
Semigroup Forum (2025) 110:229–248
https://doi.org/10.1007/s00233-024-10487-x

RESEARCH ART ICLE

Infinite chains in the tree of numerical semigroups

Mariana Rosas-Ribeiro1 ·Maria Bras-Amorós1

Received: 31 January 2024 / Accepted: 8 October 2024 / Published online: 12 November 2024
© The Author(s) 2024, corrected publication 2025

Abstract
One major problem in the study of numerical semigroups is determining the growth of
the semigroup tree.We study infinite chains of numerical semigroups in the semigroup
tree, firstly introduced by Bras-Amorós and Bulygin (Semigroup Forum, 79:561-574,
2009). Computational results show that these chains are rare, but without them the tree
would not be infinite. It is proved that for each genus g ≥ 5 there are more semigroups
of that genus not belonging to infinite chains than semigroups belonging. Bras-Amorós
and Bulygin (Semigroup Forum, 79:561-574, 2009) presented a characterization of
the semigroups that belong to infinite chains in terms of the coprimality of the left
elements of the semigroup as well as a result on the cardinality of the set of infinite
chains to which a numerical semigroup belongs in terms of the primality of the greatest
common divisor of these left elements. We revisit these results and fix an imprecision
on the cardinality of the set of infinite chains to which a semigroup belongs in the
case when the greatest common divisor of the left elements is a prime number. We
then look at infinite chains in subtrees with fixed multiplicity. When the multiplicity
is a prime number there is only one infinite chain in the tree of semigroups with such
multiplicity. When the multiplicity is 4 or 6 we prove a self-replication behavior in
the subtree and provide a formula for the number of semigroups in infinite chains of
a given genus and multiplicity 4 and 6, respectively.

Keywords Numerical semigroups · Semigroup tree · Infinite chains

1 Introduction

A numerical semigroup � is a subset of the non-negative integers N0, containing 0,
closed under addition and with finite complement in N0. The elements of N0 that
are not in � are called the gaps and the number of gaps is the genus g(�) of the
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numerical semigroup. Intuitively, the possibilities of obtaining numerical semigroups
with g gaps seem to increase as the number g increases and indeed computational
results have shown this ( [2], [7]). It was conjectured in 2008 [2] that the sequence ng
formed by the number of numerical semigroups of each genus g, not only is increasing
but also grows like the Fibonacci sequence. In 2012, one such conjecture was proved

[9], namely
ng
ϕg

g→∞−−−→ S, where ϕ is the golden ratio and S is at least 3.78. It remains

unproved that ng−2 +ng−1 ≤ ng; even the weaker conjecture that ng−1 ≤ ng , already
announced in 2007 [1], remains open.

One way to label all elements of the numerical semigroup � is to enumerate them.
The enumeration λ of a numerical semigroup � is the unique increasing bijection
between N0 and �, and we denote by λi the image of i ∈ N0. In particular, λ0 = 0.
The multiplicity of � is m(�) = λ1. It holds m(�) ≤ g(�) + 1. The conductor of
� is c(�) = λk , where λk + n ∈ � for all n ∈ N and λk − 1 /∈ �. The number
c(�) − 1 is the largest gap and is called the Frobenius number of � and denoted by
F(�). The elements of � that are smaller than its conductor are the left elements,
denoted by L(�).

Let [a,∞) stand for {i ∈ N0 : i ≥ a}. Numerical semigroups of the form {0} ∪
[λ1,∞) are called ordinary and those of the form {2n : n ≥ 0} ∪ [λk,∞), λk even,
are called hyperelliptic semigroups.

It is well known that each numerical semigroup has a unique minimal system of
generators. The cardinality of theminimal systemof generators is called the embedding
dimension of� andwe denote it by e(�). In view of the fact that two generators cannot
lie in the same congruence class modulo m(�), one has e(�) ≤ λ1. The minimal
generators of � that are not in L(�) are the effective generators or right generators
of � and with them we can organize the collection of all numerical semigroups in a
tree rooted at N0. In Fig. 1 one can see the tree with the nodes of level at most 6.

In this representation, the elements in orange are the effective generators. That tree
is constructed by removing one by one the effective generators from each numerical
semigroup. In this way, the level of the tree is equal to the genus of the numerical
semigroups that are at that level (assume that the root has level zero). For more details
of this tree, we suggest consulting [3], [9] and [7]. From the tree perspective, numerical
semigroups can also be seen as nodes. In thisway the childrenof a numerical semigroup
� are those numerical semigroups that are obtained by taking away one right generator
from �. Conversely, the parent of a numerical semigroup is obtained by adding its
Frobenius number (the parent is one level lower in the tree). The number of children
of a node� is called its efficacy and is denoted by h(�). By the previous remarks, one
can deduce that h(�) ≤ e(�) ≤ m(�) ≤ g(�) + 1. As can be seen in the references
cited above, this tree has been used to study the growth of the ng sequence.

Every numerical semigroup of genus larger than g(�) connected to � through
edges in the tree is said to be a descendant of �. A node that has no descendants is
said to be a leaf and a node that has exactly one child is said to be a stick. An infinite
set of numerical semigroups is said to be an infinite chain if it contains N0 and the
semigroups in the set can be enumerated in such a way that each one is the parent of
the next one.
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Fig. 1 Tree of numerical semigroups with the nodes of level at most 6

The set of ordinary semigroups and the set of hyperelliptic semigroups each form
an infinite chain and, as we will see throughout this paper, these two chains are well
positioned in the numerical semigroup tree.

Infinite chains of numerical semigroupswere first investigated in [5]. This reference
presented a characterization of the semigroups that belong to infinite chains in terms of
the coprimality of the left elements of the semigroup as well as a result on the number
of infinite chains to which a numerical semigroup belongs in terms of the primality of
the greatest common divisor of these left elements.

In Sect. 2 we state some preliminary results and in Sect. 3 we revisit the main result
of [5] and fix an imprecision on the cardinality of the set of infinite chains to which a
semigroup belongs in the case when the greatest common divisor of the left elements
is a prime number. The resulting fixed theorem is Theorem 3.4.

Computational results show that infinite chains are rare, but without them the tree
would not be infinite. For this reason, we direct the study on infinite chains in order to
investigate the broader problem of the tree growth. In Sect. 4 we prove that for each
genus g ≥ 5 there are more semigroups of that genus not belonging to infinite chains
than semigroups belonging (Theorem 4.10).

Another aspect that is evident in the tree is that semigroups of the same multiplicity
form subtrees. In Sect. 5 we look at infinite chains in subtrees with fixed multiplic-
ity. When the multiplicity is a prime number, one can prove, as a consequence of
Theorem 3.4, that there is only one infinite chain in the tree of semigroups with
such multiplicity. For the cases of multiplicity 4 and multiplicity 6, we prove a self-
replication behavior in the subtree formed by the semigroups with fixed multiplicity
equal to 4 and that are in infinite chains (Subsect. 5.2); and a different self-replication
behavior in the subtree formed by the semigroups with fixed multiplicity equal to
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6 and that are in infinite chains (Subsect. 5.3). This enables us to prove a formula
for the amount of semigroups of genus g that belong to infinite chains, of any given
prime multiplicity (Theorem 5.3), of multiplicity 4 (Theorem 5.4), or of multiplicity
6 (Theorem 5.12).

2 Preliminary results

Thenext lemmawasproved in [3] butwe enunciate it here in a differentway, underlying
the result used in the original proof. Among other things, it allows one to study the
children of the children, or grandchildren, of most numerical semigroups.

Lemma 2.1 ([5], Lemma 1) If λi1 < λi2 < · · · < λin are the effective generators of a
non-ordinary numerical semigroup �, then the effective generators of � \ {λi j } are
either λi j+1 , . . . , λin or λi j+1 , . . . , λin , λi j + λ1.

Our next proposition gives a bound for the maximum effective generator.

Proposition 2.2 Every effective generator is at most the conductor plus themultiplicity
minus one.

Proof Indeed, for a numerical semigroup �, if a ≥ c(�) + m(�), then a = m(�) +
(a − m(�)), with both m(�) and a − m(�) nongaps. �	

The last preliminary result is a characterization of ordinary semigroups by the
number of children in terms of the genus.

Lemma 2.3 If a numerical semigroup � with genus g has g + 1 children, then � is
ordinary.

Proof The following sequence of inequalities must indeed be a sequence of equalities:

g + 1 = h(�) ≤ e(�) ≤ m(�) ≤ g + 1.

Hence, m(�) = g+ 1, meaning that all gaps of � are smaller than m(�), and, hence,
� must be ordinary. �	

3 Infinite chains

In this section we are interested in studying the nodes of the tree of numerical semi-
groups that have infinitely many descendants. An infinite chain is a sequence of
semigroups �0,�1,�2, . . . such that �0 = N0 and �i is the parent of �i+1 in
the semigroup tree. Notice that a numerical semigroup belongs to an infinite chain if
and only if it has infinitely many descendants.

First, we analyze which nodes in the semigroup tree have an infinite number of
descendants. For the nodes having a finite number of descendants we give a way to
determine the descendant at largest distance; for the nodes having an infinite number
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of descendants we determine the number of infinite chains in which the semigroup
lies. It turns out here that primality and coprimality of integers appear in the scene as
discriminating factors.

Let S be the set of all numerical semigroups, and let I be the set of all infinite chains.
One element of I contains infinitely many elements in S. As an example, the sequence
of ordinary semigroups,Og = {0, g+ 1,→} for any g ∈ N0, is in I. We denote it IO.
That is,

IO = {Og : g ≥ 0}.
Another example is the sequence of hyperelliptic semigroups, Hg =
{0, 2, 4, . . . , 2g,→}. We denote it IH. That is,

IH = {Hg : g ≥ 0}.
Each element in S may be contained in none, one, several, or infinitely many

elements of I. The aim of this section is to analyze what circumstances give what of
these cases. Then, we analyze what kind of generators appear in infinite chains.

For the proof of the next lemma we use that the integers �1, . . . , �m generate a
numerical semigroup if and only if they are coprime.

Lemma 3.1 Given an infinite chain I = (�i )i≥0 different than IO, it holds that

⋂

i≥0

�i = d · �

for some integer d > 1 and some numerical semigroup �.

Proof The intersection
⋂

i≥0 �i satisfies 0 ∈ ⋂
i≥0 �i . Since there exists a non-

ordinary semigroup in I , there must be a non-zero element x ∈ ⋂
i≥0 �i and x + y ∈⋂

i≥0 �i for all x, y ∈ ⋂
i≥0 �i .

Furthermore, all elements in
⋂

i≥0 �i must be divisible by an integer d > 1. Indeed,
otherwise we could find a finite set of coprime elements which would generate a
numerical semigroup, and this numerical semigroup should be a subset of

⋂
i≥0 �i .

Then the infinite chain would not contain any semigroup with genus larger than that of
this semigroup, giving a contradiction. Let d be the greatest of the common divisors
of

⋂
i≥0 �i . Then 1

d

(⋂
i≥0 �i

)
must be a numerical semigroup. �	

Lemma 3.2 Given an integer d > 1 and a numerical semigroup �, the infinite chain
obtained by deleting repetitions in the sequence � j = d · � ∪ {� ∈ N : � ≥ j} has
intersection d · �.

Lemma 3.1 and its proof suggest the map

σ : I \ IO −→ N≥2 × S

{�i }i∈N0 
→ (gcd(
⋂

i≥0 �i )),
⋂

i≥0 �i/ gcd(
⋂

i≥0 �i )).

Lemma 3.2 proves that the map

ω : N≥2 × S −→ I \ IO
(d,�) 
→ {d · � ∪ {� ∈ N : � ≥ i}}i /∈d·�
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is the inverse of σ .
Consequently, I\ IO andN≥2×S are in a one-to-one correspondence. For example,

in this correspondence, the image of IH would be (2, N0).

Remark 3.3 Any ordinary numerical semigroup belongs to infinitely many infinite
chains. Indeed, {0,m,→} belongs, among others to ω(m′, N0) for any m′ ≥ m.

In the next theorem we show that the greatest common divisor of the left elements
of a non-ordinary numerical semigroup determines whether the numerical semigroup
has an infinite number of descendants. We say that a descendant of a numerical
semigroup is a descendant beyond a given element a of its parent if it contains all
semigroup elements of the parent up to a. For example, {0, 4, 5, 8, 9, 10, 12,→} and
{0, 4, 5, 6, 8,→} are descendants of {0, 4,→}, but only {0, 4, 5, 6, 8,→} is a descen-
dant beyond 6.

We use the fact that a finite number of coprime elements generate a numerical
semigroup.

Theorem 3.4 Let�beanon-ordinary numerical semigroupwith enumerationλ, genus
g, and conductor c, and let d be the greatest common divisor of L(�). Then,

a. � lies in an infinite chain if and only if d �= 1.
b. If d = 1, then the descendant of � with largest genus is the numerical semigroup

generated by the non-zero elements of L(�), that is, the numerical semigroup
generated by λ1, . . . , λc−g−1.

c. If d �= 1 and d is not prime, then � lies in infinitely many infinite chains.
d. If d is a prime, then the number of infinite chains in which � lies is one plus the

number of descendants of �/d := {0, λ1
d , . . . ,

λc−g−1
d } ∪ {� ∈ N0 : � ≥ 
 c

d �}
beyond

λc−g−1
d .

Proof a. If c − g − 1 = 1, then � belongs at least to the infinite chain ω(λ1, N0),
while d = λ1 �= 1. So, we can assume that c− g−1 ≥ 2. If d = 1 and c− g−1 ≥ 2,
then λ1, . . . , λc−g−1 generate a numerical semigroup �′ with no descendants in the
semigroup tree. Now, each descendant of � must contain �′. Thus, the maximum of
the genera of the descendants of � is the genus of �′, which is finite, and so there is
no infinite chain containing �. On the other hand, if d �= 1 and c − g − 1 ≥ 2, then

λ0 = dλ̃0, λ1 = dλ̃1, . . . , λc−g−1 = dλ̃c−g−1

with λ̃1, . . . , λ̃c−g−1 coprime. Let �̃ be the numerical semigroup generated by
λ̃1, . . . , λ̃c−g−1. Then, � belongs to the infinite chain ω(d, �̃).

b. As we have seen in the previous statement, the semigroup �′, which is a descen-
dant itself of �, must be contained in each descendant of �.

c. If d is not prime, then d = d1d2 for some d1, d2 > 1 and, as before,

λ0 = d1d2λ̃0, λ1 = d1d2λ̃1, . . . , λc−g−1 = d1d2λ̃c−g−1
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with λ̃1, . . . , λ̃c−g−1 coprime. Let �̃ beN0 if c−g−1 = 1 or the numerical semigroup
generated by λ̃1, . . . , λ̃c−g−1, otherwise. For each a ≥ 0 define

�a = d2�̃ ∪ {� ∈ N0 : � ≥ a}.

Then � belongs to the infinite chains ω(d1,�a) for all a > c
d1

that are not multiples
of d2, which are all different. So, it belongs to an infinite number of infinite chains.

d. Suppose that d is prime and that an infinite chain (�i )i≥0 contains�. The infinite
chain must satisfy

⋂
i≥0 �i = d · �̃ for a numerical semigroup �̃ such that

• dλ̃0 = λ0, dλ̃1 = λ1, . . . dλ̃c−g−1 = λc−g−1,
• dλ̃c−g ≥ c, since d�̃ ⊆ �.

Now, the conductor c̃ of �̃ must be c̃ ≥ λ̃c−g ≥ 
 c
d �. Thus, �̃ is either �/d or one of

its descendants beyond λc−g−1
d .

Conversely, if �̃ is either �/d or one of its descendants beyond λc−g−1
d , then �

belongs to the infinite chain ω(d, �̃).
It remains to prove that �/d has a finite number of descendants beyond

λc−g−1
d . If

c− g−1 = 1, then d = λ1 �= 1 and λc−g−1
d = 1, and the semigroup �/d is N0, which

has no descendants beyond 1. On the other hand, if c−g−1 ≥ 2, then any descendant
beyond λc−g−1

d contains λ1
d , . . . ,

λc−g−1
d which is a set of at least two elements which

are coprime. Hence, any such descendant contains the numerical semigroup generated
by λ1

d , . . . ,
λc−g−1

d . Now, the result follows from the fact that the number of semigroups
that contain a given numerical semigroup is finite. �	

4 Minority of semigroups in infinite chains

In this section we prove that for each fixed genus g ≥ 5 the majority of semigroups
do not belong to any infinite chain.

From the characterization given by Theorem 3.4 of the semigroups that are in
infinite chains, we are able to investigate which children of such semigroups remain
in infinite chains.

Corollary 4.1 If the numerical semigroup� lies in an infinite chain, then it has at most
two children in infinite chains.

Proof Let � be a numerical semigroup belonging to an infinite chain, c its conductor,
L(�) its set of left elements and d = gcd(L(�)). By Theorem 3.4, d �= 1 and by
the definition, an effective generator of � is c + i for some i ≥ 0. So every child of
� is of the type � \ {c + i} for some i ≥ 0 and the left elements of this child are
either L(� \ {c}) = L(�), if i = 0, or L(� \ {c + i}) = L(�) ∪ {c, . . . , c + i − 1},
if i > 0. Now, suppose i ≥ 2. This implies L(� \ {c + i}) ⊇ {c, c + 1} and, since
gcd(c, c + 1) = 1, we have gcd(L(� \ {c + i})) = 1. So, � \ {c + i}, for i ≥ 2, does
not have infinitely many descendants. �	
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Remark 4.2 The proof above makes it clear that the only children of a semigroup �

that may have infinitely many descendants are � \ {c(�)} and � \ {c(�) + 1}.
Proposition 4.3 Except for N0 and hyperelliptic semigroups, every numerical semi-
group that is in an infinite chain has at least one child that is not.

Proof Let � be a numerical semigroup such that gcd(L(�)) �= 1. Suppose that �

only has children that are in infinite chains. Let c = c(�). By Corollary 4.1, the set
of effective generators is either {c}, {c + 1}, or {c, c + 1}.

In the first case, the only child of � is �1 = � \ {c} and, since � is in an infinite
chain,�1 cannot be a leaf. By Lemma 2.1,�1 has a (unique) effective generator which
is c+m, wherem = m(�). So, the child of�1 is�2 = �1 \{c+m} = �\{c, c+m}.
Ifm > 2 then, as c is the conductor of�, we have {c+1, c+2} ⊂ �\{c, c+m} = �2.
However, since�2 is the only child of the only child of�, it must also be in an infinite
chain. That is, gcd(L(�2)) �= 1 but gcd(c + 1, c + 2) = 1, a contradiction.

Similarly, in the second case if the only effective generator of � is c + 1, then
all its descendants are sticks, the next ones being �1 = � \ {c + 1} and �2 =
�1 \ {c + 1 + m} = � \ {c + 1, c + 1 + m}. And if m > 2, {c + 2, c + 3} ⊂ �2,
contradicting gcd(L(�2)) �= 1.

Finally, for the third casewe assume that c and c+1 are the only effective generators
of �. So, when we take out c + 1 we are in the same situation as in the second case,
where we need m ≤ 2.

Therefore the only possibility for � to have all children in infinite chains is if the
multiplicity of � is equal to 1 or 2, that is, if � is N0 or a hyperelliptic semigroup. �	

A direct conclusion from Proposition 4.3 is that, with the exception of N0 and
hyperelliptic semigroups, a numerical semigroup that is in an infinite chain has at
least two children.

The way the tree of numerical semigroups is constructed generates subtrees of
numerical semigroups with the same multiplicity. We will comment more on this in
the next section. For now, consider the following result.

Lemma 4.4 For every pair (g,m), g ≥ 1, 2 ≤ m ≤ g + 1, there exists a numeri-
cal semigroup � with g(�) = g that lies in an infinite chain formed by numerical
semigroups of multiplicity m.

Proof Consider the chainω(m, N0) in the notation of Lemma3.2 and note that, starting
from {0,m,→}, all semigroups in this chain have multiplicitym, and since they form
an unbroken path in the tree, they achieve all genera g ≥ m − 1. �	
Lemma 4.5 Let � be a numerical semigroup with enumeration λ, genus g, conductor
c, and gcd(L(�)) = d > 1. Then the number of children of � is at least d − 1 and if
λ1 = d, then the number of children of � is exactly d − 1.

Proof Since d is a divisor of the left elements of �, we have d ≤ λ1, so d − 1 < λ1.
Since d �= 1, the set {c, c + 1, . . . , c + d − 1} has more than one element and it has
exactly one multiple of d. A non-multiple of d of the form c + i with 0 ≤ i ≤ d − 1
cannot be generated by {λ1, . . . , λc−g−1} ∪ {c, c + 1, . . . , c + i − 1}. Indeed, let
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R = {c, c+1, . . . , c+ i−1}. Suppose that c+ i = λ j1 +· · ·+λ jk . But none of the λ js
is inR since, otherwise, if λ js ∈ R, then λ js ≥ c, and so c+ i−λ js ≤ i ≤ d−1 < λ1,
a contradiction. Therefore, every numerical semigroup that is in an infinite chain has
at least d − 1 children. Moreover, if λ1 = d, then, by Proposition 2.2, � has exactly
d − 1 effective generators. �	
Definition 4.6 A numerical semigroup is fertile if most of its children are in infinite
chains.

Proposition 4.7 A numerical semigroup � is fertile if and only if one of the options
below holds:

a. � = N0;
b. � is a hyperelliptic semigroup;
c. h(�) = 3 and two of its children are in infinite chains.

Proof Let� be a fertile numerical semigroup. ByCorollary 4.1, if h(�) > 3 then it has
at most 2 children in infinite chains, so it cannot be fertile. If h(�) = 3, then it is fertile
if it has 2 children in infinite chains, which corresponds to the case c. If h(�) = 2,
then � is fertile if both its children are in infinite chains and, by Proposition 4.3, that
occurs when � = N0 \ {1}, which is hyperelliptic as desired. Finally, if h(�) = 1 and
its only child is in an infinite chain, then � is a hyperelliptic semigroup or N0. �	

There is one hyperelliptic semigroup at each level and we would like to explore
what is the frequency of numerical semigroups of type c at each level of the semigroup
tree. Consider the semigroup sequence defined by Mn := {4k : k ≥ 0}∪ [4n+2,∞).

Note that, if � = Mn for some n ≥ 1, then c(�) = 4n + 2 is a minimal gen-
erator of �, gcd(L(�)) = gcd(0, 4, . . . , 4n) = 4 and gcd(L(� \ {c(�) + 1})) =
gcd(L(�), 4n + 2) = 2. So, by Theorem 3.4, � \ {c} and � \ {c + 1} are in infi-
nite chains. In addition, c(�) + 3 = 4n + 5 is also an effective generator and, by
Proposition 2.2, it is the last of them. Therefore, � = Mn is of type c.

Proposition 4.8 A numerical semigroup � of genus g > 2 is of type c if and only if
� = Mn for some n ≥ 1, where Mn = {4k : k ≥ 0} ∪ [4n + 2,∞).

Proof The only ordinary numerical semigroup which is of type c has genus 2 since
the number of effective generators of the ordinary semigroup of genus g is g + 1,
while type c semigroups have efficacy equal to 3. Let � be a numerical semigroup
of type c, and let g = g(�) > 2, c = c(�) be its genus and conductor and let λ

be its enumeration. Then, gcd(λ0, . . . , λc−g−1) = d > 1 and, since h(�) = 3, by
Lemma 4.5, we have d ≤ 4. Moreover, by Remark 4.2, c and c + 1 are generators of
�, with gcd(λ0, . . . , λc−g−1, λc−g) = d ′ > 1.

If d = 2, then d ′ = 2, c is even, and λ1 �= 2 by Lemma 4.5. In this case, all nongaps
before c + 1 are even, so if c + 3 is not a generator, 2 ∈ �, which is a contradiction.
Thus c + 3 is the largest effective generator and the only possibility to write c + 5 as
the sum of nongaps is c + 5 = (c + 1) + 4. Then, 4 ∈ � and c must be congruent to
2 modulo 4, in order to be a generator. Now, since d �= 4, there must exist λi ∈ L(�)

such that 4 � λi . That is, λi is congruent to 2 modulo 4. But then c − λi is a multiple
of 4, and so it belongs to �, contradicting the fact that c is a generator.
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If d = 3, similarly we have 3 | c, and so 3 � c + 2. Thus, c + 2 is not equal to
the sum of any elements of � smaller than c, so c + 2 is the third effective generator.
Consequently c, c + 1, c + 2 are the three effective generators of � and, since c + 4
is not multiple of 3 and it is not a generator, writing c + 4 as the sum of nongaps we
get c + 4 = (c + 1) + 3 or c + 4 = (c + 2) + 2. So, either 2 ∈ � or 3 ∈ � but 2 ∈ �

contradicts d = 3 and 3 ∈ � contradicts c being a generator.
If d = 4 and m > 4, then c is even because d ′ | 4 and d ′ �= 1. Thus, c + 3 and

c + 5 are odd, and so they are generators of �, contradicting h(�) = 3.
If d = 4 and m = 4, then all left elements are multiples of 4, and c needs to be

even and not multiple of 4 since we have d ′ �= 1 and c a generator. This description
corresponds exactly to the semigroups of the sequence Mn . �	

It is easy to see that g(Mn) = 3n + 1. Thus we obtain the following result.

Theorem 4.9 The unique fertile semigroups of genus g are:

a. N0 if g = 0.
b. N0 \ {1} if g = 1.
c. Hg if g > 1 and g �≡ 1 mod 3.
d. Hg and Mg−1

3
if g > 1 and g ≡ 1 mod 3.

Proof Direct from Propositions 4.7 and 4.8. �	

Let ig be the number of numerical semigroups of genus g that are in an infinite
chain.

Theorem 4.10 For g ≥ 5 we have ig ≤ 1

2
ng.

Proof Computations show that i5 = 6 and n5 = 12. For fixed g ≥ 6, let us prove that
there are more numerical semigroups with genus g that are not in infinite chains than
the other way around. To do so, we partition the set of numerical semigroups of genus
g into three disjoint sets:

Fg := {� : g(�) = g and � ∪ {F(�)} is fertile}
Og := {� : g(�) = g and � ∪ {F(�)} is ordinary}
Pg := {� : g(�) = g and � /∈ Fg 	 Og}

By Lemma 4.4, Pg �= ∅. By Theorem 4.9 at most half the nodes in Pg lie in an infinite
chain.

If g − 1 ≡ 1 mod 3 then, by Theorem 4.9, there exist 3 numerical semigroups
in Fg which are in an infinite chain and 1 which is not. In Og there are 2 elements
in an infinite chain and g − 2 ≥ 4 that are not. In this way, the difference between
the number of elements of Fg 	 Og that are not in an infinite chain and the number
of those that are is non-negative as well. If g − 1 �≡ 1 mod 3, then Fg has only 1
element and it belongs to an infinite chain and the result holds similarly. �	
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5 Fixing themultiplicity

In the tree that organizes all semigroups by genus, the set of descendants of N0 \{1, 3}
is a single infinite chain of hyperelliptic semigroups. Indeed, N0 \ {1, 3} is the third
semigroup in IH. On the other hand N0 \ {1, 2} is in IO, the infinite chain formed by
the ordinary semigroups. From each ordinary semigroup in IO there emerges a subtree
that contains all the semigroups of the same multiplicity (as one can see in [5]). From
now on, we focus on these subtrees with fixed multiplicity. One way to transit in such
a subtree is, from a semigroup in it, to move to another numerical semigroup of higher
genus while maintaining the structure of the first semigroup, that is, maintaining the
structure of its non-gaps. The construction explained in next definition does this: it
pushes the non-gaps of a numerical semigroup while keeping its multiplicity.

Definition 5.1 The push of a numerical semigroup �, with enumeration λ, by its
multiplicity is λ1 ⊕ � := {0} ∪ {λ1 + λ j ; λ j ∈ �}.

The set λ1 ⊕ � as above is a numerical semigroup. In fact, if x, y ∈ λ1 ⊕ �

then, either x, y or both are zero, in which case the sum belongs to λ1 ⊕ �, or there
exist λa, λb ∈ � such that x = λ1 + λa and y = λ1 + λb. In this case, x + y =
λ1 + (λa +λ1 +λb) ∈ λ1 ⊕�. In addition, if x ≥ λ1 + c(�), then x −λ1 ∈ �, and so
x ∈ λ1⊕�. That is, λ1+c(�)−1 is themaximumof (λ1⊕�)C and, thus, (λ1⊕�)C is
finite.Moreover,m(λ1⊕�) = λ1, g(λ1⊕�) = g(�)+λ1−1, c(λ1⊕�) = λ1+c(�),
L(λ1 ⊕ �) = {0} ∪ {λ1 + λ j ; λ j ∈ L(�)} and #L(λ1 ⊕ �) = #L(�) + 1.

Lemma 5.2 Let � be a numerical semigroup with enumeration λ and let � be a
non-ordinary numerical semigroup. Then,

a. If λk is an (effective) generator of �, then λ1 + λk is an (effective) generator of
λ1 ⊕ �.

b. � is a child of � if and only if λ1 ⊕ � is a child of λ1 ⊕ �.
c. � lies in an infinite chain if and only if so does λ1 ⊕ �.

Proof Direct by Definition 5.1. �	

The reciprocal of implication a is not true in general. For instance, 〈4, 5, 6〉 is a leaf,
while 4 ⊕ 〈4, 5, 6〉 is a stick. From now on, we use the notation λ1 ⊕n � to represent
λ1 ⊕ (· · · (λ1 ⊕ (λ1 ⊕ �)))︸ ︷︷ ︸

n times

.

Now we will investigate infinite chains in subtrees with some fixed multiplicity.
We call infinite chains of multiplicity m those infinite chains whose firstm semigroups
are the ordinary semigroups of multiplicities 1 to m and after that all semigroups in
the chain have multiplicity m. Equivalently, an infinite chain is an infinite chain of
multiplicity m if and only if the maximum of the multiplicities of the semigroups in
the chain is m.
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5.1 Primemultiplicity

From Theorem 3.4 one can deduce that, for each prime multiplicity, there is only one
infinite chain of that multiplicity. Indeed, this unique chain is ω(m, N0). Hence, we
can state the following theorem.

Theorem 5.3 If m is a prime, then the number ig(m) of numerical semigroups of genus
g ≥ m − 1 and multiplicity m that are in an infinite chain is 1.

5.2 Multiplicity 4

The tree in Fig. 2 represents the numerical semigroups of multiplicity 4, genus from 3
to 5 and which are in infinite chains. The edges connect semigroups as usual, being a
child of a given semigroup the given semigroup minus one of its effective generators.

Specifically: A = {0, 4,→}, B = {0, 4, 6,→},C = {0, 4, 7,→}, and D =
{0, 4, 6, 8,→}.

As we can observe, c(C) is a generator while c(C) + 1 is not. So by Remark 4.2
C has only one child in an infinite chain and this child is exactly 4 ⊕ A. In general,
for n ≥ 1, 4⊕n C \ {c(4⊕n C)} = 4⊕n+1 A is the only child of 4⊕n C that is in an
infinite chain. Moreover, 4 ⊕n A has one child in an infinite chain, and so by Lemma
5.2 this child is 4 ⊕n B.

On the other hand, the efficacy of 4 ⊕n D = {0, 4, · · · , 4n, 4n + 2, 4n + 4,→},
with n ≥ 1, is equal to 2. So the efficacy of any descendant of 4 ⊕n D is at most
2. Then by Proposition 4.3 every descendant of 4 ⊕n D has exactly one child in an
infinite chain. So, the infinite chain emerging from a node of the form 4⊕n D is made
of sticks in the tree of semigroups that are in infinite chains. In that way we have the
following theorem.

Theorem 5.4 The number ig(4) of numerical semigroups of genus g ≥ 3 and multi-
plicity 4 that are in an infinite chain is

⌊
g + 1

3

⌋
.

Proof It is clear for g = 3, 4. Otherwise, the tree in Fig. 2 is self-replicated in the tree
of infinite chains of multiplicity 4 starting at {0, 4,→}. Moreover, as observed before,
the numerical semigroups of multiplicity 4 that are in an infinite chain and do not
participate in self-replication are sticks in the tree of semigroups that are in infinite
chains. �	

Fig. 2 Tree structure of
numerical semigroups of
multiplicity 4 that are in an
infinite chain, from genus 3 to 5
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Fig. 3 Tree of numerical semigroups in infinite chains, with multiplicity 4, from genus 3 up to 41

Example 5.5 In the tree in Fig. 3 we can observe thirteen complete self-replications
of the tree in Fig. 2. The figure was generated with the drawsgtree tool [4], by
command ./drawsgtree - g41 - m4 - e infinitechains - etrim - d.2.

5.3 Multiplicity 6

The numerical semigroup of multiplicity 6 and with the smallest genus is the ordinary
semigroup {0, 6,→}. It has two children in infinite chains: the ordinary semigroup
{0, 7,→} and the semigroup {0, 6, 8,→}. To study the numerical semigroups that are
in infinite chains and have multiplicity 6, we study the tree υ formed by {0, 6,→} in
its root and connected to {0, 6, 8,→} and all semigroups descending from it that are
in infinite chains. In other words, υ is formed by the subtree rooted at {0, 6,→} that
contains all numerical semigroups in infinite chains, where the node {0, 7,→} and all
its descendants have been trimmed.

The semigroups of υ are of type �n = {0, 6, . . . , 6n, 6n + β1, . . . , 6n + β j ,→}.
In this case we can use the j-tuple (β1 . . . , β j )n to represent �n . For exam-
ple, we represent {0, 6, 8,→} by (2)1 and {0, 6, 12, 14, 16, 18, 20, 22, 24,→} by
(2, 4, 6, 8, 10, 12)2. We use (·)n to represent the ordinary semigroup of genus 6n − 1.

5.3.1 The tree �n and its replications

InTable 1wehave thirteen numerical semigroups that havemultiplicity 6, are in infinite
chains and have some parenting relationships that can be observed in the tree τn in
Fig. 4. By Remark 4.2 and the last column in Table 1, we verify that each semigroup
�n in τn has children in infinite chains as drawn in Fig. 2.

Note that In has only one child in an infinite chain which is In \ {c(In)} = 6⊕ An .
Moreover, 6⊕�n = �n+1 for all n ≥ 1 and �n a numerical semigroup from Table 1.
Therefore, the finite tree in Fig. 4 is self-replicated in υ through push by multiplicity.

5.3.2 Outside the replications of �n

Now we focus on the numerical semigroups of multiplicity 6 that are in an infinite
chain and do not participate in that self-replication, i.e., the descendants of Jn, Kn, Ln ,
and Mn .

Proposition 5.6 The numerical semigroups Kn = {0, 6, . . . , 6n, 6n + 3, 6n + 6,→}
and Mn = {0, 6, . . . , 6n, 6n + 2, 6n + 4, 6n + 6, 6n + 8,→} each belong to one
infinite chain.

Proof By Theorem 3.4 the number of infinite chains to which Kn belongs is one plus
the number of descendants of K̃n = {0, 2, . . . , 2n, 2n+1, 2n+2,→} beyond 2n+1.
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Table 1 Some numerical semigroups that have multiplicity 6 and are in infinite chains

Label Numerical semigroup Only children

An (·)n c(An) = 6n is not a minimal generator

Bn (2)n

Cn (3)n

Dn (2, 4)n

En (4)n

Fn (3, 5)n c(Fn) + 1 = 6n + 6 is not a minimal generator

Gn (2, 5)n c(Gn) + 1 = 6n + 6 is not a minimal generator

Hn (2, 4, 6)n c(Hn) = 6n + 6 is not a minimal generator

In (5)n c(In) + 1 = 6n + 6 is not a minimal generator

Jn (4, 6)n

Kn (3, 6)n

Ln (2, 6)n

Mn (2, 4, 6, 8)n

Fig. 4 Finite tree τn

But K̃n has no generators larger than 2n + 1, and so it has no descendants beyond
2n + 1. Thus, Kn only belongs to one infinite chain.

Similarly, the number of infinite chains to which Mn belongs is one plus the number
of descendants of M̃n = {0, 3, . . . , 3n, 3n + 1, 3n + 2, 3n + 3, 3n + 4,→} beyond
3n + 3. But M̃n has no generators larger than 3n + 3, and so it has no descendants
beyond 3n + 3. Thus, Mn only belongs to one infinite chain. �	

Proposition 5.7 The numerical semigroups Jn = {0, 6, . . . , 6n, 6n + 4, 6n + 6,→}
belong to n + 1 infinite chains.

Proof By Theorem 3.4, the number of infinite chains in which Jn lies is one plus the
number of descendants of J̃n = {0, 3, . . . , 3n, 3n + 2, 3n + 3,→} beyond 3n + 2.

If n = 1, J̃n has one descendant beyond 5. Hence, J1 lies in two infinite chains.
Supposen > 1.Observe that J̃n has oneunique child that contains {0, 3, . . . , 3n, 3n+

2},which is J̃n\{3n+4}.Observe also that any semigroupcontaining {0, 3, . . . , 3n, 3n+
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2} must contain the semigroup

{0, 3, . . . , 3n, 3n + 1, 3(n + 1), 3(n + 1) + 2 . . . , 3(2n), 3(2n) + 2,→}.

One can deduce that all descendants of J̃n beyond 3n + 2 are exactly the semigroups
J̃n,t = {0, 3, . . . , 3n, 3n + 2, 3(n + 1), 3(n + 1) + 2, . . . , 3(n + t), 3(n + t) + 2,→}
for 2 ≤ t ≤ n + 1. Hence, Jn lies in exactly n + 1 infinite chains. �	
Proposition 5.8 The numerical semigroups Ln = {0, 6, . . . , 6n, 6n + 2, 6n + 6,→}
belong to n infinite chains.

Proof By Theorem 3.4, the number of infinite chains in which Ln lies is one plus the
number of descendants of L̃n = {0, 3, . . . , 3n, 3n + 1, 3n + 3,→} beyond 3n + 1.

If n = 1, L̃n has no descendants beyond 4. Hence, L1 lies in exactly one infinite
chain.

Suppose n > 1. Observe that L̃n has one unique child, which is L̃n \ {3n + 4}.
Observe also that any semigroup containing {0, 3, . . . , 3n, 3n + 1} must contain the
semigroup

{0, 3, . . . , 3n, 3n + 1, 3(n + 1), 3(n + 1) + 1 . . . , 3(2n), 3(2n) + 1, 3(2n) + 2,→}.

One can deduce that all descendants of L̃n beyond 3n + 1 are exactly the semigroups
L̃n,t = {0, 3, . . . , 3n, 3n + 1, 3(n + 1), 3(n + 1) + 1, . . . , 3(n + t), 3(n + t) + 1,→}
for 2 ≤ t ≤ n. Hence, Ln lies in exactly n infinite chains. �	

In order to know atwhich levels of the tree of numerical semigroups the descendants
of the semigroups Jn and Ln has two children in infinite chains, let us define in the
next two lemmas some numerical semigroups.

Lemma 5.9 For every integer t with 1 ≤ t ≤ n, the set

γn,t = {0, 6, . . . , 6n, 6n + 4, 7n, 7n + 4, . . . , 6(n + t − 1), 6(n + t − 1) + 4,

6(n + t), 6(n + t) + 2,→}
= {0, 6, . . . , 6n, 6n + a1, 6n + a2, . . . , 6n + a2t+1,→},

with

ai =

⎧
⎪⎨

⎪⎩

3i + 1 if i is odd and i �= 2t + 1

3i, if i is even

3i − 1, if i = 2t + 1.

satisfies:

a. γn,t is a numerical semigroup.
b. γn,1 is a child of Jn and, for t ≥ 2, γn,t is a descendant of Jn.
c. If t ≤ n, then γn,t has two children in infinite chains.
d. The semigroups Jn, γn,1, γn,2, …,γn,n are in the same infinite chain.
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e. The genus of γn,t is 5n + 4t + 1.

The proof is straightforward and is left to the reader.
Let ζn be the infinite chain where all the semigroups {Jn, γn,t }1≤t≤n of Lemma 5.9

belong. Since each γn,t has two children in infinite chains, one child belongs to ζn and
the other one belongs to a different infinite chain. Thus, the n + 1 infinite chains from
Proposition 5.8 to which Sn belongs are ζn and n other chains, each of them containing
γt,n \ {c(γt,n) + 1}, for t between 1 and n.

Lemma 5.10 For every integer t with 1 ≤ t ≤ n − 1, the set

νn,t = {0, 6, . . . , 6n, 6n + 2, 7n, 7n + 2, . . . , 6(n + t − 1), 6(n + t − 1) + 2,

6(n + t), 6(n + t) + 2, 6(n + t) + 4 →}
= {0, 6, . . . , 6n, 6n + b1, 6n + b2, . . . , 6n + b2t+2,→},

with

bi =

⎧
⎪⎨

⎪⎩

3i − 1 if i is odd

3i, if i is even andi �= 2t + 2

3i − 2, if i = 2t + 2.

satisfies:

a. νn,t is a numerical semigroup.
b. νn,1 is a grandchild of Ln and, for t ≥ 2, νn,t is a descendant of Ln.
c. If t ≤ n − 1, then νn,t has two children in infinite chains.
d. The semigroups Ln, νn,1, νn,2,…,νn,n−1 are in the same infinite chain.
e. The genus of νn,t is 5n + 4t + 2.

Again, the proof is straightforward and is left to the reader.
Let ηn be the infinite chain where all the semigroups {Ln, νn,t }1≤t≤n−1 of

Lemma 5.10 belong. For n fixed, since each νn,t have two children in infinite chains,
one child belongs to ηn and the other one belongs to a different infinite chain. Thus,
the n infinite chains from Proposition 5.8 to which Ln belongs are ηn and n − 1 other
chains, each one containing νt,n \ {c(νt,n) + 1}, for t between 1 and n − 1.

5.3.3 Growth of the tree �

In Fig. 5 we draw the edges and nodes of υ corresponding to semigroups from genus 5
up to genus 29. The tree τ3 and the infinite chains ζ3 and η3 are highlighted. Notice also
that one can observe five full self-replications of the tree from Fig. 4. The figure was
generated with the drawsgtree tool [4] with the command ./drawsgtree - g29
- m6 - e infinitechains - etrim - d.1.

The number ig(6) of numerical semigroups of genus g and multiplicity 6 that are
in an infinite chain whenever g ≥ 5, is equal to the number of numerical semigroups
on level g − 5 of the tree υ. From what has been developed in Subsection 5.3, the
growth of the tree υ is known and we are ready to state it in the next theorem.
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Fig. 5 Numerical semigroups of multiplicity 6 in infinite chains, from genus 5 up to genus 29. The subtree
τ3 is highlighted in blue. The parts of the chains η3 and ζ3 of genus larger than or equal to 19 are highlighted
in green

Lemma 5.11 The number ig(6) of numerical semigroups of genus g ≥ 5 and multi-
plicity 6 that are in an infinite chain is

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

g − 5 −
⌊
g − 5

5

⌋
+

⌊
g−2
9

⌋

∑
n=1

n +
⌊
g−6
5

⌋

∑

n=
⌊
g+7
9

⌋

⌊
g − 2 − 5n

4

⌋
+

⌊
g+1
9

⌋

∑
n=2

(n − 1)

+
⌊
g−7
5

⌋

∑

n=
⌊
g+10
9

⌋

⌊
g − 3 − 5n

4

⌋

if g ≡ 1, 2 mod 5,

g − 4 −
⌊
g − 5

5

⌋
+

⌊
g−2
9

⌋

∑
n=1

n +
⌊
g−6
5

⌋

∑

n=
⌊
g+7
9

⌋

⌊
g − 2 − 5n

4

⌋
+

⌊
g+1
9

⌋

∑
n=2

(n − 1)

+
⌊
g−7
5

⌋

∑

n=
⌊
g+10
9

⌋

⌊
g − 3 − 5n

4

⌋

if g ≡ 0, 3, 4 mod 5.
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Proof First of all, notice that the number of self-replications of the structure of τ1,
from Fig. 4, which lie before level g − 5 of υ is � g−5

5 �.
For fixed g we can define four sets of numerical semigroups:

A :=
{

� : � ∈ τ⌊ g−5
5

⌋
+1

and g(�) = g

}

B :=
{
� : � is a descendant of Kn or Mn, 1 ≤ n ≤

⌊
g − 5

5

⌋
, and g(�) = g

}
∪

{
� : � is a descendant of Jn or Ln, 1 ≤ n ≤

⌊
g − 5

5

⌋
, � ∈ ζn ∪ ηn, and g(�) = g

}

C :=
{
� : � is a descendant of Jn, 1 ≤ n ≤

⌊
g − 5

5

⌋
,� /∈ ζn, and g(�) = g

}

D :=
{
� : � is a descendant of Ln, 2 ≤ n ≤

⌊
g − 5

5

⌋
, � /∈ ηn, and g(�) = g

}
.

In the definition of D the case n = 1 has been excluded since L1 belongs only to
one infinite chain which is exactly η1.

Now, the numerical semigroups of genus g ≤ 5 and multiplicity 6 which are in an
infinite chain are the numerical semigroups of A 	 B 	 C 	 D.

To get the cardinality of A, consider the remainder r such that g−5 = 5� g−5
5 �+r .

It is the level of the tree τ⌊
g−5
5

⌋
+1

at which the numerical semigroups of genus g that

participate in self-replication lie. So, the cardinality of A is equal to r if r = 1, 2 and
equal to r + 1 when r = 0, 3, 4.

By Proposition 5.6, Lemma 5.9, and Lemma 5.10, the cardinality of B is equal to
4� g−5

5 �.
On the other hand, 5

⌊
g−5
5

⌋
= g − 5 − r . So,

#A + #B =
{
g − 5 − � g−5

5 � if g ≡ 1, 2 mod 5
g − 4 − � g−5

5 � if g ≡ 0, 3, 4 mod 5.

The descendants of Jn , for 1 ≤ n ≤
⌊
g−5
5

⌋
, which belong to infinite chains but

do not belong to ζn and have genus g, g ≥ 10, are in bijection with the numerical
semigroups γn,t from Lemma 5.9 such that g(γn,t ) < g. Since g(γn,t ) = 5n+ 4t + 1,
we have that the cardinality of C is equal to

#

{
(n, t) : 5n + 4t + 1 < g, where 1 ≤ n ≤

⌊
g − 5

5

⌋
and 1 ≤ t ≤ n

}

#

{
(n, t) : 5n + 4t + 2 ≤ g, where 1 ≤ n ≤

⌊
g − 5

5

⌋
and 1 ≤ t ≤ n

}

=

⌊
g−2
9

⌋

∑

n=1

n +

⌊
g−6
5

⌋

∑

n=
⌊
g+7
9

⌋

⌊
g − 2 − 5n

4

⌋
.
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On the other hand, by Lemma 5.10, the set D is in bijection with the set {νn,t :
2 ≤ n ≤

⌊
g−5
5

⌋
, 1 ≤ t ≤ n − 1 and g(νn,t ) < g}. Furthermore, since g(νn,t ) =

5n + 4t + 2, we have that the cardinality of D is equal to

#

{
(n, t) : 5n + 4t + 2 < g, where 2 ≤ n ≤

⌊
g − 5

5

⌋
and 1 ≤ t ≤ n − 1

}

#

{
(n, t) : 5n + 4t + 3 ≤ g, where 2 ≤ n ≤

⌊
g − 5

5

⌋
and 1 ≤ t ≤ n − 1

}

=

⌊
g+1
9

⌋

∑

n=2

(n − 1) +

⌊
g−7
5

⌋

∑

n=
⌊
g+10
9

⌋

⌊
g − 3 − 5n

4

⌋

=

⌊
g−8
9

⌋

∑

n=1

n +

⌊
g−7
5

⌋

∑

n=
⌊
g+10
9

⌋

⌊
g − 3 − 5n

4

⌋
.

�	
The anonymous reviewer noticed that the formula given in Lemma 5.11 is nothing

else but ig(6) =
⌊
2g2+g−16

9

⌋
−

⌊
(g−1)2

5

⌋
. It can be proved by some arguments on

quasi-polynomials or using the implementation of Barvinok’s algorithm in LattE [6].
Hence, we can state now the following theorem.

Theorem 5.12 The number ig(6) of numerical semigroups of genus g ≥ 5 and multi-
plicity 6 that are in an infinite chain is

ig(6) =
⌊
2g2 + g − 16

9

⌋
−

⌊
(g − 1)2

5

⌋
.

6 Open question

Proposition 7 in [8] states that the number of all semigroups of genus g with fixed
multiplicitym is eventually a quasi-polynomial in g. The results presented in this work
suggest, as pointed out by the anonymous referee, the following conjecture.

Conjecture 6.1 For a fixed multiplicity m, the number of semigroups of genus g lying
in an infinite chain is quasi-polynomial in g, for g ≥ m − 1.
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