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Abstract

Stability of a complex DC bus system (DBS) is a significant design consideration
because of its constant power load (CPL) characteristics of the tightly-regulated
load converter. In this paper, the dynamic properties of a stand-alone buck-type
DBS are investigated based upon the closed-form large-signal-averaged model. The
stability-analysis-in-large around the operation point shows that CPLs create a desta-
bilizing effect on the system that can lead to severe voltage oscillation caused by
discontinuity-induced Hopf bifurcations, which are qualitatively different from the
bifurcationswe know for smooth dynamical systems. Instead, this paper also explores
the application of “amplitude death (AD) technique” to stabilize the coupled oscilla-
tory DBSs and show that how this technique with its necessary modifications, e.g.,
the heterogeneity-induced AD technique characterized by two or more coupled DBSs
with mismatched frequency of oscillations can provide an efficient open-loop con-
trol solution for stabilizing the coupled DBSs. Finally, simulations and experimental
results are provided to validate all these concepts.

KEYWORDS:
DC power systems; limit cycle oscillation (LCO); discontinuity-induced Hopf bifurcation (DIHB);
amplitude death (AD); heterogeneous coupling; stability analysis.

1 INTRODUCTION

Recently, DC distribution power systems consisting of networks of self-controlled switching power converters have become
increasingly common in various practical applications, such as in VLSI mainframe computers’ power supplies1, telecommu-
nication systems2, electric vehicles3, and modern DC microgrids4. Advantages of DC bus systems (DBSs) are mainly power
interfacing flexibility attributed to reduced size and weight, high-efficiency energy conversion, simple implementation of power
source paralleling, easy incorporation of DC-type renewable resources, and ability to satisfy a variety of control objectives5.
However, major problem for such a DC distribution is its potential stability degradation that can occur when switching con-
verters are connected to a common DC bus voltage. This destabilizing effect can happen because of the negative impedance
property of the load-side converter6 and hence leading to undesirable low-frequency oscillation — called also limit cycle oscil-
lation (LCO)7,8,9. In such a case, the system cannot converge to the desired equilibrium point since this becomes unstable. It is
therefore important to mitigate such destabilizing effects for making the DBSs implementable in practical applications7.
Because of such nonlinearity and incremental negative impedance effects of constant power loads (CPLs), over the past

decades several nonlinear stabilizing control concepts and compensation techniques have been proposed10,11,12,13. In most of
the cases, compensation techniques are achieved by adding an extra element; like, passive elements or devices to the power
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system or, redesigning the control loop of the source or load converters — also known as active damping14. The compensations
of CPLs by active damping are normally applied at the DC bus itself or through some auxiliary DC-DC converters system and
thus it is only applicable to the cases when feeder of CPL is a switched converter system. Nevertheless, active compensation at
the load subsystems levels has also some major disadvantages such as the compensation loop may interfere with main control
loop and it may degrade the load performances drastically. Although such a limitation can be easily solved by introducing an
auxiliary DC-DC converter between DC bus and load subsystems15; it would, however, increase the overall size, weight, cost,
and complexity of the system. Moreover, the presence of CPLs reduces effective damping of the system leading to the instability
of the whole system and results in significant challenges in its operation and control.
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FIGURE 1 A representative buck-type stand-alone DBS with equivalent source voltage E and CPL P .

With these views, this paper explores the cause of occurrence of low frequency LCOs and their suppression in coupled closed-
loop DBSs without using any additional hardwares or control circuitries. It has been shown that stabilizing problems of such a
nonlinear system can be successfully analyzed by using the concepts of nonlinear dynamics and bifurcation theory, in particular,
the amplitude death (AD) phenomena16,17,18. An AD is a phenomenon of a nonlinear system by which the desired equilibrium
point of interconnected oscillatory systems, or networks, can be stabilized by different types of couplings17. There are mainly
two reasons which can cause the cessation of LCOs: the strong coupling and the existence of sufficiently different natural
frequencies of interaction between the networks19. Recently, the coupled DBSs was analyzed by Huddy and Skufca20 using the
concepts of nonlinear dynamics and synchronization of two interconnected open-loop only switched converters without dealing
with the cause of occurrence of LCOs. In contrast, this paper explores causes of LCOs and shows that the suppression of such
undesired LCOs in two different DBSs is possible through AD phenomena by a suitable heterogeneous coupling between the
two systems and that can be used for stabilizing the closed-loop DBSs under this coupling. If heterogeneity — e.g., the system
parameters of the source converters are mismatched — are introduced into the systems, the AD can happen by incorporating a
small resistance between two or more of DBSs. Such a consideration is quite logical when internal resistances of the connecting
wires between several coupled DBSs or parallel power source converters in DC microgrids are considered. Based on these
concepts, parameters-space region over which coupled system will be stable can be easily located.
Moreover, it is important to note that heterogeneity of interacting systems plays an important role in the diversity and orga-

nization in many complex DC bus systems. Heterogeneity can arise from the nature of connectivity among the systems. The
present paper also studies the onset and characterization of interesting collective dynamics or AD phenomena in a network of
connected DBSs with differing natural frequency of oscillations. Thus, the heterogeneity induced AD technique that we intro-
duce is different from earlier studies where ineterconnected DBSs with delay feedback controller structures are considered18.
By considering the relay type complex DC bus network, we study here the effect heterogeneity in the network that can lead to
the collective AD behavior.
This paper is organized as follows. Section 2 discusses the dynamic properties of a closed-loop buck-type DBS and its large-

signal stability around the desired equilibrium point. Based on this discussion, the cause of instabilities in DBS is analyzed in
Section 3. In particular, this section explores how the method of analysis can provide an efficient open-loop control solution
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for stabilizing the coupled DBSs and many other complex relay types (or star) networks with linear resistive/diffusive coupling.
Finally, stabilizations are numerically assessed and confirmed experimentally for coupled DBSs in Section 4.

2 BUCK-DERIVED LINE CONDITIONER

Let us consider now the DBS system as shown in Fig. 1. It consists of, for example, voltage-mode controlled buck converter
with output low-pass filter inductor with inductance L, capacitor with capacitance C , and parasitic resistance r, respectively;
and feeds the power from equivalent input source E to the output CPL P . The role of this switched converter is to maintain the
regulated DC voltage across the intermediate bus under slowly varying CPL.

2.1 Averaged Model and Stability Assessment
In order to ensure this, the linear stability analysis of the stand-alone DBS is performed here. Using a classical averaging
technique, the considered DBS can be mathematically described as

dx1
dt

= −
rx1
L
−
x2
L
+ E
L
d (1)

dx2
dt

=
x1
C
− P
Cx2

(2)

with proportional-integral (PI) control algorithm, the variable d is the equivalent continuous control input representing the duty
ratio of the square wave driving signal of the power switch and it can be expressed as follows

d = kp(Vref − x2) + kix3 (3)

where x = [i v x3]T , x3 = ∫ t
0

(

Vref − x2
)

dt and kp and ki are the gains of the PI controller. The duty ratio d is generated by first
obtaining an error voltage ve = (Vref −v) between the output capacitor voltage v and the reference signal Vref and then processing
it by the PI controller to generate a control signal vc . This signal is further compared with an externally generated sawtooth
voltage vramp with time period T and unity peak-to-peak amplitude to determine the driving signal u for the power switch.
Under averaging considerations, the driving signal is approximated by its duty cycle d and the DBS, operating in continuous
conduction mode (CCM), can be expressed as a third-order nonlinear differential equation given by

dx
dt

∶= Fc(x) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

−
rx1
L
−
x2
L
+
E
L
d

x1
C
−

P
Cx2

Vref − x2

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (4)

Nevertheless, considering the output variable of the system is the capacitor voltage, this is a non-minimum phase system21 and
the nonlinearity is due to the term P∕x2. The dynamic behavior of converters loaded by CPLs is thus heavily different from the
behavior of converters loaded by other conventional resistive loads or other linear either reactive or capacitive loads.
In order to investigate that, the eigenvalues analysis of proposed DBS is performed here by locally linearizing the system

(4) around its equilibrium point, Xc = [P∕Vref Vref rP∕EVref + Vref∕kiE]T . For practical applications, we consider that
x1 ≅ P∕Vref and x2 ≅ Vref are the only useful equilibrium point of the plant. Therefore, to define the local performance of the
system the controller parameters kp and ki can be easily calculated by simply evaluating the eigenvalues �n (for n = 1, 2, 3) of
Jacobian matrix

Jc =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−
r
L
−
(kpE + 1)

L
kiE
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1
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(5)



4 AUTHOR ONE ET AL

TABLE 1 System specification under nominal operating condition

Source Converter Controller and CPL

r = 0.2 Ω, L = 72 �H, C = 140 �F, kp = 0.1, ki = 1,

Vin = 24.0 V, Vref = 12.0 V fs = 180 kHz, P = 50 W

whose characteristic polynomial equation is as follows

P (�) ∶= �3 + a2�2 + a1� + a0 = 0. (6)

where a2 =
r
L
−

P

CV 2
ref

, a1 =
1
LC

(

kpE + 1 −
rP

V 2
ref

)

, and a0 =
kiE
LC

. Note that, the system (4) is stable if the polynomial P (�)

has all the roots in the open left-half plane if and only if a2, a1 and a0 are positive and a1a2 > a0. Based on these aforementioned
criteria, the desired region in the parameter space within which the system is stable is

Πr ∶ P <
rCV 2

ref

L
; Πp ∶ kp >

1
E

(

rP

V 2
ref

− 1

)

(7)

Πi ∶ ki <

(

kp +
1
E
−

rP

EV 2
ref

)(

r
L
−

P

CV 2
ref

)

. (8)

Here, L, C , and Vref are the known circuit parameters and their exact values can be directly substituted into the inequalities
(7)-(8) for inspection. However, for a range of E and P , or even unknown parasitic resistance r, it is necessary to consider the
boundary points of these parameters values. The confirmation of either the minimum or maximum point of these parameters
values is generally sufficient for ensuring the stability condition for the entire range of operation. Knowing the boundary points
of r, E and P , it is possible to calculate the boundaries of controller gains kp and ki, respectively.

2.2 Gain Scheduling
Here, the requirement of placing an upper bound on the integral gain kmax

i is obtained by placing the same lower bound require-
ment on proportional gain kmin

p when condition Πr is satisfied. While the requirements of kp is obtained from the condition (7).
The closer-look on the stability condition Πp, however, reveals that proportional gain kp is always negative for the desired range
of E, P and r, respectively; and a smaller positive value of kp tends to produce larger regions of convergence, suggesting the
consideration of the kp → 0 (but not equal to zero) may be again useful for a practical design process. For example, if we choose
kmin
p = 0.1, the upper bound on ki can be expressed as

Πi
max
∶= kmax

i =

(

kmin
p +

1
E
−

rP

EV 2
ref

)(

r
L
−

P

CV 2
ref

)

. (9)

From (9), it can be further observed that the upper bound of integral gain kmax
i is larger for decreased values of r and increased

values of P than that of the source voltage variation. Thus, by satisfying the plant stability condition in (7), if one wants to choose
the desired PI compensator gain (i.e., ki < kmax

i ) over a wide range of load power, the maximum load power P max and minimum
parasitics resistance rmin should be used. Based on the previous parametric constraints, the system is numerically simulated using
the parameter values shown in Table 1 except r and ki. The parameter ki is then chosen by fulfilling the constraint in (8). For
instance, the stability region Πr in terms of the power P and the resistance r and the stability boundary Πi

max
in terms of the

power P and the integral gain ki are depicted in Fig. 2. Note that if all these conditions are simultaneously satisfied, the system
will be asymptotically stable. The designer will only have to ensure that the external load power with uncertain parasitic (or
series resistive) element r will always remain within the bounded region of the parameter-space Πr; thereafter, have to choose
the controller gain ki such that ki < Πimax

∶= kmax
i .

However, this will only provide an intuitive way to choose the controller gains for successful converter operation if bounds of
all parameters are known, but does not guarantee its robustness when parameters like load power and circuit parasitic parameters
fluctuate. Even, the problem becomes much more complex when two or more DBSs are interconnected. There have been,
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for 35 W ≤ P ≤ 65 W. For a stable DBS operation
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. The red line denotes the required gain ki < kmax
i for r = 0.2 Ω and P ≈ 55.25W.

however, numerous control techniques proposed for the design of isolated DBSs; such as nonlinear feedback linearization and
geometrical boundary control, and so on (see9,11,13,22 and refs. therein). Some of the approaches, such as those found in8,23,
consider the CPL in parallel with a resistive load which compensates the destabilizing effect of the CPL but does often not
deliver a feasible mitigation strategy for stabilizing large-scale interconnected DBSs.

3 CAUSE OF INSTABILITY AND STEADY-STATE BEHAVIOR

Therefore, to identify the stable operating region of the coupled DBSs and to observe their stability status in a slow time-scale, it
is necessary to apply the concept of large-scale nonlinear system analysis. It is also necessary to calculate the range of external
circuit parameters that will ensure a stablemode of operation in terms of slow-scale dynamical oscillation of the coupled systems.
The bifurcation analysis using discrete-time modeling or map was addressed earlier to predict the nonlinear behaviors of the
uncoupled DBSs24,25. Although this approach is conceptually simple and very powerful to predict the fast-scale instabilities and
onset of chaos, it yields complicated equations for most of the switching powers converters26,27. Even, this problem becomes
more complex for coupled cascaded converters. Using concepts from nonlinear dynamics and bifurcation theory provides an
alternative way for performing the stability analysis of coupled DBSs.

3.1 Cause of Instability
To deal with such a stability analysis of the coupled DBSs, we will first address the cause of instability of an uncoupled DBS
and its steady state behaviors. Here the investigation is performed on the basis of full-order large-signal state-space model of
the proposed system (4) by deliberately choosing the controller gains kp and ki and variable circuit parameter values within the
stable domain such as ki = 1, r = 0.2 Ω and P = 55.25W, respectively; while keeping the other parameters values the same
as in Table 1. The time domain waveforms of the proposed uncoupled DBS are shown in Fig. 3(a). The inductor current x1, the
output capacitor voltage x2 and the integral variable x3 of the closed-loop converter asymptotically converge to their steady-state
value Xc = [4.62 11.95 0.49] [see window 1©] with eigenvalues �n = −7.22,−3.49 ± 1.82 × 104j. However, as the value of
P is increased, the system undergoes a discontinuous Hopf bifurcation (HB) with a jump in eigenvalues at P ∶= Pc = 55.5W
causing the instability of the equilibrium point and leading to low frequency oscillation or LCO. The evaluated eigenvalues
just after the bifurcation at P ≈ 55.55 W , �n = −7.22, 4.0 ± 1.82 × 104j, indicate that there is a sudden transition in state
trajectory of the system. Subsequently, after the discontinuous Hopf bifurcation occurs, the equilibrium point of the converter
under CCM operation becomes unstable and the state trajectory becomes diverging until the inductor current hits the border
ΣCCM−DCM ∶= Σ(x) = {x|x1 = 0}. Once the border ΣCCM−DCM is reached [see window 2©], the state trajectory is no longer
diverging and tends to the equilibrium point Xd = (P∕Vref , Vref , Vref∕E) of the system under DCM operation which is stable.
However, before the equilibrium point is reached, CCM conditions are fulfilled and the converter switches to the CCM operation.
This hybrid operation mode leads the system system to exhibit a sustained steady-state oscillation. The steady-state behavior
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FIGURE 3 The representative trajectory evolutions showing different dynamical behaviors under power variation. (a) Time-
domain waveforms indicating the transition from a stable steady-state equilibrium point to stable LCO. (b) and (c) Close-up
views of state-plan trajectory and time-domain waveforms at 1© and 2©, respectively. (d) Experimental validation of (c).

(in terms of state-plane trajectory and time-domain waveforms) are shown in Fig. 3(b)-(c), respectively. Their corresponding
experimental time-domain waveforms are shown in Fig. 3(d).
Under this steady-state regime characterized by sustained oscillation, the dynamics of the closed-loop system is governed by

averaged dynamics of both CCM and DCM operation modes with interacting switching surface ΣCCM−DCM. Let ΣCCM the region
in the state space where the DBS operates in CCM and let ΣDCM where it is under DCM operation. The dynamics of the DBS
in ΣCCM is governed by (4) while in ΣDCM it is given by28

dx
dt

∶= Fd(x) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−
rx1
L
−

2x1x2fs
d(E − x2)

+
E
L
d

x1
C
−

P
Cx2

Vref − x2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(10)

where fs = 1∕T is the switching frequency of the converter. Therefore, to understand the occurrence of Discontinuity Induced
HB (DIHB) and how it differs from the classical smooth HB, one has to evaluate the stability status of the complete one-cycle
LCO using eigenvalues analysis.

3.2 Analysis using Generalized Jacobian Matrix
From a dynamical system point of view, the DBS can be described by a 3-dimensional (3-D) set of differential equations with
discontinuous right-hand side as

dx
dt

=

{

Fc(x) x ∈ ΣCCM if Σ(x) > 0
Fd(x) x ∈ ΣDCM if Σ(x) ≤ 0

(11)

where Σ(x) = 0 is the discontinuous switching surface partitions the state-space region into two smooth compartments: ΣCCM
and ΣDCM. Note that the switching system (11) is called continuous if Fc(x) = Fd(x) at any point of the boundary between
these adjacent regions ΣCCM and ΣDCM. The vector field is also uniquely defined at any point of the state space if trajectory,
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say, in ΣCCM approaching transversally the boundary and crosses it, and then enters into the adjacent ΣDCM. If the transversal
components of Fc(x) and Fd(x) are of opposite sign, i.e., if the two vector fields are pushing in opposite directions, the state of the
system is forced to remain on the boundary and slide on it26. On the contrary, if the transversal components of Fc(x) and Fd(x)
have the same sign, the trajectory crosses the boundary and has at that point a discontinuity in its tangent vector. The overall
behavior is affected by the vector fields on both sides of the switching boundary and the combined effect can lead to the birth
of LCOs, including creation and destruction of boundary equilibrium bifurcation29. Here in the DBS, as boundary equilibrium
bifurcations are not observed, it is found that perturbing the boundary equilibrium point in ΣCCM results in the trajectory forming
a limit-cycle attractor.
Usually, the bifurcation analysis associated with the equilibrium point of the smooth system is investigated by classical Jaco-

bian matrix evaluated at that point. However, due to lack of smoothness in vector field, the calculation of Jacobian matrix
of nonsmooth system cannot be same as for smooth dynamical system. One can employ the concept of generalized differen-
tial equation to deduce the so-called generalized Jacobian matrix of nonsmooth DBS near the switching surface discontinuity
Σ(x) = 029,30. Here we found that, during transition, trajectory evolution from ΣCCM to ΣDCM does not occur transversely at
switching surface Σ(x), rather it travels along Σ(x) for a short duration of time. The vector field Fc(x) remains continuous until it
reaches the boundary. Once it hits the boundary, it bounces back and follows the DCM dynamics ẋ = Fd(x) to smoothly return
into the region ΣCCM. As a result, one can overcome the problem of single discontinuity with a set-valued function F (x) as31

dx
dt

∶= F (x) = co
{

Fc(x), Fd(x)
}

x ∈ ΣCCM−DCM (12)

where the symbol co
{

Fc(x), Fd(x)
}

denotes the smallest closed convex set containing Fc(x) and Fd(x). This convex set with
two piecewise-smooth functions (PWS) Fc(x) and Fd(x) can be then represented as co{Fc(x), Fd(x)} = (1 − q)Fc(x) + qFd(x),
and a scalar function

q =
∇Σ(x)Fc(x)

∇Σ(x)
[

Fc(x) − Fd(x)
] and 1 − q =

−∇Σ(x)Fd(x)
∇Σ(x)

[

Fc(x) − Fd(x)
] ∀q ∈ (0, 1). (13)

Here, the system (12) with Fillipov coefficient (13) represents the equivalent flow inside the region ΣCCM−DCM. It describes
the average dynamics of the impinging vector fields Fc(s) and Fd(s) weighted by the proportion of their time-flow spent in
each mode. Thus, to ensure the continuity condition near the switching instant, the trajectories as a set must be tangent to the
switching surface32. This can only happen when the long-time averaged value of the coefficient q becomes constant32,33. This
coefficient is known as the Fillipov coefficient. Once this coefficient is well defined, there will not be any transversal component
of the average vector field F (x) ∈ (Fc(x), Fd(x)) along the discontinuity surface. Using (4), (10) and (13), one can derive this
transversal condition as ∇Σ(x)F (x) = 0, and from it, can evaluate the required Fillipov coefficient q as

q|X=XΣ
∶=

−
rx1
L
−
x2
L
+
E
L
d

−
x2
L
+

2x1x2fs
d(E − x2)

|

|

|

|

|

|

|

|

|

|X=XΣ

= 1 − dE
Vref

(14)

where XΣ = (0, Vref , Vref∕E) is the value of state vector near the switching boundary. Note that this coefficient q is unique and
solution of (12) is an absolutely continuous vector-valued function. Before the transition it satisfies (11), and after the transition
it satisfies ẋ = F (x) for almost all t→∞. Thus, the problem of discontinuity can be overcome with a set-valued function F (x)
and it is possible to know the system behavior near switching discontinuity by setting up a generalized Jacobian matrix Jq at the
equilibrium point Xc

29,30. This generalized Jacobian matrix is a set-valued matrix and is given as

Jq = (1 − q)Jc + qJd ∀ q ∈ [0, 1] (15)

where Jc is the known Jacobian matrix for CCM. While Jacobian matrix for DCM operation Jd can be evaluated, from (10) and
(3), as

Jd =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

� � 

1
C

P

Cx22
0

0 −1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

|

|

|

|

|

|

|

|

|

|

|x=Xc

(16)
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where � = −
r
L
−

2Vreffs
d(E − Vref )

, � = −
kpE
L

−
2Pfs

dVref (E − Vref )

(

E
E − Vref

+
kpVref
d

)

, and 
 =
kiE
L
+

2Pfs
d2(E − Vref )

.

3.3 Discontinuity-Induced Hopf Bifurcation
To explore the cause of this DIHB, we numerically calculate the Jacobian matrices of Clarke’s generalized differential to obtain
the differential equation ẋ = F (x), and then its generalized Jacobian matrix and the corresponding eigenvalues. Because the
vector field is nonsmooth but still continuous, the generalized differential of Clarke is used to set up a generalized Jacobian
matrix30,29. The evolution of nonsmooth dynamics near the switching discontinuities is investigated by setting up a generalized
Jacobian matrix Jq just after the transition from CCM, say, at P = 55.55W . This generalized Jacobian matrix is a set-valued
matrix and is given by (15). The dynamics in the vicinity of the equilibrium for � < 0 (where � = P −Pc) is therefore determined
by the Jacobian matrix Jc with eigenvalues �cn, and for � > 0 by the Jacobian matrix Jd with eigenvalues �dn , as given in (17).

Jc ∶ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−
r
L
−
(kpE + 1)

L
kiE
L

1
C

P

CV 2
ref

0

0 −1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 105 ×
⎛

⎜

⎜

⎝

−0.02778 −0.4722 3.3333
0.07142 0.02826 0
0 −0.00001 0

⎞

⎟

⎟

⎠

; �cn =

{

−7.227

27.7651 ± 1.8151 × 104j
for � < 0

Jd ∶ =

⎛

⎜

⎜

⎜

⎜

⎜

⎝
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1
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CV 2
ref

0

0 −1 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 105 ×
⎛

⎜

⎜

⎝

−12.44372 −7.31375 73.66523
0.07142 0.02826 0
0 −0.00001 0

⎞

⎟

⎟

⎠

; �dn =

{

−1.240 × 106

−1.345 × 103,−31.540
for � > 0 (17)

Looking at the eigenvalues just before and after the bifurcation point Pc = 55.5W (see Figs. 3 and Fig. 4), it is seen that the
equilibrium is an unstable focus for � < 0 and a stable node for � > 0, if it is solely governed by ẋ = Fd(x) dynamics. Moreover,
it is important to note that when the auxiliary variable q = 0, then from (15) we find that Jq = Jc . In this case, the eigenvalues
�qn reduce to the eigenvalues of the Jacobian matrices Jc in the CCM region. While for q = 1 we find that Jq = Jd . Hence the
eigenvalues �qn reduce to the eigenvalues of the Jacobian matrix Jd in the DCM region. These are shown by enclosed empty
circles in Fig. 5. For other intermediate values of the auxiliary variable q, the eigenvalues of the generalized Jacobian are set-
valued �qn, q ∈ [0, 1] and form a one-dimensional (1-D) path in the complex s-plane. Following this 1-D path, we find that the
eigenvalues become purely imaginary, i.e., �qn = ± ≈ 1.815 × 104j at q ≈ 0.001. These generalized eigenvalues �qn are shown
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FIGURE 5 Eigenvalues-path representing the DIHB of DBS (15) under the variation of P from 55.25 W to 55.55 W. All other
parameters value are the same as in Table 1.

by arrows in Fig. 5 and are found to jump through the imaginary axis as a conjugate pair; thereby, suggesting the occurrence of
a DIHB when the discontinuity surface ΣCCM−DCM is reached. Indeed, the existence of this stable discontinuity-induced LCO
can also be verified by using the nonsmooth version of Bendixson’s criterion30 according to which if the condition

trace(Jc) trace(Jd) < 0 (18)

is satisfied, then there exists a stable discontinuity-induced LCO in the nonsmooth dynamical system (see ref.30 for theorems and
proofs). In our case, the previous condition is fulfilled since trace(Jc) trace(Jd) = −5.997 × 107 < 0. This bifurcation, though
discontinuous, is very similar to continuous HB found in smooth dynamical systems, but not exactly the same as in25 where a
discrete-time approach has been used to predict the onset of bifurcation in DC power electronics-based cascaded systems.
By considering the DBS as an oscillator, the stabilizing problem of coupled oscillatory DBSs can be thus successfully achieved

by using the concept of AD phenomena34.

4 STABILIZATION OF COUPLED DBS

Oscillation death refers to the phenomena where coupled oscillators stop oscillating and exhibit an equilibrium point in steady-
state regime20. Ideally, it is a phenomenonwhereby two ormore autonomous oscillatory systems reach a stable stable equilibrium
point when they are coupled. If the equilibrium point corresponds to the unstable equilibrium point of the uncoupled oscillators
— occurs just after the coupling, then oscillation death is called as AD; otherwise, it is simply called as the oscillation death34.
In this paper, it is shown that AD has a very important role in the dynamics of coupled oscillator systems where a set of
two nonidentical DBSs are coupled to each other via simple resistive or diffusive coupling. The representative diagram of this
diffusively coupled DBSs and their uncoupled mode of oscillations for different inductance values,La = 90�H andLb = 72�H,
are shown in Fig. 6.

2v1i

P PE E

i

rµ

µ

2v1 i

L La b

DC
DC

DC
DC

(a)

L b

aL

(b)

FIGURE 6 (a) Schematic diagram of the diffusively coupled oscillatory DBSs. (b) Oscillatory bus voltages for La = 90�H and
Lb = 72�H.
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4.1 Diffusive Coupling Between Identical DBSs
In order to begin with such a coupling effect, let us first consider the identical DBSs (as oscillators) which are diffusively coupled
through a simple series resistance rμ. As a result, current through the coupling resistance is given by iμ = (v1 − v2)∕rμ, where
v1 and v2 are the capacitor voltages of the oscillators a and b, respectively. It is also assumed that near a DIHB each of these
oscillators is governed by an approximate generalized differential equation (12) with q ∶= .001 ≈ 0, and dynamics of diffusively
coupled DBSs thus can be described by equations

dxa
dt

= F1(xa) + �(v1 − v2)

dxb
dt

= F2(xb) + �(v2 − v1) (19)

for two different oscillators F1 and F2, where xa is the vector of the state variables for the first DBS and xb the one corresponding
to the second DBS, with common scalar coupling coefficient � = 1∕rμ. If F1 and F2 are identical, i.e., all the parameters of two
DBSs are equal, then diffusive coupling does not cause the DBSs to stop oscillating and to stabilize at the desired steady-state
equilibrium point. Such an obvious statement can be easily proved by examining eigenvalues of the Jacobian matrix J of the
coupled DBSs (19) which is given by

J =
(

Aa B
B Ab

)

(20)

where Aa, Ab and B are given by

Aa = Ab=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−
r
L

−
(kp + 1)
L

kiE
L

1
C

1
C

(

P

V 2
ref

− �

)

0

0 −1 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

and B =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0

0
�
C
0

0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

Now, using the properties of symmetric block-diagonal matrix and the coefficients a0, a1, a3 used in Section 2.1, we obtain the
set of characteristic polynomial equations of both DBSs:

P (�)∶=

⎧

⎪

⎨

⎪

⎩

�3 + a2�2 + a1� + a0 = 0

�3 +

(

a2 +
2�
C

)

�2 +

(

a1 +
2r�
LC

)

� + a0
(21)

whose eigenvalues �n yields the stability condition of the desired equilibrium point:

P <
rCV 2

ref

L
and � > P

2V 2
ref

− rC
2L

. (22)

If the conditions in (22) are simultaneously satisfied, then the coupled system is stable. However, since near DIHB this condition
is violated, (see Fig. 2 in Section 2.2), the equilibrium point is still unstable. Therefore, it can be concluded that linear diffusive
coupling of two identical oscillators cannot stabilize the equilibrium point; hence, the coupled system remains unstable and will
exhibit sustained LCOs.

4.2 Stabilization Through Nonidentical Coupled DBSs
An unstable equilibrium point can be successfully stabilized when two or more inhomogeneous (or unmatched) oscillators are
mutually coupled. A theoretical analysis was given in16, which considered a pair of linearly coupled oscillators and each of them
is operating close to a HB point. In particular, it was established that for a general class of coupled oscillatory systems AD can
happen when oscillators’ frequency are sufficiently different and coupling is diffusive. Also, it has been proved that there exists a
certain range of coupling coefficient within which the interaction causes the system to stop oscillating and the system stabilized
at the desired equilibrium point, iff

Δ! ≡ |!a − !b| > � (23)
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FIGURE 7 Frequency mismatch of the coupled DBSs for � ≈ 0.6.

is satisfied16, where!a and!b are the corresponding oscillation frequencies at their HB points. With these views, the inductance
value of each DBS is set as before in order to achieve AD under resistive/diffusive coupling. This is because the equilibrium
point of the system does not depend on the inductance value and changing its value changes the oscillation frequency. The
oscillation frequencies of the two uncoupled DBSs and their correlation are illustrated in Fig. 7. The waveforms in this figure
were obtained from experimental measurements. The circle indicates the periodic oscillation of the uncoupled LCOs (a and
b, respectively) whose oscillation angular frequencies are approximately given by:

!a
!b

≈

√

Lb
La

=
1
√

�
where � = La∕Lb is the heterogeneity factor. Note that, for different oscillation periods, two oscillators will not be at the same
point of the cyclic orbit. The arrows on the circle show the traveling directions of the oscillators and two inward pointing arrows
shows the interaction between the two oscillators due to coupling. This coupling results in the two oscillators to pull each other
off from their uncoupled periodic orbits and brings the overall system to collapse to an equilibrium point under a certain range
of � and �.

4.2.1 Dynamics of Two Coupled DBSs
To illustrate this idea, the numerical simulation of the coupled DBSs is first performed and then the results are confirmed
experimentally by using the parameters set � = 0.6 and � = 1∕r� = 4.0 ℧. Fig. 8 shows the dynamical behavior of the coupled
DBSs. First the coupling is disabled and it is connected at t = 10 ms. Thereore, each DBS without coupling (� = 0) before t =
10 ms, exhibits LCO. When the resistive coupling is applied at t = 10 ms, the oscillations vanish after an initial transient time
interval, ts, and the coupled system trajectory finally converges to a steady-state equilibrium.
However, in order to obtain the guaranteed nominal stable mode of operation or AD region, it is necessary to calculate the

range of variable parameters within which the equilibrium point of the DBSs is stable. It is also necessary to calculate the
required coupling resistance value for minimum power loss. The bifurcation diagram in Fig. 9 shows such a desired mode of
stable operation over the parameter-space r� − �: 0.1 Ω ≤ rμ = 1∕� ≤ 10 Ω, 0.01 ≤ � ≤ 1for 0.1 Ω ≤ rμ = 1∕� ≤ 10 Ω and
0.01 ≤ � ≤ 1. The results show that regardless the value of the coupling resistance r�, coupled DBSs always exhibit a sustained
oscillation for higher values of heterogeneity factor � > 0.95. However, for lower values of �, the system is stabilized to a an
equilibrium point within for 0.1 Ω ≤ rμ ≤ 9.5 Ω. Varying the bifurcation parameters, for example, from inside to outside the
stability region leads the system to change its steady-state dynamical behavior from a stable equilibrium point to a stable limit
cycle due to an abrupt jump of a pair of complex conjugate eigenvalues from left to right-half side of the s-plane (also see insets
of Fig. 9 for the calculated maximum Lyapunov exponent �max). This is a DIHB and it is different from the smooth HB by the fact
that at the bifurcation point, the eigenvalues of the system jumps through the imaginary axis in the s-plane. The representative
trajectory evolutions showing such transition from stable LCO to AD phenomena accross the different boundary points A, B
and C are shown in Fig. 10.
Therefore, one can find that for a sufficiently different natural oscillation frequencies and with a strong coupling strength

�, both oscillators collapse to a desired steady-state equilibrium point under resistive coupling. Such a concept can be further
extended for DC bus networks with multiple converters. In real situations, bus systems consist of multiple power sources and
loads. For instance, in18, it was analytically shown that the dynamics of DC networks consisting of several identical DBSs
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connected by resistors that the stability can be guaranteed independently of the number of bus systems and the network topology
by using delay feedback. In the same paper it was demonstrated that the stabilization of the whole network does not depend on
the number of bus systems or the network topology. Applying AD techniques for stabilizing a more practical electrical network
in which each DC bus system has different parameters with different converter topologies and controls could be an interesting
research topic.

4.2.2 Collective Behaviour of DC Bus Network
This section, however, deals with the dynamics of a complex DC grid network which is coupled in relay; namely, through an
intermediary heterogeneous system. From previous investigations, it has been found that coupled system show a transition from
steady-state equilibrium to LCO and vice versa when the interactions involve a time delay18. Here we show that, in the absence
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of time delay, relay coupling through heterogeneous system has the same effect. The purpose of present study is to analyze the
onset and characterization of collective AD in a network of connected DBSs with different natural frequency of oscillations.
By considering the heterogeneously coupled relay network, we study the effect heterogeneity in a network that can lead to the
desired AD behavior.
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FIGURE 11 A schematic of relay-coupled heterogeneous DC bus network.

In order to unveil the existence of such AD phenomena, let us consider the relay system as shown in Fig. 11 in which second
and third systems are coupled only to the first system through a simple resistive link. Here we calculate the range of coupling
resistance within which the equilibrium point of the DBSs is stable and draw the largest Lyapunov exponent �max to estimate the
onset of steady state equilibrium as shown in Fig. 12. Note that, when largest Lyapunov exponent �max is negative, the AD occurs;
otherwise, systems exhibit consistent periodic oscillations. For instance, during the oscillation at higher coupling parameters
r(2)μ = r(3)μ = 10 Ω, two indirectly coupled DBSs have a zero-phase difference and phases of the directly coupled pairs have the
same nonzero phase difference [Fig. 13]. Inspection of this system dynamics also reveals that the second and third oscillators
are completely synchronized while the middle one has a different amplitude and a rμ-dependent phase shift compared to its
neighbors. However, there is an abrupt transition in the Lyapunov exponent and the corresponding phase difference between any
two neighboring oscillators when the coupling resistance passes through the critical value rcμ = 9.6 Ω. After the transition, the
mean phase difference between two neighboring oscillators and their amplitude of oscillations become nearly zero, indicating the
partial stabilization. However, below the critical resistance r(2)μ = r(3)μ = 5.0 Ω < rcμ, systems go into the anti-phase oscillations
leading to complete stabilization or AD behavior as shown in Fig. 13 and its enlarged views. These results thus indicate that,
even though the spatial systems are coupled instantaneously, there is an inherent delay in the communication among different
indirectly coupled oscillators and makes the system stable .
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As a result, the coupling among several distributed systems can give rise to a synchronizing tendency and the interaction
through heterogeneous coupling has a tendency to drive the overall system to a state where the sum of the all variables is
small. The combined effect of these two tendencies is to lead the coupled systems to the state of AD. This method has thus
the advantage that it involves a single damped heterogeneous system coupled to all peripheral converters equally and hence the
design procedure is simple and easy to implement. It could be very effective in complex DC networks with star topologies.

5 CONCLUSION

This papers has addressed the large-signal behavior of the DBSs and has provided a tool that can be used to assess the trade-offs
between local regulation and global behaviors under wide parameters variations. It has been shown that CPLs on DPS create
a destabilizing effect on the system that can lead to severe voltage oscillations caused by discontinuity-induced HB — which
are qualitatively different from the bifurcations known for smooth dynamical systems. Based on this analysis, a stand-alone
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DBS is modeled as a nonlinear oscillator and the concepts of AD techniques is applied to stabilize the coupled DBSs of DC
grid network. Moreover, this paper has also prposed a simple but efficient resistive coupling technique to retrieve the desired
stable steady-state behavior. When the coupling is sufficiently strong and the frequency difference between the two or more
uncoupled DBSs are sufficiently large, the overall system undergoes AD phenomenon leading to the stabilization of the coupled
system. The region of coupling coefficient and heterogeneity factor, within which AD always persists, has been determined and
an experimental validation of such a phenomen on in coupled DBSs has been presented.
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