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Abstract

In recent years, some models for binary and graded format responses have been
proposed to assess unipolar variables or “quasi-traits”. These studies have mainly
focused on clinical variables that have traditionally been treated as bipolar traits. In the
present study, we have made a proposal for unipolar traits measured with continuous-
response items. The proposed log-logistic continuous unipolar model (LL-C) is
remarkably simple, and is more similar to the original binary formulation than the
graded extensions, which is an advantage. Furthermore, considering that irrational,
extreme or polarizing beliefs could be another domain of unipolar variables, we have
applied this proposal to an empirical example of superstitious beliefs. The results
suggest that, in certain cases, the standard linear model can be a good approximation to
the LL-C model in terms of parameter estimation and goodness of fit, but not trait
estimates and their accuracy. The results also show the importance of considering the
unipolar nature of this kind of trait when predicting criterion variables, since the validity

results were clearly different.
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In the conventional unidimensional factor-analytic (FA) and Item Response
Theory (IRT) modeling of typical-response items (personality, attitudes and beliefs), the
measured trait is assumed to be a bipolar dimension which is (approximately) normally
distributed in the population of interest (Molenaar & Dolan, 2018, Reise et al., 2018,
2021). We understand here that a bipolar trait is equally meaningful (see below) at both
ends of the continuum. In the personality domain, for example, this is the case of
extraversion (with introversion at one pole and extraversion at the other) or emotional
stability (with neuroticism at one pole and emotional stability at the other pole). But
there are many examples in other psychological domains, such as happiness (with
happiness at one pole and unhappiness at the other pole) or optimism (with optimism at
one pole and pessimism at the other pole). Now, it should be clarified that the term
“meaningful” is used here in terms of interpretation and differentiating power of the
items and test scores. So, in a bipolar trait, (a) both, low and high scores reflect the
relative standing (in terms of distance) of the individual below or above the mean; and

(b) individuals can be equally well differentiated at both poles of the continuum.

The bipolarity and approximate normality assumptions are submitted to be
reasonable in many typical-response applications, particularly when normal-range traits
are measured in general populations (Reise et al., 2018, 2021, van der Maas et al.,
2011). In other scenarios, however, they might be rather questionable. Consider, for
example, an instrument intended to measure a clinical trait whose items refer to
symptoms. Further, suppose that this instrument is administered in a community
population for screening or detection purposes (e.g. Morales-Vives et al., 2022). First of
all, the bipolarity assumption fits very uneasily here, as the lower pole of the continuum
mostly reflects the absence of pathology. So (a) low scores would be difficult to

interpret in terms of relative standing below the mean, and (b) it will be also difficult to



differentiate between the individuals located at the lower end. Second, as for normality,
it is an unlikely assumption, as many individuals either do not suffer from clinical
disorders or have very low trait levels. So, the item distributions are expected to be
positively skewed (e.g. Magnus & Liu, 2018; Morales-Vives et al., 2022). This would
be the case of variables such as drug addictions, depression or suicidal ideation. In these
examples, one pole of the continuum would include the majority of people, who do not
have the disorder or have very few symptoms, while the other pole would include those
who do suffer from the pathology to varying degrees. Overall, it is expected that (a)
many people will be grouped at the lower end of the continuum, with very little trait
variability among them, and (b) far fewer people will be at the upper end but they will

have a higher degree of trait-level heterogeneity.

If, for the type of trait under study (possibly a clinical trait), the bipolarity
assumption is questionable, it may be worthwhile and more plausible to consider it as a
“quasi-trait” or a unipolar trait instead of a bipolar trait (Reise & Rodriguez, 2016,
Reise et al., 2018, 2021). As for more specific distinctions, the term “quasi-trait” means
that only one end of the continuum is truly relevant (the pole reflecting the different
levels of severity of those people who suffer from the pathology), while the other end
only reflects the absence of the pathology, which makes it irrelevant (Reise et al., 2018).
On the other hand, the term unipolar refers to a trait for which one end of the continuum
is far more relevant or meaningful than the other (Lucke, 2013, 2015, Reise et al.,
2018). So, the unipolar formulation means that there is a single population in which all
individuals are scalable on the trait but not to the same degree. In contrast, the quasi-
trait formulation means that the test scores reflect a mixture of two populations
(symptomatic vs. asymptomatic) and that only the individuals in the symptomatic sub-

population are truly scalable in the trait (see Morales-Vives et al., 2022). As for the



modeling, models intended for unipolar traits are labelled as “unipolar models” or
“positive trait models” (Lucke, 2013, 2105), while the most well-known models for
quasi-traits belong to the family of the “zero-inflated mixture models” (e¢.g. Magnus &
Liu, 2018, Reise et al. 2021), and, essentially, aim to provide unbiased trait estimates
for the subset of the population to which the trait is applicable. Finally, other
developments combine both modeling formulations (Magnus & Liu, 2018). However, in

this article we shall limit ourselves to unipolar modeling.

Continuing with our example, assume that the unipolar formulation is the most
appropriate choice, but a standard bipolar-normal model is fitted instead: the business-
as-usual approach (Reise et al., 2021). In this case, some distortions might be expected.
To start with, the item distributions are likely to be strongly skewed. Although some
skewed item distributions can be expected to appear also with normal-bipolar traits for
various reasons (see below), this result should raise immediate concerns (Reise et al.,
2018). Next, further potential distortions, which are discussed in greater detail below,
may emerge when the model is fitted and the individuals scored. Psychometricians have
been aware of these problems since the seminal study by Reise & Waller (1990) but,
even today, they are largely overlooked in applications. So, skewed distributions are
either ignored or transformed for purely statistical purposes (i.e. to make scores more
amenable for linear modelling). And, at the applied level, no one seems to be too
concerned about what the true or the most plausible distribution of the trait under study
is. By way of example, in such widely examined clinical traits as depression or suicidal
ideation, most studies routinely use models that assume normality (e.g., Bottesi et al.,

2015; Sanchez-Alvarez et al., 2020; Zhang et al., 2014).

Within the unipolar formulation, the starting point of this paper is the log-

logistic unipolar model for binary items initially proposed by Lucke (2013, 2015),



which we shall denote by LL-B. Magnus and Liu (2018) proposed estimation and
implementation procedures for the LL-B and extended it to include the quasi-trait
formulation mentioned above. Reise et al. (2021) extended Lucke’s formulation to the
graded-response case by using a re-parameterization of Samejima’s (1969) graded
response model, so we shall denote their proposal as LL-GRM. As far as we know,
however, no extensions of the original model to the continuous-response case have been
proposed to date, and we believe that they are worth exploring for both substantive and
methodological reasons. At the substantive level, typical-response measurement is
considered a natural application for continuous formats (Bejar, 1977) and also simple,
easily understood by any type of respondent, and less time consuming (see e.g.
McCormack et al., 1988). At the methodological level, the main claim is that the format
is expected to provide more information and sensitivity than the discrete alternative to
differentiate among individuals (Bejar, 1977, Samejima, 1969, 1973). Our experience,
however, suggests that the gains in accuracy are minor (see also Dolnicar et al., 2011)
and that the main methodological advantages lie in the relative simplicity and attractive

features of the resulting models.

We turn finally to the application domains. So far unipolar models have only
been used with clinical traits, particularly addictions (e.g., Lucke, 2015). However, we
submit that they might be quite useful in other arenas, one of which is irrational,
extreme or polarized beliefs that are uncommon in the general population. There is a
growing social and academic interest in such beliefs, more so since the beginning of the
COVID-19 pandemic, which highlighted the problem of the rapid spread of false ideas
that contradict scientific evidence. Although internet and social networks facilitate the
spread of these extreme or irrational ideas, most of the population does not believe in

them, or at least not to a great extent (e.g., Huete et al., 2022), so they could plausibly



be formulated as unipolar traits (see below for a stronger rationale), behaving in the
same way as the clinical variables above, in which one pole of the continuum is hardly
meaningful, since it involves the absence of symptomatology (in this case, the absence
of belief in an idea that goes against science and empirical evidence). Specifically, the
present study focuses on superstitious beliefs and attempts to determine whether they
can be fruitfully modeled as unipolar traits. As expected, extreme beliefs have been
routinely modeled so far as if they were bipolar-normal constructs (e.g., Fasce et al.,

2021; Renken et al., 2015).

At this point, some further discussion in terms of applicability may be relevant.
The argument used in the article is that a unipolar trait (which is an intrinsic trait
characteristic) is expected to lead to a skewed item distribution (which is an empirical
result), and more so if many people is located near the zero-point origin (e.g.
asymptomatic people in a community sample). However, skewed item distributions may
arise due to many other causes compatible with bipolar traits (see Molenaar & Dolan,
2018) being faulty test construction and/or inadequate sample collection the most
commonly considered. So, it would be very difficult to univocally determine that the
skewed distributions are due to the unipolar trait nature, and so that the model proposed
here is the most appropriate. Therefore, theoretical assessment of the trait nature (as we
shall attempt to do here) is a first basic requirement. Apart from that, certain evidence
that would support the appropriateness of the unipolar formulation exists. In spite of the
criticisms that the skewed distributions observed in many clinical instruments are due to
faulty test construction, it has been consistently found that, to construct items able to
distinguish well between individuals anywhere along the trait continuum is an
impossible task with this type of traits (e.g. Reise et al., 2021). And this is exactly the

result that would be expected if the trait was unipolar



Purpose of the Present Study

The present article has three main aims. First, we propose to extend the original
LL-B unipolar model to the continuous response case, which we shall denote as LL-C.
Procedures for fitting the model, addressing model-data fit, scoring respondents and
assessing score accuracy are proposed and implemented in a comprehensive R program.
However, the emphasis is not on proposing sophisticated estimation methods, but rather
on understanding the rationale, properties, functioning, and appropriateness of the

model.

The second aim is to compare the functioning and interpretation of the LL-C
model to those of (a) Samejima’s (1973) continuous response model, and (b) the
standard linear FA model, which is the most used in applications based on continuous
formats. We assume that the LL-C is the ‘true” model in order to assess: (a) the
conditions in which these other models are expected to behave as a reasonable
approximation, (b) the expected distortions when this is not the case, and (c) the

differential interpretations to which the models lead.

The third aim is the most substantive: to explore the applicability, viability and
interest of the proposed model in domains other than clinical symptoms and in which, to
the best of our knowledge, unipolar models have never been considered before. More
specifically, as discussed above, we shall undertake an empirical study focused on
superstitious beliefs (for example, believing that if you break a mirror you will be

unlucky, or that if your ears are ringing, someone is criticizing you).

The LL-C Proposal



Consider a test made up of n items with an approximately continuous format that
aims to measure a unipolar trait 6. For interpretative purposes, the item scores are
scaled to values between 0 and 1. The trait &y is assumed to follow a lognormal
distribution with parameters pu=0 and cu=1. So: (a) & is anchored to zero and has no

upper limit, and (b) In(& ) is normally distributed with zero mean and unit variance.

For fixed @&, the expected score in item j is given by:

ﬂ.
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The oj and Bj item parameters are both restricted to having positive values, and are
location and form-curvature parameters, respectively (see below). Expression (1) is the

same as the one originally proposed by Lucke (2015, eq. 13.6) for the LL-B model.

As a function of 6y, the conditional expectation (1) is the ltem Response
Function (IRF) of the LL-C model, which is, essentially a 0-1 scaled power function.

For different values of oj and Bj, figure 1 shows the resulting IRFs.
INSERT FIGURE 1 ABOUT HERE

The curves in figure 1 clearly depart from the usual ogives considered in
standard IRT models. Their general trend is that they are concave downward, and their
slope tends to increase more strongly for trait values close to zero and flattens as 6u
increases. This result agrees with most power formulations (e.g. Stevens, 1975) and
means here that the item score becomes progressively less sensitive to the trait level as
this level increases. The o; parameter mainly determines the height of the curve. The f;

parameter can be interpreted as a discrimination parameter: at low fj values the curve is
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flatter at almost all trait levels and, the higher the B; value becomes, the more the curve
increases at low values. This functioning can be assessed in more detail by deriving the
slope of the curve at each point of fu. It is given by

B;

dE(X. |4 9,/
K 08) %" _ Piyeix ja,)a-E(X,14,) )

Slope(6,) = = =
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and is essentially the slope of a typical ogive (see Ferrando, 2002) but divided by the
trait level. So, according to the numerator in (2), the slope is directly proportional to [3;
(as it should be) and reaches its maximum at the expected score of 0.5 (see below).
However, its magnitude is mostly dominated by the trait level in the denominator: as
can be deduced from figure 1, the slope increases abruptly as 6y approaches the 0 lower

bound, and approaches zero as fy increases.

Further insight can be gained into the functioning of (1) if we define an
extremeness or “difficulty” parameter as the Oy trait level at which the expected item
score is 0.5. Conceptually this is the trait level that corresponds to the midpoint of the
response scale or the threshold scale value that marks the transition from a tendency to

disagree with the item to a tendency to agree with it (see Ferrando, 2009). The

5 = (iy‘ | (3)
«;

And, in terms of the extremeness parameter, model (1) can be written as:

parameter is:
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Expressed in the form (4), the LL-C model is a “quotient” model as considered
by Rasch (1966), Lord (1975), Ramsay (1989), and van der Maas et al. (2011). The
expected score increases with Ay at a rate that is inversely proportional to the difficulty.
When the item difficulty is close to zero, the IRF increases abruptly. For difficult items,

the transition is more gradual. To appraise this point, note that at 6y = 9;, the slope of

the IRFis: 3, /46,

The functioning summarized so far differs considerably from that of the
conventional IRT ogive models. In the latter, the IRFs are point-symmetric curves in
which the extremeness/difficulty index is both (a) the point of symmetry and (b) the
trait level at which the IRF has its maximum slope. In contrast, the LL-C curves are not

symmetric around any trait level and reach their maximal slope as Gy approaches zero.

The LL-C expectation can be linearized (Mellenbergh, 1994, Wang & Zeng,

1998) by taking natural logarithms on both sides of (1). That is to say,

E(X;16,)

"X 19)

)= In(aj)+ﬂj In(4,) = H; +;Bj03.

expression (5) is indeed the conditional expectation in Spearman's linear factor analysis
(FA) model (e.g. Mellenbergh, 1994) when applied to transformed responses (e.g. Tutz

& Jordan, 2022). Note that g is now a normal variable that ranges from minus to plus

(4)

()
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infinity. So we use the B subscript for ‘bipolar’. On the basis of (5), the linearized form
of the LL-C we propose here for respondent i when answering item j is:

X)
1-X.)

ij

Yii = In( ):In(aj)_'_ﬂj In(eu)"‘gij = U+ 5,05 +&. (6)

When residual variance is constant and does not depend on 6z

ol =Var(Y;))-fp*. ©)

Because 6z is a monotonic transformation of 6y, the conditional distribution of X;
for a fixed value of g is the same as its conditional distribution under the corresponding

Ou value (e.g. Lord, 1975). It is given by:

2
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(see Ferrando, 2002 and Wang & Zeng, 1998). Distribution (8) is the Sg distribution in
Johnson’s system (Johnson, 1949), and is also known as the four-parameter log-normal

distribution (Aitchison and Brown, 1957).

We turn now to the properties of the scores derived from the structural model
described so far. By using (8), we find that maximum likelihood (ML) score estimates for

each respondent can be obtained in closed form. They are given by
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The accuracy with which score estimates in (9) allow the trait level of an individual

to be assessed can be quantified by deriving the amount of test information, which is:

o*InL(8,) 1 & B2
1(6,)=—-E U2 = : 10
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The interpretation is clear. The amount of item information depends directly on the
signal-to-noise ratio (the term in the denominator of (9)) and inversely on the square of
the trait value. So, information increases as the item becomes less noisy (i.e. of higher
quality) and decreases as the trait level increases, which means again that, other things

constant, the item score provides more information as the trait level approaches the zero

lower bound.

Finally, we shall discuss the rationale and foundations of the LL-C model. If the
trait can be conceived as bipolar, then (6) will simply be the linearized expression for
the logistic version of Samejima’s (1973) continuous response model (CRM, see also
Bejar, 1977, Ferrando, 2002, Wang & Zeng, 1998). Now, because the trait is modeled
as unipolar, the linearization (6) is obtained by using a double transformation: (a) the
unipolar trait levels are log transformed to make them amenable for the CRM
assumptions, and (b) the CRM is proposed as the model for the transformed 6k trait
levels. With this background, the LL-C model can be viewed as a change in the trait

scale from the basic CRM. In further detail, the trait scale can be defined as the scale at
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which all IRFs have a specific form, and this scale can be one-to-one monotonically
transformed (Lord, 1975). Furthermore, transformations of this type can be made either
for mathematical or practical convenience (Lord, 1975, Yen, 1986) or for more
substantive and interpretative reasons (Ramsay, 1989), which is what we attempt here.
First, the lognormal is possibly the most realistic choice for modeling a unipolar trait of
the type described above: an intrinsically positive variable that has a low mean and high
variance, both of which lead to pronounced skewness. Furthermore, a stronger
substantive basis can be invoked if the measured trait can be conceived as a variable
that has evolved according to the law of proportional effects (e.g. Aitchison & Brown,
1957): i.e. when the increase in the trait level at any stage of its evolution is a random
proportion of the previous level. Lucke (2013, 2015) considered that addictive disorders

grow according to this law.

In this article, we shall try to justify that other constructs can also grow
according to the law of proportional effects, particularly uncommon, extreme or
polarized beliefs that are not supported by science. Firstly, what could give rise to this
growth in these beliefs is the confirmation bias, according to which individuals tend to
select and consume contents that are in line with their pre-existing ideas and their
hypothesis in hand (e.g., Nickerson, 1998; Westerwick et al., 2017). Secondly, this
increase may also be due to the phenomenon known as "echo chambers”. According to
Quattrociocchi et al. (2016), people with polarized ideas, for example about
conspiracies or against science, tend to interact online with like-minded individuals and
ignore other communities. So, the more polarized people are, the more like-minded
friends they have on social networks. This would make the internet act as an echo
chamber for these individuals, reinforcing pre-existing ideas and making them more and

more extreme. Therefore, as a working hypothesis, we shall submit that this increase is
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in line with the law of proportional effects: i.e. the partly-random increase in the
extremeness of these ideas at a given moment depends on the pre-existing level which
individuals have because it is this level that leads them to behave in such a way that

they reinforce their beliefs.

Fitting the LL-C and R Implementation

We propose to fit the LL-C using a simple, conventional two-stage, limited-
information conditioned procedure (McDonald, 1982), with a first calibration stage in
which the item parameters are estimated and the goodness of model-data fit is assessed,
and a second scoring stage in which trait level estimates and accompanying errors are
obtained for all the individuals. Conditional and marginal reliability estimates are also
obtained in this second stage. As for overall implementation, the procedure has been
implemented in the LILAC-R program, which consists of a main function that, in turn,
calls other sub-functions for (a) input setting, (b) calibration and goodness-of-fit
assessment, and (c) scoring and score accuracy assessment. LILAC-R is available at:

https://www.psicologia.urv.cat/ca/utilitats/lilac-r-code/

Item Calibration

Structural estimation of the LL-C uses the fact that the model can be linearized
in the form (6) and consists simply of (a) fitting the standard unidimensional FA to the
logit-transformed item scores and (b) re-parameterizing some of the estimates obtained
(see Reise et al., 2021 for a graded-response related approach). First, the original item
scores in the 0-1 interval are logit transformed, and, to obtain finite transformed scores,
the lowest and highest endpoints are fixed at .01 and .99, respectively. Second, the
unidimensional FA model is fitted to the transformed item scores. The item structural

estimates obtained are: the intercepts (1), the loadings (f;), and the residual variances (
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afj ). The last two are directly parameters of the original non-transformed LL-C model.

As for the location parameters, they are obtained as: oj = exp(y;). Fitting procedures and
structural goodness-of-fit assessment are conventional and common to any structural

model based on continuous variables (e.g. Raykov & Marcoulides, 2012).

In our implementation, the structural model can be fitted with any of the
estimation procedures available for continuous variables. The calibration step is
implemented through a sub-function that, in turn, needs the 'cfa’ function from the
lavaan package (Rosseel, 2012), which requires a model syntax object to be specified.
In this case, only the single common factor and all the items that act as indicators need

to be defined. The output includes a summary table with the LL-C parameter estimates

(0j, Bj, and afj ), and a list of the following goodness-of-fit measures (2, with d. f.,

GFI, CFl, RMSR, and RMSEA).
Scoring

Two scoring schemas can be chosen by users: (a) maximum likelihood (ML) and
(b) Bayes expected a posteriori (EAP, Bock & Mislevy, 1982). The pros and cons of
both are discussed in detail in several articles (e.g. Lord, 1986), and here we shall make
only a few comments specifically related to the present proposal. First, the ML point
estimates can be obtained in closed form so the typical problems of instability and out
of bound estimates generated by iterative schemas (e.g. Lord, 1986) are avoided or at
least greatly minimized. And EAP estimation has the advantage that the additional
information provided by the prior is not arbitrary but based on the theory from which

the model emerges.
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The ML point estimates are obtained for each individual using (9). The
corresponding standard errors are obtained by using the square roots of the reciprocal of

the amount of information (e.g. Samejima, 1977 as obtained from (10).

EAP estimation is totally standard (e.g. Bock & Mislevy, 1982), and the only
specifics are that (a) the prior is lognormal (pu = 0 ,cu = 1) and (b) the likelihood
function is obtained from (8). For each individual, the output consists of the trait &i
point estimate and the corresponding posterior standard deviation (PSD), which serve as

standard error estimate (e.g. Bock & Mislevy, 1982).

Finally, we shall consider conditional and marginal reliability estimates (see e.g.

Mellenbergh, 1996) derived from both scoring schemas. A conditional reliability

estimate for the ML score éUi(ML) is obtained as

Var(6,)

P, = .
Qi (ML) var(g,) +( Al ) (11)

Ui(ML))

where Var(6u) is the variance of the prior lognormal distribution and I(éUi(ML)) is the

amount of information obtained from (10). The corresponding conditional estimate for

the EAP scores is obtained as

,_PSD@,)’

. = ) 12
Pisee) =" Var(q,) 4

The marginal reliability estimates are:
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Provided that the standard errors (ML) or the PSDs (EAP) remain relatively uniform,
the marginal reliabilities in (13) and (14) are representative of the overall precision of the

estimates in the population of respondents.

The R implementation of the scoring process in LILAC-R is specific to this
proposal, and requires users to choose ML or EAP. The ML approach requires the
transformed original data matrix (0-1 item scores; dimension respondents x items) and the
parameter estimates obtained in the calibration step. With this information, the ML scores,
the standard errors and conditional reliabilities are computed and reported in the output.
The EAP option needs the same information as ML as well as a file containing a matrix
with the quadrature points and nodes. The output consists of a summary table that includes
the EAP scores with their corresponding standard errors (PSD), and conditional

reliabilities.

Finally, using the mean and variance of the prior lognormal distribution, the

marginal reliability is obtained for the chosen option: ML or EAP.

Comparison with the CRM and Linear FA: Expected Distortions and Differential

Interpretations



19

As discussed above, the CRM is the model most closely related to LL-C, and linear
FA is by far the most used model in applications based on continuous responses. Given
this scenario, in this section we shall (a) assume that LL-C is the correct model for a given
set of data, and (b) study the expected consequences of fitting the CRM or linear FA
instead of the “true” LL-C. The consequences will be studied at the two stages of

calibration and scoring.
Comparisons at the Calibration Stage

From the calibration approach we propose, if the LL-C is the correct model and
the CRM is fitted to the data, then it is clear that: (a) after the appropriate
transformations, the obtained item LL-C estimates will be unbiased, and (b) the
goodness-of-fit results will be correct. In this regard, we can consider the CRM and the

LL-C to be indistinguishable at the structural level.

When the linear FA model is fitted directly to the observed item scores,
however, it can no longer be considered to be a transformation but an approximation.
Essentially, what linear FA will do is approximate the curvilinear IRFs by using straight
lines (e.g. Tutz & Jordan, 2022). So, some distortions in terms of model-data fit and
biased parameter estimates are expected to occur (e.g. McDonald & Alhawat, 1974,
Mooijaart, 1983). Here, we shall study these consequences by using Taylor expansions

(Wolter, 2007), which obtain relations that are relatively simple and accurate.

Assume that the observed item scores in the 0-1 metric are directly fitted with

the linear FA model. The structural equation is now:

(15)
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The conventional assumption of the FA model is that the trait or common factor
is distributed as a standard, usually normal, variable (mean zero and unit variance). So,

we have used the term 6g in (15).

Now, if the covariance between items j and k is approximated by using a

bivariate Taylor expansion, the following relation is obtained:

Var(Y;) Var(Y,)
Var(X,)" “\Var(X,)

Cov(X,,X,) = 4,
(16)

E{MVar(XJ)MVaF(Xk)} = Aj1/ﬁi¢<1 +ﬂ“12/11<2
4| o« 0

So, if the unidimensional LL-C model is correct and a direct linear FA solution
is fitted, then at least two factors are expected to be needed to fully reproduce the inter-
item covariances: a main “content” factor, and a second artifactual, or differential
curvature factor (see McDonald & Ahlawat, 1974). If the loadings on the second factor
are negligible and a unidimensional linear solution is fitted, then (a) the unidimensional
solution will fit the data well, and (b) unbiased estimates of the [ parameters of the LL-
C model can be readily obtained. If they are substantial, then (a) the unidimensional
solution will have a bad fit, and (b) the estimated loadings will be biased: essentially a

weighted average of the first and second factor loadings in (16) (see Ferrando, 2009).

Although interpreting the relevance of the second, artifactual loadings is not
immediate, it can be shown that the magnitude of the second-factor loading is mainly
related to the extremeness and discrimination of the item score: As the item becomes

more extreme and discriminating, the magnitude of the loading (regardless of the sign)
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increases. This result makes sense, and agrees with related developments (Mooijaart

1983, McDonald & Ahlawat, 1974).

Finally, we shall consider the location parameter. Under all the usual
assumptions made with the linear model, the expectation of (15) is the intercept
parameter zj. Now, if the LL-C is correct, the expected score for X; will be
(approximately):

o +Var(Xj)(1—a2,-)

E(X.)=7, =—
(X)=7 1+a, 20,

17)

So, the intercept estimate will be a function of (a) the ¢; location parameter in the
LL-C, and (b) and the variance of the observed item scores. This result means that a

plausible estimate of ¢; can be obtained from the linear model solution.
Comparisons at the Scoring Stage

Only ML trait estimates are considered here so the derived standard errors and
reliability estimates will be based on the amount of information. To start with, if the LL-

C is correct and the CRM is fitted to the data, the ML score estimates obtained from the

latter will be nonlinearly related to the 6y ML estimates (i.e. & =1n(6,)). So the 65

ML estimates will be “stretched” at the lower values of Ay (i.e. near zero) and
compressed at higher values. However, the relation between both sets of estimates will

be one to one, and the rank order identical in both cases.

As for the g estimates obtained from the linear model (15), again we are no
longer dealing with a transformation but an approximation. What is expected now is

that (a) the nonlinear relation between the linear #g estimates and the fy ML estimates
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will be stronger, and (b) this relation will not be one-to-one but there will be some
scatter around the regression curve. The relation between the linear #g estimates and the

Ay estimates is very similar to that between the simple sum scores and the Gy estimates.

We turn finally to the comparisons in terms of the conditional accuracy of the
estimated scores, which is where the differences become more important. The amount
of information in the LL-C model for estimating Ay is that provided by equation (10).

The amount of information in the CRM for estimating &g is given by

n ﬂzj
1(6:) =D 5, (18)
=1 0 4
which does not depend on s (see Bejar, 1977, and Wang & Zeng, 1998). Results (18)
and (10) agree: the information of the LL-C (10) is that of the CRM (18) divided by the
square of the derivative of the transformation of &g into 6y (Lord, 1975).
Finally, the corresponding amount of information provided by the linear model
is (e.g. Mellenbergh, 1994)
n /121
1(6s) =2 -, (19)

j=1 O o

This is also a constant value. Furthermore, up to the second-order Taylor approximation
we are using here, the amount of information in (18) and (19) is expected to be the same
(the attenuation terms in the numerator and in the denominator cancel out). The

implications of results (10), (18) and (19) are discussed in detail in the empirical study.

Assessing the Appropriateness of the LL-C Model
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An appropriate degree of goodness of model-data fit (GOF) is a basic requisite if
an IRT model is to be considered appropriate. However, it is not the only requisite
(Garcia-Perez, 1999). This is particularly clear here because the two models — LL-C and

the CRM —function very differently and are indistinguishable in GOF terms.

Model appropriateness is, then, a comprehensive, multi-faceted concept that
includes GOF but which goes far beyond it. In this initial proposal, we suggest that the
researcher should take three facets (as well as GOF) into account to judge the
appropriateness of the LL-C model. The first facet is the consistency between the
functioning of the model and the theory from which the model is derived (Ramsay,
1989, 1996, Reise et al., 2018, 2021). The second is the “internal” properties of the
scores derived from the LL-C model as related to their intended use. And the third is the
predictive properties of the scores, and how they relate to other theoretically relevant

measures.

The initial step in the first facet is to analyze the content to appraise whether the
trait under study fits better (in theoretical terms) into the bipolar conception or into the
unipolar conception, as discussed below (Reise & Rodriguez, 2016, Reise et al., 2018).
At the more empirical level, it is of interest to assess the distributions of the raw item
scores (e.g. Bejar, 1977, Reise et al., 2018). For the LL-C model to be appropriate, the
raw distributions should generally be right skewed, with a sizable number of cases

piled-up at the lower end.

With regard to the internal properties of the LL-C-derived scores, if the
researcher or the practitioner is interested only in the relative standings of the
respondents on the trait, then the scores estimated by the LL-C model will be as good as

those estimated by the CRM. And the scores derived from the simple linear model may
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be perfectly appropriate in terms of rank ordering. However, if they are interested in
other things — for example, assessing the regions of the trait in which the scores are
most accurate, maximizing the differentiation of individuals in the range where they
matter most, or establishing cut-off values for diagnostic purposes — then the choice of
the model is of the utmost importance (e.g. Santor et al., 1995). We propose three
indicators for assessing this facet. The first is the information/conditional reliability
curve plotted against both the percentiles (Lord, 1975) and the estimated trait level. The
first curve displays the information provided by the LL-C together with the constant
information provided by the CRM and the linear model. The second indicator is also a
graphic proposed by Ramsay (1989) and Reise et al. (2021): it is the plot of the
estimated Ay scores against the simple sum or raw scores. This graphic assesses the
extent to which the relations between the two scores are nonlinear and, if they are,
whether the nonlinear trend agrees with theoretical expectations (see below). The third
indicator, finally, is the marginal reliability (13) or (14) which informs us about the

overall accuracy of the scores across all trait levels.

Finally, we shall discuss the criterion-validity evidence. If the scores derived
from the LL-C model were more strongly related to other relevant variables than
competing scores (CRM and linear in our case), this result would provide strong support
for the LL-C appropriateness (Reise et al., 2022). However, although the choice of the
scale can affect the validity correlations, mainly in terms of non-linearity and end
effects (Yen, 1986), if this result is observed, we believe that its magnitude will be
rather small. In our opinion, it is more interesting to study whether the LL-C scores
show differential validity effects with respect to the relevant external variable or
criterion. More in detail, if the trait is really unipolar and has most meaning at the upper

end, then the relation with the external variable should be stronger at upper trait levels
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than at lower trait levels. This hypothesis can be assessed by inspecting the dispersions

around the regression line (see Morales-Vives et al., 2022).

Empirical Study: Extreme Beliefs

In this empirical study, we used a set of 7 items referring to superstitious beliefs,
which were taken from the general pool used in the study by Huete-Pérez et al. (2022)
about beliefs not supported by science. The item contents are in Table 2. These items
were administered to 1097 individuals aged between 18 and 69 years old (59.6%
women). Of these, 2% had an elementary education, 15% had a secondary education,
65% were undergraduates or master’s students, and 18% had finished a postgraduate
course. Participants were asked to rate each item on a continuous scale, indicating the
extent to which they agreed with the belief or behavior described in the item by placing

a mark on a continuum that ranged from 0 (totally disagree) to 100 (totally agree).

The second and third columns in table 2 show the medians and the skewness
coefficients of the superstitious beliefs item scores. Except for two items (1 and 5), the
medians clearly show that a substantial number of cases are concentrated at the low end
of the 0-1 response scale, so the items are positively skewed. The two items that do not
follow this trend refer to behaviors that are relatively common and well accepted by the
general population: many people use some kind of good luck charm or cross their

fingers to wish for luck, even if they do not necessarily fully believe in these behaviors.

For both the LL-C and the linear model, item parameters were estimated using
robust (mean and variance corrected) ML estimation as implemented in LILAC-R.
Goodness of fit results are in Table 1. Although the fit of the LL-C is consistently better
across all indicators, the differences are clearly negligible: both solutions fit the data

quite well and are very similar. What these results suggest is that in this study the



26

second differential curvature factor in (16) is negligible so the linear approximation to

the LL-C IRFs is consistently good for all of the items.

INSERT TABLE 1 ABOUT HERE

Table 2 shows the calibration results based on the LL-C solution and the
approximate 3 estimates obtained from the linear model using (16) in the last column. In
general, the items are quite discriminating (high Bs) and “difficult”, which is expected
(Reise et al., 2018, 2021). The range of discrimination, however, is rather wide and the
most discriminating item (4) is about 3.5 times more discriminating than the “worst”
item (3). As for location, the values can be interpreted by noting that the mean and
mode of the prior lognormal Ay distribution are 1.65 and 1, respectively. So, except for
item 1, all difficulties are clearly above the trait mean. Finally, the most “odd” item is
item 3, with a rather low [ estimate, which in turn implies exceedingly large difficulty.
To understand this result, the IRF of this item would be like the lowest curve in Figure
1: a curve that flattens quickly and which has great difficulty reaching the 0.5 threshold.
One possible explanation is that, unlike other items, this one seems to be more related to
impatience and impulsivity than to superstitious beliefs: If a person feels impatient and
bored waiting for the lift, he/she may start pressing the button to have a sense of
physical control over the situation, which does not necessarily involve a superstitious

idea.

Finally, note that the linear § estimates are quite close to those obtained from the
LL-C solution, a result which agrees with the results in table 1: when the linear
approximation is good, both the model-data fit and unbiased item parameter estimates

are expected to be acceptable.

INSERT TABLE 2 ABOUT HERE
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We turn now to scoring. ML score estimates were chosen in this study, and we
shall now discuss their internal properties. Figure 2 shows the conditional reliability
(information) curves plotted against the percentile (panel a) and the trait estimates
(panel b). The common percentile metric can be used to plot the constant reliability
provided by the linear and the CRM scores (thin straight line) and the LL-C curve (thick
curve). Two results are apparent in panel (a). First, up to about the 70" percentile the
reliability of the LL-C scores is quite high. And, second, up to about the 65" percentile,
the reliabilities of the ML scores derived from the LL-C model are consistently better
than the constant reliability derived from the CRM and the linear model. So the relative
efficiency of the LL-C scores is greater than that of the competing scores until well past
the first half of the percentile scale. Conceptually, these results mean that the LL-C
scores measure individuals more efficiently in the lowest-to-medium end of the trait
level. In a unipolar trait, these are the vast majority. In contrast, the competing scores
are more accurate for the few individuals in the upper percentile. Again, in agreement
with the discussion above, the LL-C scores are more useful for differentiating between
“asymptomatic” respondents (in this case, participants without superstitious beliefs or
with low levels of such beliefs) and “symptomatic” respondents (Superstitious
participants, with high scores on these items). Panel (b) also provides complementary
information: the LL-C scores are highly reliable only between 0 and about 5 units.
However, the range of estimated scores extends beyond 65 points. Finally, to complete
these results, the marginal reliability of the LL-C scores was .97, slightly higher than the

constant .95 of the competing scores.

INSERT FIGURE 2 ABOUT HERE

Still within the “internal” facet, figure 3 plots the fu ML estimates against the

raw scores. The relation is clearly non-linear and, at the low end of the scale, the
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changes in raw score units hardly change the trait estimates. However, as the number of
endorsed superstitious beliefs increases, the average trait estimate increases more and
more. Note that this behavior is consistent with the law of proportional effects: the
increase in the trait level estimate as more beliefs are endorsed is proportional to the

number of previous beliefs endorsed.

INSERT FIGURE 3 ABOUT HERE

We turn finally to the third, criterion validity facet. A sub-sample of 137
respondents was administered a single-survey question asking them to report their
degree of trust in the government on a 0-100 scale (no trust at all - complete trust). The
product moment correlation between the Ay estimates and the trust ratings was negative
but very low (r = -.14). However, the scatterplot in figure 4 provides interesting
information. First, the relation is clearly heteroskedastic, with a large dispersion at
lower Gy values and a small dispersion at higher values (the twisted-pear effect; Fisher,
1959). Second there is clearly a differential validity effect, as there is virtually no
relation at low 6y values and a far stronger relation as Gy increases. Furthermore, this
relation seems to be non-linear. To assess these trends, we first computed the product-
moment correlation only for the cases with 6y estimates above 5 (see figure 4). The
correlation was now r = -.56. Next, we fitted an exponential curve to this subset
(displayed in the figure) and obtained a non-linear correlation estimate (square root of

the eta correlation ratio) of r = -.58).

INSERT FIGURE 4 ABOUT HERE

Conceptually, the results above make sense and provide support for the
appropriateness of the LL-C. The lack of superstitious beliefs does not predict at all the

level of trust in the government: people with few or no irrational beliefs may have
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different levels of trust. As the number of superstitious beliefs increases, however,
people tend to distrust the government more and more. Therefore, it seems that those
people who tend to have irrational beliefs (in this case, superstitious beliefs) are also
likely to distrust official messages and all those entities that represent this “official™
discourse, such as governments. In contrast, non-superstitious people probably trust in
the government for many reasons, such as their political, sociological or economic

viewpoint, which may or may not coincide with that of the governing party.

Discussion

This article proposes and develops an IRT model intended for continuous item
responses and unipolar traits. As for the first feature, the continuous format is submitted
to be a natural application for continuous responses that has advantages in terms of the
administration and the methodological properties of the resulting models. Furthermore,
the development of computerized questionnaires has made this response format more
attractive to researchers and practitioners, since they enable these items to be more
easily scored than with paper-and-pencil questionnaires. Considering also that data is
increasingly being collected online, this response format is expected to be used more
and more in the future. The LL-C model we propose is also remarkably simple, and
more closely resembles the original binary formulation than the graded extensions.
Finally, at the substantive level, the present study focuses on superstitious beliefs, a
variable that could plausibly be considered unipolar, although it has traditionally been

studied as if it were bipolar (e.g., Fasce et al., 2021; Renken et al., 2015).

The LL-C model can be made equivalent to a variation of the CRM in which the
trait scale is transformed, and it can also be linearized to adopt the structure of the

standard FA model. For this reason, we have compared its functioning to that of the



30

other two models when it is used in the standard form: i.e. it assumes that the trait is
bipolar (CRM) and fits the model directly to the observed item responses (linear FA).
Admittedly, this is only an initial step. In recent years, there has been renewed interest
in continuous responses, and new IRT models have been proposed. It would be of
interest to study whether these models can be adapted to the unipolar case and, if so,

what advantages they may have.

Apart from the methodological contributions, we would like to emphasize that
this article has attempted to provide a substantive rationale for what we are proposing,
and also includes an empirical example to illustrate the results obtained with different
models. In this example, we used seven items of superstitious beliefs, most of which, as
expected, had distributions consistent with a unipolar formulation. Furthermore, the
items were generally quite discriminative (high Bs), which is also consistent with the
unipolar formulation. In addition, the linear model fitted the data well and allowed the
LL-C parameters to be closely approximated, which means that the impact of the
curvature factor was very low. Therefore, in this particular example, the linear model is
a good approximation of the LL-C model. This does not mean, however, that these two
models will always be made equivalent when all the items have an unequivocally
unipolar nature (in the present example this was not the case, since the means of two
items were higher than expected). In solutions with a more important second curvature
factor, the linear model is expected not to provide as good a fit as the LL-C model. This
result might be expected with some irrational beliefs that are more extreme or polarizing
than superstitious beliefs (for example, flat-eartherism). Further studies are required to

assess this issue.

Where the alternative models clearly differ is in the trait estimates and their

accuracy. In the linear model, as in the CRM, the reliability value of the estimated
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scores is constant for different levels of the trait, while the results obtained with the LL-
C model show that it provides more accurate estimations at medium and low levels.
These results are consistent with those observed for clinical variables (e.g. Morales-
Vives et al., 2022), suggesting that the LL-C is preferable to the other models when the
aim is to discriminate 'symptomatic' from “non-symptomatic” cases, rather than to
discriminate between different high levels of the trait. This may make a lot of sense
when the aim is to carry out campaigns to counteract hoaxes or false beliefs with
possible consequences on society (as was the case with the pandemic and the vaccines).
In these cases, the important point is to identify those people who may be prone to
irrational beliefs, in order to target them, instead of differentiating between high levels

of severity.

Another important result is the differential predictability or criterion validity
effect, expected if the variables are truly unipolar (i.e. more meaningful at one end of
the continuum). This effect was clear in our example: superstitious people tend to
distrust the government (probably because they distrust the prevailing discourses and
ideas, some of which are represented by the government), but no such negative relation
is observed for the other participants (probably because in these cases trust or distrust in

the government depends on many variables).

Like many initial proposals of this type, this one has its share of limitations so
further research is required. As mentioned above, some promising models for
continuous variables could be transformed to make them unipolar. Likewise, the
estimation procedures we have proposed (specially at the calibration stage) are
extremely basic, and can be considerably refined. However, although further
refinements would no doubt improve estimates, they would not change anything

essential. Furthermore, the validity evidence is only based on a single criterion, and we
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fully acknowledge that this is a limitation of the study. Further studies would be clearly
needed in order to obtain further evidence and a better understanding about the impact
the unipolar variables may have on criterion validity relations, and, if this impact is

consistent, about the applicability of these results in empirical settings.

In this article we have considered the bipolarity-unipolarity distinction with
respect to the nature of the trait. However, a similar distinction has been made in the
literature regarding the polarity of the item response scales, and, furthermore, it has
been found that the use of unipolar or bipolar scales can impact the accuracy of the
derived trait scores (Menold & Raykov, 2016). An interesting topic for further research
would be then to assess whether the use of unipolar response scales that match the
(assumed) unipolarity of the trait under study can lead to a better functioning of the
model, especially in terms of accuracy/information and criterion validity. Hopefully,

this and other topics will be covered by future research.
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