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ABSTRACT. We consider the secant method S, applied to a real polynomial p
of degree d + 1 as a discrete dynamical system on R2. If the polynomial p has a
local extremum at a point a then the discrete dynamical system generated by
the iterates of the secant map exhibits a critical periodic orbit of period 3 or
three-cycle at the point (o, ). We propose a simple model map T, q having a
unique fixed point at the origin which encodes the dynamical behaviour of Sg at
the critical three-cycle. The main goal of the paper is to describe the geometry
and topology of the basin of attraction of the origin of T, 4 as well as its
boundary. Our results concern global, rather than local, dynamical behaviour.
They include that the boundary of the basin of attraction is the stable manifold
of a fixed point or contains the stable manifold of a two-cycle, depending on the
values of the parameters of d (even or odd) and a € R (positive or negative).

1. Introduction. A major goal in applied and theoretical mathematical modelling is
to find stable equilibria which determines the expected behaviour of the phenomenon
we are analyzing. Those equilibria are given by real (or complex) numbers, real (or
complex) finite dimensional vectors, or functions belonging to an infinite dimensional
space, depending on the nature of the model under consideration.

In the majority of cases, the stable equilibria determining the evolutionary steady
states of any model turn out to be solutions of non-linear equations. In general,
we cannot solve these equations explicitly. Accordingly, there is a long history of
research studying different algorithms which efficiently find their solutions.

Among these algorithms the ones given by the special kind of discrete dynamical
systems, known as root-finding algorithms, have been shown to be the most useful.
Roughly speaking, a root-finding algorithm is a system such that for most of the
initial conditions the asymptotic behaviour of the corresponding iterative process
tends to one of the solutions of the non-linear equation determining the equilibria
of the model. We observe that the condition of convergence for most of the initial
conditions is a global phenomenon rather than (only) a local one. Indeed, this is the
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reason why the global dynamics of root-finding algorithms has been an important
subject of study for dynamicists.

Moreover, when the model has more than one steady state the phase portrait of
the root-finding algorithm splits into regions where the iterates of the seeds converge
to different equilibria. Consequently, two natural questions arise. On the one hand,
about the boundaries of these regions: do they have easy geometry and topology?
what about the restricted dynamics over these boundaries? do they have positive
measure? On the other hand, about the stable steady states: are there other stable
behaviour of the algorithm unrelated to the steady states of the model? If they exist,
there would be open sets of the dynamical plane where the root-finding algorithm is
full of bad initial conditions. The answers to all these questions have had a great
influence on the study of theoretical as well as applied discrete dynamical systems.

There is no discussion that the most famous root-finding algorithm is the well-
known Newton’s method. More concretely, assume the equation we want to solve is
p(z) = 0, where, to simplify the exposition, we assume p(z) to be a polynomial with
z € R or z € C but the method extends to higher dimensional problems. Newton’s
method is the study of the dynamical system

p(zn)
P (n)
It is easy to see that N,(a) = a if and only if p(a) = 0 (if p(a) =0, 1 <€ <k,
one can still use (1) after some modifications) and moreover if g ~ « then {z,, :=
Ny (z0)} = a as n — oo. Consequently, Newton’s method is a (one dimensional)
dynamical systems whose fixed points correspond to the roots of p and they are
local attractors. In fact, it is somehow the canonical roof-finding algorithm. The
natural dynamical space for one dimensional Newton’s method applied to degree
d polynomials is C (rather than R) due to the fundamental theorem of algebra,
and it defines one of the most studied family of rational (holomorphic) maps on
the Riemann sphere [5, 4, 16, 14]. See also [3, 1] for Newton’s method applied to
transcendental entire maps.

Despite its fundamental role, Newton’s method has some limitations and the
literature has explored other root-finding algorithms trying to avoid these weakness
(for instance avoiding to compute the derivatives if their computational cost is
too high) or to improve the efficiency of the method under certain hypothesis (for
instance improving the local speed of convergence of the method to the root(s) of p).

Another basic root-finding algorithm is the secant method given by the dynamical
system generated by the iterates of the 2-dimensional map

S(z,y) = Sp(x,y) := (y,y _p(y)p(aj:z(y)> . (2)

However, in contrast to Newton’s method, secant’s method is a two dimensional
system and it does not require to compute any derivative of p. Nonetheless, as before,
we have that S(«a, @) = (a, @) if and only if p(a) = 0. Moreover if (zg,y0) = (o, @)
then

Tny1 = Ny (z) =2, — , z0€R or =z9€C. (1)

{(x’m yn) = Sn(xo’ yO)} - (047 a)
at least for simple roots of p (see [12] for multiple roots). We refer to [11, 2], and
references therein, for a detailed discussion of the phase plane (R? and C?) of the
secant method.
One (unexpected) fact of the real secant map is that there are no finite periodic
points of period two or three in R2. However, it has finite periodic points of period
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four and some of them determine the geometry and topology of the boundaries of the
immediate basin of attraction of its fixed points (see [10]). Moreover, if we extend
the domain of the secant method to infinity (that is, if we extend the secant map
to P! x P) a new three-cycle phenomenon arises. Indeed, in [2] (see also [11]) the
authors showed that if ¢ € R satisfies that p’(¢) = 0 (critical point) and p(c)p”(¢) # 0
the secant method exhibits a critical three-cycle at (¢, ¢) given by

(c,0) LN (¢, ) N (00, ¢) N (¢, 0).

Moreover, the three-cycle has a basin of attraction whose geometry varies depending
on the degree of the polynomial. However, its geometry and topology is quite similar
among polynomials of the same degree. These basins, and their disparate geometry
can be visualized in red in Figure 1 for concrete polynomials of degree of different
parity.

The main goal of this work is to go deeper into the understanding of the geometry
of the basin of the critical three-cycle by means of a model which captures the
relevant information and allows us to give an accurate description.

Following the approach in [2] we assume, without lost of generality, that ¢ =0
and p(0) = 1. Thus, assuming also that deg(p) = d + 1, the polynomial p writes as

p(x) =14+ agz® 4+ ... + agpr2®, (3)

where d > 2 and asag41 # 0. Using the natural extension of S at infinity, via the
charts ¢1(z,y) = (1/z,y) and ¢s(z,y) = (z,1/y), and some computations (explicit
in [2]) the expression of S3 near the origin is given by

(za2)? d
x y— (v +y)
(o)t ) o g
Yy Y- 2T+1($ +y)

where Oy indicates terms bounded by (|z| + |y|)?*!. The expression (4) motivates
the introduction of the following model map 75 4 which encodes the dominant terms
of S3 near the origin. Concretely,

ma( 5 )= (T ®)

where a # 0 is a parameter. We now are ready to state the main results of this
paper about the basin of attraction of the origin of (5), defined as

Aa,a(0) = {(z,y) € R?| T} 4(x,y) — (0,0) as n — oo}, (6)

depending on the parameters a and d. Sometimes the set A, 4(0) is called the stable
set (of the origin) but here we prefer to use the name basin of attraction.

Obviously, the origin is the unique fixed point of T;, 4 and DT};(0, 0) has eigenvalues
0 and 1. The 0 eigenvalue guarantees that A, 4(0) # 0 but a complete topological
and geometric description depends on the motion over the center manifold. The
main theorem describes A, 4(0) as well as its boundary 0.A,,4(0) depending on a
and d.

Main Theorem. Let A, 4(0) be the basin of attraction of the origin for the map
Thd.
(a) If d is even and a # 0 then A, 4(0) is a compact set which is homeomorphic
to a closed topological disk and the boundary of Ay q4(0) is the stable manifold
of the origin. See Figure 2(a).
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FIGURE 1. Phase planes of the secant map applied to the polyno-
mials p(x) = 1 — 222 + 23 (first row) and p(z) = 1 — 822 + 8z
(second row). In all the pictures we show in red the set of points
converging towards the critical three-cycle {(0,0), (0, 00), (o0, 0)}.
The second column is a zoom near the origin of the first one.

(b) If d is odd and a > 0 then Aq q(0) is an open, simply connected, unbounded
set. Moreover, 0Aq 4(0) contains the stable manifold of a hyperbolic two-cycle
{po,p1} lying on 0A4.q(0). See Figure 2(b).

(c) Ifdis odd and a < 0 then A, 4(0) is the stable manifold of the origin. Moreover,
Aq,q(0) is unbounded. See Figure 2(c).

We finish with an important remark, somehow complementary, on the previous
result to calibrate their value. On the one hand, from construction, system (5)
encodes the information of system (4) as long as (z,y) ~ (0,0). But if one reads
carefully the Main Theorem, we see that it does not refer to the dynamics in a
given small neighbourhood of the origin, as for instance statement (b) of the Main
Theorem is showing that Aq 4, @ > 0, is unbounded. Hence, a priory, there is no
reason to argue that the Main Theorem can be transported to explain the red regions
in Figure 1. However, comparing the top right picture in Figure 1 with Figure 2(a)
(d even), or comparing the bottom right picture in Figure 1 with Figure 2(b) (d
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(a) d=2and a=1. (b) d=3and a=1. (c) d=3and a = —1.

FIGURE 2. Phase plane of the map T, 4 for different values of a and d.
The basin of attraction A, 4 is shown in red.

odd) one can immediately see that (5) and (4) share more than expected. A better
explanation for this connection, somehow global, will require future work.

In the companion paper [9] we study in more depth the boundary of A, 4(0) when d
is odd and a is positive and we show there is a (topologically transversally) homoclinic
intersection between the stable and the unstable manifolds of the hyperbolic two-cycle
{po, p1} and there are infinitely many periodic points (somehow chaotic dynamics)
in 0.A,.4(0).

The paper is organized as follows. In Section 2 we show that 7T}, 4 reduces to three
cases: d even with a = 1, and d odd with a = +1. In Section 3 we study the series
expansions of the stable and center invariant manifolds of the origin. The statements
(a) and (b) of the Main Theorem are proven in Sections 4 and 5, respectively. Finally,
in Section 6 we prove statement (c) of the Main Theorem.

We want to thank Eric Bedford and Rafael Ortega for their suggestions and
comments on a previous version of this document.

2. Preliminaries and local dynamics near the origin. A preliminary simple
step is to show that, given d > 2 fixed, for most values of a # 0 the maps of the
family T, 4 in (5) are conjugate to each other, so that we only need to deal with one
or two particular values of a. See Corollary 2.2 below.

Lemma 2.1. We have the following statements.
(a) If d is even and a1 and ay are such that ajas # 0 then Tq, 4 is conjugate to
Tos.d-
(b) If d is odd and a1 and ay are such that araz > 0 then T,, 4 is conjugate to
Toy.d-
Proof. The conjugation will be a rescaling. Given any 1 € R we have that

Toa(pa, py) = p(y — ap® (2 + )y = 2ap™ (2 + y)?) = pTopa-r a(2,y).
Given ap,as # 0 we take
pi= (ag/ar)"/ 4=,
If d is even and ay and ag are two parameters with ajas # 0 we immediately have
Tay a(pw, py) = pTay a(w, y)-
If d is odd the same is true but the existence of the (d — 1)-root requires the condition
aias > 0. O
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Corollary 2.2. To study the dynamics of the family of maps given by (5) it is
enough to consider the cases {a =1, d > 2} and {a = —1, d > 3, d odd}.

To avoid heavy notation (depending on the parameter a = £1) in what follows we

assume ¢ = 1. We will deal with the case a = —1 (for d odd) in Section 3, Remark
3.2, and in Section 6. In particular, when a = 1, we will use the simplified notation
y—(z+y)
T. =T = .
i) = Traten) = (42 SEI g

Lemma 2.3. We have
(a) If d is even, T; sends R? onto {x > y}. The map Ty has two inverses

T y(x,y) = (—2w+yi -y, 2 —y) (8)

which determine two one to one maps T_;}i Az >y} - {z > —y} and
774 {z >y} = {z < —y}.
Moreover, for any xg € R, Ty maps the line y = —x + xg onto the line
y=x—xd in a one-to-one way.
(b) If d is odd, the map Ty : R? — R? is a homeomorphism onto R? and its inverse
map is real analytic in R? \ {x = y}, but not differentiable on {x = y}. Its
inverse is given by

Til(x,y)=(—2w+y+(w—y)l/d72w—y)~ 9)

Moreover, for any xg € R, the map Ty maps bijectively the line y = —x + xg
onto the line y = x — xd.

Proof. All statements come from direct computations. O

3. Local dynamics around the origin: The stable and the center mani-
folds. The origin is the only fixed point of the map Ty in (7). In this section we
obtain information on the local dynamics near the origin from the analytic expres-
sions (in series expansion) of the (local) invariant manifolds. The derivative of Ty at
(z,y) is given by

—d(l’ + y)d_l 1- d(,ﬁE + y)d_l > , (10)

DTy(z,y) = ( —2d(z + y)d—l 1—2d(z+ y)d_l

and therefore

DT4(0,0) = ( 8 ' )

The matrix DT,(0,0) is independent of the parameter d. Its eigenvalues are 0 and 1
with associated eigenvectors v; = (1,0) and v = (1, 1), respectively. In other words
the direction vy is super-attracting while the direction vy is neutral. It follows from
the general theory of invariant manifolds of fixed points of maps that there is a
stable invariant manifold of (0,0) being tangent to v; and a (non-unique) center
invariant manifold of (0,0) being tangent to ve. We denote them W3 (0) and W5(0),
respectively. According to the general theory, W3 (0) is analytic and W$(0) is C* for
all k> 1. Even if WJ(0) may not be unique, all its Taylor coeflicients are uniquely
determined.
More concretely, the local invariant manifolds can be parametrized as graphs

Wiioe (0) = {(z,9a(2)) | |2] <o} and Wi (0) = {(z,¢43(x)) [ || <eo}, (11)
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for some g9 > 0, where
w(z) = Z ap(d)z"™ and oi(z) =+ Z Bn(d)z™. (12)
n=2 n=2

We also denote by R and R the maps which encode the induced dynamics on the
invariant manifolds. Thus, locally, we have

Ta (2, pq(x)) = (Rg(x), pa(Rg(x))) and T (z, 05(r)) = (Rg(x), ¥3(Rg(x))), (13)

respectively.

See [13, 6, 7] for a general discussion on the theory of local invariant manifolds.
In the next lemma we provide the structure of the Taylor expansion of (3 and ¢j.
The lower order terms will determine the local dynamics near the origin.

Lemma 3.1. Letd > 2. The Taylor series of ¢f and ¢ have the following structure

0i(@) =2 a2 and @f(x) = 2+ 2> Bagpra—1y(d)z Y.
k=0 k=0
(14)
Moreover, ag(d) = 2, asq_1(d) = 4d, Ba4(d) = =2 and Bog_1(d) = —3d2??~! and
thus we have that
o5 (x) = 22 + O(x247h) and ©5(x) = x — 2% + O(x2471)

and the one-dimensional dynamics induced by Ty on the stable and center manifolds
are governed by

RS :x x4+ 02271 and RS :x— x — 4% + O, (15)
respectively.

See Figure 3(a) and 3(b) for the induced dynamics of the map Ty on the invariant
manifolds.

Proof. To simplify the notation below we introduce the symbol {-},, so that if ® is
a formal series around the origin, we write

O(x) = {@}, 2"

n>0

We prove (14) for the case of the stable manifold Wj;(0) (see (12)). Using that the
stable manifold is an invariant graph for Ty we obtain that if W3 (0) = graph ¢}
then

pal@) = 2 [z + p3(e)) = 0y (vi(@) - [+ pa(@)]") (16

)
From the above equation, some computations show that, on the one hand a(2) = 2
and ag(d) = 0 for all d > 3, and on the other hand, for all n > 3 we have that a,,(d)
in (12) can be written recursively as

n—1 d n—1 n—1 n—1 d ’
an(d) = 2{ (z +2 aj<d>xj> } +2_ aild) { (Z aj(d)a? — (w +2 a](d)zﬂ') ) } :
j=2 i=2 j=2 j=2

(17)
Proving (14) for the stable manifold is equivalent to see that in (12) the coefficient
a(d) = 0 for all n > 2 such that n — d is not a multiple of d — 1, or equivalently,
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not of the form n = d + k(d — 1) for k > 0. We argue by induction. We claim that
for any N > 1, up to order

n=d+ (N-1)(d-1)

the stable manifold writes as
N-1
2N agpn—n (@) = 2t (2, (18)
k=0

When N =1 the result is true since a,(d) = 0 for 2 < n < d—1 and a4(d) = 2.
Indeed, from (17), a;(d) = 0 implies aj41(d) = 0 for all j = 1,...,d — 2. Also,
aq(d) = 2 since we have a unique term of degree d with coefficient 2 associated to
the first {®},, term in the right hand side of (17).

Assuming the claim is true for IV, we are going to prove that in the right hand
side of (17) the coefficients av,+;(d)x™ 7, j > 1, are involved in terms of order n + d
or higher. This is easy to check for j = 1. For j > 1 the coefficients appear in terms
of order bigger or equal than n + d + 1. In the right hand side of (17) the first term
is

2(x + 24 (247 + a1 (d)" T L)Y
and the lower term in which a,,+1(d) appears is

2dz? Yo, 11 (d) 2" = 2davy, o (d) 2"
The second term of the right hand side of (17) can be written as

ag(d) [z (241 + g (d)a™ T 4L
— (2 + 20 (@) + apga (d)" T 4+ )
and the lower term in which a,1(d) appears is
2d(221) 4 L apyq (d) 2"+ = O(znHAEA-DH),

This finishes the induction.

Once the expression of ¢ given in (14) is proved and the first terms of the
expansion have been calculated we only need to justify the expression in (15). For
this we compute the image of a point on the stable invariant manifold only using
the lowest term of the series expansion

Ty (z,05(x)) = (Qxd —(z+ 295‘1)d7 224 — 2 (z+ 2gcd)d)
= (27 + (@), ~4d2*" + O(*2)).
Therefore, the one-dimensional dynamics is given by
z =zt 4 O,
Similar computations provide the result for ¢g. O

Remark 3.2. Using the same arguments as the ones in Lemma 3.1 one can get
similar results for the case d odd and a = —1. The difference is the sign of some
leading coefficients. More precisely if d is odd and ¢ = —1 in the definition of Ty
we have that ag(d) = —2, agq_1(d) = 4d, Ba(d) = 2¢ and Bag_1(d) = —3d22¢~! and
hence we have that

©5(x) = =227 + O(z%71) and ©5(x) = z 4 2% + O(x24 1)
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and the one-dimensional dynamics induced by T, over the stable and center manifold
are governed by

z = —zd 4+ Oz and e x4 442 4 02?4,
respectively. See Figure 3(c) for the induced dynamics of the map Ty over the
invariant manifolds in this case.

We(0)

,,,,.,,,:'"'WC(O) We(0)

W*(0)

(a) d even and a = 1 (b) d odd and a =1 (¢) dodd and a = —1

FIGURE 3. Local dynamics of Ta,q near the origin.

We close this section by completing the discussion above, for the case d even. We
have shown in Lemma 3.1 that many coefficients of the series expansion of the stable
and center manifolds are zero (no mater the parity of d). Next we prove that, for d
even, all non-zero coeflicients of ¢ are positive.

Lemma 3.3. Let d be even. Then, ay(d) > 0 for all ¢ > 0.

Proof. In Lemma 3.1 we proved that the coefficients of the series expansion of the
analytic expression of the local stable manifold at the origin satisfy certain properties.
In particular we proved that all coefficients ay(d), £ > 0, of the monomials z* with
{#d+ k(d—1) for some k > 0 are zero. Moreover we also proved that agy(d) = 2
for all d > 2.

We fix d > 2 even. To simplify the notation we remove the dependence of the
coefficients with respect to d; that is, we write oy, := ax(d). Let y(z) be the auxiliary
analytic function given by the series expansion

oo oo d
v(x) = nykxk = (x + Zakaﬂk> .
k=d k=d
Note that 441 depends on «;, d < j < k. The lemma follows from the following

claim.

Claim. Ifn >d then, for alld < k <n, we have ap > 27y, > 0.

We prove the claim by induction. For n = d it is obviously true because ag = 2
and 74 = 1. Assuming the claim is true for n, from (17) we can write

anp41 =2 { (96 + Z akafk) } + {Zai |:Z akzk — (z + Z akxk> :| } . (19)
k=d ntl i=d k=d k=d ntl

The induction assumption implies
d d

k k
ag > 2 x+Zajxj > x—i—Zozjxj , d<k<n.
i=d i=d

k k
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This implies that all coefficients of the terms of order n + 1 of the second term of
the right hand side of (19) are non-negative (because i > d > 2). Then, we conclude
from (19) that a1 > 29,41 > 0, and the claim follows. O

4. Proof of statement (a) of the main Theorem: The case d even and
a=1. Let d > 2 be even. From Corollary 2.2 we can take a = 1 to cover all cases
(a # 0). We simplify the notation writing Ty := T3 4 and A4(0) := A; 4(0). We
will show that the origin belongs to the boundary of the basin, that the basin is
contained in the upper half plane and that its boundary is the stable manifold of
the origin.

Let us introduce some notation. Given (zg,y0) € R? we will write (z,yx) =
TH(xo,yo) for k> 0. Set

1 _
Ry:=(1- g)(Qd)T—ll.
Note that Ry = 1/8 and, in general, Ry < 1. Finally let
T={zy | y<er and  Tp,={(zy cT|y=0 0<z<Ra}.

Since the proof of statement (a) of the Main Theorem is quite long we split the

arguments into several lemmas. The first one is just an observation.

Lemma 4.1. We have that (zx,yx) € T for k > 1 and then the sequences {zk}r>1
and {yi }k>1 are monotonically decreasing. Moreover, while xy, > —yi the sequences
are strictly decreasing.

Proof. The first assertion follows from Lemma 2.3(a). The second one follows directly
from the inequalities:

Tpp1 =yk — (ox +up)  <wyr <, k>1 (>0 if (20,90) €7), (20)
Yer1 = Uk — 2(xx +ur)? < i, k> 0. (21)

Next lemma shows that 44(0) is a bounded set.
Lemma 4.2. A4(0) is a bounded set. More concretely,
Aq(0) C K := (=5Rg, Rq) X (0,2Rq) U {(0,0)}.

Proof. We decompose
R2\K=IC1 UK UK3 UKy,

where
Ki=A{(z,y) | y <0}\{(0,0)},
Ko =A{(z,y) | # > Ra},
Ks ={(z,y) | y > 2Ra},
Ki={(z,y) | 2 <—-5Rq, 0<y<2Ry}
and we argue that A4(0) N K; =0, 1 < j <4, so that A4(0) C K. We will use the

following property: by the invariance of A4(0) by T, and its inverses we have that
T;ld, (0,90) € Aq(0) if and only if (x, yx) € Ag(0) for some k > 0.

Let (z0,y0) € K1. Since (x9,90) # (0,0), if yo = 0 then y; = —22¢ < 0 and if
yo < 0 then y; < yo < 0. Hence, in both cases y; < 0 and by (21) the sequence of
iterates cannot converge to (0,0).
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A

“as Iy

Aa(0)

FIGURE 4. Sketch of the construction of A4,4(0).

Next, we claim that if (zg,y0) € K2 then (z1,y1) € K1. Indeed, we consider the
line {x = xo} with g > R4 and we look at the second component of its image
U1 (y) = m,Tu(z0,y) = y — 2(x0 + y)?. Since d > 2 is even, lim;, 4o, ¥(y) = —00
and therefore ¥y has a global maximum. Actually, it has a unique maximum whose
location is obtained from the condition ¥/ (y) = 0 and is y(™ := 1/(2d)Y/ (=1 — x.
Then U{™ = Wy (y(™) = 1/(2d)Y/@=D) —2/(2d)%/ (@~ — 2y = Ry—x0 and therefore
y1 < 0. Moreover, (z1,y1) # (0,0) because the only preimage of (0,0) is (0,0) ¢ Ka.

Next we take (z9,y0) € K3 and we claim that (z1,31) € K1 U Ky, Indeed,
consider the line {y = yo} with yo > 2R. Its image is contained in the line
{(u,v) | v=2u—1yo} and it is contained in K7 U Ky because we have that either
u > Ry and the claim is true or u < Ry and then v = 2u — yg < 2Rq — yo < 0 and
(x17y1) 7& (070)

Finally, if (zo,y0) € K4 we claim that (z1,y1) € K1 U K3, Indeed, notice that
2o+ Yo < —BRy+2Rq = —3Rg and then (zo +yo)? > (3Ry)?. If z1 > R, the claim
is true. If 217 < Rg then y; = yo — 2(x0 + v0)% = 21 — (z0 + y0)? < Rg — (3Ry)% =
(1-3501-hHhRr, <o O

Lemma 4.3. We have that (xo,y0) € A4(0) if and only if (xk,yi) € Tr, for all
k> 1.

Proof. Assume (zg,y0) € Aq(0). By Lemma 2.3(a), z > y; for all £ > 1 and
by Lemma 4.2, 2, < Ry for all kK > 0. Since the sequences {x;} and {yx} are
decreasing for k > 1, if there exists m > 0 such that y,, < 0, then yx < y,, <0
for all K > m and (zy,yx) cannot converge to (0,0). Then, y, > 0 for all k and
the limit y* = limg_, o, Y5 exists, y* > 0 and then xj > yx > 0. As a consequence
(zk,yx) € Tr, for all k > 1.

Conversely, let (x9,y0) € R? and assume that (zy,yx) € Tr, for all k > 1. Since
the sequence {yx }r>o is strictly decreasing and bounded from below by 0 there exists
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the limit y* = limg_o0 yx > 0. From the recurrence

Yr1 = Yk — 2(zk + yp)?

we obtain that limg_,o(zr + yx) exists and it is 0. This implies that —y* =
limy 00 > 0. Then y* = 0 and (g, yo) € Aq(0). O

We now turn the attention to 9.44(0). Our goal is to prove that 0.44(0) coincides
with the global stable manifold of the origin, W;3(0).

Lemma 4.4. W;(0) cuts the line {x =y} at some point (p,p) with 0 < p < Rq.

Proof. In Lemma 3.3 it is proven that the local expression of W3 (0) is given by
the graph of an analytic function ¢3(z) = 2z¢ + ... whose series expansion in the
x-variable has all its coefficients non-negative, and therefore there exists p; > 0 such
that v = {(z, ¢5(x)) | = € (0,p1)} is contained in Tr,. We claim that the extension
of this local piece v of W;(0) eventually leaves Tg,. Indeed, assume the contrary.
We globalize v iterating with T_;}i (see (8)). Let (xo,y0) € v and denote

@k, y—k) = Ty (w0, 90), k>0
We have

Yoko1 =Yk + 2Tk — y—k) > Y—i- (22)
If all (x_k,y—k) € Tr, we have that the sequence {y_j}r>o is strictly increasing
and bounded, and we conclude that there exists y* > 0 such that

y* = lim y_; > 0. (23)
k—o0
Moreover, from (22) we have that ©_; = (y—r + y—r—1)/2 — y*. Now, using the
recurrence
T =20k +y i+ @k —yr)?

we get that y* = 0, which provides a contradiction with (23). Finally, since we have
seen that A,4(0) does not meet {y =0} \ {(0,0)} nor {z = R4} the globalization of
~ has to cross {z = y}. O

We denote by I' the piece of the stable manifold W;(0) from (0,0) to (p,p)
contained in Tr,. We plot I in red colour in Figure 4. Let ¢ be given in (11).

Lemma 4.5. The following properties for o3 hold.

(a) There exists a unique point § = (Gy,dy) € I' whose tangent vector has slope
m=1/2.

(b) If we denote by ro > 0 the radius of convergence of 3 (as a function of a
complex variable) then 0 < ro < Rq, ¢ is increasing and convex in the interval
(0,70) and decreasing and convex (—ro — 2¢5(ro),0).

Proof. We observe that since all coefficients of the series expansion of ¢ are non-
negative (see Lemma 3.3) we conclude from Vivanti-Pringsheim’s Theorem [8] that
¢35 as a function of a complex variable has a singularity at £ = ro > 0 and

po = ¢g(ro) = Z Ozm’g-
k>d
In fact we have that ro < Ry < 0o and ¢¢ < 2Ry since graph ¢ C W3 (0) C A4(0)
and by Lemma 4.2, A4(0) C K. In particular ¢3 ., is an increasing and convex
function and
lim (¢3) (z) = +oo.

I*}’I”O
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Indeed, if (¢3)" (ro) < oo, then (¢3)" could be extended in a differentiable way for
x > 19. The graph close to x = g will be the image by T;b of a piece of the graph
of ¢, say 72, closer to the origin. The piece 72 does not contain the point (p, p)
since its image is the point (—p, p) outside Tg,. Therefore T;Z is analytic on 9 and
then ¢ would be analytic in a neighborhood of ry which provides a contradiction.
This proves statement (a) and provides the existence of rg.

We have the symmetry (d is even)

Ty (x’y) =Ty (—Qy—.’L‘,y). (24)

Hence if (z,y) € W;(0) then also (—2y — z,y) € W3(0). More concretely, since
(@, 5(x)) € W3(0), (—z —2¢5(x), ¢5(x)) € W;(0) and then

pa(—z = 2p4(x)) = pa(@)- (25)

This means that ¢? is defined for x € (—r¢—2¢3(r0),0). Moreover, taking derivatives
in (25) we get

(02)' (=2 = 203(2)) (=1 = 2(¢3) () = (¢3)'(x), (26)
()" (—2 = 203(2)) (=1 = 2(03)' (2))* + (93) (—& — 203(2))(~2(¢3)"(z)) = (wé)”(x() -
2

and hence we can conclude that ¢ is decreasing and convex in (—r¢ — 2¢5(ro), 0).
Indeed, substituting (¢5) (=2 — 2¢%(z)) from (26) into (27) we obtain

(3= = 23 (-1~ 2l @) = (63" (1 - )Y
1+ 2(p3) (2)
From the previous properties there exists a unique point § = (G, @y) € I' whose
tangent vector has slope m = 1/2. O

Let

Qf ={(z,y) € Tr, | ¥y = ¢(z), 0 <z < po},
Qy = {(z,9) € Tr, | 0 <y < pi(x), 0 <2 < po},

with ps < min{%m, %}. See Figure 4.

Lemma 4.6. The domain Qf is invariant by Ty and Qf C A4(0). Moreover,
Qy NAq0) =0.

Proof. Let (x,y) := (20,v0) € Q. The sequence {z}};>0 is decreasing by Lemma
4.1 . So, it is enough to show that y; — ¢3(z1) > 0. Indeed

v — (1) =y — 2 +y)* — iy — (x +y)?)
=y — (@) +oi(x) — iy — (@ +y)?) =2 +y)*  (28)
=y —g(z) + H(z,y),
where
H(z,y) = o5(x) — o3y — (z +y)*) — 2(x + y)~. (29)

Taking into account that ¢ satisfies the invariance equation

pa(r) = 2(z + 93(2))" = Pi(va(z) — (z +93(2))?), (30)
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H can be rewritten as
H(z,y) = 0a(0a(z) — (z + ¢3(@)?) — 03y — (& +y)?) + 2(z + ¥3(2)" — 2(z + y)*

= [ [t - @ @) —de+60" ) + 2@+ 60" (o) )t

=: (pa(z) —y)H(z,y),

(31)
where & = y + t(¢5(z) — y) and hence since (z,y) € QF we have 0 < ¢3(z) < & <
y < x < pa.

From (28) and (31) we have

v = wi(an) = (v - i) (1- H,y)),

so that it is enough to see that H(z,y) < 1.

Given = € (0,p2), we introduce Wq(&) = & — (z + &4 for € € (0,7). The
function Wy(x) is concave and we have that U5 (0) = —z¢ < 0, with —2¢ > —p9 and
Uy(z) =z — (22)? = 2(1 — 2%2971) > 2(1 — 1/(2d)) > 0 by one of the conditions
in the definition of pp. Hence, & — (x + &)? > —pg for all t € [0,1]. Note that,
by the fact that the coefficients of the expansion of ¢ are non-negative (Lemma
3.3), at the symmetric point the absolute value of the derivative is smaller, i.e.
for @ € [0,r0), |(#3)'(=2)| < (3)'(z) so that, for —a? < ¢ < 0, [(¢3)'(Q)] <
(5)' (=€) < (¢3)'(z?) < (¥3)'(p2) < 1/2. Then

|(92) (& — (= + &) < 1/2. (32)
Moreover,
2d(z + &) < 2d(2z)?t < 1/2. (33)

By (32) and (33) we obtain H(z,y) < 1 and therefore we obtain that the iterates
stay in the same side of graph ¢3.

Now we deal with Q5. To prove that Q5 N A4z(0) = 0 we will see that if
(z0,Y0) € ©y then not all its iterates can remain in 5. Assume the contrary. To
simplify the estimates we do a (z-depending) translation to put the (local) stable
manifold at {y = 0}. Actually, we make the change C(z,y) = (z,y + ¢5(z)). The
transformed map is

fd< ; > = ( Zﬁiiﬁ > = < Ziijgg - gf;f;fié@);d —¢a(F(z.9)) ) '

The domain ) is transformed into
Qy ={(z,y) | 0< 2 <p2, —pj(x) <y <O}

Let (zo,yo0) € Qa. We use again the notation (zy,yi) = ff(xmyo) for k> 0.
Let p3 € (0, p2] be such that

0 < ¢5(z) < 3z¢ for x € (0,p3).

Assume that (zg,yx) € ﬁg for all k£ > 0. Since d is even, we also have 0 < xgy1 <
yr + @5(xr) < ¢5(xk) < xg. Then {z} is also decreasing and

2k = Yoo + ©5(@r_1) — (@ho1 + yko1 + oS@e_1) < @S (xr1) — 2, < 22¢_,

and inductively we get

dk—1 .
xp < Q(ﬁ)xgk < (21/(d_1)x0)dk. (34)
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Note that since 21/(4= Dy, < 21/(4=1) p, < 1/2 then z;, — 0. We have
G(2,0) = () — 2(z + 3(2)? = Pi(Pi(x) — (z + 3(2)") =0

by the invariance equation (30), and

Gi(z) ::?Tj(x, 0) = 1= 2d(z + ¢j())" " = (p3)' (F(2,0))(1 = d(z + §(x))")
=1—2dz? 1 + ...
(35)
so that

G(z,y) = Gi(2)y + Ga(w,y)  with Ga(z,y) = O(y?).
There exists ps € (0, p3] such that

Gi(z) >1—vz®™'  and  |Gao(z,y)| < My]%, z€(0,p), (z,y)€y,

for some v > 2d and M > 0. Then, taking an iterate (zx,yx) such that z < ps and
relabeling it by (2, yo) and, starting again the iteration, we have

ye+1 = Gz, yp) <(1— vl )y + Myj,
<(1—waf ™t = Mpy(zy))yr < (1= bz Yy, (36)
where b = v + 3p4 M. Tterating (36) we obtain
k—1 k—1
Yk < H(l — bx?il)yo =1 epolog(l — bx?il).
j=0 j=0
The series Y log(1 — bx?il) is convergent since bx?fl tends to zero and log(1+x) >
(2log2)z if z € (—1/2,0). Then, yi < yo exp(Sy) where Sy = Z;io log(1 — bx‘jfl).
This means that y; is less than some negative number so that y; cannot converge
to 0 and therefore (zg,yo) ¢ Aq(0).
If (z0,90) € Q , assume that all its iterates stay in Tr,. Then the sequences

{zx} and {yx} are decreasing and there exists m > 0 such that z,, < ps and, by the
previous estimates, (Zm, Ym) ¢ Aq(0). O

Proof of statement (a) of the Main Theorem. Let Q, be the closure of the bounded
domain whose boundary is the simple closed curve formed by the concatenation of I’
and J, :={(z,y) | * =y, 0 < x < p} (the meaning of r is right, in contrast of the
later notation J; for left). See Figure 4. The domain 2, is invariant by Ty since the
iterates cannot jump across the boundary. Moreover, there exists m > 1 such that
T7(Q,) € Qf. Then Q, C Ag(0). By Lemma 4.3, to obtain A4(0) we only need to
take one preimage of Q. by Ty.
In the light of Lemma 2.3(a) we write

Iy:=T;,(T), Qp =Ty 5 ().
Clearly, the sets 21 are contained in 44(0). The boundaries of Q4 are the images
of the boundaries of €2, by T;,ld. Consequently, we have
3Q+ :F+Ug]g and o =T_ UJ(,
where T'y := T 3(T) is a curve contained in {y > —x} which joints (0,0) with
(=p,p), I~ := T~ 4(T) is a curve contained in {y < —z} which joints (0,0) with
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(=p,p), and J; := T_:,Z(JT) ={(z,y) | y= —z, —p < z < 0}. Notice that every
point in T'\ {(0,0) U (p, p)} has two preimages while

Ty 4(0,0)=T"4(0,0)=(0,0) and  Tiy(p,p) =T 4(p,p) = (—p,p)-

See Figure 4. Accordingly, the curves I'y joint the points (0,0) and (—p,p), they
are mapped bijectively onto I" by Ty and determine the boundary of the basin of
attraction of the origin. That is,

Aqg(0)=Q,UQ_UT L UT_.

In Figure 4 we draw I'_ in green and I'y in blue. This finishes the proof of statement
(a) of the Main Theorem. O

We can add some extra information about the geometry of W;(0). See Figure
4. On the one hand, direct computations from (8) imply that if u = (uy,uz) is the
tangent vector of W3 (0) at the point (p,p) then

1 . 00 (1 . 1 [ © oo
12w = (5,7, )~ (o) s Do = (5 %),

where here oo has to be understood as a limit. Concretely, the tangent vector of
W;(0) at the point (—p,p) is horizontal.

Moreover, taking into account the symmetry (24), the points with highest value
of y in W3(0) should be symmetric. Actually, they coincide with the two points
gF = (qf, qf) which are mapped by Ty to a point ¢ = (¢z,qy) € I' whose tangent
vector has slope m = 2.

5. Proof of statement (b) of the main Theorem: The case d odd and
a = 1. For the whole section we assume that d > 3 is odd and a = 1. The proof of
statement (b) of the Main Theorem is quite long and therefore we will split it into
several lemmas and propositions. Roughly speaking the strategy is as follows. First
we will see that Ag(0) is open, simply connected and that [—1/2,0] x {0} C .44(0)
(Proposition 5.1). Second we will show that there exists a hyperbolic two-cycle of
saddle type whose unstable manifold intersects [—1/2,0] x {0}. From this we will
show that the two-cycle as well as its stable manifold belong to 9.44(0) (Proposition
5.6). And finally we will see that 9.44(0) is unbounded (Proposition 5.7).

Let b € (0,1/2]. We denote by Q, C R? be the compact convex polygon bounded
by the straight segments

Ay = {(20%,y) e R? | y € [0,2b6%]}, By = {(z,20%) € R? | = € [0,2b%]},
Cy:={(z,20 4+ 2b") e R* | w € [-b%,0]}, Dy :={(-b%y) €eR*| y € [-b%,0]},
Ey = {(z,-b%) € R* | z € [-b%,0]}, Fy = {(z, iz —b%) e R*| z €[0,20"]}.

We denote Q* := Q2.

Proposition 5.1. We have that Q* C A4(0). In particular, [—1/2,0]x {0} C A4(0).
Moreover, Aq(0) is open and simply connected.

Proof. From Lemma 3.1 the origin is asymptotically stable and therefore A4(0) is
open (see also Figure 3). The family {Qp}ve(0,1/2) is @ neighbourhood basis of the
origin.

We claim that Ty(Qp) C int (Qp), b € (0,1/2]. See Figure 5 for a sketch of Q,
and its image.
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Assume the claim is true. This implies that @* C A(0). Since the image of
[~1/2,0] x {0} by T, is the segment {(z,2z) € R? | x € [0,(1/2)4]} C Q* we
conclude that [-1/2,0] x {0} C A4(0) as desired. Moreover, since there exists an
open simply connected neighborhood @* containing (0,0) and contained in A4(0),
the origin is asymptotically stable (our proof demonstrates again that the origin
is asymptotically stable). Finally, A4(0) = Uso 7y "(Q*). Since Ty is one to
one, T k(Q*) is also open and simply connected, for all k. Furthermore, since
T7571Q*) o T;%(Q*), we conclude that A4(0) is open and simply connected as
well.

The rest of the proof is devoted to prove the claim. Hereafter we remove from the
notation the dependence of the whole construction with respect to the parameter
b, unless strictly necessary. The proof consists in studying the image of each side
of the boundary of @ by T;. We will get that the image of the boundary of @ is
contained in int (Q)) and therefore T;(Q) C int (Q).

We denote by I'4 the image of the segment A under Ty and similarly for the other
pieces of the boundary. Next, we prove that each image is contained in int (Q). See
Figure 5.

The image I'y = T,;(A). We parametrize I'4 as follows

Ty =Ty(A) = {(T1(y) =y — 2b" + )%, Wa(y) =y —2(20" +y)?), y € [0,20]} .
We check that Ty C int@Q N {y < z}. The condition y < x is equivalent to
Wy(y) < Wq(y) for y € [0,2b%] which is clearly true. The condition y > $z — b?
is equivalent to Wa(y) > 2W;(y) — b? for y € [0,2b% which can be written as
x1(y) = %y + bt — %(2bd + )¢ > 0 for y € [0,2b%. We have that y;(0) =
bi(1 — %dedz_d) > 0 and x;(2b%) = 2b%(1 — %4dbd2_d) > 0 since b € (0,1/2]
and d > 3. Also x/(y) = —d(d — 1)3(2b? + y)?=2 < 0, therefore xi1(y) > 0.
Finally, ¥;(y) < y < 2b% and Wy(y) > —b?. The first claim is immediate. For the
second we consider the auxiliary function ya(y) := y + b% — 2(2b% + y)4. We have
X2(0) = b4(1 — 29H1p% =) > 0 and xo(2b%) = 3b4(1 — 1224+1p4°~4) > 0 since d > 3.
Moreover, x5 (y) = —2d(d — 1)(2b% + y)?~2 < 0 and hence x2(y) > 0.
The image 'y = T4(B). We parametrize I'g by :
I'p = Ty(B) = {(\111(1:) = 26 — (26% 4+ )%, Wo(z) == 26 — 226 + a:)d) ,z e, 2b‘i]} .
It is immediate to see that
Ui(z) = —d(2b?+2) <0 and U (x) = —2d(20% + )=t < 0.
Therefore,
Ip C [T (2b%), U1(0)] x [Wa(26%), W5 (0)] € (0,20%) x [0,2b%) C int (Q).
The image I'c = Ty(C'). We parametrize I'c by «:
I'c = { (\Ifl(x) =22 + 20" — (3z + 2b™)%, Wa(z) := 2z + 26" — 2(3x + de)d) ,
z e [-b?, 01} .
Similarly as before
W) (z) = 2 — 3d(3z + 2b1)%"1 > 2 — 3427 1™ ~d > ¢

and
W) (z) =2 — 6d(3z + 2b64)7"1 > 2 — 6427 1p?" ¢ > 0.
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é=(0,2b%) B b= (2%, 2b%)

FIGURE 5. Sketch of the closed set Qp and its image T4(Qs) for d > 5.

Then,

T C [Wy(=b%), U1(0)] x [Ta(—b%), ¥y (0)] C (0,2b%) x (0,2b%) C int (Q).

The image I'p = Ty(D). We parametrize I'p by y: Clearly,
Ip={(Vi(y) =y — (0" + )%, Ta(y) =y —2(=b"+y)"), y € [-b%,0]}.
First, we check that I'p C [—b%,2b9] x [—b?,2b%). Indeed,
Vi(y)=1—d(=b+y)? >0 and  T(y) =1—2d(-d" +y)4 ' >0.

Then
—b? < W (=bT) < Wy(y) < W1(0) < 267,
—b% < Wy (—b%) < Vy(y) < Uy(0) < 2b%,

The condition ¥ (y) < 211 (y) + 2b% reads y — 2(—b% +y)¢ < 2(y — (—=b% +y)9) + 2b¢
which is satisfied if y + 2b% > 0 which is the case.

The condition 1 (y) > 291 (y) — b? reads y —2(—b%+y)? > L(y — (0% +y)?) — b¢
which is satisfied if x3(y) :== 3y — 3(=b? +y)? 4+ b? > 0. This is indeed true because
x3(=b%) = 2bd + 3(26%)% > 0 and ¥4(y) = 2 — 2d(—b% +y)?~! > 0 (since d > 3 and

be (0,1/2)]).
The image I'y = T4(E). We parametrize I'g by z:

Tp={(Ti(x) = —b — (=b" +2)%, Uy(x) := —b? —2(=b" +2)%), z € [-b%,0]}.
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In this case we will check that Ty C (—b%,0) x (=b%,0) C int (Q). Indeed, directly
from the expression of the parametrization we have, ¥y (z) > —b?, Wy(x) > —b?,
Uy () < —bd—(—2b4)d = —pd(1—-29p4"~d) < 0 and Wy(z) < —bd(1—29+1pd"~d) < 0.
The image I'r = T,;(F'). We parametrize ['p by x:

d d
I'p = {(\I}l(az) = %xfbdf (ngbd) , Wa(z) := %xfbde(g:r:fbd) ),ze [O,de]}.

In this case we will also check that I'r C (—b%,0) x (—b%,0) C int (Q). We have
that
T,(0) = —b? — (=bH)4 > —p?, Uy (2b) = —(209)? < 0.

Moreover, since ¥} (z) = 1 — 2d (32 — bd)d_l which is positive because
d—1
gd <2x - bd) < gd2d‘1bd(d‘1) < %drdzﬁd_l <9/32<1/2,

we get Uy (z) € (—b9,0).

Concerning Wo, Uy(0) = —b? + 2(bd)d > —b? and W,(20%) = —2(26%)? < 0.
However, it is not (always) monotone. Depending on b and d it may have a
maximum at some z. € (0,b%). The value of z. is obtained from the condition
Ul (z.) = 0. It is the positive solution of

d—1
§zc —p? = i
2 6d

In case z. belongs to the interval (0,2b%) we have that Wy(z.) = Fz. — b —
3. _pd\% _ 1. 3d __ (17\d/(d=1) 1 yd/(d=1)

(21‘5 b ) = 5% —b (Gd) < (Gd) < 0. Thus, ¥y(z) < 0 for
x € [0,2b%]. This finishes the proof. O

Following the steps of the strategy of the proof (of the statement (b) of the
Main Theorem) described at the beginning of this section, we start checking that
{po = (0,1),p1 = (0, —1)} forms a hyperbolic two-cycle.

Since DTy(po) = DT4(p1), the chain rule implies that

3d? —2d  3d® —4d+1
DTdQ(pO) = DTd2(p1) = DTd(pO)DTd(pl) = ( 6d2 — 2d 6d2 — 6d + 1 . (37)

A direct computation shows that the eigenvalues and eigenvectors of DTC% (py), j =
0,1, are given by

A=

(9cl2 —8d+ 1+ (3d—1)v/9& — 10d + 1)

4d
(1,m*) = (1, ) : (38)
1—d+9d% —10d+ 1

respectively. Finally, it is straightforward to check that both eigenvalues are strictly
positive. Moreover, A, is strictly decreasing and )\jlr is strictly increasing, with
respect to the parameter d. We also have

lim A7 =1/9 and 1/9 <\, <Ay =29 — 813 ~ 0.1556,

M| —

and

d—oo
Jim Af =00 and A > AJ =29+ 813 ~ 57.8444.
—00

On the other hand, m; is negative and strictly increasing while mjlr is positive
and strictly decreasing (both with respect to the parameter d). We also have
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. - ~ 76 _ — — _
dli)n;omd =—1 and -—1.3028 = v <my; < -1,
: + _ + + _ 6 ~
dlgr()lo my =2 and 2<my; <m3 = =~ 2.3028.

Therefore, the two cycle {pg, p1} is a hyperbolic saddle point. In what follows we
will denote by W* :=W¢ '\ and W*:= W, . the (global) stable and unstable
manifolds of the periodic orbit {po,p:}, respectively. We split W* = Wi U W
where W is the (global) unstable manifold of the fixed point p; for the map T2,
J = 1,2. Similarly, W* = W, U W, for the stable manifold. Consequently, we
remark that W* and W* refer to the manifolds associated to the hyperbolic periodic
orbit {po,p1}, and hence they are not the manifolds associated to the origin (with a
similar notation) studied and considered in Sections 3 and 4.

To simplify the notation, unless strictly necessary, we drop the dependence of /\di

and mfit with respect to the parameter d. Thus, we will write

At = )\f and mt = mfit.
We introduce m* = .

Next lemma gives a precise description of the geometry of Wy that we will use
to prove that {pg,p1} C 0.A4(0) and finally to prove that W* C 9.4,4(0).

N~

Lemma 5.2. Let D be the closed triangle determined by the vertices

1 -1 1 -1
= (0,1 d S
p1=(0,-1), <m++1’m++1> o (m*+1’m*+1>
Then, there is a local piece of W (attached to po) tangent to the line y =1+ mtx
contained in Tq(D). Moreover, if we parametrize Wy, N {y <1} as Wy = {¢(t) |
t > 0}, with p(0) = (0,1) and ¢(t) C int (T4(D)) fort € (0,t9) and v(ty) € 0Ty4(D)
then

1 1
ot € OTD) N {y =} ={ (o) | g <o L
See Figure 6 (right).
Proof. The triangle D can also be represented as
D={(t,~1+mt)|t€[0,1/(m+1)], m e [m',m*]}

The proof of this lemma will follow from an accurate description of the sets Ty (D)
and T, L(D), their relative position and geometry in the plane, and the behaviour of
the map T}, 2 : Ty(D) — T; (D).

The shape of Ty(D). We consider the decomposition of D into the segments
by ={(t,—1+mt), t €[0,1/(m+1)]} with m € [m*,m*]. (39)
If we wiite 1(8) = % (8) = T (€)= (@ (1), yon(£)) = (2(£), y(¢)) we have
zt)=mt—1—((m+1t—1)% and  y(t)=mt—1-2((m+1)t—1)% (40)
Thus, the first derivatives of z(t) and y(t) are given by
' (t) =m—dm+1)((m+1)t—1)%1 and o/(t) = m—2d(m+1)((m+1)t—1)4""
Easy computations show that z’/(¢) and y’(t) vanish at the points

1/(d-1) 1/(d-1)
* ! 1+ m and st = L + (" ,
d(m+1) m+1 2d(m +1)

:m+1
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Wi PO, 1)

m - LN (8 y(2)

Ty (D)

S V(G N
7 (0,-1)

FIGURE 6. Left figure shows the graphs of the curves z'(¢) and y'(t).
The center picture shows the graphs of the curves z(t) and y(¢). Finally,
the right picture displays a sketch of the triangle D and its image Ty4(D).

T 8T m+1

respectively. Moreover,

1 1 1 -1
+ + d =) = —
m+1<5 <r an x<m+1) y<m+1> mar1

where t = 1/(m + 1) corresponds to the common maximum of z'(¢) and y'(t). See
Figure 6 (left). In summary, the components z(t) and y(¢) of the curve v(t) are
polynomial functions in ¢, having a unique minimum in the interval [0,1/(m + 1)]
located at ¢ = r~ and t = s—, respectively, and sharing the same negative value,
—1/(m+1), at t =1/(m + 1). See the middle picture in Figure 6.

To conclude the description of the shape of 7, see Figure 6 (right). Let us prove
that its image can be represented as the union of two graphs with respect to the
variable z (i.e., it admits a piecewise parametrization of graphs with respect to ).

We write
(&) = (2,9P) (2)) := (2,y (t(x))),

where t(z) := 271(t) is one of the two branches of the inverse of z(¢). Some direct
computations show that

® _ dy (da)!
dx dt \ dt ’

Py _ (d“f)_g (dQ?/dx _ dyd%) (41)

O<r <s <

da2 dt dt2 dt  dt dt2

-3
_ <‘Z> (d(d — Dm(m + 1) ((m + 1)t —1))* 2,
everything evaluated at the corresponding branch of ¢t = ¢(z). We denote ’y1(12) = 'yl(fv)n
and Vz@ = vé?r)n the functions corresponding to the upper (concave) and lower
(convex) graphs, respectively.
From the previous discussion, dx/dt has a unique zero at ¢ = r~ and it is
monotone in the whole interval [0,1/(m + 1)], see Figure 6 (left). For the upper
branch, corresponding to 0 < ¢ < r~, we have dx/dt < 0 and therefore 71(12) (x) is

increasing and concave (see (41)) and for the lower branch, r— <t < 1/(m + 1),
we have dz/dt > 0 and therefore fyéz)(x) is convex having a minimum at z(s™) (see
again (41)). See Figure 6 (right), we have drawn (qualitatively) the curve « for the

values m = m™* and m = m*. We remark that 71(121)11+

(z) is tangent at pg to the line
y = m*x + 1 since it is the image of the side of D tangent to W . Since T, sends
the line {y = —x} to {y = =} the images of all the curves v,, end up at {y = z}.
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All together determines the shape of T4(D). Moreover, in the light of the above
arguments we have that
-1 -1

_ @ 2) @) 2)
OTa(D) = Yyt U Vet Y Yiimes U Vgme (2, 2) | 1 <<

£,m+ £,m*

1.

Hereafter we will refer to

2 2 2 2
vﬁ,fn+ U vf,,b and 7. U0,

as the left and right the boundaries of T,;(D), respectively. See Figure 6 (right) and
Figure 7.

The shape of T, ! (D). We consider the same decomposition of D into the segments
lm as in (39). We denote T'(t) := T, (t) = T ! (bin) = (aum(t), B (t)) =: (a(2), B(1)).
We have

at) = (m=2)t—14+(1-m)t+1)"9,  B(t) = (2—m)t+1, te[0,1/(m+1)]. (42)

Therefore, the first and second derivatives of «(t) and 3(t) are given by

1—
o' (t) :m—2+Tm((1—m)t+1)(1_d)/d, B'(t) =2 —m,
1-d _
o (t) = — (- m)2 (1 —=m)t+1)=2D/d <o g"(¢) = 0.
Clearly /() < 0 since m > m™* > 2. Next, we focus the attention on «’(t). The
line t = 1/(m — 1) is a vertical asymptote (outside the domain (0,1/(m +1))) and
simple computations show that o/(¢) = 0 if and only if ¢ = t* where

L me1 Y
T m—1 dt(m — 2)¢ '

Some further computations show that

and th > Vm € [mT,m*]. (43)

b+ <0, R

m* +1 m—1’

Since o/, (0) =4(d—1) (1 —d + 1 —10d + 9d2)_1 +1/d—2 < 0 and a,.(0) >
1(3—5/d) > 0, it follows from the previous arguments and (43) that c,,+(t) is
monotonically decreasing and a4 (t) is monotonically increasing in the considered
domain. Consequently, I',,+ and T',,~ can be expressed as graphs of monotone
functions of the form

D(2) = (2,0?(2)) := (a, B (t(x))).

where t(z) := a~1(t) for m = m™ and m = m*, respectively. We have

ar® s (da)l

dr — dt \ dt

ErO rda\PdBd?a (da\TP(d—1 (m—2)(m—1)? (44)
()4t (2 |

dx? dt ) dt dt? dt @ (1 —m)t + 1)@/

everything evaluated at ¢t = ¢(z). Indeed, taking into account (44), when m = m™,
I'® is increasing and convex, while when m = m*, I'® is decreasing and concave.
From (42) we conclude that

B(t) > B/ (m + 1)) = 3/(m + 1) > 3/(m* + 1) = 2/3,
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and then the preimage 7~!(D) is above the line {y = 2/3}. Finally we notice that
the image by T); " of the segment D N {y = —z} is contained in (the graph of)

T =¢(y) = —y+ <§y> Ud-

Then

(1—d)/d

2 (2 3 1
() =—-1+—(= 14 = <=
¢’ () +3d(3y) <1t oo <3

and the function y = ¢~!(x) is decreasing in the corresponding domain.

In particular the curve T',,+ () belongs to the second quadrant, while Ty« (z)
belongs to the first one. In Figure 7 we display Ty(D) and T; (D) and we can see
the relative position of these two sets and the initial triangle D. We emphasize that,
from arguments above, ,,+ (x) and T',,,+ (z) are both tangent to the line y = mTz+1,
but, using the convexity properties, ,,+ (z) is below this line while I',,,+ () is above
it, hence their relative position illustrated in Figure 7 is the right one.

fy=mTaz41

T, (D)

0,-1)

FIGURE 7. A qualitative representation of the triangle D and the sets
T4(D) and T; ' (D).

Consider now T;? : Ty(D) — T;*(D). From the stable/unstable manifold
theorem and the relative position and geometry of the sets Ty(D) and T (D),
we can conclude that, locally, Wy exists, it is tangent to y = mTz + 1, and it is
contained in T4(D). In particular we also conclude that there is a local piece of W'
attached to p; belonging to D.

We claim that W, may only leave T4(D) through the piece of the boundary
given by 074(D) N {y = x} (later we will see that W}, does leave T4(D) through
this boundary). To check the claim we first observe that W' N {y < 1} can be
parametrized Wy = {¢(t) | t > 0}, with ¢(0) = (0,1) (see [6]). Second, we suppose
it leaves Ty(D) either for the left or the right boundaries of T;(D), and we get a
contradiction.

Let p = ¢(to) for some ¢y > 0 such that {¢(t), t € (0,%0)} C int (Ty(D)) for all
t € (0,t9) and p € 0Ty(D) \ {x = y} (that is, it leaves T;(D) through the left or
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right boundaries of it). Consider ¢ := T;%(p). Since W is invariant by T % we
have that ¢ = ¢(t,) for some t, € (0,%,). However, we also have

G d (T D)\T; (9D {y = —a}),
which provides a contradiction (see Figure 7). O

Let & be the closed triangle determined by the vertices 7o = (0,1), 7 = (—1/2,0)
and 75 = (—1/3,0).

Next two lemmas refer to the set Ty(D) N {y > 0}. First we show that this set
belongs to the triangular region £ and, second, we will give relevant information of the
dynamics of T72|¢ (and therefore in T;(D)N{y > 0}). All together implies two main
properties for W . On the one hand, we will prove that Wy N [~1/2,0] x {0} # 0
and, on the other hand, we will prove that W2 N {y = 2} # 0 (such intersection
happens on the fourth quadrant). See Figure 8.

Lemma 5.3. We have
Ta(D)N{y >0} C¢&.

Proof. We will check that the left and the right boundaries of T;(D) N {y > 0},
given by pieces of the curves 7,,+ and 7,,+, respectively, are contained in £. By the
discussion we did when analyzing the shape of Ty(D) we know that both curves can
be written as graphs of concave functions that only intersect at the point py = (0,1)

(see Lemma 5.2). Moreover the slope s,,+ of 7,,+ at ¢ = 0 is m™ > 2 (the slope of
the left side of £). Indeed,

2 < 8+ <6/(V13—1) $2.3028.

All together implies that the statement of the lemma follows from proving that the
(only) intersection of 7,,« with y = 0 happens at a point < —1/3.

Consider the second component y(t) of v,,+ defined for ¢ € [0,1/(m* + 1)]. Since
y(0) =1, y(1/(m*+1)) = —=1/(m* 4+ 1) < 0 and y”(¢) > 0 there exists a unique
t1 €10,1/(m* + 1)] such that y(¢;) = 0. See Figure 6 (center).

When d = 3 we can localize t; with some precision. Let t] = 1/18 and t{ = 1/16.
Both values belong to [0, 7] where the functions z(¢) and y(¢) are decreasing. See
(40). We have

29 27\ 3 1 25 23\3 -1
) =5 +2(5) >3 4oy =2 +2(5) <o
vt =5 t2(5) 730 md v =T PAG) <%
This means that t; € (1/18,1/16) and that, since 7, is the graph of a concave
3
function, z(t;) < z(ty) = —23 + (%) < —%. By concavity we get that v« N {y >
0} c €.

To deal with the general value of d odd, d > 3, we will see that if we consider
the intersection point (z(¢1),0) as a function of d, it is decreasing so that for d > 3,
z(t1) < —1. Indeed, we compute the derivative of z(t1) with respect to d.

We write y = y(t,d). Let ¢1(d) be the parameter such that y(t1(d),d) = 0. We
want to compute (z(t1(d),d))’, where prime stands for the derivative with respect
to d.

Derivating impliticly (and simplifying notation) we have

(0@ = gt 0/ S r(@. ) =~ (55150 L =~ (150
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Then,

or or

(2(ta(d), D)) = 2= % (L1(d) + ==

Oz ( dy 3y) ox

_E; _%aga %a )
= (V50 < (5 * a0~ a1 * 5a)

Taking the corresponding derivatives from equation (40) and simplifying we get
(z(t1(d), d)) = —(1/%)771*(1 — (m* + D) log(1 — (m* + 1)t) < 0.
Indeed, we are evaluating the right side of the above equation at the point (¢1(d), d)

with 0 < ¢;(d) < r~(d). Thus, we have
%(tl(d),d) <0 and O<l—-—(m*+1)t<1.
O

Next lemma tell us that, while the iterates by T, 2 remain in &, the sequence of
their second coordinates of them is strictly increasing. See Figure 8.

Lemma 5.4. Let (f(2,y),9(z,y)) =T, *(2,y). If (z,y) € € then g(z,y) >y and
the equality only holds when (z,y) = (0,1).

Proof. From (9) we have that g(z,y) = 3y — 62 + 2(x — »)/%, and then g(z,y) >y
in &€ if and only if
G(z,y) =2y — 6z + 2(z — y)*/? > 0, V(z,y) € E\{(0,1)}.
To prove this inequality we will show that G restricted to £ has a global minimum
G =0 at (0,0) which is only attained at (0,0). A direct computation shows that the
partial derivatives of G' cannot vanish simultaneously, therefore the minimum has to

be attained at the boundary of £. It is clear that the restriction of the function G
on each of the three segments of OE is given by

xi(@) :=G(z,0) = 2 (—Sx—l—xl/d), xe[-1/2,-1/3],
Xo(@) =G(z,2z +1) = 2 (1 e (14 x)l/d) . xel-1/2,0],
x3(@) =Gz, 3z + 1) = 2 (1 1+ 2x)1/d) , € [~1/3,0].

Using elementary methods we can check that indeed xi(z) > 0, x2(z) > 0 and
Xx3(z) > 0 in the indicated intervals and that x2(z) = 0, x3(x) = 0 only hold when
xz=0. O

Lemma 5.5. The unstable manifold W, crosses the interval Iy := Tq(D)N{y = x}
at some point (p,D) such that m%ﬂ <p< m%l Moreover, the piece of W from
(0,0) to (p,p) is contained in Ty(D). We also have that this piece of W cuts the

segment (—1/2,—1/3) x {0} C R%.

Proof. We first prove the existence of the point (p,p). A completely analogous
procedure will be used in the proof of Proposition 5.7 and in Section 6. Let

1 1
IO;:Td(D)ﬂ{y:m}Z{(&SH m+v+1<8<m*+1}'
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The image T); *(Io) is a curve, which is a piece of the boundary of 7' (D) that, be
previous arguments, has to cross the left and right boundaries of Ty(D). Actually, it
can be parametrized as s — (—3s+ (2s)'/4,3s). In the study of the shape of T); *(D)

we have seen that T, ' (D) C {y > m*1+1 = 2}. We define

I = THT;* (Io) N Ta(D)) C Iy
and, in general,
L, =T (T (I,_1) NTa(D)), n>1.

It is clear that I,, C I,,_1 for all n > 1.

Then, I, = Ny>0l, is compact and contains the points in T;(D) such that all
their negative iterates by 777 are in T,(D). Moreover, by Lemma 5.4, the sequence
of the second components of these iterates is increasing and has to converge to 1.
Then, those points must belong to W and therefore there exists (p,p) € Io such
that

(0,p) € Wy N{y =z} CTa(D)N{y =z} # 0.
From Lemma 5.2 the piece of W from (0,0) to (p,p) must be contained in Ty(D).
Hence Lemma 5.3 implies that W% cuts the segment (—1/2,—-1/3) x {0} C R%. O

Ty *(Ta(D))

FIGURE 8. T4(D)N{y > 0} C £. Points in £ are mapped “up” by T >.

Next propositions are devoted to show the two further properties of A4(0) claimed
in statement (b) of the Main Theorem. First we show that the stable manifold of
the periodic orbit belongs to 9.4,(0) and second we show that A44(0) is unbounded,
which follows because the stable manifold is unbounded.

Proposition 5.6. Let d > 3 odd. Then, W* C 9.A44(0).

Proof. From Proposition 5.1 we know that W crosses the interval (—1/2, —1/3) x
{0} C R% Let (20,0) € W N (=1/2,—1/3) x {0} be the first intersection point of
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W, with the segment. From Proposition 5.1 we also have that [z, 0] x {0} C A4(0).
We have (recall that T, *(po) = p1 and that when d is odd Ty is one-to-one)

(@

T;" ([20,0] x {0}) € Aq(0)  and  p; € Acc ({T;"(z0)}nz0), 4 =0,1,

n=0

where Acc(X) denotes the set of accumulation points of X. Since, of course,
{po,p1} & Aa(0) we conclude that p; € 0.44(0), j =0,1. Now, let g be any point in
Wy, and U a small disc centered at ¢ and let ¥ C U be a transversal segment to
W, through g. On the one hand, W, NU is not contained in A4(0). On the other
hand, by the A-Lemma [15], the iterates by TC% of the points in ¥ (close enough to
W) accumulate to W . Therefore, we would have

(w0,0) € Acc ({T1 (X) Fn>0) -

Since (zg,0) € A4(0) and A4(0) is open we conclude that U contains points of Ag(0).
If g € Wy, then Tu(q) € W, and the conclusion is the same. All together implies
that ¢ € 0.A44(0), as desired. O

Proposition 5.7. A4(0) is unbounded.

Proof. From the previous lemma it is enough to see that the stable manifold W* of
the hyperbolic two-cycle {pg,p1} is unbounded. We start introducing some notation.
See Figure 9. Let Q3 and @} be the closed unbounded subsets of the second and
fourth quadrant defined as follows

Q= {(@y) | 2<0,y>1} and  Qf:={(x,y) | 2>0,y<-1}.

Next we split the above sets into three pieces. Concretely,

3 3
Q;Z UEJ and QZ: UDJ’
=1 j=1
where
1\ 4 1
Bi={o< (Y1) -yl y21}, Di={0<e <yt —y| y< -1},
1 1 1 _ 1
EQZ{(%H)d—ySISyd—yI y > 1}, D2:{yd—y§w§(y%)d—yl y < —1},
1
By={yi —y<az<0| y>1}, D3={x2(“%1)dfyly§fl}~

We denote by {Jr,Zy} with £ = 1,2 the straight boundaries of the above sets.
That is,

Jr={(z,1) | =<0}, Iy ={(z,-1) | = >0},
Jo = {(Ovy> | Yy = 1}, I, = {(O,y) | y < _1}'

Finally, we denote by {y*, %} the other boundaries of the sets E; and D;. That is,
1
7+=EzﬁE3={(yd *y,y) | y21}={y=(fv+y)d| <0, y>1},

_ 1\a
v =EmEz={((%)d—y,y)\ yzl}={y=—1+2<x+y>d| z<0, y=1},
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o =DinD={(v? —py) | y< -1} ={y=(@+y'| 2>0 y< -1}
1

o= {(5) ) v &

={y=1+2+y)?| >0, y< -1}

’Y+
_ _2d _.—
Es y=1-5g¢ +1
K Lo __—P B(t1) =—t1
4é7791
Ta(L)”
/// - T2
/ x
J1 s1—
a(tg) = # a2(81) — 12 1
.
o
I
Ta(L2)
xo,t
I (z0,t2) X
L o o
Do
o

_ _2d
Y= 1-3g%0 — 1

FIGURE 9. The sets and curves used in the proof of Proposition 5.7.

See Figure 9 for a qualitative picture and the relative position of all curves and
sets. Ome can check that by construction we have Ty(v~) = Z, Ty(y") = Io,
Ta(o™) = T2 and Ty(o™) = Ji. Consequently,

3 3
TDy)=|JE, and Tu(E) =D,
j=1 j=1

We also notice that the curves y*(y) and o*(y) are graphs of monotonically de-
creasing functions of y. Indeed, for instance, if we write v* = {(yi"(y),y) | y > 1}
then

d—1 d—1
dnyt 1/1\ & 1 dyy 1 2\ < 1
Lyy==(= —1<=-1 )= — (= —1<—-1<0.
aw Y =aly g t<0 and )= o0\ 5T Sgg1<0
Let

Q=T (Ey).

According to the previous discussion it is clear that Q C Ds (remember that
OF3 = vt U~7). We also claim that 99 is given by two curves contained in Dy
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which can be written as graphs of monotone functions (of y as well as of ). Of
course 0N =T; ' (y7)UT, " (vF). Using (9) and (45) we have

1
d

L 3y — 2% (y+1)7 + [27% (y+ 1)7 — 2
I (v e (L S v A M R
—3y+27 (y+1)a
with y > 1. Thus, we have
de L/ y+1\ T 1 [/ y+1\7 T
! y y y
Broy=—3—= (4= SR o — (4= )
W =3 d<2> +d<2) y] <2d<2> )
1
>3 _ =
>3 d>0
and -
dés 1 y+1\ 7 1
—_— = — — _— < — — .
dy(y) 3 d< 5 > < 3+d<0

Therefore, using the same formulas as the ones in (44), T, ' (y7) can be written
as a graph of a monotonically decreasing function (with respect to y as well as ).
Similar computations lead to the same conclusion for T, Lyh).

Claim 1. Let A := d?/(1 — 2d)?. Let g > 0 and (zo,y0) € 2. We denote
(z2,92) = T3(x0,y0). Then,
0 < a9 < Axg.

Given o > O, let L := {J? = JU()} NDy = {(JL‘o,t) | t1 = tl(l‘o) <t< tz(fl)o) = tg},
where (z9,t1) € 0~ and (zg,t2) € o1 and hence

t] = (SL‘O + t1)d and to = 2(5(}0 + tg)d + 1.
The image of L by T, can be represented by

o)\ zo \ _ [ t—(zo+t)?
Fl(t) - ( ﬂ(t) ) = Td( ¢ ) = ( t—2(l‘0+t)d ’ te [t17t2]'
Since d — 1 is even and the fact that if (z,y) € Dy we have y > 2(z +y)? + 1 and
z+y <0,

t-1 (d—1)/d
a’(t):l—d(m0+t)d1<l—d<2> <1-d<0. (46)
This means that a(t) is strictly decreasing in ¢ with
Oz(tg) = (fg + 1)/2 < Oé(t) < Oé(tl) =0. (47)
Similarly we have 8/(t) = 1 —2d (zo + )" ' <1—2d < 0 and B(t2) = 1 < B(t) <

B8 (tl) = —1{3.

This implies that I';(¢) can be seen as the graph of an increasing function joining
J1 with J5. Therefore, it crosses transversally the boundary of Es. Let (z7,y7) € 4T
and (z~,y~) € v~ be the corresponding intersections. From (47) and (46) we have

(tao+1)/2<z” <z for all (z,y) € 1 N Es. (48)
Now, given £ € [z, 0] we consider the new vertical segment in Fs,

LQ = {.’Iﬁzf}ﬂEQ
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By its definition T,(Ls) is a curve joining Z; and Zy, parametrized by

oo (58 )ma(§)- (). e

where s1 = 51(§), s2 = s2(&) and
s1=2(&+ sl)d —1>1 and so = (£+ SQ)d.

A similar computation to the one in (46) gives that 5(s) < ab(s) <1—-d <0

and then
S1 — 1

2 )
The claim will follow from as(s1(£)) = % < Axg for all € € [x7,0].
Clearly o7 is above its tangent line at the point (0,—1) which is given by

as(s2) < as(s) < as(sy) = s € [s1, 82].

Yy = %x — 1 (to get the slope of the line we can use implicit derivation to
y=1+2(x+1y)?%at (z,y) = (0,—1)). As a consequence, since (zo,ts) € o,
2d
t 1 . 49
2 +1> 11— 2470 (49)

Similarly, v~ is below its tangent line at the point (0,1) given by y = %x + 1.
Consequently, since (§,s1(£)) € v,

s1(§) -1 <
Using (48), (49) and (50) we have that

(e =201 d o d - d t2+1§< ‘ )xozm.

2d
1—2d

£ (50)

2 1-2d>~1-2d ~—1-2d 2 1-2d

Claim 2.Let @ = 29 > 0. Then, there exists a point (xg,y) € Q such that (zo,y) €
W, In particular, from Proposition 5.6, we conclude that 0.A(0) is unbounded.

Since (0,—1) is hyperbolic we already know that W, exists and consists of the

points such that their w-limit with respect to 77 is (0, —1).
We recall that Q C T2(2) = Q5. Thus,

T;2(Q) C Q. (51)
Let Ko := {z = x9} N Q. Clearly, T;(Kj) is a curve connecting v~ and v* and
so, by construction, T? (Kj) is a curve connecting Z; and Zp and crossing 0 at
exactly two points (remember that T}; is one-to-one): one in 7;; ' (y~) and the other
in T; ' (vF). We write K; = T, 2(T3 (Ko) N Q) C Ko C Q.
Repeating this procedure we can define recursively
K =T; %(T7(K;-1)NQ) C K;—1, j>1
Therefore, {K},>0 is a sequence of nested compact sets and therefore
(K, #0.
j=0
Now, we check that if (zo,y0) € ;50 K}, then (zo,yo) € W*. Indeed, let (zo,y0) €
;>0 K- By the definition of Kj,

(aigj,ygj) = Tjj(xo,yo) c Tjj(Kjfl) nQcC Tjj(K()) n Q, j > 0.
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We can prove by induction that zo; < Mz for all j > 1. Since (o, yo) € Ko N, by
Claim 1, 2o < Azo. Assuming the statement is true for j — 1, since (22;_2,y2j-2) €
Td2]72(K0) N Q, then (z2j7y2j) = Tg(l'gj_g,ygj_g) satisfies Z2; < Al‘gj_g. We
conclude that z9; — 0. Since (z2;,2;) € ! we also have yo; — —1. Since zg is
arbitrarily large we obtain that the invariant manifold is unbounded. O

6. Proof of statement (c) of the main Theorem: The case d odd and
a = —1. According to Remark 3.2, under the parameter values d odd and a = —1,
the dynamics on the center manifold of the origin is repelling and therefore the only
points tending to the origin under iteration are the ones of the stable manifold of
(0,0). Hence, it remains to show that the stable manifold is unbounded.

It follows from (5) that for d odd and a = —1 the map T} is a homeomorphism
and we have

e\ _ [ y+@+y)? iz _ [ 2wty—(z—yV?
Td(y)(y+2(w+y)d> snd o (y)<2w—y >
(52)
In a similar way as in the proof of Proposition 5.7 we introduce a domain, which we
expect to contain W#, and we prove that contains points, arbitrarily far away, such
that all their iterates are in the domain and moreover tend to the origin so that
indeed it contains W?.

We will take this domain in the fourth quadrant Q4 := {z > 0,y < 0}. We
define D° C Q4 by the condition T7(D°) = Q4. Since T7 is a homeomorphism the
boundary of D° is obtained by taking the preimage of the boundary of Q, with
respect to 177.

Consequently, the boundary of D° is the union of the images of the curves
o0 (8) = (o (6), B3 (8)) = T *(1,0) = (6t + 26"+ (4t + £/4)/, 6t — 241/),
53

oo () = (ag (t), By (1) = T (0, —t) = (3t 2t (2t )V 3t — 2t1/d), o
with ¢ > 0. We have that (aZ)'(t) > 0 and (8F)(t) < 0. Therefore, the curves o
are graphs of well defined decreasing functions hi = 83 o (aF)~! from [0, o) onto
(—00,0].

By construction, the set D' := T;(D°) = T; ' (Qo) is the domain limited by the
curves o := Ty(oi (), t > 0. Concretely, these curves are

of (t) = (af (1), 87 (1) = Talog (1)) = (-2t — /4, 2t),
oy (t) = (ay (1), 8y (8) = Talog (1) = (=t = t/9,1),

with ¢ > 0. Similarly, since (i)' (t) < 0 and (8i)’(t) > 0, we have that oi are
graphs of decreasing functions hi = 8% o (a55)~! from (—o0, 0] onto [0, c0).
Finally, D? := Ty(D%) is the full closed fourth quadrant Q4. For notational

convenience we also define
o3 (t) = Tu(oT (1)) = (t,0),
a5 (t) == Ta(oy (1) = (0, 1),

with ¢ > 0. Since T is a homeomorphism, the curves o] and o] are the only
preimages of the curves a; and o, , respectively. They only intersect at the origin.
The same happens with o and o, . Moreover, o is above o] and o is above oy, .
Also, we will use that o} is below {y = —z} and o is above {y = —x}. Indeed,
these claims can be checked from (53) and (54) after some computations.

(54)
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Lemma 6.1. If (zg,y0) € D° then (z2,y2) := T7(%0,%0) € Q4 and 3 < /2.
Proof. The first part of the statement follows from the previous construction. We
have to prove the inequality. We define
Dy={(z,y) €D’ e <p}, D,={(x,y) €D |z>~p}, Dy={(z,y)€D*|z<p}
We will prove that, for any p > 0,

T«(Dp) C D,y and  Ta(D, ) C D2 ).

For the first inclusion we consider the segments {z = r} N D) with 0 < r <
p, parametrized by s € [s_,s4] C [-r,0], with s_ and s; such that (r,s_) €
{imageo, } and (r,sy) € {imageoy }. In particular, we have that there exists
t1 > 0 such that

oy (t1) = (3t1 oty (ot 4+ £/ 3 — 2t}/d) = (r,5_).
The image of the segment can be represented by
T1(s) = (17(s), 74 (s)) := Tu(r,s) = (s + (r + s), s+ 2(r + s)d), S € [s—,84]
Since d — 1 is even, (7{)'(s) and (77)'(s) are positive. This implies that the
minimum of 7{(s) is attained at the value s = s_. This point is sent by T, to
1/d
(—=t1 —t;'", t1) and we have

1 e 11 11
—ty =t/ = S (=3t — 2 S > s > ——p>—=p
1— 1 2( 1 1 )+21723 > —5r>—5p

Now let 7 be such that —p/2 < 7 < 0 and we consider the image of the segment
{z =7} N D}, parametrized by 5 € [5_,5,] C [0, —7]. We write

72(3) = (15 (5), 73 (3)) := Ta(7,3) = (5 + (F + 3),5 + 2(7 + 3)7).
Since o7 is below {y = —x}, 7+ 3 < 0. In this case we also have that (75)'(3) and
(15)'(3) are positive. Then, a bound of the maximum of 75 (3) is obtained from

75(3) < 75 (=T) = =7 < p/2.

This implies Td(D;/Q) C D2/2.

Now we take p > 0 arbitrary and define
I°=DN{z = p}.

Its image by T7 is a curve in Q4 that joints a point in {image o, } and a point in
{image oy }. Then this curve has to cross {imageo, } and {imageoj}. The set
I' = T;2(T2(1°) N D°) C I° contains points such that they, together with their
second iterates, belong to I'. Repeating this procedure we define, as in the final
part of the proof of Proposition 5.7,

Ik: — TJQk(Tgk(Ik_l) n DO)
Clearly, I* c I*=! so that I* is a sequence of nested compact sets as well.

Then I = N,>oI"™ # 0. By this construction, if (zo,y0) € I°°, (@K, y2r) =
T2k (20, y0) € T2*(I*~1)N D C DO for all k > 0. Then, by Lemma 6.1,

1 k
0<$2]€<<2> xo

and as (zox, y2r) € D, the iterates (wap, yor) converge to (0,0) which implies that
(20,90) € W§. Since p is arbitrary, W§ is unbounded.
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Remark 6.2. Since the curves that determine th e boundary of D° are very close
they provide a very good approximation for the stable manifold, even far away from
the origin.

Conclusions. The understanding of the dynamical plane of numerical methods has
been extensively studied in order to improve the associated root-finding algorithms.
In this paper we study the topology and geometry of the basin of attraction of a fixed
point for a model of the critical three periodic orbit of the secant map. Although the
link between the model and the secant method is, a priory, only valid near the cycle
the results capture the essences of the whole basin of attraction of the three cycle.
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