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A Simple Two-Step Procedure for Fitting Fully Unrestricted Exploratory Factor 
Analytic Solutions with Correlated Residuals

Pere J. Ferrando , Ana Hern�andez-Dorado and Urbano Lorenzo-Seva 

Universitat Rovira i Virgili 

ABSTRACT 
A frequent criticism of exploratory factor analysis (EFA) is that it does not allow correlated residuals to 
be modelled, while they can be routinely specified in the confirmatory (CFA) model. In this article, we 
propose an EFA approach in which both the common factor solution and the residual matrix are unre
stricted (i.e., the correlated residuals need not be specified a priori). The estimation procedures are 
two-stage and based on the unweighted least squares principle. Procedures for judging the solution 
appropriateness (including goodness of fit) are also proposed. The simulation studies and illustrative 
example suggest that the approach works quite well Although the proposal is based on existing 
results, most of the developments can be considered to be new contributions, and are expected to be 
particularly useful in the earlier stages of item calibration. The whole procedure has been imple
mented in both R language and a well-known non-commercial EFA program.

KEYWORDS 
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exploratory factor analysis; 
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A major criticism of unrestricted or exploratory factor ana
lysis (EFA) with respect to its confirmatory counterpart 
(CFA) is that it does not allow correlated residuals to be 
modelled, while they can be routinely specified in CFA. 
This criticism, however, must be qualified: the “Classic” 
EFA assumption that the residual covariance matrix is diag
onal (e.g., Mulaik, 2010) can be relaxed. And, in fact, ever 
since the 1960s more flexible forms of EFA that allow corre
lated residuals to be modelled have been proposed (Butler, 
1968, McDonald, 1969, Mulaik, 2010, Yates, 1987). At pre
sent, correlated residuals within an EFA solution can also be 
modelled using ESEM (Asparouhov & Muth�en, 2009, 2023, 
Heiserman & Maydeu-Olivares, 2017) or other more specific 
approaches based on the ESEM estimation procedure (efast; 
van Kesteren & Kievit, 2020, 2021). In these approaches, 
however, the residual structure is assumed to be known, so 
the correlated residuals that are to be estimated must be 
specified a priori (Asparouhov & Muth�en, 2023, Van 
Kesteren & Kievit, 2021).

The topic of correlated residuals in EFA possibly origi
nated from psychometric applications (Thurstone, 1947), 
but has permeated to other domains such as sociometrics 
and econometrics. (Blalock, 1971, Bollen, 1989, Costner & 
Schoenberg, 1973). The present proposal can also be used in 
these domains, but it is intended above all for item analysis 
applications in which correlated residuals have traditionally 
been referred to as “doublets” (Mulaik, 2010, Thurstone, 
1947).

Overall, what we shall propose here is a simple and flex
ible approach for modelling an EFA solution with a 

correlated-residual structure in which the nonzero correlated 
residuals do not need to be specified a priori. Therefore, 
both (a) the common-factor part, and (b) the residual cor
relation matrix of the solution that is fitted are unrestricted. 
This fully-unrestricted approach is expected to be useful 
when the practitioner (a) has reason to suppose that there 
are non-trivial residuals among the items (e.g., content 
redundancies); but (b) does not have enough information to 
specify which residuals are to be estimated. In other words, 
residuals are suspected, but how many and where they are 
located cannot be specified in advance. Substantively, this is 
the typical scenario found in the initial stages of test devel
opment, in which large pools of items with generally com
plex structures are analyzed so that those items that will 
constitute the final test version can be selected (Cattell, 
1952, Ferrando et al., 2022, Floyd & Widaman, 1995; Marsh 
et al., 2014, Reise et al., 2000).

As a substantive basis for what we propose below, we 
shall now provide (a) a brief discussion about the “doublet 
controversy” (e.g., Asparouhov et al., 2015, MacCallum 
et al., 1992 Thurstone, 1947); and (b) some background on 
other proposals related to this one. As for the “doublet 
controversy”, if substantial correlated residuals are present 
in a data set and left unmodeled, two general problems are 
expected to appear. The first is bad model-data fit 
(Montoya & Edwards, 2021), which implies that additional 
non-content factors that account for the unmodeled redun
dancies will be needed to adequately reproduce the correl
ation matrix. The second is biased parameter estimates: 
loadings, residual variances and, in rotated solutions, 
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possibly also inter-factor correlations (Lorenzo-Seva & 
Ferrando, 2020, Mulaik, 2010, Van Kesteren & Kievit, 
2021, Yates, 1987).

At the other extreme, however, blindly freeing pairs of 
residuals with the sole aim of achieving a good fit is 
expected to capitalize on chance (Browne, 2001). Goodness 
of fit will no doubt be improved in this particular sample, 
but possibly at the cost of modeling nonexistent residuals 
that are falsely detected because of sampling fluctuation. If 
this is the case, the solution obtained may be weak and 
unstable and poorly replicate under cross-validation. If 
biases are present, however, they will be far smaller than in 
this scenario (Mulaik, 2010, Reddy, 1992, Yates, 1987). So, 
the problem in this case is more of increased estimation 
error than of bias (e.g., DeMars, 2020).

As for background, the existing proposals based on fully 
unrestricted modeling (Butler, 1968, Mulaik, 2010, Yates, 
1987) were developed not so much to interpret the parame
ters of a complete solution as to minimize the impact of the 
un-modeled doublets on the structural parameter assessment 
of the common part of the solution. So, essentially, the 
residual structure is viewed as a nuisance and a source of 
bias for the estimated loadings. In technical terms, these 
proposals were mainly descriptive, and not too concerned 
with either inferential issues (mainly standard errors and 
rigorous goodness of fit assessment) or the nature of the 
analyzed variables (e.g., approximately continuous or 
ordered categorical). In contrast, at the substantive level, the 
position we adopt here views the residual structure not as a 
nuisance, but as a source of relevant information. And, tech
nically, our proposal is more complete, takes into account 
the nature of the variables and goes far beyond the descrip
tive aspects (see below). We would like to point out that the 
comparisons made here are only concerned with fully unre
stricted solutions. If there is enough information to specify 
which doublets have to be estimated, the procedures men
tioned above that require this information appear to work 
well and can be recommended (e.g., Van Kesteren & Kievit, 
2021).

Although the present proposal is based on existing 
results, it does make three new contributions: (a) the 
development of an analytical procedure for determining 
which residuals are to be set to zero in the specification of 
the solution; (b) the full development of a limited-informa
tion extraction procedure for the specified solution that 
includes point estimates and standard errors for all the 
parameters; and (c) the adaptation of an empirical test 
statistic approach for this type of extended solution that 
allows the goodness of fit of the proposed solution to be 
rigorously assessed. At the instrumental level, the main 
contribution is that our proposal is implemented in both 
an R package and a widely known, user-friendly, and non- 
commercial EFA program.

1.1. General Model and Basic Results

The general starting model is an extension of a direct unre
stricted multiple FA solution in which the initial, unrotated 

pattern loading matrix is in canonical form (e.g., Harman, 
1976). The extended model in the population is:

R ¼ KK0 þWRuuW (1) 

where, R is the n x n inter-item correlation matrix, K is the 
n x r canonical unrotated pattern, W is the n x n diagonal 
matrix containing the item residual standard deviations, and

R uu is the n x n residual correlation matrix. In the clas
sic EFA model, the residuals are all uncorrelated, so R uu 
becomes an identity matrix, and model (1) reduces to

R ¼ KK0 þW2: (2) 

The structural model (1) can be applied to: (a) binary 
scores, (b) graded scores treated as ordered categorical vari
ables, and (c) graded or more continuous scores treated as 
continuous variables. Depending on how the variables are 
treated, the type of elements in R (i.e., the inter-item corre
lations) in the general structure (1) will change: if the varia
bles are treated as binary, the correlations will be 
tetrachoric; if treated as ordered-categorical, the correlations 
will be polychoric; and if treated as approximately continu
ous, the correlations will be product-moment (Pearson). 
Under normality assumptions and with reparameterization, 
the binary case of model (1) is a multidimensional two- 
parameter normal-ogive-model solution with correlated 
residuals, whereas the graded case is a multidimensional 
graded-response-model solution also with correlated resid
uals (see, e.g., McDonald, 1999, 2000).

The approach we propose below for fitting model (1) 
follows the same rationale as that for modelling the com
mon-factor part of an exploratory FA solution based on the 
classic model (2). It is agreed that the “ideal” solution for 
the common part is a simple structure in which only a few 
loadings (in the appropriate places) are salient while the 
remaining are as close to zero as possible (e.g., McDonald, 
2000). However, in an unrestricted solution, none of the 
loadings are fixed to zero (except, in some cases, those 
needed to identify the initial solution). If this rationale is 
extended to the correlated residual structure in (1), (a) the 
“ideal” solution for the residual correlation matrix is that in 
which only a few of its non-diagonal elements are truly 
bounded away from zero while the others are essentially 
zero (e.g., Pan et al., 2017), but, (b) only the minimal num
ber of doublets needed for identification purposes are fixed 
to zero. If this solution is clear and approaches the ideal 
conditions above (both in terms of common-factor and 
residual structures) it can be used as a basis for specifying 
further, more restricted solutions either in new datasets or 
following a convincing cross-validation schema.

1.2. Parameter Estimation: The Two-Stage Approach

The general schema for fitting the extended EFA solution is 
a simple limited-information calibration-scoring procedure, 
which we consider to be quite suited to the conditions in 
which it is generally used. This paper discusses only the cali
bration stage of this schema (i.e., fitting the structural 
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solution (1)), and leaves the development of the scoring 
stage for a later proposal.

Using obvious notation, when fitted in the sample model 
(1) is written as:

R ¼ AA0 þ URuuU (3) 

The only additional assumption we require for estimating 
(1) from (3) is that the sample inter-item correlation matrix 
R is positive definite (see Lorenzo-Seva & Ferrando, 2020).

1.2.1. First-Stage
The first stage aims to determine and estimate the elements 
of Ruu that are the most substantial. To this end, the esti
mates of all the non-duplicated elements of Ruu are first 
obtained by using the residual omission or sectioning pro
cedure (Wright, 1968, Yates, 1987) developed by Ferrando 
et al. (2022). This procedure considers all pairs of non- 
duplicated elements to be possible doublets, and, for each 
pair, one element is omitted from the data set and the clas
sical EFA model (2) is fitted to the remaining variables (the 
core set). This will provide initial estimates of the elements 
of K and W corresponding to the core variables. Next, the 
structural estimates for the variable not included in the core 
set are obtained by using extension analysis (e.g., Nagy 
et al., 2017). If we denote by rj,core the column vector con
taining the correlations between variable j (omitted from the 
core set) and the variables in the core set, the pending esti
mates for the omitted variable are obtained as:

aj ¼ ðAcore
0AcoreÞ

−1Acore
0rj, core; uj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − aj0

p
aj (4) 

If the procedure described above is applied sequentially 
to all pairs of non-repeated elements of Ruu, then, at the 
end of the process, initial estimates of K and W for the full 
set of variables in the analysis will have been obtained. 
Estimates of the residual correlations are now obtained by

Ruu ¼ U−1ðR − AA0ÞU−1: (5) 

The schema summarized so far is the same one that 
Ferrando et al. (2022) proposed for flagging potential dou
blets. In this previous proposal, once the estimates in (5) 
had been obtained, a re-sampling schema was developed to 
determine reference values for judging the significance of 
the elements of Ruu. So, Ferrando et al. (2022) propose only 
a detection procedure, which uses the point-estimates and 
accompanying reference values of the elements of Ruu to 
provide a list of potential doublets. In the present proposal, 
however, we use result (5) as a starting point to develop a 
factor extraction procedure intended for fully unrestricted 
solutions of type (1), which includes: (a) parameter estima
tion (both point estimates and confidence intervals), and (b) 
goodness of model-data fit assessment. As far as we know, 
all the material below can be considered to be a new 
contribution.

Once the estimates of all the elements of Ruu in (5) have 
been obtained, the next step is to determine which of them 
are (initially) “salient”. To do so, the off-diagonal elements 
of Ruu are arranged in descending order of absolute value 
and the first k elements are free. Now, if the value of k is 

too large, there may not be enough degrees of freedom 
available to estimate and test the solution. For this reason, 
the maximum number of doublets that can be specified is 
limited to k¼ g–r, where g is Lederman’s (1937) bound 
solved for the number of common factors (Hayashi & 
Marcoulides, 2006, Mulaik, 2010). The rationale for this 
limitation is discussed in Ferrando et al. (2022). By the end 
of the process, a trimmed estimate of Ruu (denoted by 
R(t)

uu) will have been obtained that has, at most, k nonzero 
elements. These nonzero estimates will be taken as fixed 
and known, and used in the second step described below.

It should be stressed that the selection process above 
does not imply that all the freely estimated k elements will 
necessarily be significantly different from zero in the popu
lation. Rather, they are just left free during the estimation 
process. As discussed above, the process applied to the k 
free elements in Ruu is equivalent to that used in fitting the 
common structure of an exploratory solution: i.e., all load
ings that do not need to be restricted for identification pur
poses are left free.

1.2.2. Second-Stage
The second stage uses only the R(t)

uu estimate obtained at 
the end of the previous stage. So, final estimates of K and 
W are now obtained based on R(t)

uu. This stage consists 
essentially of fitting a conventional solution (2) to a reduced 
correlation matrix in which the first-order correlations in R 
are partialled out using the residual structure determined in 
the first stage. More specifically, the final estimate U of W is 
first obtained as (see Mulaik, 2010) 

U ¼ diagðR−1Þ
� �−1=2

: (6) 

Once this estimate has been obtained, the reduced matrix 
to be factored is: 

R − URðtÞUUU ¼ AA0 (7) 

and the factoring outcome on the right-hand side of (7) will 
provide the final estimates of K. In principle, all the estima
tion procedures that are used to fit the classic model (2) can 
be adapted to fit (7). However, we shall only consider proce
dures based on the unweighted least squares (ULS) prin
ciple. ULS-EFA is easily implemented and computationally 
robust (J€oreskog, 2003, Knol & Berger, 1991 Lee et al., 2012, 
Forero et al., 2009, Zhang & Browne, 2006, Mislevy, 1986) 
which is particularly appropriate here given that model (1) 
can be far more parameterized (and so potentially unstable) 
than model (2).

Overall, the procedure proposed here can be viewed as an 
application of an ad-lib factorial process (Nunnally, 1978, p. 
430) in which the estimates are obtained using various proce
dures (although they all follow the ULS principle). Thus, esti
mates in (5) are extension estimates (which can also be 
regarded as ULS estimates; see McDonald, 1978). The key 
point, however, is that the structural estimates in (7) are con
ditional upon the R(t)

uu estimates obtained in the first stage 
(which are taken as fixed and known without taking into 
account their uncertainty) and on the unicity estimates in (6). 
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So, while the procedure is expected to produce essentially 
unbiased estimates (Nunnally, 1978, Ten Berge, 1999), it can
not be claimed that they are efficient. What we can advance 
from now on, however, is that despite these limitations (or 
perhaps thanks to them), the procedure performs very well, 
particularly in the scenarios for which it is intended. Because 
the proposal is based on the correlated-residual estimates in 
(5), which belong to the MORGANA family of indices of this 
type (see Ferrando et al., 2022), we shall refer to the present 
method as Morgana Factor Analysis.

1.3. Assessing the Appropriateness of the Solutions

The appropriateness of a psychometric EFA solution must 
be assessed using a multifaceted approach that focuses on 
different groups of properties (e.g., Ferrando & Lorenzo- 
Seva, 2018). In the calibration stage, in particular, two main 
groups are important. The first is the degree of goodness of 
the model-data fit. The second is the strength and replicabil
ity of the structural solution obtained. The procedures for 
assessing this second group of properties do not depend on 
the estimation procedure and can be used directly with 
either of the two solutions (1) or (2). So, only goodness of 
fit (GOF) will be discussed here.

Because the estimation procedures we propose are far 
from efficient, no formal chi-square-based test of fit statistic 
can be easily derived in this case to judge the degree of 
model-data fit or to further obtain chi-squared-based good
ness-of-fit indices. To address this limitation, we propose 
using the empirical test of fit statistic described in full in 
Lorenzo-Seva and Ferrando (2023) adapted to the present 
scenario. Only a summary of solution (1) is provided here.

The essential idea is to use the parent sample matrix R 
in (3) as a basis for generating simulated pseudo-samples 
from a population in which the null hypothesis (1) holds 
(Bollen & Stine, 1992). Then, in each simulated pseudo- 
sample, the (correct) solution (7) is fitted to the correspond
ing matrix Ri

�, and the ULS discrepancy function

c ¼ N − 1ð Þ
Xm−1

i¼1

Xm

j6¼i
e2

ij, (8) 

is computed. The e2 
ij terms in (8) are the non-diagonal ele

ments of the residual matrix:

E ¼ R − URðtÞUUU − AA0: (9) 

At the end of the sequence, the distribution of the 
pseudo-sample c values obtained when the null hypothesis 
holds is available. Because this distribution is not expected 
“per se” to be chi-squared, it is further transformed to be as 
close as possible. More specifically, a polynomial transform
ation is applied to the c values so that the transformed dis
tribution has the first four moments of a chi-squared 
variable with degrees of freedom:

df ¼
1
2
ðn − rÞðn − r þ 1Þ − n − nd: (10) 

where nd is the number of doublets that are freely estimated 
depending on the results obtained at the end of stage 1. 

Conceptually, (10) is the standard number of degrees of 
freedom associated with an ULS unrestricted solution (e.g., 
J€oreskog, 1967, Lawley & Maxwell, 1973) with an additional 
loss of one degree of freedom for each freely estimated 
doublet.

Finally, once the null reference distribution is available, 
the observed c statistic is (a) obtained in the original sample 
using (8), (b) transformed using the same polynomial trans
formation, and (c) interpreted with relation to a chi-square 
distribution with degrees of freedom (10).

The empirical test described above is a test of exact fit, in 
which the null hypothesis assumes that solution (1) is cor
rect (i.e., holds exactly in the population). However, as this 
hypothesis is patently false, rejecting it is just a matter of 
achieving enough power. To overcome this limitation, the 
strategy considered here is to use an approximate fit 
approach based on certain fit indices that are derived from 
the chi-squared statistic (MacCallum et al., 1996). Previous 
studies by Garrido et al. (2016), Yang and Xia (2015), as 
well as our experience suggest that the indices that work 
best with EFA solutions are the RMSEA and the CFI. So, 
here we shall propose to use these two indices derived from 
the test statistic in equations (8) to (10). Finally, and, as 
auxiliary measures of fit, we propose to use two indices that 
do not specifically depend on the estimation criteria and are 
based on the magnitude of the residuals: the RMSR and the 
GFI (e.g., Ferrando & Lorenzo-Seva, 2018, McDonald & 
Mok, 1995).

2. Simulation Studies

Three short simulation studies were planned to assess the 
performance of our approach. The first study assesses 
whether the loading estimates are correct and the ‘true’ cor
related errors are properly detected. The second assesses 
whether the goodness-of-fit indices correctly indicate that 
the sample solution is compatible with the ‘true’ solution 
generated for the population. As the proposal is exploratory, 
this second study includes ‘true’ solutions with and without 
correlated errors. Finally, the third study assesses whether 
the goodness-of-fit indices correctly suggest that the sample 
solution is incompatible with the solution generated for the 
populationwhen the sample specification does not match it.

2.1. First Study

A population loading matrix was defined using 10 variables 
that conformed a single-factor solution. The loading of each 
variable was uniformly taken from the range [.55–.70]. Two 
types of solution were defined. In the first type, all corre
lated errors were defined to be zero. In the second, three 
correlated errors were uniformly and randomly chosen from 
the range [.40–.50]. The sign of each correlated error was 
randomly chosen to be positive or negative. Based on the 
population solution, Monte Carlo simulation techniques 
were used to generate samples with N¼ 1,000.

For each sample, the Pearson correlation matrix was ana
lyzed using (a) the classic model (2) fitted by ULS, and (b) 
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Morgana Factor Analysis in order to always retain a single 
factor. The bias between the population loading matrix and 
the sample loading matrices was estimated using the Root 
Mean Squared Discrepancy. We also recorded the number 
of times that the correlated error indices present in the 
population were defined by Morgana Factor Analysis as free 
correlated errors in each sample.

The study was replicated 500 times, and Morgana Factor 
Analysis converged to a proper solution 99.8% of the time. 
Table 1 shows the outcomes of the study. As can be 
observed, the classic-ULS solution produced some bias in 
the estimated loadings when correlated errors were present 
at the population level. However, Morgana Factor Analysis 
produced low biases in both situations. In addition, the 
‘true’ correlated error indices were always correctly defined 
as free correlated errors in the analysis.

2.2. Second Simulation Study

The second simulation study focuses on the goodness-of-fit 
results when the model holds in the population. We aim to 
assess the performance of the fit indices both when there 
are correlated residuals in the population and when there 
are not.

A population loading matrix was defined using 10 varia
bles that conformed a single factor. The loading value of 
each variable was uniformly taken from the range [.55–.70]. 
In addition, the following variables were manipulated:

1. Number of correlated residuals in the population solu
tion. For each solution, a different number was chosen 
from zero to three.

2. When correlated errors were present, three levels 
of magnitude were defined: low [.20 - .30], medium 

[.30 - .40], and large [.40 - .50]. The sign of each correlated 
error was randomly chosen to be positive or negative.

3. Sample size. For each population, Monte Carlo simula
tion techniques were used to produce samples of three 
sizes: 150, 300, and 1,000.

For each sample, the Pearson correlation matrix was ana
lyzed using classic-ULS and Morgana Factor Analysis in 
order to always retain a single factor. The chi-square statis
tic was estimated as proposed in this paper. The goodness- 
of-fit indices based on the chi-square statistic were RMSEA, 
CFI, and TLI.

The study was replicated 500 times. The number of data
sets analyzed when correlated errors were not present was 3 
(sample sizes) � 500 (replications) ¼ 1,500. The number of 
datasets analyzed when correlated errors were present was 3 
(sample sizes) � 3 (number of correlated errors) � 3 (mag
nitude of correlated errors) � 500 (replications) ¼ 13,500.

Morgana Factor analysis converged to a proper solution 
13,471 times (99.8%) when correlated errors were present, 
and always when they were not.

Table 2 shows the outcomes when correlated errors were 
present. As can be observed, the goodness-of-fit indices for 
the classic ULS solutions revealed that the samples had a 
poor model fit, especially when the number of errors was 
three and the magnitude of correlated errors was large. In 
contrast, Morgana-derived goodness-of-fit indices consist
ently informed of a proper model fit in all situations.

Table 3 shows the outcomes when correlated errors were 
not present. Now, goodness-of-fit indices related to both the 
Classic ULS model and Morgana Factor Analysis informed 
of a proper model fit in all cases. As expected, the smaller 
the sample, the better the fit.

2.3. Third Simulation Study

Finally, the third study assessed whether the goodness-of-fit 
indices correctly suggest that the sample solution does not 
agree with the population solution in those cases that it 
does not.

A population loading matrix was defined using 15 varia
bles that conformed an orthogonal three-factor solution, 
each factor defined by 5 variables. The salient loading value 

Table 1. Average bias in the loading matrix and results on the detection of 
correlated errors (standard deviations are provided in brackets).

Classic-ULS-EFA Morgana Factor Analysis

Number of  
correlated  
errors

0 3 0 3

Bias .0215 (.0053) .0676 (.0111) .0230 (.0056) .0278 (.0062)
Percentage  

correct
_ _ _ 100%

Table 2. Average of goodness-of-fit indices when correlated errors were present in the population (standard deviations are provided in brackets).

Classic-ULS-EFA Morgana Factor Analysis

Method RMSEA CFI TLI RMSEA CFI TLI
OVERALL .0940 (.0344) .9007 (.0760) .8724 (.0976) .0047 (.0123) .9976 (.0101) .9968 (.0120)
N
150 .0953 (.0342) .8963 (.0714) .8667 (.0918) .0048 (.0133) .9973 (.0065) .9964 (.0098)
300 .0954 (.0327) .8994 (.0711) .8708 (.0909) .0046 (.0122) .9976 (.0062) .9968 (.0094)
1000 .0912 (.0363) .9064 (.0845) .8796 (.1087) .0048 (.0113) .9978 (.0151) .9973 (.0158)
Number of correlated errors
1 .0694 (.0238) .9466 (.0347) .9313 (.0446) .0026 (.0089) .9983 (.0055) .9979 (.0083)
2 .0963 (.0272) .9008 (.0597) .8725 (.0767) .0046 (.0116) .9978 (.0047) .9971 (.0072)
3 .1162 (.0340) .8547 (.0915) .8133 (.1173) .0069 (.0152) .9967 (.0159) .9956 (.0176)
Size of correlated errors
Small .0722 (.0236) .9423 (.0366) .9258 (.0470) .0028 (.0086) .9984 (.0033) .9980 (.0050)
Medium .0948 (.0285) .9026 (.0598) .8748 (.0769) .0041 (.0113) .9978 (.0051) .9972 (.0078)
Large .1149 (.0358) .8572 (.0938) .8165 (.1203) .0073 (.0155) .9965 (.0164) .9953 (.0185)

Note: RMSEA¼ Root Mean Square Error of Approximation; CFI¼ Comparative Fit Index; TLI¼ Tucker and Lewis Index.
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of each variable was uniformly taken from the range [.55– 
.70], while the non-salient loading values were uniformly 
taken from the range [-.20–.20]. Three correlated errors 
were defined, which were uniformly and randomly chosen 
from the range [.40–.50]. The sign of each correlated error 
was randomly chosen to be positive or negative. Based on 
the population solution, Monte Carlo simulation techniques 
were used to produce samples with N¼ 300.

For each sample, the Pearson correlation matrix was ana
lyzed using the Classic ULS solution and Morgana Factor 
Analysis so that a single factor was always retained (which 
was the wrong solution in this case). The GOF indices were 
the same as in the previous study.

The study was replicated 500 times, and Morgana Factor 
Analysis converged in a proper solution 99.7% of times. 
Table 4 shows the outcomes of the study. As can be 
observed, Classic-ULS goodness-of-fit indices reported a bad 
fit. The same indices derived from Morgana Factor Analysis 
also indicated that the fit was wrong. However, the latter 
suggested a better fit than those based on the classical solu
tion. This result suggests that the misspecification of the 
solution was partly absorbed in the form of “inflated” corre
lated residuals. This problem, which is likely to appear in 
real applications, is discussed below in detail, but clearly 
shows that the proposal cannot be used uncritically.

3. Implementing the Proposal

All the procedures proposed here have been implemented in 
the 12.01 version of the program FACTOR (Ferrando 
& Lorenzo-Seva, 2018), a well-known non-commercial 
program for exploratory and semi-confirmatory FA. 
Furthermore, the Morgana-R program has been developed 
specifically for R users. The program is available at https:// 
www.psicologia.urv.cat/en/tools/morgana-r-code/.

4. Illustrative Example

Although the procedure proposed here is expected to be par
ticularly useful for large item sets and complex solutions, for 

the sake of clarity and for didactic and illustrative purposes, 
here we shall use a very simple and small example: a brief 8- 
item version of the Belief in Astrology Inventory (BAI; see 
Chico & Lorenzo-Seva, 2006 for details). We consider the 
example to be appropriate for highlighting the usefulness of 
the method. Indeed, the BAI items measure a unidimen
sional, conceptually narrow construct, which means that, a 
priori, the homogeneity of item content and, possibly, con
tent redundancies are expected to be high (e.g., Reise & 
Waller, 2009). These features can easily be appraised by 
inspecting the item contents in Table 5. Our illustration re- 
analyses the data used in the original calibration of the inven
tory (Chico & Lorenzo-Seva, 2006). Participants were 743 
undergraduates studying Psychology and Social Sciences at a 
Spanish university (84.1% females), aged between 18 and 
60 years (mean: 21.7; standard deviation: 4.3).

Given that (a) the response format was ordered-categor
ical (5-point Likert); (b) some item distributions were asym
metrical (positively skewed); (c) the sample was large; and 
(d) the item set was small, we considered that the best 
choice for fitting the data was to use the nonlinear-FA 
model for ordered-categorical variables. So, as explained 
above, the analyses were based on the inter-item polychoric 
correlation matrix. As for data adequacy, the matrix was 
positive-definite, and showed a Kaiser-Meyer-Olkin (KMO) 
value of .824. Parallel Analysis suggested that a single factor 
should be retained (Timmerman & Lorenzo-Seva, 2011).

The data was first fitted using the classic EFA model in 
(2) with uncorrelated residuals by specifying a unidimen
sional solution. The estimation procedure was the same as 
the one used in the simulation studies above. The most 
important results concerning goodness of fit (GOF) are in 
the first row of Table 6 below

On the whole, the Classic EFA results above are compat
ible with an essentially unidimensional solution, but, at the 
same time, the fit cannot be considered to be good (the 
RMSR and RMSEA estimates are too high). However, inspec
tion of the pattern (provided below) showed that essential 
unidimensionality was achieved as substantial loading esti
mates were obtained for all of the items, and the ECV 

Table 3. Average of goodness-of-fit indices when no correlated errors were present in the population (standard deviations are provided 
in brackets).

Method Classic-ULS-EFA Morgana Factor Analysis

RMSEA CFI TL RMSEA CFI TL
OVERALL .0614 (.0426) .9433 (.0575) .9271 (.0740) .0026 (.0096) .9982 (.0040) .9977 (.0061)
N
150 .0328 (.0279) .9809 (.0214) .9756 (.0277) .0017 (.0073) .9985 (.0031) .9983 (.0047)
300 .0659 (.0312) .9463 (.0376) .9310 (.0484) .0019 (.0077) .9985 (.0031) .9982 (.0048)
1,000 .0791 (.0360) .9233 (.0524) .9014 (.0673) .0043 (.0127) .9975 (.0053) .9967 (.0081)

Note: RMSEA¼ Root Mean Square Error of Approximation; CFI¼ Comparative Fit Index; TLI¼ Tucker and Lewis Index.

Table 4. Average of goodness-of-fit indices when the model was wrongly 
specified.

Index Classic ULS EFA Morgana Factor Analysis

RMSEA .1850 (.0648) .0953 (.0372)
CFI .4724 (.2673) .8425 (.1066)
TLI .4122 (.2810) .7932 (.1472)

Note: RMSEA¼ Root Mean Square Error of Approximation; CFI¼ Comparative 
Fit Index; TLI¼ Tucker and Lewis Index.

Table 5. Illustrative example. Item content.

1. Reading your horoscope is a superstition and a waste of time.
2. Horoscopes predict a person’s future.
3. I like talking about subjects related to astrology.
4. The way I relate to other people depends on my zodiac sign.
5. It is essential that you know the zodiac sign of your boy(girl)friend.
6. Everybody should know their zodiac sign.
7. Astrology-based predictions are usually wrong.
8. Anything to do with astrology bores me.
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estimate was .784 (bootstrap 95% confidence interval .753 
and .812). As for redundancies, at least two very large stand
ardized residuals (estimates above 5) were observed. They 
involved the item pairs 3 and 8, and 5 and 6 (see below).

We turn now to the unidimensional version of solution 
(1) with correlated residuals fitted according to the proced
ure proposed in this paper. The GOF results are in the bot
tom row of Table 6. The doublets that were freely estimated 
by our procedure are in Table 7.

The fit results in Table 6 are quite clear. By all standards 
they are excellent and a great improvement on the classical 
solution. As for the pairs of residuals modeled by the proced
ure, the first two (3 and 8, and 5 and 6) seem to be substan
tial and can be justified. First, content inspection shows that 
redundancy is quite obvious in both cases: they are virtually 
opposite formulations of the same question. Second, they cor
respond to the largest standardized residuals flagged in the 
previous analysis. Third, the magnitudes of the correlations 
are substantial and the signs correspond to what could be 
expected given the item stems (see Table 5). In contrast, the 
third pair is far more questionable: the redundancy in con
tent is not obvious, and the estimated correlation is quite low 
and does not reach significance (see the limits of the confi
dence interval). As discussed above, modelling an unneces
sary doublet that is likely to be only noise is not expected to 
bias the structural parameters of the solution but adds 
unnecessary estimation error. So, this result clearly suggests 
further lines of action. First, a cross-validation study should 
be undertaken to see if the detection results generalize across 
different samples. If this is the case, which seems likely, this 
doublet should be left un-modeled in further studies based 
on more restricted solutions. More in detail, if a confirma
tory, ESEM, or efast solution, is tried in a new sample, only 
the first two “solid” doublets need to be specified in advance.

Table 8 shows the loading pattern of the two competing 
solutions. The result is interesting and can be predicted in 
the simple scenario considered here (e.g., Costner & 
Schoenberg, 1973). When compared to the loading estimates 
obtained under the correlated-residual solution, the loadings 
of the items involved in the doublets (3,5,6, and 8) are 
inflated (upwardly biased) while the estimates for the 
remaining items are deflated (downwardly biased). So, 

differential bias effects due to the presence of unmodeled 
doublets can be clearly observed in Table 8.

5. Discussion and Conclusions

The classical EFA model assumes that the variables under 
study are no longer correlated once the effect of the pre
scribed common factors are partialled out. In item analysis, 
however, correlated residuals are very common in most 
applications, particularly at earlier stages of the analysis. 
When this occurs, classical EFA is simply a “wrong” model, 
and forcing the data to fit it is only expected to lead to dis
torted results, particularly in terms of biased parameter esti
mates and incorrect goodness of fit assessment. The present 
simulation results clearly illustrate this point.

In this article we have proposed a simple approach for 
fitting a fully unrestricted EFA solution that incorporates 
correlated residuals. So, the solutions to be fitted do not 
need to specify the residuals that should be freed. This 
approach contrasts with existing proposals in which the 
common-factor part is unrestricted but the residual struc
ture is specified a priori (which implies that more informa
tion is available for the residual structure than for the 
common structure). This scenario is justified in some set
tings (e.g., Van Kesteren & Kievit, 2021) but, in our opin
ion, not in the first stages of item analysis. Rather, the 
typical scenario in this case is that: (a) information about 
the common structure is available (although not to the point 
to which a restricted solution can be specified) and (b) 
redundancies in the form of doublets are strongly suspected 
but how many there are and where they are located cannot 

Table 6. Goodness of fit results for the unidimensional solutions with and without correlated residuals.

Model v2 (df) RMRS RMSEA(90%CI) CFI GFI

Uncorrelated residuals 205.07(20) .083 .112(.08; .12) .994 .977
Correlated residuals 8.807(17) .044 .001(.00; .005) 1.00 .985

Note: v2 ¼ chi square; df¼ degrees of freedom; RMRS¼ Standardized Root Mean Squared Residual; RMSEA¼ Root Mean Square Error of 
Approximation; CFI¼ Comparative Fit Index; GFI¼Goodness of Fit Index.

Table 7. Pairs of items with freely estimated residuals (90%CI).

Pair Estimated Residual Correlation Value

3. I like talking about subjects related to astrology. 
8. Anything to do with astrology bores me.

−.524 (−.611; −.437)

5. It is essential that you know the zodiac sign of your boy(girl)friend.  
6. Everybody should know their zodiac sing.

.465 (.414; .585)

5. It is essential that you know the zodiac sign of your boy(girl)friend.  
8. Anything to do with astrology bores me.

−.024 (−.118; .141)

Table 8. Loading pattern corresponding to the two solutions.

Item Uncorrelated residuals Correlated residuals

1 −.638 −.669
2 .435 .456
3 .605� .539
4 .694 .730
5 .715� .633
6 .697� .647
7 −.525 −.554
8 −.658� −.559

Note: � loadings of the items involved in doublets.
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be specified in advance. In this type of setting, our proposal 
addresses the needs of applied research. Furthermore, it is 
flexible and as simple as possible, properties that are par
ticularly valued in situations where there are a large number 
of variables and samples that are not too large.

The simulation results and the illustrative example sug
gest that the proposal works quite well in spite of this sim
plicity. In the conditions considered, it always produced 
virtually unbiased estimates and correct goodness of fit 
results. The only negative result is a certain tendency to 
overfit (see below), which is only to be expected when the 
flexibility of any factorial solution is increased.

In spite of the promising results so far, it is indeed 
acknowledged that our proposal has its share of limitations 
and issues that require further research. Thus, more exten
sive simulations and empirical studies should be undertaken 
to ascertain its appropriateness in certain scenarios. Also, 
the goodness-of-fit proposals associated with the procedure 
are only tentative and should be further assessed. Finally, 
only the calibration (structural) stage has been considered in 
the proposal. Factor-scoring in the presence of correlated 
residuals is the next topic that should be studied.

Any methodological proposal can be misused, and this is 
also the case here. So, two main initial caveats are in order. 
First, Morgana EFA is intended only as a first step before 
more refined and restricted solutions are fitted based on 
cross-validation. Second, it is not intended to be used 
blindly and uncritically. The following two likely scenarios 
show the dangers of doing so. In the first, the procedure 
frees doublets that are not substantial (or even significant). 
This is capitalization on chance, and may lead to overfitting 
and potential instability. In the second scenario, the 
researcher specifies an insufficient number of common fac
tors, which means that some “content” common variance is 
still left unmodeled. If this occurs, this variance is expected 
to be absorbed in the residual correlation matrix, so that the 
elements of this matrix would now reflect a mixture of 
shared specificities and unmodeled common variance. Note 
that this is the reverse of the “propagation” problem that 
occurs when ‘true’ doublets are left unmodeled, in which 
the residual correlations are “absorbed” by the common 
structural parameter estimates. In the first scenario, the 
researcher would be well advised to check both the meaning 
and the significance of the doublet estimates and fit further 
simplified solutions if appropriate. In the second, they 
should try solutions with different number of specified com
mon factors, check the outcomes in terms of estimated dou
blets, and examine their meaning and content (i.e., plausible 
doublets vs. a true conglomerate of variables that probably 
defines a content factor). It would also be useful to assess 
the number of shared consistencies in residual matrix (9), 
for example by fitting an “extra” common factor and/or 
computing an index such as the KMO. If there are a consid
erable number of shared consistencies, a re-specified solu
tion with more common factors should at least be tried. To 
sum up, when researchers use Morgana EFA there is noth
ing that exempts the researcher from thinking and deciding 
critically.

In spite of the limitations and the dangers discussed 
above, we believe that, if used correctly, what we propose 
here will be of great help to the applied researcher. It is a 
simple and efficient tool that has wide applicability and a 
clear rationale. Furthermore, everything we have proposed 
here is implemented in a non-commercial widely known 
program, as well as in an R package. So, it can be used 
from now on in any application that requires it.
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