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Abstract

Analyzing large volumes of high-dimensional data poses significant challenges. Dimen-
sionality reduction aims to reveal the most prominent properties of data by embedding
them into a low-dimensional representation. Spectral dimensionality reduction methods
using kernel matrices have been proven to yield optimal results. Online versions of those
methods are desirable to incrementally project new data without recomputing the whole
embedding from the complete dataset. In addition, integrating different spectral meth-
ods may have a synergistic effect. This paper presents an online dimensionality reduction
method based on deep neural networks that integrates embeddings optimized by statistical
approximation of neighborhoods and induced by different spectral methods through stack-
ing ensemble learning. In particular, the proposed method first applies a self-supervised
stage in order to train a set of deep encoders based on the embeddings induced by different
spectral methods applied to a given input dataset. Those basis encoders are optimized and
then integrated through a metamodel constituted by a fully connected network. A super-
vised and an unsupervised approach have been designed depending on whether the final
aim is to enforce topological preservation or cluster induction. The proposed method has
been experimentally validated on well-known image datasets and compared to some of the
most relevant dimensionality reduction techniques by using widely-used quality measures.

Keywords Online dimensionality reduction - Spectral methods - Stacking - Deep
networks - Topological preservation - Cluster induction - Manifold approximation

1 Introduction

Processing huge volumes of data has consolidated the field of big data. These data can
be inconsistent and unpredictable as they often emerge from chaotic phenomena and
possess a complex structure. Complexity here implies high dimensionality. The latter is
interpreted as the number of variables, features or attributes that characterize an object.
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That complexity becomes a challenge for human understanding and perception, as well
as for computational processing in data analysis areas, such as data mining, machine
learning, pattern recognition or information visualization.

Dimensionality reduction (DR) (Sarveniazi, 2014) is a feasible and efficient solution
to the problems associated with high dimensionality. It aims to reveal the most out-
standing and relevant properties of large volumes of data, and ultimately to understand
the complexity inherent to a multidimensional and chaotic world. Dimensionality can
be reduced either by selecting subsets of features (i.e., dimensions) or by projecting
the original features into a low-dimensional space. Feature projection methods can be
broadly classified into linear and non-linear approaches. Linear approaches are based
on criteria related to distance, similarity or divergence. In turn, non-linear approaches,
also known as manifold learning methods, use predefined structures, such as adjacency
graphs, statistical methods or neural networks.

Spectral methods are a subset of DR feature projection methods characterized by
applying eigendecomposition to specially defined matrices in order to determine embed-
dings that aim to preserve the topology of the original data. A big advantage of spectral
methods is that, once the eigendecomposition has been made, the number of dimensions
of the projected space is simply determined by the number of top or bottom eigenvec-
tors chosen. These methods include Principal Component Analysis (PCA) (Hotelling,
1933), Classical Multidimensional Scaling (CMDS) (Borg & Groenen, 2005), Lapla-
cian Eigenmaps (LE) (Belkin & Niyogi, 2003), and Locally Linear Embedding (LLE)
(Roweis & Saul, 2000), among others. PCA and CMDS are linear methods whose
embeddings take into account all the given data points (global DR methods), whereas
LE and LLE are non-linear methods that consider the neighborhoods of the given points
(local DR methods). While global methods yield embeddings that capture the overall
structure of the original data sets even preserving distance metrics, local methods better
capture the topology of the underlying manifolds and are more computationally efficient
by using sparse matrix operations.

The ultimate goal of dimensionality reduction is the preservation in the projected low-
dimensional space of the intrinsic data properties fulfilled in the original high-dimensional
space, such as cluster distribution or topological manifold structure (i.e., manifold unfold-
ing). However, linear DR methods cannot preserve those properties in case of intricate
(non-linear) clusters and manifolds. This limitation may be overcome by applying kernel
methods, which implicitly project the original data to an even higher dimensional space
in which non-linearities can be linearized. Thus, kernel versions of the main DR spec-
tral methods have been proposed with success for linear approaches, such as Kernel PCA
(KPCA) and Kernel CMDS (KCMDS), and even for non-linear schemes, such as Kernel
LE (KLE) and Kernel LLE (KLLE) (Ham et al., 2004; Lee & Verleysen, 2007).

The spectral methods described above are categorized as batch (offline) processing since
they require the entire data set for computing the sought embedding. Therefore, they cannot
be applied if the whole data set does not fit in main memory. In addition, with the excep-
tion of PCA, if new data instances need to be projected, the whole eigendecomposition and
its associated matrix must be computed from scratch, which is highly inefficient. In those
cases, it is necessary to apply online processing (also known as incremental or adaptive
processing) that works on a per-instance basis or in mini-batches. Thus, online versions of
some DR spectral methods have been proposed in the literature, such as Incremental PCA
(Zhao et al., 2006), Incremental KPCA (Chin & Suter, 2007; Hallgren & Northrop, 2018),
Incremental CMDS (Basalaj, 1999), Incremental LLE (Kouropteva et al., 2005) and Incre-
mental LE (Jia et al., 2009), among others.
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Since kernel-based spectral methods are based on the eigendecomposition of kernel
matrices, it is possible to integrate different methods by combining their associated matri-
ces. The final embedding generated after that integration may thus exhibit properties of the
precursor methods. For example, it is possible to combine local and global DR methods in
order to inherit beneficial characteristics from both approaches (Gou et al., 2020). This is
the foundation of Multiple Kernel Learning (MKL) (Gonen & Alpaydin, 2011), in which
kernel matrices are averaged with weights that can be learnt as a result of an optimization
process.

A well-known paradigm for combining machine learning algorithms is ensemble learn-
ing (Wang et al., 2018; Denisko & Hoffman, 2018). Its goal is to yield an integrated algo-
rithm that outperforms its constituent learning algorithms. Stacked generalization (Wolp-
ert, 1992), also known as stacking, is a type of ensemble learning in which a so-called
metamodel is trained to combine the outputs of a set of heterogeneous learning algorithms
pre-trained independently.

This paper proposes an online DR scheme that synergistically combines classical spec-
tral methods with modern deep neural networks. Given a target dataset whose dimensional-
ity is to be reduced, different linear and non-linear DR spectral methods are first applied.
The original data points are then projected to the sought low-dimensional space accord-
ing to the embedding induced by every spectral method. The set of projected points gen-
erated by each spectral method along with the original data points are utilized to train a
deep encoder (Hinton & Salakhutdinov, 2006) in a self-supervised way. Thus, each encoder
learns the embedding induced by its associated spectral method and is able to project new
points in an online manner, something that classical spectral methods cannot perform due
to their offline nature. A stacking ensemble learning approach is then applied for fusing the
low-dimensional outputs of the different encoders through a metamodel implemented as a
multilayer fully-connected network.

We propose two metamodel topologies depending on whether the final aim is to enforce
topological preservation (Luo et al., 2021; Alswaitti et al., 2022; Jiang et al., 2023) or clus-
ter induction (Guo et al., 2022; Eskandarnia et al., 2022; Wu & Noels, 2022). For topologi-
cal preservation, the metamodel is a shallow network trained in an unsupervised manner
using a graph that represents high-dimensional neighborhoods. In turn, Euclidean distance
matrices in high and low dimensions are also used for preserving the global structure of
the input data. For cluster induction, the metamodel is a supervised deep network trained
by means of a deep autoencoder (Hinton & Salakhutdinov, 2006). A deep decoder aims to
approximate a one-hot matrix generated from the labels of the different classes by mini-
mizing a cross-entropy cost function.

The proposed method has been validated on seven widely-known image datasets:
Fashion-MNIST, COIL-20, LEGO, Medical-MNIST, Imagenette, ISL and USPS. Stand-
ard implementations of PCA, CMDS, LLE and LE, of their corresponding kernel versions
KPCA, KCMDS, KLLE and KLE, and of combinations of them through Multiple Kernel
Learning(MKL) and DeepMKL have been considered as precursor spectral methods.

The following dimensionality reduction methods have also been considered in the exper-
imental validation: Linear Discriminant Analysis (LDA), Factor Analysis (FA), GraphEn-
coder, ScaledPCA, Uniform Manifold Approximation and Projection (UMAP), ISOMAP,
Large-scale Dimensionality Reduction Using Triplets (TriMap), DensMap, SliseMap and
ParametricUMAP.

Two quality criteria have been used to measure the performance of DR techniques:
topological preservation and cluster induction. Topological preservation has been evalu-
ated by means of the Ryy(K) curves (Lee et al., 2013), whereas cluster induction has been
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evaluated though the homogeneity, completeness and V-measure scores (Rosenberg &
Hirschberg, 2007).

The rest of this paper is organized as follows: Sect. 3 presents an overview of the main
concepts related to classical DR methods, their kernel and online versions, as well as mod-
ern neural network approaches. Section 4 discusses the combination of DR methods using
MKL and ensemble learning. In Sect. 5, the proposed method, referred to as NetDR, is
described, including its constituent stages. Sections 6 and 7 present the experimental setup
and the obtained results, respectively. Sect. 7.3.6 presents the computational complexity of
the proposed methods. Section 2 presents a discussion of the relevance of the method and
future work. Finally, conclusions are given in Sect. 8.

2 Relevance of the method and future work

3 Dimensionality reduction

Dimensionality reduction aims at extracting relevant information from high-dimensional
data by mapping them into a low-dimensional space. Its application is beneficial for multi-
ple reasons. Firstly, it helps improve the computational performance of learning algorithms
by processing fewer dimensions. In addition, overfitting is reduced by decreasing the input
dimension. Simpler and more general models are thus learn. It also allows visualizing mul-
tidimensional data in an intelligible way by mapping them into 2D or 3D space. It allows
topological preservation of intrinsic data structures: nearby points in the original space
remain close in the embedded one, whereas distant points remain far away. It allows linear
separation of features in the high-dimensional space by minimizing the overlap of points in
the projected space, which induces data clusters. Finally, it minimizes noise by suppressing
redundant information.

A wide variety of DR methods have been proposed in the literature based on differ-
ent principles. The following subsections summarize the most representative approaches
including classical methods, kernel-based adaptations, online versions, and concluding
with modern schemes based on neural networks.

3.1 Classical methods

Dimensionality reduction methods have traditionally followed two approaches: feature
selection and feature projection (also known as feature extraction). The goal of feature
selection is determining a subset of the original dimensions that optimizes the performance
of a certain data analysis algorithm (classification, regression, etc.). This can be done by
following either filter, wrapper or embedded strategies (Molina et al., 2002). However, sup-
pressing dimensions may not preserve the underlying structures of the input data in gen-
eral. The alternative is feature projection, which maps the original dimensions into a lower-
dimensional space.

The best-known linear feature projection method is Principal Component Analysis
(PCA) (Hotelling, 1933). It maximizes the data variance in the low-dimensional space.
Factor Analysis (FA) (Spearman, 1904) is a probabilistic version of PCA that aims to
extract a set of d unobserved variables (dimensions), called factors, such that the original
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D dimensions can be expressed as a linear combination of those d factors plus a Gauss-
ian noise term, with d << D. Every factor represents a group of original dimensions that
are highly correlated among them. An iterative implementation of FA using singular value
decomposition described in Barber (2012) has been used in this work. In turn, Classical
Multidimensional Scaling (CMDS) (Borg & Groenen, 2005) aims at preserving in the pro-
jected space the pairwise Euclidean distances among the original data points. ISOMAP
(Tenenbaum et al., 2000; Qu et al., 2021) applies CMDS to the geodesic distances between
all pairs of points. Geodesic distances are estimated through the shortest path distances
between the points represented in a graph of nearest neighbors. Similarly, Stochastic
Neighbor Embedding (SNE) (Hinton & Roweis, 2002) preserves pairwise dissimilarities
among points. The dissimilarity between two points is defined as their normalized Euclid-
ean distance. Alternatively, when the original data points belong to known classes, Linear
Discriminant Analysis (LDA) (Izenman, 2013) determines the linear combination of the
original dimensions that maximizes inter-class distances while minimizing intra-class dis-
tances (Fisher’s criterion). LDA is thus a supervised method.

The previous feature projection methods are global as their respective embeddings are
generated by considering global properties of all given data points. In many applications,
however, it is necessary to reduce the high dimensionality while keeping the structure of
the topological manifolds present in the original data sets. This is referred to as manifold
learning. That goal can be attained by preserving the local neighborhood of every point
in the projected space, which is the principle behind non-linear local feature projection
methods, such as Locally Linear Embedding (LLE) (Roweis & Saul, 2000) and Laplacian
Eigenmaps (LE) (Belkin & Niyogi, 2003). LLE first determines the k nearest neighbors
of every original point and then yields an embedding that preserves the barycentric coor-
dinates of every point with respect to its neighbors. In turn, LE first computes a weighted
adjacency graph with as many nodes as original points. Two points are adjacent either if
their distance is below a threshold or if one is a k-nearest neighbor of the other. The edge’s
weight for adjacent points can be either one or their Gaussian radial basis function, and
zero for non-adjacent points. The embedding is obtained by computing the eigenvectors of
the graph’s Laplacian.

3.2 Kernel methods

Linear DR methods are prone to overfitting or underfitting. In addition, real-world data sets
do not always exhibit a linear behavior. In turn, non-linear DR methods are computation-
ally intensive on bulky sets involving a large number of dimensions. Furthermore, they
often apply convex optimization procedures that may yield suboptimal solutions when fall-
ing into local extrema.

Kernel methods overcome the aforementioned disadvantages of both linear and non-
linear methods by taking the best of both worlds. In essence, they first map the given data
from their original space X to a very high-dimensional space V), even to an infinite-dimen-
sional Hilbert space (Yuan et al., 2010), where the data points are easily separable. Those
mapped data are then projected to the sought low-dimensional space. This allows intricate
non-linear data structures to be preserved while applying linear methods.

Fortunately, dealing with such very high dimensional spaces is very efficient thanks to
the kernel trick. Basically, no explicit mapping ¢ : X — V is ever done. Instead, the inner
product of any pair of data points {x;,x;} € X mapped to V is equivalent to the applica-
tion of a kernel function k to those points: k(x;,X;) = (p(x;), (p(xj)). The Mercer’s theorem
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(Carmeli et al., 2006) determines which functions can be used as kernels (polynomial,
radial basis function, etc.). Given N data points {X;, ..., Xy} € &, kernel methods usually
represent all pairwise applications of the kernel function k as a kernel matrix K € RV,
such that K;; = k(x;, x;). Once K has been determined, subsequent processing can be kept
linear. In this way, kernel methods are able to deal with non-linear data structures in the
original space X by applying linear processing in the very high-dimensional space V.

KPCA (Scholkopf et al., 1998) is a kernelized version of PCA that benefits from the
above principles. Based on it, kernel-based versions of other DR spectral methods, such as
KCMDS, KLLE and KLE, can be obtained by following two steps. First, a kernel matrix K
is obtained from the definition of the target spectral method. The projection to the sought
low-dimensional space is then performed by applying KPCA to K (Ham et al., 2004;
Belanche Muiioz, 2013; Ham et al., 2004).

3.3 Online methods

In general, data sets can be processed by following either an offline (also called discontinu-
ous) or online (also called continuous, incremental or adaptive) approach. Offline process-
ing requires the availability of the whole data set (full batch). Unfortunately, huge datasets
may overflow the storage capacity of main computer memory (Fresca & Manzoni, 2022).
Furthermore, data may change over time in some applications, hence requiring processing
algorithms that continuously adapt to those variations of the data set. Online processing is
necessary when a complete data set cannot be processed as a whole or it is directly unavail-
able. Data points are processed either one at a time or grouped in mini-batches (Joshi &
Kulkarni, 2012). However, online methods also have drawbacks: their result may depend
on the sampling order of the individual points or the mini-batches, and the optimization
procedures they may apply can fall into local extrema, not guaranteeing optimal solutions.
The latter problem can be tackled by applying stochastic approximation methods, such as
the Robbins-Monro algorithm (Robbins & Monro, 1951).

The DR methods summarized above are offline and require the full data set to gener-
ate an embedding. If new data points are included, the whole process must be run from
scratch. Moreover, limited main memory capacities may prevent their application. There-
fore, online versions of those methods have been devised.

In particular, various online versions of PCA, generally referred to as Incremental PCA
(IPCA) have been proposed. Some approaches reconstruct the significant principal compo-
nents from the original data set and every new added point, such as Skocaj and Leonardis
(2003). The updated eigenspace is generated by using coefficient vectors from the origi-
nal data. However, these approaches may yield unbounded approximation errors. Other
approaches compute the principal components without estimating the covariance matrix,
such as CCIPCA (Weng et al., (2003). In the latter, however, the approximation error can
be accumulated as each principal component is computed from a previous one. Alterna-
tively, SVDU-IPCA (Zhao et al., 2006) is an online PCA method based on a singular value
decomposition updating algorithm. It is advantageous as it yields a bounded approximation
error and can be easily extended to KPCA.

Similarly, there are also online versions of LLE, LE and CMDS, such as Incremental
Locally Linear Embedding (ILLE) (Kouropteva et al., 2005), Incremental Laplacian Eigen-
maps (ILE) (Jia et al., 2009), and Incremental Multidimensional Scaling (IMDS) (Basalaj,
1999), respectively. Different online versions of KPCA have also been proposed, such as
Chin and Suter (2007), Hallgren and Northrop (2018).
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3.4 Manifold approximation and projection methods

Some methods attempt to model the data intrinsic structure by mapping the high-dimen-
sional data into an embedding through projections or approximations in a way that pre-
serves the topological structure, as well as the local and global relationships among the
original data points.

In contrast to traditional PCA, which seeks to maximize the variation between com-
ponents, ScaledPCA (Huang et al., 2022) is a supervised DR method that improves the
process by assigning higher weights to components that have greater predictive ability.
It does this by scaling each predictor based on its ability to predict the desired objective.

UMAP (Uniform Manifold Approximation and Projection for Dimension Reduction)
(Mclnnes et al., 2018) models the high-dimensional space by preserving the fuzzy topo-
logical structure both locally and globally. The data points are projected into an embed-
ding that maintains the characteristics of their structure in the low dimension. In turn,
ParametricUMAP (Sainburg et al., 2021; Xu & Zhang, 2023) is a semi-supervised DR
algorithm that extends the UMAP model. Instead of establishing the low-dimensional
space directly, the embedding is generated through a neural network that learns the rela-
tionships between the high-dimensional data previously established in a graph. This is
done by optimizing the weights of a batch-trained deep neural network, thus learning
the parametric relationship between the data and the embedding.

Another variety of UMAP is DensMap (Narayan et al., 2020). It locally preserves
the relative density of data points and uses this estimate as a regularizer in the embed-
ding optimization. TriMap (Amid & Warmuth, 2019) is a semi-supervised DR method
that focuses on preserving the global structure by introducing a global score. The latter
quantifies the quality of a low-dimensional embedding of the data by means of triplets,
calculating a linear inverse optimal mapping from an initial mapping generated by PCA.
SliseMap (Bjorklund et al., 2023) is a supervised visualization method based on dimen-
sionality reduction that simultaneously maintains local relationships between the data
and preserves the global structure of the high-dimensional space. Similarly to TriMap,
SliseMap also performs an initial mapping with PCA.

3.5 Neural networks

Unsupervised neural networks have also been successfully applied to dimensionality
reduction. One of the best-known schemes is Self-Organizing Maps (SOM) (Kohonen,
2001), a non-linear approach that yields a low-dimensional (typically two-dimensional)
representation of high-dimensional data while preserving their topological structure.
The network is usually defined as a rectangular or hexagonal grid of nodes (neurons).
Every node is associated with a weight vector defined in the high-dimensional space.
All vectors can be initialized at random or uniformly sampled from the hyperplane
spanned by the two largest principal components of the data set. A learning algorithm
iteratively maps each dataset point to the grid’s node with the closest weight vector. The
weight vector of the selected node is updated with a running average in order to move
it closer to the point coordinates. Likewise, the weight vectors of the node’s neighbors
are also updated with a Gaussian decay dependant on their grid distance to the selected
node. As a result of this competitive learning process, the network associates groups of
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nodes with clusters present in the high-dimensional data set. In the end, every data point
is mapped to the node with the closest weight.

Alternatively, Generative Topographic Mapping (GTM) (Bishop et al., 1998) is a proba-
bilistic counterpart of SOM. It also assumes a grid of nodes. Every node is associated with
a multivariate Gaussian that models a probability distribution of points in the high-dimen-
sional space. The Gaussians of all nodes constitute a mixture model that is fitted to the
given data set by applying the Expectation-Maximization algorithm. Every original data
point is finally mapped to the node whose Gaussian has the maximum likelihood.

Isotop (Lee et al., 2003) is a DR neural method that overcomes the main disadvantage of
both SOM and GTM: their rectangular grid of nodes may not suit the shape of the manifold
lying in the original data set. This problem is tackled by generating an adjacency graph of
nodes. Every node is an original data point and is connected to its k closest neighbors. If
the data set is very large, the nodes can be reduced by applying vector quantization. The
generated graph captures the local structure of the original data similarly to LE and LLE.
The high-dimensional vector of every node is then replaced by a low-dimensional vector
randomly set around zero, referred to as a prototype. A unit variance Gaussian is centered
at each prototype. Then, a learning algorithm iteratively draws a random point from that
mixture of Gaussians and finds its closest prototype. The coordinates of the latter and its
closest neighbors are updated with a running average similarly to SOM. The final embed-
ding is constituted by the low-dimensional coordinates of the prototypes.

Another example in this category is Deep Isometric Maps (Pai et al., 2022), an unsu-
pervised deep learning approach for computing distance-preserving maps for non-linear
dimensionality reduction, managing to improve the local and non-local generalization of
the isometric mapping.

Nowadays, the impressive evolution of deep neural networks has also benefitted the field
of dimensionality reduction by using autoencoders (AE) (Hinton & Salakhutdinov, 2006;
Shinde et al., 2023). An autoencoder is generated by concatenating two deep networks:
an encoder network that maps a high-dimensional vector X € R” into a low-dimensional
encoding Y € R, followed by a decoder network that maps this encoding Y back into a
high-dimensional vector X € RP. Both networks are trained end-to-end in an unsupervised

way by applying backpropagation in order to minimize the error between X and X. Once
the autoencoder has been trained, the DR method is the encoder network alone.

There are three main types of autoencoders. In the simplest case, both the encoder and
decoder are fully-connected multilayer networks. A second type is variational autoencod-
ers (VAE) (Kingma and Welling, 2013). In this case, the encoder network does not gener-
ate a single encoded vector Y € R?, but a set of d Gaussian functions defined by a mean
and a standard deviation. They constitute a multivariate Gaussian that models the prob-
ability distribution of the encoded space (usually referred to as latent space). Since the
decoder must be fed with a single point, a d-dimensional vector Y is randomly drawn from
that multivariate Gaussian (this is known as the reparameterization trick). The third type is
convolutional autoencoders (CAE) (Masci et al., 2011). In this case, both the encoder and
decoder are convolutional neural networks (CNN). CAEs yield the best results for reducing
the dimensionality of images. Multiple variations and combinations of these basic types
have been proposed in the literature.

GraphEncoder (Tian et al., 2014; Luo et al., 2021) is an autoencoder-based graph clus-
tering model. It consists of a deep neural network with a sparse autoencoder as its building
block. The input graph can be the same weighted adjacency graph with as many nodes
as original points defined for Laplacian Eigenmaps. The graph’s similarity matrix is the
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training set of the neural network. The graph embedding consists of the output features in
the deepest layer of the deep network.

Finally, supervised deep networks have also been proposed for dimensionality reduc-
tion. They project the high-dimensional space into a low-dimensional one and take advan-
tage of the class labels of the training samples to optimize that mapping. A good example
is MMINet (Ozdenizci & Erdogmus, 2021), which projects high-dimensional features into
an output feature space in which lower dimensional representations of features carry maxi-
mum mutual information with their associated class labels. MMINet uses a training proce-
dure based on the stochastic estimate of the mutual information gradient.

4 Combined methods

A wide variety of DR methods have been proposed in the literature as summarized in the
previous sections. Their different operation principles enforce specific properties in the
embeddings they yield, among which topological preservation and cluster induction are
the most relevant. Topological preservation (Lee & Verleysen, 2007) attempts to preserve
neighborhoods by minimizing both extrusions (nearby points in a neighborhood mov-
ing away) and intrusions (distant points in a neighborhood moving closer). In turn, clus-
ter induction (Blockeel et al., 2000; Chavula & Suleman, 2017) aims at generating dense
non-overlapped groupings of data that satisfy certain inter-class and intra-class features
(Ozdenizci & Erdogmus, 2021). However, both properties tend to be mutually exclusive.
For instance, cluster induction typically minimizes topological preservation, since induc-
ing a cluster usually involves generating intrusions or extrusions that affect the embedding
continuity.

If different DR methods are synergistically combined, the result may yield a rich embed-
ding that preserves their respective properties (Menaga & Revathi, 2021). The two main
approaches for combining DR methods are summarized below.

4.1 Multiple Kernel Learning

According to Mercer’s theorem (Carmeli et al., 2006), a kernel is a symmetric positive
semi-definite function. It is possible to combine different kernel functions provided the
resulting function also satisfies that condition. In particular, the addition of kernels also
yields a kernel. This is the basic principle behind Multiple Kernel Learning (MKL) (Gonen
& Alpaydin, 2011), which is the main approach for combining kernelized versions of DR
spectral methods, such as KPCA, KCMDS, KLLE and KLE. In particular, MKL combines
the kernel matrices corresponding to M methods, {Kl, ,KM}, yielding an integrated
kernel matrix K defined as a weighted average:

M
K=Y K, (1)

m=1

where a,, is a weighting factor associated with the m-th method. Once K has been obtained,
the dimensionality is reduced by applying KPCA (Belanche Mufioz, 2013).

The above weighting factors corresponding to the fused kernel methods are usu-
ally determined through an iterative optimization procedure. Many different approaches
have been proposed in the literature (Gonen et al., 2011). Among them, three significant
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methods have been evaluated in this work: Scalable Multiple Kernel Learning (EasyMKL)
(Aiolli & Donini, 2015), Radius-Margin Optimization Based on Gradient Descent (RM-
GD) (Lauriola et al., 2017) and Minimum Effort Maximum Output (MEMO) (Lauriola
et al., 2018).

In addition, various deep learning approaches have also been proposed for MKL. For
example, Deep Multiple Kernel Laearning (DMKL) (Strobl & Visweswaran, 2013) defines
a multi-layer network to combine a set of M basis kernel methods. The first layer applies
the given kernel methods to the input data X € R¥*P, yielding M kernel matrices. In the
next layer, each kernel method is applied again not to the input data but to a kernel matrix
(i.e., kernel within a kernel) obtained as a weighted average of the M kernel matrices com-
puted in the previous layer, yielding a single combined kernel matrix per method (M new
kernel matrices). This is iterated for a number of layers. In the end, the M kernel matrices
obtained at the last layer are weighted averaged to yield the final kernel matrix K generated
by DMKL. A training stage iterates over the different layers setting the coefficients of all
those weighted averages through gradient descent in order to minimize the classification
error of a SVM classifier fed with K. In the present work, DMKL has been applied to com-
bining four kernelized versions of DR spectral methods: KPCA, KCMDS, KLLE and KLE.

4.2 Ensemble learning

The rationale behind ensemble learning is that combining diversity is synergistic. Its aim is
to combine multiple learning methods (usually classifiers) or instances of a same method
previously trained on a same data set in order to yield a better performance than when
those methods are applied on their own due to the minimization of overfitting and gener-
alization error, which negatively affect the performance of any learning system. The three
most-popular ensemble learning methods are bagging, boosting and stacking.

Bootstrap aggregating (or bagging) (Efron & Tibshirani, 1994) typically trains multi-
ple instances of a same learning method with different subsets of data randomly drawn
from the given data set. The predictions of the different ensemble members are then com-
bined with simple statistics, such as averaging or voting. The Random Forest classifica-
tion method (Breiman, 2001), which is a referent in ensemble learning, uses bagging to
combine multiple independent decision trees. By averaging their predictions, it reduces the
overall variance and yields more accurate results.

Boosting (Yao & Doretto, 2010) sequentially trains multiple instances of a same learn-
ing method with the entire data set, although every new instance focuses on the data points
that have been misclassified by the previous instance. Thus, each new instance aims to cor-
rect the predictions made by the previous one. Finally, the predictions of all instances are
combined by averaging or voting. AdaBoost (Freund & Schapire, 1997) is an effective and
widely-used implementation of boosting.

Stacked generalization (or stacking) (Wolpert, 1992) combines the outputs of a set of
heterogeneous learning methods (called base-models) independently pre-trained on a
same data set by means of a so-called metamodel. The latter can be any machine learning
method, such as linear or logistic regression, and is trained based on the predictions of the
base-models upon a different data set or different partition of the data set with which those
base-models were trained. The goal of the metamodel is to learn what base-models are the
most reliable.
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5 Stacked generalization of spectral methods with deep networks

In computational terms, the goal of dimensionality reduction from the feature projection
standpoint is to determine a structure-preserving continuous map f (referred to as embed-
ding), f : X — Y, which projects a given set X of N data points defined in a space of high
dimensionality D, X € R*P_into a set Y of N points defined in a space of low dimension-
ality d, Y € R¥, withd < D.

This section describes an online DR method, referred to as NetDR, which synergisti-
cally combines classical spectral methods with modern deep neural networks and embed-
ding optimization. NetDR consists of two stages. In the first stage, a set of deep encoders is
trained with the embeddings induced by a collection of linear and non-linear DR spectral
methods independently applied to the original data. Every encoder inherits the properties
of its associated DR method and is able to project new data points in an online manner.
Afterwards, the embedding induced by each encoder is the seed of an optimization process
that tends to bring closer in the low-dimensional space points that are close in the high-
dimensional space, as well as to separate in the low-dimensional space distant points in the
high-dimensional space.

In the second stage, a stacking ensemble learning approach is applied in order to com-
bine the low-dimensional outputs of all the encoders through a metamodel implemented as
a multilayer fully-connected network with two variations. The first variation enforces topo-
logical preservation (Sanodiya & Mathew, 2019) through an unsupervised approach with
a shallow network trained from a graph that represents the neighborhoods of the original
points, such that those neighborhoods are kept in the low-dimensional space. The second
variation enforces cluster induction trough a supervised approach with a deep network that
aims to minimize intra-cluster distances and to maximize inter-cluster distances. These two
stages are described in detail below.

5.1 Learning DR spectral methods

Given a set of M dimensionality reduction spectral methods {DR,,...,DR;,}, the aim
of this stage is to train M deep encoders {g,, ..., €,,} such that every encoder learns the
embedding induced by its corresponding DR method when applied to the original data set
X. Figure 1 outlines the training procedure for every encoder, which is described below.

mbxd

PN xD . ~
X € RN —| DR Y/”\»%P‘\“] —» Yprel

= - mbxD _ , .
XeR Y;EE”MI —_— Q(Y;*Y])]\r) <

Fig. 1 Learning spectral method DR through associated encoder €,
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Let £, be the deep encoder associated with the corresponding spectral method DR. The
latter is first applied to the entire data set X € RV*P in order to obtain the low-dimensional
embedding Y, € RV, Both X and Y/, are used to train &, in a supervised way. First,
they are randomly partitioned into N/b minibatches of b data points each. At every training
epoch, the encoder is sequentially trained with all those minibatches, hence processing the
whole data set. After every epoch, all data points are reshuffled before generating the new
random partition.

Processing minibatches instead of full data sets is advantageous due to the stochastic
nature of the network training procedure. The latter first computes the gradient of the net-
work’s approximation error (loss) with respect to each network’s parameter (weight) by
applying backpropagation, and then minimizes that loss by updating every parameter with
a fraction of its negative gradient through gradient descent. With small minibatches, gra-
dients are computed more efficiently and parameter updates are somewhat noisy, which
may help escape from sharp local minima. The latter reduces overfitting to the training set,
hence increasing the network’s generalization. _

Let X € R be a certain minibatch sampled from X, and Y, € R?* the correspond-
ing minibatch obtained from Y. The encoder is fed with the data points in X and gen-
erates a minibatch of low-dimensional points ?5. The encoder’s approximation error or
loss is a real number that expresses the difference between the current output ?6 and the
ground-truth ?DR. Such error is obtained by applying a loss function: ﬁ(?s - ?DR). Since
the problem at hand is not classification but regression, any regression loss function can be
applied, such as Mean Square Error (MSE or L2 loss), Mean Absolute Error (MAE or L1
loss), Smooth Mean Absolute Error (Huber or Smooth L1 loss), among others Wang et al.
(2020). In the experiments conducted in this work we have opted for the Smooth L1 loss
(Huber, 1964) in being more robust to outliers.

Once the loss function is evaluated, the encoder is trained to reduce the approxima-
tion error by first computing the error gradient through backpropagation and then reducing
that error by means of gradient descent. In the present work, we have applied the Adam
optimization algorithm (Kingma & Ba, 2014), which is an extension to stochastic gradient
descent.

Regarding the topology of the encoder, any multilayer feedforward or convolutional
neural network can be used provided the last layer is linear (the encoder’s outputs are
unbounded) and d-dimensional vectors are generated. Since the experiments in this work
have been conducted on image datasets, encoders have been implemented as CNNs with
the structure shown in Fig. 2 and detailed in Sect. 6.3. Skip connections have been intro-
duced in order to reduce vanishing gradients. Notwithstanding, any backbone CNN (e.g.,
VGG, ResNet, etc.) can be utilized provided the last layer is linear and each input image is
reduced to al X 1 tensor with d channels.

The aforementioned process has been applied in order to learn eight DR spectral meth-
ods {PCA, CMDS, LLE, LE, KPCA, KCMDS, KLLE, KLE} through their respective deep
encoders: €pey, €cppss €115 €16 Ekpcas Ekemps» Exire A €y p.

Once the encoders have been trained as described above, they are optimized by apply-
ing ParametricUMAP (Sainburg et al., 2021; Xu & Zhang, 2023). In this way, the initial
embedding induced by each encoder is the seed of an optimization process that tends to
bring closer in the low-dimensional (LD) space points that are close in the high-dimen-
sional (HD) space, and to repel in the LD space distant points in the HD space.

ParametricUMAP operates as follows. Firstly, a distance matrix Dy € R¥*V is defined
as:
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Fig.2 Structure of convolutional encoders
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A graph representing the k nearest neighbors of every point in X is also generated, with k
being a hyperparameter. Based on that graph and the distance matrix Dy, a matrix of simi-
larity scores Py € RV between each point and its neighbors is defined as:

Py(i,j) = e_(DX(iJ)_ﬂi)/o—i’ 3)

where p; is the distance to the closest neighbor of X in the graph, and o; is a value that
normalizes the similarity scores of each point. In particular, o; is chosen such that the sum
of similarity scores Px(i,j) of X; with its k nearest neighbors in the graph is lower than
log,(k). The similarity scores Py are not symmetric. A new matrix Gy € R¥¥ of sym-
metric similarity scores is thus defined for the whole dataset, with o being the element-wise
(Hadamard) product:

Gy = (Px + P}) — PyoPy )

Both Dy and Gy are computed once for the whole dataset. However, the neural encod-
ers are applied to different subsets of b data points X € R»? randomly sampled from
X € R¥*P_ Therefore, every time an encoder is applied, we consider the distance subma-
trix and symmetric similarity score submatrix corresponding to the HD points that belong
to the minibatch: Dg € R”” and G € R”®. They are submatrices directly extracted from
Dy and Gy, respectively. _

Secondly, based on the embedding Y, € R?*¢ generated by each encoder, a second simi-
larity score matrix Qi € R is defined for each minibatch as follows:

_ _ -1
Q5 = (1+alY, -, II) )

Those LD similarity scores come from a fixed bell-shaped t-distribution curve. Hyper-
parameter o controls the shape of the t-distribution: as « increases, the t-distribution
approaches a standard normal distribution. In turn, hyperparameter § determines how the
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contribution of the squared norm is weighted in the overall expression, allowing the sensi-
tivity of the model to be adapted to differences in the data.

The goal of the ParametricUMAP optimization process is to minimize the difference
between both similarity scores, Gg and Qi' This is done by minimizing the following

cross-entropy cost function C through gradient descent:
- Gx(0.))

h)
C(Gx. Qg ) = — Y, Ggli.j) log +(1 - Gx(. J))logm )

Gx(i,
& Qs (i)

That cost function is applied to all pairs of points in the minibatch. Pairs with a high simi-
larity score Gx(i, ) are nearby points in the HD space. In turn, pairs with a low Gx(i, ) are
distant points in the HD space. By minimizing that cross-entropy function, nearby points in
the HD space tend to move closer in the LD space (i.e., attraction), whereas far away points
in the HD space tend to separate in the LD space (i.e., repulsion). As a result of this first
stage, an improved embedding ?6 € R? is obtained through the neural encoder associ-
ated with each considered DR method.

5.2 Combining DR spectral methods

Let us assume a set of M encoders {€1, ...,&),} trained as described in the previous sec-
tion. Their low-dimensional outputs {Y,, ..., Y, },Y; € R? are integrated by following
a stacking ensemble learning approach through a metamodel defined as a multilayer feed-
forward neural network (FFN) constituted by several consecutive fully-connected (linear)
layers. As a result of the integration, a low-dimensional output Y € R jg generated. The
set of M encoders along with the FFN metamodel constitute the integrated encoder &.

The FFN metamodel is trained with the original data X € R"*” by randomly partition-
ing them into N/b minibatches X € R?*? of b data points each. At every training epoch,
FFN is sequentially trained with all those minibatches, hence processing the whole data
set. After every epoch, all data points are reshuffled before generating the new random
partition.

DR methods may exhibit topological preservation or cluster induction. As both proper-
ties tend to be mutually exclusive, we propose two variations of FFN depending on whether
the final aim is to preserve the topology of the original data or to induce non-overlapping
clusters.

5.2.1 Topological preservation

In order to enforce topological preservation, the FFN metamodel is configured as a shallow
feed-forward network illustrated in Fig. 3. It consists of two consecutive fully-connected
layers with a Mish activation function (Misra, 2020) in between. This two-layer topology
was found to be optimal for the seven tested datasets as shown in the experiments reported
in Sect. 7.3.1. FFN is trained in an unsupervised way by considering a compound loss
function £ defined as follows.

Let D € R>*® be the distance matrix between the HD points belonging to the current
minibatch. Dy is a submatrix of Dy (2). Let Dy € R> be the corresponding distance
matrix between the LD points generated by FFN for the current minibatch. An HD sym-
metric similarity score matrix G¢ € R>® is obtained by applying (3) and (4) to X. In
turn, an LD similarity score matrix Qg € R?® is obtained by applying (5) to Y. Finally, a
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Fig. 3 Structure of feedforward ONd
network (FFN) with 2 fully- d
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cross-entropy cost function £; = C(Gg, Qy) is defined by applying (6) to the previous HD
and LD similarity score matrices. As described in Sect. 5.1, by minimizing that cost func-
tion, close points in HD will tend to approach in LD, whereas far away points in HD will
tend to separate in LD. This aims at preserving the original HD local topology.

Conversely, the original HD global topology can be preserved my minimizing a regres-
sion loss function £; = D(Dx — Dy) that determines the difference between the HD and
LD distance matrices. In the experiments conducted in this work, we have opted for the
Smooth L1 loss (Huber, 1964) in being more robust to outliers.

Finally, the FFN metamodel is trained by minimizing a compound topological loss func-
tion £, that depends on both the local and global terms defined above:

L,=wl; +(1-w)L; (7)

The weighting factor w is a hyperparameter between 0 and 1 that determines the balance
between local, £;, and global, L, topological preservation. A tradeoff value w = 0.5 was
considered in the experiments conducted in this work. The parameters of the M encoders
were frozen while training FNN. However, similar results were obtained by unfreezing all
encoders. The full process is illustrated in Fig. 4.

5.2.2 Cluster induction

The goal of dimensionality reduction with cluster induction is to yield a discriminant
embedding in which low-dimensional points from different classes group into non-overlap-
ping clusters. Since it is necessary to know the class label corresponding to every dataset
point, this is a supervised problem. The FFN metamodel is thus trained in a supervised way
through a deep autoencoder defined as follows.

The topology of the FFN metamodel is illustrated in Fig. 5. It is constituted by 2L con-
secutive fully-connected layers: L expanding layers followed by L contracting layers. The i-
th expanding layer has 2/Md nodes (neurons). In turn, the i-th contracting layer has 2L-'Md
nodes except for the last layer, which has d nodes. As shown in Sect. 7.3.1, the optimal
number of layers was found to depend on the evaluated dataset.

Let us now assume that the given dataset contains N high-dimensional points,
X € R¥P, belonging to C different classes. We define a function A : R”? — R that maps
a high-dimensional point X; into a one-hot vector O;, O; = A(X), such that Zi 1 0i(0)=1
and O;(c) = 1if X belongs to class ¢.

Again, we assume a minibatch X € R?™P of b points randomly sampled from X.
Let O = A(i) be the set of b one-hot vectors associated with X. The output Y of the
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Fig.4 Combination of DR methods through multilayer feedforward network trained with Euclidean dis-
tance matrices for global topological preservation, and with a neighborhood graph for local topological
preservation
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Fig.5 Structure of feedforward network (FFN) with 2L fully-connected linear layers, which exhibits cluster
induction

FFN metamodel is fed into a decoder 6 that generates b vectors of class probabilities
C € R, such that C;(c) is the predicted probability that the projected point ?i (.e.,
ii) belongs to class c¢. The topology of the decoder is shown in Fig. 6. It is a shallow
feed-forward network with two consecutive fully-connected layers. A softmax function
is applied to the output logits to generate the class probabilities C.
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Fig.6 Structure of decoder 6 '
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Ideally, the class probability vector associated with each point from the minibatch, C;,
should coincide with its corresponding one-hot vector O;. In order to fulfill this goal, the
FFN metamodel is finally trained by minimizing a cross-entropy cost function L defined

as:

b C
Le=C(C,0)==) 3 0,c)logCi(c) + (1 — O(c)) log(l — C;(c)) (8)
i=1 c=1
The full process is illustrated in Fig. 7. The parameters of the M encoders are frozen, hence
only learning the parameters of the FFN metamodel and the decoder. Notwithstanding,
similar results have been obtained by unfreezing all encoders.

6 Experimental setup

The proposed dimensionality reduction approach has been experimentally validated on
seven widely-known image datasets introduced in Sect. 6.1 using the topological preserva-
tion and cluster induction measures described in Sect. 6.2. The topology of encoders and
decoders has been defined based on those datasets as detailed in Sect. 6.3.

X € R,\'<I}

X & wbxI
X € RW*P FFNHY € RV > C € RW*C
( one-hot } A
1
L
1, . :
O R - Te
—] Lo =C'(C,0) |5

Fig.7 Combination of DR methods through multilayer feedforward network trained in a supervised man-
ner, which exhibits cluster induction
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6.1 Datasets

The experiments in this work have been conducted on seven widely-used image datasets:
Fashion-MNIST, COIL-20, LEGO Bricks, Medical-MNIST, USPS, Imagenette and ISL.
Figure 8 shows examples of images of the seven considered datasets. Fashion-MNIST
(Xiao et al., 2017) consists of a training set with 60,000 images and a test set with 10,000
images that belong to 10 different categories corresponding to various Zalando’s articles.
In this case, N = 60,000. COIL-20 (Columbia Object Image Library) (Nene et al., 1996),
contains N = 1,440 images of 20 simple objects, such that every object was rotated 360
degrees on a turntable in 5-degree steps, yielding 72 images per object. LEGO Bricks
Hazelzet (2019) contains N = 12,800 images of LEGO bricks belonging to 16 differ-
ent classes. Every class contains 800 images of a same LEGO brick rendered from dif-
ferent angles. Every original image has 400 x 400 pixels. The Medical-MNIST or Med-
NIST Polanco Lozano (2017) dataset contains 58,954 (N = 58, 954) medical and radiology
images labeled in 6 categories: AbdomenCT (10,000 images), HeadCT (10,000 images),
Hand (10,000 images), CXR (10,000 images), BreastMRI (8,954 images) and ChestCT
(10,000 images). The Hand-written Digits USPS dataset (Hull, 1994a, 1994b) contains
digits scanned from envelopes received by the U.S. Postal Service. This dataset contains
a total of 9,298 grayscale (N =9,298), centered and normalized images (7,291 training
images and 2,007 test images). Imagenette (Howard et al., 2020) is a subset of the well-
known ImageNet dataset. It contains N = 9,469 images belonging to ten classes: tench,
English springer, cassette player, chain saw, church, French horn, garbage truck, gas
pump, golf ball, and parachute. They are divided into 70% training images and 30% test
images. Finally, Indian Signal Language (ISL) (Preksha, 2023) contains the 26 letters of the
English alphabet represented by N = 50, 000 high-resolution images of hand gestures cap-
tured using the MediaPipe pose estimation technology, with different acquisition angles,
lighting conditions and skin tones.

Fig.8 Examples of images from Fashion-MNIST (a), COIL-20 (b), LEGO Bricks (¢), Medical-MNIST (d),
ISL (e), USPS (f), and Imagenette (g)
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6.2 Quality measures

The proposed method has been experimentally validated and compared to some of the most
relevant dimensionality reduction techniques using the topological preservation and cluster
induction measures described below.

6.2.1 Topological preservation measures

Ryy curves (Lee et al., 2013) are useful to assess the quality of topological preservation
attained by the generated low-dimensional embeddings with respect to the original data. These
curves express the preservation of K-ary neighborhoods, which is related to the concepts of
trustworthiness and continuity (Venna and Kaski, 2007). Trustworthiness measures how many
neighbors in the low-dimensional space are also neighbors in the original space, whereas
continuity is the opposite. Distant points that become neighbors (i.e., intrusion) reduce trust-
worthiness, whereas close points that are embedded far away from each other (i.e., extrusion)
reduce continuity.

In particular, let vl.K be the set of K-nearest neighbors of point x; € R” in the original
high-dimensional space, and an the K-nearest neighbors of its corresponding projected point
y; € R? in the low-dimensional space. The number of neighbors K is referred to as perplex-
ity (Hinton & Roweis, 2002). If viK and an coincide, the cardinality of their intersection is
K: |v[.'( N nf( | = K. This means that the embedding accurately represents the high-dimensional
space given a perplexity K. Based on that, the average normalized agreement between cor-
responding K-ary neighborhoods of the given N points is defined as the Q,y index (Lee et al.,
2013), which ranges between zero (no topological preservation) and one (perfect neighbor-
hood agreement):

N K K
[vi Nl
QNX(K) = Z T

i=1

However, it can be shown that for a random embedding, Oy (K) =~ K/(N — 1) (Lee & Ver-
leysen, 2009). Thus, the Ryy(K) measure is defined in such a way that it gives zero for a
random embedding and one for perfect neighborhood agreement (Lee et al., 2013):

(N = DOnx(K) — K
N-1-K '

Ryx(K) =

An Ryy curve is generated by plotting Ryy(K) for different values of K between 1 and
N — 2. K is shown in a logarithmic scale in order to reflect that errors in large neighbor-
hoods are proportionally less important than in small ones. Finally, the different Ryy(K)
values are aggregated in a scalar score defined as the Area Under Curve (AUC) in the log
plot of Ryy(K) (Lee et al., 2015). AUC measures the overall topological preservation qual-
ity of an embedding by considering all perplexities, with one indicating perfect neighbor-
hood preservation and zero representing random results:

N-2

T Rux(K)/K
AUC,, g Ry (K)) = “=—— . ©)

2 1/K
K=1
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6.2.2 Cluster induction measures

In order to evaluate the clustering capabilities of a dimensionality reduction method,
it is first necessary to map the given set X of N data points defined in the high-dimen-
sional space, X € R¥*P into the corresponding set Y of N embedded points, Y € R¥*?,
A partition of the original dataset X into K classes must be available, with every sin-
gle point belonging to one of those classes. Let Y = {YGT,},K:l be the family of K
subsets (classes) induced in Y by the predefined (ground-truth) partition of X. A clus-
tering method such as k-means (Teknomo, 2006) is then applied to Y in order to gen-
erate a second family of K subsets (clusters) Y, = {Yc,.},i - Both Ygr and Y can be
considered to be random discrete variables and their associated subsets their possible
outcomes that occur with probabilities P(YGT') = ||YGTi||/N and P(Yci) = ||YC'||/N,
respectively, with || - || being the cardinality operator.

The Shannon entropy (Shannon, 1948) of both the ground-truth partition, H(Y ;7).
and the clustering, H(Y ), measures the dispersion of the N data points into the K
respective classes/clusters. Maximum entropy implies largest dispersion. In turn, the
conditional entropy of the ground-truth partition given the clustering, H(Ys;r|Y).
measures the dispersion of the points belonging to every cluster among the K classes.
Similarly, the entropy of the clustering conditioned on the ground-truth partition,
H(Y:|Ygr), measures the dispersion of the points belonging to every ground-truth
class among the K clusters. Based on the previous definitions, two complementary
clustering measures are defined in Rosenberg and Hirschberg (2007): homogeneity and
completeness.

The Homogeneity Score (HOM) (Rosenberg & Hirschberg, 2007) is defined as
h=1-Hg|Yc)/H(Ysr). The conditional entropy is zero when all points of every
cluster are not dispersed among the ground-truth classes, but concentrated into a single
one. This yields the maximum homogeneity, # = 1, meaning that every cluster only has
points belonging to the same class.

In turn, the Completeness Score (COM) (Rosenberg & Hirschberg, 2007) is defined
as c=1—-H(XY¢|Yqr)/H(Y(). In this case, the conditional entropy is zero when all
points of every class are not dispersed among the K clusters, but concentrated into a sin-
gle one. This yields the maximum completeness, ¢ = 1, meaning that every ground-truth
class only has points belonging to the same cluster.

Both measures are finally combined through the weighted harmonic mean of homo-
geneity and completeness, which is referred to as the V-Measure Score (V) (Rosenberg
& Hirschberg, 2007): V= (1+ Phc/(Ph +c). If B is greater than one, completeness
receives more weight. If § is lower than one, homogeneity is reinforced.

6.3 Neural architecture of encoders and decoders

The images of the considered datasets were transformed to 32 x 32 pixels (i.e., dimen-
sionality D =1,024) in the preprocessing stage, except for the Imagenette dataset,
whose 160-pixel images were transformed to 128 X 128 pixels (i.e., dimensionality
D = 16,384).

Table 1 specifies the detailed structure of the convolutional encoder for the 32 x 32
images. In turn, Table 2 presents the structure of the encoder for 128 x 128 images. The
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Table 1 Encoder structure for an image size of 32x32 pixels

Encoder, Image size: (32x32)

Layer inch out ch kernel stride padding dimension
Conv1+BatchNorm+ReLU 1 64 3 1 1 64x32x32
Conv2+BatchNorm+ReLU 64 64 3 1 1 64x32x32
Max Pool 2 2 0 64x16x16
Conv3+BatchNorm+ReLU 64 32 3 1 1 32x16x16
Conv4+BatchNorm+ReLU 32 32 3 1 1 32x16x16
Max Pool 2 2 0 32x8x%8
Conv5+BatchNorm+ReLU 32 16 3 1 1 16x8x8
Conv6+BatchNorm+ReLU 16 16 3 1 1 16x8x8
Max Pool 2 4 0 16x2x2
Conv7+BatchNorm+ReLU 16 d 3 1 1 dx2x2
Conv8+BatchNorm+ReLU d d 3 1 1 dx2x2
Max Pool 2 2 0 dx1x1
Conv9+BatchNorm+Sigmoid d d 3 1 1 dx1x1
Squeeze d
Table 2 Encoder structure for an image size of 128x128 pixels (Imagenette)
Encoder, Image size: (128x128)
Layer in ch out ch kernel stride padding dimension
Conv0+BatchNorm+ReLU 1 32 3 1 1 32x128%128
Max Pool 2 2 0 32x64x64
Conv1+BatchNorm+ReLU 32 64 3 1 1 64x64x64
Max Pool 2 2 0 64x32x32
Conv2+BatchNorm+ReLU 64 64 3 1 1 64x32x32
Max Pool 2 2 0 64x16x16
Conv3+BatchNorm+ReLU 64 32 3 1 1 32x16x16
Conv4+BatchNorm+ReLU 32 32 3 1 1 32x16x16
Max Pool 2 2 0 32%8%8
Conv5+BatchNorm+ReLU 32 16 3 1 1 16x8%8
Conv6+BatchNorm+ReLU 16 16 3 1 1 16x8%8
Max Pool 2 4 0 16x2x2
Conv7+BatchNorm+ReLU 16 d 3 1 1 dx2x2
Conv8+BatchNorm+ReLU d d 3 1 1 dx2x2
Max Pool 2 2 0 dx1x1
Conv9+BatchNorm+Sigmoid d d 3 1 1 dx1Ixl
Squeeze d
Zable 3 Structure of the decoder Decoder §

Layer Input Output

Fully connected d C
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encoder was introduced in Section 5.1, while the 6 decoder was presented in Sect. 5.2.2 and
illustrated in Fig. 6 and Table 3.

7 Experimental validation

The experimental validation of the proposed technique is organized as follows. Section 7.1
shows the results of the first stage of the proposed technique, in which DR spectral meth-
ods are learnt by means of deep encoders. In turn, Sect. 7.2 shows results corresponding to
the second stage of the proposed technique, in which the previous deep encoders are com-
bined through a multilayer feedforward network (FFN) trained as described in Sect. 5.2.
Finally, Sect. 7.3 presents three groups of experiments that analyze the behavior of the pro-
posed technique for different configurations: by varying the number of layers in the FFN
(Sect. 7.3.1), by choosing different combinations of DR spectral methods (Sect. 7.3.2), and
by changing the dimensionality d of the low-dimensional space (Sect. 7.3.4). All experi-
ments were run on an Intel Core i7 computer with 16 GB of RAM, 500 GB of SSD, and an
NVIDIA GeForce 1060 GPU.

7.1 Performance of deep encoders trained with DR spectral methods

The first experiments illustrate the performance of deep encoders trained with DR spectral
methods as described in Sect. 5.1. We initially considered public implementations of the
original PCA method and its kernel version by assuming polynomial homogeneous ker-
nel basis functions of degree 1: k(xi,xj) = xl.ij (see Sect. 3.2), referred to as KPCA!. We
also considered their incremental variations, IPCA and IKPCA!, respectively. Two deep
encoders were respectively trained from PCA and KPCA' by considering the training set of
Fashion-MNIST: €, and €gpcyt

Figure 9 shows the R,y log-plot curves and AUC measures for the 60,000 train-
ing images of Fashion-MNIST and every tested DR method. These results show a simi-
lar behavior of the DR methods regarding the Ry scores except for IKPCA!, which
has a significant downfall in performance. Both encoders capture the structure of their

Fashion-MNIST

100

+28.3 PCA
®].28.2IPCA
& ol—28.2 epca
& 28.3 KPCA!
S Y 416.6 IKPCA!

20 - v27.8 €KPCA1

0 T 5 g N N N
10° 10! 10° 10° 10*

Fig.9 Ryy scores for PCA, KPCA!, IPCA, IKPCA!, £, and egpey!
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corresponding embeddings with high accuracy while allowing the mapping of new data
points in an online manner. Similar results were obtained for the other evaluated datasets.
KPCA using a degree-1 polynomial kernel basis function is equivalent to classical PCA.
We also tested public implementations of the classical DR spectral methods CMDS,
LLE and LE, as well as their kernel versions with degree-1 polynomial kernel basis func-
tions (KCMDS', KLLE', KLE') and their incremental variations (IKCMDS', IKLLE',
IKLE'). Three deep encoders were trained from the above kernel methods by consider-
ing the training set of Fashion-MNIST: €gcppsts Exrrpt and € 1. Figure 10 shows the 2D

Fashion-MNIST
CMDS LLE LE

-

KLLE!

T
<
E.I(LLEI
-
e
+28.3 CMDS +21.2 LLE +26.4 LE
228.1 KCMDS! 222.7 KLLE! +26.0 KLE!
£--28.1 IKCMDS! =< .18.4 IKLLE! 2-.21.2 IKLE!

#-428.0 excaps’

Fig. 10 2D embeddings and Ryy scores for CMDS, LLE, LE, their kernel and incremental versions,
Excmpsh Exrret And Egg i
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embeddings and their respective Ryy scores for the 60,000 training images of Fashion-
MNIST. Again, the encoders accurately reproduce the embeddings of the original meth-
ods and the kernel DR methods using degree-1 polynomial kernel basis functions behave
similarly to their respective classical counterparts. The results for the other tested datasets
were alike. As a consequence, standalone degree-1 kernel methods will be omitted in the
remaining experiments as their performance is on par with their corresponding classical
methods.

7.2 Performance of combination of DR deep encoders

The second set of experiments illustrates the performance of the proposed methodology to
combine DR deep encoders through the FFN metamodel described in Sect. 5.2. In particu-
lar, we combined €gpcqls Excups's Exrrr And €x; p1, Whose performance is reported in the
previous section. As indicated above, we consider two configurations of FFN depending
on whether the final aim is topological preservation (Fig. 3) or cluster induction (Fig. 5).
The combination of those four encoders with the first configuration of FFN will be referred
to as NetDRIT (i.e., topological NetDR of degree 1), whereas their combination with the
second configuration will be denoted as NetDRi) (i.e., discriminating NetDR of degree 1).
The number of fully-connected layers within the FFN module was chosen according to the
performance analysis described in Sect. 7.3.1 and Figs. 11 and 12. For both configurations
of the proposed model, we also tested their performance by applying end-to-end training,
that is, training the four encoders and the FFN metamodel together from scratch. We refer
to those variations as NetDRizET and NetDR;%eD.

We also tested the combination of KPCA!, KCMDS!, KLLE' and KLE' by using both
MKL and DMKL (see Sect. 4.1). We refer to them as MKL! and DMKL', respectively.
In particular, we run experiments with the three MKL approaches introduced in Sect. 4.1:
EasyMKL (Aiolli & Donini, 2015) for Fashion-MNIST, Medical-MNIST, USPS and ISL.
RM-GD (Lauriola et al., 2017) for COIL-20 and MEMO (Lauriola et al., 2018) for LEGO.
In turn, we tested DMKL (Strobl & Visweswaran, 2013) on the seven datasets.

Finally, we complemented these experiments with eight more DR methods. First, we
considered the same four kernel DR methods but using degree-3 polynomial kernel basis
functions, referred to as KPCA?, KCMDS?, KLLE? and KLE?. As introduced in Sect. 3.2,
the kernel trick avoids explicit mappings to high dimensional spaces. However, when poly-
nomial kernel basis functions are used, this implicit dimensionality upscaling only occurs
for degrees above one. Kernel methods defined with degree-1 polynomials are only mean-
ingful to represent their associated classical spectral methods in kernel matrix form, such
that they can be later combined through MKL approaches as we do in this work. We also
tested GraphEncoder, a deep network method introduced in Sect. 3.5, as well as ISOMAP,
Factor Analysis (FA) and Linear Discriminant Analysis (LDA), all introduced in Sect. 3.1.
LDA is a supervised DR method that favors cluster induction, similarly to NetDR,. Addi-
tionally, the methods referenced in 3.4, which seek to preserve the topological structure of
data by applying projections or approximations, were also considered in the experimenta-
tion: ScaledPCA, UMAP, TriMAP, DensMap, SliseMap and ParametricUMAP.

Figure 11 and Table 4 show the 2D embeddings and scores corresponding to the pro-
posed models, NetDRlT and NetDRi), as well as the other tested methods when applied
to Fashion-MNIST. In Table4 and the subsequent numerical tables (from Tables 5
to 10), the highest Ryx score is highlighted in bold, whereas the highest V score is
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Fig. 11 2D embeddings of tested DR methods applied to the Fashion-MNIST dataset

Table4 Ryy and Cluster

induction measures of tested DR Method Ryx v Method Ryx v

I\“/‘I‘;'\?I‘gis dzfzgli;d to the Fashion- pe o 282 0421  GraphEncoder 129 0368
CMDS 28.2 0.422 MKL! 25.3 0.508
LE 26.4 0.557 DMKL! 25.0 0.355
LLE 21.2 0.511 FA 27.9 0.432
KPCA? 25.2 0.427 LDA 14.2 0.561
KCMDS? 24.0  0.400 NetDRL{ZeT 16.0  0.463
KLE? 209 0479  NetDR.,, 123 0472
KLLE? 145  0.366 NetDRIT 388  0.590
ISOMAP 26.6 0.486 NetDRlD 16.1 0.725
UMAP 314  0.538  DensMap 336  0.599
TriMap 332 0.589  SliseMap 134 0.631
ScaledPCA  27.7 0415  ParametricUMAP 340  0.632

@ Springer



125 Page 26 of 40 Machine Learning (2025) 114:125

Table5 R,y and cluster

induction measures of tested DR Method Ryx v Method Ryx v

g;:;zgs applied to the COIL-20 prp 396 0643  GraphEncoder 288 0.505
CMDS 39.6 0.628 MKL! 353 0.646
LE 30.5 0.558 DMKL! 33.8 0.659
LLE 35.1 0.626 FA 39.7 0.661
KPCA3 38.6 0.645 LDA 17.4 0.883
KCMDS? 33.7  0.630 NEtDR,l»zpr 341 0542
KLE? 31.0  0.571 NetDR(‘QFD 26.8  0.619
KLLE? 26.8  0.632 NetDRIT 489 0.839
ISOMAP 29.0 0.649 NetDR}) 30.6 0.960
UMAP 40.1 0.707  DensMap 445 0878
TriMap 43.6 0.863 SliseMap 14.9 0.661

ScaledPCA  39.6  0.637  ParametricUMAP  44.6  0.882

highlighted in both bold and italic. Notice that NetDRlT yields the best AUC score (38.8)
followed by ParametricUMAP (34.0) and DensMap (33.6). Neither MKL! or DMKL!
manage to improve the topological preservation of their combined methods. In addi-
tion, the degree-3 kernel methods yield a worse topological preservation than their
degree-1 counterparts shown in Figs. 9 and 10. This is reasonable since mapping the
original points to a higher dimensional space distorts their topology. The lowest topo-
logical preservation is attained by NetDRiZED (12.3) and SliseMap (13.4). Notice that the
end-to-end versions of the proposed network model yield scores significantly lower than
when the encoders are trained before the FFN metamodel.

In order to determine the clustering capabilities of the proposed models and the other
tested methods, we also computed their cluster induction measures. They are shown
in Table 4. In this case, the proposed discriminating model, NetDR}), yields the best
V measure (0.725), significantly higher than ParametricUMAP (0.632) and SliseMap
(0.631). Again, degree-3 kernel methods are not superior to their degree-1 counterparts,
and the end-to-end versions of the proposed network model yield scores significantly
lower than with the proposed methodology.

The same experiments were also run upon the 1,440 images of COIL-20.

Table 5 shows the obtained Ryy scores. Again, the proposed NetDRlT yields the best
AUC score (48.9) followed by ParametricUMAP (44.6) and DensMap (44.5). Neither
MKL' or DMKL! manage to improve the topological preservation of their combined
methods. In addition, the degree-3 kernel methods yield a worse topological preserva-
tion than their degree-1 counterparts shown in Figs. 9 and 10. This is reasonable since
mapping the original points to a higher dimensional space distorts their topology. The
lowest topological preservation is attained by SliseMap (14.9).

In turn, Table 5 shows the clustering capabilities of the tested methods on COIL-20.
In this case, the proposed discriminating model, NetDR}), also yields the best V measure
(0.960). The next best performance was obtained by LDA (0.883) and ParametricUMAP
(0.882).

The same experiments were also run upon the 12,800 images of LEGO. Table 6
shows the obtained R,y scores. NetDRlT keeps providing the best AUC score (39.1),
followed by ParametricUMAP (36.9) and DensMap (36.3). The lowest topological
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Table 6 Ry Cluster induction

measures of tested DR methods Method Ryx v Method Ryx v

applied to the LEGO dataset PCA 28.1 0455  GraphEncoder 106 0.446
CMDS 27.6 0.510 MKL! 24.7 0.463
LE 24.6 0.600 DMKL! 16.1 0.444
LLE 18.8 0.425 FA 23.1 0.454
KPCA3 23.6 0.464 LDA 15.7 0.691
KCMDS? 19.9  0.566 NEtDR,l»zpr 19.8  0.430
KLE? 248 0478 NetDRlzpu 147 0475
KLLE? 172 0473 NetDRIT 391 0.600
ISOMAP 27.7 0.497 NetDR}) 16.6 0.851
UMAP 29.7 0.525 DensMAP 36.3 0.640
TriMap 35.6 0.604 SliseMap 8.5 0.487

ScaledPCA 219  0.555  ParametricUMAP 369  0.581

mevres o osod DR methods MOt R V. Method Rw Y

applied to the USPS dataset PCA 222 0439  GraphEncoder 237 0.125
CMDS 25.5 0.408 MKL! 19.2  0.577
LE 221 0.600 DMKL' 19.1  0.565
LLE 20.1 0.211 FA 21.7 0.359
KPCA? 177 0412 LDA 13.6  0.604
KCMDS? 163 0.244 NetDRi et 22.1 0.478
KLE? 23.5 0.712 NetDRLIQGD 203  0.565
KLLE? 204  0.342 NetDRIT 344 0.869
ISOMAP 23.9  0.600 NetDRlD 18.5 0.923
UMAP 324 0.766  DensMap 33.8 0.851
TriMap 32.7 0.852  SliseMap 15.6  0.737

ScaledPCA 22.5 0.386 ParametricUMAP 32.9 0.922

preservation is attained by SliseMap (8.5). Table 6 shows that NetDR}) gives the best
V measure (0.851), which is significantly higher than the other tested techniques. LDA
(0.691) yields the second best result.

Table 7 shows the obtained Ryy and V measure scores obtained in the experiments
carried out on the USPS dataset. The best topological preservation was achieved by
NetDRlT (34.4), while DensMap achieves a close performance of 33.8. On the other hand,
the lowest score was achieved by LDA (13.6). In terms of cluster induction, NetDR}) and
ParametricUMAP have the best performances, 0.923 and 0.922, respectively.

Table 8 shows the results for the Medical-MNIST dataset. In this case, NetDRlT also
achieves a significant result in terms of structure preservation (45.9), followed by Tri-
Map (38.8). However, the results for cluster induction show that TriMap yields the low-
est performance (0.074), whereas NetDR;) achieves the best discrimination (0.957).

Table 9 presnts results for the ISL dataset. The best Ryy results were obtained by
NetDR1T (48.8), ParametricUMAP (46.8) and TriMap (45.8), respectively. That order
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Table 8 Ry Cluster induction

measures of tested DR methods Method R v Method Rux v
3‘;{’;;? to the Medical MNIST  pp 324 0804  GraphEncoder 376 0.635
CMDS 29.6 0.659 MKL' 22.8  0.825
LE 30.5 0906 DMKL' 21.3 0.744
LLE 22.2 0.939 FA 26.3 0.758
KPCA3 29.1 0.651 LDA 23.1 0.945
KCMDS? 249 0447  NetDR.,, 26.5  0.535
KLE? 257 0.852 NetDRl o> 23.1  0.662
KLLE? 21.3  0.812 NetDRIT 459 0.890
ISOMAP 269  0.780 NetDR}) 21.0 0957
UMAP 334 0911 DensMAP 34.8 0.924
TriMap 38.8 0.074 SliseMap 26.3 0.931
ScaledPCA 31.3 0.791 ParametricUMAP  36.8 0.938
! Footnote content not provided. 3 Footnote content not provided
mevres o osod DR methods Moo R V. Method By Y
applied to the ISL dataset PCA 292 0.640  GraphEncoder 22 0547
CMDS 326 0.650 MKL' 246  0.654
LE 345 0779 DMKL' 238 0617
LLE 26.0 0580 FA 26.7 0.803
KPCA? 30.1 0.655 LDA 172 0.784
KCMDS? 266  0.525 NetDRlM 264  0.615
KLE? 21.5  0.530 NetDRiQeD 213 0711
KLLE? 21.0  0.533 NetDRIT 488  0.839
ISOMAP 274 0.589 NetDR}) 29.0  0.959
UMAP 42.7 0.802  DensMAP 40.5 0.871
TriMap 45.8 0.894  SliseMap 142 0.765
ScaledPCA 29.4 0.657 ParametricUMAP  46.8 0.919

! footnote description here - marks omitted; descriptive footnote miss-

ing

is repeated for the V measure: NetDR}) (0.959), ParametricUMAP (0.919) and TriMap

(0.894).

Finally, Table 10 presents the results for the Imagenette dataset. No preprocessing,
such as background removal or image segmentation was applied. The latter explains
the relatively low performances obtained in general. In terms of Ry, NetDRlT yields
the largest score (21.8), followed by ParametricUMAP (20.8). For cluster induction,
NetDRi) yields the largest V measure (0.863), followed by SliseMAP (0.831).
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Table 10 Ry Cluster induction

measures of tested DR methods Method Ryx v Method Ryx v

applied to the /magenette dataset — pep 210 0219  GraphEncoder 173 0.194
CMDS 19.6 0.223 MKL! 16.2 0.208
LE 17.6 0.237 DMKL! 15.6 0.211
LLE 189 0244 FA 199 0232
KPCA3 18.8  0.236 LDA 774  0.278
KCMDS? 17.6  0.237 NetDRj,M 189 0.238
KLE? 17.1  0.243 NetDRlzgu 9.3 0.827
KLLE? 164  0.221 NetDRIT 21.8 0.236
ISOMAP 18.4 0.212 NetDR}) 10.5 0.863
UMAP 20.7 0.222 DensMAP 20.1 0.230
TriMap 19.2 0.245 SliseMap 3.8 0.831

ScaledPCA 202  0.224  ParametricUMAP  20.8  0.246

7.3 Additional experiments

Three sets of experiments were carried out to further assess the topology and performance
of the proposed model. The first experiment aimed at finding the optimal number of lay-
ers of the FFN metamodel described in Sect. 5.2. The second experiment evaluated the
performance of the proposed dimensionality reduction model for different combinations of
spectral methods. The third experiment tested the proposed model for 4D and 8D embed-
dings in addition to the 2D embeddings shown in the previous sections. The last experi-
ment compared the online capabilities of the proposed model against the best online ver-
sions of spectral methods.

7.3.1 Optimal topology of the FFN metamodel

As described in Sect. 5.2, M encoders associated with corresponding DR spectral methods
are integrated by a metamodel defined as a multilayer feedforward neural network (FFN).

v Ryx
/ —  — |
09001 45.0 >
-
— —
o - \
9.7001 35.0
8 [ " o
< —Coil-2 5
80600} J Coil-20 8300
—Lego
0.500 Fashion-MNIST 25.0
—USPS
0.400 Medical-MNIST
ISL
0.300 L i ._|——Imagenette | | e
2 4 8 12 16 20 22 2 4 8 12 16 s
Layers Layers

Fig. 12 Evaluation of Ryy score and V measure for different depths of the FFN module
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The current experiments aimed at finding the optimal depth (i.e., number of fully-con-
nected layers) of the FFN module according to the topology depicted in Fig. 5. Figure 12
shows both the R,y score and V measure for the seven tested datasets. The X-axis repre-
sents a different number of layers defined by increasing values of L by 2 from 2 to 22. The
Y-axis represents the score obtained for each measure.

Similarly to the experiments conducted in the previous sections, NetDRlT integrates
Expcals Excmps’s Exrrpt and €xppr with the FFN module trained as depicted in Fig. 4,
whereas NetDRll) integrates the same encoders with the FFN trained as shown in Fig. 7.
Additionally, the FFN in NetDR}, applies ReLU activation functions, whereas Mish func-
tions are applied in NetDRIT as they were assessed to yield superior performance for topo-
logical preservation.

Figure 12 shows that the best Ry score (i.e., topological preservation) for the seven
datasets was attained by NetDRlT with the lowest depth of two layers as shown in Fig. 3. As
expected, the best V measure (i.e., cluster induction) was attained by NetDR}). However,
the optimal number of layers in this case depends on the chosen dataset: 20 layers for Fash-
ion-MNIST, 16 layers for COIL-20, 18 layers for LEGO, 16 layers for USPS, 20 layers for
Medical-MNIST, 22 layers for Imagenette, and 16 layers for ISL. These were the topologies
of the FFN module in the experiments reported in Sect. 7.2 for NetDR;).

7.3.2 Alternative combinations of DR methods and effect of training epochs

Although the experiments conducted in Sect. 7.2 tested the proposed neural model on a
combination of four spectral methods (KPCA'+KCMDS'+KLE'+KLLE"), any other com-
bination is possible. For example, Table 11 shows the Ry scores and V measures obtained
with both NetDRlT and NetDRll) for COIL-20 by considering additional combinations:

KPCA'+KLE!, KCMDS'+KLLE!, KCMDS'+KPCA!, KLE'+KLLE!, KCMDS'+KPCA!

+KLE', and KCMDS'+KLE'+KLLE'.

Furthermore, Table 11 also shows the effect of the number of epochs on the performance
measures when training NetDRlT (see Fig. 4) and NetDRll) (see Fig. 7). Notice that NetDRlD
yields the best cluster induction after 200 training epochs. In this case, the minibatch size
was set to b = 64. However, NetDRlT yields the best topological preservation between 100
and 200 training epochs and the largest minibatch size allowed by RAM in order to process
meaningful Euclidean distance matrices: b=5,000 for Fashion-MNIST, b=1,440 for COIL-
20, b=3,000 for LEGO, b=5,000 for USPS, b=5,000 for Medical-MNIST and b=5,000 for
ISL. All encoders were trained with b=64.

7.3.3 Ablation study

We have carried out an ablation study to assess the contribution of the different stages of
the proposed technique. In particular, Figs. 13 and 14 show quantitative results of three
alternative configurations applied to the seven tested datasets.

The first configuration (blue bars), referred to as e, (encoder), only applies a sin-
gle neural encoder to reduce the dimensionality of the input high-dimensional data,
as described in Sect. 5.1. We separately run the four encoders considered in this work:
Expcals Excmps’s Exrre' and €x;p1. Only the best result is shown for each dataset. The sec-
ond configuration (orange bars), referred to as FFN (direct), only applies the FFN meta-
model described in Sect. 5.2 to the original high-dimensional data, without applying any
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Table 11 R,y score, V measure and run time for alternative combinations of DR methods and training itera-
tions of NetDR upon COIL-20

Number of training epochs

NetDR Measure 50 100 200 300
Combination NetDR}. NetDR}, NetDR] NetDR; NetDR] NetDR; NetDR} NetDR}
PCA/KPCA! 14 0.761 0.882 0.815 0.924 0.829 0.925 0.836 0.934
LE/KLE! Ryx 42.0 29.7 449 31.6 44.5 324 2.3 33.0
Time (min) 1.4 0.6 2.92 1.90 3.78 3.17 5.20 4.0
CMDS/KCMDS' Vv 0.766 0.907 0.811 0.930 0.821 0.934 0.830 0.943
LLE/KLLE! Ryx 41.7 29.6 44.4 30.8 45.0 32.1 434 335
Time (min) 1.3 0.62 2.92 1.91 3.79 3.18 5.019 4.01
CMDS/KCMDS! vV 0758 0876 0814 0917 0819 0920 0833 0929
PCA/KPCA! Ruyx 41.8 30.4 4438 311 43.6 319 414 332
Time (min) 1.4 0.6 2.94 1.90 3.80 3.19 5.18 4.0
LE/KLE! \4 0.775 0.919 0.808 0.952 0.816 0.956 0.828 0.954
LLE/KLLE! Ryx 426 29.7 44.1 31.8 445 32,6 43.0 33.3
Time (min) 1.4 0.6 2.93 1.92 3.81 3.19 5.19 4.01
CMDS/KKCMDS! vV 0769 0895 0793  0.955 0.824 0955 0.835 0.963
PCA/KPCA! Ryy 41.6 32.1 453 323 44.8 33.4 432 34.6
LE/KLE! Time(min) 1.8 0.71 3.11 2.10 4.03 3.41 5.41 4.21
LLE/KLLE! 14 0.779 0.915 0.823 0.941 0.830 0.958 0.835 0.968
LE/KLE! Ryy 426 312 46.6 324 45.0 31.9 433 34.7
CMDS/KCMDS' Time(min) 1.8 0.71 3.09 2.11 4.01 3.42 5.40 421
LLE/KLLE! 14 0.781 0.902 0.811 0.949 0.816 0.960 0.836 0.964
LE/KLE! Ryx 422 30.1 48.9 31.3 45.0 30.6 438 35.6
CMDS/KCMDS! Time(min) 2.3 0.9 3.31 2.15 4.26 3.68 5.71 4.31
PCA/KPCA'

previous embedding through neural encoders. The topological version of the metamodel
(Sect. 5.2.1) was used for the results shown in Fig. 13, whereas the discriminant version
(Sect. 5.2.2) was used for the results in Fig. 14. Finally, the last configuration (yellow bars)
is the full proposed model, that is, the four neural encoders plus the FFN metamodel. The
topological version, NetDRlT, was considered in Fig. 13, whereas the discriminant version,
NetDR}), was used in Fig. 14.

The results shown in both figures indicate that the lowest performances correspond to
the individual encoders. The direct application of the FFN metamodel to the input high-
dimensional data yields better performances, particularly for cluster induction, whose
process is guided in a supervised way. Finally, the full proposed model gives the best
overall performance. This shows that the synergistic combination of neural encoders
trough the proposed neural metamodel is advantageous.
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Fig. 13 Topological results for the proposed model and two ablated configurations
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Fig. 14 Cluster induction results for the proposed model and two ablated configurations

7.3.4 Embedding performance for higher dimensions

The experiments presented in Sect. 7.2 were conducted for a 2D embedding, d = 2.
Table 12 also shows the performance of both NetDRlT and NetDR;) for higher low-
dimensional spaces (d =4 and d = 8). These results show that the performance of
NetDRlT for topological preservation increases as the embedding dimension increases.
Conversely, the higher the embedding dimension, the lower the cluster induction score
V for the NetDR;).
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 measure g NetDR by Dataset NeOR RV
coqsideripg embeddings to 4 and COIL-20 NetDR! 533 0.575
8 dimensions T
NetDRg 38.0 0.588
LEGO NetDRIT 46.8 0.481
NetDR}, 29.7 0.483
Fashion-MNIST NetDRlT 40.2 0.398
NetDR;, 302 0.391
usps NetDR}, 40.4 0.405
NetDRg 30.3 0.432
Medical-MNIST NetDR‘T 49.6 0.325
NetDR}, 32,0 0.344
ISL NetDRIT 52.0 0.516
NetDR;, 37.6 0.518
Imagenette NetDR;. 29.6 0.355
NetDR;, 18.7 0.392
COIL-20 NetDR‘T 57.1 0.570
NetDR, 385 5.76
LEGO NetDRIT 48.5 0.479
NetDR;, 329 0.483
Fashion-MNIST NetDRlT 42.0 0.397
NetDR;, 326 0.381
Usps NetDR), 44.4 0.405
NetDRL 34.0 0.391
Medical-MNIST NetDRIT 49.8 0.326
NetDR), 32.8 0.306
ISL NetDRlT 55.8 0.511
NetDR;, 41.1 0.516
Imagenette NetDRlT 35.4 0.338
NetDRg 26.1 0.376

7.3.5 Online performance

! Footnotes might be provided here

The online capabilities of the proposed dimensionality reduction neural models were
finally assessed by comparing them against the best online versions of classical spectral
methods introduced in Sect. 3.3: IKPCA, ICMDS, ILE, and ILLE. In order to gener-
ate new data points compatible with the original manifolds, a DCGAN network (Rad-
ford et al. 2015) was trained for Fashion-MNIST, COIL-20 and LEGO. Each DCGAN
was able to generate synthetic images that mimicked the original images of its associ-
ated dataset, although being sufficiently different due to random rotations and noise.
All methods were initially applied to the original datasets as described in the previous
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Table 13 R,y and V-measure scores applied to NetDR;, NetDR,, and the incremental versions of classical
sepctral methods for GAN-generated variations of the datasets: COIL-20, LEGO and Fashion-MNIST, as
well as for the USPS, Medical-MNIST, Imagenette, and ISL validation datasets

Dataset Measure IKPCA ICMDS ILE ILLE NetDRIT NetDRllj
COIL-20 \'% 0.603 0.549 0.511 0.623 0.769 0.918
Ryx 37.8 33.4 27.0 26.3 424 27.4
LEGO A% 0.430 0.491 0.455 0.461 0.576 0.818
Ry 27.7 26.3 22.4 16.9 35.0 13.2
Fashion-MNIST v 0.410 0.407 0.537 0.501 0.554 0.688
Ry 25.7 253 19.4 16.4 329 144
USPS \'% 0.403 0.385 0.586 0.201 0.806 0.892
Ryy 20.3 22.3 19.8 18.7 31.3 14.6
Medical-MNIST \ 0.776 0.614 0.856 0.893 0.848 0.925
Ryx 28.7 27.1 27.2 19.4 41.6 18.4
ISL v 0.592 0.587 0.708 0.514 0.794 0.903
Ryx 26.8 29.8 31.1 23.6 44.2 26.2
Imagenette \'% 0.203 0.209 0.225 0.216 0.208 0.827
Ryx 20.2 18.5 16.8 18.1 19.3 8.8

sections. Then, their performance was measured after applying them to the new GAN-
generated datasets. However, we used their own validation datasets for the USPS, Med-
ical-MNIST, Imagenette, and ISL datasets. Table 13 shows the obtained results in terms
of Ryy and V measures. The behavior of tested measures is similar with respect to the
results reported in the previous section. NetDRIT had the best topological performance
(Ryx score) for COIL-20 (42.4), LEGO (35.0), Fashion-MNIST (32.9), USPS (31.3),
Medical-MNIST (41.6), ISL (44.2), and Imagenette (19.3). In turn, NetDRi) gave the best
clustering performance (V-measure): COIL-20 (0.918), LEGO (0.818), Fashion-MNIST
(0.688), USPS (0.892), Medical-MNIST (0.925), ISL (0.903), and Imagenette (0.827).

7.3.6 Computational complexity
We have applied the open-source package Ptflops [93] for estimating the computational

complexity and number of trainable parameters of the different neural models that have
been proposed in this work. The computational complexity is estimated in terms of MACs

Table 14 Computational

. Model Computational com-  Trainable parameters
complexity and number of .
. plexity (MACs)
trainable parameters of the
different neural models of the
E d 6 3
proposed technique (32 X 32 neoder &pg 46.61 x 10 73410
images) FFN topological 214 178
FFN discriminant 1.41 x 10° 1.46 x 10°
NetDR 46.62 73.6 x 10
NetDR,, 48.02 x 10° 1.53 x 106
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(Multiply-Accumulate Calculations). One MAC is roughly equivalent to two FLOPs
(Floating Point Operations). The results are presented in Table 14.

8 Conclusions

An online dimensionality reduction (DR) scheme that synergistically combines classical
spectral methods and uniform manifold approximation with deep neural networks has
been proposed. Given a target dataset whose dimensionality is to be reduced, different
linear and non-linear DR spectral methods are first applied. The original data points
are then projected to the sought low-dimensional space according to the embedding
induced by every spectral method, which is optimized by approximating points of simi-
lar characteristics based on a probability distribution of group membership. The set of
projected points generated by each spectral method along with the original data points
and their respective optimization are utilized to train a deep encoder in a self-supervised
way. Those encoders are able to project new data points in an online manner, something
that classical spectral methods cannot perform due to their offline nature. A stacking
ensemble learning approach is then applied for fusing the low-dimensional outputs of
the different available encoders through a metamodel implemented as a multilayer feed-
forward network. Two metamodel topologies have been proposed depending on whether
the final aim is to enforce topological preservation or cluster induction. For topological
preservation, the metamodel is unsupervised. A shallow network is trained with a com-
posite cost function that preserves the local topology by using a neighborhood network,
and the global topology by means of Euclidean distance matrices associated with both
the original and low-dimensional points. For cluster induction, the metamodel is super-
vised. A deep network is trained by means of a cross-entropy cost function.

Experimental results with widely-used image datasets have shown that the proposed
deep learning scheme yields significantly higher performance measures than the origi-
nal spectral methods and state-of-the-art dimensionality reduction approaches in terms
of both topological preservation and cluster induction. The proposed methodology also
exhibits a much higher performance than when the encoders and the FFN metamodel
that combines them are directly trained from scratch in an end-to-end manner.

The main contributions of the proposed technique are summarized below:

e Online Learning of Embeddings: The first phase of NetDR allows online learning of
any embedding generated by a dimension reduction method. This allows new data
to be projected based on the learned model. This approach improves computational
efficiency, optimizing the use of memory and reducing processing time for large vol-
umes of data.

e  Synergistic Combination of Methods: The second phase of NetDR synergistically
combines different dimension reduction methods to achieve a holistic embedding
that incorporates the features of its precursor methods. This combination capability
provides a more robust and representative embedding, thus improving the quality of
data representations.

e Versatility: NetDR comprises two specialized variations: NetDR;, which optimizes
topology preservation, and NetDR,, which focuses on cluster induction. This allows
users to choose the variation that best suits their specific needs, making NetDR a
versatile and adaptable method for complex data analysis.
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e FEfficient Management of Complex Data: In contexts of dynamic and constantly
changing data, the ability to learn and update embeddings in an online manner is
crucial. NetDR addresses this need by providing an efficient mechanism to keep
models up-to-date without extensive recalculations. This feature is particularly use-
ful for big data applications, and in scenarios where the efficient processing of new
data is critical, such as real-time surveillance and environmental monitoring.

e [mproved Data Representation: The combination of multiple dimensionality reduc-
tion methods makes it possible to capture different aspects of data structure, result-
ing in more complete and accurate representations. This holistic approach improves
data interpretation and analysis, facilitating tasks such as pattern discovery.

Immediate work aims at exploring new topologies for the multilayer feed-forward network
corresponding to the cluster inducing metamodel (i.e., NetDR ), as the optimal number of
layers currently depends on the target dataset. We also aim at adapting the proposed DR
scheme to other multidimensional problems beyond images. In the medium term, we also
aim to explore the application of state-of-the-art AI models, such as SpectralGPT (Hong
et al., 2023), to dimensionality reduction. SpectralGPT has been shown to optimize tasks
related to scene classification, semantic segmentation, and detection and discovery of com-
plex spectral patterns. Indeed, spectral image analysis is a promising research field. Spec-
tral variability can originate from several factors, such as atmospheric conditions, changes
in illumination, and intrinsic characteristics of materials. A recent study (Hong et al., 2018)
addresses this problem by introducing an improved linear mixing model to handle spectral
variability.

NetDR can also be applied as a preprocessing stage to mitigate the effects of noise and
variabilities. Techniques such as PCA are known for their ability to reduce noise by cap-
turing the principal components that represent the greatest variability in the data. How-
ever, nonlinear techniques, such as LE and LLE can be more sensitive to noise. Our neural
ensemble can be trained to assign appropriate weights to each technique, hence optimiz-
ing dimensionality reduction in the presence of variability. Finally, future directions in Al,
such as advanced foundation models, transferable learning, multimodal data fusion, edge
computing, and model interpretability, offer exciting opportunities for expanding the capa-
bilities of NetDR.
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