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1. Introduction

The significant increase in the data volumes generated by the
integration of multiple technologies and information sources
entails dealing with complex, high-dimensional data, where

dimension is understood as the number
of variables or attributes that characterize
each instance of an object or phenomenon.
Processing multiple variables is a challenge
to be faced by the data analysis and pattern
recognition communities. Additionally, the
task of presenting and/or representing data
in an understandable, intuitive, and
dynamic way is not trivial.[1]

Dimensionality (or dimension) reduc-
tion (DR) aims at developing efficient ways
of representing and interrelating data, such
that the information can be more usable
and intelligible to the user.[2,3]

Specifically, this is done by mapping
(embedding) the original high-dimensional
data into a low-dimensional space while
preserving the original information as
faithfully as possible. Frequently, it is nec-
essary to represent the data in an efficient
way closer to how humans understand and
process information.[4] DR tackles this

problem by transforming the data with the least information loss,
allowing the user or processing algorithm to explore and extract
useful information present in the original representation.[5,6] The
goal is to be able to summarize and describe the original con-
tents, exposing their main features. In particular, the represen-
tation ofN-dimensional spaces in the 2D or 3D space while either
inducing clusters or preserving the topological structure of the
given data is consistent with the human perceptual system,
which is limited to 3D. In addition, DR also reduces computa-
tional costs (processing time and storage capacity), since it is
more efficient to process and understand a smaller number of
variables. Therefore, DR becomes a fundamental stage in the
design of robust data analysis systems.

An enormous variety of DR methods have been proposed
based on different principles:[1,7] statistical concepts, spectral
approaches, graphs, predefined structures (e.g., lattices), and
neural networks. Depending on their underlying principle, they
generate mappings (embeddings) that preserve either global or
local characteristics, exhibit intrusive or extrusive behavior, or
which are either more efficient in preserving the high-
dimensional structure of data or more discriminative, hence
allowing for better cluster induction.

In machine learning, a combination approach known as
ensemble learning[8,9] applies the principle of “two heads think
better than one.” This approach is utilized in several techniques,
such as random forests, which allow the integration of several
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Dimension reduction aims to project a high-dimensional dataset into a low-
dimensional space. It tries to preserve the topological relationships among the
original data points and/or induce clusters. NetDRm, an online dimensionality
reduction method based on neural ensemble learning that integrates different
dimension reduction methods in a synergistic way, is introduced. NetDRm is
designed for datasets of multidimensional points that can be either structured
(e.g., images) or unstructured (e.g., point clouds, tabular data). It starts by
training a collection of deep residual encoders that learn the embeddings induced
by multiple dimension reduction methods applied to the input dataset.
Subsequently, a dense neural network integrates the generated encoders by
emphasizing topological preservation or cluster induction. Experiments con-
ducted on widely used multidimensional datasets (point-cloud manifolds, image
datasets, tabular record datasets) show that the proposed method yields better
results in terms of topological preservation (RNX curves), cluster induction
(V measure), and classification accuracy than the most relevant dimension
reduction methods.
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classification trees to improve the prediction of labels of a target
variable. Neural networks are another example. In this case,
several linear hyperplanes, each generated by one neuron, are
synergistically combined in a network to generate nonlinear
solutions. One of the approaches to ensemble learning known
as stacking obtains an integrated method (metamodel) that
improves the performance of several heterogeneous algorithms
that have been previously trained independently. This approach
can be used to combine dimension reduction algorithms, syner-
gistically integrating the features inherited from the different
heuristics of the combined DR methods.

Most DR methods are classified as batch processing (offline).
They require the entire dataset to compute the low-dimensional
space. In addition, if new data instances must be projected, the
whole process must be redone from scratch. This can be a seri-
ous drawback, as the full dataset and the results of the different
operations must fit into main computer memory, which is insuf-
ficient in many cases. Alternatively, other DR methods, such as
those based on neural networks, apply online processing (also
known as incremental or adaptive processing). This form of proc-
essing data does not require the complete set, but instances or
subsets of data called minibatches, thus making computer mem-
ory management much more efficient.

In the present work, an intuitive method is presented for DR
with either topological preservation or cluster induction. It is
based on online processing of minibatches and combination
of DR methods using the ensemble learning approach. The pro-
posed method applies multiple precursor DR methods to a set of
high-dimensional data for generating respective embeddings
(mappings). These low-dimensional representations are learnt
in a self-supervised way through neural encoders.[10] These
encoders allow the online adaptation of the traditional, offline
methods from which they were trained, thus being able to project
new data points very efficiently. Once the encoders are obtained,
they are optimized using manifold approximation based on
Uniform Manifold Approximation and Projection (UMAP)
net.[11,12]

Subsequently, the optimized encoders are integrated under
the ensemble learning approach using a dense residual neural
network that processes data in blocks to generate a new embed-
ding. We propose two variations of the integration network,
referred to as NetDRmT and NetDRmD, depending on whether
the final aim is to achieve topological preservation[13–15] or cluster
induction (i.e., discrimination).[16–18] For topological preserva-
tion, the integration network uses unsupervised learning based
on a computational cost function that attempts to preserve the
local topology by means of a probabilistic neighborhood graph
and the global topology through high- and low-dimensional
Euclidean distance matrices. In turn, the discriminative version
uses a deep network trained in a supervised fashion with a com-
posite cost function that attempts to minimize intracluster differ-
ences and maximize intercluster differences.

The experimental validation was conducted on a variety of
multidimensional structured (image datasets) and unstructured
datasets (manifold-type point datasets and tabular datasets). Due
to space limitations, this article presents results corresponding to
four representative datasets: Swiss Roll and Sphere (point data-
sets), ECG Arrhythmia (tabular dataset), Fashion-MNIST, and
COIL-20 (image datasets). Three widely used measures were

utilized to assess the performance of the proposed method:
the RNX

[19] curves to evaluate topological preservation, the
V-measure[20] to evaluate cluster induction, and Accuracy[21] to
assess classification performance. The average of those measures
was also considered.

The neural encoders were trained with relevant methods in
the DR literature: principal component analysis (PCA),[22] classi-
cal multidimensional scaling (CMDS),[23] Laplacian eigenmaps
(LE),[24] and locally linear embedding (LLE).[25] In addition to
those classical methods, the experimental validation compared
the proposed method with the most relevant DR methods in
the literature: linear discriminant analysis (LDA),[26]

ISOMAP,[27,28] multiple kernel learning (MKL),[29] deep multiple
kernel learning (DMKL),[30] GraphEncoder,[13,31] and factor anal-
ysis (FA),[32] as well as with recent DR methods based on projec-
tions and manifold approximations: SliseMap,[33] TriMap,[34]

DensMap,[35,36] ParametricUMAP,[11] t-distributed stochastic
neighbor embedding (t-SNE),[37] context-relevant self-organizing
maps (CRSOM),[38] soft-supervised topological autoencoder
(STA),[39] and ScaledPCA.[40]

The rest of this article is organized as follows. Section 2
presents an overview of the main concepts related to DRmethods
and the main characteristics that make a DR method versatile
and efficient. Section 3 discusses the combination of DR meth-
ods using MKL and ensemble learning. In Section 4, the pro-
posed method, referred to as NetDRm, is described, including
its two constituent stages. Section 5 and 6 present the experimen-
tal setup and the obtained results, respectively. Finally, conclu-
sions and future research lines are given in Section 7.

2. Dimensionality Reduction

The goal of DR is to generate embeddings in a low-dimensional
space in such a way that the relevant information of the
high-dimensional input dataset is preserved. Its advantages
are multiple. On the one hand, data is compressed by focusing
on relevant information and discarding irrelevant information.
This also implies a reduced computational cost in the application
of various machine learning algorithms, since the calculations
are performed over a lower number of dimensions. Another ben-
efit for machine learning algorithms, and in particular for neural
networks, is that overfitting is reduced, leading to more simple
and general models.

DR is also very useful as an information visualization tech-
nique, since it allows rearranging multidimensional data in a
space of two or three dimensions compatible with the human
perception capabilities, while maintaining the intrinsic structure
of the data, that is, neighboring points in the high dimension
keep being neighbors in the low dimension, just as distant points
retain their topological difference. In addition, DR allows the
induction of groupings (clusters). This ensures the homogeneity
and completeness of the data and prevents wrong point overlaps.
Finally, DR is being used as a generative approach: instead of
using generative adversarial networks (GANs), it is possible to
use different low-dimensional embeddings in a multimodal
and supervised manner. The underlying idea is that nearby
points of image, audio, or text embeddings under the same
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concept can generate new points through a vector integration of
those points, hence transmitting the features of each other.[41]

DR methods have traditionally followed two approaches: fea-
ture selection and feature projection (also known as feature
extraction). The goal of feature selection is determining a subset
of the original dimensions that optimizes the performance of a
certain data analysis algorithm (classification, regression, etc.).
This can be done by following either filter, wrapper, or embedded
strategies.[42] However, suppressing dimensions may not pre-
serve the underlying structures of the input data in general.
The alternative is feature projection, which maps the original
dimensions into a lower dimensional space.

2.1. Online Methods

There are two main approaches for dataset processing: offline
and online. Offline (also discontinuous) processing involves hav-
ing access to the entire dataset (full batch). This approach is
unsuitable when large datasets must be processed due to the lack
of storage capacity in main computer memory. In addition, data
may be constantly changing over time, which implies processing
algorithms that must continuously adapt to such variations.

Alternatively, online (also continuous, incremental, or adap-
tive) processing is used when it is not feasible to process the
entire dataset, or when the full dataset is not directly available,
or it is available as small subsets at a time. In this approach, data
points are processed individually or in small subsets called mini-
batches.[43] The main advantage of online processing is the ver-
satility in managing computer memory. However, there are also
disadvantages: the results may depend on the order in which
individual data points or minibatches are presented, and the
applied optimization procedures may be trapped in local optima
without guaranteeing optimal solutions.

2.2. Topological Preservation

Topology is the underlying structure of the distribution of data
points in a known D-dimensional space from a discrete (finite)
sample. Topological preservation refers to the ability to maintain
neighborhoods of points, by minimizing both extrusions (points
moving away from nearby points in a neighborhood) and intru-
sions (points moving toward distant points in a neighborhood).

In topology, local and global qualities are studied and different
properties are extracted from both. For example, two surfaces
(topological varieties of dimension 2) are locally homeomorphic
if the surface is homeomorphic to a piece of plane around any
point. However, two homeomorphic surfaces can be completely
different globally. For instance, if we zoomed in on a surface and
moved onto it, the separation between sections would be indis-
tinguishable, as only a small surrounding environment would be
observed. A local analysis could thus be carried out. On the other
hand, if we zoomed out from the same surface, it would be pos-
sible to distinguish general properties and look at the surface in
its context. Therefore, a global analysis of the surface could be
carried out.

The goal of DR methods is to extract relevant information
from high-dimensional data in a low-dimensional space while
preserving the topology through deformations or isometries

(e.g., rotations, translations, reflections, stretching, bending,
shrinking). The intrinsic structure of the manifold connectivity
must not be altered. Therefore, the measures of angle, area,
length, or volume should be preserved. For example, a circle
is topologically equivalent to an ellipse, just as a triangle is to
a square, since it is possible to transform one into another
continuously.

Several types of DRmethods preserve the topological structure
of the data in low dimensions. Some of them have an intrusive
behavior that leads to a better global performance, making dis-
tant points become neighbors. In sum, they "crush" the mani-
fold. The global aggregate topology shows all the related nodes
and their shared properties.[44] In turn, other methods have
an extrusive behavior that tends to "tear" the manifold. In other
words, some close neighbors may be embedded far away from
each other. These methods have a better local performance.[45]

For example, if the goal is to map the well-known Swiss Roll
3D point dataset, Figure 1a, from 3D to 2D with a pure global
approach, the result would crush the structure, as shown in
Figure 1b. If a pure local approach was used instead, the struc-
ture would tend to expand, as shown in Figure 1c. In this case,
heterogeneous, global and local approaches, such as the
proposed technique or ISOMAP, are necessary. In the end,
unrolling such a complex structure is just a matter of applying
an appropriate tradeoff between attractive and repulsive forces.

An emerging approach for preserving the topology of data
uses similarity matrices. From the point of view of graph theory,
data can be represented by a nondirected, weighted graph, in
which nodes represent data points, and a similarity or affinity
matrix keeps the edge weights. Two pioneering methods that
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(a)

Swiss Roll in 3D

(b)

Global preservation in 2D

(c)

Local preservation in 2D

Figure 1. DR of the Swiss Roll 3D point dataset, with DR methods featur-
ing global and local topological preservation. a) shows the data in the
original dimension, b) presents the 2-dimensional embedding with global
topology, c) presents the 2-dimensional embedding with local topology.
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exhibit a local behavior and apply similarity matrices are L[24] and
LLE.[25] They follow a spectral approach based on kernels and
exhibit local behavior.

2.3. Cluster Induction

It is necessary to differentiate between the clustering task and the
iterative process of cluster induction. Clustering algorithms do
not transform the input data. They identify clusters based on dif-
ferent principles: calculating distances or similarities between
cluster members, recognizing dense areas of the data space,
using intervals or particular statistical distributions, finding
common characteristics or attributes.

Alternatively, cluster induction aims to generate dense, non-
overlapping clusters. In general, clustering can be formulated as
a multiobjective optimization problem, where one seeks to max-
imize the similarity within clusters and minimize the similarity
between clusters. On the other hand, cluster induction applies
transformations to the given data, arranging closely and/or
densely those points that are similar, so that a clustering method
can perform a more efficient grouping later. Cluster induction
can be applied to a wide range of fields, such as customer seg-
mentation in marketing, social network analysis, bioinformatics,
computer vision, and many other areas.

An example of cluster induction is dimension reduction. It
transforms the high-dimensional input space into a low-
dimensional space, and in the process, it generates a latent char-
acteristic space that represents the original space. The new
embedded space is obtained by preserving the topological affinity
of elements with similar characteristics. This is the fundamental
idea of clustering.

Deep cluster induction is an advanced variation that combines
the power of deep learning with the ability to discover latent and
complex structures in datasets. Neural models are able to learn
relevant and nonlinear features of objects, thus capturing more
complex intrinsic patterns and relationships. In deep cluster
induction, a neural network is trained to learn a compact and
expressive representation of a given dataset. Once the model
is trained, a traditional clustering technique can be applied to
the learnt features to group objects into clusters.

3. Ensemble Learning

As discussed above, a large variety of DR methods based on dif-
ferent operating principles have been proposed in the literature.
Each method exhibits particular characteristics, among which
topological preservation and cluster induction are the most rele-
vant. By synergistically combining different DR methods, it is
possible to obtain an enriched embedding capable of preserving
the inherent properties of each method. The aim is that the com-
binedmethod (ensemble) outperforms the scores achieved by the
individual methods.

A widely used approach for combining DR methods is
mMKL.[29] It combines several kernel methods into a single
embedding matrix, improving the individual representation.
MKL is based on a basic principle of kernels: the sum of kernels
yields a new kernel. Under the MKL approach, it is possible to
combine traditional spectral methods, such as kernel LE (KLE),

kernel LLE (KLLE), kernel PCA (KPCA), kernel CMDS (KCMDS),
among others. Each combined kernel is associated with a weight-
ing factor that determines the implication of the corresponding
method in the final result. The final kernel combination is usu-
ally determined by iterative optimization procedures. Different
neural approaches have also been proposed for MKL. For exam-
ple, ref. [30] uses multilayer networks to combine sets of kernel
methods shown to be effective in DR.

In machine learning, the three main approaches for combin-
ing methods (i.e., ensemble learning) are bagging, boosting, and
stacking.[8,9] In bagging, different subsets of the same dataset are
defined, and several instances of a same method are trained on
each subset. The different instances are finally combined by aver-
aging their results or applying majority voting. A representative
example of bagging is the Random Forest algorithm. In turn,
boosting sequentially trains multiple instances of a same learn-
ing method with the entire dataset, although every new instance
focuses on the points misclassified by the previous instance.
Afterward, the predictions of all instances are combined by aver-
aging or voting. An example of this approach is AdaBoost.
Finally, stacking combines a set of methods independently pre-
trained on a same dataset by means of a metamodel. The latter
can be any machine learning method. A representative example
of stacking is neural networks, which combine in a nonlinear way
linear models associated with every neuron.

4. Synergistic Integration of DR Methods through
Deep Neural Networks

We present NetDRm, a DR method based on deep networks that
allows the integration of multiple DR methods. In particular, we
integrate four well-known spectral DR methods with NetDRm:
PCA/KPCA, CMDS/KCMDS, LLE/KLLE, and LE/KLE. We chose
those precursor methods for several reasons. First, they are suit-
able to be combined throughMKL,[29] which is the reference inte-
gration tool in this field. They are also simple linear algorithms
that preserve the global topology (CMDS/KCMDS, PCA/KPCA)
or the local topology (LE/KLE, LLE/KLLE). Global and local topo-
logical preservation are desirable features for any embedding.
Finally, the embeddings generated by these methods are typically
used as the starting point for more recent DR methods, such as
t-SNE, TriMap, and UMAP.

NetDRm is a neural DR method with two variations: a dis-
criminative version aimed at cluster induction and a topological
version that preserves the structure of the high-dimensional
data.[46] NetDRm uses ensemble learning to synergistically
integrate DR methods through deep neural combination, with
the goal of endowing the new embedding with the features of
its precursor methods, along with the features of deep learning.
The latter efficiently uses computer memory by processing data
into subsets and allows new points to be projected based on the
learned model.

NetDRm has two stages. In the first stage, the behavior of the
base DRmethods is learnt using dense neural encoders from the
embeddings generated by each precursor method. Those
encoders are subsequently optimized with UMAP-based approx-
imation procedures. In the second stage, a deep neural metamo-
del integrates the embeddings generated by the previously
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trained encoders. Depending on the configuration of the meta-
model, two versions are generated: a discriminative version that
applies a supervised approach to separate the given points into
clusters and a topological version that applies an unsupervised
approach to preserve the structure of the high-dimensional data.
The two stages are fully described below.

4.1. Learning DR Methods

In the first stage, M deep encoders fε1, : : : , εMg learn the M
embeddings YDR ∈ ℝN�d generated by M DR methods
fDR1, : : : , DRMg, all applied to the same high-dimensional
dataset sX ∈ ℝN�D, as shown in Figure 2.

Since NetDRm is applicable to both structured and unstruc-
tured datasets, a preprocessing stage guarantees that the differ-
ent data types are transformed into matrix form. Each basis DR
method to be combined is individually applied to the high-
dimensional input set X to generate its respective YDR embed-
ding. Subsequently, the input set X ofN points is partitioned into
subsets of b points X ∈ ℝb�D, generating N=b minibatches. Each
minibatch X gives rise to the corresponding embedding
YDR ∈ ℝb�d. Working with minibatches instead of the full data-
set reduces overfitting, gradient calculation and parameter
update is more effective, and memory management is optimal.

A different neural encoder εDR learns each of the previously
generated YDR embeddings, yielding the online version of each
embedding, Yε ∈ ℝb�d, which allows new data to be projected
without recomputing the whole embedding. The encoder εDR
must be general purpose, that is, capable of processing a wide
variety of structured and unstructured datasets. Therefore, a
dense neural network based on the structure shown in
Figure 3 is utilized.

A loss function compares the result obtained by the encoder Yε

and the embedding generated by the DR method YDR:

ℒ Yε � YDR
� �

. ℒ can be any regression loss function.[47] The
experimental validation conducted in this work was performed
with the Smooth L1 function,[48] which shows more stable results
in the presence of outliers. The Adam[49] algorithm was used for
minimizing the difference between both embeddings at every
iteration.

Four classical DR methods were used to train the encoders in
this work: PCA, CMDS, LLE, and LE. They are the most relevant
and representative spectral DR methods. Their online versions
were generated by means of the respective encoders: εPCA,
εCMDS, εLLE, and εLE.

After training the four encoders, they are optimized by apply-
ing ParametricUMAP.[11] The goal is to maintain the integrity of
high-dimensional clusters. Initially, the algorithm computes
distances between every pair of high-dimensional points.
Subsequently, a graph is created to represent the nearest neigh-
bors, assigning probabilities to potential edges between points
and establishing a local concept of distance. ParametricUMAP
applies the following processes. First, it calculates a distance
matrix DX ∈ ℝN�N .

DX i, jð Þ ¼ kXi � Xjk (1)

A graph consisting of the k nearest neighbors for each point in
X is also generated, where k is a predetermined hyperparameter.
Using the graph and the distance matrix DX, a matrix of
similarity scores PX ∈ ℝN�N is computed for each point and
its neighbors as follows.

PX i, jð Þ ¼ e� DX i, jð Þ�ρið Þ2=σi (2)

where ρi represents the distance to the nearest neighbor of Xi in
the graph, and σi is a parameter used to standardize the similarity
scores of each point. Specifically, σi is determined such that the
total sum of similarity scores PX i, jð Þ between Xi and its k nearest
neighbors in the diagram is less than log2 kð Þ. It is important to
note that the matrix of similarity scores PX is asymmetric. To
avoid this, a new symmetric matrix GX ∈ ℝN�N of similarity
scores for the entire dataset is constructed using the element-
wise (Hadamard) product о.

GX ¼ PX þ PT
Xð Þ � PX оPT

X (3)

Both DX and GX are calculated once for the entire dataset.
However, the neural encoders are applied to different subsets
of b data points X ∈ ℝb�D that are randomly sampled from
X ∈ ℝN�D. Therefore, each time an encoder is utilized, we focus
on the distance submatrix and symmetric similarity score
submatrix corresponding to the sampled points within the mini-
batch: DX ∈ ℝb�b and GX ∈ ℝb�b. These submatrices are directly
extracted from DX and GX, respectively.

In the next step, a low-dimensional graph is created to repre-
sent the connection between high-dimensional points. This is
achieved by repositioning the low-dimensional points to mimic
the groups established in the original space. ParametricUMAP
selects two points within a group based on their high-
dimensional scores and brings one closer to the other.
Afterward, the method identifies a point that should move away,
selecting the one with the lowest score in its respective

Figure 2. Learning a DR method through an associated neural encoder
εDR.

Figure 3. Structure of general purpose encoder εDR.
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dimensional group. The probabilities in the embedded space are
determined as follows.

QYε
¼ 1þ α kYε � YT

ε jj2β
� ��1 (4)

Low-dimensional similarity scores are derived from a constant
bell-shaped t-distribution curve. All edges are considered to have
a probability of 1, while negative samples have a probability of 0.
Hyperparameter α controls the shape of the t-distribution: as α
increases, the t-distribution approaches a standard normal distri-
bution. In turn, hyperparameter β determines how the contribu-
tion of the squared norm is weighted in the overall expression,
allowing the sensitivity of the model to be adapted to differences
in the data.

Finally, a crossentropy cost function C is computed, and opti-
mization is performed through gradient descent to minimize the
difference between both similarity scores, GX and QYε

.

C GX,QYε

� �
¼ �

X
i 6¼j

GX i, jð Þ log GX i, jð Þ
QYε

i, jð Þ

þ 1� GX i, jð Þ� �
log

1�GX i, jð Þ
1� QYε

i, jð Þ

(5)

The cost function is applied to all pairs of points within the
minibatch. Pairs exhibiting a high similarity score GX i, jð Þ are
indicative of nearby points in the high-dimensional (HD) space.
Conversely, pairs with a low GX i, jð Þ represent distant points in
the HD space. By minimizing this crossentropy function, nearby
points in the HD space are encouraged to converge in the low-
dimensional (LD) space (attraction), while distant points in the
HD space are prompted to spread apart in the LD space (repul-
sion). Consequently, in this initial stage, an enhanced embed-
ding Yε ∈ ℝb�d is derived via the neural encoder associated
with each specific DR technique under consideration.

In the end, each considered DR method yields an enhanced
embedding denoted as YDR.

4.2. Combining DR Methods

The second stage applies a metamodel, α, based on neural
ensemble learning for integrating the embeddings generated
by the M encoders fε1, : : : , εMg previously trained in the first
stage. The integration network, α, represented in Figure 4, is
a residual neural network with skip connections to reduce

vanishing gradient. The network processes data through densely
connected layers.

Hb is the number of residual hidden blocks. It is a hyperpara-
meter that determines the depth of the network. In turn, Hn is a
hyperparameter that defines the number of hidden neurons.
The residual network, α, receives the M neural embeddings
YM ∈ ℝb�d, each of d dimensions. Thus, the input layer consists
of M � d neurons, followed by a sequence of residual blocks.
Each residual block consists of two layers ofHn hidden neurons.
Hn is determined according to the number of methods to be
combined, the desired embedding dimension, and a regulariza-
tion parameter η as follows: Hn ¼ ηMd.

The result of each residual block is normalized and a nonline-
arity is added through the rectified linear unit activation function.
Finally, the output layer has d neurons, which is the desired
embedding dimension. As a result of the ensemble, a low-
dimensional integrated output Y ∈ ℝb�d is obtained, which
can be either discriminative or topological depending on the
metamodel configuration as described below.

4.2.1. Discriminative Version: NetDRmD

For cluster induction, the metamodel, α, must be configured
with a large number of layers and neurons. The following param-
eters were utilized in this work (see Figure 4) based on the anal-
ysis described in Section 6.2: Hb ¼ 10 and Hn = 10Md, that is,
22 fully connected layers corresponding to: one input layer, one
output layer, and 20 hidden layers (10 residual blocks, with 2 hid-
den layers each). In addition, each hidden layer contains 10Md
neurons. The depth and number of neurons cause a characteris-
tic effect that yields a better discrimination of the projected
points.

The M encoders and the metamodel constitute a deep residual
encoder, ε. It is trained in a supervised way with an encoder–
decoder topology shown in Figure> 6. That supervision assumes
that every original point Xi belongs to a known class c out of C
different classes. The structure of the decoder, δ, is depicted in
Figure 5. It is a shallow feed-forward network with two successive
fully connected layers and a final softmax function. The decoder
is fed with a minibatch Y ∈ ℝb�d generated by the metamodel
and yields b class probability vectors, C ∈ ℝb�C , such that
Ci cð Þ, c ∈ 1,C½ �, is the estimated probability that Yi belongs to
class c. The ground-truth class of every high-dimensional point
Xi and its corresponding embedded point Yi is defined through a

Figure 4. Structure of the deep integration network (metamodel)α.
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one-hot vectorOi, such thatOi cð Þ is 1 if Yi belongs to class c and 0
otherwise.

Ideally, each Ci should match its corresponding one-hot vector
Oi. To achieve this goal, both the metamodel and the decoder are
trained by minimizing a crossentropy cost function ℒC given by

ℒC ¼ C’ C,Oð Þ ¼ �
Xb

i¼1

XC
c¼1

Oi cð Þ logCi cð Þ

þ 1� Oi cð Þð Þ log 1� Ci cð Þð Þ
(6)

The entire process is illustrated in Figure 6. The parameters of
the M encoders were kept fixed. However, comparable results
were obtained by unfreezing all encoders.

4.2.2. Topological Version: NetDRmT

For topological preservation, the metamodel, α, must be config-
ured with a small number of layers and neurons. The following
parameters were chosen in this work (see Figure 4) based on the
analysis described in Section 6.2:Hb ¼ 1 andHn ¼ 2Md, that is,
four fully-connected layers corresponding to one input layer, one
output layer, and two hidden layers (one residual block with two
hidden layers). In addition, each hidden layer contains 2Md
neurons.

The network is trained in an unsupervised manner by consid-
ering a weighted compound loss ℒt.

ℒt ¼ wℒL þ 1� wð ÞℒG (7)

The first term in Equation (7) aims at preserving local topol-
ogy: ℒL ¼ C GX,QY

� �
is the crossentropy loss defined in

Equation (5). It compares GX and QY based on the process pro-
posed in ParametricUMAP,[11] which we also apply to the opti-
mization of the pretrained encoders (Section 4.1). GX is the
symmetric matrix of similarity scores defined in Equation (3).
It is computed once for the original dataset X by considering
the distance matrix DX defined in Equation (1) and a graph with
the k nearest neighbors of each point in X. In turn, QY is the
conversion to probabilities of the low-dimensional distance
matrix DY, similarly to Equation (4). QY is formulated to assign
higher values to shorter distances and lower values to longer dis-
tances, with adjustments made based on the provided parame-
ters α and β. It gives values between 0 and 1.

QY ¼ 1þ αDY
2β

� ��1 (8)

The second term in Equation (7) aims at preserving global
topology: ℒG ¼ D DX � DY

� �
is a regression loss function that

aims to minimize the error between the Euclidean distance
matrices of both the input X and the output Y data points
(i.e., DX,DY ∈ ℝb�b). In our experiments, we chose the
Smooth L1 loss[48] due to its robustness to outliers.

Hyperparameter w in Equation (7) is a weighting factor
between 0 and 1 that determines the amount of local (ℒL)
and global (ℒG) topological preservation. If w ¼ 1, the system
only preserves the local topology, whereas only global topology
is preserved for w ¼ 0. A tradeoff value w ¼ 0.5 was considered
in the experiments conducted in this work. Only the metamodel,
α, was trained by minimizing Equation (7). Comparable results
were achieved by unfreezing all encoders. The entire process is
depicted in Figure 7.

Figure 5. Structure of decoder δ.

Figure 6. Combination of DR methods through multilayer feedforward network trained in a supervised manner, which exhibits cluster induction.
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5. Experimental Section

The effectiveness of the proposed DR approach was experimen-
tally assessed on a variety of multidimensional structured (image
datasets) and unstructured datasets (manifold-type point datasets
and tabular datasets). Due to space limitations, this article
presents results corresponding to five representative datasets:
Swiss Roll and Sphere (point datasets), ECG Arrhythmia (tabular
dataset), and COIL-20 and Fashion-MNIST (image datasets).
They are described in Section 5.1. Three widely used measures
were utilized to assess the performance of the proposed method:
RNX curves to evaluate topological preservation, the V-measure to
evaluate cluster induction, and Accuracy (Ac) to evaluate the clas-
sification capabilities. Finally, an average (Av) of the previous
three measures was also computed. They are described in
Section 5.2. The architecture of the encoders and decoders
was designed by taking into account the aforementioned data-
sets, as already explained in Section 4.

5.1. Datasets

We presented both quantitative and qualitative results for two
unstructured manifold-type point datasets: Swiss Roll and
Sphere. They contained N= 3000 3D points (i.e., D ¼ 3) sam-
pled from two well-defined surfaces. Therefore, they are suitable
for assessing the behavior of dimension reduction methods
when those points are projected to 2D (i.e., d ¼ 2). The Swiss
Roll can easily be deployed to a 2D surface by unrolling the spiral
structure. Conversely, the Sphere is a compact set difficult to
deploy, as the points are closely related to each other. Each data
point in those datasets has an associated color from a 15 color
palette. We used these colors as class labels to evaluate the clas-
sification accuracies.

An unstructured, tabular dataset with features extracted from
signals for ECG Arrhythmia detection was also considered. The
dataset has N= 30 000 records with D ¼ 34 dimensions. The

records belong to C ¼ 4 different classes: N (Normal), S
(Supraventricular ectopic beat), V (Ventricular ectopic beat),
and F (Fusion beat) (https://www.kaggle.com/datasets/
sadmansakib7/ecg-arrhythmia-classification-dataset).

We also showed the results for two structured image datasets:
COIL-20 and Fashion-MNIST. COIL-20 (Columbia Object Image
Library)[50] contains N= 1440 images of C ¼ 20 simple objects,
such that every object was rotated 360 degrees on a turntable in
5-degree steps, yielding 72 images per object. The images were
monochrome with a resolution of 32� 32 pixels (i.e.,
D ¼ 32� 32 ¼ 1024). In turn, Fashion-MNIST[51] consisted of
a training set with 60 000 images and a test set with 10 000
images, all belonging to 10 different categories corresponding
to various Zalando’s articles. In this case, N= 60 000, with a
resolution of 28� 28 pixels (i.e., D ¼ 28� 28 ¼ 784). Figure 8
shows examples of those point and image datasets.

5.2. Quality Measures

As mentioned above, DR methods aim to find a mapping
(embedding) that projects the original high-dimensional points
into a low-dimensional space. As a result of that mapping, the
data points undergo topological transformations (e.g., stretching,
breaking, approximations, distancing) that modify the structural
relationships among them. Therefore, one of the desirable fea-
tures in any embedding is the ability to preserve the topological
structure of the high-dimensional data. Furthermore, another
desirable feature of DR methods is their ability to induce clusters
by modifying the topological structure in the low-dimensional
space. This is not to do with clustering methods nor classification
algorithms. Clustering methods aim at identifying or recogniz-
ing clusters in the original data, without modifying their topolog-
ical structure. In turn, classification algorithms aim to assign a
label to each original data point in a supervised manner, without
modifying the topological structure of the input data. In turn, a
DR method can be applied to either a clustering method or a

Figure 7. Combination of DR methods through multilayer feedforward network trained with Euclidean distance matrices for global topological preserva-
tion and with a neighborhood graph for local topological preservation.
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classification algorithm as a preprocessing stage, since it
condenses the most relevant information in such a way that
the subsequent clustering or classification stage can be more effi-
cient and less prone to overfitting. In sum, differently to cluster-
ing and classification methods, DR methods embed the original
points into a low-dimensional space while attempting to preserve
their original spatial relationships. That preservation ability can
be directly evaluated through suitable topological preservation
measures.

Topological preservation and cluster induction are not mutu-
ally exclusive: one can affect the other. For example, if the objec-
tive is data segmentation, the generation of dense subgroups will
cause similar points to concentrate in certain regions, leading to
extrusions or intrusions,[52] which will affect the preservation of
the original structure. For this reason, a specific measure must
be applied to each feature.

In this work, the topological preservation of high-dimensional
data has been evaluated with the RNX curves. The RNX curves gen-
erate scores in terms of percentages. However, in order to obtain
a score comparable to the other metrics, the RNX score was nor-
malized in such a way that 1 represents the best result. In turn,
the V-measure has been used to evaluate the ability to induce
clusters.[53] In practical terms, the well-known K-means algo-
rithm was applied to the low-dimensional points generated by
each evaluated DR method in order to generate clusters. The
points contained in each cluster were then given a same label.
Finally, those automatically generated labels were compared with
the real labels. The V-measure ranged between 0 and 1, with 1
being the optimal score. Finally, Accuracy (Ac) was used to

evaluate the benefits of the generated low-dimensional embed-
dings for subsequent classification applications. In this case, all
datasets were split into a training subset (80% of data) and an
evaluation subset (20% of data). The well-known decision tree
classifier was then trained to learn the classes of the low-
dimensional points contained in the training subset.
Afterward, that classifier was applied to predict the class labels
of the low-dimensional points in the test subset. Accuracy was
computed by comparing the predicted labels with the ground-
truth labels. Due to the strong DR applied to the original data
in our experiments (typically 2D embeddings), the obtained

−10
−5

0
5

10

0

5

10
−20

−10

0

10

−0.5
0

0.5

−0.5

0

0.5

−0.5
0
0.5

Swiss Roll Sphere

Fashion-MNISTCOIL-20

Figure 8. Illustration of the point-cloud and image datasets tested in this work: Swiss Roll, Sphere, COIL-20, and Fashion-MINIST.

Figure 9. Example of RNXðKÞ curve and associated AUC measure for
assessing the local and global topological preservation of a DR method.
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Table 1. RNX score, V measure, and Accuracy for different combinations of precursor DR methods with NetDRm.

sNetDRm Measure COIL-20 Swiss Roll Sphere Arrhythmia Fashion-MNIST

Combination NetDRmT NetDRmD NetDRmT NetDRmD NetDRmT NetDRmD NetDRmT NetDRmD NetDRmT NetDRmD

PCA=KPCA1 V 0.815 0.924 0.578 0.932 0.454 0.743 0.426 0.696 0.526 0.655

LE=KLE1 RNX 44.9 23.6 46.8 24.1 49.9 22.4 42.3 21.0 31.7 19.4

Ac 0.247 0.220 0.254 0.195 0.280 0.317 0.573 0.662 0.426 0.278

CMDS=KCMDS1 V 0.811 0.930 0.594 0.940 0.448 0.756 0.430 0.708 0.524 0.645

LLE=KLLE1 RNX 44.4 23.8 48.5 23.6 51.3 21.1 43.4 20.5 32.8 20.3

Ac 0.244 0.233 0.243 0.186 0.278 0.318 0.563 0.686 0.428 0.280

CMDS=KCMDS1 V 0.814 0.917 0.591 0.941 0.459 0.762 0.423 0.714 0.531 0.653

PCA=KPCA1 RNX 44.8 24.1 50.2 23.2 50.6 21.9 41.4 23.1 32.3 19.6

Ac 0.238 0.338 0.248 0.201 0.287 0.319 0.576 0.691 0.435 0.274

LE=KLE1 V 8 0.952 0.582 0.937 0.461 0.752 0.428 0.694 0.518 0.649

LLE=KLLE1 RNX 44.1 23.8 46.5 25.0 48.7 20.9 43.0 20.3 31.5 18.3

Ac 0.246 0.324 0.256 0.193 0.283 0.319 0.569 0.684 0.429 0.261

CMDS=KCMDS1 V 0.793 0.955 0.623 0.968 0.482 0.771 0.435 0.763 0.554 0.691

PCA=KPCA1 RNX 45.3 28.3 59.3 25.6 54.8 25.4 51.2 24.6 35.0 21.1

LE=KLE1 Ac 0.275 0.341 0.283 0.214 0.311 0.341 0.607 0.745 0.483 0.311

LLE=KLLE1 V 0.823 0.941 0.618 0.964 0.483 0.764 0.435 0.768 0.546 0.683

LE=KLE1 RNX 46.6 28.4 57.7 27.3 55.6 24.8 53.3 24.7 0.33.7 20.8

CMDS=KCMDS1 Ac 0.273 0.338 0.291 0.209 0.308 0.342 0.602 0.724 0.478 0.307

LLE=KLLE1 V 0.839 0.960 0.634 0.989 0.514 0.839 0.475 3 0.583 0.714

LE=KLE1 RNX 50.2 30.6 64.2 28.9 61.8 23.4 56.5 22.8 38.6 22.7

CMDS=KCMDS1 Ac 0.290 0.351 0.307 0.225 0.339 0.355 0.636 0.770 0.525 0.350

PCA=KPCA1

Figure 10. Performance measures for different numbers of neurons in the hidden layers of the metamodel,Hn. RNX scores by considering 2 hidden layers (topo-
logical metamodel), V-measures by considering 20 hidden layers (discriminative metamodel), Ac scores by considering 2 hidden layers (topological metamodel).
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accuracy scores were expected to be much lower that when this
measure was applied to the original data. An ideal embedding
would be the one that yields the best scores for the three afore-
mentioned measures (i.e., RNX, V, and Ac). For this reason, we
finally considered a holistic measure (Av), which was simply
obtained as their arithmetic average. These three quality meas-
ures are fully described below.

5.2.1. Topological Preservation Measures

To measure the topological preservation of a DR method, the
intersection between neighborhoods in the high-dimensional
space and their associated neighborhoods in the low-dimensional
space are taken into account. If the intersection is complete, and
both neighborhoods have the same data points, the embedding is
perfect and the topology of the original space is fully preserved.
On the contrary, if the intersection between associated neighbor-
hoods is null, there is no topological preservation at all.

Function QNX Kð Þ[53] measures the quality of the topological
preservation of an embedding depending on the neighborhood
size K (also known as perplexity).

QNX Kð Þ ¼
XN

i¼1

���νKi ∩ nKi
���

KN
(9)

where νKi is the high-dimensional neighborhood of the i-th data
point (with K � 1 nearest neighbors), and nKi is the associated
neighborhood in the low-dimensional space.

Unfortunately, QNX Kð Þ does not give 0 for a random embed-
ding. This is solved by defining the RNX Kð Þmeasure, which gives
0 for a random embedding and 1 for perfect topological preser-
vation.

RNX Kð Þ ¼ N � 1ð ÞQNX Kð Þ � K
N � 1� K

(10)

If a DR method preserves the topology for low values of K
(small neighborhoods), it is said to preserve the local topology.
In turn, if it keeps the topology for big values of K (big neighbor-
hoods), it preserves the global topology. The RNX Kð Þ values are
plotted for increasing values of K, giving rise to the RNX Kð Þ
curves. Figure 9 shows a typical example. Therefore, an
RNX Kð Þ curve graphically shows the topological preservation of
a DR method both locally and globally. The overall topological
preservation associated with a single RNX Kð Þ curve is finally sum-
marized with a measure known as area under curve (AUC),
which is the discrete integral of the curve.

AUClogK RNX Kð Þð Þ ¼
PN�2

K¼1 RNX Kð Þ=KPN�2
K¼1 1=K

(11)

Table 2. Evaluation of RNX score, V-measure, and Accuracy for different numbers of hidden layers in the metamodel. Results in bold indicate the highest
scores obtained in each metric.

Hidden Measure COIL-20 Swiss Roll Sphere Arrhythmia Fashion-MNIST

blocks NetDRmT NetDRmD NetDRmT NetDRmD NetDRmT NetDRmD NetDRmT NetDRmD NetDRmT NetDRmD

Hb ¼ 1 V 0.839 0.866 0.634 0.851 0.514 0.612 0.475 0.521 0.583 0.594

(L ¼ 4) RNX 48.9 37.2 64.2 34.3 61.8 29.7 56.5 32.4 38.6 33.5

Ac 0.290 0.318 0.307 0.209 0.339 0.349 0.636 0.770 0.525 0.323

Hb ¼ 2 V 0.859 0.874 0.645 0.862 0.575 0.663 0.419 0.544 0.595 0.613

(L ¼ 6) RNX 45.6 35.9 62.7 33.4 59.4 27.0 55.3 31.6 34.3 31.2

Ac 0.304 0.315 0.311 0.218 0.342 0.340 0.642 0.778 0.493 0.341

Hb ¼ 4 V 0.884 0.896 0.693 0.885 0.523 0.608 0.452 0.568 0.593 0.620

(L ¼ 10) RNX 42.3 34.1 62.2 32.7 58.4 26.9 53.5 30.3 32.5 30.0

Ac 0.297 0.329 0.319 0.227 0.328 0.347 0.654 0.784 0.517 0.347

Hb ¼ 6 V 0.909 0.922 0.739 0.943 0.642 0.745 0.508 0.611 0.602 0.633

(L ¼ 14) RNX 40.6 32.5 58.4 30.7 58.1 24.5 51.9 28.9 30.8 27.3

Ac 0.313 0.345 0.322 0.219 0.344 0.350 0.661 0.783 0.503 0.358

Hb ¼ 8 V 0.915 0.946 0.781 0.972 0.636 0.818 0.532 0.691 0.612 0.689

(L ¼ 18) RNX 38.9 32.9 57.4 30.3 57.6 24.7 49.8 27.6 28.4 26.1

Ac 0.323 0.348 0.336 0.225 0.351 0.353 0.672 0.788 0.523 0.364

Hb ¼ 10 V 0.923 0.960 3 0.989 0.718 0.839 0.552 0.720 0.632 0.703

(L ¼ 22) RNX 34.7 30.6 56.3 28.9 56.8 23.4 47.8 24.5 25.1 23.4

Ac 0.319 0.351 0.324 0.225 0.350 0.355 0.677 0.791 0.528 0.372

Hb ¼ 12 V 0.921 0.949 0.796 0.978 0.588 0.812 0.556 3 0.654 0.714

(L ¼ 26) RNX 33.7 29.8.0 56.9 26.5 49.3 22.1 46.3 22.8 23.6 22.7

Ac 0.320 0.353 0.327 0.232 0.346 0.353 0.684 0.770 0.512 0.350

www.advancedsciencenews.com www.advintellsyst.com

Adv. Intell. Syst. 2024, 6, 2400178 2400178 (11 of 24) © 2024 The Author(s). Advanced Intelligent Systems published by Wiley-VCH GmbH

 26404567, 2024, 11, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/aisy.202400178 by U

niversitat R
ovira i V

irgili, W
iley O

nline L
ibrary on [10/03/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.advintellsyst.com


Improvements of QNX Kð Þ and RNX Kð Þ imply that a DR
method can better preserve both the local and global structure
of the original data when projected into a lower-dimensional
space. This means that the relationships between nearby and dis-
tant data points in the high-dimensional space are more faithfully
preserved in the low-dimensional representation. The ability to
maintain relationships between data points in the low-
dimensional projection helps analysts understand patterns, clus-
ters, and structures in the data that would otherwise be difficult
to discern. It can also improve the performance of clustering and
classification algorithms that process the projected data. By
improving QNX Kð Þ and RNX Kð Þ, a DR method can reveal intrin-
sic structures in the data that other DRmethodsmight miss. This
can include subgroup identification, anomaly detection, and
other relevant features of the original data.

5.2.2. Cluster Induction Measures

The cluster induction capability of a DR method has been
assessed in this work through the V-measure.[20] It is necessary
to have a partition of the original dataset X into C classes (clus-
ters). That induces a corresponding partition in the embedded
dataset Y. Let YGT ¼ fYGTi

gCi¼1 be the family of C clusters
induced in Y by the ground-truth partition. The k-means cluster-
ing algorithm with k ¼ C was then applied to Y. It yielded a
second family of C clusters: YC ¼ fYCi

gCi¼1.
Two complementary clustering measures are defined based

on the Shannon entropy H: homogeneity and completeness.

In this scope, H measures the dispersion of the N given points
into C clusters. The maximum entropy occurs if all points are
equally distributed among all clusters. Conversely, entropy is
zero if all data points fall into a same cluster (no dispersion at all).

Homogeneity is defined as h ¼ 1�H YGTjYCð Þ=H YGTð Þ.
H YGTð Þ is the dispersion of the ground-truth partition, whereas
the conditional entropyH YGTjYCð Þ is the dispersion of the points
belonging to every k-means cluster among the C ground-truth
clusters. When all points in each k-means cluster are concen-
trated in the same ground-truth cluster, H YGTjYCð Þ is zero,
resulting in maximum homogeneity (h ¼ 1). In turn, complete-
ness is defined as c ¼ 1�H YCjYGTð Þ=H YCð Þ. Here, H YCð Þ is
the dispersion of the k-means partition, whereas the conditional
entropy H YCjYGTð Þ is the dispersion of the points belonging to
every ground-truth cluster among the C k-means clusters. In this
case, when all points of each ground-truth cluster are concen-
trated in a single k-means cluster, H YCjYGTð Þ is zero, yielding
maximum completeness (c ¼ 1).

Finally, both measures are combined into the V-measure
through their weighted harmonic mean: Vβ ¼ 1þ βð Þhc=
βh þ cð Þ. If β is greater than one, completeness receives more
weight. Conversely, if β is less than one, homogeneity is
strengthened.

5.2.3. Accuracy

The accuracy measure is one of the most common and basic
ways of evaluating classification methods in machine learning.
It is defined as the ratio of correct predictions made by the model

Figure 11. 2D embeddings of COIL-20 generated by PCA, CMDS, LLE, LE, the encoders trained with them, and their incremental versions.
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to the total number of predictions. This measure indicates how
well the model is classifying the data points. It is defined as

Accuracy ¼ TPþ TN
TPþ TNþ FPþ FN

(12)

where TP (True Positives) is the number of correctly classified
positive examples, TN (True Negatives) is the number of cor-
rectly classified negative examples, FP (False Positives) is the
number of negative examples incorrectly classified as positive,
and FN (False Negatives) is the number of positive examples
incorrectly classified as negative.

6. Experimental Validation

The experimental validation of NetDRm comprises two phases.
The first phase is described in Section 6.3. It involves the evalua-
tion of the encoders presented in Section 4.1. The second phase
is described in Section 6.4. It evaluates the performance of the

proposed integration metamodel detailed in Section 4.2.
Previously, Section 6.2 describes the experiments conducted
in order to determine the best configuration of the metamodel.

6.1. Different Combinations of DR Methods

The rationale behind ensemble learning is that the combination
of diversity is synergistic. Table 1 shows the results after
applying the proposed NetDRmmethod to different combinations
of precursor DR methods. As described in Section 4, we consid-
ered four precursor methods, PCA/KPCA, CMDS/KCMDS, LE/
KLE, and LLE/KLLE, and combined them in subgroups of 2, 3,
and 4 methods. These quantitative results show that the best per-
formances (RNX, V, and Ac) were obtained for the combination of
the four base methods. The reason is that each method leaves
its footprint in the generated embedding, hence enforcing its
own particular features (basically, global or local topological
preservation).
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Figure 12. RNX scores for PCA, CMDS, LLE, LE, the encoders trained with them, and their incremental versions for 2D embeddings of
COIL-20.
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6.2. Best Configuration of the Residual Integration Network
(Metamodel)

This section describes the experiments conducted to determine
the best configuration of the metamodel described in Section 4.2

(see Figure 4), that is, the number of neurons per hidden layer,
Hn, as well as the number of hidden blocks, Hb. The number of
neurons per hidden layer was defined as Hn ¼ ηMd, where M is
the number of DR methods to be combined, d is the desired
embedding dimension, and η is a hyperparameter respectively

Figure 13. 2D embeddings of tested DR methods applied to the COIL-20 dataset.
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chosen for the topological and discriminative versions of
NetDRm according to the results presented in Figure 10.
These experiments assume M ¼ 4 (i.e., integration of four DR
methods), d ¼ 2, and the five evaluated datasets.

For the discriminative version, NetDRmD, different values of
Hn were tested by assuming a configuration with Hb ¼ 10 hid-
den blocks (i.e., 20 hidden layers). In this configuration, the V
and Ac measures were evaluated. The results are shown in
Figure 10 (V and Ac). Notice that the scores for both V and
Ac stabilize around η ¼ 10. Therefore, the number of neurons
per hidden layer was set to Hn ¼ 10� 4� 2 ¼ 80.

As for the topological version, NetDRmT, different values of
Hn were evaluated by assuming a configuration withHb ¼ 1 hid-
den block (i.e., 2 hidden layers). These results are presented in
Figure 10 (Rnx). In this case, the best RNX score was attained for

η ¼ 1. Thus, the number of neurons per hidden layer was set to
Hn ¼ 1� 4� 2 ¼ 8.

In order to find the best number of hidden blocks, Hb, in the
metamodel, a second set of experiments was run by testing dif-
ferent values of Hb. The number of layers of the metamodel is
L ¼ 2Hb þ 2, that is, two hidden layers per block plus an input
and an output layer. Again, we distinguished between the dis-
criminative and topological versions by considering hidden
layers with Hn ¼ 80 neurons for NetDRmD and with Hn ¼ 8
neurons for NetDRmT. In all cases, we also assumed M ¼ 4,
d ¼ 2, and the four evaluated datasets. Table 2 presents
the performance measures for all the experiments. For the
discriminative version, NetDRmD, the best V-measure was
obtained with Hb ¼ 10 hidden blocks (L ¼ 22 layers).
In turn, for the topological verison, NetDRmT, the best RNX

Table 3. RNX, V-measure, and Accuracy of tested DR methods applied to the Coil-20 dataset.

Method RNX V Ac Av Method RNX V Ac Av

PCA 0.404 0.646 0.250 0.433 GraphEncoder 0.196 0.442 0.283 0.307

CMDS 0.406 0.628 0.314 0.449 MKL1 0.376 0.702 0.227 0.435

LE 0.334 0.558 0.311 0.401 DMKL1 0.380 0.659 0.224 0.421

LLE 0.351 0.626 0.241 0.406 FA 0.408 0.661 0.461 0.510

KPCA3 0.366 0.601 0.290 0.419 LDA 0.174 0.883 0.248 0.435

KCMDS3 0.337 0.578 0.279 0.398 T-SNE 0.554 0.853 0.359 0.582

KLE3 0.277 0.454 0.245 0.325 STA 0.370 0.707 0.224 0.434

KLLE3 0.365 0.651 0.230 0.415 NetDRm1
T 0.502 0.839 0.290 0.557

ISOMAP 0.341 0.644 0.387 0.457 NetDRm1
D 0.306 0.960 0.351 0.539

DensMap 0.465 0.878 0.231 0.525 NetDRm1
T(Direct) 0.449 0.797 0.271 0.505

UMAP 0.401 0.707 0.262 0.457 NetDRm1
D(Direct) 0.287 0.905 0.364 0.519

TriMap 0.456 0.863 0.325 0.548 SliseMap 0.149 0.661 0.245 0.352

ScaledPCA 0.396 0.637 0.352 0.462 ParametricUMAP 0.446 0.882 0.321 0.550

CRSOM 0.284 0.848 0.252 0.461

Table 4. RNX, V-measure, and Accuracy of tested DR methods applied to the Fashion-MNIST dataset.

Method RNX V Ac Av Method RNX V Ac Av

PCA 0.282 0.421 0.459 0.387 GraphEncoder 0.129 0.368 0.211 0.236

CMDS 0.282 0.422 0.414 0.373 MKL1 0.253 0.508 0.462 0.408

LE 0.264 0.557 0.513 0.445 DMKL1 0.250 0.355 0.315 0.307

LLE 0.212 0.511 0.338 0.354 FA 0.279 0.32 0.461 0.353

KPCA3 0.252 0.427 0.405 0.361 LDA 0.142 0.561 0.520 0.408

KCMDS3 0.240 0.400 0.337 0.326 T-SNE 0.407 0.563 0.514 0.495

KLE3 0.209 0.479 0.107 0.265 STA 0.187 0.424 0.275 0.295

KLLE3 0.145 0.366 0.105 0.205 NetDRm1
T 0.386 0.583 0.525 0.498

ISOMAP 0.266 0.486 0.424 0.435 NetDRm1
D 0.227 0.714 0.350 0.430

DensMap 0.336 0.599 0.464 0.466 NetDRm1
T(Direct) 0.298 0.515 0.426 0.413

UMAP 0.314 0.538 0.471 0.441 NetDRm1
D(Direct) 0.283 0.652 0.322 0.419

TriMap 0.332 0.589 0.523 0.484 SliseMap 0.134 0.631 0.185 0.317

ScaledPCA 0.277 0.415 0.438 0.377 ParametricUMAP 0.340 0.632 0.146 0.373

CRSOM 0.195 0.674 0.107 0.325
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Figure 14. 2D embeddings of tested DR methods applied to the Fashion-MNIST dataset.
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Figure 15. 2D embeddings of tested DR methods applied to the Swiss Roll dataset.

www.advancedsciencenews.com www.advintellsyst.com

Adv. Intell. Syst. 2024, 6, 2400178 2400178 (17 of 24) © 2024 The Author(s). Advanced Intelligent Systems published by Wiley-VCH GmbH

 26404567, 2024, 11, D
ow

nloaded from
 https://advanced.onlinelibrary.w

iley.com
/doi/10.1002/aisy.202400178 by U

niversitat R
ovira i V

irgili, W
iley O

nline L
ibrary on [10/03/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense

http://www.advancedsciencenews.com
http://www.advintellsyst.com


score was attained with a single hidden block: Hb ¼ 1
(L ¼ 4 layers).

6.3. Performance of Deep Encoders Trained with DR Spectral
Methods

The performance of the proposed model has been tested by inte-
grating four classical DR methods: PCA, CMDS, LLE, and LE. In
the first phase described in Section 4.1, a neural encoder is
trained to learn the embedding generated by each precursor
DR method (εPCA, εCMDS, εLLE, and εLE). The COIL-20 dataset
has been chosen in this section to illustrate the performance
of the trained deep encoders and compare them against the origi-
nal methods and their incremental versions (IKPCA, IKCMDS,
IKLLE, and IKLE). The generated 2D embeddings and topologi-
cal preservation measures are shown in Figure 11 and 12, respec-
tively. Notice that the encoders accurately reproduce the
embeddings of the original DR methods, while allowing new
data to be projected into the low-dimensional space in an online
manner. In addition, all their inherent features are also repli-
cated, including the topological behavior.

6.4. Performance of Combination of DR Deep Encoders

The second stage of the proposedmodel synergistically combines
the deep encoders trained in the previous stage using a metamo-
del α. As described in Section 4.2, we proposed two configura-
tions of NetDRm: NetDRmT (topological) and NetDRmD

(discriminative). They were applied to the Swiss Roll, Sphere,
COIL-20, Fashion-MNIST, and Arrhythmia datasets introduced
in Section 5.1. The performance of both configurations was eval-
uated through the V-measure, Ac, RNX6 score explained in
Section 5.2, as well as the average of these three measures, which
allows a holistic view of the performance of the evaluated meth-
ods. In order to do that, the scores of the RNX topological curves
were normalized, with 1 being the best score and 0 the worst.

The proposed model was compared against the most relevant
DRmethods in the literature: LDA, FA, t-SNE, kernel methods[54]

with degree-3 polynomial kernel basis functions (KPCA3,
KCMDS3, KLLE3 and KLE3), MKL approaches with degree-1
polynomial kernel basis functions (MKL, DMKL), neural meth-
ods (GraphEncoder, ISOMAP, STA, CRSOM), and manifold
approximation and projection methods (ScaledPCA, UMAP,
TriMap, DensMap, ParametricUMAP, SliseMap). The topologi-
cal and discriminant versions of NetDRm were also applied to
the original datasets to perform a direct DR, that is, without going
through the encoder combination process, just applying the neu-
ral learning process to the original high-dimensional data. These
configurations are identified in the sequel as NetDRm (Direct).

The first dataset considered in the experiments was COIL-20.
Figure 11 shows the 2D embeddings generated by the original
PCA, CMDS, KLLE, and KLE methods. In turn, Figure 13 shows
the embeddings generated by the rest of tested DR methods.

Table 3 shows the scores obtained for COIL-20. In topological
terms, it shows that the highest performance is obtained by t-
SNE (RNX ¼ 55.4.), followed by the topological version of the pro-
posed method (NetDRmT), with RNX ¼ 50.2. The local behavior
of the generated embedding can also be appreciated: the pro-
posed method has higher RNX values than the majority of meth-
ods for small neighborhoods (low values of perplexity K ). This
significantly differs from the rather global behavior of the other
methods (high scores for large neighborhoods). The lowest
performance for preserving the high-dimensional structure is
attained by SliseMap (RNX ¼ 14.9), followed by LDA
(RNX ¼ 17.4).

When cluster induction is considered instead, NetDRmD gives
the best performance (V ¼ 0.960), followed by LDA (V ¼ 0.883),
as shown in Table 3 (V ). This demonstrates the discriminative
characteristics of both methods. Other methods with performan-
ces closely related to LDA are ParametricUMAP (V ¼ 0.882) and
DensMap (V ¼ 0.878).

Regarding the Ac measure, the best method is FA with 0.461,
followed by NetDRmD for direct reduction, with a score of 0.364.

Table 5. RNX, V-measure, and Accuracy of tested DR methods applied to the Swiss Roll dataset.

Method RNX V Ac Av Method RNX V Ac Av

PCA 0.461 0.420 0.267 0.383 GraphEncoder 0.297 0.217 0.204 0.239

CMDS 0.494 0.439 0.352 0.428 MKL1 0.287 0.789 0.230 0.435

LE 0.355 0.794 0.210 0.453 DMKL1 0.262 0.313 0.224 0.266

LLE 0.461 0.463 0.247 0.390 FA 0.439 0.573 0.260 0.424

KPCA3 0.440 0.442 0.250 0.377 LDA 0.279 0.963 0.210 0.484

KCMDS3 0.411 0.372 0.287 0.357 T-SNE 0.661 0.652 0.220 0.511

KLE3 0.261 0.798 0.225 0.428 STA 0.450 0.509 0.245 0.401

KLLE3 0.340 0.782 0.286 0.469 NetDRm1
T 0.642 0.634 0.307 0.528

ISOMAP 0.474 0.701 0.295 0.490 NetDRm1
D 0.289 0.989 0.225 0.501

DensMap 0.555 0.641 0.295 0.497 NetDRm1
T(Direct) 0.606 0.627 0.291 0.508

UMAP 0.621 0.692 0.271 0.528 NetDRm1
D(Direct) 0.293 0.881 0.255 0.476

TriMap 0.569 0.552 0.357 0.493 SliseMap 0.126 0.945 0.261 0.444

ScaledPCA 0.464 0.421 0.320 0.402 ParametricUMAP 0.630 0.688 0.203 0.507

CRSOM 0.189 0.878 0.312 0.460
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Figure 16. 2D embeddings of tested DR methods applied to the Sphere dataset.
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The methods with the best average performance are t-SNE,
NetDRmT, and ParametricUMAP, with scores of 0.582, 0.557,
and 0.550, respectively.

Regarding the Fashion-MNIST dataset, the best topological
performance is achieved by t-SNE (RNX ¼ 40.7), followed by
NetDRmT, with a score of 38.6. In the cluster induction evalua-
tion, the highest V score was for NetDRmD (0.714), followed by
CRSOM (0.674) and ParametricUMAP, with a score of (0.632).
Regarding the Accuracy measure, NetDRmT yields the best per-
formance (0.525), followed by TriMap, with a score of (0.523),
and LDA with 0.520. In general terms, the best average is
obtained by NetDRmT (0.498). The scores can be seen in
Table 4. The resulting embeddings for Fashion-MNIST are
shown in Figure 14.

Figure 15 shows the 2D embeddings generated by the evalu-
ated DR methods applied to the Swiss Roll dataset. In turn, the
RNX scores presented in Table 5 indicate that t-SNE yields the
highest performance (RNX ¼ 66.1) in structural preservation of
the Swiss Roll dataset. NetDRmT is the method with the second
best performance (RNX ¼ 64.2). NetDRmD has a significantly
better discriminative performance than the other methods,
achieving the best score (V= 0.989). In terms of Accuracy, the
best score is achieved by TriMap (0.357), followed by
ScaledPCA and CRSOM, with scores of 0.320 and 0.312, respec-
tively. The best average of the evaluated measures is achieved by
the UMAP and NetDRmT methods.

Figure 16 shows the 2D embeddings of the evaluated DR
methods applied to the Sphere dataset. In turn, Table 6 shows
the scores of the various DR methods for such a highly compact
dataset. There is not a big variation between the local and global
sections of the topological curves of the different DR methods,
which also present similar scores. Notwithstanding, t-SNE gives
the best performance (RNX ¼ 64.4). FA (RNX ¼ 13.5), CRSOM
(RNX ¼ 18.0), and SliseMap (RNX ¼ 20.3) have the lowest topo-
logical preservation. However, SliseMap (V ¼ 0.838) and
NetDRmD (V ¼ 0.839) have the best cluster induction. In terms
of Accuracy, NetDRmD (Ac ¼ 0.355) yields the best

performance. NetDRmT represents the best balance between
measures, with Av ¼ 0.490.

Finally, Figure 17 shows the 2D embeddings generated by the
evaluated DR methods for the Arrhythmia tabular dataset. In
turn, Table 7 shows that NetDRmT yields the best topological per-
formance (RNX ¼ 56.5). SliseMap (RNX ¼ 10.1) has the lowest
topological performance. Notwithstanding, SliseMap yields the
best cluster induction score (V ¼ 0.872), followed by
NetDRmD (V ¼ 0.803). However, NetDRmD achieves the best
average performance (Av ¼ 0.600), followed by SliseMap
(VRNX ¼ 0.596). In terms of Accuracy, ISOMAP achieved the
highest score (0.851).

6.4.1. Online Performance

The proposed DR model based on neural networks can be
applied online, that is, new high-dimensional points can be
embedded right away without retraining the system. This online
feature distinguishes the proposed method frommany of the DR
methods proposed in the literature, which are offline. The latter
means that those methods must be recomputed whenever new
points must be projected.

In order to assess the online capabilities of the proposed DR
model, we run experiments aimed at measuring its performance
when embedding new data points, that is, points never consid-
ered during training. For the Swiss Roll and Sphere datasets,
those new data points were generated in a straightforward
way from the generative mathematical formulation of each man-
ifold. For the COIL-20 and Fashion-MNIST image datasets, new
synthetic images were generated by training a DCGAN net-
work.[55] Those new images mimic the original ones, although
being sufficiently different due to random rotations and noise.
The new points for the Arrhythmias dataset were the ones con-
tained in its validation subset provided in the source repository.

Table 8 shows the cluster induction (V ), Accuracy (Ac), and
topological preservation (RNX) measures after embedding those
new data points with the two proposed variations of NetDRm, as

Table 6. RNX, V-measure, and Accuracy of tested DR methods applied to the Sphere dataset.

Method RNX V Ac Av Method RNX V Ac Av

PCA 0.481 0.611 0.241 0.444 GraphEncoder 0.483 0.279 0.225 0.329

CMDS 0.484 0.452 0.238 0.391 MKL1 0.461 0.521 0.235 0.406

LE 0.492 0.531 0.221 0.415 DMKL1 0.483 0.589 0.230 0.434

LLE 0.482 0.361 0.243 0.362 FA 0.135 0.323 0.216 0.225

KPCA3 0.438 0.596 0.240 0.425 LDA 0.481 0.634 0.248 0.454

KCMDS3 0.488 0.597 0.238 0.441 T-SNE 0.644 0.482 0.290 0.472

KLE3 0.464 0.486 0.206 0.385 STA 0.474 0.484 0.238 0.399

KLLE3 0.482 0.586 0.228 0.432 NetDRm1
T 0.618 0.514 0.339 0.490

ISOMAP 0.500 0.397 0.218 0.372 NetDRm1
D 0.234 0.839 0.355 0.476

DensMap 0.537 0.490 0.250 0.426 NetDRm1
T(Direct) 0.521 0.439 0.331 0.430

UMAP 0.519 0.478 0.218 0.405 NetDRm1
D(Direct) 0.337 0.749 0.323 0.469

TriMap 0.521 0.549 0.228 0.433 SliseMap 0.203 0.838 0.308 0.450

ScaledPCA 0.479 0.360 0.223 0.354 ParametricUMAP 0.512 0.397 0.251 0.387

CRSOM 0.180 0.833 0.213 0.409
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Figure 17. 2D embeddings of tested DR methods applied to the Electrocardiogram (ECG) Arrhythmia dataset.
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well as with the four neural encoders on their own. Notice that
the neural encoders fully replicate the behavior of the original
methods, not only in terms of embeddings, but also regarding
the measures. Furthermore, the experiment clearly shows the
online capabilities of NetDRm, which is able to embed new data
points in a fast and effective way. In addition, it also shows that
the integration of those four encoders with the proposed meta-
models outperforms the individual performance of every
encoder on its own, thus proving the significant synergistic effect
of ensemble learning in this application scope.

7. Conclusion

A new approach for online DR based on neural ensemble learn-
ing has been proposed. NetDRm is intended to integrate

multiple well-known dimension reduction methods in a syner-
gistic way. It has been designed for datasets of multidimensional
points, either structured (e.g., images) or unstructured (e.g.,
point clouds, tabular data). NetDRm starts by training a collection
of deep residual encoders that learn the embeddings induced by
the precursor methods. Every encoder is then optimized by
applying manifold approximation. Those optimized embeddings
inherit the genuine topological preservation properties of the
original methods being combined, behaving as seeds of the final
embedding. Subsequently, a dense neural network (metamodel)
combines the optimized neural encoders. Two variations of the
integration network have been proposed, depending on whether
the final aim is topological preservation or cluster induction (i.e.,
discrimination). For topological preservation, a shallow integra-
tion network applies unsupervised learning with a compound

Table 7. RNX, V-measure, and Accuracy of tested DR methods applied to the Arrhythmia dataset.

Method RNX V Ac Av Method RNX V Ac Av

PCA 0.459 0.338 0.819 0.539 GraphEncoder 0.118 0.258 0.700 0.359

CMDS 0.387 0.332 0.813 0.511 MKL1 0.323 0.402 0.617 0.447

LE 0.375 0.427 0.344 0.382 DMKL1 0.246 0.262 0.416 0.308

LLE 0.418 0.432 0.339 0.396 FA 0.430 0.323 0.501 0.306

KPCA3 0.398 0.425 0.252 0.358 LDA 0.156 0.672 0.745 0.524

KCMDS3 0.369 0.141 1 0.437 T-SNE 0.554 0.400 0.780 0.578

KLE3 0.374 0.245 0.356 0.325 STA 0.382 0.363 0.524 0.423

KLLE3 0.429 0.428 0.327 0.395 NetDRm1
T 0.565 0.475 0.636 0.559

ISOMAP 0.455 0.378 0.851 0.561 NetDRm1
D 0.228 3 0.770 0.600

DensMap 0.448 0.467 0.472 0.462 NetDRm1
T(Direct) 0.485 0.426 0.645 0.518

UMAP 0.443 0.428 0.256 0.376 NetDRm1
D(Direct) 0.217 0.764 0.771 0.584

TriMap 0.490 0.356 0.812 0.553 SliseMap 0.101 0.872 0.814 0.596

ScaledPCA 0.153 0.626 0.631 0.470 ParametricUMAP 0.480 0.469 0.669 0.539

CRSOM 0.188 0.852 0.362 0.467

Table 8. RNX and V-measure for NetDRT, NetDRD, and neural encoders applied to never seen data points.

Dataset Measure εPCA εCMDS εLE εLLE NetDRmT NetDRmD

cmFashion-MNIST V 0.417 0.415 0.546 0.501 0.522 0.696

RNX 25.9 26.3 24.7 21.1 36.2 20.3

cmCoil-20 V 0.622 0.616 0.515 0.609 0.778 0.917

RNX 37.6 37.5 28.2 31.1 41.5 28.5

Ac 0.226 0.288 0.296 0.235 0.276 0.323

cmSwiss Roll V 0.411 0.416 0.758 0.421 0.653 0.932

RNX 43.6 46.2 29.3 44.1 58.7 26.3

Ac 0.207 0.303 0.209 0.229 0.284 0.217

cmSphere V 0.589 0.405 0.508 0.332 0.506 0.796

RNX 45.6 45.3 46.2 45.4 57.1 22.0

Ac 0.230 0.204 0.220 0.224 0.325 0.329

cmArrhythmia V 0.311 0.318 0.401 0.412 0.388 0.667

RNX 44.2 44.8 32.1 39.5 50.3 20.2

Ac 0.792 0.787 0.324 0.311 0.615 0.752
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cost function that aims at preserving the local topology
through a probabilistic neighborhood graph and the global
topology through high- and low-dimensional Euclidean distance
matrices. For cluster induction, a deep integration network is
trained in a supervised way with a compound cost function that
minimizes intracluster differences and maximizes intercluster
differences.

Extensive experiments have been conducted on widely used
heterogeneous datasets (point-cloud manifolds, images, and tab-
ular records) and the most relevant methods in the dimension
reduction literature. In order to assess the overall performance
of the tested DR methods in terms of topological preservation,
cluster induction, as well as classification accuracy, we averaged
the corresponding three evaluation measures (VRNX, V, and
Accuracy). The obtained results show that NetDRmT yields
the best average (overall) performance for the Fashion-MNIST,
Swiss Roll, and Sphere datasets. In turn, NetDRmD gives the best
overall performance for Arrhythmia, whereas t-SNE is the best
overall technique for COIL-20. Furthermore, NetDRmD consis-
tently yielded the best results in terms of cluster induction
(V measure) for all datasets except for Arrythmia. In addition,
NetDRm is an online method that does not require recomputing
the full embedding when new high-dimensional data points
must be projected. Once it has been trained, new data points
can be processed right away, taking advantage of the good prop-
erties of the generated embedding. Finally, experiments also
show that the integration of the neural encoders with the pro-
posed metamodels outperforms the individual performance of
every encoder on its own, thus proving the significant synergistic
effect of ensemble learning in this scope.

Immediate work will consist of exploring new neural topolo-
gies for the proposed encoders and integration networks. We also
aim to extend the experimental validation to other types of struc-
tured and unstructured datasets. In particular, the ability to deal
with heterogeneous tabular datasets opens new research lines in
the field of tabular data processing with deep neural networks,
which may have a strong impact in several exciting fields, such
as medical diagnosis. Currently, the adaptation of neural net-
works to tabular data for inference or data generation tasks
remains highly challenging. The proposed heterogeneous
dimension reduction technique can thus conform a backbone
for new tabular data processing models.
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