axioms

Systematic Review

A Systematic Overview of Fuzzy-Random Option Pricing in
Discrete Time and Fuzzy-Random Binomial Extension Sensitive
Interest Rate Pricing

Jorge de Andrés-Sanchez

check for
updates

Academic Editor: Hsien-Chung Wu

Received: 17 December 2024
Revised: 2 January 2025
Accepted: 7 January 2025
Published: 10 January 2025

Citation: Andrés-Sanchez, J.d. A
Systematic Overview of
Fuzzy-Random Option Pricing in
Discrete Time and Fuzzy-Random
Binomial Extension Sensitive Interest
Rate Pricing. Axioms 2025, 14, 52.
https://doi.org/10.3390/
axioms14010052

Copyright: © 2025 by the author.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ / creativecommons.org/
licenses /by /4.0/).

Social and Business Research Lab, Universitat Rovira i Virgili, Campus de Bellissens, 43204 Reus, Spain;
jorge.deandres@urv.cat

Abstract: Since the early 2000s, fuzzy mathematics has fostered a stream of research on the
financial valuation of assets incorporating optionality. This paper makes two contributions
to this field. First, it conducts a bibliographical analysis of contributions from fuzzy
set theory to option pricing, focusing on fuzzy-random option pricing (FROP) and its
applications in binomial and trinomial lattice approaches. Second, it extends the FROP to
yield curve modeling within a binomial framework. The bibliographical analysis followed
the PRISMA guidelines and was conducted via the SCOPUS and WoS databases. We
present a structured review of papers on FROP in discrete time (FROPDT), identifying
the principal papers and outlets. The findings reveal that this focus has been applied to
price options on stocks, stock indices, and real options. However, the exploration of its
application to the term structure of interest-sensitive interest rate assets is very rare. To
address this gap, we develop a fuzzy-random extension of the Ho-Lee term structure
model, applying it to the European interbank market and price caplet options.

Keywords: option pricing; fuzzy numbers; fuzzy-random variables; fuzzy-random option
pricing; fuzzy-random option pricing in discrete time; fuzzy-binomial yield models
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1. Introduction
1.1. Preliminary Considerations

Although the existence of option and future agreements can be traced back to ancient
civilizations, the first serious attempts to develop mathematical option pricing date to
the late 19th and early 20th centuries, with authors such as Bachelier and Bronzin [1,2].
Surprisingly, developments in the valuation of derivative assets did not attract academic
interest until the mid-20th century, when authors such as Samuelson revisited the works of
Bachelier and Bronzin [2,3].

It is commonly agreed that contributions by Black and Scholes [3] and Merton [4]
in 1973, specifically the formulas used to price European options, are the keystone of option
pricing theory [5]. We refer to these formulas as the BSM. The groundwork provided by
the BSM has been widely extended, not only to the narrow field of financial options but
also to the value of financial and real assets. Of course, derivatives such as warrants or
convertible bonds can be naturally priced as options, but the BSM framework has also
allowed the development of formulas for new option types such as so-called “exotic” and
new derivatives such as credit default swaps or catastrophe derivatives [5]. In fact, ref. [3]
proposed using the BSM to price options and warrants but also corporate liabilities, and [4]
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did so to measure firms’ credit risk. Similarly, the use of option pricing models to assess
decisions on real assets and capital budgeting problems, the so-called real option theory [5],
has received much attention since the early 1990s. Since that decade, more complex option
pricing models, such as stochastic volatility models [2,5], have been developed.

The BSM approach has been particularly influential in modeling yield curves. A
key goal of this research area is to establish a mathematical framework for pricing
interest-sensitive financial instruments. As outlined in [6], models can be categorized
into those with time-independent parameters [7-10] and those with time-dependent
parameters [11-13]. While the first type of yield curve model dates from the late 1970s
to the mid-1980s, time-dependent models were subsequently developed between the late
1980s and the mid-1990s [6].

Nondependent time models are unable to accurately fit the actual shape of the tem-
poral structure of interest rates. The limitation of these models lies in their construction.
They assume that the dynamics of interest rates are known and then derive zero-coupon
bond prices using arbitrage arguments. While these models offer valuable insights into the
temporal structure of interest rates, they fail to accurately reflect the observed shapes of
yield curves, making them ineffective for pricing interest-sensitive instruments [6]. Con-
versely, time-dependent models treat zero-coupon bond prices as given parameters and
use arbitrage arguments to model the dynamics of short-term rates. Owing to their design,
this approach enables them to accurately capture the shapes of yield curves [6].

Although continuous-time option pricing models such as the BSM provide a reliable
framework to price contingent assets, they are neither flexible enough to price American
options or path-dependent options nor to model complex and poorly structured real
options [14,15]. In this context, the binomial option approach initially proposed by Cox,
Ross, and Rubinstein [16] and Rendleman and Bartter [17] has also attracted much attention
from practitioners and academicians [15]. Binomial options have been used to price
European options, American options, exotic options [15], and, of course, fixed-income
assets and the term structure of interest rates [18,19].

Financial trades are conducted with varying levels of information and knowledge.
Risk entails that the probabilities of different potential outcomes for an event can be
quantified. While stochastic mathematics has been effectively used to model option pric-
ing, the parameters governing the probabilistic price movements of the underlying asset
may not be entirely precise. This uncertainty can arise from factors such as vagueness
or ambiguity [20].

Since the beginning of the 21st century, fuzzy set theory (FST) has provided options
for pricing reliable mathematical tools for modeling nonprobabilistic uncertainty, such as
fuzzy measures, fuzzy numbers, or fuzzy regression [21]. Although probability theory
offers a robust analytical foundation, incorporating fuzzy tools can improve its outcomes by
accounting for additional sources of uncertainty, such as imprecision or ambiguity [20,21].
In the context of fuzzy set theory (FST) applied to option pricing (FOP), four distinct
streams can be identified [21]:

e  Fuzzy random option pricing (FROP). Broadly, it is based on traditional option
pricing models, with the uncertainty in various parameters, such as volatility, the
observed price of the underlying asset, or discount rates, being represented via
fuzzy numbers (FNs) [20].

e  Option pricing with Sugeno’s fuzzy measures and Choquet’s integral. By integrating
these analytical tools with traditional option pricing formulas, this approach enables
the modeling of Knightian uncertainty. It addresses market friction issues such as
liquidity shortages and the risk of issuer defaults [22].
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o  The fuzzy pay-off method [23] is centered around real option pricing. It is undoubtedly
one of the most modern approaches in fuzzy option pricing, as the first works date
back to the late 2000s.

e Nonparametric option pricing. Contributions in this stream leverage tools such as
fuzzy neural networks and fuzzy expert systems for option pricing, capitalizing on
their ability to serve as universal function approximators [21].

1.2. Research Objectives

This paper has two aims. The first objective is to describe the results of a systematic
search of the literature on FROP until July 2024 in the WoS and SCOPUS databases, focusing
on discrete time developments. We label this stream of research fuzzy-random option
pricing in discrete time (FROPDT). The review strictly considers those studies that use
binomial and trinomial lattices. This analysis is relevant to motivate our extension of
fuzzy-binomial lattices to model the temporal structure of interest rates and to outline
further research in the discussion section.

The second objective is driven by the fact that contributions in FROP and FROPDT,
specifically related to fixed-income instrument pricing, are scarce. In continuous time,
ref. [24] extends Vasicek’s nonarbitrage model of term structures of interest rates [7] to
incorporate fuzzy volatility and mean-reverting parameters, and [25] extends Jamshidian’s
model of option pricing on zero-coupon bonds [26]. In discrete time, ref. [27] develops a
binomial model of the term structure of interest rates to value game option bonds when
estimates of bond prices and interest rate volatility come via FNs.

This paper develops a fuzzy-random extension of the model of yield rates [11] to price
interest rate derivatives such as caplets. This extension employs a binomial lattice and
assumes fuzzy volatility of short-term rates, which is estimated via the methodology [28].
This focus allows the construction of membership functions of uncertain variables from
observed data and is a coherent probability-possibility transformation [29]. We provide an
empirical application of our fuzzy extension to Euribor monthly rates.

Furthermore, although the variables derived from market data (short-term spot rates
and the prices of interest rate derivatives) are not triangular FNs, we explore the suitability
of their triangular approximation, given the intriguing properties of this type of FN [30].

2. A Systematic Bibliographical Revision of Fuzzy-Random Option
Pricing in Discrete Time

2.1. Materials and Methods

The bibliographical analysis in this paper was conducted following the PRISMA
guidelines [31] and is registered in the Open Science Framework (https://doi.org/10.176
05/0SFEIO/4RJWH). These guidelines require specifying the strategies used to identify
the works for review, the databases consulted, the inclusion criteria, and the examination
procedures. The subsequent step involves detailing the process of compiling bibliometric
references. Finally, the study qualitatively and quantitatively analyzes the contributions
of FROPDT and examines the temporal evolution of research in this field. The PRISMA
checklist can be consulted in the Supplementary Materials of the paper (https://www.
mdpi.com/article/10.3390/axioms14010052/s1).

Only documents published in journals and book chapters until 31 October 2024 were
eligible. We did not review gray literature such as working papers, conference papers, or
papers in digital repositories because these works, with the help of a peer-review process,
are usually disseminated subsequently as articles or book chapters. We only took into
account papers published in English. When the topic is not so wide, as is the case for fuzzy
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stochastic option pricing, especially FROPDT, it is preferable to combine more than one
bibliographical database [32]; thus, we combined SCOPUS and WoS.

The exploration of the databases was performed over the titles, abstracts, and key-
words using the following search: (“option pricing”) AND (“fuzzy sets” OR “fuzzy math-
ematics” OR “fuzzy numbers”). Figure 1 illustrates the methodology used in our study.
A total of 92 documents were retrieved from SCOPUS, and 185 were retrieved from WoS.
After removing duplicates, we reviewed the title, abstract, keywords, and introduction of
the remaining documents. When needed, the full text was examined to confirm the paper’s
focus on FROP using binomial and trinomial lattices. This process ultimately identified
37 relevant documents related to FROPDT, as summarized in Table 1.

We found 27 documents common to both databases: four were provided exclusively
by WoS, and six were provided by SCOPUS. By considering these 37 contributions, we
then calculated Meyer’s index [33], which quantifies the coverage level attributable to each
consulted database and the overlap degree, which sizes the database redundancy.

When | papers are reviewed, Meyer’s index for the ith database, Meyer;, (i=1,2, ..., n)
is as follows:

Zjlzl w,j

7

where w; ; is the weight of the contribution that database i has in paper j. If database i

includes article j, wij =1 /n i where n j<n and n jis the number of databases that include

paper j. If database i does not include the jth contribution, w; ; = 0. Thus, Meyer’s index

for WoS is (4 + 27 x 0.5)/37 = 47.30%, and for SCOPUS, it is (6 + 27 x 0.5)/37 = 52.70%.
The degree of overlap of database i with database &, Overlap, ;, is obtained as follows:

Meyer; =

-
Overlap,, = —2,
o

1

where 7; j, is the number of papers that are contained in both databases i and /, and #; is
the number of works contained in the ith database. Therefore, the overlap degree of WoS is
27/(27 + 4) = 87.10%, and that of SCOPUS is 27 /(27 + 6) = 81.82%.

Records removed before screening:

Recordsidentified from*:
Duplicate records removed (n =46)

Databases (n = 349, SCOPUS=148and WOS=201) |——¥
( ) Records removed for other reasons (not in

Registers (n = 0) English, not papers in journals or book
i chapters n = 53)

] [ Identification ]

Records screened (n = 102) Records d**(n=0)
g
H Reports sought for retrieval (n = 4) | »| Reportsnotretrieved (n =0)
o
[}
: !
Reports assessedfor eligibility Reports excluded due to be non-devoted to fuzzy-

(n = 37, SCOPUS=33, W0S=31) random option pricing in discrete time,

Studies included in review (n =37)

)

Meyer's index: SCOPUS=47.30% and W0S=52.70%
OQverlapping index: SCOPUS=81.82% and Wo0S=87.10%

Figure 1. PRISMA guidelines followed to choose papers on fuzzy-random option pricing and
fuzzy-binomial option pricing papers to review. Source: based on [31].
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Table 1. Summary of contributions by fuzzy-random option pricing with binomial and trinomial lattices.

. . Uncertain . i
Reference Year Moves Calibration Parameters Option Type Shape of the Fuzzy Quantities
Yoshida [34] 2003 Coxetal. [16] Moves American style TFNs
Up and down moves may be A .
Muzzioli and Torricelli [35] 2004 independent and following Moves Application to stock Olitllon markets/Furopean TFNs
Coxetal. [16] style
Lee etal. [36] 2005 Coxetal. [16] Moves Stock market application/European style Triangular and symmetric FNs
Buckley and Eslami [37] 2007 Moves are calibratec}) from a Subjacent asset price, strike price, discount rate, European style TFN’s
symmetric & a% and moves
Muzzioli and Reynaerts [38] 2007 Moves are independent Moves European style TFNs
Buckley and Eslami [39] 2008 Moves are cahbratedo from a Initial asset price, strike price, interest rate, European style TENs
symmetric & a% and moves
Muzzioli and Reynaerts [40] 2008 Coxetal. [16] Moves American style Trapezoidal /TFNs
. ) Moves may be independent and - . . . .
Liao and Ho [41] 2010 following Cox etal. [16] Initial asset price and moves Real options/capital budgeting TFNs
Wang, Wang, and Watada [42] 2010 Coxetal. [16] Cash-flows and strike price Real options/ capital budgeting TFNs
Coxetal. [16], but the use of Initial asset price, strike price, interest rate,
Zmeskal [43] 2010 alternatives such as Rendleman and ! ! ! American/Value of a company TrFNs
; and moves
Bartter [17] is suggested
Tolga, Kahraman, and Demircan [44] 2010 Trinomial moves are calibrated Present value of cash—ﬂows.A Moves and probabilities Real options/capital budgeting TrFNs
with [45] are crisp
Allenotor and Thulasiram [46] 2011 Trinomial moves are calibrated Present value of cash—ﬂows.. Moves and probabilities Real options/ capital budgeting TrFNS/ gr{d trapezmdal
with [45] are crisp linguistic variables
Ho and Liao [47] 2011 Moves can be independently Strike price and moves Real options by taxonom TFNs
calibrated, but with Cox et al. [16] p P y Y
Yu et al. [48] 2011 Coxetal. [16] Moves European TFNs
Elahi and Azziz [49] 2012 Moves may be independent Price, strike price, and moves Asian financial options Not defined
Tolga, Tuysuz, and Kahraman [50] 2013 Trinomial moves are calibrated Present value of cash-ﬂows: Moves and probabilities Real options/ capital budgeting TeENs
with [45] are crisp
Cruz-Aranda, Ortiz, and . . .
Cabrera-Llanos [51] 2014 Coxetal. [16] Moves Real options/capital budgeting TFNs
Mugzzioli and de Baets [20] 2016 Review on fuzzy-random option pricing Stock markets -
Anzilli and Facchinetti [52] 2017 Coxetal. [16] Moves Real options/life insurance guarantees TFNs
Anzilli, Facchinetti, and Pirotti [53] 2018 Coxetal. [16] Moves Life insurance guarantees Adaptive FNs
Xu, Liu, and Xu [54] 2018 Coxetal. [16] Recovery rate and moves Vulnerable options of American style TFNs
Zhang and Watada [55] 2018 Coxetal. [16] Moves American options on stock indices Adaptive FNs
D’Amato et al. [56] 2019 Moves are independently fitted Moves Real options/capital budgeting TFNs
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Table 1. Cont.

. . Uncertain . i
Reference Year Moves Calibration Parameters Option Type Shape of the Fuzzy Quantities
Cruz-Aranda and . . .
Teran-Bustamente [57] 2019 Coxetal. [16] Moves Real options/capital budgeting TFNs
Meenakshi and Felbin [58] 2019 Moves are independently fitted Initial asset p rlcs;ljrrﬁfvzl;ce, Interest rate, American style TrFNs
Shang etal. [59] 2020 Moves are independently fitted Moves Real options/ capital budgeting Parabolic FNs
Chrysafis and Papadopoulos [60] 2021 Coxetal. [16] Initial asset price, interest rate, and moves Real options/capital budgeting Empirical FNs
Meenakshi and Kennedy [61] 2021 Moves are independently fitted Initial asset prlcshi;(gsvp:slce, Interest rate, European style TrFNs
. Initial asset price, strike price, interest rate, and .
Meenakshi and Kennedy [62] 2021 Coxetal. [16] moves American style Octogonal FNs
Wang, Wang, and Tang [63] 2022 Moves are independently fitted Moves Financial options TrFNs
Zmeskal, Dluhosova, Gurny, and 2022 Coxetal. [16] Initial asset price, strike price, interest rate, Real options, multimode TeENs
Kresta [64] and moves
Zmeskal, Dluho3ovd, Gurny, . . . . . . . .
and Guo [27] 2022 Binomial lattice by [11] Bond spot prices and interest rate volatilities Options on bond games Adaptive FNs
Andrés-Sanchez [21] 2023 Coxetal. [16] Initial asset price, strike price, interest rate, European style TFNs
and moves
Ersen, Tas, and Ugurlu [65] 2023 Trinomial moves are calibrated Present value of cash-flows. Moves and probabilities Real options/capital budgeting Trapezoidal/intuitionistic FNs
with [45] are crisp
Zhang and Yin [66] 2023 Coxetal. [16] Moves Real options/capital budgeting Symmetric/TFNs
Binomial moves by Cox etal. [16] and
Agustina, Sumarti, and Sidarto [67] 2024 trinomial moves by Moves European Style Adaptive FNs
Kamrad and Ritchken [66]
Andrés-Sanchez [68] 2024 Coxetal. [16] and Rendleman Moves European Style/Option on Indexes Empirical intuitionistic

and Bartter [17]

FNs/triangular intuitionistic FNs
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2.2. Analysis of the Content of the Reviewed Papers

Table 1 provides a summary of papers on FROPDT. The predominant approach
involves the use of a binomial lattice, with 33 papers adopting this method. In contrast, only
five contributions applied a trinomial lattice [44,46,50,65,67], and the first four contributions
are linked to real options.

In FROPDT models, up (1) and down (d) multipliers are used as FNs. Most studies
in this area have employed linear FNs. Specifically, 19 contribution model variables
are triangular fuzzy numbers (TFNs), and 11 are trapezoidal fuzzy numbers (TrFNs).
Less common alternatives include the use of fuzzy or intuitionistic FNs estimated from
empirical data with coherent probability-possibility transformations [60,69] or some form
of generalization of linear FNs [27,53,55,59,62,64].

In a trinomial setting, while only [67] introduces uncertainty in the moves, the [44,46,50,65]
model moves and their probabilities are crisp parameters. Similarly, whereas [44] fuzzyifies
the type of option by means of linguistic fuzzy variables and the price of the real asset as a
TrEN, ref. [65] supposes that cash flows and yield rates of the investment project are quantified
with intuitionistic TrFNs. N

FROPDT provides two ways to fit fuzzy up and down multipliers u (1) and d (d). The
first method considers that the fuzzy multipliers are estimated independently by decision
makers’ evaluations [35,38,41,48,56,58,59,61-63]. Therefore, these fuzzy multipliers are not
linked. Alternatively, the decision maker may state a symmetric up/down move rate a

such that # = 14 a2 and d = 1 — a [37,39]. In this last approach, u and d are connected by
rate 7. The alternative is to link the multipliers to the annual volatility of the subjacent asset,

;, with the CRR model [16]. Therefore, U= e;\/ﬁ, E = e_;‘/ﬁ, and h represents the crisp

periodicity of the jumps. This is the mainstream model in Table 1. In this case, u and d come
directly from a quantification of 0. Notably, ref. [69] conducted a comparison, assuming
volatility estimated via an intuitionistic FN, of the convergence to prices provided by the
BSM model by the Cox et al. [16] and Rendleman and Bartter [17] models, with results
clearly favoring the latter.

An important consideration in fuzzy-binomial models is whether fuzzy uncertainty
applies solely to the multipliers or extends to other parameters, such as the free discount rate
or the initial price of the underlying asset. It is common to introduce fuzziness specifically
in terms of the up and down moves, as seen in 17 contributions. However, some models
also consider fuzziness in other parameters, including the strike price, with 20 papers
addressing this broader approach. The specific parameters that are treated as fuzzy, in
addition to the up and down factors, depend on the context in which FROPDT is applied.
In this regard, we observe that FROPDT has been used to price European-style stock and
index options (11 papers), American options (8 papers), real options (12 contributions), life
insurance guarantees [52,53], and vulnerable options [58]. Notably, only one study has
applied fuzzy options to interest-rate-sensitive instruments [27].

2.3. Quantitative Analysis of the Contributions of FROPDT

Figure 2 shows the evolution across the time of contributions to FROPDT since its
inception. If we limit our review to journal papers and book chapters, that origin can be
traced back to Yoshida’s work [34]. It can be observed that until 2010, FROPDT represented
a niche within fuzzy mathematics that was not yet consolidated but showed a growing
trend. From 2010 onward, contributions stabilized, with journal publications averaging at
least 10 per five-year period over the following 15 years. That is, it is a small section within
fuzzy mathematics, but it is solidly established.
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Figure 2. Temporal evolution of contributions to FROPDT from 2000.

Based on Table 1 and Figure 2, we can establish the following trends in FROPDT
contributions, grouped by the following decades: from 2000 to 2009, from 2010 to 2019, and
from 2020 onwards.

e From 2000 to 2009, seven studies focused on analyzing algebraic issues related to the
application of fuzzy arithmetic in the mathematics of option valuation [34,37-40]. Two
studies involved empirical applications with market data [35,36].

e  From 2010 to 2019, among the 18 studies reviewed, a large number analyzed the appli-
cation of FROPDT in real options valuation [41,42,44-46,50,52,53,56,57]. By definition,
real options, which arise from specific investment projects, do not involve empirical
applications with large datasets. During this decade, FROPDT applications emerged in
other areas, such as business valuation [43], life insurance guarantees [52,53], and vul-
nerable options [54]. Only in [55] is there an extensive application using market data.

e  From 2020 onwards, the trend is similar to that of the previous decade. The application
of FROPDT in real option pricing is an established topic [22,59,60,65,66]. There are
studies addressing issues related to the implementation of option valuation using
the binomial approach [61-63,67] and others exploring the valuation of options not
analyzed in previous decades, such as bond games [27]. Only in [67,68] is there an
empirical application using market data.

Table 2 presents the outlets for FROPDT. These outlets range from generalist soft
computing journals, such as Expert Systems with Applications, the International Journal of
Approximate Reasoning, and Information Sciences, to more specialized journals focused on
fuzzy set theory, such as IEEE Transactions on Fuzzy Systems, and those with a broader
operational research focus, such as the European Journal of Operational Research. Additionally,
there are contributions in journals with other orientations, including finance (Contaduria y
Administraciéon and the Review of Quantitative Finance and Accounting), general economics
(the Journal of Applied Economic Sciences and the Journal of Economic Dynamics & Control), and
sector economics (Energy Policy and Land Use Policy).

Table 3 presents the most influential papers on FROPDT. The most cited paper [35]
focuses on financial options and provides an empirical application using the DAX index,
whereas the second [43], third [47], and sixth [41] most cited papers concentrate on real
options. Among the top five most cited papers, three address the pricing of American
options [34,40,43]. The seventh paper, ranked by citations in the SCOPUS database [36],
is not indexed in WoS. This finding indicates that combining both the WoS and SCOPUS
databases offers a more comprehensive exploration of the FROPDT literature. Additionally,
Table 3 highlights two papers [20,21] that do not address a specific issue related to FROPDT
but instead provide reviews contextualizing fuzzy logic’s contributions to option pricing.
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Table 2. Journals with contributions to FROPDT.

Journal Number of Items

Expert Systems with Applications 3

European Journal of Operational Research
IEEE Transactions of Fuzzy Systems
Information Sciences 2
International Journal of Approximate Reasoning
Journal of Innovative Computing, Information and Control

Advances and Applications in Mathematical Sciences; Axioms; Contaduria y Administracion;
Energy Policy; Far East Journal of Mathematical Sciences; Fuzzy Engineering Economics with
Applications (book); Global and Stochastic Analysis; IEICE Transactions on Information and
Systems; IEEE Transactions on Engineering Management; International Journal of Fuzzy Systems;
International Journal of High Performance Computing and Networking; International Journal of
Information Technology & Decision Making; International Journal of Uncertainty Fuzziness and 1
Knowledge-Based Systems; Iranian Journal of Fuzzy Systems; Journal of Economic Dynamics &
Control; Journal of Applied Economic Sciences; Journal of Marine Science and Technology-Taiwan;
Journal of the Indonesian Mathematical Society; Land Use Policy; Maritime Economics & Logistics;
Perception-Based Data Mining and Decision Making in Economics and Finance; Recent Trends in
Parallel Computing; Review of Quantitative Finance and Accounting; Symmetry-Basel

Table 3. Papers with more than 10 citations in the SCOPUS or WoS databases.

Authors Year Title Journal SCOPUS WoS
Muzzioli and Torricelli [35] 2004 A r_ngltiperipd bi_nomial model for Journal of Economic 67 7
pricing options in a vague world. Dynamics & Control

Generalized soft binomial American
European Journal of

Zmeskal [43] 2010 real option pricing model Operational Research 55 64
(fuzzy-stochastic approach).
Ho and Liao [47] 2011 A fuzzy refﬂ option approach Expert Systems 55 56
for investment. with Applications
Yoshida [34] 2003 A ('hscrfete-tlme mod_el of Amerlcan European Journal of 43 40
options in an uncertain environment. Operational Research
Muzzioli and Reynaerts [39] 2008 _American option pricing with [nternational Journal of 39 34
imprecise risk-neutral probabilities. Approximate Reasoning
Liao and Ho [41] 2010 Investment project valuation based on Information Sciences 37 35
a fuzzy-binomial approach.
Muzzioli and de Baets [20] 2017 Fuzzy approache; to option IEEE Transactions on 38 38
price modeling. Fuzzy Systems
A fuzzy set approach for the . o
Leeetal. [36] 2005 generalized CRR model: an empirical Flf.sz;ez 2{1 (?Zigégiiﬁe 33 NO
analysis of S&P 500 index options. 8
Yuetal. [45] 2011 Model construction of option pricing Journal of Marine Science 18 33
based on fuzzy theory. and Technology-Taiwan
Financing mode of energy performance
Shang et al. [59] 2020 contracting projects with carbon Energy Policy 25 19

emissions reduction potential and
carbon emissions ratings.

Valuing the effect of the change in
D’Amato et al. [56] 2019 zoning on underdeveloped land using Land Use Policy 19 12
the fuzzy real options approach.

Decision making for project appraisal

X in uncertain environments: a
Chrysafis and Papadopoulos [60] 2021 fuzzy-possibilistic approach of the Symmetry 18 17
expanded NPV method.
Andrés-Sénchez [69] 2023a A systematic review of the %nteragtllons Expert Systems 12 13
of fuzzy set theory and option pricing. with Applications

Figure 3 shows the countries contributing the most to FROPDT. When authors are
affiliated with institutions in multiple countries, we consider the country of the institution
to which the corresponding author is affiliated. The country with the highest number of
contributions is Italy, with seven contributions, followed by Taiwan (five contributions)
and Turkey (four contributions). Additionally, up to nine other countries have contributed
at least one paper to FROPDT.
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Figure 3. Number of contributions to fuzzy-random pricing in discrete time by country since 2000.

3. Binomial Lattice of the Term Structure of Interest Rates
3.1. Pricing Sensitive Interest-Rate Assets with a Binomial Lattice

A widely used method for pricing interest rate-sensitive contingent assets involves the
use of binomial lattices to model the evolution of short-term rates [19]. These lattices offer
reliable discrete-time approximations of standard single-factor continuous-time models
based on Brownian motion for interest rates [18]. In our study, we focus on extending a
recombinant binomial lattice, as illustrated in Figure 4, which underpins nonarbitrage term
structure models such as those in [11,12]. In Figure 4, r;; represents the short discount rate
during the ith period in the jth state. Thus, in the ith period, there are i + 1 realizations. As p,
we symbolize the neutral risk probability of a down variation in the interest rate. As in [18],
we consider p = 2 Given that the probabilities of increasing and decreasing variations
are prefixed, to achieve a proper fit, it is essential to have states of short-term rates that
align with the actual structure of interest rates while adhering to predefined risk-neutral
probabilities and the assumed dynamics of the short-term interest rate.

Movements of short interest rates Prices of Arrow-Debreu assets

il 0 1 2 i . i 0 1 2 i
0 (U p-1/2 TZO —> -0 oo %Ufimi g —> - Y dy
| ['0?1/ % § 1 dll d21 Y Y d‘1
’ i rlZ dzz Y Y d,z

< <,

i Ti mod d;

L Tzz

Figure 4. Recombinant binomial lattices of short-term interest rates and Arrow-Debreu assets. Note:
rjj represents the interest rate in the jth state of the ith period, and dij represents the price of an
Arrow-Debreu asset that matures in the ith period and is in the jth state.

Using the tree of interest rates, a corresponding tree of Arrow-Debreu asset prices can
be derived, as illustrated in Figure 4. As d;;, we symbolize the actual value of an Arrow-
Debreu that pays one monetary unit during the ith period in the jth state. By denoting the

period of moves as h, dl-]- is decoupled into d; 1,1 and di—l,j as follows:

1 o e
2 (dif1,j71€_r‘*l'f’1 " dig e h)~ @

dijzz
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In a complete market, the link between the price of a zero-coupon bond payable in
i periods P; and d;; is as follows:

i
P =Y dj. (2)
=0

Following [18], this is as follows:

i
P, = Z diil,].,e—’i—l,j'h. (3)
j=0

Suppose an asset that only pays a cash flow in i-h years and that it depends on the
short interest rate at the moment of payment. Therefore, in the jth state of nature, this

discount rate is Tij, and the cash flow is denoted as c(rij) > 0. The price, I1;, is as follows:

IL; = Z C(Tl-]-) dz] (4)

3.2. Pricing Sensitive Interest-Rate Assets with the Ho-Lee Model

Our analysis is confined to a linear constant variance Brownian process, the underlying
stochastic process in continuous time that drives short-term rates [11]. Consequently, the
short-term rate at any given instant ¢, r, as follows:

dry = 9(t)dt+Uth, (5)

where 6(t) is the slope of the interest rate at f, ¢ is the annual volatility, and dW; is a
Gaussian random variable with a mean of 0 and a standard deviation of df. The binomial
version of (5) is the following [19]:

Tij =Ti-1; + 6;h — U\/E, and Tij+1 = Ti-1,j + 6;h + U\/ﬁ.

Note that 7; j can be rewritten in terms of 7 ¢ and is a function of volatility. We suppose
that this is the unique argument of the model (i.e., drifts are also parameters). Thus, r; ; is a
function of 7, 1;; = r; j(0):

i
rij(0) =roo+h)_ 6+ (2j — i)ovh. (6)
k=1
Notice that the sign of the relationship between the rates and the volatility depends
ariéjw) = (2j — i)Vh. Therefore, r; j(0") decreases for

(o
j < % and increases otherwise. That is, the sparsity of the tree of interest rates increases as

oniand j. It is easy to check in (6) that

the volatility increases.
Taking into account thatinj=0, ;o = r;o(¢) in such a way that:

i
rio(0) =100+ 1Y 0 —iovh. 7)
k=1

Then, (6) can be written on the basis of the lower realization of the interest rate in the
ith period ;¢ (7):
rii(0) = ri0(c) + 2joVh. ®)

To price any contingent asset, we must calibrate the binomial movements of short-term
rates using market data, which, within our analytical framework, are represented by the
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prices of zero-coupon bonds with maturities 14, 2, . . ., nh, that are denoted as Py, P, . . ., Py,
and the volatility o. The use of forward induction [18] allows for the estimation of the tree
in Figure 4 via recursive fitting of d; ; from (1) and (8):

dij(0) = % (difl,jfl (o)e rimo(@) 2= DeVih dH,j(‘7)6_(Y”1'°(0)+2j0\m)h)~ ©)
From (3) and (9),
P = Zdz] ¢~ rio(@)+2je V).
Then,
ln'Zi; di,j(a)-e_zf”h‘/ﬁ—lnpiﬂ
rio(e) = ———— . (10)

Therefore, from (7), (8), and (10),

lni dl-,]-(cr)e_zf"h‘/ﬁ—lnPiH
(o) = —= - +2joVI. (11)

With this groundwork, the cash flows in (4) are a function of volatility, c(r j(a)).
Therefore, price is also a function of ¢. Then,

(o) = Y c(ryj(0)) di(0). (12)

In this extension of FROPDT, we price a caplet with a strike rate K, a notional of one

monetary unit and maturity i-h. The rate K, in practice, is a simple interest rate. Thus,
rii(o)h

the short-term yield rate r;j(c) in terms of a simple discount rate is p;;(0) = % The

amount of the yield to be compensated at the end of the ith period per monetary unit of

notional is ¢(r;;(c")) = max{p;j(¢) — K, 0} 1. Equation (8) implies the following:

(rl (¢ )+2]‘7\/>) '
c(rl-j(a)) = max{ o - KIO}.h.e(rilo(U)+2]U\/ﬁ)h. (13)

4. Binomial Lattices with an Additive Interest-Rate Model and
Fuzzy Volatility

4.1. Fitting the Volatility of the Short-Term Interest Rates with Fuzzy Numbers

We extend the binomial approach to the yield curve, assuming that the short-term
interest-rate dynamics described in Equations (5) and (8) are induced by fuzzy volatility v,
with a membership function p,(x). To apply the developments in Section 3, the a-cut
representation of the annual volatility is more useful o, = {x|ps(x) > a} = [04, 0% |.

The assumption of fuzzy volatility is commonly agreed upon in FROPDT. In fact, as
shown in Table 2, FROPDT is commonly developed through the consideration of casa unique
fuzzy parameter. Some examples of this approach include those of [35,36,48,53,56,63,66].

Table 1 shows that the literature often supposes volatility given by triangular, trape-
zoidal, or some kind of generalized linear FNs. However, in our empirical application, we
induce an x-cut representation of oy fitted by a probability-possibility transformation. We
do so by following the methodology in [70] and refining it in [28] to construct FNs from
statistical confidence intervals. This focus has been used in FROP [25,60,69,71]. In any case,
the developments in this section can be performed with FNs of any shape.
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From a set of observations of daily observations of short-term rates r6 ot=12,.,n,
whose first difference is Ar(t],o, t=1,2,...,n, we can measure the short-term interest rate
volatility on a daily basis:

n t 2
[ (s )
= . 14
s p— (14)

A function linking the a-level of the FN and the statistical confidence intervals, f(-y, &),
where 2 (7, a) is the significance level associated with &, must also be stated. Following [28],
f(y,a):(0,1] — [4,0.5], where ve(0,1) is the significance level whose confidence interval
is considered a reference for the support of o (i.e., its 0-cut). A commonly used expression
is the linear expression f (v, ) = (% — 7 )a+ 7 [28], which is also used in this paper.

~2 ~2
The fuzzy daily variance 0; and the annual variance ¢ are constructed by overlaying

the statistical confidence intervals that we can build from sé in (14). To do so, we state a

~2
general form for the x-cut of 0; as follows:

2 _ 2 2| |2 o2
Odo = [@,,/%x] = [‘Tdf(w)f‘%f(m) : (15)
. 2 ) s ge _
That is, ﬁf (a0 and 03, Flya) AT€ the lower and upper extremes of the statistical con

fidence intervals for the variance of daily fluctuations of interest rates (14) at a significance
level of 2f (7, a). These extremes can be obtained, for example, using bootstrapping confi-
dence intervals, asymptotic confidence intervals, or nonasymtotic confidence intervals [25].
If we use the nonasymptotic confidence intervals for 0';-“, by using (14) and (15), we find
the following [28]:

» 3 (n—1)s2 (n—1)s3

2 2 _
Ody = [Ula’oda} -

/ (16)

2 o)
Kn—1;f(y0) Xn—11—f(7,)

where Xib represents a chi-square distribution function with a degrees of freedom whose
value is b. Therefore, the x-cuts of the fuzzy daily volatility of interest rates are, from (16),
as follows:

(n—1)-s3 (n—1)-s3

_ 2 — _
Ud, = (Tduc - {%Q’Jd“} - 2 ’ 2
X1 (re) \ Xn-1:1-f(rm)

Therefore, the x-level sets of the annual volatility, o, are as follows:
Oo = [0a/Ta | = V25204, = |V252:04,,V252.7,). (17)

4.2. Pricing Interest-Rate Sensitivity Assets with a Fuzzy Ho and Lee Model of the Temporal
Structure of Interest Rates

The interest rates of the three in Figure 4 are the interest rates from (6):
?i,j = 10,0+ hz;:l 0, + (2] — l);\/ﬁ

To solve (6)—(12), we use the rules for the evaluation of functions of x-cuts [72]. To fit

~

70 inits a-cuts, it must be taken into account that higher volatilities induce more variability
in binomial and, thus, more extreme states. Therefore, the lower state 7; g must decrease
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with volatility and the greater state 7; ; must increase. In fact, (6) decreases in the ith period
with ¢ for the state jin 0 < j < é Therefore, in this case, and via (11), the following is true:

Iny_od; j(02)-e 2tV P,

Tij, = [ﬂ,m} = [rij(%),rij(ow )] = I +2jah,
' . (18)
InY*_od; (0 e~2ohVh_np,
j=0 z,](i) ) i+1 +2j@\/fz )
and in the case of i > j > %,
- o |InTigdi(on) e ¥ VI—Inpy,
Fije = [Pijar i) = g0 ) rij(@R)] = | ===, +2javh
‘ 2jozhv/h (19)
InY*_d; i(0y)-e” %"V —1InP;
j=0 1,]( oc) i+1 —|—2]07\/E .

h

The price of the contingent asset (12) under the assumption of fuzzy volatility is the

FN I1;, whose a-level sets are calculated considering that the price of an option increases

with volatility [15]. So, I;, = |I1;,,11;, |, where from (7)-(9) and (12),
o o o
i i

I, = {Hia/ﬁm} = LZ C("i,j(atx))'dij(%)rZc(ri,j(%))‘dij(%)]- (20)

=0 ]:O

For our purposes, a caplet with an exercise rate K and a notional of one monetary unit
generates cash flows derived from the extreme values of interest rates (18) and (19), as well
as the extremes of volatility (17) in (13):

(rio(ow )+2jouvh)-h _ ,
c(ri,]» (%)) — max{ e p 1 _ K,O} .h.e—(”i,o(ﬂ )+2]Q\/E)‘h’
(21)
10(0a)+2jTaVi)h _ SN
c(rij(ﬁ)) _ max{ e(r 0(0)+ ZT ) 1 B K,O}~h~e(ri'O(a“)+2](T“\/E)h-

Empirical Application 1

The empirical application was developed for the European interbank bank on
17 March 2023. The rates were retrieved from https:/ /www.euribor-rates.eu/en/, (accessed
on 23 September 2024). In that market, spot rates and prices are provided for monthly
maturities, as shown in Table 4 for the day we are analyzing. Thus, our binomial tree is
constructed with monthly intervals, i.e., 1 = 1/12 years.

Table 4. Instantaneous spot rates in the interbank European market on 17 March 2023.

Month (maturity) 1 month 2 months 3 months 4 months 5 months 6 months
y (17 April 2023) (17 May 2023) (17 June 2023) (17 July 2023) (17 August 2023) (17 September 2023)
spot rate 2.645 2.693 2.741 2.838 2.935 3.032
price 99.780 99.552 99.317 99.059 98.785 98.495
Month (maturity) 7 months 8 months 9 months 10 months 11 months 12 months
y (17 October 2023) (17 November 2023) (17 December 2023) (17 January 2024) (17 February 2023) (17 March 2023)
spot rate 3.081 3.129 3.178 3.227 3.275 3.324

price 98.219 97.935 97.645 97.347 97.042 96.731
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The point estimate of the volatility of short-term interest rates is derived from
Equation (14) and considers the variation in the previous n = 60 sessions from 1 month to
17 March 2023. We obtain s; = 0.0003102, which on an annual basis is s = 0.0003102-1/252
=0.049243.

Similarly, for the a-cuts of fuzzy volatility (cy), we must use (15)—(17). In these
equations, we consider f(7y,a) = (% - %) a + %, withy = 0.05. Therefore, the volatilities

used in this empirical application are as follows. From (15) and (16), we obtain the following:

5 59.0.00031022 59.0.00031022
Ud/x = Udﬂ( = 5 7 2 .
X59,0.4750+0.025 | X59,0.975-0.475¢

The core of (;; is 04,= 0.003102, and the support o4, = [0.00026, 0.00038]. Likewise,
from (17),

.0.00031022 0.00031002
Oo = [00 7] = [ \/252_ 59.0.0003102%. \/252. 590000310 |
X59,0.4750-+0.025 X59,0.975-0.475

In this way, the core of o is op = 0.00495, and the rank of all possible values is
op = [0.00418, 0.00600]. Figure 5 shows the shape of the annual volatility of one-month
interest rates fitted with (15)-(17).

po(x)

=

2 volatility

000425
00045
000475
0005
000525
00055
000575

Figure 5. Fuzzy volatility of one-month interest rates in the European interbank market on 17 March 2023.

Figure 6 shows the fuzzy-binomial tree of one-month Euribor rates on 17 March,
analogous to that shown in Figure 4, with the analytical fuzzy-random framework of
Section 3.2, whose fuzzy version is implemented in Section 4.2. Thus, r;,,1=1,2,...,11,
is obtained from volatility (17) by applying (18). The remaining one-month rates in the
ith period, rl-,]-lx,j =1,2,...,i, are obtained via (18) and (19).

Figure 7 displays the shape of the fuzzy number quantifying the price of a set of
caplets over 1-month interest rates whose notional amount is 1,000,000 mu and K = 2.65%,
with maturities of 1, 3, 6, and 9 months, which have been fitted from the yield rates shown
in Figure 4. Whereas the cash flows in every scenario are fitted with (21), fitting the price
requires the use of Equation (20). These estimates may allow a sensitivity analysis of the
pricing model with respect to the expiration date of the caplet.



Axioms 2025, 14, 52 16 of 26

March 17, 2023 April 17,2023 May 17, 2023 June 17, 2023 oo February 17, 2024
i=0 i=1 i=2 =3 . i=11
a Toog T « Tio0g oo a Moy o « g oo a | Mwoa  Fo-
1| 2685 265 1| 2508 2508 1 [ 2550 2550 1 [ 2700 2700 —> [ 1| 2285 2288
70 | os | 265 2685 05| 2589 2606 [ —p| 05 [ 25 2570 os | 2658 2739 . os| 1741 237
0 | 2635 265 i o | 2563 262 \ 0 | 2475 2606 K o | 2553 2809 ol 198 2533
a Mg Tiig a T, Trig @ Mg Toig \ a Mg Tirag
1| 2884 284 1| 2836 2836 1 | 2086 2986 —> | 1| 2514 251
sl 05| 2876 289 05 | 2835 2837 05 | 2977 2994 o 05| 2496 2646
o | 2861 2914 o | 2834 2838 i o | 2956 3008 o | 2304 275
a | ™ T a | m2a  wog L a | N2a Tazg
1 [ 32 s 1| 322 3om 1| 2860 2860
=2 os | 301 3am os [ 3264 3281 05| 279 2916
o | 2973 3287 Y o | 3250 3302 o | 2650 3016
a | M T L a | Muse s
1 [ 3sss 3sss 1| 3146 3246
=3 05 [ 3454 3634 . 05| 3102 3186
o | 3334 3506 o | 2096 3257
\ a | Duta  Aung
" 1 543 543
s os| s sm
0 161 634

Figure 6. Fuzzy-binomial tree of the interbank European market on 17 March 2023 and one-month
rates during the next year. Note: values are presented as percentages.

Price of a caplet with maturity one month Price of a caplet with maturity three months
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Figure 7. Shapes of the membership functions for the prices of caplets on monthly interest rates over
a notional amount of 100,000 monetary units, K = 2.65%, and several maturities.

We have developed a naive comparison of our method by valuing four hypothetical
caplets in the European interbank market, whose prices were calculated via our model
in Figure 7, on a known online caplet calculator (https://quantcalc.net/BS76Caplet.html,
accessed on 2 January 2025). For the caplet with a 1-month maturity, we obtained I1; = 9.96;
for the 3-month maturity, I13 = 46.02; for the 6-month maturity, I3 = 69.88; for the
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9-month maturity, I14 = 93.24. In all cases, the prices from the online calculator are in-
cluded within the fuzzy estimate. Additionally, we can calculate the reliability degree of
the value provided by the calculator according to our method, such that gy, (9.96) = 0.7,
111, (46.02) = 0.3, pyy, (69.88) = 0.9, and pyy, (93.24) = 0.4.

Thus, the fuzzy estimate provides a set of reasonable prices for the caplet that can
serve as a reference for traders when setting the final price. This can be of particular interest
in markets where caplets are typically traded, such as over-the-counter markets, where
contracts are not standardized. Contracts in these markets are tailored to individual needs.

4.3. Adjusting a Triangular Fuzzy Number to Variables Linked to a Fuzzy Pricing of
Interest-Sensitive Instruments with Ho and Lee’s Binomial Lattice

Although the x-cuts of the variables associated with the valuation of interest rate-
sensitive instruments can provide accurate information on the shape of its membership
function, an overly detailed description of interest and prices may complicate the overall
interpretation of the results. Furthermore, the complex shapes of membership functions
can produce drawbacks in calculations. Linear expressions are often sufficient to capture
vagueness and provide manageable tools for processing and interpreting data [30].

Consequently, several approximation methods for FNs have been developed. Among
these, triangular approximations have received significant attention, as they allow the
resulting FN to be represented using only three parameters, namely, the lower and upper
bounds of the support and the core, and they can be intuitively interpreted [73]. The
aim of these approximations is to reduce computational effort and simplify interpretation
simultaneously, achieving a balance between precision and practical use [73].

We evaluate the ability to approximate the variables embedded in our analysis (volatil-
ity, projected short-term interest rates, and derivative prices) using TFNs with the same
support and core as the original FN. This simple approximation has been widely used in
financial contexts, such as the final value of a pension plan [74], life insurance pricing [75],
and option pricing [73]. Therefore, for an original FN a,its triangular approximation is
denoted as ET = (a(l),a(z),a(3)) in such a way that from a9 = [@, zTO], a) = ap, and
a®) = 75 from ay, a?

o = 00,7 [dm - [am + (a@) - g(l))a,a@) _ <a<3> _ a(z))“] 22)

= ay. Therefore, a, is approximated as

The accuracy of triangular approximations is measured by stating the relative errors
in the extremes of the «-cuts of the original FN as follows:

g — g

ay —al

and e, = (23)

- Ay Ay

Empirical Application 2

This empirical application is a continuation of empirical application 1. So, it was per-
formed in the European interbank market on 17 March 2023. An analysis of the sensitivity
of the goodness of fit of triangular approximations (22) with the measure of errors (23) is
performed for annual volatility, as displayed in Figure 5; the lower and greater monthly
yield rates in periods i =1, 3, 6,9, and 11 are embedded in Figure 6, and the fuzzy price of
caplets is displayed in Figure 7. The detailed results of the sensitivity analysis, which were
performed in «-cuts with eleven-point membership degrees x =0, 0.1, ..., 1, are shown in
the annex. On the other hand, Figures 8-10 display some of these results.
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0.00418 0.00495 0.00600 volatility

~ ~T
Figure 8. Representation of ¢ and ¢ , and the maximum errors of the triangular approximate.
Note: The solid line represents the fitted volatility ;, and the dashed line represents the triangular

~T
approximate o .
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Figure 9. Representation of 11 9, and rq711, their triangular approximations r1;9 and ry;1; ,and

maximum errors of the triangular approximate. Note: The solid line represents 11 o and 117 11, and

~ T ~ T
the dashed line represents the triangular approximates 7119 and r11,11 .

Table Al in the annex and Figure 8 show that the triangular approximation (22) of
volatility obtained empirically via (14)-(17) is quite accurate since the errors (23) in the
sensitivity analysis are never greater than 3% (5%) in the lower (upper) extreme bounds of
the a-level sets.

Figure 9 depicts the shapes of interest rates rH,o, and r11~,11. Figure 6 shows their

triangular approximations rHIOT and r11N,11T obtained with (22). They suggest that their
triangular approximation is accurate. Tables A2 and A3 in the annex allow a more detailed
analysis of the sensitivity analysis of the adequacy of the triangular approaches to monthly
Euribor rates. These values are good enough since the errors in the extremes of the «-cuts
are never greater than 3.5%. Moreover, we can intuit that these errors may increase with i
and j, i.e., are greater in ?i+1,j than in 71-,]- and in 71-,]-“ than in ?i’]-.
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Figure 10 suggests that the price of caplets displayed in Figure 7 also has a reliable
triangular approximate with the same support and core. Figure 10 and Table A4 in the
annex show that the errors (23) of the caplet prices obtained with (20) and (21) in the
sensitivity analysis are never greater than 3%, and they decrease with maturity. Therefore,
these results allow us to intuit that our fuzzy methodology introduces uncertainty about
the value of volatility by evaluating only three scenarios with conventional financial
mathematics. Those linked with the greatest and smallest standard deviations come from
the point estimate of short interest rate volatility. To do so and interpret the results does
not require deep knowledge of fuzzy set theory but only financial knowledge of interest
rate-sensitive instrument pricing.

Triangular approximate to the price of a Triangular approximate to the price of a
caplet with maturity one month caplet with maturity nine months
i, (%) i, (%)
@) Hr@
0.1 \ |
\ 0.1
\
o \ o
9.81 11.06 price 92,14 93.94 96.52 price

Figure 10. Representation of the fuzzy prices of the caplets with maturities at 1 month and 9 months,
their triangular approximations and the maximum errors. Note: The solid line represents the fuzzy
price in Figure 7, and the dashed line represents the triangular approximation.

5. Discussion

First, it offers a structured review of fuzzy-random option pricing in discrete time
(FROPDT). Second, it expands upon fuzzy-random binomial lattices, which are widely used
in FROPDT, to model yield rates and price instruments sensitive to interest rates. Binomial
models are particularly popular in practical applications because of their combination of
two valuable features: they are sufficiently flexible to model a variety of optionality types
and provide a precise approximation of typical short-term interest rate stochastic processes
used in continuous time [18].

We have checked that the scopes of the main outlets of the FROPDT are the wide
fields of operational research and computational mathematics and, of course, the narrower
soft computing and fuzzy mathematics settings. We have also observed contributions in
financial and economic journals. The contributions to FROPDT steadily increased from the
early 2000s to 2009. Since 2010, the literature has reached stationary production in such a
way that FROPDT may be labeled a small but consolidated branch of fuzzy mathematics.

Mainstream FROPDT models use binomial lattices to represent price movements of
the underlying asset and incorporate uncertainty in the up and down movements through
fuzzy numbers (FNs), typically with a linear shape. As a result, risk-neutral probabilities
also take the form of FNs. More intricate representations of uncertain parameters, such as
intuitionistic fuzzy numbers, have rarely been applied in FROPDT, often within trinomial
lattice frameworks.

Although the principal focus of fuzzy-binomial lattices has been on stock and index
options and real options, conventional binomial lattices have been applied to a wide variety
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of financial pricing contexts, such as to fit the yield curve or to price the embedded options
in mortgages [15]. However, the use of FROPDT in these fields is rare. In the field of
interest-sensitive assets, we can outline only [27] who extends option games on bonds to
fuzzy information of price and interest rate volatility.

This motivated the second contribution, which involves extending fuzzy-random
binomial lattices to model the temporal structure of interest rates and to price interest
rate options. Specifically, in a similar way to [27], it is grounded in Ho and Lee’s [11]
binomial modeling of interest rates that, in continuous time, is equivalent to supposing
normal fluctuations of short-term rates. Although this model, due to its simplicity, does
not capture the full complexity of yield curve movements, it is widely used in the literature
on the valuation of interest rate-sensitive instruments [6,20]. Therefore, we consider it
worthwhile to study the algebraic aspects related to the implementation of this model with
volatilities quantified using fuzzy numbers (FNs) and how these FNs can be derived from
market data.

The findings of this paper indicate that the variables of binomial interest rate trees,
such as volatility, future short-term rates, and option prices, are effectively approximated
via triangular fuzzy numbers (TFNs). This suggests that implementing the proposed
fuzzy-binomial approach with just three volatility scenarios (extremely high, extremely low,
and most likely) can yield results comparable to those obtained by calculating numerous
a-levels to achieve high computational accuracy.

6. Conclusions and Further Research

We believe that this work provides a comprehensive overview of FROPDT, which
could be useful for researchers in applications of fuzzy mathematics to finance. This
review highlights a clear research gap regarding the introduction of fuzzy uncertainty into
fixed-income derivative valuation models in discrete time. This study has presented an
application to the Ho and Lee model [11] with constant volatility, where the final adjustment
using triangular fuzzy numbers is relatively straightforward.

One of the main criticisms of [11] is that it allows for negative short-term rates. How-
ever, this criticism does not apply to the environment in which we have developed the
empirical application. During the 2010s, discount rates were persistently negative in several
fixed-income markets, such as the European interbank market.

On the other hand, the Ho and Lee model [11] has other issues, such as its inability to
account for variable volatilities or phenomena such as the volatility smile, which represents
a weakness in the proposed model. Model [11] is a simplified model of interest rate
dynamics. It may not accurately capture the complex behavior of real-world interest rates,
especially during periods of significant market stress. This limitation could motivate future
extensions to incorporate fuzziness in the parameters of binomial yield curve models,
such as those of Black-Derman-Toy [12], Black-Karasinski [76], or Derman—Kani [77].
Furthermore, the implementation could consider the use of trinomial trees [45], which
would require the use of fuzzy parameters. The use of trinomial trees in FROPDT has
already been applied to options on stocks [67] and real options [44,46,50,65], making their
application to fixed income a novel contribution.

The second objective of this study was to demonstrate that, from an analytical per-
spective, the forward induction [18] implemented with [11] when volatility is fuzzy is
analytically feasible and, moreover, easily implementable and interpretable. Through
intensive sensitivity analysis, we have verified that the model can be easily implemented
using NBT, i.e., by considering expected volatility or with maximum reliability and two
extreme volatilities, both high and low. We also showed that, on the analyzed day, the
results provided by the proposed methodology align with those that could be offered by a
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broker. However, this result is far from definitive, as the model’s proximity to real-world
practice would require a deep empirical analysis using market data from different time
periods with heterogeneous volatility levels and interest rates. Empirical work in this
regard, which also considers other alternatives such as trinomials or the use of discrete-time
models adapted to fuzzy volatility [12,76,77], should be the subject of further research.

We have conducted empirical applications under the assumption that, apart from
volatility, all the parameters are precise, a common approach in the fuzzy-binomial
literature [34-36,38,39,48,52,53,56,59,63,66]. In this study, the options were priced us-
ing historical fuzzy volatility estimated through the method proposed by Sfiris and
Papadopoulos [28]. Specifically, the volatility of short-term rates is derived by overlay-
ing statistical confidence intervals on the variance of their daily fluctuations. Alternative
approaches, such as fuzzy implicit volatility methods based on consistent probability-
possibility transformations [78] or fuzzy regression techniques [79], present promising
avenues for future research.

This study has extended the binomial yield curve model by assuming type-I fuzzy
numbers. This approach restricts the information available to the decision-maker to a
relatively simple representation. The use of more complex uncertainty models, such as
type-1I fuzzy numbers or intuitionistic fuzzy numbers, could address this drawback. Thus,
a natural extension of FROPDT would be the use of such tools to model uncertainty in
the parameters governing the stochastic movements of the prices of underlying assets in
binomial lattices. However, introducing these tools may generate some challenges. Their
use implies that calculations may become less parsimonious, input data may require the
estimation of additional parameters, and analytical results may become harder to apply
in practice.
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Table Al. A-cut representation for 04, 0, and 0, and sensitivity analysis of the errors of the triangular
approximate.

T

o oq Cia O T O ool ex eo
—a - - -
1 0.00031 0.00031 0.00495 0.00495 0.00495 0.00495 0.00% 0.00%
0.9 0.00031 0.00032 0.00490 0.00501 0.00488 0.00506 0.48% 0.99%
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Table Al. Cont.
o o4 l;da ™ U—_D‘ ool ool ex e_a
S : ° °

0.8 0.00031 0.00032 0.00485 0.00506 0.00480 0.00516 0.98% 1.92%
0.7 0.00030 0.00032 0.00479 0.00512 0.00472 0.00527 1.47% 2.78%
0.6 0.00030 0.00033 0.00474 0.00519 0.00464 0.00537 1.94% 3.53%
0.5 0.00029 0.00033 0.00468 0.00526 0.00457 0.00547 2.37% 4.15%
0.4 0.00029 0.00034 0.00461 0.00533 0.00449 0.00558 2.72% 4.59%
0.3 0.00029 0.00034 0.00454 0.00542 0.00441 0.00568 2.93% 4.76%
0.2 0.00028 0.00035 0.00446 0.00554 0.00433 0.00579 2.89% 4.50%
0.1 0.00027 0.00036 0.00436 0.00570 0.00426 0.00589 2.31% 3.43%

0 0.00026 0.00038 0.00418 0.00600 0.00418 0.00600 0.00% 0.00%
Table A2. o-cuts of r;g fori =1, 3, 6, 9, and 11, including their triangular approximations and the
sensitivity analysis of the attained accuracy.

oc-cuts of one-month interest rates 7
x 71,04 71,04 13,0, ¥3,04 Y6,0, 76,04 19,0, 19,0, 111,04 11,04
1 0.02598 0.02598 0.02700 0.02700 0.02515 0.02515 0.02379 0.02379 0.02288 0.02288
0.9 0.02596 0.02599 0.02695 0.02705 0.02506 0.02525 0.02365 0.02393 0.02271 0.02305
0.8 0.02594 0.02601 0.02691 0.02709 0.02496 0.02534 0.02350 0.02407 0.02253 0.02322
0.7 0.02593 0.02602 0.02685 0.02714 0.02486 0.02543 0.02335 0.02421 0.02234 0.02339
0.6 0.02591 0.02604 0.02680 0.02719 0.02475 0.02553 0.02318 0.02435 0.02214 0.02357
0.5 0.02589 0.02606 0.02674 0.02724 0.02463 0.02563 0.02300 0.02451 0.02192 0.02376
0.4 0.02587 0.02607 0.02667 0.02729 0.02449 0.02574 0.02280 0.02467 0.02167 0.02395
0.3 0.02584 0.02609 0.02659 0.02735 0.02434 0.02586 0.02257 0.02485 0.02139 0.02418
0.2 0.02581 0.02612 0.02649 0.02743 0.02414 0.02600 0.02227 0.02506 0.02103 0.02444
0.1 0.02576 0.02615 0.02636 0.02752 0.02387 0.02618 0.02186 0.02533 0.02053 0.02477
0 0.02568 0.02620 0.02610 0.02767 0.02335 0.02649 0.02108 0.02580 0.01958 0.02533
~ ~ T
a-cuts of one-month interest rates r;g = ;9 = (10", 7;0@7;0®)
& o 10a 308 7304 T804 T80 "0 7304 10 104
1 0.02598 0.02598 0.02700 0.02700 0.02515 0.02515 0.02379 0.02379 0.02288 0.02288
0.9 0.02595 0.02600 0.02691 0.02707 0.02497 0.02529 0.02352 0.02399 0.02255 0.02313
0.8 0.02592 0.02602 0.02682 0.02714 0.02479 0.02542 0.02325 0.02419 0.02222 0.02337
0.7 0.02589 0.02604 0.02673 0.02720 0.02461 0.02555 0.02298 0.02439 0.02189 0.02362
0.6 0.02586 0.02607 0.02664 0.02727 0.02443 0.02569 0.02271 0.02459 0.02156 0.02386
0.5 0.02583 0.02609 0.02655 0.02734 0.02425 0.02582 0.02244 0.02479 0.02123 0.02411
0.4 0.02580 0.02611 0.02646 0.02740 0.02407 0.02596 0.02217 0.02499 0.02090 0.02435
0.3 0.02577 0.02613 0.02637 0.02747 0.02389 0.02609 0.02190 0.02519 0.02057 0.02460
0.2 0.02574 0.02615 0.02628 0.02754 0.02371 0.02622 0.02163 0.02540 0.02024 0.02484
0.1 0.02571 0.02618 0.02619 0.02760 0.02353 0.02636 0.02135 0.02560 0.01991 0.02509
0 0.02568 0.02620 0.02610 0.02767 0.02335 0.02649 0.02108 0.02580 0.01958 0.02533
Error (%)
ex €x ex ex ex Cx ex ex ex ex
1 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
0.9 0.06% 0.03% 0.16% 0.08% 0.34% 0.16% 0.55% 0.25% 0.70% 0.32%
0.8 0.11% 0.05% 0.31% 0.15% 0.68% 0.32% 1.09% 0.51% 1.39% 0.64%
0.7 0.16% 0.08% 0.46% 0.22% 1.00% 0.48% 1.61% 0.75% 2.06% 0.95%
0.6 0.20% 0.10% 0.60% 0.29% 1.30% 0.62% 2.09% 0.97% 2.70% 1.22%
0.5 0.24% 0.12% 0.71% 0.35% 1.56% 0.74% 2.52% 1.16% 3.26% 1.46%
0.4 0.27% 0.14% 0.80% 0.40% 1.76% 0.84% 2.86% 1.30% 3.71% 1.64%
0.3 0.29% 0.15% 0.85% 0.42% 1.87% 0.88% 3.06% 1.37% 3.98% 1.72%
0.2 0.28% 0.14% 0.82% 0.40% 1.82% 0.85% 2.99% 1.32% 3.90% 1.64%
0.1 0.22% 0.11% 0.65% 0.32% 1.44% 0.66% 2.37% 1.02% 3.11% 1.27%
0 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
Table A3. a-cuts of 7;; fori=1, 3, 6,9, and 11, including their triangular approximations and the
sensitivity analysis of the attained accuracy.
«-cuts of one-month interest rates r,N-,,'

x 1,14 "1, 133, 733, 76,6, 76,64 799, 199, 11,11, 1,11,
1 0.02884 0.02884 0.03558 0.03558 0.04231 0.04231 0.04952 0.04952 0.05434 0.05434
0.9 0.02879 0.02888 0.03544 0.03572 0.04203 0.04259 0.04910 0.04995 0.05382 0.05485
0.8 0.02874 0.02893 0.03530 0.03587 0.04175 0.04288 0.04868 0.05038 0.05330 0.05538
0.7 0.02869 0.02898 0.03515 0.03601 0.04146 0.04318 0.04824 0.05083 0.05277 0.05593
0.6 0.02864 0.02903 0.03500 0.03617 0.04115 0.04350 0.04779 0.05130 0.05222 0.05651
0.5 0.02859 0.02909 0.03484 0.03634 0.04083 0.04384 0.04731 0.05181 0.05162 0.05713
0.4 0.02853 0.02915 0.03466 0.03653 0.04048 0.04421 0.04678 0.05238 0.05098 0.05783
0.3 0.02846 0.02923 0.03446 0.03675 0.04008 0.04465 0.04618 0.05304 0.05025 0.05863
0.2 0.02838 0.02931 0.03423 0.03702 0.03960 0.04518 0.04546 0.05384 0.04937 0.05961
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Table A3. Cont.

«-cuts of one-month interest rates r; ;

o 1,1, 1,1, 733, 733, 76,60 76,64 79,9, 79,9, 711,11, 11,11,
0.1 0.02828 0.02944 0.03391 0.03738 0.03896 0.04591 0.04450 0.05493 0.04820 0.06094

0 0.02809 0.02966 0.03334 0.03806 0.03783 0.04726 0.04280 0.05695 0.04612 0.06341

~ AT
a-cuts of one-month interest rates r;; ~ r;; = (r;; 1, r;;Pr;;4))

x e i "5 "33 T66a " 64 594 1594 i M,

1 0.02884 0.02884 0.03558 0.03558 0.04231 0.04231 0.04952 0.04952 0.05434 0.05434
0.9 0.02876 0.02892 0.03536 0.03583 0.04186 0.04280 0.04885 0.05027 0.05351 0.05524
0.8 0.02869 0.02900 0.03513 0.03607 0.04141 0.04330 0.04818 0.05101 0.05269 0.05615
0.7 0.02861 0.02908 0.03491 0.03632 0.04096 0.04379 0.04751 0.05175 0.05187 0.05706
0.6 0.02854 0.02917 0.03468 0.03657 0.04052 0.04429 0.04684 0.05249 0.05105 0.05797
0.5 0.02846 0.02925 0.03446 0.03682 0.04007 0.04478 0.04616 0.05324 0.05023 0.05887
0.4 0.02839 0.02933 0.03423 0.03707 0.03962 0.04528 0.04549 0.05398 0.04941 0.05978
0.3 0.02831 0.02941 0.03401 0.03731 0.03917 0.04578 0.04482 0.05472 0.04858 0.06069
0.2 0.02824 0.02950 0.03379 0.03756 0.03872 0.04627 0.04415 0.05547 0.04776 0.06160
0.1 0.02816 0.02958 0.03356 0.03781 0.03828 0.04677 0.04347 0.05621 0.04694 0.06250

0 0.02809 0.02966 0.03334 0.03806 0.03783 0.04726 0.04280 0.05695 0.04612 0.06341

Error (%)

x o Cx Cx Cx Cx €x Cx Cx Cox o

1 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
0.9 0.10% 0.12% 0.24% 0.30% 0.40% 0.50% 0.51% 0.63% 0.57% 0.71%
0.8 0.19% 0.24% 0.47% 0.58% 0.80% 0.97% 1.03% 1.23% 1.16% 1.37%
0.7 0.29% 0.35% 0.70% 0.85% 1.20% 1.40% 1.55% 1.78% 1.73% 1.98%
0.6 0.37% 0.45% 0.92% 1.09% 1.57% 1.79% 2.04% 2.27% 2.28% 2.51%
0.5 0.45% 0.54% 1.11% 1.29% 1.90% 2.12% 2.48% 2.67% 2.78% 2.95%
0.4 0.50% 0.61% 1.25% 1.44% 2.17% 2.35% 2.83% 2.96% 3.19% 3.27%
0.3 0.53% 0.64% 1.34% 1.51% 2.32% 2.46% 3.04% 3.08% 3.42% 3.40%
0.2 0.52% 0.61% 1.30% 1.45% 2.26% 2.35% 2.98% 2.94% 3.37% 3.23%
0.1 0.41% 0.48% 1.02% 1.13% 1.79% 1.82% 2.37% 2.27% 2.68% 2.50%

0 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%

Table A4. Triangular approximates to the price of caplets in Figure 7 and sensitivity analysis of their

accuracy.
1 Month 3 Months 6 Months 9 Months
ﬁiT: (8.88, 9.81, 11.06) (43.52, 45.40, 47.30) (68.17, 69.96, 72.38) (92.14, 93.94, 96.52)
[ €x e; € e_a €x e; € e_a
1 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
0.9 0.29% 0.60% 0.43% 0.22% 0.08% 0.16% 0.06% 0.14%
0.8 0.59% 1.17% 0.26% 0.43% 0.16% 0.32% 0.12% 0.27%
0.7 0.88% 1.70% 0.10% 0.64% 0.24% 0.47% 0.18% 0.39%
0.6 1.15% 2.18% 0.06% 0.82% 0.31% 0.60% 0.23% 0.49%
05 1.40% 2.57% 0.21% 0.99% 0.37% 0.72% 0.28% 0.58%
0.4 1.60% 2.85% 0.34% 1.12% 0.42% 0.80% 0.31% 0.65%
0.3 1.71% 2.98% 0.44% 1.21% 0.45% 0.84% 0.33% 0.68%
0.2 1.67% 2.84% 0.48% 1.21% 0.43% 0.81% 0.32% 0.65%
0.1 1.32% 2.19% 0.41% 0.93% 0.34% 0.63% 0.25% 0.51%
0 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
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