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Abstract 

Understanding the phenomena that can occur in a given medium necessitates a clear grasp 

of its chemical composition. In this context, various techniques including infrared (IR) spec-

troscopy were developed. In this work, we determined the bond force constants of CO2 mol-

ecule in gas phase state and trapped in a nanocage by applying group theory to the normal 

vibrational modes of the symmetric (16O12C16O, 626) and the asymmetric (16O12C18O, 628) 

CO2 isotopic species. Wilson’s force, F and inverse-mass, G matrices, were calculated for 

the CO2 (626 and 628) species. The effect of Fermi resonances were included in the analysis. 

Results are given in terms of bond force constants for stretching and bending modes of CO2 

molecule trapped in nanocages of rare gas matrices and of clathrate hydrates. The compari-

son with the gas phase values demonstrated that the condensed phase effect can be con-

strained at the harmonic level. A database of vibrational frequencies can then be built from 

the calculated values with a pseudo-uncertainty range to enhance automatic analysis of ob-

served data pertaining to CO2 in an unknown media by IR sensors. The study of CO2 trapped 

in nanocages using group theory to calculate force constants has received little theoretical 

consideration in previous works. Here, we provide an additional approach to evaluate the 

uncertainty measurement in IR spectroscopy. Similar outcomes should be achievable for 

other molecules, providing the possibility to improve spectroscopic IR observation and anal-

ysis from sensors specially designed for mobile sensing applications. 
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1  Introduction 

Global warming and sustainable development have opened a field of research focusing on en-

vironmental observation on earth [1, 2] . Diverse technological breakthrough and innovative 

methodologies are developed to bring sensors in the closest proximity of the medium of interest 

as practiced for planet, atmospheres, comets, or satellites observation as for example with Mars 

Express and Venus Express spatial missions [3–7]. One of the main methods used for atmos-

phere characterization on earth or elsewhere, is the infrared (IR) spectroscopy. Research activ-

ities that were dealing with this technology are segmented in two main aspects, theoretical and 

experimental. Advances in theoretical methods suitable for calculations of IR spectra opened 

the pathway to modeling IR spectra for various molecules. In fact, IR spectroscopy exhibits 

simulation progresses in multiple directions. On several levels, vibrational spectroscopy has 

created a remarkable synergy with theoretical and computational chemistry [8-14]. On the one 

hand, computational chemistry provides interpretation of the observed spectra, while, on the 

other hand, experimental spectroscopy provides support. The spectrum of a molecular species 

can be reconstructed using models based on contact transformation as described in the follow-

ing references [15, 18] and references cited therein. A deconvolution of the observed spectra is 

necessary prior to the analysis in terms of intensity, width and line center characterizing a line 

shape as in [15, 18] and references cited therein. The experimental studies are conducted with 

an appropriate laboratory using instrumental set-up to identify the IR fingerprint of molecules 

[4-6, 18, 19]. Depending on the environment in which the molecule is observed, in laboratory 

nanocage trap medium, in a hostile experimental environment as in planetary observation, con-

densed phase or polymers such as silicone gels [20, 21], the IR spectrum is distorted. Conse-

quently, the correlation between the precision of the molecular system's reference geometry, its 

energy and force constants, provide useful feedback on the performance and usefulness of quan-

tum chemical approaches. It is therefore mandatory to correctly assign the molecular species 

from the observed IR data using the appropriate theoretical models and to analyze efficiently 

for example the data collected for CO2 in different media using adequate sensors [22–33]. 



 

 

The principal issue is the limit of quantum chemistry techniques and their applicability to larger 

molecules. This is especially important for NIR (near infrared) spectroscopy, where the empha-

sis is on complicated samples and anharmonic approaches are required. In contrast, precision 

for smaller molecules under favorable circumstances dissolved in a moderately inert solvent is 

sufficient for a full interpretation of experimental NIR spectra [19, 35]. On the other hand, the 

incorporation of a chemical matrix in the anharmonic simulation is practically infeasible due to 

the computational complexity of these approaches. Such a matrix would be illustrative of a 

complicated sample encountered in analytical IR spectroscopy applications [8-10, 19]. Achiev-

ing this objective would pave the way for direct support from computational chemistry in ana-

lytical vibrational spectroscopy applications. In this work, we will present the symmetry based 

on theoretical tools for the spectroscopic study of molecules that allow the identification of the 

IR windows to be selected for observation in the design of the apparatus as discussed in refer-

ences [1, 4-6, 19-21]. The aim is to provide a method to implement artificial intelligence [34] 

processes by identifying molecules or functional groups from IR or Raman active vibrations, 

when they are subjected to environmental constraints or when trapped in nanocages such as 

porous media [31,32] or clathrate hydrates [33, 36–42], or to chemical species in a crystal from 

vibrational factor group analysis [43, 44]. 

In this work, the model’s set-up derived from group theory methods using, as a case study, the 

CO2 molecule which is constantly under study as it is involved in global warming phenomenon 

[45-50]. Two isotopes of carbon dioxide are chosen: the standard symmetric 16O12C16O and the 

asymmetric 16O12C18O. Their symmetry groups are, D∞h and C∞v as infinite order. They are 

analyzed using two subgroups of finite order, D2h and C2v, to determine their Wilson’s F and G 

matrices [51] that allow to analyze their IR or Raman active vibrations. Then, based on well-

established contact transformation theory for rovibrational study of linear molecules, pertinent 

resonances such as the Fermi-Dennison (FD) present in linear molecules, is accounted to ana-

lyze the fundamental vibrational levels in terms of bond force constants rather than global nor-

mal coordinates force constants. The method described is applied to fundamental vibrations of 



 

 

CO2 as observed in gas phase, in matrix isolation spectroscopy or in clathrates. This work is an 

attempt to provide a method of extraction of information on a molecular species trapped in a 

condensed medium, beyond standard gas phase IR spectroscopic values already present in data 

bases such as Hitran, from bond force constants. It targets the right set of IR windows in the 

design of mobile devices equipped with embedded appropriate sensors, antennas, and the elec-

tronics to collect data in an environment of IR spectroscopic interest. The focus is on the iden-

tification of condensed phase matter, such a clathrate, graphite surfaces or other type of medium, 

from trapped molecules’ IR signature, for which the well-known gas phase IR spectra are mod-

ified due to the electromagnetic field from the condensed medium. This paper is organized as 

follows: section 2 describes the model and the calculation method based on symmetry consid-

erations; section 3 presents the form giving the F and G matrices; section 4 is dedicated to the 

numerical results of the calculated force constant values for gas phase and trapped species in a 

matrix nanocage and section 5 is devoted to discussion about the results comparing the values 

for different environment and conclusions.  

 

2  Model and methods 

In this section, we describe how to set-up a model from group theoretical methods using the 

CO2 molecule involved in global warming phenomenon as a model example. Two isotopes of 

carbon dioxide, the standard symmetric one 16O12C16O and the asymmetric 16O12C18O are cho-

sen. Their symmetry groups, D∞h and C∞v being of infinite order, they are analyzed using two 

subgroups of finite order, D2h and C2v, in order to determine their Wilson’s force, F and inverse-

mass, G matrices [51] that allow analysis of their IR or Raman active vibrations. 

2.1  Vibrational symmetry and normal coordinates 

The application of mathematical group theory based on the symmetry of a chemical species 

is a powerful tool to study the vibrations and rotations of molecules as shown in references  

[15-18, 51] and references cited therein. In fact, group theory is applied to build a mathemat-

ical model of the Hamiltonian operator of the molecule from its symmetry properties. To 



 

 

determine the vibrational IR fingerprint of a molecule, it is necessary to solve the 

Schrodinger’s eigenvalues equation 

𝑯|𝚿𝒗⟩ = 𝑬𝒗|𝚿𝒗⟩               (1) 

where H is the Hamiltonian operator of the molecule, sum of its kinetic energy operator T and 

its potential energy operator V. |𝚿𝒗⟩ and 𝑬𝒗 are the eigenfunction and eigenvalue, respec-

tively, labelled by the index v which represents the vibrational quantum numbers that describe 

the independent vibrational modes.  

The potential energy is generally expressed in terms of coordinates that are the most suitable 

to diagonalize the Hamiltonian operator and hence obtain the vibrational frequencies of the 

molecule. They correspond to the range of real values that the operator spans. In the case 

where only the vibrational degrees of freedom are considered, it is necessary to perform the 

calculations in the frame of reference tied to the molecule by applying Eckart-Sayvetz's con-

ditions. The potential energy of a molecule is at its minimum when the molecule is in its 

equilibrium configuration. By setting the origin of the energies at the equilibrium configura-

tion, only terms of degree greater than or equal to 2 contribute to the vibration energy. At the 

harmonic level, corresponding to second order terms, it is possible to use the internal coordi-

nates Rk of the atoms in the molecule, and write the harmonic potential energy operator in the 

following form 

𝟐𝑽 = ∑ ∑ (
𝝏𝟐𝑽

𝝏𝑹𝒊𝝏𝑹𝒋
)

𝟎

𝑹𝒊𝑹𝒋 = ∑ ∑ 𝑭𝒊𝒋𝑹𝒊𝑹𝒋𝒋𝒊𝒋𝒊     or     𝟐𝑽 = 𝑹′𝑭𝑹   (2) 

For small displacements of the atoms about their equilibrium positions, the kinetic energy 

operator of the molecule can be expressed in a similar form such as 

𝟐𝑻 = ∑ ∑ 𝑴𝒊𝒋𝑹̇𝒊𝑹̇𝒋𝒋𝒊            (3) 

where the parameters Mij represent functions of the atomic mass and the equilibrium geometry 

of the molecule. It is more convenient to express the kinetic energy in terms of the conjugate 

variables defined as  

𝑷𝒊 =
𝝏𝑻

𝝏𝑹𝒊̇
= ∑ 𝑴𝒊𝒋𝑹̇𝒋𝒋         (4) 

Then, Eq. (3) becomes 



 

 

𝟐𝑻 = ∑ ∑ 𝑮𝒊𝒋𝑷𝒊𝑷𝒋𝒋𝒊     or    𝟐𝑻 = 𝑷′𝑮𝑷     (5) 

ikjk

j

ij δMG =   or  IGM =   in matrix form.                                    

The best method to derive these equations is to use the normal coordinates, because T and V 

are simultaneously expressed in a diagonal form in the harmonic approximation. Internal co-

ordinates are defined as linear combinations of normal coordinates as follows 

R L Qj jk
k

k=                   (6) 

where j amount ranging from 1 to n, and  𝑳𝒋𝒌 =
𝝏𝑹𝒋

𝝏𝑸𝒌
.   

This transformation leads to the following relationships 2 2V Qk
k

k=  and 2 2T Qk
k

=                                                                 

For each coordinate Qk, the kth vibrational mode, the frequency 𝝎𝒌  is given by  𝝀𝒌 =

𝟒𝝅𝟐𝒄𝟐𝝎𝒌
𝟐.  

In matrix formulation, the corresponding expressions write as 

R LQ=                         (7)                              

2V Q Q= '                             (8) 

QQT  '2 =                               (9) 

where  is a diagonal matrix, whose elements are the parameters k. 

Substituting Eq. (7) into Eqs. (2) and (3) and comparing with Eqs. (8) and (9), respectively, 

leads to the following equalities 

FLL'=  and IMLL =' . 

By combining the last two equations, we obtain the following form: 

= MLFL                            (10)  

and multiplying by 1−= MG , leads to  



 

 

GFL L=                                     (11) 

The determinants of the two last equations verify   

0=− MF                               (12) 

0=− IGF                              (13) 

Finally, the problem of determining the normal coordinates reduces to the calculation of the 

determinants once given Mij or Gij. 

The symmetry coordinates can then be used to simplify the calculation of the determinants 

because they are linear combinations of internal coordinates based on the symmetry properties 

of the molecule. These symmetry properties allow the decomposition of the matrices in block 

forms according to the symmetry properties of the molecule. The transformation of the inter-

nal coordinates to the symmetry ones can be achieved by the transformation matrix U, such 

that: 𝑺 = 𝑼𝑹 and  𝟐𝑽 = 𝑹′𝑭𝑹 = 𝑺′𝓕𝑺 , with 𝓕 = 𝑼′−𝟏
𝑭𝑼−𝟏  and    𝑺 = 𝑳𝑺𝑸 . It can 

be shown that the internal coordinates are related to the normal coordinates as follows 

𝑹 = 𝑳𝑸 = 𝑼−𝟏𝑳𝑺𝑸 = 𝑼′𝑳𝑺𝑸                                 (14) 

It is then necessary to express cartesian displacements P from equilibrium configuration ge-

ometry in terms of the internal coordinates. The cartesian coordinates are set by fixing a local 

frame on each nucleus labelled i such that its displacement is given by (
e

iii xxx −= , 

e

iii yyy −= , 
e

iii zzz −= ) and by applying Eckart-Sayvetz’s conditions. Note that the com-

ponents of R are nonlinear functions of such displacements and in matrix form expresses as  

R = BP, where B is a rectangular matrix which can be transformed in a square matrix by 

including the translational and rotational degrees of freedom in the frame of Eckart-Sayvetz’s 

conditions. 

2.2  Symmetry Group and symmetry coordinates of the CO2 molecule 

As given in [16], the symmetry group of the 16O12C16O isotope is the D∞h group, while that of 

the isotope 16O12C18O is C∞v. The reducible representation  of a group G is the direct sum of 

irreducible representations  of the group such that 



 

 

   = 𝒂𝟏𝚪
𝟏⨁𝒂𝟐𝚪

𝟐⨁…… .⨁𝒂𝒅𝚪𝒅 = ∑ 𝒂𝜶𝚪𝜶
⨁𝛂           (15) 

when the number of irreducible representations is equal to d. The coefficients a , the number 

of times the irreducible representation Γ appears in the representation  are calculated from 

the following formula (Ref. [11] Eq. (1.23)) 

 𝒂𝜶 =
𝟏

𝒉
∑ 𝒉𝒊 𝝌(𝑶𝒊  )(𝝌

𝜶 (𝑶𝒊  ))
∗

𝑶𝒊 𝝐 𝑮            (16) 

where h is the order of the full symmetry group, Oi the one of the geometrical symmetry 

operations of the group, and χ is the trace of the matrix of the symmetry operation in the basis 

of the irreducible representation  of order hi with 

  𝝌(𝑶𝒊) = ∑ 𝒂𝜶𝝌𝜶(𝑶𝒊)𝜶              (17) 

This expression is used to find the number of vibrations belonging to a given irreducible rep-

resentation of the molecular point group from the various types of vibrations of a molecule 

which may be a single or degenerate stretching mode, bending mode, torsion mode, twisting 

mode or wagging mode. However, when h is infinite as for groups D∞h and C∞v, the formula 

cannot be applied. Then, the corresponding sub-groups D2h for 16O12C16O and C2v for 

16O12C18O are used instead. The correlations between the irreducible representations of the 

sub-groups and those of the full groups allow identification of the corresponding irreducible 

representations of the fundamental vibrations. 

Following the method described in chapter 3 of Ref. [16], for the D2h group of order h = 8, the 

reducible representation  writes: 

 = Ag + B1g+ B2g + 2B1u + 2B2u + 2B3u, in terms of the irreducible representation of D2h. For 

the translational and rotational degrees of freedom, the reduction writes 

translation = B1u + B2u + B3u and rotation = B1g + B2g + B3g. Note that as the molecule is linear, 

the B3g term for the rotation movement vanishes. Consequently, for the vibrational degrees of 

freedom, vibration =  – (translation + rotation) = Ag + B1u + B2u + B3u. The four vibrations hence 

determined correspond to two stretching modes and two bending ones. Similarly, in the case 

of the C2v group of order h = 4, the reducible representation  writes 



 

 

 = 3A1 + 3B1 + 3B2, in terms of the irreducible representations of C2v. For the translational 

and rotational degrees of freedom, the reduction writes 

translation = A1 + B1 + B2 and rotation = A2 + B1 + B2. The molecule being linear, this time the 

A2 term for rotation vanishes. Consequently, for the vibrational degrees of freedom, vibration 

=  – (translation + rotation) = 2A1   + B1 + B2. The four vibrations hence determined also corre-

spond to two stretching modes and two bending ones. The projection method, as applied in 

chapter 3 of [16], is used to determine the symmetry coordinates from the internal coordinates 

of the molecule, defined as the bond length between atoms 1 and 2 and atoms 2 and 3 of the 

linear CO2 molecule and the angle between the two bonds in 2 perpendicular planes as shown 

in figure 1, for both isotopes 16O12C16O and 16O12C18O. Then, atom 3 is 16O for the symmet-

rical isotope and 18O for the non-symmetrical one. 

 

Figure 1. Internal and cartesian coordinates of the linear CO2 molecule. 

To determine the symmetries in terms of the irreducible representation, the projection formula 

is applied to the internal coordinates as shown in Ref. [16] 

𝑷𝜶 =
𝒍𝜶

𝒉
∑  (𝝌𝜶 (𝑶𝒊  ))𝑶𝒊  𝑶𝒊 𝝐 𝑮            (18) 

For group D2h for which h = 8, the applications of the symmetry operations on the internal 

coordinates are given in table 1. For the Ag irreducible representation, for example, 𝝌𝑨𝒈  (𝑶𝒊  ) 

is equal to 1 for all the symmetry operations of the group and 𝒍𝑨𝒈
 is equal to 1. In the case of 

the B1u irreducible representation, 𝝌𝑩𝟏𝒖  (𝑶𝒊  ) is equal to 1 or -1 depending on the symmetry 

operations and 𝒍𝑩𝟏𝒖
 is equal to 1. 



 

 

 

Table 1. Table of vibrational irreducible characters representations of D2h group 

 

Applying the projection formula for the group D2h, the corresponding symmetry coordinates 

are obtained for the stretching modes: 

𝑺
𝟏

𝑨𝒈 =
𝟏

√𝟐
 (𝒓𝟏𝟐  +  𝒓𝟐𝟑)           (19a) 

𝑺𝟑
𝑩𝟏𝒖 =

𝟏

√𝟐
 (𝒓𝟏𝟐 −  𝒓𝟐𝟑)           (19b) 

D2h E C2(z) C2(y) C2(x) I σ (xy) σ (xz) σ (yz) 

r12 r12 r12 r23 r23 r23 r23 r12 r12 

r23 r23 r23 r12 r12 r12 r12 r23 r23 

1 1 -1 -1 1 -1 1 1 -1 

2 2 -2 2 -2 -2 2 -2 2 

A1g 1 1 1 1 1 1 1 1 

B1u 1 1 -1 -1 -1 -1 1 1 

B2u 1 -1 1 -1 -1 1 -1 1 

B3u 1 -1 -1 1 -1 1 1 -1 

D2h E C2 (z) C2 (y) C2 (x) I σ (xy) σ (xz) σ (yz) 

r12 r12 r12 r23 r23 r23 r23 r12 r12 

r23 r23 r23 r12 r12 r12 r12 r23 r23 

a1 a1 -a1 -a1 a1 -a1 a1 a1 -a1 

a2 a2 -a2 a2 -a2 -a2 a2 -a2 a2 

A1g 1 1 1 1 1 1 1 1 

B1u 1 1 -1 -1 -1 -1 1 1 

B2u 1 -1 1 -1 -1 1 -1 1 

B3u 1 -1 -1 1 -1 1 1 -1 



 

 

and for the bending modes 

 𝑺𝟐𝟏
𝑩𝟑𝒖 = 𝟏              (19c) 

 𝑺𝟐𝟐
𝑩𝟐𝒖 = 𝟐              (19d) 

For group C2v for which h = 4, the applications of the symmetry operations on the internal 

coordinates are given in table 2. As shown for the A1 irreducible representation, for example, 

𝝌𝑨𝟏  (𝑶𝒊  ) is equal to 1 for all the symmetry operations of the group and 𝒍𝑨𝟏
 is equal to 1. In 

the case of the B1 irreducible representation, 𝝌𝑩𝟏  (𝑶𝒊  ) is equal to 1 or -1 depending on the 

symmetry operations and 𝒍𝑩𝟏
 is equal to 1. 

 

C2v  E C2 (z) σ (xz) σ (yz) 

r12  r12 r23 r23 r12 

r23  r23 r12 r12 r23 

a1  a1 -a1 -a1 a1 

a2  a2 -a2 a2 -a2 

A1  1 1 1 1 

B1  1 -1 1 -1 

 

 

 

 

 

 

 

Table 2. Characters table of vibrational irreducible representations of C2v group 

C2v E C2(z) σ (xz) σ (yz) 

r12 r12 r23 r23 r12 

r23 r23 r12 r12 r23 

1 1 -1 -1 1 

2 2 -2 2 -2 

A1 1 1 1 1 

B1 1 -1 1 -1 

B2 1 -1 -1 1 



 

 

Likewise, for group C2v, the corresponding symmetry coordinates write as 

𝑺𝟏
𝑨𝟏 =

𝟏

√𝟐
 (𝒓𝟏𝟐  +  𝒓𝟐𝟑)           (20a) 

𝑺𝟑
𝑨𝟏 =

𝟏

√𝟐
 (𝒓𝟏𝟐 −  𝒓𝟐𝟑)           (20b) 

𝑺𝟐𝟏
𝑩𝟐 = 𝟏              (20c) 

𝑺𝟐𝟐
𝑩𝟏 = 𝟏              (20d) 

For both symmetry group, the U matrix of Eq. (14) that gives S in terms of R through the 

relationship URS = , writes     

 𝑼 =

[
 
 
 
 

 

𝟏

√𝟐

𝟏

√𝟐
𝟎 𝟎

𝟏

√𝟐
−

𝟏

√𝟐
𝟎 𝟎

𝟎 𝟎 𝟏 𝟎
𝟎 𝟎 𝟎 𝟏]

 
 
 
 

            (21) 

when the S coordinates are arranged in the order S1, S3, S21 and S22 and the R coordinates are 

arranged in the order 𝒓𝟏𝟐, 𝒓𝟐𝟑, 𝟏 and 𝟐. Finally, from the correlation between the 

sub-groups and the full symmetry group, the following correspondences are determined for 

D2h and D∞h and C2v and C∞v as given in table 3. 

 

     Table 3. Correlation between IR of groups D2h and D∞h and of groups C2v and C∞v 

 

3  Wilson’s F and G matrices 

The expressions of the GF matrix in the basis of symmetry coordinates are calculated for the 

general XYZ form of a linear molecule which can also be applied to type XY2. The potential 

energy function in terms of the internal coordinates is expressed as 

𝑽 = 𝒇𝟏𝟏(∆𝒓𝟏𝟐)
𝟐 + 𝒇𝟐𝟐(∆𝒓𝟐𝟑)

𝟐 + 𝟐𝒇𝟏𝟐∆𝒓𝟏𝟐∆𝒓𝟐𝟑 + 𝒇𝜶𝜶((∆𝜶𝟏)
𝟐 + (∆𝜶𝟐)

𝟐)  (22a) 

D2h D∞h C2v C∞v



 

 

where 𝒇𝟏𝟏, 𝒇𝟏𝟐, 𝒇𝟐𝟐 are the force constants associated with the vibrational stretching modes 

and 𝒇𝜶𝜶 is the force constant associated with the vibrational bending mode. However, since 

the potential energy is invariant with respect to all the symmetry operations of the molecular 

point group, there are no cross terms of type ∆𝒓𝒊𝒋∆𝜶𝒌 (i =1 or 2, j =2 or 3 and k =1 or 2). In 

terms of symmetry coordinates such that F = UfU’, where U’ is the transpose of U, Eq. (22a) 

can be written as   

   𝑽 = 𝑭𝟏𝟏𝑺𝟏
𝟐 + 𝑭𝟐𝟐𝑺𝟑

𝟐 + 𝟐𝑭𝟏𝟐𝑺𝟏𝑺𝟑 + 𝑭𝜶𝜶((𝑺𝟐𝟏)
𝟐 + (𝑺𝟐𝟐)

𝟐)    (22b) 

where 𝑭𝒊𝒊 and 𝑭𝒊𝒋 are respectively the diagonal and off-diagonal elements pertaining to the 

electro-mechanical force constants of the F matrix 

[
 
 
 
 
𝟏

𝟐
(𝒇𝟏𝟏 + 𝒇𝟐𝟐 + 𝟐𝒇𝟏𝟐)

𝟏

𝟐
(𝒇𝟏𝟏 − 𝒇𝟐𝟐) 𝟎  𝟎

𝟏

𝟐
(𝒇𝟏𝟏 − 𝒇𝟐𝟐)  

𝟏

𝟐
(𝒇𝟏𝟏 + 𝒇𝟐𝟐 − 𝟐𝒇𝟏𝟐) 𝟎   𝟎

𝟎 𝟎 𝒇   𝟎
𝟎 𝟎  𝟎   𝒇]

 
 
 
 

.    (22c) 

The elements of the g matrix that involves the masses present in the kinetic energy operator 

term of the vibrational Hamiltonian, can be calculated following the method described in Ref. 

[51] from formula: 𝒈𝒕𝒕′ = ∑ 𝝁𝒌𝒔⃗ 𝒕𝒌𝒔⃗ 𝒕′𝒌
𝟑
𝒌=𝟏  where 𝝁𝒌 is the inverse of the mass of atom k and 

𝒔⃗ 𝒕𝒌 are the 3 unit vectors, one for each atom, such that they point in the direction that gives 

the maximum increase for internal coordinate Rt. For example, with the notation of Fig. 1 

 𝒔⃗ (∆𝒓𝟏𝟐)𝟏 = 𝒆⃗ 𝟐𝟏, 𝒔⃗ (∆𝒓𝟏𝟐)𝟐 = −𝒆⃗ 𝟐𝟏, 𝒔⃗ (∆𝒓𝟏𝟐)𝟑 = 𝟎,  𝒔⃗ (∆𝒓𝟐𝟑)𝟏 = 𝟎, 𝒔⃗ (∆𝒓𝟐𝟑)𝟐 = −𝒆⃗ 𝟐𝟑,  

𝒔⃗ (∆𝒓𝟐𝟑)𝟑 = 𝒆⃗ 𝟐𝟑, 𝒔⃗ (∆𝜶𝟏)𝟏 =
𝒇⃗ 𝟏𝟑

𝒓𝟏𝟐
, 𝒔⃗ (∆𝜶𝟏)𝟐 = −(

𝒇⃗ 𝟏𝟑

𝒓𝟏𝟐
+

𝒇⃗ 𝟑𝟏

𝒓𝟐𝟑
), 𝒔⃗ (∆𝜶𝟏)𝟑 =

𝒇⃗ 𝟑𝟏

𝒓𝟐𝟑
 .  

These expressions can be used to calculate the 𝒔⃗ 𝒕𝒌 vectors such that: 

 𝒔⃗ 𝟏𝟏 =
𝟏

√𝟐
𝒆⃗ 𝟐𝟏 , 𝒔⃗ 𝟏𝟐 = −

𝟏

√𝟐
(𝒆⃗ 𝟐𝟏 + 𝒆⃗ 𝟐𝟑) , 𝒔⃗ 𝟏𝟑 =

𝟏

√𝟐
𝒆⃗ 𝟐𝟑 ,  𝒔⃗ 𝟐𝟏 =

𝒇⃗ 𝟏𝟑

𝒓𝟏𝟐
, 𝒔⃗ 𝟐𝟐 = −(

𝒇⃗ 𝟏𝟑

𝒓𝟏𝟐
+

𝒇⃗ 𝟑𝟏

𝒓𝟐𝟑
) , 

𝒔⃗ 𝟐𝟑 =
𝒇⃗ 𝟑𝟏

𝒓𝟐𝟑
, 𝒔⃗ 𝟑𝟏 =

𝟏

√𝟐
𝒆⃗ 𝟐𝟏  , 𝒔⃗ 𝟑𝟐 = −

𝟏

√𝟐
(𝒆⃗ 𝟐𝟏 − 𝒆⃗ 𝟐𝟑)  , 𝒔⃗ 𝟑𝟑 = −

𝟏

√𝟐
𝒆⃗ 𝟐𝟑 . 

Then, for bond stretching and the 2 masses connected by bond ∆𝒓𝟏𝟐, 𝒈𝟏𝟏 is given by 

𝒈𝟏𝟏 =
𝟏

𝒎𝟏
+

𝟏

𝒎𝟐
              (23a) 



 

 

for bond stretching and the 2 masses connected by bond ∆𝒓𝟐𝟑, 𝒈𝟐𝟐 is given by 

𝒈𝟐𝟐 =
𝟏

𝒎𝟐
+

𝟏

𝒎𝟑
              (23b) 

for bond stretching, with  = , the coupling term between bonds ∆𝒓𝟏𝟐  and ∆𝒓𝟐𝟑 , 𝒈𝟏𝟐 

writes as 

𝒈𝟏𝟐 = −
𝟏

𝒎𝟐
               (23c) 

and for inter-bond angle and the 2 masses connected by bonds ∆𝒓𝟏𝟐 and ∆𝒓𝟐𝟑, 𝒈𝜶𝜶 in each 

perpendicular plane is given by 

  𝒈𝜶𝜶 =
𝟏

𝒓𝟏𝟐
𝟐

𝟏

𝒎𝟏
+

𝟏

𝒓𝟐𝟑
𝟐

𝟏

𝒎𝟑
+ (

𝟏

𝒓𝟏𝟐
𝟐 +

𝟏

𝒓𝟐𝟑
𝟐 +

𝟐

𝒓𝟏𝟐𝒓𝟐𝟑
)

𝟏

𝒎𝟐
        (23d) 

In terms of symmetry coordinates such that G = UgU’, the inverse-masses G matrix writes 

[25, 51] 

 

[
 
 
 
 
 
 
 
𝟏

𝟐
(

𝟏

𝒎𝟏
+

𝟏

𝒎𝟑
)

𝟏

𝟐
(

𝟏

𝒎𝟏
−

𝟏

𝒎𝟑
) 𝟎  𝟎

𝟏

𝟐
(

𝟏

𝒎𝟏
−

𝟏

𝒎𝟑
)  

𝟏

𝟐
(

𝟏

𝒎𝟏
+

𝟏

𝒎𝟑
+

𝟒

𝒎𝟐
) 𝟎   𝟎

𝟎 𝟎  
𝟏

𝒓𝟏𝟐
𝟐

𝟏

𝒎𝟏
+

𝟏

𝒓𝟐𝟑
𝟐

𝟏

𝒎𝟑
+ (

𝟏

𝒓𝟏𝟐
+

𝟏

𝒓𝟐𝟑
)
𝟐 𝟏

𝒎𝟐
  𝟎

𝟎 𝟎  𝟎   
𝟏

𝒓𝟏𝟐
𝟐

𝟏

𝒎𝟏
+

𝟏

𝒓𝟐𝟑
𝟐

𝟏

𝒎𝟑
+ (

𝟏

𝒓𝟏𝟐
+

𝟏

𝒓𝟐𝟑
)
𝟐 𝟏

𝒎𝟐]
 
 
 
 
 
 
 

   (24) 

 

Finally, the GF matrix to be diagonalized can be written as [51] 

                  

[
 
 
 
 
 

𝟏

𝟐
(
𝒇𝟏𝟏+𝒇𝟏𝟐

𝒎𝟏
+

𝒇𝟐𝟐+𝒇𝟏𝟐

𝒎𝟑
)

𝟏

𝟐
(
𝒇𝟏𝟏−𝒇𝟏𝟐

𝒎𝟏
−

𝒇𝟐𝟐−𝒇𝟏𝟐

𝒎𝟑
) 𝟎  𝟎

 
𝟏

𝟐
(
𝒇𝟏𝟏+𝒇𝟏𝟐

𝒎𝟏
−

𝒇𝟐𝟐+𝒇𝟏𝟐

𝒎𝟑
+ 𝟐

𝒇𝟏𝟏−𝒇𝟐𝟐

𝒎𝟐
)   

𝟏

𝟐
(
𝒇𝟏𝟏−𝒇𝟏𝟐

𝒎𝟏
+

𝒇𝟐𝟐−𝒇𝟏𝟐

𝒎𝟑
+ 𝟐

𝒇𝟏𝟏+𝒇𝟐𝟐−𝟐𝒇𝟏𝟐

𝒎𝟐
) 𝟎   𝟎

𝟎 𝟎 (𝑮𝑭) 𝜶𝜶   𝟎

𝟎 𝟎  𝟎 (𝑮𝑭) 𝜶𝜶]
 
 
 
 
 

     

(25) 

in which  (𝑮𝑭) 𝜶𝜶 = 𝒇 (
𝟏

𝒓𝟏𝟐
𝟐

𝟏

𝒎𝟏
+

𝟏

𝒓𝟐𝟑
𝟐

𝟏

𝒎𝟑
+ (

𝟏

𝒓𝟏𝟐
+

𝟏

𝒓𝟐𝟑
)
𝟐 𝟏

𝒎𝟐
). 



 

 

Note, however, that GF can be separated in two matrices of 2 x 2 dimensions whose eigen-

values are the harmonic frequencies that are observed for the fundamental vibrations. 

The eigenvalues 𝝀𝟏 and 𝝀𝟑 of the first 2 x 2 block matrix characterize the stretching sym-

metric and antisymmetric vibrational modes, they verify the conditions 

𝝀𝟏𝝀𝟑 =
𝒎𝟏+𝒎𝟐+𝒎𝟑

𝒎𝟏𝒎𝟐𝒎𝟑
(𝒇𝟏𝟏𝒇𝟐𝟐 − 𝒇𝟏𝟐

𝟐 )          (26a) 

𝝀𝟏 + 𝝀𝟑 = (
𝟏

𝒎𝟏
+ 

𝟏

𝒎𝟐
) 𝒇𝟏𝟏 + (

𝟏

𝒎𝟐
+ 

𝟏

𝒎𝟑
) 𝒇𝟐𝟐 −

𝟐

𝒎𝟐
𝒇𝟏𝟐       (26b)  

In order to determine 𝒇𝟏𝟏, 𝒇𝟏𝟐 𝐚𝐧𝐝 𝒇𝟐𝟐 force constants, Eq. (26b) is applied to the isotopic 

species (626) and (628) of CO2 molecule, which leads to the following equation  

𝝀𝟏 + 𝝀𝟑 − 𝝀′
𝟏 − 𝝀′

𝟑 = (
𝟏

𝒎𝟑
− 

𝟏

𝒎′
𝟑
) 𝒇𝟐𝟐         (26c) 

for the end atom indexed 3 which is different in each isotopic species and from which f22 can 

be calculated.  

 

Finally, 𝒇 can be calculated from the eigenvalue 𝝀𝟐 of the second block matrix and which 

is doubly degenerate and characterizes the bending vibrational mode given by  

𝝀𝟐 = 𝒇 (
𝟏

𝒓𝟏𝟐
𝟐

𝟏

𝒎𝟏
+

𝟏

𝒓𝟐𝟑
𝟐

𝟏

𝒎𝟑
+ (

𝟏

𝒓𝟏𝟐
+

𝟏

𝒓𝟐𝟑
)
𝟐 𝟏

𝒎𝟐
)        (26d) 

As the symmetric stretching mode ν1 is in fermi resonance with the bending mode ν2 when 

the latter absorbs 2 quanta of IR radiation, then two values are determined for 𝒇𝟏𝟏 𝐚𝐧𝐝 𝒇𝟏𝟐 for 

each value of λ1. 

 

4  Numerical results  

At the harmonic level, the observation of fundamental bands allows identification of the mol-

ecule from databases if the GF matrix is known from laboratory work. On the contrary, when 

the GF matrix is unknown, then, it can be determined if isotopic species are also present in 

the observed spectra because the F matrix does not depend on the atomic masses and provides 

unambiguous attribution. The theoretical approach is applied to carbon dioxide CO2. In Sec-

tion 4.1, the matrix F is calculated from the values of fundamental bands observed in matrices, 

for isotopes 16O12C16O and 16O12C18O [24-26].  



 

 

4.1  Isotopes 16O12C16O and 16O12C18O in different media 

The observed frequencies 𝝎𝒌 (in wave numbers unit cm-1) and the corresponding eigenvalues 

𝝀𝒌(in s-2) are related by the formula 𝝀𝒌 = 𝟒𝝅𝟐𝒄𝟐𝝎𝒌
𝟐, where c is the light velocity in vacuum. 

However when these frequencies are perturbed by resonances such as the Fermi-Dennison 

type, it is necessary to access to the unperturbed frequency value of the mode before calculat-

ing the bond force constant. 

 Thus, because the frequency of mode 1 is twice that of mode 2, then the quantum vibra-

tional states labelled v1 and v2 such that 2v1+v2 have the same values and where v1 and 

v2 are the changes in quantum numbers when a transition occurs between vibrational levels, 

the latter are subject to Fermi-Dennison (FD) resonance which splits the corresponding quasi-

degenerate levels. The vibrational energy of these levels after the splitting of the quasi-degen-

erate levels are determined from the eigen values of a 2 x 2 matrix with diagonal terms given 

by the unperturbed frequency values of the absorbing modes and off-diagonal ones given by 

the FD resonance term [52]. If the energy of the unperturbed levels on the main diagonal of 

the matrix are noted Ea and Eb and the off-diagonal element, W, the characteristic equation of 

the 2 x 2 matrix leads to the following expressions from which the Fermi levels XI and XII can 

be obtained.   

𝑿𝑰 =
𝑬𝒂+𝑬𝒃

𝟐
+ √(

𝑬𝒂−𝑬𝒃

𝟐
)
𝟐

+ 𝑾𝟐                                                        (27a) 

𝑿𝑰𝑰 =
𝑬𝒂+𝑬𝒃

𝟐
− √(

𝑬𝒂−𝑬𝒃

𝟐
)
𝟐

+ 𝑾𝟐                                                       (27b) 

 The unperturbed values can be determined by the inverse operation. 

𝑬𝒂 =
𝑿𝑰+𝑿𝑰𝑰

𝟐
+ √(

𝑿𝑰−𝑿𝑰𝑰

𝟐
)
𝟐

− 𝑾𝟐                                                   (28a) 

𝑬𝒃 =
𝑿𝑰+𝑿𝑰𝑰

𝟐
− √(

𝑿𝑰−𝑿𝑰𝑰

𝟐
)
𝟐

− 𝑾𝟐                                                   (28b) 

From the observed frequencies pertaining to the 626 (16O12C16O) and 628 (16O12C18O) isoto-

pologues which were given in references [23-26] for gas phase and rare gas matrices and in 

references [23, 35, 36-40, 41] for structure I of the clathrate hydrate matrix, the corresponding 



 

 

unperturbed values have been calculated for mode 1 and given in table 4 for the 626 

(16O12C16O) and 628 (16O12C18O) isotopologues together with values observed for modes 2 

and 3. From the corresponding eigenvalues 𝝀𝒌(in s-2), the bond force constants can then be 

calculated. 

 

 

Table 4. Frequency values in wavenumbers (cm-1) observed [23-26, 35, 38, 41, 52] for CO2 

isotopologues 626 and 628 in different media and calculated for mode 1. 

 

4.2  Calculation of force constants for CO2, in gas phase, rare gas matrices and clath-

rate hydrate I 

From the following characteristic parameters, 1.162 × 10-10 m for the C-O bond length, 

12.01074 g.mol-1 for the mass of 12C atom, 15.9994 g.mol-1 and 17.9992 g.mol-1 for 16O and 

18O atoms, the values of the force constants can be determined from the formulas of Refs. [27] 

and [28] as given in table 5 for CO2 in gas phase and trapped in rare gas matrices and in small 

and large cages of the structure I of clathrate. The effect of the electromagnetic field in the 

corresponding nanocage (trapping site in rare gas matrix or small cage or large cage in clath-

rate hydrate type I) is evaluated from the square of observed frequencies through the force 

constants. 



 

 

 

Table 5. Force constants for internal coordinates of CO2 isotopologues 626 and 628 in differ-

ent media 

The force constants are fixed from the L matrix in Eq. (7), obtained from the eigenvectors of 

the GF matrix in terms of symmetry coordinates such that 𝑳 = 𝑼′𝑳𝑺, where the vector col-

umns of 𝑳𝑺 are the eigenvectors of matrix GF. The 𝑳𝑺 matrix gives the normal coordinates 

Qi in terms of the symmetric coordinates Si. The fixed force constants are those that give Q1 

preferentially in terms of S1 and Q3 preferentially in terms of S3.   

 

5  Results and Discussion  

The effect of the mechanical and electrical constraints imposed by the environment such as a 

nanocage in a condensed medium leads to a modification of the standard gas phase IR ro-vi-

brational spectra with the observation of an IR band structure either restricted to a Q branch in 

the absence of rotational degrees of freedom or to a perturbed P and R branches [9, 10, 12, 16, 

20, 23-25, 36-40]. When a molecule moves in a constrained environment such as a nanocage, 

the external translational and rotational degrees of freedom are restricted and the electromag-

netic field present in the nanocage in which the molecule is confined modifies the electronic 

potential that drives the motions of the nuclei resulting in a modification of the vibrational 

transitions. Specific theoretical models can be built to simulate the observed spectra [15-18, 26, 

27, 33, 31, 53].  

In rare gas matrices, the shifts increase from argon to xenon, being more important for the 

antisymmetric stretch than for the symmetric one and the bending mode. However, because 

there are 2 trapping sites in argon, a stable and an unstable one the shifts of the 3 modes are 

within the same range. The same trend is observed for the large cage and the small cage in 

clathrate hydrate type I. In the large cage results are similar for xenon. But in the small cage, 

the shifts of the symmetric stretch and bending modes are higher than in the large cage as given 



 

 

in Table 4. As shown in sections 3 and 4, the bond force constants were calculated considering 

the correlations between the irreducible representations of the subgroups D2h for 16O12C16O and 

C2v for 16O12C18O and those of the full group D∞h and C∞v, following the method described in 

references [16, 51] and in references cited therein, from the frequencies of the fundamental 

modes after a prior calculation of the frequency of the unperturbed 1 mode. The results ob-

tained for mode 1 verify a significant progress in the analysis of CO2 IR data from a result that 

was first shown and discussed by Amat and Pimbert [52]. These authors demonstrated that the 

frequency of the unperturbed 1 mode is at a lower value when compared to that of the 22 

mode for the 626 isotopologue. It must be noted that it was the reverse situation that was then 

currently accepted. In this respect, our calculations show that likewise, the unperturbed 1 mode 

peaks at a lower value than the unperturbed 22 mode for both the 626 and 628 isotopologues 

when the molecule is trapped in a rare gas matrix or in a clathrate hydrate nanocage. To extract 

data pertaining to the latter environmental situation, the pertinent IR windows for observation 

must be located for the main absorption lines and the expected isotopologues. 

Moreover, by applying the methods of quantum mechanics in the frame of contact transfor-

mations, the vibrational energy of a linear molecule can be expressed as 

𝐸𝑣 = ∑ 𝜔𝑠 (𝑣𝑠 +
𝑔𝑠

2
)3

𝑠=1 + ∑ 𝑥𝑠𝑠′
3
𝑠≤𝑠′ (𝑣𝑠 +

𝑔𝑠

2
) ⋅ (𝑣𝑠′ +

𝑔
𝑠′

2
) + ∑ 𝑥ℓ𝑠ℓ𝑠′

ℓ𝑠ℓ𝑠
3
𝑠≤𝑠′     (29) 

 

where each normal mode of vibration of frequency 𝝎𝒔 is labeled by the quantum number vs 

and where 𝒈𝒔 is the degree of degeneracy of the vibration (𝒈𝒔 = 𝟏 if not degenerate and 𝒈𝒔 =

𝟐 if doubly degenerate) and the term with 𝓵𝒔 which is related to the internal rotation of the 

degenerate vibration and which applies to the case of linear molecules. The anharmonic con-

stants 𝒙𝒔𝒔′ and 𝒙𝓵𝒔𝓵𝒔′
 are given by the perturbation calculation in the frame of contact trans-

formation method and whose expressions are given in Refs. [16, 26] and references cited therein 

as well as the numerical values for linear symmetric and asymmetric CO2 molecules. 

 To set IR observation windows for data collection and analysis, the initial step is to work on 

the bond force constants of the isolated molecule which is well known from theoretical works 

as presented in Refs. [11,12,15,16]. The method followed consists in defining a series of levels 

for the values of the bond force constants attributed to the isotopologues in free gas phase shown 

in sections 3 and 4. The first level is attributed to the most common isotopologue (626 for CO2) 

and the other levels to the isotopologues in increasing order of masses of the atoms. This 



 

 

corresponds to a change in the values of the elements of the G matrix. Then, following the 

simple rule that the square of the frequency is proportional to the force constant which is of 

electrical origin and inversely proportional to the mass which is of mechanical origin, the fre-

quencies should scale down as the masses increase for the isotopologues.     

 Then, the second step is to define a series of levels when the molecule is confined in condensed 

media or on a surface. This time, because of the mean electromagnetic field to which the vi-

brating atoms are subjected, the bond force constants are modified for each isotopologue. In 

rare gas matrices, a red shift in band center is observed proportional to the polarizability of the 

rare gas atoms. But, in nitrogen matrix, a blue shift is observed instead for CO2. Then, the shift 

may be either positive or negative depending on the condensed medium. This corresponds to a 

change in the values of the elements of the F matrix.       

Therefore, for CO2 molecule considered in this work, IR spectrum can be simulated from bond 

force constants that allow the calculation of normal mode of vibration of frequency 𝝎𝒔 as 

shown in sections 3 and 4 from the GF matrix. Then, by applying the methods developed for 

Reliability Based Design Optimization (RBDO) [20, 54-56], based on a Monte-Carlo proce-

dure, the IR windows to observe the fundamental 𝝂𝟏, 𝝂𝟐 and 𝝂𝟑 bands can be simulated for 

isotopologues and for environments that differ from gas phase atmospheres, in particular 

nanocages that trap the molecule in condensed phase.  

It can be observed from the results given in table 5, that the symmetry of the molecule is pre-

served since f11 and f22 are equal whatever the type of condensed matter trapping the CO2 mol-

ecule in a nanocage. The maximum shifts of the force constants relative to gas phase values are 

equal to 1.09%, 1.81% and 3.68% respectively for f11= f22, f12 and f. To compare, the relative 

shifts on the frequencies of the vibrational modes are respectively equal to 0.92%, 1.86% and 

0.64% for the fundamental modes 1, 2 and 3. 

In a first instance, the fundamental frequencies of the modes are calculated for the 628 isotop-

ologue, from the calculated bond force constants of CO2. The values compare well within less 

than 0.01% relative shifts for the three modes with observed values. Then, a Monte-Carlo pro-

cedure is applied to determine the frequencies by setting an uncertainty on the mass of one 

oxygen atom. Results show that the numerical procedure compares well with the analytical one 

in that the observed values lies within the calculated frequency intervals.  



 

 

For the shifts observed in the nanocages with respect to the gas phase values, the MC procedure 

allows the determination of a window for observation which depends on the weight imposed 

on the value delivered by the random function. These weights have been set according to the 

relative shifts determined for the force constants calculated from observed values. The follow-

ing distributions as shown in Fig. 2 are obtained for modes 1 and 3. The relationship being 

non-linear between the force constants and the calculated frequencies, the shape of the distri-

butions is triangular. Note that for the 2 mode, this distribution of frequencies for MC run 

consisting of 10 000 steps, it is almost flat in the interval of calculated frequencies. These results 

reflect the relationship between the force constants and the calculated frequencies, since the 2 

frequency scales as the square root of the force constant.   

 

Figure 2. The distribution of frequencies for modes 1 (a) and 3 (b) for a set of weighted 

values given by the random function used for MC procedure with 10000 steps. 

The association between the precision of the molecular system's reference geometry, its energy, 

and subsequently the bond force constants give valuable information regarding the performance 

and applicability of quantum physical and chemical techniques. The Monte-Carlo procedure is 

used to determine the range in which the bond force constants are expected when the molecule 

is trapped in a nanocage in a condensed matter environment. The fundamental frequencies are 

non-linear functions of the force constants. They are numerically obtained from the bond force 

constants determined from the MC procedure. Thus, as far as the internal vibrations are con-

cerned, specific IR absorption windows can be localized for the analysis of data obtained from 

observed IR frequencies and different environments can be addressed from the analysis. For 

frequencies in resonance, a correction must be applied, such as the Fermi-Dennison one, to 

correct for the intervals.  



 

 

In the design of a mobile detector, these specific windows can be optimized for in-situ analysis 

of data from any chemical species from IR or Raman spectroscopy. The mid infrared region 

which covers the IR domain from 400 cm-1 to 4000 cm-1, is generally divided into four domains 

corresponding to: from 2500 cm-1 to 4000 cm-1 for O – H (3600 cm-1 to 3700 cm-1), N – H (3300 

cm-1 to 3400 cm-1) and C – H (2850 cm-1 to 3000 cm-1); from 2000 cm-1 to 2500 cm-1 for C  C 

and C  N; from 1500 cm-1 to 2000 cm-1 for C = C, C = O and C = N and from 600 cm-1 to 1500 

cm-1 for C – C, C – O and C – N. These regions define the boundary limits to sense the IR 

transitions. Then, depending on environmental effects, these limits may fluctuate and accord-

ingly be considered as IR domains subjected to uncertainties. To assess these uncertainties, the 

method described in this work can be applied.  

Moreover, to account for the randomly generated character of the input parameters, the Monte-

Carlo methods, in the frame of Reliability Based Design Optimization (RBDO) models [20, 54-

56] can be coupled to Monte-Carlo Entropic Sampling (MCES) techniques [57-60] in order to 

enhance the effect of states beyond thermodynamic equilibrium in particular to account for 

temperature variations which impacts on the entropy of the molecular system under observa-

tion. Finally, the motivation behind the work presented lies in the application of RBDO and 

MCES techniques as numerical strategies to manage uncertainties such as those illustrated in 

this work. 

Deep learning strategies applied in algorithm based on neural networks involves a training pro-

cedure from a great amount of data in order to determine the right weights on the different paths 

from the input to the output through the different layers considered in the algorithm. The ra-

tionale for starting with Monte Carlo techniques prior to delving into artificial intelligence (AI) 

lies in the need for a comprehensive and dependable database. Indeed, AI, specifically machine 

learning models, demonstrates optimal performance when provided with extensive and hetero-

geneous databases. In the initial steps, the range and distributions provided by the Monte Carlo 

procedure are used as training data for machine learning models. Thus, AI can easily from the 

trained algorithm extract data that are well known from experimental and theoretical work. So, 

in a first instance, one can let the algorithm identify what would have been obtained by con-

ventional analysis from fitting of data to a model based on known data, and then work on those 

data that are left once conventional spectra of known molecular species have been identified. 



 

 

The principal component analysis (PCA methods) coupled to Bayesian approach techniques are 

under considerations as methods to apply in order to analyze the then partially resolved ob-

served data. Moreover, while our present emphasis is centered on carbon dioxide (CO2) mole-

cules, the fundamental ideas and approaches we have established, have wider relevance. The 

meticulousness and thoroughness of our Monte Carlo investigations, in conjunction with the 

potential of AI, provide a framework that may be extended to investigate further molecular 

systems. 

A ro-vibrational gas phase molecular IR spectral line is generally characterized by its center, 

which is due to the transition between two quantum molecular levels induced by the operator 

involved in the transition (dipole moment, quadripolar moment, ..) , its half width at half max-

imum (HWHM) from Doppler effect and broadening by pressure leading to a shape described 

by a Voigt function, convolution of a Gaussian function with a Lorentzian one (in a first ap-

proximation narrowing of lines and other secondary effects may be neglected) and its surface 

area from the intensity which is due to Boltzmann statistics for the distribution of molecules on 

the energy levels and to spin statistics when similar nuclei can be interchanged in the molecule’s 

equilibrium configuration.  

Here we are addressing from the point of view of IR spectroscopy the identification of molec-

ular species either well known because of their presence in the earth’s atmosphere or because 

studied from theoretical models. There are thus 3 parameters to be determined from observed 

data which are provided in the true shape after correction of the apparatus function effect.  

In gas phase, databases can provide the necessary data to train the AI algorithm to fit the line 

centers or peaks to those of known molecular species in gas phase. This allows identification 

of species in gas phase depending on the quality of the observed data and is quite straightfor-

ward. The identification of a molecule can be performed concurrently in different IR domains 

to analyze different ro-vibrational transitions (fundamental cold ones, combination bands, hot 

bands, …). Furthermore, depending on the IR range type of observed data, generally for MID 

IR between 400 cm-1 and 4000 cm-1, it is necessary to consider simultaneously the different 

band centers from the lowest energy values (frequency or wavenumber values) that are finger-

prints of the different possible isotopologues of the molecular species (for example CO2). 



 

 

 

6  Conclusion  

In this work, we performed a simplified theoretical model based on group theory to determine 

the bond force constants for the CO2 molecule in various media and predict an uncertainty 

interval to localize CO2 in an otherwise unknown media. To the best our knowledge, it is the 

first time that calculations of the frequency attributed to the 1 mode for the unperturbed quan-

tum vibrational state have been performed for CO2 trapped in nanocages of rare gas matrices 

and clathrate of type I. The results are also in line with the results of Amat and Pimbert [52] 

about the relative position of the unperturbed quantum vibrational state 1 with respect to the 

22 mode for the two isotopologues. A Monte Carlo procedure is then applied to vary either the 

bond force constants fij or the mass of the 3rd atom of CO2 and the frequency interval in which 

to observe for the response of the molecule as an absorbent is determined. Then, the calculated 

corresponding vibrational frequencies can be optimized for every isotopologue to enlarge the 

database to analyze IR CO2 observed data in condensed matter as well as the isotopic ratios. 

This work is an attempt to provide a method to extract information on a molecular species 

trapped in a condensed medium, beyond standard gas phase IR spectroscopic values already 

present in databases such as Hitran, from bond force constants. It provides a method to use 

Hitran data in order to select IR ranges to look for molecular species trapped in condensed 

matter in the design of mobile devices equipped with IR sensors. In this respect, the results of 

the present work may serve to analyze data expected from ESA large mission of exploration of 

the main satellites of Jupiter, the JUICE mission, since a lot of water is present on the planet’s 

largest moons – Europa, Ganymede and Callisto buried under their icy surfaces [61]. In a next 

step, the method will be enlarged to the line shape, including the width and surface area besides 

the energy of the transition. The analysis of acquired data from IR spectroscopic instruments 

could further be enhanced by artificial intelligence tools resulting in significant simplification 

in the identification of chemical compounds.  
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