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1. Introduction

Domination in graphs is well studied in graph theory and the literature on this subject has been surveyed and detailed
in the books [8,9]. In [7], Harary and Haynes extended the idea of domination in graphs to a more general notion. They
introduced the concept of double domination in graphs and, more generally, the concept of k-tuple domination. Given a
graph G of minimum degree §(G) and a positive integer k < §(G) + 1, a set D C V(G) is said to be a k-tuple dominating
set of G if [IN[v] N D| > k for every vertex v € V(G), where N[v] represents the closed neighbourhood of v. The k-tuple
domination number of G, denoted by y,(G), is the minimum cardinality among all k-tuple dominating sets of G. A yx(G)-
set is a k-tuple dominating set of cardinality y.x(G). The cases k = 1 and k = 2 correspond to domination and double
domination, respectively. In such a case, y(G) and y.«»(G) denote the domination number and the double domination
number of graph G, respectively.

The double domination in graphs has been extensively studied. In [6], Hansberg and Volkmann put into context all
relevant research results on double domination that have been found up to 2020. In addition, we suggest the recent
papers [1-5,10]. However, this classic domination parameter has not yet been studied in rooted product graphs. With
this work we pretend to solve this gap in the theory.

The aim of this paper is to study this parameter in rooted product graphs. In Section 2 we provide some necessary
notation and tools. In Section 3 we obtain closed formulas for the double domination number of rooted product graphs.
In particular, we show that this parameter in rooted product graph can be expressed in terms of different domination
parameters of the factor graphs involved in the product. Finally, we characterize the graphs that satisfy each of the six
expressions obtained.
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Fig. 1. A graph G with y,(G) = 4 < ¥4x2(G) < 6 = y,2(G).
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Fig. 2. The set of black-coloured vertices forms a yy»(P4 o, G;)-set, for i € {4, 5}.

2. Some necessary notation and tools

Given a graph G, a vertex of degree one is referred as a leaf and its unique neighbour is called a support vertex. A
strong leaf is a leaf which is at distance two from another leaf. We use the notation £(G), £s(G) and S(G) for the sets of
leaves, strong leaves and support vertices, respectively. Also n(G) will denote the order of G. Given a vertex x € V(G), (for
simplicity) the subgraph induced by V(G) \ {x} will be denoted by G — x. By analogy, we define the subgraph G — S for an
arbitrary set S C V(G).

For any graph G with no isolated vertex, let Dy,(G) the set of double dominating sets (DDSs) of G, and let D,(G) be the
set of 2-dominating sets of G. Recall that a set D is a 2-dominating set of G if |[N(v) N D| > 2 for every vertex v € V(G)\ D.
The 2-domination number of G, denoted by y,(G), is the minimum cardinality among all 2-dominating sets of G.

We now proceed to introduce a new domination parameter which plays an important role in one of the possible values
that the double domination number of the rooted product graphs takes.

Let A, B C V(G). We say that an ordered pair (A, B) of disjoint sets A and B is a quasi-double dominating pair of G if
AUB € Dy(G) and B € D,;(G — A). The quasi-double domination number of G, denoted by y;x2(G), is defined to be

Yax2(G) = min{|A| + [B| : AUB € D,(G) and B € D,»(G — A)}.
A Y4x2(G)-pair is a quasi-double dominating pair (A, B) which satisfies the condition y4,2(G) = |A| + |B|.

Remark 1. For any graph G with no isolated vertex,

)/Z(G) = quZ(G) =< VXZ(G)

Proof. Since AU B € D,(G) for any y4x2(G)-pair (A, B), the lower bound is straightforward. Moreover, if D is a y.,(G)-set,
then the ordered pair (@, D) is a quasi-double dominating pair of G. Therefore, y4x2(G) < |D| = y«2(G), which completes
the proof. O

Fig. 1 shows an example of a graph G where the value of y;,,(G) does not reach the extreme values of the bounds given
in Remark 1. For instance, {a, c, e, g} is a y»(G)-set, {a, b, d, e, f, g} is a y«2(G)-set and ({g}, {a, b, d, e}) is a y4x2(G)-pair.

We assume that the reader is familiar with the basic concepts and notation. If this is not the case, we suggest the
textbooks [8,9]. For the remainder of the paper, definitions will be introduced whenever a concept is needed.

3. Double domination in rooted product graphs

Let G and H be two graphs with no isolated vertex and v be a vertex of H, which we called root vertex. The rooted
product graph G o, H is defined as the graph obtained from G and H by taking one copy of G and n(G) copies of H and
identifying the ith vertex of G with the root vertex v in the ith copy of H for every i € {1, 2, ..., n(G)}. Fig. 2 shows the
rooted product graphs P4 o, C4 and P4 o, Cs.

For every vertex x € V(G), H, = H will denote the copy of H in G o, H containing x. The restriction of any set
D € V(G o, H) to V(Hy) will be denoted by Dy, i.e.,, Dy = D N V(Hy). Since V(G o, H) = Uyxey(g)V(Hx), we have that
ID| = >_cv(c) IDxl for every set D € V(G o, H).

The following result gives a first approximation for the double domination number of a rooted product graph.
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Proposition 1. The following statements hold for any graphs G and H with no isolated vertex and any vertex v € V(H).

(1) ¥x2(G oy H) < n(G)yxa(H).
(i) If v € S(H), then y,2(G o, H) = n(G)yy2(H).
(iii) If v € V(H) \ S(H), then yx2(G oy H) < yx2(G) + n(G)yx2(H — v).

Proof. Let S be a y.»(H)-set and D C V(G o, H) such that Dy is the subset of V(Hy) induced by S for every x € V(G).
Observe that D is a DDS of Go, H, which implies that y4,(Go,H) < |D| = erv(c) |Dyx| = n(G)|S| = n(G)yx2(H). Therefore,
(i) follows.

Now, we proceed to prove (ii) and (iii). Let W be a y4»(G o, H)-set. First, we assume that v € S(H). Let x € V(G).
Notice that W, is a DDS of Hy as (N(x) N £(Hy)) U {x} < W,, which implies that |Wy| > y«2(Hx) = yx2(H). Hence,
Yx2(Go, H) = |W| = ervm) |Wy| > n(G)yx2(H). The equality follows by (i), which completes the proof of (ii).

Finally, assume that v € V(H) \ S(H). Let S’ be a y«2(H — v)-set and D" € V(G o, H) \ V(G) such that D; is the subset
of V(Hy — x) induced by S’ for every x € V(G). For any y.,(G)-set X, it follows that X U D’ is a DDS of G o, H. Hence,
Yx2(G oy H) < X UD'| = y42(G) + n(G)yx2(H — v), which completes the proof of (iii). O

As a consequence of Proposition 1, we will focus our study on rooted product graphs where the root vertex is not a
support vertex. Furthermore, we will assume that the two vertices of the path graph P, are support vertices.

Following Proposition 1-(iii) we have an upper bound on y4,(G o, H) in terms of y.,(H — v). For that reason, in the
next lemma we analyse the relationship between y.,(H — v) and yy2(H).

Lemma 1. Let H be a graph with no isolated vertex. If v € V(H) \ S(H), then
Yx2(H —v) = yxa(H) —
Furthermore, if yx2(H — v) = yx2(H) — 2, then N(v) NS = & for every y«2(H — v)-set S.
Proof. Let v € V(H) \ S(H) and S be a y,»(H — v)-set. For every u € N(v), the set S U {u, v} is a DDS of H. Hence,
yx2(H)—2 < |SU{u, v}| — 2 < |S] = yx2(H — v), as desired.

We now assume that |S| = y42(H) — 2. If there exists a vertex u € N(v) NS, then S U {v} is a DDS of H, which is a
contradiction as |S U {v}| = y«2(H) — 1. Therefore, N(v) NS = &, which completes the proof. O

Lemma 2. For every (G o, H)-set D and x € V(G),
[Dx| = yxa(H) = 2.
Furthermore, if |Dy| = yx2(H) — 2, then N[x] N D, = @.

Proof. Let D be a y4,(G o, H)-set and x € V(G). Notice that for every y € N(x) N V(Hy), the set D, = D, U {x, y} is a DDS
of Hy. Hence, yx2(H) — 2 = y«2(Hy) — 2 < |D| — 2 < |Dy|, as desired.

Now, assume that |Dy| = y«2(H) — 2. Suppose there exists a vertex y € N[x] N D, and let z € N(x) N V(Hy). Next, we
define a set D, C V(Hy) as follows. If y = x then D; = D, U {z}, otherwise D, = D, U {x}. Notice that D, is a DDS of Hy,
which is a contradlctlon as |D,| = yxa(H) — 1. Hence N[x] N Dy = &, which completes the proof. O

From Lemma 2 we deduce that any y,,(G o, H)-set D generates three subsets Ap, Bp, Cp of V(G) as follows.
Ap = {x € V(G) : [Dx| = yx2(H)}
Bp ={x € V(G) : IDx| = yx2(H) — 1}
Cp = {x € V(G) : IDx| = yx2(H) — 2}.

In order to determine all possible values of y«,(Go, H), the following lemma is a tool that allows us to bound and give
a value for y.,(G o, H) in the case that Bp # @ and Cp = @ for a y«2(G o, H)-set D.

Lemma 3. Given a y«»(G o, H)-set D with Bp # @ and Cp = &, the following statements hold.

(i) If Bo N D # g, then yy»(G o, H) = n(G)(yx2(H) — 1).
(ii) If Bp N D = @, then y«,(H — v) = y«2(H) — 1, and as a consequence,

Y(G) + n(G)(yx2(H) — 1) < yx2(G oy H) = ygx2(G) + n(G)(yx2(H) — 1).

Proof. First, we proceed to prove (i). Let z € Bp N D and S € V(G o, H), where S, is the subset of V(Hy) induced by D,
for every x € V(G). Notice that S is a DDS of G o, H, which implies that y.,(Go, H) < |S| = 0 |Sx| = n(G)|D;| =
n(G)(yx2(H) — 1). Moreover, since Cp = @, we deduce that y«,(G o, H) = |D| > n(G)(yx2(H) — 1) ané i) follows.

Next, we proceed to prove (ii). Assume that Bp "D = &, and let z € Bp. Since z ¢ D, we deduce that z ¢ S(H,), which
implies that D, is a DDS of H, — z. Hence, yy2(H — v) = yx2(H; — z) < |D,| = yx2(H) — 1.
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By inequality above and Lemma 1 we have that y«o(H —v) € {yx2(H)—2, yx2(H)— 1}. If y2(H —v) = y«2(H)—2, then
by Proposition 1-(iii) and the condition Cp = @, we obtain that n(G)(yx2(H)—1) < yx2(GoyH) < yx«2(G)+n(G)(yx2(H)—2),
which implies that y.,(G o, H) = n(G)(yx2(H) — 1), and as a consequence, V(G) = Bp, which contradicts the fact that D
is a DDS of G o, H because Bp N D = @. Hence, yy2(H — v) = yx2(H) — 1, as desired.

Now, we proceed to prove the upper bound. Let (A, B) be a y4x2(G)-pair, S’ a yx2(H — v)-set and S” a y,(H)-set. We
construct a set W C V(G o, H) as follows. If x € A, then W, is the subset of V(H,) induced by S”; while if x € V(G) \ A,
then W, = W;, where W, is the subset of V(H, — x) induced by S’. Notice that W U B is a DDS of G o, H, which implies
that y,2(G o, H) < [W U B| = ygx2(G) + n(G)(yx2(H) — 1).

In order to prove the lower bound, notice that |[N(x) N D,| < 1 for every x € Bp, which implies that .A4p is a dominating
set of G. Hence,

yxa(Goy H) = ) IDJ+ Y Dyl

xeAp xeBp
> |Aplyxa(H) + |Bpl(yx2(H) = 1)
[Ap| 4+ n(G)(yx2(H) — 1)
Y(G) + n(G)(yx2(H) — 1)
which completes the proof. O

v

)

Now, we proceed to give the six possible expressions that can take y,(G o, H) in terms of domination parameters
of its factor graphs. It may be noted that we have ordered the possible values reached by y.,(G o, H) in non-increasing
order for convenience.

Theorem 1. Let G and H be two graphs with no isolated vertex. If v € V(H), then

n(G)yx2(H),

Yax2(G) + n(G)(yx2(H) — 1),
Y2(G) + n(G)(yx2(H) — 1),
Y(G) + n(G)(yx2(H) — 1),
n(G)(yx2(H) — 1),

Yx2(G) + n(G)(yx2(H) — 2)

Yx2(Go, H) €

Proof. Let D be a y.«2(G o, H)-set and consider the three subsets Ap, Bp, Cp of V(G) defined above. Observe that
Ap U Bp UCp = V(G). Now, we distinguish the following cases.

Case 1. Bp U Cp = @. In this case, we have that V(G) = Ap, i.e, every vertex of G satisfies that |Dy| > y«2(H) and, as a
consequence, yx2(G o, H) > n(G)y«2(H). Therefore, by Proposition 1-(i) we have that y«»(G o, H) = n(G)yx2(H).

Case 2. Cp = @ and Bp # @. If BpND # @, then by Lemma 3-(i) we obtain that y.,(G o, H) = n(G)(yx2(H) — 1). From
now on, we assume that Bp N D = @. So, by Lemma 3-(ii) we have the following inequality chain.

Y(G) + n(G)(yx2(H) — 1) < yx2(G oy H) < ygx2(G) + n(G)(yx2(H) — 1). (1)

Now, observe that if x € Bp, then [N(x) N D,| < 1. Hence, we introduce the following subsets of Bp. Let B, = {x € Bp :
IN(x) " Dy| = 1} and By, = Bp \ Bp, i.e., By = {x € Bp : [IN(x) N Dy| = 0}. Also, let A = {x € Ap : |Dy| = yx2(H)} and
A} = Ap \ Ap. Notice that A € D.

Next, we distinguish the following three subcases.

Subcase 2.1. By # @. Let z € By and W C V(G o, H) \ V(G) such that W is the subset of V(H, — x) induced by D, for
every x € V(G). Notice that for any y(G)-set X, the set X UW is a DDS of Go, H. Since |W| = n(G)|D,| = n(G)(yx2(H)— 1),
it follows that y,2(Go, H) < [ XUW| = |X| 4+ |W| = y(G) + n(G)(yx2(H) — 1). Therefore, we conclude that y,,(Go, H) =
y(G) + n(G)(yx2(H) — 1) by inequality chain (1).

Subcase 2.2. Bp = B}, and there exists z € A, such that D; is a y«»(H,)-set containing z. From a fixed vertex y € Bp and
any y»(G)-set X, we can construct a set W C V(Go, H) as follows. If x € X, then W, is induced by D,, while if x € V(G)\ X,
then W is induced by D,. Notice that W is a DDS of Go, H, which implies that y,,(Go,H) < [W| = y»(G)+n(G)(yx2(H)—1).

Moreover, since Bp = B}, it follows that Bp N D = @. This previous condition and the fact that ¢ = @ lead to
DN V(G) € Ap and D N V(G) € D,(G), which implies that y,(G) < |D N V(G)| < | Ap|. Thus,

y«a(Goy H) = Y IDJd+ Y D

xeAp xeBp
> |Aplyx2(H) + [Bpl(yx2(H) — 1)
[Ap| + n(G)(yx2(H) — 1)
Y2(G) + n(G)(yx2(H) — 1).
Therefore, yx2(G o, H) = y2(G) + n(G)(yx2(H) — 1).

Subcase 2.3. Bp = B} and also, A, = @ or for any x € Aj, either D, is not a yy(Hy)-set or x & D,. Notice that if
Ap # @, then every vertex x € Aj, satisfies one of the following conditions.

%
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(a) Dy is a yx2(Hy)-set such that x ¢ Dy.
(b) Dy is not a DDS of Hy and x € D,.
(c) Dy is not a DDS of Hy and x ¢ D,.

From now on we do not consider condition (c). Note that if this condition holds, then we can always obtain, from
(a) and (b), a y«2(G o, H)-set that satisfies only these first two conditions.
Let us construct a set X C V(G) of minimum cardinality as follows.

- Ap € X.
- N(x)NX # @ for any x € Af with N(x)NDNV(G) =

Since Bp = B}, Bp "D = @ and Cp = o, it follows that X € D,(G). Let I}, = {x € A}, : x satisfies the condition (a)}.
Observe that X \ I, € Dy(G — I). This implies that (I, X \ I}) is a quasi-double dominating pair of G. Therefore,
Yax2(G) < I + X\ Ip| = IX| < 2| Af| + |Ap|. Thus,

y«a(GoyH) = Y IDJd+ Y IDJd+ Y IDy|

Xe A XA xeBp

|Ap|(¥x2(H) + 1) + | Aplyxa(H) + [Bpl(yx2(H) — 1)
(21 Ap| + A1) + n(G)(yxa(H) = 1)

> Yax2(G) + n(G)(yx2(H) — 1),

Therefore, we conclude that y,»(G o, H) = y4x2(G) + n(G)(yx2(H) — 1) by inequality chain (1).

Case 3. Cp # @. let x € Cp. By Lemma 2 we have that N[x] N D, = . This condition implies that the root
vertex v is not a support vertex of H, i.e.,, v € V(H) \ S(H), and as a consequence, D, is a DDS of H, — x. Hence,
Yx2(H — v) = yy2(Hy — X) < |Dy| = yx2(H) — 2. Therefore, Lemma 1 leads to y«o(H — v) = yx2(H) — 2.

In order to prove that y4,(G o, H) = yx2(G) + n(G)(yx2(H) — 2), by Proposition 1-(iii) and the fact that y.,(H — v) =
yx2(H) — 2 we only need to prove that |D| > yy2(G) 4+ n(G)(yx2(H) — 2). For this, we define a set S C V(G) of minimum
cardinality as follows.

v

\

- BpUAp CS.
- N(x)NS # o for any x € Ap such that N(x) C Cp.

We claim that S is a DDS of G. If x € Cp, then N[x] N Dy = @. Hence, [N(x) N V(G) N D| > 2, which implies that
IN(x)NS| > 2 because V(G)ND C S. If x € Ap, then [N(x) N S| > 1 by definition of S. Finally, we assume that x € Bp.
Since Dy is not a DDS of H,, then either N(x) N Dy = @ or [N(x)NDy] = 1 and x ¢ D. In both cases it follows that
IN(x)NV(G)ND| > 1, and so, [N(x) N S| > 1. Therefore, S is a DDS of G, as desired. Thus, y«2(G) < |S| < 2|Ap| + |Bpl,
and so,

yxa(Goy H) = Y D+ > ID+ ) Dyl

xeAp xeBp xeCp

> |Aplyx2(H) + 1Bpl(yx2(H) — 1) + [Cpl(yx2(H) — 2)
= (2|A4p| + |Bpl) + n(G)(yx2(H) — 2)
> ¥x2(G) + n(G)(yx2(H) — 2),

which completes the proof. 0O

\

\

Now, we proceed to show some simple examples in which we can observe that the expressions of y.,(G o, H) given
in Theorem 1 are realizable.

Example 1. Let G be a graph with no isolated vertex. If H is C4, Cs or one of the graphs shown in Fig. 3, then the resulting

values of y,3(G o, H) for some specific roots are described below.

i) ¥x2(G o, C4) = 3n(G) = n(G)yx2(Cq) (See Fig. 2).
(il) ¥x2(G oy Gs5) = 3n(G) = n(G)(yx2(Cs) — 1) (See Fig. 2).

i) )=
i) yxal )
(iii) ¥x2(G oy H1) = ¥x2(G) + 2n(G) = yx2(G) + n(G)(yx2(H1) — 2).
(iv) ¥x2(G oy Hy) = y(G) + 2n(G) = y(G) + n(G)(yx2(Hz) — 1).
V) ¥x2(G oy H3) = y2(G) + 2n(G) = y2(G) + n(G)(yx2(Hs) — 1).
(Vl) J/><2(G Oy H4) = quZ(G) + 2n(G) = quZ(G) + n(G)(VXZ(H4) - 1).

Now, we characterize the graphs with y,2(Go, H) = y«2(G) + n(G)(yx2(H) — 2). Before, we need the following lemma.

Lemma 4. Let D be a y4>(G o, H)-set and assume that y.,(G) < n(G). Then Cp # @ if and only if y.2(H — v) = y«2(H) — 2.
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(% v v v

H, Hy Hs H,y

Fig. 3. The set of black-coloured vertices forms a y.,(H; — v)-set, for i € {1, 2, 3, 4}.

Proof. By Lemma 2, if x € Cp, then N[x] N Dy = &, which implies that D, is a DDS of Hy — x since x € V(Hy) \ S(Hy).
Hence, y«2(H — v) = yx2(Hy — X) < |Dx| = yx2(H) — 2, and the equality follows by Lemma 1.

On the other side, if y«2(H —v) = yx2(H)—2, then by Proposition 1-(iii) we obtain that |D| < y42(G)+n(G)(yx2(H)—2).
Therefore, as y.(G) < n(G), by Lemma 2 we have Cp # @. O

Theorem 2. If y,»(G) < n(G), then the following statements are equivalent.

(i) VXZ(G o, H) = VXZ(G) + n(G)(VXZ(H) —2).
(“) )’xz(H - U) = VXZ(H) — 2.

Proof. Let D be a y,,(G o, H)-set. By Lemma 4, we deduce that (ii) is equivalent to Cp # &, and by Case 3 of the
proof of Theorem 1 we obtain that (i) holds. On the other side, if (i) holds then |D| = y42(G) + n(G)(yx2(H) — 2) <
n(G) + n(G)(yx2(H) — 2) = n(G)(yx2(H) — 1), which leads to Cp # @. Therefore, by Lemma 4 we deduce that (ii) holds and
the proof is complete. O

Next, we characterize the graphs with y,,(G o, H) = n(G)(yx2(H) — 1). Before, we need to introduce the following
well-known definition. A subset D € V(G) is a total dominating set (TDS) of a graph G if N(v) N D # & for every vertex
v e V(G).

Theorem 3. Let G and H be two graphs with no isolated vertex and v € V(H). Then yy,(G o, H) = n(G)(yx2(H) — 1) if and
only if one of the following conditions holds.

(1) ¥x2(G) = n(G) and yx2(H — v) = yx2(H) — 2.
(ii) yx2(H — v) > yx2(H) — 1 and there exists a set W C V(H) \ N[v] of cardinality y.>(H) — 2 which is both a DDS of
H — N[v] and a TDS of H — v.

Proof. We first assume that y,,(G o, H) = n(G)(yx2(H) — 1). Let D be a y43(G o, H)-set. By Proposition 1-(ii) we deduce
that v € V(H) \ S(H). Also, Lemma 1 leads to yx(H — v) > yx2(H) — 2. We consider the next two cases.

Case 1. yx2(H — v) = y«2(H) — 2. In this case, by Proposition 1-(iii) we obtain that n(G)(yx2(H) — 1) = |D| <
¥x2(G) 4+ n(G)(yx2(H) — 2), which implies that y,,(G) = n(G). Therefore, (i) follows.

Case 2. yx2(H—v) > y«2(H)—1.1f Cp # @, then applying a procedure analogous to that of proof of Lemma 4, we deduce
that y,2(H — v) = yx2(H) — 2, which is a contradiction. Hence, Cp = &, which implies that Bp = V(G). So, by Lemma 3
there exists a vertex x € V(G)ND. If N(x) N Dy # &, then Dy is a DDS of Hy, which is a contradiction as |Dyx| = yx2(H)— 1.
Thus, N(x) N Dy = @. From all the above, it follows that D, \ {x} € V(H,) \ N[x] has cardinality y,>(H) — 2, and it is both
a DDS of Hy — N[x] and a TDS of Hy — x. Hence, (ii) holds as H = H,.

On the other side, we assume that one of the conditions (i) and (ii) holds. First, we suppose that (i) holds. By
Proposition 1-(iii) and the equality y«2(H — v) = y«2(H) — 2 we obtain that y.»(G o, H) < y«2(G) + n(G)(yx2(H) — 2).
Moreover, Theorem 1 and the equality y4>(G) = n(G) lead to yx2(Go, H) = y«2(G)+n(G)(yx2(H) —2) = n(G)(yx2(H)— 1),
as desired. Finally, we suppose that (ii) holds. So, there exists a set W C V(H) \ N[v] of cardinality y.,(H) — 2 which is
both a DDS of H — N[v] and a TDS of H — v. Let S C V(G o, H) such that for every x € V(G) the set S, is induced by
W U {x}. Notice that S is a DDS of G o, H, which implies that y,,(G o, H) < |S| = n(G)(|W| 4+ 1) = n(G)(yx2(H) — 1).
Now, by Theorem 1 we deduce that y,2(G o, H) € {n(G)(yx2(H) — 1), ¥x2(G) + n(G)(vx2(H) — 2)}. If y«2(G) = n(G),
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then we are done. Moreover, if y,,(G) < n(G), then Theorem 2 and the inequality y«2(H — v) > y42(H) — 1 lead to
Y52(G oy H) # Yx2(G) + n(G)(yx2(H) — 2). Therefore, y.2(G o, H) = n(G)(yx2(H) — 1), which completes the proof. O

We now discuss the case in which the graph H and its root v satisfy the condition y,,(H — v) > y«2(H).

Proposition 2. Let G be a graph such that y«,(G) < n(G). Let H be a graph with no isolated vertex and v € V(H) \ S(H). If
Yx2(H — v) > yx2(H), then

Yx2(G oy H) € {n(G)yx2(H), n(G)(yx2(H) — 1)}.

Proof. Let D be a y4,(G o, H)-set. Theorem 1 leads to |D| < n(G)y«2(H). If |D| = n(G)y«2(H), then we are done. Now, let
us suppose that |D| < n(G)yx2(H). By Lemma 4 it follows that ¢p = @. If Bp = &, then V(G) = Ap which contradicts the
fact that |D| < n(G)yx2(H). Hence, Bp # . By Lemma 3 and the fact that y.,(H —v) > y«2(H), it follows that BpND # &,
and as a consequence, |D| = n(G)(yx2(H) — 1), which completes the proof. O

The following result shows an example where yy>(G o, H) = n(G)yx2(H).

Proposition 3. Let G be a graph such that y,>(G) < n(G). Let H be a graph with no isolated vertex and v € V(H) \ S(H). If
yx2(H — v) > y«2(H) and v does not belong to any yx,(H)-set, then

VXZ(G Oy H) = n(G)VXZ(H)~

Proof. Since y«2(H — v) > y«2(H), then by Proposition 2 we have that (G o, H) = n(G)yx2(H) or yx2(G o, H) =
n(G)(yx2(H) — 1). Let D be a y42(G o, H)-set, and suppose that |[D| = n(G)(yx2(H) — 1). Since y«2(G) < n(G), it
is straightforward to see that ¢, = @, which implies that B # . Let x € Bp. By Lemma 3 and the fact that
Yx2(H — v) > ypy2(H), it follows that x € D. So, from any u € N(x) N V(H,), the set D, U {u} is a y«2(Hy)-set, which
contradicts the fact that v does not belong to any y.,(H)-set because H = H,. Therefore, |D| # n(G)(yx2(H) — 1), and so
|ID| = n(G)yx2(H), which completes the proof. O

Now, we characterize the graphs G o, H that satisfy y.,(G o, H) = n(G)y«2(H), under the condition that G satisfies
7x2(G) < n(G).

Theorem 4. Let G be a graph such that y.>(G) < n(G). Let H be a graph with no isolated vertex and v € V(H). Then
¥x2(G oy H) = n(G)y«2(H) if and only if either v € S(H) or the following conditions hold.

(1) ¥x2(H —v) = yxa(H).
(ii) If H — N[v] has no isolated vertices, then every subset of V(H)\ N[v] of cardinality y.,(H)— 2 is not a DDS of H — N[v]
or it is not a TDS of H — v.

Proof. Let us consider that y.,(G) < n(G). We first assume that y«>(Go, H) = n(G)yx2(H). If v € S(H), then we are done.
From now on we suppose that v € V(H)\S(H). By Lemma 1 and Theorem 2, it follows that y«2(H—v) > y42(H)—1. Now, if
yx2(H—v) = yx2(H)—1, then by Proposition 1-(iii) we deduce that y,2(Go, H) < y42(G)+n(G)(yx2(H)—1) < n(G)yx2(H),
which is a contradiction. Therefore, y,2(H — v) > yx2(H), which completes the proof of (i). Moreover, (ii) follows as a
consequence of negating the second condition given in statement (ii) of Theorem 3.

Conversely, we assume that either v € S(H) or statements (i) and (ii) hold. If v € S(H), then by Proposition 1-(ii) we
have that (G o, H) = n(G)yx2(H). From now on we consider that (i) and (ii) hold. Let D be a y.,(G o, H)-set. Since
(ii) contradicts the condition (ii) of Theorem 3, it follows that |D| # n(G)(yx2(H) — 1). Finally, by (i) and Proposition 2 it
follows that |D| = n(G)yx2(H), which completes the proof. O

Next, we characterize the graphs satisfying y4»(G o, H) = y(G) + n(G)(yx2(H) — 1).
Theorem 5. Let G and H be two graphs with no isolated vertex and v € V(H). Then y«2(G o, H) = y(G) + n(G)(yx2(H) — 1)
if and only if the following conditions hold.

(i) yx2(H — v) = yx2(H) — 1 and one of the following conditions holds.

(a) y(G) = y»(G) and there exists a y«,(H)-set containing the vertex v.
(b) ¥(G) < v»(G) and there exists a yyx,(H — v)-set W such that N(v)N W # &.

(ii) If H — N[v] has no isolated vertices, then every subset of V(H)\ N[v] of cardinality y.,(H)— 2 is not a DDS of H — N[v]
or it is not a TDS of H — v.

Proof. We first assume that y,.»(Go,H) = y(G)+n(G)(y«x2(H)—1). Observe that (ii) follows as a consequence of Theorems 2
and 3. Now, we proceed to prove (i). Let D be a y4,(G o, H)-set. If Cp # &, then proceeding as in Case 3 of the proof of
Theorem 1 we deduce that y,(G o, H) = y«2(G) + n(G)(yx2(H) — 2), which is a contradiction. Hence, Cp = @, and as
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y(G) < n(G), it follows that Bp # @. So, Lemma 3 leads to Bp N D = &, and as a consequence, yx2(H — v) = yx2(H) — 1.
Let x € Bp such that |[N(x) N Dy| is maximum. Now, we analyse the following two cases.

Case 1. |[N(x) N Dy| = 0. By the maximality of |[N(x) N Dy| we have that [N(u) N D,| = 0 for every u € Bp. Now, we
observe that

Yx2(G oy H) = y(G) + n(G)(yx2(H) — 1)

= Y D+ Y Dyl

XeAp xeBp
> |Aplyx2(H) + |Bp|(yx2(H) — 1)
= |Ap| + n(G)(yx2(H) — 1)

Hence, |Ap| < Y(G) < »»(G). Since Bp N D = @ and N(x) N D, = & for every x € Bp, it follows that Ap N D # @, Ap
is a y»(G)-set of cardinality y(G) and |Dy| = y«2(H) for every x € Ap. So, Ap is an independent set of G, which implies
that for some x € Ap N D, the set Dy is a y,,(Hy)-set containing the vertex x. Therefore, (a) holds, which implies that
(i) follows.

Case 2. |[N(x) N Dy| > 0. In this case, it is straightforward that D, is a yx2(Hy — x)-set such that N(x) N Dy, # @ and
D, U {x} is a yx2(Hy)-set containing the vertex x. Therefore, either (a) or (b) holds, which implies that (i) follows.

On the other side, we assume that conditions (i) and (ii) hold. By Theorems 1-3 we deduce that y.,(G o, H) >

y(G) + n(G)(yx2(H) — 1). Let X be a y»(G)-set, Z be a y(G)-set and Y be a y,(H — v)-set.

We first suppose that (a) holds, i.e., ¥(G) = y»(G) and there exists a y.,(H)-set W containing the vertex v. From W, X
and Y, we define a set S C V(G o, H) as follows. If x € X, then Sy is induced by W; and if x € V(G) \ X, then S, is induced
by Y. Notice that S is a DDS of G o, H, which implies that y,,(G o, H) < |S| = |X| + n(G)|W| = y(G) + n(G)(yx2(H) — 1).
Therefore, y.2(G o, H) = y(G) + n(G)(yx2(H) — 1), as required.

Finally, suppose that (b) holds, i.e., ¥(G) < y»(G) and there exists a y,2(H — v)-set W’ such that N(v) N W' # &.
Recall that |W’| = y.2(H) — 1. From W’ and Z, we define a set S C V(G o, H) as follows. If x € Z, then S, is induced
by W U {x}; and if x € V(G) \ Z, then S, is induced by W’. Notice that S is a DDS of G o, H, which implies that
¥x2(G oy H) < [S| = |Z] + n(G)IW'| = y(G) + n(G)(yx2(H) — 1). Therefore, yx2(G o, H) = y(G) + n(G)(yx2(H) — 1),
which completes the proof. O

The following proposition shows a particular example where y.>(G o, H) = y(G) 4+ n(G)(yx2(H) — 1).

Proposition 4. Let G and H be two graphs with no isolated vertex. If v € Ls(H), then
Yx2(G oy H) = y(G) + n(G)(yx2(H) — 1).

Proof. Let X be a y.,(H)-set. Since S(H)U £(H) € X and v € £4(H), it is easy to deduce that X \ {v} is a yx2(H — v)-set,
and so yy(H — v) = |X \ {v}| = yx2(H) — 1. Hence, statements given in Theorem 5 hold (notice that H — N[v] has at
least one isolated vertex), which implies that y,,(G o, H) = y(G) + n(G)(yx2(H) — 1), as desired. O

Next, we characterize the graphs with y,2(G o, H) = 5(G) + n(G)(yx2(H) — 1).

Theorem 6. Let G be a graph with no isolated vertex such that y(G) < y2(G) < y4x2(G). Let H be a graph with no isolated
vertex and v € V(H). Then y42(G o, H) = y5(G) + n(G)(yx2(H) — 1) if and only if the following conditions hold.

(1) yx2(H —v) = yx2(H) — 1.

(ii) N(v)N'W = & for every yy,(H — v)-set W.

(iii) There exists a y«o(H)-set containing the vertex v.

(iv) If H— N[v] has no isolated vertices, then every subset of V(H)\ N[v] of cardinality y«,(H)— 2 is not a DDS of H— N[v]
or it is not a TDS of H — v.

Proof. We first assume that y.»(G o, H) = y(G) + n(G)(yx2(H) — 1). Observe that (iv) follows as a consequence
of Theorems 2 and 3. Moreover, (ii) holds as an immediate consequence of condition (i)-(b) given in Theorem 5. Now,
we proceed to prove the conditions (i) and (iii). Let D be a y4»(G o, H)-set. If Cp # &, then proceeding as in Case 3 of the
proof of Theorem 1 we deduce that y.»(Go, H) = y42(G)+n(G)(y«2(H) — 2), which is a contradiction. Hence, Cp = @, and
as y»(G) < n(G), it follows that Bp # @. So, Lemma 3 leads to BpND = @, and as a consequence, y.2(H —v) = yx2(H)—1,
i.e., (i) follows. Finally, we observe that

¥x2(G oy H) = y2(G) + n(G)(yx2(H) — 1)

= > I+ ) IDd

xeAp xeBp

[Aplyx2(H) + |Bpl(yx2(H) — 1)
= |Ap| +n(G)(yx2(H) = 1)

%
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Hence |Ap| < y»(G). In addition, since ¢Cp = &, Bp N D = @ and N(x) N Dy = o for every x € Bp, it follows that
Ap N D # &, Ap is a y»(G)-set and |Dy| = y«2(H) for every x € Ap. Now, if D, is not a yy,(Hy)-set for every x € Ap N D,
then Ap N D € Dy(G — Ap \ D). This implies that (Ap \ D, Ap N D) is a quasi-double dominating pair of G. Hence,
Ygx2(G) < |Ap| = y2(G), which contradicts the fact that y,(G) < y4x2(G). Therefore, there exists a vertex x € .Ap N D such
that Dy is a y«2(Hy)-set containing the vertex x, which implies that (iii) follows as Hy = H.

On the other side, we assume that conditions (i)-(iv) hold. By Theorems 1, 2, 3 and 5 we deduce that y.(G o, H) >
12(G) 4+ n(G)(yx2(H) — 1). Now, let X be a y,(G)-set, W be a y4,(H)-set containing the vertex v, and Y be a y«,(H — v)-set.
From X, Y and W, we define a set S C V(G o, H) as follows. If x € X, then Sy is induced by W; and if x € V(G) \ X,
then S, is induced by Y. Notice that S is a DDS of G o, H, which implies that y,,(G o, H) < |S| = |X| + n(G)|Y| =
12(G) + n(G)(yx2(H) — 1). Therefore, y.2(G o, H) = y5(G) 4+ n(G)(yx2(H) — 1), which completes the proof. O

As shown in Theorem 1, there are six possible expressions for y.(G o, H). Moreover, the graphs G and H (and the
root v € V(H)) that satisfy five of these expressions were characterized in Theorems 2, 3, 4, 5 and 6. For the case of the
equality y.2(G o, H) = y4x2(G) + n(G)(yx2(H) — 1), the corresponding characterization can be derived by eliminating the
previous ones from the family of all graphs G and H with no isolated vertices and roots v of H.
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