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This paper presents a study of the existence conditions of limit cycles and mechanisms of losing
their stability for an open-loop DC-DC boost converter loaded with a constant power load and
operating in discontinuous conduction mode. First, the existence conditions are determined.
Then, boundaries associated with different kinds of instabilities such as the classical smooth
fold and period-doubling bifurcations and nonsmooth border-collision bifurcations such as fold
border-collision bifurcations are elucidated. To perform the stability analysis, an implicit 1D map
for the system is derived. From this model, it is obtained that smooth period-doubling and fold
bifurcations may occur at certain values of the circuit parameters. Some results from numerical
simulations performed on the circuit-based switched model are provided showing consistency
with the theoretical analysis from the derived model.
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1. Introduction

Switching power converters are widely used in different industrial applications such as in portable devices,
solid-state lighting drivers and technologies [Leng et al., 2018], electric vehicles, aircraft and ships [Griffo &
Wang, 2012; Rivetta et al., 2004; Rahimi & Emadi, 2009; Sulligoi et al., 2014], renewable energy production
such as in PV systems [Kwasinski & Onwuchekwa, 2011; Al-Nussairi et al., 2017], among others. Apart from
inductive and capacitive energy storage elements, elementary switching converters use two basic switching
devices for their operation: a controlled switch (transistor S) and an uncontrolled one (diode D). Depending
on the minimum value of the inductor current in each switching period, switching converters operation can
be divided into two different modes. If the controlled switch is turned on before the inductor is completely
discharged, then the inductor current never drops to zero and this operation is called continuous conduction
mode (CCM). In this operation mode, the state of the controlled switch S and the uncontrolled one D are
complementary to each other, i.e., when S is on D is off and vice versa. Alternately, if the inductor is
completely discharged before a new switching period starts, then there is a time interval during which the
inductor current is zero because both S and D are off, and the converter is said to operate in discontinuous
conduction mode (DCM) [Tse & Adams, 1990]. In most of the applications, CCM is employed. Yet, DCM
can also be used for certain applications such as in power factor correction [Wu et al., 2006]. Moreover, even
for applications where CCM is desired, power converters may inevitably enter into DCM operation under
some circumstances. For instance in photovoltaic systems, during the early mornings or the late afternoons,
when the solar irradiance level is low, the power converter interface may operate in DCM [Bharadwaj &
John, 2014].

In new and emerging applications of energy conversion systems and technologies, single-stage power
converters fail to meet some of the requirements. Consequently, the two-stage approach with individually
regulated converters is used. In a two-stage system an upstream switching converter is driving one or
more downstream converters. The downstream converters in a two-stage system are designed to provide
the fastest transient response in stand-alone operation. Consequently, in average and within their control
bandwidth, they behave as a constant power load (CPL) to the upstream converter [Belkhayat et al., 1995;
Chu et al., 2009].

The desired steady-state regime of a power converter is a limit cycle with the same period as an
external driving signal [van der Woude et al., 2002]. However, due to their switching nonlinearity and
feedback loops, these systems are very rich in nonlinear dynamics [Deane & Hamill, 1990; Banerjee &
Verghese, 2001; Tse, 2003; Hamill, 1995]. The common denominator in all the past studies in this research
field is the consideration of a closed loop converter either under voltage mode control [Chakrabarty et al.,
1996; Fossas & Olivar, 1996; Papafotiou & Margaris, 2004; Tse, 1994-a,b; El Aroudi et al., 2001; Giaouris et
al., 2008; Cheng et al., 2017] or current mode control [Redl & Novak, 1981; Zafrany & Ben-Yaakov, 1995;
Kabe et al., 2007] and considering a linear, either resistive [Chakrabarty et al., 1996; Fossas & Olivar,
1996; Papafotiou & Margaris, 2004; Tse, 1994-a,b; El Aroudi et al., 2001; Giaouris et al., 2008], constant
voltage [Kabe et al., 2007] or constant current load [Cheng et al., 2017]. For these cases, the piecewise
linear state equations are employed to obtain the 1D map and the stability analysis of limit cycles passes
through solving the eigenvalues problem of the Jacobian matrix of this model. This approach has been
widely used for analyzing different kind of switching converters under different control strategies in most
of the previous references.

Fast-scale instabilities such as classical smooth period-doubling and fold bifurcations [Tse & Li, 2011;
El Aroudi et al., 2005; Wolf et al., 1994; Chen et al., 2008; Giaouris et al., 2009; Mandal & Banerjee, 2015;
Cortes et al., 2015], and nonsmooth border-collision bifurcations such as border-collision fold, pitchfork and
period-doubling bifurcations [Banerjee et al., 2000; Robert & Robert, 2002; Avrutin & Zhusubaliyev, 2020;
Zhang et al., 2022; Gain & Banerjee, 2003; di Bernardo et al., 2001] cannot be predicted by conventional
averaged models and has been widely addressed for power converters with linear resistive loads [Chen et al.,
2008; Giaouris et al., 2009]. With a linear load, the switched model of a DC-DC converter is piecewise affine
and discrete-time modeling and Floquet theory can be straightforwardly applied to predict its fast-scale
behavior [Giaouris et al., 2009; Mandal & Banerjee, 2015; Cortes et al., 2015]. Much less efforts have been
made to model DC-DC converters operating in DCM for which the inductor current does not contribute to
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the system discrete time dynamics. The analysis of fast-scale dynamics of switching converters operating
in DCM is generally more complex because DCM has three sub-intervals in a switching cycle. In [Tse,
1994-a,b], discrete-time 1D maps for the boost and the buck converter operating in DCM with a resistive
load and under voltage mode control were derived using a finite series approximation of the state transition
matrices of the linear equations describing the dynamics of the converter during each switching sub-interval.
Using these models, it was shown that voltage mode controlled buck and boost converters with a resistive
load operating in DCM exhibit typical period-doubling route to chaos.

Instabilities in switching converters loaded by CPLs have been a topic of extensive research during
the recent years in different industrial applications such as in automotive systems [Emadi et al., 2006;
Rahimi & Emadi, 2009], microgrids [Onwuchekwa & Kwasinski, 2010], electrified transportation [Gavagsaz-
Ghoachani et al., 2013; Saublet et al., 2016-a,b; Gavagsaz-Ghoachani et al., 2017; Zadeh et al., 2016], and
power factor correction [Chu et al., 2009] among others. The model of a switching converter with a CPL
is nonlinear for each switch state and its discrete-time model describing its dynamical behavior from a
switching cycle to the next one cannot be analytically derived. That is why the analysis of the dynamics of
switching converters loaded by other converters or other devices acting as CPLs has been widely addressed
using conventional averaged models. The small-signal stability issues at the low-frequency slow-scale are
often tackled by employing Middlebrook’s impedance criterion in the same way when input filter design is
addressed [Middlebrook, 1976]. Most of the studies have focused on low frequency behavior using averaged
models which gives accurate results only when the natural frequencies of the converter are enough smaller
than the switching frequency [Chu et al., 2009; Benadero et al., 2015; Cristiano et al., 2016]. In [Rahimi &
Emadi, 2010] using a conventional averaged model it has been claimed that open-loop DC-DC converters
operating in DCM are stable when they are loaded by CPLs. Complex numerically obtained discrete-time
models or improved averaged models have been used for more accurate prediction of instabilities [Gavagsaz-
Ghoachani et al., 2017; Saublet et al., 2016-a,b; Zadeh et al., 2016]. With a nonlinear load such as a CPL,
DC-DC converters may exhibit fast-scale instability not only in closed loop [El Aroudi et al., 2019] but
also in open loop [Benadero et al., 2020].

It is worth to note that the CPL model of the load converter can be made more realistic by taking into
account bandwidth limitation and ripple in its state variables. Often, simplifications and approximations
based on realistic assumptions are used to obtain simplified models that allow a profound understanding of
the system behavior. Good matching between the model and the actual system can be obtained even under
doing these approximations. The usual idealization of the downstream converter is to consider it as a CPL
leading naturally to a static equation for this stage hence to a significant order-reduction of the source
converter model. The effect of the different parameters of the source converter from the perspective of
its stability can be therefore revealed using reduced-order models. Another way to deal with the stability
analysis of cascaded converters without considering the load converter as a CPL is by performing this
analysis on the complete system [Zhang et al., 2023], [El Aroudi et al., 2016]. In this case some peculiar
effects such as the impact of the ripple of the state variables of the downstream converter on the upstream
converter stability can be revealed [Zhang et al., 2023], [El Aroudi et al., 2016]. In particular in [Zhang et
al., 2023] it has been shown by theoretical analysis, numerical simulations and experimental results that the
input current ripple of a downstream buck converter can change the stability of an upstream buck converter.
In [El Aroudi et al., 2016] it was shown that stability range of a current mode controlled upstream boost
converter can be enlarged by the ripple of the intermediate capacitor voltage revealing a stabilizing effect
of this ripple. The results have been obtained first by a full-order model and also by a reduced order model
where the current mode controlled downstream boost converter has been approximated by its steady-state
model represented by a current sink. The matching between the results obtained from both models was
remarkable.

Following our previous work in [Benadero et al., 2020], the aim of this paper is to present an in-depth
study of the mechanisms of losing the stability of a DC-DC boost converter loaded with a CPL and operat-
ing in DCM. Existence conditions of limit cycles are determined and an analysis of their possible bifurcation
is performed showing that the converter can exhibit both classical smooth period-doubling and fold bifur-
cations and some nonsmooth border collision bifurcations. The conditions leading to these bifurcations are
deduced and their boundaries are located in a normalized parameter space. With a nonlinear load such
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as a CPL, the discrete-time map can only be obtained implicitly. However, under some assumptions to be
detailed later an explicit 1D map will be derived. The effect of the different system parameters from the
perspective of system stability is revealed. The approach used shows its effectiveness in instability analysis
of power converters working in DCM with nonlinear loads such as a CPL.

The rest of this paper is organized as follows: after this introduction, in Section 2 the description
and the switched model of the system under study are presented. The nonlinear dynamic behavior is
addressed in Section 3 where existence conditions, stability analysis and bifurcation analysis of limit cycles
are addressed. Finally, Section 4 summarizes the conclusions of this work.

2. Circuit scheme and normalized switched model
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Fig. 1. Schematic circuit diagram of an open-loop DC-DC boost converter loaded with a CPL.

The circuit schematic diagram of an open loop DC-DC boost converter is shown in Fig. 1. The energy
is supplied by a voltage source Vi and drained into the load, which is assumed to be a CPL with a power P .
The state variables of the system are vC and iL, that is the voltage across the capacitor, with capacitance
C, and the current through the inductor, with inductance L. The switch S is driven by a periodic square-
wave signal u(t) with switching period Ts and duty ratio D, such that within an entire switching cycle,
one has u = 1 thus turning on the switch S during the time sub-interval from nTs (n ∈ N) to (n+D)Ts,
and u = 0 during the rest of the cycle until (n + 1)Ts, and so the switch S is turned off. From voltage
and current Kirchhoff’s laws, the corresponding state equations are

dvC
dt

= − P

CvC
+

(1− u)iL
C

diL
dt

=
(u− 1)vC

L
+

Vi

L

, (1)

where u = 1 and u = 0 during the on and the off intervals respectively. In order to reduce the number of
parameters of the system and to simplify the analysis, let us define the dimensionless time (τ), the state
variables (x, y) and the parameters (p, T ) as follows

τ = ω0t, x =
vC
Vi

, y =
Z0iL
Vi

, p =
PZ0

V 2
i

, T = ω0Ts,

where ω0 is the natural frequency and Z0 is the characteristic impedance of the LC circuit. These are given
by

ω0 =
1√
LC

, Z0 =

√
L

C
.

Then, with a slight abuse of notation taking t instead of τ as the normalized time, the differential
system (1) becomes

dx

dt
= −p

x
+ (1− u)y

dy

dt
= (u− 1)x+ 1

. (2)
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System (2) has an unstable equilibrium for the off topology (u = 0) at the point X∗
off = (1, p). Note

that for this topology, one has dy/dt = 1 − x, and assuming y ≥ 0, the off trajectory points to abscissa
if x > 1, leaves from it if x < 1 and it is tangent at the critical point (1, 0), because at this point one has
dy/dt = 0. This fact implies a visible tangency [Jefferies, 2009] at the point (1, 0).

The DCM condition takes place if the inductor current becomes null during the off interval, at a
point (x, 0) (being x > 1), thus defining a third time interval during which the two switches (transistor
and diode) are off and it finishes either at the end of the switching period (new on interval) or when x(t)
reaches the extreme point x = 1, because the inductor current becomes positive. Apart from the trivial
solution y(t) = 0, the dynamics in this interval is governed by the following 1D differential equation

dx

dt
= −p

x
, (3)

whose solution is x(t) =
√
x2(0)− 2pt.

2.1. Implicit discrete-time model (stroboscopic 1D map)

A natural way to study a system which uses a periodic excitation is by means of a discrete-time stroboscopic
map relating the state variables at time instants (n+1)T to those at time instants nT being n ∈ N. Under
DCM operation, let (x0, 0) be the system state when the cycle starts (on topology) and because current
at the end of the cycle is zero, let call by convenience (x3, 0) that state (just when on starts again). Then,
the stroboscopic map S is defined such that x3 = S(x0). Note that in general, the state of the system can
be (x0, y0) at the beginning of a switching cycle and (x3, y3) at its end, so due to DCM operation one has
y3 = y0 = 0. A point x∗ is said to be a fixed point of map S whenever it fulfills the equation S(x∗) = x∗.

In Fig. 2(b-c), an example of limit cycle in DCM, where x0 = x∗ is a fixed point for the stroboscopic
map S, is shown. In the panel (b) of this figure, the cycle is represented in the state plane. In the panel
(c), the oscillogram covers just one period, starting at (x0, 0) and so finishing at the same state.

To analyze the dynamics driving to a limit cycle or periodic orbit, let us first consider the on dynamics
along time t1 = DT . Integration of the state equations corresponding to the on case, with initial conditions
(x(0), y(0)) gives the explicit result (note that if u = 1, variables x and y can be integrated separately in
(2))

x(t) =
√

x2(0)− 2pt, y(t) = y(0) + t. (4)

Then, if (x(0), y(0)) = (x0, 0), the state after the on interval is as follows

(x1, y1) =

(√
x20 − 2pt1, t1

)
. (5)

After that, the off dynamics (u = 0) takes place and numerical integration is needed in (2). The time
instant t2 (initial time t = 0 is reconfigured at the beginning of this new topology) is obtained by an event
stop of the integration for y(t) = 0, thus giving time t2 such that y2 = y(t2) = 0 with corresponding
x2 = x(t2).

Finally, the last interval, during which y = 0, lasts a time t3 = T − t1 − t2 > 0, so the initial point
(x0, 0) maps to (x3, 0), being x3 = S(x0) =

√
x22 − 2pt3, after period T . The limit cycle is obtained by

applying the cyclic condition x3 = S(x0) = x0.
Note that since explicit expressions for the orbit in the off topology are not available, we cannot have

an exact expression for the stroboscopic map S(x), and hence for its corresponding fixed points, i.e., states
(x∗, 0) mapping to (S(x∗) = x∗, 0). Stable limit cycles can be determined by direct long time integration
of the system differential equations but unstable limit cycles cannot be located in this way. To determine
both stable and unstable limit cycles, ad hoc routines have been implemented using MAPLE software.

3. Limit cycles: Boundaries for existence and stability

Foundations for the existence or not of limit cycles in system (2)-(3) with power parameter p, and a periodic
exciting signal for its control u, with parameters T,D as its period and duty ratio, is not a trivial subject
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(a) (b) (c)

Fig. 2. DCM stroboscopic map S in (a) and limit cycle representations: (b) in the state space, (c) time-domain waveform.
Parameters are p = 1, t1 = 2.5, T = t1 + t2 + t3 = 5, with resulting fixed point from S(x∗) = x∗: x∗ = 2.946322.

as it will be shown in this paper. Only in one case an exact expression for a boundary of existence in
the parameter space can be given, in other cases at most only approximated expressions can be obtained.
Recall that p, T and t1 are the system dimensionless parameters, such that D = t1/T , and let also define
a combined dimensionless parameter K = 2p/T .

3.1. Existence condition K > D2

Let start by the only boundary that can be exactly determined from (2)-(3). Let (x0, 0) be the state at the
beginning of a cycle, with x0 >> 1 large enough in order to permit some approximations. After the on
topology along time t1 = DT , from (4) the state is

x1 =
√

x20 − 2pt1 ≈ x0 −
pt1
x0

, y1 = t1.

Along the off topology that is with u = 0, assuming constant x = x0 in the term −p/x as x0 >> 1,
the dynamics can be approximated by an ideal oscillation

x(t) ≈ 1 + sin(t)(t1 −
p

x0
) + cos(t)(x1 − 1), (6)

y(t) ≈ p

x0
+ cos(t)(t1 −

p

x0
)− sin(t)(x1 − 1), (7)

valid during a short time interval t ≤ t2, until event condition y(t2) = 0. Then, by considering sin(t) ≈ t
and cos(t) ≈ 1− t2/2 in (6), it results

t2 ≈
t1

x1 − 1
, (8)

x2 ≈ x1 + t2

(
t1 −

p

x0

)
− t22(x1 − 1)

2
= x0 −

pt1
x0

+
t21

2(x1 − 1)
− pt1

x0(x1 − 1)
. (9)

Finally, in the third time interval, for which both the transistor and diode are open, along time
t3 = T − t1 − t2,

S(x0) = x3 =
√
x22 − 2pt3 ≈ x2 −

pt3
x2

.

Taking into account that differences between the values (x0, x1, x2), when x0 is large enough, are very small
(less than 1), the approximate stroboscopic map results

S(x) ≈ x− pT

x
+

t21
2(x− 1)

. (10)
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(a) (b) (c)

Fig. 3. (a) Boundary lines in the parameter plane (D,K) colored in black, red and lime, which account for K = D2, CCM-
DCM and period doubling bifurcations respectively; also, the continuous lines stand for p = 2, the dashed ones do for p = 4.5
and the dotted lines, K = D and K = 2D are asymptotes for the CCM-DCM limit. Illustrative critical CCM-DCM limit cycle
with p = 2, x∗ = 5.5, given with T = 4.935067, t1 = 3.942412 (D = 0.798857,K = 0.810526), is depicted in the state plane (b)
and time-domain waveform (c).

Then, from the limit cycle or fixed point condition S(x) = x = x∗, it is deduced that

x∗ ≈ 2pT

2pT − t21
=

K

K −D2
. (11)

The above expression, which is valid only for K values higher than D2 demonstrates that limit cycles
cannot exist if K < D2, being then K = D2 a boundary in the parameter space. Black line in Fig. 3(a)
corresponds to this boundary.

3.2. Boundary with continuous conduction mode

The other main boundary of existence for limit cycles is due to the extinction of the DCM. This frontier
implies that y(t) > 0 for 0 < t < T , and at the final instant the trajectory hits the abscissa, that is
y(T ) = 0. Actually, at the boundary CCM-DCM, a corner collision [di Bernardo et al., 2001] occurs: y(t)
becomes null at the end of the cycle just before starting again the on topology, that is t3 = 0 or equivalently
t2 = T − t1, and so x2 = x0.

This boundary can be numerically computed for each selected parameter p and state (x0, 0), by reverse
time integration of the differential equations corresponding to the off topology from (x0, 0) until the

trajectory collides with the line x =
√

x20 + 2py, associated to the on dynamics, at the time instant
t = −t2. If (x1, y1) is this crossing point, then the parameters for the corner collision bifurcation at (x0, 0)
with fixed p are T = t1+ t2 with t1 = y1. Lines in red color shown in Fig. 3(a) correspond to this boundary
for two selected values p = 2 and p = 4.5. Also, an illustrative example of CCM-DCM boundary cycle,
with parameters given in the caption, is in panel (b) of the same figure.

As can be appreciated in Fig. 3(a), the CCM-DCM boundary tends asymptotically to lines K = 2D
or K = D if these parameters tend to 0 or 1 respectively for any value of parameter p.

The K = 2D approximation is given for small values of K and D, that is to say for very large values
of period T . This circumstance occurs when the trajectory corresponding to the off topology becomes
close to the corresponding equilibrium point (1, p). Actually, this happens for a fixed point x0 near the

critical value xc =
√

1 + 2p2 and parameter t1 ≈ p, because the on trajectory ends around (1, p). Taking
into account the definitions of both parameters, the approximation K/D → 2 is concluded.

The case K = D is given when x0 >> 1 is assumed, then from (8) and condition t3 = 0, it is deduced
that period T is hardly higher than t1, that is the duty ratio D approaches 1. Besides, if the boundary
and fixed point conditions are applied in (9), that is x2 = x0, after some approximations, the parameter
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restriction t1 ≈ 2p, is deduced, and therefore, the asymptotic behavior K = D is obtained. In Fig. 3(b-c),
parameters for an illustrative example of critical limit cycles in the CCM-DCM boundary is given and also
represented in the panels (b) and (c) using state space and time-domain waveforms respectively.

3.3. Stability limit: smooth period doubling bifurcation

A map qualitatively similar to the one depicted in Fig. 2(a) is found in a wide region of the parameter
space, although more complex cases, mainly for low values of power p and high period T , are possible and
will be examined later.

As is well known, the slope of S at x∗, also called characteristic multiplier m of the 1D map S

m =
dS

dx

∣∣∣∣
x=x∗

, (12)

determines the stability of the fixed point, such that it is asymptotically stable whenever |m| < 1. In the
particular case that (12) is applied to the approximated expression S(x) in (10) at the fixed point in (11),
the approximate characteristic multiplier can be expressed as

m ≈ 1 +
pT

x∗2
− t21

2(x∗ − 1)2
≈ 1− T 2(K −D2)3

2KD2
,

then, close to the boundary K = D2, x∗ → ∞ and m → 1 (being m < 1).
If the parameters are varied moving away from that boundary, thus lowering the value of the fixed

point x∗, two facts occur at the same time. On one hand, the characteristic multiplier goes progressively
down from 1, and if the critical value m = −1 is overtaken, then the limit cycle becomes unstable via a
smooth period doubling, also called flip, bifurcation. Besides this, the boundary CCM-DCM is approached
and, if reached, the DCM limit cycle is extinguished. It depends on how parameters are varied, one or
other boundary (DCM discontinuity or smooth period doubling bifurcation) is firstly attained.

In Fig. 3(a), the period doubling bifurcation boundary line is also plotted in lime color using the same
parameters than for the CCM-DCM case. Note that in this (D,K) diagram, the stable period-1 orbit is
bounded by the existence limits K = D2 on the bottom and CCM on the top and by the stability period
doubling bifurcation condition on the left. It can be also noticed that the stability region is progressively
reduced as the parameter p increases.

As the smooth period-doubling bifurcation is of a codimension-1 type, in our three dimensional pa-
rameter space, two parameters (or mutual combinations) must be fixed and so the third parameter should
be calculated in order to fit the critical condition m = −1. To do that, different parameters from the 3D
parametric space can be used to obtain 1D boundary curves corresponding to the period doubling bifurca-
tion boundary surface. In Fig. 3(a) some of these curves are shown. For each curve made with p fixed, t1
is progressively varied, and for each pair (p, t1), the corresponding critical period T has been obtained. To
obtain this critical parameter, a numeric MAPLE routine, which input is the fixed state x∗ and the output
is the merit value r = m+1, is progressively iterated, in such a way that x∗ is recalculated to minimize r,
thus approaching the period doubling bifurcation condition m = −1 as much as desired.

Let us pay attention to the intersection of nonsmooth CCM-DCM and smooth period doubling bound-
ary surface in the 3D parameter space, which is a codimension-2 line. Two points of this line appear
in Fig. 3(a), which are the crossing of corresponding lines for p = 2 and p = 4.5. To get any of these
codimension-2 points, one parameter must be fixed and the other two parameters are calculated so as
to simultaneously fulfill both CCM-DCM and smooth period-doubling conditions. Here, p has been fixed
and the codimension-2 point is obtained by means of a numerical MAPLE routine similar to the one
used for obtaining the point corresponding to the period doubling bifurcation. The difference here is
that t1 is not arbitrarily fixed, but it must fit the CCM boundary. The following results have been ob-
tained: T = 5.541362, t1 = 3.649014, (D = 0.658505,K = 0.721844) with x∗ = 3.960434 for p = 2, and
T = 10.323716, t1 = 8.574694, (D = 0.830582,K = 0.871779) with x∗ = 8.844205 for p = 4.5.

It is worth to note that after the smooth period doubling bifurcation takes place, an ulterior period-
doubling cascade emerges, finally leading to chaotic behavior. This scenario, which is covered in [Benadero
et al., 2020], is out of the scope of this work, devoted only to bifurcations of period-1 limit cycles.
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(a) (b)

Fig. 4. (a) Boundary lines with fixed p = 0.5 in (D,K) plane, drawn in solid black, red, lime, green and dotted turquoise
color, accounting for K = D2, CCM-DCM, period doubling, fold and x = 1 bifurcation respectively. Zoom details are in (b).

It should be also mentioned that limit cycles associated to large periods, or expressed in other terms
for low values of K, involve some degree of vicinity to off equilibrium (1, p), and because it is unstable,
the limit cycle eventually can approach x = 0 so much that system (2) cannot be solved. Due to this
circumstance, part of the boundary lines are difficult to be obtained if K approaches 0 and if known, their
asymptotic behavior is depicted instead.

3.4. Bifurcation pattern and critical values of parameter p

The pattern for existence and stability boundaries of the DCM period-1 limit cycle is fully described with
power parameter p higher than the critical value pc1 = 2, as shown in Fig. 3(a). Note that if p ≥ pc1,
the CCM-DCM boundary is encased between K = D and K = 2D asymptotes, and the limit cycle exists
between that boundary and the boundary K = D2, which does not depend on p. Concerning stability, the
period doubling bifurcation boundary divides this region, the up-right one being stable. However, as it will
be shown, if p < pc1 new existence and stability boundaries emerge. Actually, the complexity of bifurcation
pattern increases as p is further reduced below successive critical values of this parameter, some of which
will be mentioned later. It is worth noting that the limit cycles involved in these new scenarios are likely
not practical from the point of view of applications of switching converters, but are of interest considering
the richness of dynamics involved.

The first critical power parameter value pc1 = 2, is related to the fact that the eigenvalues for
the off-equilibrium point (1, p) change from real to complex conjugate. These eigenvalues are λ =(
1± j

√
1− 4p2

)
/(2p) with j =

√
−1. If p < 2, they become complex conjugate and so this equilibrium

is an unstable focus. Qualitatively, the spiral behavior around the equilibrium can sustain an increasing
number of turns around this focus as p is reduced below pc1. It is not a surprising fact that in this case, the
complexity of the bifurcation scenarios for period-1 limit cycle increases progressively when p is reduced.
The first appearing bifurcation if p < pc1 is a smooth fold, also called saddle-node, bifurcation that emerges
from the CCM-DCM boundary as described below.

3.5. Smooth fold bifurcation as an existence and stability limit for p < 2

Unlike the monotone approach of the CCM-DCM boundary line to asymptote K = 2D when p > 2, if
p < 2, this line oscillates around the asymptote, with increasing amplitude as p is further reduced, due
to the spiral character of the off-equilibrium. Actually both oscillations, the dynamics around the off
equilibrium and the boundary line in the parameter space are closely related to each other. Furthermore,
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(a) (b)

(c) (d)

Fig. 5. Two examples of the stroboscopic map (a,c) and limit cycle (b,d) at the smooth fold bifurcation for p = 0.5: in (a-b)
T = 8.8 with t1 = 0.291681 (D = 0.033146,K = 0.113636), x∗ = 1.130821; in (c-d) T = 11.8 with t1 = 0.600811 (D =
0.050916,K = 0.084746), x∗ = 1.271724.

(a) (b)

Fig. 6. (a) Stroboscopic map and (b) limit cycle at the smooth fold and nonsmooth CCM-DCM codimension-2 bifurcation
for p = 0.5, thus being D = 0.074057,K = 0.170683 with x∗ = 1.116202.

a smooth codimension-1 fold bifurcation line emerges from each oscillation of the CCM-DCM existence
boundary. In Fig. 5, the set of boundaries for existence and stability of the period-1 limit cycle with p = 0.5
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have been plotted. Note the waving of the CCM-DCM limit and the new fold lines. To avoid a cumbersome
diagram, only two of these lines have been outlined, but theoretically these lines accumulate as approaching
to the origin in (D,K) parameter plane.

To get points of the codimension-1 either smooth or nonsmooth fold bifurcation lines under fixed
parameter p, we have opted for T as second fixed parameter to be varied progressively. For each pair
p, T , two convenient values of the third parameter t1 are previously chosen, say ta, tb, and for each one of
them, maps Sa, Sb are estimated in a convenient x-domain. If properly chosen this domain, the functions
Sa(x)− x and Sb(x)− x will have a minimum value inside it, say for values xa and xb respectively, that is
S′
a(xa) = S′

b(xb) = 1, where S′ = dS(x)/dx. Then the rated values ra = Sa(xa)− xa and rb = Sb(xb)− xb
evaluate the vicinity to the fold bifurcation and from them, a new value tc = tb − rb(tb − ta)/(rb − ra) is
considered. Following the same procedure, corresponding map Sc, variable xc and rate rc are deduced and
after more repetitions, parameter t1 with corresponding fixed point x∗ will be determined with the desired
precision, according to the selected threshold for rate r.

Analogous to the smooth period-doubling case, the smooth fold bifurcation manifold is born from the
CCM-DCM one, although in this case, they converge tangentially in a codimension-2 bifurcation line. The
point of this line when p is fixed can be computed similarly to the period doubling bifurcation case. Two
convenient points xa, xb are selected as fixed points, then t1, T are calculated for each of these points to
meet CCM-DCM boundary, as described in the above section. After that, corresponding maps Sa, Sb are
found and from them, rates ra = S′

a(xa)− 1 and rb = S′
b(xb)− 1 evaluates the neighborhood of xa, xb with

corresponding ta, Ta and tb, Tb to the desired codimension-2 point. Repeating recursively the procedure,
xc, xd... points are used, until getting the minimum desired rate r. For the value p = 0.5 used in Fig. 4,
these critical points are T = 5.858799, t1 = 0.433887, (D = 0.074057,K = 0.170683) with x∗ = 1.116201
and T = 8.840806, t1 = 0.534107, (D = 0.060414,K = 0.113112) with x∗ = 1.281624 for the two branches
depicted. The stroboscopic map and the limit cycle for the first of these two bifurcations are represented
in Fig. 6. Note that DCM condition applies only on the left side of the fixed point, so only this part has
been shown in the stroboscopic map.

Another interesting fact is that one of the two limit cycles generated at the smooth fold bifurcation is
stable. However, this limit cycle can become unstable via a smooth period-doubling bifurcation by moving
a small distance apart from the smooth fold bifurcation. With p fixed, the period doubling boundary has
been computed and found so close to the fold one that it has not been included in the diagrams.

3.6. Existence boundary at x∗ = 1

Concerning the existence of period-1 DCM limit cycles, if by varying parameters, a fixed point eventually
reaches the critical state (1, 0), that is x∗ = 1, beyond that point the limit cycle is extinguished. Recall
that under off dynamics, dy/dt = 1 − x, so that dy/dt = 0 for x = 1, which implies a visible tangency
[Jefferies, 2009] at (1, 0) state. Consequently, normal off topology is restored if x(t) reaches the bound
x = 1 before the end of the cycle, thus implying y > 0. In Fig. 7(a), three trajectories appear, the upper
one is full off case, the bottom one enters the third time interval (y = 0) escaping just at the bound (1, 0)
and the middle one is the critical tangent trajectory. One example for this boundary is the limit cycle
represented in Fig. 7(b).

The limit x∗ = 1 can only be reached under certain conditions. Before determining these conditions,
let see that the slope continuity at the on to off transition state, that is dy/dx coincides for u = 0 and
u = 1 at that state, requires the condition y = t1 = p. By applying the equality of both slopes in (2),
particularized at u = 0 and u = 1, the condition y = p is obtained. Considering also that accordingly to
(5) y = t1, the slope continuity on to off takes place under the condition t1 = p. By a trial and error
procedure, we have found the critical value pc2 ≈ 0.52135241 such that if p > pc2, even if t1 = p, the
off orbit reaches x = 0 natural limit an so it does not make sense. If p < pc2, then x∗ is reachable in
a t1-domain around p. The extreme values of this domain can be obtained by approaching x = 0 in the
off dynamics as much as desired. For p = 0.5, one has tlim1 < t1 < tlim2 with tlim1 ≈ 0.356822 and
tlim2 ≈ 0.715570. When approaching these limits, the period T increases progressively, then making D and
K tending to zero while maintining practically constant the ratio K/D which converges to 2p/tlim, with
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(a) (b)

Fig. 7. Using p = 0.5, (a) set of trajectories near critical state (1,0) and (b) critical limit cycle for x∗ = 1 with t1 = 0.6, thus
being T = 7.249421 (D = 0.082765,K = 0.137942).

(a) (b) (c)

Fig. 8. Limit cycles at CCM-DCM and x∗ = 1 boundaries: (a) critical case t1 = p = pc3 ≈ 0.37785857 with T = 5.38779248;
p = 0.36 in (b-c) with t1 = 0.298926, T = 5.740569 in (b) and t1 = 0.430882, T = 4.990133 in (c).

tlim equal to one of the two extremes of t1-domain.
The dotted turquoise line in Fig. 4, which accounts for this bound under constant parameter p = 0.5,

has been obtained by varying progressively t1 in its valid domain, and for each pair (p, t1), the critical limit
cycle and its period are determined in the standard form, by selecting x∗ = 1 as the fixed point.

The number of fixed points (either stable or unstable) appears indicated in Fig. 4(b) for regions
defined by boundaries exposed so far. Note that two limit cycles emerge from the fold line and one limit
cycle extinguishes at the two boundaries CCM-DCM and x∗ = 1. Also, regarding the CCM-DCM case, the
direction for which the fixed point appears is inverted at its codimension-2 bifurcation with the smooth
fold one.

Up to this point, two qualitative changes in the possible set of bifurcations have been exposed when
decreasing p. The first and most relevant case occurs at p = pc1, with pc1 = 2, such that when p < pc1,
the codimension-1 smooth fold bifurcations linked to the nonsmooth CCM-DCM bifurcation, emerge. The
second case at p = pc2, with pc2 ≈ 0.52135241, implies the emergence of codimension-1 nonsmooth boundary
due to overpassing the DCM limit (x∗ = 1).

A third critical value pc3 ≈ 0.37785857 occurs when x∗ = 1 at CCM-DCM boundary, being also
T ≈ 5.38779248 and t1 = pc3 (K ≈ 0.14026471, D = K/2). This critical limit cycle, which is shown
in Fig. 8(a), features simultaneously: CCM-DCM boundary, which is also placed at x∗ = 1 and slope
continuity at on to off transition (that is with t1 = p).
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(a) (b)

Fig. 9. (a) Boundary lines with fixed p = 0.36 in (D,K) plane in solid black, red, lime, green and dotted turquoise accounting
for K = D2, CCM-DCM, period doubling, fold and x∗ = 1 bifurcation respectively. Zoom details are in (b), also including the
number of limit cycles in some parameter regions.

If p < pc3, the CCM-DCM boundary line splits due to the interaction with x∗ = 1 bound, as it can be
appreciated in Fig. 9 by using p = 0.36 < pc3. Limit cycles at the extremes of the two trams in which the
CCM-DCM boundary is split are given in Fig. 8(b-c).

Due to the enhancement of the spiral behavior as decreasing p, the DCM-CCM boundary line is further
splitting for lower values of p, for instance one extra section appears if p ≲ 0.24718118.

Let us go back to the t1-domain defining the x∗ = 1 boundary line limit, as it can be seen in Fig. 4. In
this example, by using p = 0.5, t1 ≈ 0.356822 is the lower limit of the domain. Recall that pc2 ≈ 0.52135241
is a critical value, such that if p < pc2, a t1-domain for this boundary is defined. This domain gets larger
when p decreases. Actually, for a new critical value of the parameter, say pc4 ≈ 0.33095806, it is found
that there is not a lower limit for the t1-domain. This critical value is associated to the fact that if p < pc4,
then the off trajectory starting at the bound state (1, 0) evolves around the corresponding equilibrium
without divergence as decreasing x, thus being a valid trajectory. Conversely, if pc4 < p < pc3, a minimum
value for t1 is necessary to prevent approaching x = 0.

Figure 10, using p = 0.32 < pc4, shows two new kind of existence boundaries in the parameter space
that emerge when p < pc4 and will be detailed below. These extra nonsmooth boundaries appear only if
the off trajectory starting at the bound state (1, 0) is defined, and this is only possible if p < pc4 and
somehow long driving signal periods.

3.7. Boundary with off trajectory tangent at (1, 0)

One of these new boundaries, which is depicted in Fig. 10 with solid dark blue line, is associated to
critical limit cycles obtained as follows. The off trajectory is computed starting from the critical point
(1, 0) both in forward and reverse time directions. Let tP (p) be the positive time at which the trajectory
hits abscissa at (xP (p), 0) state and (x1, y1) be the state obtained by the reverse computation using an
arbitrary time −t′. From (x1, y1) determination, the on time and the fixed point are straightforward:

t1 = y1 and x∗ =
√

x21 + 2pt1. Finally, the cycle is completed in DCM from xP (p) to x∗, thus with a period
T = t1 + t′ + tP (p) +

(
xP (p)

2 − x∗2
)
/(2p).

In Fig. 11(a), the stroboscopic map with parameters in the caption shows clearly a nonsmooth bifurca-
tion, with corresponding critical limit cycle in panel (b). On one side of the bifurcation (see the solid blue
line in Fig. 10), the discontinuity of the map moves below bisector line (x), so that they will not define
a fixed point. Conversely, on the other side, the two lines defining the discontinuity intersects with the
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(a) (b)

Fig. 10. (a) Boundary lines with fixed p = 0.32 in (D,K) plane. Solid black, red, lime, green and dark blue lines account for
K = D2, CCM-DCM, period doubling, smooth fold and nonsmooth cases, dotted turquoise and dashed blue do for x∗ = 1
and x∗ = xP (p) ones, respectively. Zoom in (b) includes the number of limit cycles in some parameter regions.

bisector x in two (fixed) points, with stability character depending on the slope S′(x∗). However, following
the same boundary, we can see in Fig. 11(c), the stroboscopic map shows also a discontinuity, but with only
one fixed point at its two sides. The feature now is the different slope of S(x), thus permitting a possible
change of stability. The corresponding critical limit cycle is in panel (d).

Consequently, an interesting fact concerning this boundary line is the existence of a critical point
belonging to it, which is responsible of its partition in two sections, each one with a map behavior as in
panel (a) or in panel (c) of Fig. 11. Actually, this splitting point is codimension-2 bifurcation type, in
which the smooth fold described earlier and nonsmoothness of this new boundary are born simultaneously.
Parameter values of this critical point and its stroboscopic map with the discontinuity at the tangent point
clearly visible is in Fig. 11(e), with corresponding limit cycle given in panel (f) of the same figure.

Another property of this boundary line is the fact that, due to the spiral behavior of the off trajectory,
this line can be divided in segments. Note in Fig. 10, the solid blue line representing this case for p = 0.32
is divided in two disconnected parts by the x∗ = 1 boundary. The limit cycles for the two extreme points
are represented in Fig. 12.

Most of the limit cycles existing with low D and K parameter values when p < pc1 = 2, far from
the the main smooth period-doubling boundary are unstable. For instance, those appointed in the panel
(b) of Figs. 4,9,10. Nevertheless, after the smooth fold bifurcation occurs, one of the two emerging limit
cycles is stable, although it maintains stability in a reduced range of the parameter space. Besides, after
the boundary associated to the orbit tangency at (1, 0) is crossed, another stable limit cycle can be born
and even maintain stability in a larger parameter values region. In Fig. 13, the stroboscopic map, with
parameter p = 0.32 and others in the caption, is shown. It can be clearly appreciated the existence of three
fixed points, the central one with x∗ ≈ 1.208639 is unstable (m ≈ 2.8181 > 1), but the other two ones are
stable. These last are shown in panels (b-c) of the same figure including the values of x∗ and m.

3.8. Boundary with xP as fixed point

The second extra nonsmooth boundary, see the dashed light blue line in Fig. 10, is also linked to tangency
at (1, 0), but specifically with the fixed point x∗ = xP (p) thus being another existence boundary of limit
cycle. Note in Fig. 10(b) that this boundary line is born at the same point in the parameter space than the
line with off trajectory tangent at (1, 0) and the line for x∗ = 1. This point where the three lines meet is
defined with D = 0, thus meaning in practice the absence of exciting signal (t1 = 0) and consequently the
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(a) (b)

(c) (d)

(e) (f)

Fig. 11. Examples of the stroboscopic map (a,c,e) and limit cycle (b,d,f) with p = 0.32 at some bifurcating cases. Nonsmooth
fold in (a-b) for x∗ = 1.2, then T = 12.700430, t1 = 0.525447 (D = 0.041372,K = 0.050392). Discontinuity in (c-d) for
x∗ = 1.15, then T = 13.164305, t1 = 0.531112 (D = 0.040345,K = 0.0486163). Codimension-2 smooth and nonsmooth fold in
(e-f) with T = 12.951603, t1 = 0.530508 (D = 0.040961,K = 0.049415), being x∗ = 1.173290.



February 24, 2023 19:35 boost-cpl-bifs-IJBC˙rev

16 L. Benadero et al.

(a) (b)

Fig. 12. Critical limit cycles for p = 0.32 and double condition x∗ = 1 and off trajectory tangent at the same point.
Parameters are D = 0.030081,K = 0.043914 in (a) and D = 0.014230,K = 0.040235 in (b).

(a) (b) (c)

Fig. 13. Stroboscopic map in (a) under parameters p = 0.32, D = 0.0443,K = 0.0569. Corresponding stable limit cycles with
x∗ = 1.163739,m = −0.6801 in (b) and x∗ = 1.470005,m = 0.5157 in (c).

(a) (b) (c)

Fig. 14. Some critical cycles using p = 0.32. (a) the particular cycle CP with T = 9.930006, xP = 2.008513. Examples of
boundary limit cycles x∗ = xP : t1 = 0.25, T = 10.128294 in (b) and t1 = 1.0, T = 13.003655 in (c).

system is autonomous under these conditions.

Definition 1. For a parameter p < pc4 in absence of the driven signal u(t), a particular limit cycle, called
here Cp, exists. This is the orbit defined by an off trajectory, see (2) with u = 0, running from bound
state (1, 0) until hitting the x-axis at the state (xP (p), 0) in time tP (p), and finally flowing with y = 0, see
(3), to return at the initial state. The period of this cycle is TP (p) = tP (p) + (xP (p)− 1)2/(2p).

The limit cycle Cp, with parameter p = 0.32 is plotted in 14(a) with corresponding data in the caption.
Two other limit cycles belonging to the boundary with xP as fixed point are in panels (b,c) of the same
figure.
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It should also be noticed that each nonsmooth boundary whose critical limit cycles includes the bound
state (1, 0) theoretically replicates in many boundaries with the same properties. Actually, this property is
a particular case of a more general result, as summarized in the following proposition.

Proposition 1. For the system (2)-(3) with power parameter p < pc4 and exciting signal with dimensionless
switching period T and dimensionless on time t1, if an arbitrary state (xa, ya) maps to a state (xb, yb) that
belongs to the particular limit cycle CP , any other driving signal with parameters T + nTP and t1, where
TP is the period of CP and n ∈ N, will also map (xa, ya) to (xb, yb).

The proof is direct by considering that the state (xb, yb) after time T will be reproduced at the end of the
driving signal, that is if (xb, yb) belongs to CP , after completing the period in the additional time nTP , the
orbit comes back to this same point. Note that for the fixed point of a limit cycle, we have the restriction
xa = xb = x∗, ya = yb = 0, then if 1 ≤ x∗ ≤ xP (p), systems with the same parameters p < pc4 and t1,
differing their periods on nTP with n integer, will have the same fixed points and with the same stability
character, whenever x∗ ∈ [1, xP (p)].

Consequently, this property applies to nonsmooth boundaries related to tangency at (1, 0) and also for
x∗ = 1 or x∗ = xP . However, to avoid cumbersome diagrams, these replicative boundaries have not been
included in Fig. 10 except for two segments of the x∗ = 1 boundary case (dotted turquoise line).

We see that decreasing p on one hand increases the area in the parameter plane (D,K) with a stable
fundamental limit cycle, while on the other hand the boundaries for existence of period-1 limit cycles
becomes more complex. We will only add here another occurrence in the bifurcation pattern. For the
critical value pc5 ≈ 0.19518223, being also T ≈ 7.95836864, t1 ≈ 0.83476363, the nonsmooth boundary
x∗ = 1 becomes tangent to the smooth period doubling boundary so that if p < pc5 this last bound is split
by the x∗ = 1 line.

3.9. Effect of a parasitic series resistance and other non ideal features

The analysis carried out up to now has been made out under ideal conditions that allow us a relatively
simplified development. A possible deviation in a real implementation is the presence of a parasitic resis-
tance, mainly in series with the inductor. Let RS be its value, thus normalized as rS = RS/Z0, so that the
second differential expression in (2), takes the following modified form

dy

dt
= −rSy + (u− 1)x+ 1.

The results in Fig. 15, with dimensionless parameter palue p = 0.36 and rS = 0.1, show a qualitatively
similar pattern than the ideal case with rS = 0, see Fig. 9. Only small deviations in the critical lines can
be appreciated.

Another case of interest is the ideal CPL behavior restricted to some regions of state variables, see
for instance [Henao et al., 2022; Benadero et al., 2015] to get further details. As it was mentioned above,
part of our analysis deals with interesting bifurcation patterns. The inclusion of a piecewise behavior of
the load converter can be addressed in a future work, then revising the parameter regions in which the
exposed bifurcations still persist and likely finding out new emerging bifurcation cases.

4. Conclusions

Existence and stability of fundamental limit cycles of an open loop DC-DC boost converter, with constant
power load and operating in discontinuous conduction mode, has been analyzed via a 1D model with only
three dimensionless parameters. Apart from the smooth period doubling bifurcation concerning the stability
of the main limit cycle, different kind of boundaries for limit cycle existence, most of them nonsmooth,
have been obtained. Several diagrams have been added to illustrate them and the result is a progressively
more complex bifurcation pattern as the power parameter p decreases. Emphasis has been made in the
intersection of the different boundaries, actually codimension-2 bifurcations, which are of great relevance
in the diagrams. Also numerical data for the critical values of p at which new boundaries emerge and so
the bifurcation pattern is qualitatively modified have been given.
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(a) (b)

Fig. 15. Critical lines, using the same color and style, with the same parameter value p = 0.36 than in Fig. 9 but taking into
a normalized series resistance rS = 0.1. Note that except from negligible deviations from the ideal case (Fig. 9), a very similar
pattern can be observed.
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