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ABSTRACT 

This paper presents a new in-plane design of non-circular triangulated tensile spoke wheels with two 
perpendicular symmetry axes, like those used for roofing big sports stadiums, as well as a procedure to define 
such design. The proposed procedure describes how to define the in-plane shape and the necessary pre-stressing 
so that the outer ring behaves like a funicular polygon which has equal-length sides and is uniformly compressed. 
All in all, this procedure solves the problem of non-circularity of a triangulated spoke wheel by equalising the 
cross section sizing conditions of the outer ring to the sizing conditions that a circular structure would have. 
 
Keywords: Triangulated tensile spoke wheels, non-circular shape, homothetic deformation 
 
 
1. APPROACH 

1.1. Introduction 

Spoke-wheel-like roof structures are formed by pre-
stressed spokes which are connected to inner tension 
rings and outer compression rings, where the 
supports are located. The spokes are usually 
organised into two layers: top and bottom. These two 
spoke layers are not parallel to each other, but 
usually converge at one of the rings. Thus, these 
structures can be classified into two subtypes: those 
which have two outer compression rings and one 
inner tension ring (Figure 1c), and those which have 
one outer compression ring and two tension inner 
rings (Figures 1a and 1b). In the former case, the two 
outer compression rings are separated by masts 
located at the outer end of the spokes. In the latter 
case, the masts are located between the two inner 
tension rings at the inner end of the spokes, and thus 
they are suspended in the air [1]. The profile of the 
spokes, biconcave (Figures 1b and 1c) or biconvex 
(Figure 1a), determines the use of intermediate ties 
or floating masts respectively between the inner and 
the outer ring. There is a third, less common subtype 

where the two spoke layers are crisscrossed between 
two outer compression rings and two inner tension 
rings (Figure 1d). 

 
Figure 1: Ring arrangements and spoke profiles 

If spans are long and live loads are small, the ratio 
between the self-weight and the whole of the loads 
of a spoke-wheel-like structure is usually much 
smaller than any other type of structure, especially 
with overhangs longer than 35 m [2]. 
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The cross section sizing of the tensile spokes and 
inner tensile rings is only conditioned by the 
material's strength. This is why, if the material is 
very resistant to tension forces, it can have a very 
small cross section and the material consumption is 
kept to a minimum. Masts are jointed at their ends. 
This prevents bending moments and shear forces. 
These masts are slender and might suffer from 
buckling, however, they do not need a big cross 
section because the compression forces which they 
bear are relatively small. Therefore, the material 
consumption for masts is not often relevant. By 
contrast, the outer ring is subject to great 
compression forces. The variation of these forces 
around the ring's perimeter depends mainly on the 
variation of the curvature radius and the asymmetry 
of the live loads. Besides, the mismatch between the 
geometric shape of the outer ring and the in-plane 
reaction forces due to the spoke pre-stressing 
results in the occurrence of great bending moments 
and shear forces. For all these reasons, the cross 
section size of the outer ring (and also the material 
consumption) is usually much greater than for the 
rest of constructive elements of the wheel. 
Consequently, optimizing the design of the outer 
ring is essential in order to avoid compromising the 
efficiency of these structures. 

If the spoke-wheel is inscribed in a circle, the 
optimum design is one in which the inner rings and 
the outer rings are shaped like regular polygons, 
with the spokes connected at the vertices.  Thus, 
under permanent loads, if all the spokes are equally 
pre-stressed, the inner rings are only subject to 
tension forces and the outer rings are only subject 
to compression forces. Besides, these forces are 
uniform in all sides of the polygons. All in all, the 
inner and outer rings form funicular polygons 
(tensioned funicular polygons and uniformly 
compressed funicular polygons, respectively) 
resulting from the spokes reactions. Thus, under 
permanent loads (mainly the pre-stressing forces), 
the sizing conditions are the same on all the sides of 
the outer polygon, i.e., same buckling length and 
same compression force. At this point, it should be 
made clear that hereinafter in this paper the 
compression or tension rings having a polygonal 
geometry will be referred to as 'polygons', whereas 
the whole set of spokes plus the polygons will be 
referred to as 'wheel'. 

If the wheel is inscribed in a non-circular shape, the 
optimum design is one which, under permanent 
loads (pre-stressing forces, mainly), manages to 

equalise the sizing conditions of all sides of the 
outer polygon, as happens if the wheel is inscribed 
in a circle. In order to achieve this objective, firstly, 
a non-regular polygon has to be defined which has 
equal-length sides, the vertices of which will 
connect to the spokes and to the vertical supports. 
Secondly, the spokes have to be distributed and pre-
stressed in such a way that the inner and outer 
polygons are the funicular polygons resulting from 
the in-plane reactions of the spokes, and the outer 
polygon is uniformly compressed. 

The problem of the mismatch between the funicular 
polygon and the geometric shape of the outer 
compression ring can be addressed in two ways: The 
first way involves designing a rigid element the 
geometric shape of which matches the funicular 
polygon resulting from the forces. The second way 
involves changing the geometric shape of the funicular 
polygon so that it matches the shape of the ring. 

In the first instance, very often there is an excessive 
divergence between the optimal compression ring's 
shape and the building's shape. In such cases, minor 
changes can be made in order to approximate the 
ring's shape to a funicular polygon's shape, or in 
order to give the ring sufficient thickness so that a 
funicular polygon can be inscribed in it. However, 
both options are usually limited by the in-plane 
space which the ring can occupy. In the second 
instance, the funicular polygon is changed by 
adjusting the forces which define it, by means of 
pre-stressing. 

For all of these reasons, the search of matching 
between the outer ring's shape and the funicular 
polygon's shape is the main problem in the design 
of non-circular spoke wheel roof structures. With 
regard to roof structures used in large sport arenas, 
on the one hand there is the need to place the 
compression ring along the stands perimeter, which 
is rarely circular in shape, and on the other hand, 
there is the need to approximate the compression 
ring's shape to a circle, which is the best known 
funicular polygon. This dual necessity almost 
always ends up in a solution which is not optimal 
for the ring's sizing. The roof of the Georgia Dome, 
designed by M. Levy and built in Atlanta in 1992, 
is an illustrative example of mismatch between the 
shape of the compression ring and the shape of a 
funicular polygon. Its oval shape is achieved by 
means of arc tangents of two circles having 
different radii. Despite the large cross section of the 
ring (8 m wide), it is not possible to inscribe a 
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funicular polygon in it. In the words of M. Levy: 
“Obviously, in alternative configurations, as the oval 
shape tends toward a circle, moments would 
disappear as the circle becomes the funicular for the 
loads” [3]. In the roof of the Commerzbank Arena 
(Deutsche Bank Park), designed by the German 
engineering and consulting firm Schlaich 
Bergermann Partner (SBP) and built in Frankfurt in 
2005, the difference between the ring's shape and the 
stands perimeter is hidden inside a hollow cladding 
which is 8 m in width. This allows the structural 
geometry to more closely resemble the circular shape 
“to create a viable structural system with moderate 
forces” [4]. 

1.2. Aim and methodology 

The purpose of this paper is to describe a new in-
plane design of a triangulated spoke wheel which is 
non-circular in shape and has two perpendicular 
symmetry axes, as well as a procedure to define such 
design. The definition of the procedure is inherent to 
the new design. This procedure includes numerical 
methods specifically adapted for the form finding of 
the new design. Thus, a specific form finding method 
is defined in detail so that it can be included in a 
computer-aided design tool. 

The in-plane behaviour of these structures due the 
pre-stressing forces is analogous to that produced in 
a flat wheel with a single layer of spokes. For this 
reason, in this paper, we use a flat wheel to analyse 
the in-plane behaviour of the structure. The aim is to 
obtain a design where the sizing conditions for the 
compression ring are optimal, as happens with 
wheels which are circular in shape. 

In order to present the design procedure of the in-
plane design of a triangulated spoke wheel, the 
starting point is to define the most relevant 
parameters with regard to the sizing of the 
compression ring. Next, there is a review of some 
outstanding examples of such structures, as well as 
the latest developments in the geometric design of 
rings and their relationship with pre-stressing forces. 
Then, the steps of the proposed design procedure are 
explained. For each step, systems of equations are 
presented and solving algorithms are proposed. 
Next, the limits and the scope of application of the 
design are defined. Lastly, the procedure is applied 
to a particular case, and a model is used in a 
structural analysis software which uses bar matrix 
calculation in order to compare the behaviour of the 
resulting structure with the behaviour predicted by 
the design procedure. 

1.3. Background 

Long span spoke wheel structures started being 
implement in the USA by the middle of last century, 
with the first projects by Lev Zetlin and Fred 
Severud [5]. These systems have gradually become 
the most common roof structures for grandstands in 
sports arenas [6]. Over the last three decades, the 
engineering firm SBP has designed more than twenty 
non-circular spoke wheel roof structures for large 
sport stadiums [7]. Several strategies and iterative 
methods have been used to achieve a better matching 
between the ring's shape and the pre-stressed cable 
reactions. Thanks to the improvement of these 
strategies and methods by SBP, it is now possible to 
design such structures having shapes increasingly 
different from the circle, without this significantly 
impacting on their sizing. In all these designs, the 
ring's radial deformation takes place freely, with no 
horizontal forces being transferred to the supports or 
the foundation. The inner and outer rings are 
concentric and they have a similar shape. The value 
of the radial cables pre-stressing varies inversely 
proportional to the curvature of the outer ring. Thus, 
the shape of the outer ring matches the shape of the 
funicular polygon of the tension forces on the 
spokes, which forces are projected on the wheel 
plane. For this reason, a mismatch between the 
compression ring's shape and the tension ring's shape 
increases the structure's sizing [8]. These criteria 
have helped to optimise the sizing conditions for the 
compression ring and its supports. Other structural 
engineers, such as M. Majowiecki, have also 
developed similar optimisation strategies when 
designing spoke wheel roof systems for large sports 
arenas [9]. 

Recent works deal the radial forces distribution so 
that an elliptical ring becomes funicular [10 and 11]. 
More recent form finding tools and methods make it 
possible to define funicular geometries of 
compressed or tensioned elements taking into 
account many different circumstances including 
spoke wheel systems [12-17]. Other recent studies 
specifically tackle the problem of designing spoke 
wheel structures with non-circular shapes [18-22] 
and the interaction between the tensile spokes and 
the rigid frames on the outer polygon [23 and 24]. 
This paper intends to delve into the design problem 
of non-circular wheels, applied to the specific case 
of triangulated arrangement of the spokes. 

Typically, in-plane design of this type of structures 
has a radial arrangement of the spokes (Figure 2a) [4, 
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6-9]. This arrangement allows for an easier 
construction and more regular configuration of the 
membrane. In some cases, the spokes are forked at 
the outer end (Figura 2c) [25]; this variant has no 
obvious advantages, yet it increases the complexity 
of the construction. The crossed arrangement (Figure 
2b), either two spoke layers with biconvex profile 
[26] or a single layer in the shape of a hyperbolic 
paraboloid [27], increases the stiffness in the wheel 
plane and solves the lateral stability of the masts, but 
involves greater complexity in membrane assembly 
configuration and of the construction. A radial 
arrangement in the upper layer combined with a 
triangulated arrangement in the lower layer (Figure 
2d) [28] also increases stiffness in the wheel plane, 
but requires a V-shaped membrane between the 
spokes, with increases the roofing’s surface area. 

 

 

Figure 2: Spoke arrangements in the wheel plane: a) 
radial arrangement, b) crossed arrangement, c) radial 

arrangement with forked spokes at the outer end, d) radial 
arrangement for the upper layer and triangulated 

arrangement for the lower layer, e) new design with 
triangulated spoke arrangement for both layers 

The triangulated arrangement (Figure 2e) proposed 
in this paper is an intermediate alternative between 
the simplicity of the radial arrangement and de 
complexity of the crossed arrangement. The 
triangulated arrangement also improves stiffness in 
the wheel plane without unduly increasing the 

complexity of the membrane assembly and 
configuration. Furthermore, the new design solves 
the lateral stability of the masts at the inner end of de 
spokes, between the inner polygons, without the use 
of bracing on the vertical plan.  

The dilemma between the greater simplicity of the 
radial arrangement versus the greater stiffness and 
stability of the crossed-triangulated arrangement is 
an old discussion. Arguably the best example of this 
discussion is found in the comparison between the 
tensile dome models of D. Geiger [29], purely radial, 
and R. Buckminster Fuller [30], totally crossed-
triangulated. 

2. DEVELOPEMENT 

2.1. Description of the design object: a flat non-
circular triangulated tensile spoke wheel 

The flat wheels which are proposed in this paper 
consist of an outer compression ring, an inner tension 
ring and tensile spokes which connect both rings. 
The behaviour of these flat wheels is analogous to 
the in-plane behaviour of pre-stressed spoke wheel 
roof structures used in big sports stadiums. The outer 
compression ring is shaped like a polygon with equal 
length sides and it is inscribed in a non-circular flat 
curve which is known beforehand, this curve having 
two perpendicular symmetry axes X, Y which will be 
Cartesian coordinate axes. As already explained in 
section 1, the equal sides criterion is necessary in 
order to equalise the buckling conditions of the sides. 
The inner tension ring is also a polygon with equal 
length sides, but it is not inscribed in a curve which 
is known beforehand. In this case, the equal-length- 
sides condition has not got a mechanical basis, but a 
purely geometric basis: the aim is to distribute the 
structure nodes in a way which is as uniform as 
possible. These two polygons have the same number 
of sides but they are not equally oriented, i.e., their 
vertices are offset (figure 3). The outer polygon has 
got four vertices which are located on the symmetry 
axes. These vertices are the limits of the maximum 
dimensions; i.e., the outer polygon is enclosed by the 
rectangle whose sides pass through those four 
vertices and are parallel to the Cartesian coordinate 
axes. On the contrary, the maximum dimensions of 
the inner polygon are limited by four of its sides; i.e., 
the inner polygon has four sides which make it to be 
enclosed by the rectangle whose sides contain such 
four sides and are parallel to the Cartesian coordinate 
axes. These four inner sides intersect with the 
symmetry axes at their mid-point. The vertical 
diameter and the horizontal diameter of the outer 
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polygon are known, because they are also the vertical 
diameter and the horizontal diameter of the 
inscribing curve. As for the inner polygon, only its 
horizontal diameter is known beforehand. The 
spokes connecting both polygons and the sides of the 
polygons form triangles due to the offset of the 
vertices. The bars forming these triangles are jointed 
at their vertices. Thus, four bars concur in each node 
of the structure: two adjacent sides of the polygon 
(either the outer polygon or the inner polygon) and 
two spokes (Figure 3). At this point, it must be made 
clear that the wheel consists of vertices (nodes) and 
of sides and spokes (bars). Hereinafter in this paper, 
we will use the terms 'vertices', 'sides' and 'spokes' 
when speaking about geometry, and the terms 'nodes' 
and 'bars' when speaking about the structure. 

 
Figure 3: Example of numbering of nodes and bars on a 

first quadrant of a spoke-wheel with n=4 

For the first quadrant of this wheel (Figure 3), the 
vertices are numbered in counterclockwise direction, 
starting with the vertex located on the symmetry axis 
X. Thus, the vertices of the outer polygon are S0, S1, 
S2,…, Sn and the sides are c1, c2, c3, …, cn. In the same 
way, the vertices of the inner polygon are M1, M2, 
M3,…, Mn and the sides are t1, t2, t3, …, tn+1. The sides 
t1 y tn+1 determine the horizontal and vertical 
diameter of the inner polygon, and the ends of the 
inner polygon in this quadrant are the midpoints of 
these two sides. These ends are numbered in the 
same way as the closest vertex, with an added 
apostrophe, i.e., M1’ and Mn’. The spokes are 
numbered according to the number of the outer 
polygon vertex where they meet (first subindex) and 
according to their position in relation to the same 
vertex, rotating in clockwise direction (second 
subindex), i.e., r0,2, r1,1, r1,2, r2,1, r2,2,…, rn,1 as shown 
in Figure 3. In addition, αi, βi,1, βi,2 and ζi are the 
angles between the X-axe and the outer polygon 

sides, spokes and inner polygon sides respectively; γi 
is the angle between two sides of the outer polygon 
in a vertex and φi is the angle between the X-axe  and 
the bisector of γi (figures 2, 3a and 3b). 

If n is the number of sides of the outer polygon in a 
quadrant, 4n is the number of sides of the entire 
polygon (both, the inner polygon and the outer 
polygon), 8n is the total number of vertices, and 8n 
is also the total number of spokes. In other words, the 
total number of bars (sides and spokes) in a wheel is 
16n. 

In an ideal pre-stressing state, the structure is 
homothetically deformed with regard to the initial 
structure, the homothetic center being at the crossing 
between the symmetry axes. In this ideal state, all the 
bars of the outer polygon are subject to the same 
compression force. Such pre-stressing state is caused 
by the introduction of an initial shortening of the 
tensile bars. This homothetic deformation is due to 
the pre-stressing of the wheel spokes. Thus, a 
homothetic in-plane deformation of the spoke wheel 
is only possible if both the outer polygon and the 
inner polygon are funicular polygons of the spoke 
reactions and all the bars of the outer polygon are 
subject to the same amount of axial force. This 
means that a specific geometric design is needed for 
this ideal state to take place. 

2.2. Description of the design object: a flat non-
circular tensile spoke wheel 

The procedure to determine the outer polygon starts 
with a rectangle inscribing a super-ellipse [31], 
which is described by equation (1). 

   
+ =   

   
1

w w
x y
a b      (1) 

…where a is half of the longer side of the rectangle, 
and b is half of the shorter side of the rectangle. 

The 4-centered ovals and the 8-centered ovals are the 
most typical curves that describe the shape of the 
stands of large sports stadiums. The 4-centered ovals 
are defined by six parameters and the 8-centered 
ovals are defined by eleven parameters. It is possible 
to find a super-ellipse very close to any of these two 
types of ovals by varying its three parameters: a, b 
and w. Thus, we can define 4-centered ovals or 8-
centered ovals in the same way with only three 
parameters. Following this, we can establish 
comparisons between them taking into account their 
mechanical behaviour (see section 2.4) or the 
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geometric limits of this design (see section 2.5), 
simply by varying b/a or w. 

The super-ellipse is particularly interesting when 
designing roof structures for large sport arenas with 
grandstands surrounding a rectangular playfield. 
Figure 4 shows the schematic representation of 
stands around a rectangular pich, considering a 
super-ellipse with different exponents w. The greater 
w is, the better the shape of the stands matches the 
shape of the pitch. 

 
Figure 4: Schematic representation of a rectangular pitch 

with surrounding super-elliptical stands, considering 
w=1.75 (red), w=2.00 (orange), w=2.25 (green) and 

w=2.50 (blue) 

The linear distance between two points of the curve, 
Si and Si-1, is calculated by means of the following 
equation (2): 

( ) ( )1

2 2

1 1i ii i iL x ; i nx y y− −= − =−+ ÷    (2) 

Throughout the text of this paper, the notation   
means that   from 1 to n, incrementing 1 by 1. 

The problem of dividing the quadrant of the super-
ellipse into n sides of equal length is defined by the 
system formed by equations 1 and 2. This system is 
solved by iteration. In a first approximation, 

( )( )0 2i ,x cos i nπ=  is calculated, where 1i n= ÷ . 
The values found are substituted into equation 1. 
Thus, we have obtaining the coordinates of the 
process starting point. Next, the length Li of each 
part is calculated; the average length ( )iL L n= ∑  is 

also calculated, and the ratio ii L Lλ =   for each 
length is also calculated. The difference between the 
values of the x-coordinate at the ends of each 
resulting side is then changed in inverse proportion 
to each ratio, i.e. ( )1 1 1 1 0 0i , i , i , i , ix x x x λ+ +− = − .The 
ordinate values yi,1 and the lengths are calculated 

again, and this iterative process is repeated until for 
each ratio λi, a value is obtained which is less than a 
tolerance value, i.e., until the error is less than a 
previously established value, 31 10i iτ λ −= − ≤ . A 
smaller error in this process would not mean a higher 
accuracy in determining other parameters used in 
further calculations, since the error only affects the 
side length of the outer polygon. The iteration is 
convergent in all cases that were numerically solved 
in this paper. All thes cases were in the ranges 
4 8n≤ ≤ ,  0 75 1 00. b / a .≤ ≤  and 1 75 2 50. w .≤ ≤ . This 
numerical process y very easy to program and that is 
why it was implemented. In general, the reader could 
use any Other method that is convergent. 

In order not to confuse the coordinates of the outer 
polygon vertices with the coordinates of the inner 
polygon vertices (which are defined later), (xi, yi) are 
renamed as (ai, bi), so that the semiaxes a and b of 
the super-ellipse are the coordinates a0 and bn for the 
vertices in the first quadrant of the outer polygon. 

2.3. Shape of the inner polygon and 
arrangement of the spokes 

The shape of the inner polygon depends on three 
conditions: the external equilibrium of the quadrant 
of the spoke-wheel, the internal equilibrium of its 
nodes and some additional, non-mechanical 
condition that allows defining a determined system 
of equations. In this case, we define this additional 
and non-mechanical condition is the equal length of 
its sides. I.e. there are many inner polygons that are 
funicular polygons of the same forces of which the 
outer polygon is also a funicular polygon, but only 
one of them has sides of equal lengths. 

 
Figure 5: Equilibrium reactions in the wheel’s first 

quadrant 
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Thus, we define the external equilibrium conditions 
of the wheel’s first quadrant (3, 4 and 5), (Figure 5). 

− =0n' nR R
      

(3) 

− =1 0 0'R R
      

(4)

0 0 0 1 0n n n nR y R a R b R x+ − − =     (5) 

After that, we define the equilibrium conditions of 
the inner polygon (6-9), (Figure 6b): 

− =1 1 0'R N
       

(6) 

+− =1 0n' nR N
      

(7) 

i i i

i i n
N P P

N
ζ β β
ζ

+ + − −+ +
÷= =−

1 1 1 1 1 2 1 2

20
i i, , i , ,

i

cos cos cos
cos ,

 
(8) 

i i i

i i n
N P P

N
ζ β β
ζ

+ + − −+ +
÷= =−

1 1 1 1 1 2 1 2

20
i i, , i , ,

i

sin sin sin
sin ,

  
(9) 

…and the outer polygon taking into account an 
uniform compression force (N) (10-15), (Figure 6a): 

0
0 1 0 2 0

2 ,R N sin cos tan
γ

α β
  

− + =        
(10) 

( )1

2
0

n

n n
n ,

cos
R N cos

tan

γ

α
β

  
  
  − − + = 
 
 
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1
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ϕ β

β ϕ

−
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Figure 6: a) Forces on a vertex of the outer polygon; b) 

forces on a vertex of the inner polygon 

Furthermore, there are some inherent geometry 
relationships between angles and lengths of the bars 
defined by equations (16-19), (figures 2, 3a and 3b). 
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At last, we define an additional condition. According 
this condition, all sides of the inner polygon must 
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have equal length (20a, 20b and 21). This condition 
makes it possible to arrange the spokes of the wheel 
in an orderly manner, but it does not imply any 
mechanical advantage. 

=
=

12
2 n

L y
L x

    (20a and 20b) 

( ) ( )+ +− −= +
= ÷ −

1

2 2

1

1 1
i ii i

i
L y y

n
x x    (21) 

Having defined the conditions to construct the inner 
polygon, we obtain a system Ω consisting of 8n+4 
equations; these equations are as follows: (3), (4), 
(5), (6), (7), (8) where i=2÷n, (9) where i=2÷n, (10), 
(11), (12) where i=1÷n-1, (13) i=1÷n-1, (14), 15), 
(16) where i=1÷n, (17) where i=1÷n-1, (18), (19) 
i=2÷n, (20a), (20b), and (21) where i=1÷n-1. 

System Ω has got the same number of unknown 
variables 8n+4, which are as follows: R0, R1’, Rn, Rn’, 
Pi,1 where i=1÷n, Pi,2 where i=0÷n-1, Ni where 
i=1÷n+1, βi,1 where i=1÷n, βi,2 where i=0÷n-1, ζ,i 
where i=2÷n, xi where i=2÷n, yi where i=1÷n, and 
L. 

System Ω depends on the following known 
parameters: n, x1, (ai, bi) where i=0÷n, N, γi where 
i=0÷n, φi where i=1÷n-1, α1, αn, ζ1and ζn+1. 

This system could be simplified, but it is expressed 
like this because it offers the reader a clearer view of 
the involved mechanics and geometry. 

Also, in addition to the equations which make up 
system Ω, the following inequalities (22a, 22b and 
22c) must be fulfilled: 

1 2

1

1

1 1
0 1 1
0 1 1

i , i i ,

i i

i i

, i n
x x , i n
y y , i n

β ϕ β

+

+

> > = ÷ −
< < = ÷ −
< < = ÷ −  

(22a, 22b and 22c) 

Next, we describe the method used to find the 
solution to Ω. As in the case of the outer polygon, an 
iterative method is used. 

The variables of the system are renamed as follows: 

1L z= , 1 2y z= , 2 1i ix z −= , 2i iy z= , where 2i n= ÷ , 

0 2 1nR z += , 1 2 2' nR z += , 2 3n nR z += , 2 4n' nR z += , 

2 4i n iN z + += where 1 1i n= ÷ + , 1 3 5i , n izβ + +=  where 
1i n= ÷ , 2 4 6i , n izβ + += where 0 1i n= ÷ − , 

1 5 5i , n iP z + += where 1i n= ÷ , 2 6 6i , n iP z + += where 

0 1i n= ÷ − , 7 5 1 7 4i n i n iz zζ + + − + += =  where 2i n= ÷ , 
where{ } 8 4

1

i n
i i

z = +

=
. 

The starting point 
( ) 8 4

1 2 8 4
n

nP z ,z ,...,zα α
+

+= ∈  of our 
numerical calculations is generated from the input 
parameters (which are known beforehand). From a 
geometric point of view, this starting point is a first 
positioning of { } 8 4

1

i n
i iz = +

=
 in 8 4n+

 . Let us 

remember that { } 8 4

1

i n
i iz = +

=
 are the 8n+4 variables 

which are present in the 8n+4 equations 

( ){ } 8 4

1

i n
i i

f z
= +

=
 which make up system Ω. In order to 

determine Pα, we have the equations of the system 
and also the equations (23-28), based on which Pα  
can be generated. 
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Once the starting point Pα  of our method has been 
generated, an iterative calculation is performed in 
order to find the point ( ) 8 4

1 2 8 4
n

nP z ,z ,...,zµ µ
+

+= ∈
. This second point Pμ is an approximation to the 
solution to Ω with tolerance 

( ) ( )( )8 4 8 4 2
1 2 8 41 1

10n n
i i ni i

f P f z ,z ,...,zµ µτ + + −
+= =

= = <∑ ∑ . 

A classical technique is used to find this second 
point. This technique involves an approximation 
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through level sets [32]. Although this is a classic 
method, a description is given below. This point Pμ 
is the starting point for the Newton-Raphson method, 
so that it converges to the point Pω, which is the 
solution to Ω with the desired accuracy. 

Thus, in order to find Pμ, a function 8 4nH : + →   

is considered such that ( ) ( )( )28 4

1

n
ii

H z f z+

=
=∑  

where ( )1 2 8 4nz z ,z ,...,z += . The value of z which 
fulfils H(z)=0 will be the solution to system Ω. Our 
starting point Pμ is close to the solution 8 4nω +∈  to 
system Ω. This solution is a strict minimum of H(z). 

Our calculations begin with the level set ( )0 8 4nS +⊂   
of function H(z) at the starting point ( )0z Pα= ; i.e. 

( )0 8 4nS +⊂   is the set where the function H takes the 
constant value H(Pα). In the hypothetical case of H 
in 2
 , the level sets could be intuitively visualized 

as flattened curves which enclose ω. The graph of 
function H in 3

  would be similar to a pit, the point 
( )( ) ( ) 30,H ,ω ω ω= ∈  being its bottom. Thus, the 

geometric method used to generate an approximation 
is described as follows: Using the direction of the 
straight line which is normal to level set S(0) (this 
level set has codimension 1), we move away from 
the starting point ( )0z Pα=  until reaching another 

level set S(1) at another point ( )1z , in such a way that 
the contact between the normal straight line and the 
level set ( )1S  at point ( )1z  is tangential. We repeat 
this process starting with point ( )1z  and we find the 
point ( )2z , and so on. Since

( )( ) ( )( ) ( )( )0 1 2H z H z H z ...,> > > , by using this 

method we will approximate point ω, the level of 
which is the lowest level of H(z). This geometric 
iterative method is analytically expressed through 
the following iterative equation (29): 

( ) ( ) ( )( )1k k k
kz z H zλ+ = − ∇     (29) 

where H∇  is the gradient of H and 0kλ >  with k=0, 
1, 2,… In this equation (29), λk has to be determined 
at every step. 

In order to determine λk, we consider the function 
( ) :ψ λ →   where ( ) ( ) ( )( )( )k kH z H zψ λ λ= − ∇

This function is the level variation of function H 

along the straight line which is normal to level set 
( )kS  at ( )kz . The value of λk should minimise ( )kψ λ  

because, when contact is tangential, the normal 
straight line does not cut through these level sets. 
However, instead of finding the true value of λk 
which minimises ( )ψ λ , we calculate the following 
equation (30), which is an analytical approximation 
to λk. This analytical approximation is obtained by 
means of linear approximations using Taylor's 
formula. 
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where ( )( )kJf z  is the Jacobian matrix of f(z) at ( )kz . 
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It can also be proved that 
( )( ) ( )( ) ( )( )2k k kH z f z Jf z∇ = . Therefore, the 

formula of the iterative process is as follows (31): 

( ) ( ) ( )( ) ( )( )1 2k k k k
kz z f z Jf zλ+ = −    (31) 

where ( )0z Pα= . The aim of this iterative process is 

to find ( ) 8 4
1 2 8 4

n
nP z ,z ,...,zµ µ

+
+= ∈  such that 

( ) ( )( )8 4 8 4 2
1 2 8 41 1

10n n
i i ni i

f P f z ,z ,...,zµ µ

+ + −
+= =

= <∑ ∑ . 

We do not pursue greater accuracy in this part of our 
calculations because the undulations of the level sets 
in the vicinity of ω (as a result of the functions 
f6n+5+i,…, f8n+4) make the linear approximation 
method unsuitable for the calculation of λk. 

Since Pμ is close to the sought-after solution ω , we 
use the well-known Newton-Raphson method for 
solving systems of equations. As the starting point  
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Figure 7: In-plane resulting design of eight spoke-wheels considering n=6 and several parameters (b/a and w) of the super-
ellipse. On the left of each wheel, the in-plane tension force distribution on spokes (Pi,j/N) and inner polygon (Ni/N) 
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for this method we use Pμ. Thus we obtain the final 
solution ( ) 8 4

1 2 8 4
n

nP z ,z ,...,zω ω
+

+= ∈  to system 
Ω with tolerance 

( ) ( )( )8 4 8 4 10
1 2 8 41 1

10n n
i i ni i

f P f z ,z ,...,zω ω
τ + + −

+= =
= = =∑ ∑

ultimately reaching the desired accuracy. 

2.4. Families of homothetic spoke-wheels 

According to this method, we have solved the in-
plane design for eight spoke-wheels considering n=6 
and several different parameters of the inscribing 
super-ellipses (Figure 7). Each one of these figures 
represents, in fact, a family of homothetic spoke-
wheels. As long as the same geometric proportions 
and the same relationships between forces are 
maintained, the spoke-wheel will deform 
homothetically. This issue is explained later. 

The relative values of the tension forces on the 
spokes and on the inner polygon sides, Pi,j/N and 
Ni/N respectively, are shown to the left of each 
figure. It is clear from the figure 7 that the in-plane 
forces distribution of the spokes are conditioned by 
the shape of the outer polygon. Thus, the difference 
between the tension forces of the spokes increases as 
the shape of the inscribing super-ellipse differs from 
the circumference (figure 7a). 

Also, we can see in the figures 7a to 7h that the 
biggest tension forces of the spokes coincide with 
the zone maximum curvature of the super-ellipses: 
when w=1.75, near the symmetry axes; when 
w=2.00, near the X-axe; when w>2, between the 
two symmetry axes. 

2.5. Maximal wheel depth and geometric scope 

The inequality 22a limits possible solutions to those 
where all spokes are subject to tension forces. In 
other words, not all value combinations of the design 
input parameters (a0, bn, w, n and x1) lead to a wheel 
where all spokes are subject to tension forces. Since 
there is an infinite number of possible combinations 
for the design input parameters, we have restricted 
the range of possible values with the following 
conditions: 00 75 1n. b a≤ ≤ , and 
1 75 2 5. w .≤ ≤ . These intervals meet a criterion 
of reasonable design explained below. Thus, for each 
of these combinations we would obtain a minimum 
x1 value for which 1 2i , i i ,β ϕ β= >  or 1 2i , i i ,β ϕ β> =  
in at least one spoke of the wheel. Hereinafter, this 
minimum value is called x1,lim (Figure 8). 

In contrast to the limits laid down by the 
aforementioned intervals, x1,lim is indeed a strict limit 
of x1 below which we could not obtain a valid design. 
Then, the maximum wheel depth occurs when 

1 1,limx x= for a certain combination of a0, bn, w and 
n. Since x1 is an input parameter in the design 
process, the máximum depth measured along the X-
axis whill be used ( )0 1,lima x−  to limit the geometric 
scope of the method described in subsection 2.3. 

Figure 8 shows that the relative distribution of 
tension forces (Pi,j/N) on the spokes becomes less 
uniform as the wheel depth increases. The maximum 
depth is reached when one of the spokes coincides 
with the bisector (highlighted in red in the figure) of 
the angle γ at the vertex of the outer polygon, i.e. 
when inequality 22a is no longer fulfilled. The 
adjacent spoke at the same vertex will then have zero 
tension. 
 

 
Figure 8: On the left, in-plane design of six spoke wheels 

considering the same outer polygon and different values of  
x1 until x1,lim is reached. The right-hand side shows how the 

relative distribution of forces on the spokes varies as 
function of the wheel depth until Pi,j is zero on one of the 

spokes, when x1,lim  is reached 

Figure 9 below shows the relative maximum wheel 
depth ( )0 1 0,lima x a−  along the X-axe dependent on 
the ratio of the semi-axes of the super-ellipse, for 
n=4, n=6 and n=8 taking into account forty-four 
different combinations values of bn/a0 and w. 
Analogous curves can be defined taking into account 
other different values of n. 

It is clear from the curves of the figure 9 that the 
maximum depth along the X-axe is greater the more 
the super-ellipse resembles a circle. It is also clear 
that the greater n is, the smaller the maximum depth. 
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Figure 9: Curves of maximal wheel depth along the X-axe dependent on the ratio bn/a0 and the exponent w of the super-
ellipse, taking into account n=4, n=6 and n=8  

 
 

Thus, a reasonable wheel design is the one where the 
relative depth ( )0 1 0a x a− is sufficiently similar to 
the design of roof structures such as are described in 
section 1 of this paper. These structures are meant for 
roofing stands with a ratio 00 75 1n. b a≤ ≤  and 
a depth ( )0 1 35a x− ≥ m.  

2.6. Homothetic in-plane deformation 

As already explained earlier in this paper, the ideal 
behaviour of the outer polygon occurs when all its 
sides (which have the same length) are subject to the 
same compression force N. For this to happen, all the 
sides have to undergo the same unit shortening, 
according to the area of the cross section (A) and the 
elasticity modulus (E) of the material, typically steel. 
As a result of the homothetic deformation, a certain 
compression force can be related with a reduction 
factor (1-ε). This reduction factor should not be 
lower than (1-εy,c), where εy,c is the yield strain of the 
outer polygon's material. Besides, other 
circumstances such as buckling or out-of-plane 
bending moments would further limit the capacity of 
the outer polygon to deform in its own plane. This is 
why, in general, this scale reduction factor can be 
expressed as (1-kεy,c), where k is a relative utilization 
of the yield strength on the outer polygon’s material. 
This reduction factor should be defined on a case by 
case through a cross section sizing estimation 
process basis on the out-of-plane loads (self-weight, 
snow and wind loads) and the spoke's profiles [33]. 

Using a polar coordinates system (ρ,θ), when the 
entire structure is homothetically deformed, the in-
plane distance ρ(θ) from the origin of the coordinate 
system (the center of the wheel) to each node is 
reduced by the proportion (1-kεy,c) (Figure 10). This 
makes it possible to determine the position (xi,k, yi,k) 
of each node of the deformed wheel according to the 
equation (32): 

( )
( )
1
1

i ,k i y ,c i

i ,k i y ,c i

x k cos
y k sin

ρ ε θ

ρ ε θ

= −

= −
    (32) 

Next, each node's in-plane displacements due the 
homothetic deformation are calculated by means of 
equations (33a and 33b): The displacement of any 
other node between the inner and the outer polygons 
can be calculated by analogous equations. 

( ) ( )
( ) ( )

2 2

2 2

S ,i i i ,k i i ,k

M ,i i i ,k i i ,k

a a b b

x x y y

δ

δ

= − + −

= − + −
 

(33a and 33b) 

Lastly, the pre-stressing of the tensile bars (the 
spokes and the sides of the inner polygon) is 
calculated. This is the pre-stressing which is needed 
for the wheel to deform homothetically. This pre-
stressing is introduced by means of an initial 
shortening ΔL0,i. 
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Figure 10: Homothetic in-plane deformation of the wheel’s 
first quadrant 

We consider now a non-flat spoke wheel. The inner 
polygons of these structures are usually contained in 
horizontal planes, parallels to those of the outer 
polygons. The initial shortening of these inner 
polygon bars is the difference between: a) the 
shortening that the bar would undergo as a result of 
the tension force Ni and its axial stiffness, and b) the 
shortening that the wheel really undergoes according 
to the homothetic deformation. Taking into account 
a symmetrical design regarding the horizontal plane 
of the outer polygon, this initial shortening is 
determined by the equation (34): 

0 2
i

,i i y ,c
i

N
L L k

EA
∆ ε

 
= −  

 
   (34) 

… where Ai is the area of the cross section of the 
inner polygon. 

The spokes of these structures are usually composed 
by two polygonal strings contained in a vertical 
plane. There are ties or floating masts between the 
two strings depending on the spoke profile, 
biconcave or biconvex respectively. The z 
coordinates of each string are defined from the length 
of the ties or floating masts. In order to define the 
initial shortenings of these strings, first of all we need 
calculate its length (35). 

( ) ( ) ( )= − + − + −
2 2 2

1 2 1 2 1 2iL x x y y z z  

(35) 

…where (x1, y1, z1) and (x2, y2, z2) are the Cartesian 
coordinates of the two ends of a string. 

The shortening of the floating masts are usually very 
small regarding the axial deformation of the other 
bars of the structure. If we consider negligible the 
mast shortening, we can define the initial shortening 
of the spoke's strings by means of a direct calculation 
(36): 

( ) ( ) ( )( ) ( )

( ) ( ) ( )
( ) ( ) ( )( ) ( )

2 2 2 2

1 2 1 2 1 2

2 2

1 2 1 2

20 2 2 2

1 2 1 2 1 2

1

2 1

1

i y ,c

i y ,c

,i i

i y ,c

i

P k x x y y z z

EA k x x y y
L L

L k x x y y z z

L

ε

ε
∆

ε

 
− − + − + − 

 
 − − + − 

=  
 − − − + − + −
 − 
 
 

 

   (36) 

… where Ai is the area of the cross section of a string 
of the spoke. 

2.7. Synopsis of the design procedure 

To recapitulate: First, we have defined the shape of 
the outer polygon which has equal sides and is 
inscribed in a super-ellipse. Secondly, we have 
defined the shape of the inner polygon and the 
arrangement of the spokes, and we have calculated 
the in-plane tension forces Ni and Pi on all the inner 
polygon's bars and also on the spokes. These two 
processes require iterative calculations. Thirdly, we 
have calculated the in-plane displacements δi of all 
the structure nodes according to the in-plane 
homothetic deformation, and we have defined the 
necessary pre-stressing, introduced by means of 
initial shortenings, for this deformation to take 
place. All these processes of iterative and direct 
calculations can be automated by programming in a 
computer-aided design tool. 

Based on the resulting model, it will be necessary 
to analyze the structure taking into account the total 
loads, i.e. self-weight, thermal loads and live loads 
from wind and snow, in addition to the pre-
stressing. In this analysis, it will be verified if an 
increase in the cross sections sizing and/or in the 
pre-stressing forces is necessary. At all events, this 
increase would not alter the in-plane design of the 
spoke wheel nor relative distribution of the tension 
forces due to the pre-stressing. 

We show bellow a synopsis diagram of the in-plane 
design procedure of non-circular triangulated 
tensile spoke wheels (figure 11). 
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Figure 11: Synopsis of the procedure for in-plane design of non-circular triangulated tensile spoke wheels 

 

 

2.8. Testing model 

In order to test if the structure's behaviour conforms to 
the behaviour predicted by our in-plane design 
procedure for non-circular wheels, we have developed 
a testing model in a structural analysis software. Thus, 
we have considered a one-outer-polygon-two-inner-
polygons-spoke-wheel structure. The in-plane design 
of this structure has been defined based on the 
procedure described above. We have started from an 
inscribing super-ellipse with a0=50 m, bn=45 m and 
w=2.25, and the parameters n=6 and x1=27.5 m. Also, 
an uniform axial compression force N=2196.52 KN 
on the outer polygon has been assumed. This force 
corresponds to an utilisation ratio k=0.40 of a tubular 
cross-section 406.4x12.5 the area of which is 
A=15468 mm2 of steel, where fy,c=355 N/mm2 and 
E=2.10·105 N/mm2. The cross section of the tensile 
bars have diameters between 16 and 50 mm, and they 
are made of steel with fy,t=1000 N/mm2. 

We have considered a simple spoke's profile 
composed of two strings, top and bottom, from the 
vertex of the outer polygon to the vertices, top and 
bottom, of the inner polygons. Thus, there are twenty 
four vertical floating masts between the vertices of 
the inner polygons. The length of these masts is 9 m 
and they are symmetrical regarding the horizontal 
plane of the outer polygon. 

The resulting design and the shortenings of the 
tensile bars have been considered in the analysis 
model of the software Autodesk Robot Structural 
Analysis. This model behaves exactly as predicted by 
the method developed in this paper. I.e., the 
compression axial force is uniform on the outer 
polygon (figure 12a) and the deformation is a 
homothetic shape of the not deformed spoke-wheel 
(figure 12b). Then we have considered a 50% 
increase in the pre-stressing level (figures 12c and 
12d). 
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Figure 12: Testing model analysis of a non-circular spoke wheel: a) Uniform compression forces in KN on the outer 
polygon resulting from the pre-stressing shortenings of the spokes and inner polygon; b) homothetic deformation with 

displacements in mm resulting from the pre-stressing shortenings of the spokes and the inner polygon; c) and d) uniform 
compression forces on the outer polygon and homothetic deformation resulting from a 50% increase in the pre-stressing 

level 

 

3. CONCLUSIONS  

This paper describes a new in-plane design of a 
triangulated tensile spoke wheel which is inscribed 
in a non-circular curve with two perpendicular 
symmetry axes. There is also a procedure for 
defining the geometric shape and the pre-stressing 
forces. 

In the resulting structure, taking into account the pre-
stressing shortenings of the spokes and the inner 
polygons, the outer ring is a polygon with equal sides 
which behaves like a funicular polygon subject to 
uniform compression forces. Thus, the sizing 
conditions of the outer polygon are equated to the 

forces which would be present on a structure of the 
same type but inscribed in a circle, i.e., same 
buckling length and same axial force in all its bars. 

We have also determined the scope of the procedure 
by defining the geometrical limits to obtain a viable 
structure. In this way, we have defined the maximum 
depth along the X-axe of the wheel that we can obtain 
from a combination of initial parameters. 

All the processes of the design procedure described 
in this paper can be automated by programming in a 
computer-aided design tool. Owing to this, we 
believe this paper can be a valuable tool to obtain 
very optimised designs for this type of structures. 
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