = eI'; € assigns a positive or a negative sign to variables depending
on whether the variables are, respectively, even or odd under time reversal (see ref.?® for

details). For the first moment, in general, we get

/ dTdr’ P, (T) T’ <5(r’ ~T[L, ¢ 6t])> - / dT*dT™ P,y (T*) T/ <5(r*’ —f[F*,g*;ét])>§*

(A4)

3

The right-hand-side of Eq. (A4) can be readily evaluated using the time-reversal operator,

leading to
/ dT P, (T) <f[F,£;5t]>§ — (D) (A5)
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Similarly, for the second moment, we obtain

/ dT P, (T) <f[F,§;5t]f‘[F,§;5t]>£ — (e[eT) (A6)

For the isoenergetic mass exchange, we changed the control variables from (s,m) to
(u,m), which does not affect the physics of the system. The functional of Eq. (60) for a

mesoparticle pair in the framework of the control variables (u, m) is

F(ui, misug,my) = {1 [8(ui, my) + 8(uz, my)] — u; — uy} (AT)

The EoM, Egs. (58) and (59), in terms of Awu;; and Am;; become

1 1 ~
Auj; = Aujj — 2k (5_ - 7) ot + 2T &jétlﬂ (AS)
j 7
Amly = Amy— 2Dy () 51 g of €62 A9
mzj — ml] 13 é 0~ + ij gl] ( )
i J

The thermodynamic forces are derivatives of the functional Eq. (A7), i.e.,

1 OF (us, mi;uz,m;) OF (uz, my; uj,my)
¢ m J m
_ 1 1
00
1 { OF (ui, my; uz,m;) OF (u;, mi; uj, my)
Xm _ = gy TThgy gy TTL4 . iy Mgy Wgy TTL4 (All)
_ M
0, 0,
If for an arbitrary function h(w;, m;; uj, m;)
h
/duldmldujdmj Peq hg% = /{;B/duzdmzdujdmj Peq% (A12)
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then we obtain (X,) = (1/6; — 1/6;) = 0 and (X,,,) = (j1;/0; — ji;/0;) = 0.

The second moment of the dynamic equation Eq. (A8) is given by

1 1 ~ o=
/duzdmzdu]dmj Peq —4Auijl€ij - — = | + 4F;L]2<§z2]>
0; 0
0 0 S o
= duzdmzdujdm] Peq —4/€ijk}B a—UZ — a—uz Auij + 4FZ] (A]_S)

Note that OF /Ou|,, = T'/0 — 1, and we then arrive at the FDT for the energy transfer
f‘;LjQ = QKijkB (A14)

cf. Eq. (56). Proceeding similarly with the second moment of the dynamic equation,

Eq. (A9), we arrive at the FDT for the mass transfer
72 = 2D;kp (A15)

cf. Eq. (57).
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