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ABSTRACT

In unrestricted or exploratory factor analysis (EFA), there is a wide range of recommenda-
tions about the size samples should be to attain correct and stable solutions. In general,
however, these recommendations are either rules of thumb or based on simulation results.
As it is hard to establish the extent to which a particular data set suits the conditions used
in a simulation study, the advice produced by simulation studies is not direct enough to be
of practical use. Instead of trying to provide general and complex recommendations, in this
article, we propose to estimate the sample size that is needed to analyze a data set at
hand. The estimation takes into account the specified EFA model. The proposal is based on
an intensive simulation process in which the sample correlation matrix is used as a basis for
generating data sets from a pseudo-population in which the parent correlation holds
exactly, and the criterion for determining the size required is a threshold that quantifies the
closeness between the pseudo-population and the sample reproduced correlation matrices.
The simulation results suggest that the proposal works well and that the determinants iden-
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tified agree with those in the literature.

Introduction

Since the first applications of the unrestricted or
exploratory factor analysis (EFA) model, the issue of
the minimal sample size required to achieve a “proper”
solution has been controversial and hotly debated (e.g.
Cattell, 1952; Thurstone, 1940). No doubt, one of the
main reasons for this controversy is the complexity of
the problem. By way of illustration, consider first a
simple, standard inferential statistical application based
on a known reference distribution (e.g. estimating the
population mean). In this setting, determining the
sample size that is needed to achieve an unbiased and
stable parameter estimate is generally straightforward.
In contrast, consider now the EFA scenario. First of
all, we shall define what is meant by a proper solution,
which is, at least, a multifaceted concept. Thus, for
example, we could focus on goodness of fit, and con-
sider a proper solution to be one that provides correct
fitting results, which, in turn, means correctly estimat-
ing the number of common factors. Alternatively, we

can focus on replicability across studies (e.g. Cattell,
1952; Osborne & Fitzpatrick, 2012) or on the structural
estimates obtained. In this latter case, we would con-
sider a proper sample solution to be one that is close
to the ‘true’ population. Even within this facet, how-
ever, several criteria of closeness can be considered.
For example, the pattern congruence (Cattell, 1952;
Comrey & Lee, 1992), or a measure of discrepancy
between the ‘true’ and the observed pattern. Regarding
this last criterion, it should be further noted that an
EFA solution is not unique (i.e. the rotational indeter-
minacy problem), which makes any reference to the
“true” pattern questionable.

Given the indeterminacy and the importance of the
problem, it is no surprise that numerous recommen-
dations, rules and/or cutoff values have been made
regarding the minimum sample size (N) required for
fitting an EFA solution since the model was first
implemented. Simply put, two general classes of rec-
ommendations can be distinguished. First, there is a
wide range of what are essentially rules of thumb.
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These are generally reasonable but simplistic, and can
be misleading in some cases. In this class, the most
common rules are of two types: (a) overall or abso-
lute, and (b) relative, based on the number of varia-
bles in the data set. In the first type, the usual
recommendations range between N=200 and
N=1000 (Comrey & Lee, 1992; Goretzko et al., 2021;
Gorsuch, 1983; Mundfrom et al., 2005). In the second,
the cases-per-variable ratios usually range between 4-
to-1 and 20-to-1 (Bentler & Chou, 1987 Cattell, 1952;
Tanaka, 1987).

While the cases-per-variable ratio can be consid-
ered an important determinant in terms of the stabil-
ity and accuracy of an EFA solution, it does not act
constantly but interacts with many other determinants
(see below), so adherence to a fixed ratio of this type
might be misleading (e.g. MacCallum et al., 1999).
The overall rule, instead, makes more sense as a min-
imal basis, especially if we consider that fitting an
EFA solution entails obtaining estimates based on esti-
mates. More in detail, the process can be conceived as
two-step (e.g. Muthén, 1993). In the first step, correl-
ation estimates are obtained from the sample data. In
the second step, structural estimates (mainly loadings
and inter-factor correlations) are obtained based on
the sample correlation matrix. It seems clear, then,
that the stability of the factor solution depends on the
stability of the correlations that serve as a basis (see
e.g. Ferrando & Lorenzo-Seva, 2014; Loo, 1983), so
structural estimates cannot be expected to be stable if
the first-step correlation estimates are not. In this
regard, then, a minimum sample size is a basic
requirement if the sample correlations are to converge
toward their population values and their standard
errors are to be kept acceptably low. However, even at
this first level, the issue is more complex than this, as
the stability of the correlations also depends on a
range of determinants such as the distribution of the
variables, the presence of outliers, the homogeneity of
the sample, and the magnitude of the correlations
themselves (e.g. Schonbrodt & Perugini, 2013). Even
more relevant here is the type of FA model fitted: the
linear model based on product-moment correlations
or the nonlinear model for ordered-categorical varia-
bles based on polychoric correlations. All other things
being equal, far larger samples are required to obtain
stable estimates in the polychoric case (see e.g.
Ferrando & Lorenzo-Seva, 2014; Lorenzo-Seva &
Ferrando, 2021a).

We turn now to the second class of recommenda-
tions. This class is more rigorous, and generally based
on simulation studies that attempt to assess the role

of sample size together with other variables that can
potentially determine the stability of the solution (e.g.
Browne & Cudeck, 1993; Hogarty et al., 2005;
MacCallum et al, 1999, 2001). These studies have
similar structures and arrive at similar results, which
suggests that the main determinants of the stability of
an EFA solution are now well known. As a summary,
they are: sample size, ratio variables-per factor,
amount of measurement error in the variables (or,
reciprocally, amount of common variance), and
strength and determinacy of the solution. This final
determinant involves the number of indicators per
factor, the magnitude of the loadings, and the extent
to which the wvariables approach simple structure
(which is related to the amount of rotational indeter-
minacy). Now, even when the determinants are
known, the problem is that they act interactively and
in a complex way, which means that simple recom-
mendations derived from their results will not be use-
ful for the practitioner (at least not directly).

General aims of the proposal and organization

The state of affairs summarized above is the basis for
the present proposal. Rather than attempting to pro-
vide general (and necessarily complex) recommenda-
tions, our aim is to directly propose an empirical
estimate of the minimal sample size needed for the
data set that is to be factor analyzed. The proposal,
which is described in detail below, (a) takes into
account those characteristics of both the data set and
the specified solution that are the most important in
terms of stability and closeness to the ‘true’ solution,
and (b) is fully empirical, and avoids theoretical devel-
opments at the cost of intensive simulation which,
given the capabilities of modern computers, is now
affordable. As far as we know, what we propose here
is a new contribution.

The basic proposal has six steps: (1) The initial
sample correlation matrix obtained from the real
population is used to obtain an estimate of the popu-
lation correlation matrix; (2) an FA solution is fitted
to the matrix estimated in step (1) and the corre-
sponding reproduced correlation matrix is obtained;
(3) the correlation matrix estimated in (1) is used as a
seed to produce a pseudo-population data set in
which the estimated correlation matrix in (1) holds
exactly; (4) samples of increasing size are drawn from
the pseudo-population and, in each sample, the FA
solution is fitted and the reproduced correlation
matrix obtained; (5) the closeness between the repro-
duced correlation matrix in each sample (step 4) is



compared with the reference reproduced correlation
matrix in step (2); and finally, (6) the required min-
imum sample size is set as that in which the discrep-
ancy in the comparisons in (5) falls below a
determined and pre-specified threshold. If the aim of
the analysis is fully exploratory, only the number of
observed variables is known and the number of fac-
tors of the FA solution fitted in step (2) must be
determined automatically. If the aim is more con-
firmatory, the expected number of factors is then used
to specify the solution in step (2). For the sake of clar-
ity, we should point out that the terms “confirmatory”
or “more confirmatory” are used here to refer to an
unrestricted FA solution in which the number of
common factors is specified in advance.

The approach summarized above is known as
Simple Empiric NumEriCAl estimate of sample size in
factor analysis (SENECA estimate).

The remainder of the article is organized as follows.
First, the procedure will be described in detail.
Second, it will be tested using three simulation
studies.

Simple empiric numerical estimate of sample
size in factor analysis (SENECA estimate)

Consider a set of m observed variables related to p
common factors, the population standardized vari-
ance-covariance (i.e. correlation) matrix X (m X m) in
the set of observed variables, and the corresponding
estimate R (m x m) obtained in a sample of N obser-
vations from the score matrix X (N x m). When R is
obtained from a large and representative sample of
the population, it is expected to be a good estimate
of X.

The direct (canonical form) UFA model decom-
poses X as

T=IT +Y, (1)

where I is the loading matrix (m x p), and ¥ is the
diagonal matrix (m x m) with the unique variances on
the main diagonal. When a UFA solution is fitted to
sample data, the aim is to estimate the matrices I' and
¥ from the observed matrix R. In terms of the sample
estimate, matrix R is decomposed as (e.g. Browne &
Cudeck, 1993).

R=AA"+U+E, (2)

where A (m x k) and U (m x m) are the correspond-
ing estimates of I' and ¥ in expression (1), and E
(m x m) represents the amount of observed covariance
in R that cannot be accounted for by the sample
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factor model (Browne & Cudeck, 1993; MacCallum
et al., 2007).

Once a UFA solution has been fitted to an
observed correlation matrix R, the reproduced vari-
ance-covariance matrix is defined as,

R* = AA' + U. (3)

To assess the accuracy of how well the population
factor model has been recovered in expression (3), the
products I'T" and AA’ can be compared using the
Root Mean Square of Residuals. Because this index is
based on the correlation residuals, we shall denote it
as CRMSR (e.g. Ogasawara, 2001). Assuming the fac-
tor model is correct, the larger sample X is, the closer
to zero the value of CRMSR is expected to be, and it
will only be zero when the sample is infinitely large
(i.e. asymptotically). What the SENECA estimate aims
to do is determine the size of the sample needed to
achieve a particular threshold value for CRMSR. As
different threshold values lead to different sample
sizes, the researcher needs to decide the threshold
value that will be used for a particular data analysis.
So, note that the threshold parameter controls the
degree of accuracy that is required in the solution.

Once the threshold value has been set, the
SENECA sample size required to achieve this thresh-
old is based on the following steps. In addition,
Figure 1 summarizes the algorithm proposed in
SENECA estimate.

Step 1: Obtain an initial small sample
representative of the population

An initial sample X; needs to be obtained and used to
estimate the size recommended for the final sample.
We propose that the minimum size for this initial
sample X; be N; = 100+ 2% m (i.e. at least one hun-
dred observations plus two observations for each
measured variable) in the linear FA model. If variables
are treated as ordered-categorical, and a nonlinear FA
model is fitted, then we propose to use N; = 200+ 2%
m. This proposal of initial sample sizes is based on
previous pilot tests, and also on our experience of
analyzing real data sets.

Next, let R; be the correlation matrix among the
columns in X;. As the initial sample is small, the cor-
relation coefficients r; in R; are not expected to prop-
erly estimate the true correlation values in X. To
adopt a conservative position, the 95% confidence
interval is computed for each Tip and the lower thresh-
old value is taken as the initial estimate of the corre-
sponding value in X. The estimated values are
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Input: initial real sample X;, the
threshold value for CRMSR, and the p
number of factors, if the approach is
confirmatory

To compute S as an estimate of ),

l

To compute a random population matrix
Y of size N, in which S exactly holds

}

To find a sample size N in the range
N; and N, for which CRMSR is lower
than the proposed threshold

To stop searching if the increment size of
the search is lower than 5, or 20 search
iterations are already computed

|

Nj is taken as the estimate of the size
needed for the sample

Repeat 100 times

Output: To take the final advised sample
size as the median of the distribution of the
100 sample sizes N

Figure 1. Flow char of the algorithm proposed in SENECA estimate.

collected in an S matrix that is expected to be a con-
servative estimate of X. If S turns out to be nonposi-
tive definite, it can be smoothed using some of the
procedures available (see Lorenzo-Seva & Ferrando,
2021a).

Step 2: Compute a population matrix Y of size N,
in which S exactly holds

Let’s assume that matrix S obtained in the previous
step is a true population matrix. If an EFA solution is
fitted to S, then a population factor solution is
obtained as in expression (1), and the product I'T’
represents the common variance in S (i.e. the best
reproduced common variance that a sample can
obtain).

If Z (N, x m) is a random matrix with normally
distributed columns N(0, 1) and L is Cholesky’s
decomposition of S, the product

V=Z7ZL (4)

produces a pseudo-population data matrix V(N, x m)
in which the model (1) described above exactly holds.
From this pseudo-population matrix V, random sam-
ples of observed scores can be drawn for which the
corresponding correlation matrix is an estimate of the
true population matrix S. Cholesky’s method is a
decomposition of a positive-definite matrix into the
product of a lower triangular matrix and its conjugate
transpose, and is frequently used in Monte Carlo sim-
ulations to produce random population samples based
on a proposed correlation matrix. A description of

this procedure can be found, for example, in Burgess
(2022).

As a consequence of expression (4), the distribution
of the variables in V are continuous and normally dis-
tributed. If the original variables in X are continuous,
matrix V becomes Y without any further transform-
ation. In the ordered-categorical model, the thresholds
used to discretize the continuous variables generated
in V are the same thresholds that were estimated in
the parent sample data. So, the discrete variables gen-
erated have the same distributional characteristics as
the original distributions in X; After these transfor-
mations, matrix V in (4) becomes matrix Y. Then R,
the correlation matrix between columns of Y, can be
factor analyzed using expression (3).

The number of factors extracted from R depends
on the aim of the analysis. If the aim is more con-
firmatory and a number of p factors are expected,
then these p factors are the ones to be retained. If the
aim is fully exploratory and the number of common
factors cannot be specified in advance, then we pro-
pose that Kaiser’s rule be used (i.e. to extract as many
factors as eigenvalues larger than one in S). While this
rule is known to overestimate the number of common
factors, this is not undesirable here, since most of the
common variance contained in the data needs to be
considered. So it can be used here as a conservative
bound.

To assess how accurately the pseudo-population
factor model has been recovered, the products I'T”
(related to S) and AA’ (related to Y) are compared
using the correlation root mean squared residual



(CRMSR) index. As the CRMSR value in the pseudo-
population is expected to be closer to zero than the
threshold value proposed in a particular analysis, the
size of N, has to be large enough for this to be so
(e.g. N, = 100,000). If the value of CRMSR is larger
than the threshold value, then the value of N, must
be increased, and the second step repeated until the
value observed for the CRMSR is equal to or lower
than the proposed threshold value.

Step 3: Find a sample size Ny with a value
between N; and N,

The aim now is to determine the sample size that
allows the observed CRMSR to be equal to or lower
than the threshold value proposed. The value of Nj
must be between N; and N, The following fast algo-
rithm can be used to find the optimal value:

a. Make N, = N;, N, = Nj, a = N, = N, inc = al4,
and N,=N.,.

b. Make N,=N,, to obtain a subsample of the first
N, observations from Y, fit the FA solution to
obtain A; and compute the corresponding
CRMSR between products I'” (related to S) and
AA;. If the CRMSR is larger than the proposed
threshold, then, increase N, = N, + inc, and
repeat this step.

c. Make N, = N, and a=a/2. If N, — a <N, then
N, = N; and a = N, - N, otherwise N, = N,
- a.

d. Make inc = a/4. If the algorithm has iterated
fewer than 20 times or inc is larger than 5, then
go to step b.

After 20 iterations or when the value of inc <5, the
sample size sought is the value of N,. The number of
20 iterations is arbitrary and could be higher if N, is
very large. The more iterations there are, the more
accurate the final value of N, will be.

Step 4: Achieve a stable value for the final
recommended sample size

As the value of N; is obtained from a single popula-
tion matrix Y in step 3, it is probably too risky to
decide that the sample size that is really needed is the
actual value of N,. To obtain a more stable estimate,
steps 2 and 3 should be repeated a number of times.
In the analyses carried out here, we replicated steps 2
and 3 one hundred times. To decide on the final sam-
ple size, we propose using the median of the
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distribution of N values obtained in the replications
of steps 2 and 3.

First simulation study

The aim of the first simulation study was to assess the
performance of SENECA when different numbers of
both observed variables and factors are involved in
the model. The level of communality was also consid-
ered in the study.

A Monte Carlo simulation study was carried out
using samples drawn from a true population model.
Based on expression (1), a population loading matrix
was defined. The parameters that were manipulated in
the simulation study were:

1. Number of factors (p): between 1 and 5. When
the number of factors of the loading matrix at
hand was larger than 1, the inter-factor correl-
ation values were uniform randomly drawn from
the range [-.3; .3].

2.  Number of observed variables (m): for each factor
in the loading matrix to be generated, the number
of variables in each factor were uniform randomly
drawn from the range [5; 30]. This means that
the number of variables does not perfectly correl-
ate with the number of factors. For example, one
loading matrix could be defined by 30 variables
and a single factor, while another could be
defined by 25 variables and 5 factors.

3. Salient loadings: for each loading matrix, a range
of salient loadings was specifically defined. The
lowest and highest salient standardized loadings
were uniform randomly drawn from the interval
[.35; .90]. Once the range had been defined, sali-
ent loadings for each variable were uniform ran-
domly chosen from this range. Standardized
nonsalient loadings were uniform randomly
drawn from the interval [-.05; .05].

4. Nonsalient variables: for half of the loading matri-
ces, 5% of the observed variables of the pattern at
hand were set to be nonsalient for any factor. All
the standardized loading values for these variables
were uniform randomly drawn from the interval
[-.05; .05].

For each population loading matrix, we checked
that no Heywood cases were present and that the
reproduced population correlation matrix was positive
definite. From each true population matrix A, 1,000
pseudo-population matrices were obtained with
N=50,000. In the first step, a correlation matrix R*
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was obtained as R =A (DA/—I—('DZ, where A is the
population loading matrix, ® is the population inter-
factors correlation, and ® is a diagonal matrix with
unicities. Then we computed the Cholesky decompos-
ition of R'=L’L, where L is an upper triangular
matrix. The pseudo-population data matrix of con-
tinuous variables X was finally obtained as X = ZL,
where Z is a matrix of random standard normal
scores, with rows equal to the corresponding sample
size and a number of columns equal to the corre-
sponding number of variables.

The first 1004 2x m observations of the pseudo-
population matrix were taken as the initial sample
and the SENECA estimate was computed with the
exploratory approach (i.e. the number of factors was
not specified), and the confirmatory approach (i.e. the
true number of factors was specified). In addition, five
levels of accuracy were required for the threshold
value of CRMSR: 0.05, 0.04, 0.03, 0.02, and .01.
Appendix shows the pseudo-code in R language that
was used to obtain the simulated of data for some
given population matrices A and ®.

Once the SENECA estimate had been made, the
initial sample of 10042 Xxm observations
increased to achieve to the number of observations
suggested by the SENECA estimate for both (explora-
tory and confirmatory) approaches, and for each
threshold value of CRMSR. These two (exploratory

was

and confirmatory) samples were factor analyzed and
the RMSRs between the population loading matrix
and the two sample loading matrices were computed.

The SENECA estimate was used to produce a total
of 5 (number of factors) x 5 (number of threshold
value of CRMSR) x 2 (exploratory and confirmatory
approach) x 1,000 (replicas)= 50,000 samples.
We implemented the simulation study in MATLAB
R2023a MathWorks Inc (2007).

Results of the first simulation study

We observed that the communality level played an
important role in the size the SENECA estimate indi-
cated the samples should be. When the communality
level was low, the sizes were much larger, and other
characteristics of the data set (i.e. number of observed
variables and number of factors in the population
model) did not have much influence on the outcome.
This was particularly the case in the exploratory
approach. However, when the communality level was
high, the more complex the model was, the larger the
sample size had to be. To visualize this outcome, we
present the outcomes in terms of low and high com-
munality situations. We used a communality of 0.60
as the threshold between low and high communality
levels.

Table 1. Descriptive statistics on the recommended sample sizes and accuracy of the sample loading matrix of solutions with

communalities larger than 0.60.

Exploratory approach

Confirmatory approach

CRMSR p
N RMSR N RMSR
Mean SD Mean SD RMSR < CRMSR, % Mean SD Mean SD RMSR < CRMSR, %
.05 1 140 17 .029 .010 97 137 14 .030 .010 96
2 212 38 .035 .007 99 189 14 .043 .036 95
3 254 33 .034 .004 100 239 16 .042 .051 96
4 287 26 .033 .010 99 273 13 .044 .052 92
5 309 21 .035 .014 98 298 14 .045 .044 90
.04 1 168 37 .027 .008 92 155 18 .028 .009 89
2 324 76 .028 .008 99 281 29 .035 .032 93
3 396 53 .028 .005 99 365 24 .041 .067 92
4 445 44 .028 .012 98 419 17 .040 .065 93
5 474 41 .029 .011 96 451 15 .039 .044 89
.03 1 278 83 .022 .006 91 253 52 .023 .007 87
2 570 148 022 .010 97 486 52 .026 .020 94
3 709 108 021 .003 98 647 44 .036 .078 91
4 780 84 023 .017 96 736 34 .032 .053 92
5 840 79 024 .019 94 798 30 .040 .068 85
.02 1 611 215 015 .004 90 546 119 .015 .005 87
2 1351 475 015 .004 95 1087 141 .021 .033 91
3 1643 342 015 .004 93 1436 90 .044 137 87
4 1795 274 017 011 92 1644 74 .033 .087 87
5 1920 254 017 .007 84 1780 63 .036 .058 76
.01 1 2441 754 .007 .002 91 2223 471 .007 .002 89
2 5348 1869 010 .008 73 4379 487 .012 015 64
3 6704 1753 .012 .022 67 5747 363 .026 .078 63
4 7472 1807 012 .006 61 6578 306 .028 073 60
5 7838 1369 014 .016 52 7086 245 .035 077 50




Table 1 shows statistics for high levels of commu-
nality. It shows the mean, standard deviation sample
size recommended by the SENECA estimate in terms
of the level of accuracy required, and the number of
factors of the population loading matrix. As can be
observed, the exploratory approach recommended
larger samples than the confirmatory approach (i.e.
number of common factors specified in advance).
The reason is that the second approach adds more
information, so samples can be smaller. The number
of factors also seems to play an important role: the
larger the number of factors, the larger the sample
needs to be.

In addition to the results above, the more demand-
ing the required accuracy is, the larger the sample size
needs to be (see e.g. Schonbrodt & Perugini, 2013).
When the accuracy level is CRMSR = 0.05, the rec-
ommended sample sizes are quite small, but when
CRMSR = 0.01 they are much larger. It should also
be noted that when CRMSR is 0.02 or lower some of
the recommended sample sizes are extremely large.

When the sample loading matrix and the population
loading matrix (i.e. the values of RMSR) were used and
the CRMSR threshold was equal to or larger than 0.03,
the accuracy was even higher than required. When the
CRMSR threshold was equal to 0.02 and the approach
was exploratory, the accuracy achieved and the accur-
acy required were of about the same order. Finally,
when the CRMSR threshold was equal to 0.01, the
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accuracy achieved was slightly worse than the accuracy
required. The confirmatory approach was observed to
behave in a similar way only when the value of CRMSR
was larger than .03. For other levels of CRMSR, only
when the number of factors was low than the accuracy
of RMSR was lower than the CRMSR.

We were also interested in assessing when the RMSR
was lower than CRMSR. If RMSR was systematically
equal to or lower than CRMSR, then, our strategy of
setting a value for CRMSR with the hope that it will
control the RMSR will be reinforced. With this aim, we
inspected the percentage of times that RMSR was lower
than CRMSR. The table shows that in the exploratory
approach, the percentage was very high (above 0.90)
when CRMSR was larger than .01. However, when
CRMSR was 0.01, it was only acceptable when the num-
ber of factors was 1. In the case of the confirmatory
approach, the outcome was not so positive: only when
CRMSR was larger than 0.03 was the percentage larger
than .89. When CRMSR was 0.03, the outcomes were
acceptable except if the number of factors was 1 or 5.
For other levels of CRMSR, the percentage could turn
out to be too low (e.g. when CRMSR was 0.01 and
p=75). Our conclusion is that the exploratory approach
is preferable when the accuracy is the most important
aspect of the analysis. When the confirmatory approach
is used, samples might be smaller but the accuracy
achieved may be worse.

Table 2. Descriptive statistics on the recommended sample sizes and accuracy of the sample loading matrix of solutions with

communalities lower than 0.60.

Exploratory approach

Confirmatory approach

CRMSR p
N RMSR N RMSR
Mean SD Mean SD RMSR < CRMSR, % Mean SD Mean SD RMSR < CRMSR, %
.05 1 219 79 .036 011 91 144 10 .045 013 73
2 371 96 .034 .009 99 211 13 .049 .032 82
3 376 77 .035 .004 99 248 12 .049 .035 89
4 374 58 .036 .005 98 273 10 .049 .034 90
5 374 46 .038 .011 98 293 15 .047 .025 89
.04 1 347 279 .030 .009 88 201 18 .037 010 68
2 612 174 .027 .008 98 321 20 .040 .027 79
3 611 144 .028 .005 97 380 17 .040 .032 88
4 599 113 .029 .005 97 414 14 .044 .044 88
5 604 89 .030 .009 97 437 13 .042 .029 86
.03 1 617 371 .022 .007 88 350 34 .028 .007 70
2 1206 399 .021 .009 95 565 38 .033 .033 77
3 1193 325 .022 .006 95 669 32 .036 .051 85
4 1159 264 .024 .013 93 729 27 .043 .064 78
5 1147 207 .024 .012 92 768 25 .038 .042 78
.02 1 1395 906 .015 .005 85 782 75 018 .005 67
2 2905 1191 .016 .016 93 1258 86 .026 .039 71
3 3031 1062 .016 .012 93 1494 70 .033 .079 76
4 2948 792 .017 .015 86 1626 59 .035 .063 74
5 2907 670 .019 .014 83 1715 60 .038 .058 70
.01 1 5326 2670 .008 .003 85 3098 327 .009 .002 64
2 11610 4417 .010 .012 79 5028 341 016 026 42
3 12489 4730 .012 .014 67 5962 295 .030 .092 29
4 13465 4686 .012 .013 60 6461 247 .040 .097 21
5 13250 4046 .014 .014 54 6817 228 .035 .069 21
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Table 2 shows statistics for low levels of commu-
nality. The exploratory approach now systematically
asks for larger samples, and the size of the sample
turns out to be very large in some cases (e.g. when
CMRSR is 0.01 and the number of factors is equal to
5). In addition, the sample sizes recommended for a
particular value of CRMSR did not seem to be related
to the number of factors, except if the number of fac-
tors was 1 (in which case the sample size recom-
mended was substantially lower). However, the
accuracy levels achieved were similar to those when
the communality level was high. This outcome seems
to suggest that large sample sizes were recommended
because this was the only way to achieve the accuracy
required.

In the confirmatory approach, the sample sizes rec-
ommended were similar to those when communality
was high. It could also be observed that the higher the
number of factors, the larger the sample sizes recom-
mended. However, accuracy and the percentage of
times that RMSR was equal to or lower than CRMSR
were only acceptable when CRMSR was 0.05.

Table 3 shows the correlation matrix between the
recommended sample sizes and some of the variables
that characterize the population loading matrix. In the
exploratory approach, the recommended sample size
correlated positively with the number of factors and
number of observed variables, and negatively with the
communality level. However, there was a difference
between low and high communality levels. When the
communality was low, the number of variables and
the number of factors were the most decisive charac-
teristics. Likewise, the greater the accuracy required,
the less important the number of variables and factors
were, and the more important the communality was.
But when the communality was low, the communality
was the most decisive characteristic.

In general, a similar pattern of correlations was
observed when the number of factors was specified

Table 3. Correlations between sample sizes recommended by
SENECA estimate and characteristics of the population loading
matrix.

Exploratory approach Confirmatory approach

n CRMSR
m p n m p i
>60 .05 823 889 —-0.132 909 962 —0.037
04 741 851 —-0209 .832 .949 -0.105
03 725 828 —0.135 .832 942 —0.044
02 645 751 -0.254 833 939 -0.127
01 637 723 —0.205 .844 940 —0.084
<60 .05 364 452 —-0.505 855 .943 —0.001
04 276 355 —0447 801 .929 016
03 305 373 —-0488 798 925 014
.02 339 390 —0488 799 926 013
01 460 488 —-0488 795 922 —0.009

(i.e. the more confirmatory approach). In this case,
however, the correlation involving the communality
level is generally close to zero and the number of fac-
tors in the population shows the largest correlation at
all levels of accuracy. It must be said, however, that in
the simulation study the true number of factors was
known. In real situations, the more confirmatory
approach could be problematic if the specification of
the factors does not correspond with the true number
of factors in the population.

A total of 5% of variables were forced to be nonsa-
lient in half of the population loading matrices. As
pointed out above, the number of observed variables is
related to the recommended sample size. To assess the
presence of nonsalient variables (regardless of the
number of observed variables), we computed the par-
tial correlation between the number of nonsalient vari-
ables and the sample size recommended by Seneca
Estimate, controlling for the actual number of observed
variables. The outcomes are shown in Table 4. It
turned out that the number of nonsalient variables
only has a negative effect when the approach is con-
firmatory and the communality is low: the higher the
number of nonsalient variables, the larger the recom-
mended sample size.

Our overall conclusion from the simulation study
is that the sample sizes recommended by the SENECA
estimate are appropriate for recovering the population
loading matrix with a degree of accuracy equal to or
better than that required a priori, except when
requirements are very demanding (ie. CRMSR =
0.01). We therefore recommend a sensible accuracy
level of CRMSR = 0.03.

To illustrate how the three hyperparameters used
in SENECA (i.e. maximum iterations, inc, and initial
sample size) interact between them, we identified a
situation in our simulation study in which the advice
of SENECA failed to produce the expected precision,
and inspected it properly. It was a situation of 5 fac-
tors in the population, 123 observed variables and
average communality of .56. The initial 346 observa-
tions of our pseudo-population were used to estimate

Table 4. Correlations between sample sizes recommended by
SENECA estimate and the number of nonsalient variables in
the population loading matrix after controlling for number of
observed variables.

Exploratory approach Confirmatory approach

CRMSR
< .60 > .60 h < .60 h > .60
.05 102 032 403 044
04 087 052 431 078
03 121 055 441 053
02 122 055 525 119
01 165 034 549 053




the final sample size using SENECA, with a CRMSR
0.01 (without specifying the number of factors
expected). SENECA needed 12 iterations to advise to
use a sample of 7,250 observations. However, when
we used the first 7,250 observations of our pseudo-
population to compute the corresponding factor ana-
lysis, the RMSR between the sample loading matrix
and the population loading matrix was of 0.0325 (i.e.
the error observed was larger than the pretended with
our CRMSR threshold). We run again SENECA with
the same initial 346 observations, now with the hyper-
parameters maximum iterations = 100 and inc<2.
SENECA needed 14 iterations to advise to use a sam-
ple of 7,205 observations. Again, when we used the
first 7,250 observations of our pseudo-population to
compute the corresponding factor analysis, the preci-
sion obtained between sample and population loading
matrices was RMSR = 0.035.

We suspected that our initial observations in the
pseudo-population were not very much representative
of the whole pseudo-population: it can be the case
because it was a random sample from the pseudo-
population. To inspect if this was the case, we
randomized the observations in the pseudo-population
and used an initial sample of 4,000 observations. We
run again SENECA, now with the hyperparameters
maximum iterations 20 and inc<5. SENECA
needed 12 iterations to advise to use a sample of
7,018 observations. Now, when we used the first 7,018
observations of our pseudo-population to compute the
corresponding factor analysis, the precision obtained
between sample and population loading matrices was
RMSR = 0.009 (i.e. the expected for the precision
level). Our conclusion was that the performance of
SENECA depends on the representativeness of the ini-
tial sample, especially when a large accuracy is aimed.

Overall, the results discussed agree with those
obtained in the simulation studies referred to above
(e.g. Browne & Cudeck, 1993; Hogarty et al., 2005;
MacCallum et al., 1999, 2001). As mentioned, the
larger the communality is, and the more the solution
approach’s simple structure (i.e. it is determinate), the
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smaller the sample needs to be to attain an accurate
and stable solution. Also, our results agree with previ-
ous simulations in that the interactions between the
determinants can be quite complex. It is for this rea-
son that no general or practical rules for determining
sample size were provided by the previous studies.
Instead, the advantage of our proposal is that it rec-
ommends a sample size which is directly based on the
characteristics of the data set at hand. And, in add-
ition, the required degree of accuracy of the solution
can be modulated to some extent by the user.

Second simulation study

The aim of the second simulation study was to assess
the performance of SENECA across different values of
the elements in the inter-factor correlation matrix. We
replicated a specific condition (p =3, CRMSR = 0.03)
from the first simulation study. However, for this
second simulation study, the values in the inter-factor
correlation matrix were defined as follows:

1. Zero correlation: off-diagonal values in ® were
set to zero.

2. Low correlation: off-diagonal values in ® were
uniformly drawn from the range [.10; .30].

3. High correlation: off-diagonal values in ® were
uniformly drawn from the range [.40; .60].

As in the previous study, the number of replica-
tions of the study were 1,000. The SENECA estimate
was used to produce a total of 3 (levels of inter-factor
correlations) x 2 (exploratory and confirmatory
approach) x 1,000 (replicas) = 6,000 samples.

Results of the second simulation study

Table 5 shows the mean, standard deviation sample
size recommended by the SENECA estimate in terms
of the level of accuracy required, and the number of
factors of the population loading matrix. If the inter-
factor correlation matrix does not play a role in the

Table 5. Descriptive statistics on the recommended sample sizes and accuracy of the sample loading matrix of solutions when

inter-factor correlations are manipulated.

Exploratory approach

Confirmatory approach

h? PHI
N RMSR N RMSR
RMSR < = CRMSR, % RMSR < = CRMSR, %
Mean SD mean SD Mean SD mean SD

>.60 0 708 121 .021 .001 98 643 42 .032 .070 94

.10—-.30 702 116 .022 014 97 642 42 .029 .057 95

40—-.60 708 121 .024 .013 96 642 44 .046 .109 89
<.60 0 1191 319 .022 .014 97 667 33 .034 .044 86

.10-.30 1194 319 .022 .001 96 666 30 .037 .054 86

40—.60 1185 319 .022 .001 97 669 32 .035 .045 83
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sample sizes that SENECA recommends, then the val-
ues observed in Table 5 should be similar to the cor-
responding conditions in Tables 1 and 2. In the case
of the exploratory approach, the sample sizes advised
for the corresponding conditions had a mean of 709
(when communality was large) and 1,193 (when the
communality was low). The outcomes obtained in this
second study shown similar sample sizes. The values
of the statistics that assess precision are also
comparable.

In the case of the confirmatory approach, the sam-
ple sizes advised for the corresponding conditions had
a mean of 647 (when communality was large) and 669
(when the communality was low). The outcomes
obtained in this second study also shown similar rec-
ommended sample sizes. However, a difference was
observed int he precision statistics: when the correl-
ation between factors was large, the precision was
slightly decreased. The worse precision levels were
obtained when the communality level was low.

As a conclusion, large inter-factor correlation val-
ues do not seem to affect the performance of
SENECA when the approach is exploratory. However,
when a confirmatory approach is used, and the inter-
factor correlation values are large, the sample size
advised by SENECA might not be large enough to
recover the loading matrix with the desired precision.
The second conclusion is that, when the number of
factors is known and, in addition, these factors are
expected to be strongly correlated among them, then
it would be advisable to compute SENECA based on
an exploratory approach.

Third simulation study

The aim of the third simulation study was to assess
the performance of SENECA when the initial sample
was not perfectly representative from the population.
Again, we replicated a specific condition (p=3,
CRMSR = 0.03) from the first simulation study.
However, for this third study we included a condition
in which the initial sample was not perfectly
representative:

1. Initial sample representative: in this condition, the
study replicates exactly the same procedure that
was used in the first study.

2. [Initial sample not perfectly representative: in this
condition, the third of the observations from the
initial sample were substituted by a sample from
an alternative population in which a single factor
solution was correct (i.e. p=1). In the alternative

population, the number of observed variables and
the communality level of the wvariables was
preserved.

If the representativeness of the initial sample does
not play an important role in the sample size advised
by SENECA, then the sample sizes advised in both sit-
uations should be similar. The number of replications
was 1,000.

Results of the third simulation study

The average of sample sizes advised by SENECA
when the initial samples were representative of the
population were 1,044 (std = 363) and 955 (std =
251) for the exploratory and confirmatory approaches,
respectively. When the initial sample was not repre-
sentative, the average of the sample size advised for
the exploratory approach was 955 (std = 251), which
means that the error of approximation in the popula-
tion, already lead to a substantial decrease of the sam-
ple size. In this scenario, SENECA advised a sample
size that was actually lower than the one need for the
characteristics of the population. In the case of
the confirmatory approach, a substantial decrease of
the sample was also observed: the mean of the advised
samples was 649 (std = 34).

The conclusion of the third simulation study is that
researchers must try strongly to compute SENECA
based on an initial sample that is chosen to be as rep-
resentative from the population as possible.

Implementation

We implemented the SENECA estimate in R (R script
“SenecaEstimate.r”). This script uses only native func-
tions in R, so no packages need to be downloaded. To
use it, researchers have to store participants’ responses
in a text file, update the name of the input file, and
execute the script. The parameters to be configured
are (1) the number of replications in the simulation
study, (2) the number of expected factors (if the aim
of the analysis is confirmatory), and (3) the threshold
value for the CRMSR.

In addition, we implemented SENECA in our soft-
ware to compute factor analysis (Ferrando & Lorenzo-
Seva, 2017), which can be downloaded free from the site
https://psico.fcep.urv.cat/utilitats/factor/. This is offered
as an extension analysis that can be computed before a
specific EFA solution is fitted. In this software, the item
response format can be treated as continuous-
unbounded (linear model) or ordered-categorical
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(nonlinear model), and the parameters that can be con-
figured are the same as in the R code.

Discussion

Somewhat simplistically, sample size recommendations
for fitting EFA solutions are either rules of thumb or
based on complex simulation results. In our experi-
ence as advisors, none of these recommendations
completely fulfill the need of the applied researcher
who is undertaking a factor analytic study. The rules
of thumb are too simplistic and misleading, while the
simulation results are too complex to lead to practical
advice. As we see it, what practitioners need is an ini-
tial estimate of the sample size that they will need if
they are to obtain an appropriate solution. This is the
type of advice our proposal aims to provide.

The main idea of the proposal is to use the data set
under study as a seed to generate a pseudo-population
data set in which a factor solution holds exactly.
Then, samples are generated and the sample size
required for the ‘true’ and the sample reproduced cor-
relation matrices to be closer (in terms of discrepancy)
up to a pre-determined threshold value is determined.
While this basic idea is simple, the proposal has a cer-
tain technical complexity and requires intensive simu-
lation. It must be said that the amount of computing
time is not prohibitive in the data set in which the
SENECA estimate was tested.

It should be stressed that the aim of the SENECA
estimate is only to produce an indicative sample size,
so that researchers can get an idea of the magnitude
of the sample needed to reliably compute a factor ana-
lysis. Also, researchers have to take a variety of deci-
sions that can affect the magnitude of the size
recommended. In principle, the larger the initial sam-
ple is, the more accurately the population correlations
will be estimated, and the more realistic the sample
size recommendation will be. In addition, if a particu-
lar number of factors is expected (i.e. a more con-
firmatory approach), the sample size needed is more
likely to be smaller. When the fully exploratory
approach is used, the characteristics of the data ana-
lyzed (e.g. a large number of variables with low com-
munality) may lead to very large samples being
recommended. The pre-determined level of accuracy
that is required also affects the recommended sample
size. In our analysis, we concluded that (a) a threshold
value of CRMSR = 0.05 can be too lenient; (b) a
threshold value of CRMSR = 0.01 can be too
demanding; and (c) a threshold value of CRMSR =
0.03 is likely to be appropriate in most applications.
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However, researchers must decide if, for a particular
data set, other values should be specified. For
example, if both the number of variables and expected
factors is low, and the communality high, then the
threshold could be set to be more demanding (e.g.
0.02 or 0.01). At the other extreme, if the number of
variables and expected factors is large, and the com-
munality low, then the threshold can be relaxed (e.g.
0.04 or 0.05) to obtain a sample of a reasonable size
(while bearing in mind that the reproduced correl-
ation matrix may not to be estimated very accurately).
Alternatively, in this complex situation, researchers
could also try to identify the noisiest variables and
discard them from the analysis (Ferrando et al., 2023).
If this is done correctly, the likely outcome will be a
“cleaned” data set consisting of fewer variables with
higher communalities.

In its most basic form (Egs. (1)-(4)), the method
we propose is intended for a direct or canonical solu-
tion, and the reproduced correlation matrix is
obtained as the product of the canonical pattern
matrix and its transpose. In this case, the CRMSR as a
measure of accuracy of the preproduced correlation
matrix directly quantifies also the accuracy that the
canonical loading estimates will attain. In a correlated
-factors solution, however, the link between the accur-
acy of the reproduced matrix and that of the struc-
tural estimates is not so direct, and is a topic that
should be addressed in the future. Possibly, in this
case, the CRMSR as a measure of distance should be
complemented by an index of profile pattern similar-
ity (i.e. congruence), and the inter-factor correlation
matrix should also be taken into
Furthermore, developing more elaborated threshold
measures should also take into account the intended
use of the EFA application. If the model is only used
as a rough precursor of a more restricted solution,
then, the congruence or pattern similarity would be,
possibly, the most relevant indicator for setting
threshold values as it was made in the simulation
studies. In this case, the relations are not so direct,
and it would be indeed of interest to establish a link
between the accuracy at the reproduced correlation
level and the accuracy in the structural parameters of
the solution. However, this is a difficult issue, and we
prefer to leave it for future research. In this respect,
we also believe that such a combined index should
probably take into account not only measures of dis-
tance (i.e. discrepancy) but also of pattern profile
similarity (i.e. congruence). Conversely, if the unre-
stricted solution is of interest “per se” (and not as a
mere precursor), then, obtaining accurate structural

account.
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estimates is as important as it can be in a restricted
solution.

If the number of common factors can be plausibly
expected in advance, SENECA estimate can be com-
puted based on the confirmatory approach. However,
if the expected factors have been observed to be
highly correlated in previous studies, then the results
of our simulation study suggest that it could be more
adequate to compute SENECA based on the explora-
tory approach. It must also be pointed out that, to
compute SENECA estimate based on the confirmatory
approach to decide the sample size, and then to com-
pute a pure exploratory factor analysis (e.g. using pro-
cedures aimed at assessing the dimensionality of the
data set) seems like and uncoherent analysis schema.
If a pure exploratory factor analysis is to be com-
puted, then, SENECA should also be computed based
on the exploratory approach.

A further potential limitation of the threshold
approach discussed so far is that it is based on the
sample CRMSR, which is known to overestimate its
population parameter when both the sample size and
the degree of misfit of the proposed solution decrease
(Maydeu-Olivares, 2017). So, in the future if would be
of interest to assess the performance of modified ver-
sions of the CRMSR that have been found to produce
less biased estimates (Maydeu-Olivares, 2017).

Computing SENECA estimate from the expected
population number of factors is a good way of obtain-
ing the optimal sample size when the control of the
precision level is not an important feature of the study
at hand. However, if the number of population factors
is not available, then it is preferable to consider a
large number of factors in the sample model so that
the level of communality is not underestimated. As
the extra factors in the sample model are not truly
substantial factors in the population, they will not add
much to the communality, and the estimate sample
size will increase less than if a low number of factors
are considered in the sample. In SENECA estimate,
we opted to base our method on Kaiser’s rule pre-
cisely because it has a tendency to retain more factors
than the true number in the population, and hardly
ever less. Once the final sample is available, then
using a more reliable method (e.g. parallel analysis) to
determine the number of factors is advisable. Another
point of view is that the extra cases usually suggested
in the exploratory approach seem to help the loading
matrix have the desired level of precision.

When a large sample is recommended by SENECA
estimate for a particular data set at a given precision
level, researchers should consider if a lower precision

is acceptable for their analysis. They should also deter-
mine whether the set of variables meet the minimum
quality needed to be safely factor analyzed. For
example, if a subset of observed variables shares a low
amount of communality with the overall set of
observed variables, then this subset of variables should
not be included in the analysis (see e.g. Ferrando
et al., 2023; Lorenzo-Seva & Ferrando, 2021b; for a
discussion of this topic).

Our algorithm requires to decide the number of
iterations and the amplitude of the interval in which
to search for the final advised sample size. We tested
our algorithm with specific values (20 maximum itera-
tions and inc < 5). However, the researcher is free to
compute SENECA based on more demanding values
(e.g. 1,000 maximum iterations and inc<2). These
settings might increase the accuracy of the sample size
advised by SENECA, but might also demand a large
amount of computing time. In addition, the outcome
of our third simulation study suggests, that the accur-
acy provided by SENECA depends on the representa-
tiveness of the initial sample that is used.

SENECA incorporates an algorithm to find an opti-
mal sample size once minimum and maximum sample
sizes have been identified. However, other search algo-
rithms such as the approach based on surrogate mod-
eling could be applied. It would be interesting to
assess if other search approaches can improve the
computing speed of Seneca Estimate.

As correlation estimates based on polychoric corre-
lations are less stable, the sample size suggested by
Seneca will be larger than the estimates based on
Pearson correlations. Further research is required on
how the number of response categories and the distri-
bution of responses (e.g. skewness and kurtosis) can
affect the sample size recommended by Seneca.

Any methodological proposal runs the risk of being
misused, and this is particularly so in this case. Note
that it is the sample data set under analysis that is
used to generate the pseudo-population and run the
procedure. Indeed, if the sample is inappropriate and
not representative of the population for which the
analysis is intended (e.g. a convenience sample, a
range-restricted sample, or a mixture), then using
what is proposed here is doomed to provide invalid
or misleading results. So, it is the researchers’ respon-
sibility to use a proper design and collect a represen-
tative sample. The same considerations apply to the
final sample used in the study. If the design and
the sample are both appropriate, it is suggested that
the tool proposed here is useful for factor-analytic
applications.
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Appendix

Pseudo-code in R language to obtain the simulated
of data for some given population matrices A
and ®

#L is the loading matrix in the population
# PHI is the inter-factor correlation matrix
# in the population

p <- ncol (L)

m<-nfil(L)

# To compute RP: the correlation matrix in
# the population (RP)

Rr <- L %*% PHI %*% t (L)

m <- ncol (Rr)

RP <- Rr - diag(diag(Rr)) +
diag(diag((matrix(l,m,m))))

# To compute Xsp: the pseudo-population

# matrix of m observed variables

# and 50,000 rows

L <- chol (RP)

Z <-matrix(0,50000,m)

for (i inl:m) Z[,i]l=rnorm(50000,0,1)

Xsp <- Z %*% L

# Nmin: the minimum sample size

Nmin <- 100 +m*2

# To obtain the first Nnim rows from the

# pseudo-population matrix of m

# observed variables (Xsp)

X <- as.matrix(Xsp[l:Nmin,1l:m])

# To compute SENECA based on X with a CRMSR =
#0.03 with an exploratory

# approach to obtain the advised sample size
# (Nexp)

(Nexp) <-SenecaExploratory(X,0.03)

# To obtain the first Nexp rows from the

# pseudo-population and

# to compute the observed correlation matrix
Xexp <- as.matrix(Xsp[l:Nexp,l:m])

Rexp <- cor (Xexp)

# To compute SENECA based on X with a CRMSR =
#0.03 with a confirmatory

# approach to obtain the advised sample size
# (Nconf)

Nconf <-SenecaConfirmatory(X,p,0.03)

# To obtain the first Nconf rows from the

# pseudo-population

# and to compute the observed correlation

# matrix

Xconf <- as.matrix (Xsp[l:Nconf,1l:m])

Rconf <- cor (Xconf)
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