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Chimera states, marked by the coexistence of order and disorder in systems of coupled oscillators,
have captivated researchers with their existence and intricate patterns. Despite ongoing advances,
a fully understanding of the genesis of chimera states remains challenging. This work formalizes a
systematic method by evoking pattern formation theory to explain the emergence of chimera states
in complex networks, in a similar way to how Turing patterns are produced. Employing linear
stability analysis and the spectral properties of complex networks, we show that the randomness of
network topology, as reflected in the localization of the graph Laplacian eigenvectors, determines the
emergence of chimera patterns, underscoring the critical role of network structure. In particular,
this approach explains how amplitude and phase chimeras arise separately and explores whether
phase chimeras can be chaotic or not. Our findings suggest that chimeras result from the interplay
between local and global dynamics at different time scales. Validated through simulations and
empirical network analyses, our method enriches the understanding of coupled oscillator dynamics.

I. INTRODUCTION

Complex networks are crucial for examining complex
systems in both natural and synthetic settings [1]. They
are particularly instrumental to understand how differ-
ent interconnected components within a system interact
to manifest collective behaviors. One of the most fas-
cinating collective phenomena observed in complex net-
works is the synchronization of oscillators, where individ-
ual components, despite their diverse functions and en-
vironments, achieve coherent oscillations [2-5]. Synchro-
nization occurs in many natural and engineered settings,
from neurons in the brain coordinating actions [6, 7] and
fireflies synchronously flashing for mating [8], to power
grids where it ensures stability [9], and communication
networks where it prevents data loss and enhances effi-
ciency [10]. In the realm of synchronization, the concept
of chimera states—where coherent and incoherent oscil-
lators coexist—represents a significant theoretical chal-
lenge and has been a focus of extensive research [11-23].
These states illustrate a striking blend of order and disor-
der within networked systems, where order is understood
as amplitude coherence, or both amplitude and phase co-
herence. Chimera states have been found to be stable in
infinite-size networks [24] and transient in finite ones [25].
Nevertheless, rigorous results have been obtained in weak
chimeras, defined as a type of invariant set exhibiting
partial frequency synchronization [26, 27]. Of particu-
lar relevance to this paper is the formulation of chimera
states in diffusively coupled amplitude-phase oscillators,
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moving beyond the reductionist approach of phase-only
models and extending the analysis to more realistic set-
tings. Recent contributions in this direction include am-
plitude chimeras, where the amplitude exhibits incoher-
ence while the phase remains coherent [14]; amplitude-
mediated chimeras, where amplitude variations influence
phase dynamics, leading to the coexistence of coherence
and incoherence in both amplitude and phase [28, 29];
and strong chimeras, which are permanently stable, have
an identically synchronized coherent domain, and do not
co-occur with stable global synchronization [30, 31]. In
particular, the latter arises during the transition from a
globally coherent to a globally incoherent state as a bi-
furcation parameter varies, a feature similar to what is
analyzed in this paper.

Despite numerous studies, complete explanations for
their stability and emergence are still sought [13]. Exper-
imental studies have definitively confirmed the relevance
of chimera states in various human-made setups: chem-
ical oscillators using the Belousov-Zhabotinsky reaction
with light feedback [32, 33], optical systems with spatial
light modulators [34], mechanically coupled metronomes
on swings [35], and photoelectrochemical experiments
modeling silicon oxidation [36]. Furthermore, observa-
tions in both neuroscience and ecology suggest their oc-
currence in natural settings: in the human brain, chimera
states manifest as patterns of partial synchrony among
brain regions fundamental to cognitive organization [37],
while in ecology, video recordings of Photuris frontalis
fireflies reveal spontaneous, stable chimera states where
groups within a swarm flash synchronously but with a
constant delay [38].

An early effort to understand chimera states [39] con-
sidered two populations of identical Kuramoto oscilla-
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FIG. 1. Eigenvector localization and chimera states in a Scale-Free (SF) network. (a) The panel displays the absolute
values of the matrix’s eigenvectors as columns, with entries below 0.3 in magnitude omitted for clarity. (b) The normalized
colormap in the network visualization provides a snapshot that illustrates the amplitude of the chimera for the Rossler model.
Referring to the color code, it can be observed that peripheral nodes (those less connected) share a similar amplitude, while the
disorder is localized in the central nodes (hubs). The SF network was generated with parameters N = 100, mo = 5, and m = 3
and the nodes’ size represents their degree. Additionally, the nodes are labeled in decreasing degree order. The parameters for
the Rossler model are a = 0.01, b = 0.2, ¢ = 30, Dy = Dy =0, D, = 0.2, k = 0.02.

tors, strongly coupled within groups and weakly be-
tween them. Later approaches aimed to partition net-
works into synchronized and desynchronized regions us-
ing symmetry-based methods [40] or block diagonaliza-
tion techniques [31, 41]. These rely on network struc-
ture to predict coherent or incoherent dynamics. More
recently, we proposed a spectral approach to indirectly
identify substructures conducive to chimera emergence
[42], analyzing coupled differential equations on modular
networks. Our analysis showed that, via a pattern for-
mation mechanism, it is possible to predict which mod-
ules will synchronize or desynchronize. While symmetry-
breaking methods [42, 43] capture the coexistence of
coherence and incoherence, they are limited by strong
modularity and model-specific assumptions. Muolo et
al. [44] extended this approach by using the triangular
structure of Laplacian eigenvectors—common in many
directed networks [45-48]—to localize disorder. Though
promising, this method remains limited in networks with
weak or no modular structure. Most studies on pat-
tern formation in networks have focused on bifurcation
conditions. Only recently have a few works [49-51] be-
gun to explore the resulting patterns, though none ad-
dress chimera states. In a related context, Sethia et al.
[28, 29] demonstrated amplitude-mediated chimeras in
the nonlocal complex Ginzburg—Landau equation, sug-
gesting that different mechanisms may underlie distinct
types of chimera states.

Building on these insights, our work introduces an al-
ternative perspective aimed at enriching the broader dis-
course on chimera states by applying pattern formation

theory to the emergence of these states. Such an ap-
proach is mathematically grounded on weakly nonlinear
analysis, a technique used to study systems that are close
to a linear regime but exhibit small nonlinearities, orig-
inally developed by Kuramoto [52], and later applied it
also to networked systems [53-55]. Specifically, it helps
determine which parts of the network will desynchro-
nize and which will remain synchronized. The basics
of weakly nonlinear analysis in this problem are as fol-
lows. First, we identify a small parameter that quantifies
the strength of the nonlinearity, ensuring the system re-
mains close to its linear regime. The system starts in
a homogeneous fixed-point state, near the Hopf bifur-
cation threshold. A perturbation in the small parameter
then induces this bifurcation, leading to global oscillatory
instabilities. Second, we analyze the linearized system
near the bifurcation to determine which modes become
unstable. Two types of instabilities may arise depend-
ing on the system: a non-spatial (complex) mode that
drives uniform node-level oscillations, and a spatial mode
that, depending on whether it is real or complex, leads
to stationary or oscillatory spatial patterns. The crux
of this approach—following the same insights as Turing’s
analysis of diffusion-driven instability—is that the crit-
ical eigenfunction (or eigenvector) associated with the
unstable spatial mode determines the structure of the
emergent pattern at equilibrium.

Throughout this paper, for the sake of clarity and rep-
resentativeness, we consider two models: the Brusselator,
a set of autocatalytic reactions for two chemicals (two—
species) that can exhibit complex dynamic behaviors,



which we will show is related to the real spatial mode; and
the Rossler attractor, a system of three nonlinear ordi-
nary differential equations that serves as a paradigmatic
example of a chaotic system. This is a three—species
model related to the complex spatial mode. Details of
both models are provided in the Appendix.

The key focus of this paper is to explore how the spec-
tral properties of networks influence the development of
chimera patterns, building upon the pattern formation
theory that has been developed and matured over the
past five decades [56, 57]. Our insight comes from the fact
that many random complex networks have strong eigen-
vector localization of the Laplacian matrix, i.e., the non-
zero or dominant elements are concentrated in a small
set of the components of the eigenvector [58-60] (see
Fig. 1(a), where the Laplacian eigenvectors are repre-
sented as columns in the visualization matrix for a scale-
free (SF) network [61]; see also the Appendix for details
on how the network is generated).

This localization, which is similar to the eigenfunc-
tions in solid state physics, in the presence of impurities,
and known as Anderson localization [62-65], has been
observed to help understand disease spreading dynam-
ics [66]. In particular, it has been demonstrated that
the localized entries correspond to a subset of nodes that
share similar degrees [59]. Once one of these eigenvec-
tors is selected as the critical one, a supercritical bifurca-
tion ensures that the emergent phase or/and amplitude
pattern will follow the same trend observed in the local-
ization structure. Nodes with localized entries leave the
synchronized manifold and change either their amplitude
only, for stationary instabilities, or both the amplitude
and the phase for oscillatory ones. In this paper, we
will demonstrate that chimeras are structurally localized
spatio-temporal patterns, as illustrated in Fig. 1(b).

The rest of the paper is structured as follows: in
Section II, we briefly review key concepts from pattern
formation theory that form the basis for our analysis
of chimera states, with particular emphasis on the
role of Laplacian eigenvectors in shaping emerging
patterns. In Section III, we illustrate the application
of this framework to two different dynamical systems
on both real and synthetic networks. We conclude by
discussing the broader implications of our findings. The
full mathematical details of the perturbation analysis
are provided in the Appendix.

II. PATTERN FORMATION IN COMPLEX
NETWORKS

The theory of pattern formation investigates mecha-
nisms that lead to the self-organization of complex pat-
terns in reaction-diffusion systems. This theory provides
insights into the principles underlying the spontaneous
emergence of order in diverse biological and physical phe-
nomena [56, 57]. It is based on a weakly nonlinear anal-
ysis approach that allows predicting the shape of the
final nonlinear patterns [52, 56, 57]. Originally devel-

oped to explore spatially extended patterns in continu-
ous media [56], pattern formation theory has since been
adapted to complex networks, significantly enhancing our
insight into the dynamics of intricate patterns within
these systems [53, 54, 67-72]. In this section, we briefly
summarize the pattern formation theory in a system of
reaction-diffusion equations in networks of coupled iden-
tical limit-cycle oscillators, following references [53, 55].
Indeed, Kuramoto employed a pattern formation frame-
work to derive phase-reduced equations, often approx-
imating oscillator coupling via a continuous Laplacian
operator. His analysis, particularly through the Com-
plex Ginzburg-Landau equation, captured dynamics in
both phase and amplitude near Hopf bifurcations. In
our approach, we build on this foundation but retain
the full amplitude—phase dynamics without applying a
phase reduction. This allows us to extend the applica-
bility of pattern formation theory to systems where am-
plitude variations—such as in amplitude chimeras—may
play a significant role. Nonetheless, like in Kuramoto’s
treatment, we observe that near criticality, amplitude de-
viations in the emergent pattern remain negligible.

Let us start by considering a M x N—dimensional
reaction-diffusion system and label x;(t) for j =1,..., N
as the M-dimensional vector representing densities of the
chemical or species under consideration, where the index
j refers to the node of the network. Globally, the dy-
namics of the system is described by the set of networked
coupled differential equations.

N
x; =F(xj,pu) +D Z Ljkxg, Vj (1)
k=1

where the M-dimensional vector function F specifies the
nonlinear reaction part with g representing the vector
of parameters. For the spatial part, diffusive coupling:
D = kdiag(D1,Ds,...,Dpy) denotes the diagonal ma-
trix of diffusion coefficients where x is a constant pa-
rameter representing the coupling strength. The network
structure is encapsulated in L, the Laplacian kernel de-
fined through the adjacency matrix A as L = A — K,
where K is the diagonal matrix of the degrees. The sys-
tem (1) admits a homogeneous equilibrium point x*. It
is also required that when only the reaction part is con-
sidered (k = 0), x* undergoes a Hopf bifurcation for
pn = po. Slightly above this threshold, x* becomes un-
stable, and a limit cycle emerges for each node of the
network in its non-spatial limit (x = 0). The spatial cou-
pling (k # 0) is known to synchronize these limit cycles
in a globally coherent synchronization across the entire
network. However, if global instability conditions are ful-
filled, tiny non-homogeneous perturbations can destabi-
lize the uniform synchronous equilibrium.

We begin by introducing small inhomogeneous pertur-
bations, u;, to the uniform equilibrium point, thereby
slightly perturbing the system from its steady state, re-
sulting in x; = xj+u; for j = 1,..., N. Substituting this
into equations (1) and performing a linearization yields



the following equation for the short time evolution of u;:

N
ﬁj %Ju]' —|—DZijuk, (2)
k=1

where J is the Jacobian matrix evaluated at the steady
state x*. Given that the Laplacian eigenvectors form an
orthogonal basis, we look for solutions of the form:

N
u; =Y caVier!, (3)
a=1

where ¢, are M-dimensional vectors representing the co-
efficients for each species, V/* are the entries of the Lapla-
cian eigenvectors, and A, are the growth rates of the per-
turbations, all corresponding to the eigenmode A%*. Sub-
stituting this solution into Eq. (2) and after some alge-
braic manipulation (see Appendix for details), using the
eigenvalue/eigenvector property Zivzl LjpVit = A*VE,
one can establish that the growth rates A\, are the M
eigenvalues of (J+A*D). The relationship A, (A%), map-
ping the Laplacian eigenvalues A® to the growth rate A,
with the maximum real part among the M eigenvalues,
is also known as the discrete dispersion relation [67, 68],
analogous yet distinct from the MSF. Before proceeding
further, we want to point out that, although the assump-
tion of identical oscillators is a requirement for the dis-
persion relation/MSF formalism and is commonly used in
the literature, it has been shown that such a framework
can be extended to relax this constraint [73, 74].

As mentioned already, Eq. (3) describes the behavior
of the system under scrutiny only for the initial evolution
of the system near the (unstable) steady state, which in
principle differs from the long-term behavior, i.e., equilib-
rium, where the final pattern is observed. An exception
to this occurs when the parameters are set as described
earlier, near the critical point and for weak spatial cou-
pling, i.e., k < 1. This regime allows for a weakly non-
linear analysis through multiple-scale perturbation the-
ory, providing an equation to approximately describe the
amplitude evolution of the perturbations, known as the
Complex Ginzburg-Landau (CGL) equation. The CGL
equation serves as a normal form for describing the am-
plitude of a pattern [75]. In this paper, we will not delve
into the details of analytical/numerical approximations
of equation (1), but instead, we will use the CGL formal-
ism to validate the pattern predictions obtained through
linear stability analysis. Details of the derivation of the
CGL amplitude equation are given in the Appendix. No-
tably, the significance of the weakly nonlinear approach
lies in its role as the normal form for a Hopf pitchfork
bifurcation, particularly in the case of a supercritical bi-
furcation. For a suitable choice of parameters, the linear
stability analysis of the CGL solution indicates stability
in the supercritical case and instability in the subcrit-
ical case. This aligns with the specific scenario where,
as predicted by perturbation theory, a small amplitude

pattern is expected as operating slightly above the crit-
ical point pg. In the literature, it has been established
that the CGL is always in the supercritical regime for
the Brusselator model [55]. Additionally, we numerically
demonstrate in the Appendix that this is consistently also
true for the Rossler model with our selected parameters.

A. How Laplacian eigenvectors shape emerging
patterns

This point is crucial and conclusive for the pattern se-
lection process, as it reveals how structural features of
the network govern the emergence and spatial organiza-
tion of the pattern. The normal form, described by the
Complex Ginzburg-Landau equation, reveals that near
the threshold of instability, the solution of the original
reaction-diffusion system (1) reaches equilibrium after a
rapid saturation of the linear evolution of the perturba-
tion, u;, confirming Turing’s original intuition [76]. Con-
sequently, the final pattern will take the form of the crit-
ical eigenvector (or a linear combination of such eigen-
vectors) established using linear stability analysis of (1)
as follows:

u; = Z canO‘e’\‘*t + Z ca‘/'j“e)“"t7 (4)

acU a€eS

where we have separated Eq.(3) in U, the set of indices
corresponding to unstable modes, and S the set of in-
dices corresponding to stable modes. Note that, « = N
corresponding to the null Laplacian eigenvalue AN = 0
(the non-spatial mode) belongs to U since Ay = iwp.

Two scenarios arise from this analysis: (a) stationary
spatial instability, when the critical spatial mode derived
from the linear stability analysis has no imaginary part,
F(Aa) =0 Va e U\ {N}. In this case, the spatial mode
contributes only to the shape of the final pattern, not
to its temporal dynamics; and (b) oscillatory instability,
when the imaginary part of at least one of the critical
spatial modes is non-zero, Ja = ¢ € U \ {N} such
that $(Ao) # 0. In this case, an additional temporal
frequency w., = $(\,) (compared to the intrinsic oscil-
lations wp) is added to the dynamics of the pattern at
equilibrium.

III. AMPLITUDE AND PHASE LOCALIZATION

Building on the spectral localization concepts dis-
cussed earlier in this paper, we now examine the impli-
cations of the outcomes derived from the linear stability
analysis. This analysis suggests that depending on the
nature of the dispersion relation introduced earlier, the
system may exhibit stationary spatial instabilities, and
oscillatory instabilities. Our claim is that these solutions
do correspond to various types of chimera states, char-
acterized by either amplitude or phase disorder, or both.
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FIG. 2. Amplitude Chimera States in the Brusselator Model. Real (blue stars) and imaginary (red circles) parts of
the dispersion relation: (a) with b = 5 in the pre-perturbation setting and (b) with b = 5.1 where chimera occurs, zoomed
at the origin for clarity. (c) Phase (upper) and amplitude (lower) differences from the original limit cycle, with oscillators
maintaining the same phase. To better visualize the localization of the disorder, the nodes are intentionally indexed to yield
a center-peaked symmetric amplitude distribution. (d) Pattern evolution at equilibrium, showing amplitude disruptions. The
remaining parameters are a = 2, Dy = 5, Dy, = 13, and « = 0.1, and the network used is depicted in Fig. 1.

Notably, the eigenvectors V¥, a € U are critical to our
study, as we will show on specific examples.

We begin by considering the dispersion relation for two
well-know dynamical systems in networks: the Brusse-
lator model, and the Rossler model (see Appendix for
the models’ details). The Brusselator model dispersion
relation is illustrated in Figure 2. They represent re-
spectively the pre-perturbation settings Fig. 2(a) and the
post-perturbation settings Fig. 2(b). It can be noticed
that the Brusselator-based reaction-diffusion system ex-
hibits a Hopf bifurcation only at the origin, identified by
the presence of a non-null imaginary part (red circles),
which leads to the intrinsic oscillations of the nodes.

Mathematically, this is explained by the fact that be-
ing a two-species model, the only kind of instability it can
undergo at the spatial level, i.e., A% #£ 0, is of a stationary
type where the set of eigenvalues for which the instability
occurs are all strictly real [56, 57]. Our analysis predicts
no traveling wave effects in this model, as the critical

non-zero mode of the Laplacian is purely real. There-
fore, oscillations are confined to the non-spatial mode at
the origin. Consequently, the pattern governed by the
localized (purely real) entries of the critical eigenvectors
V< will display amplitude disorder at a subset of nodes
while maintaining their original phase in both frequency
and phase lag. This is confirmed in Fig. 2(c), where the
amplitude-only chimera state is distinctly visible. The
node indexing is adjusted to reflect a symmetric, center-
peaked distribution, where phase and amplitude values
reach their maximum at the center and decrease sym-
metrically toward the edges. For clarity and consistency
throughout the paper, we will refer to this structure as
“center-peaked” in our analysis and discussion. Such rep-
resentation aims to better visualize the localization of
amplitude and/or phase disorder by separating the syn-
chronized from the unsynchronized oscillators on one side
and offering a better comparison of the amount of disor-
der per node. Fig. 2(d) shows the temporal evolution of



the amplitude chimera at equilibrium.

The situation differs drastically in the Rossler model
(a three-species model), where a Hopf bifurcation can
occur for a spatial model different from A* # 0 [56, 57].
As anticipated earlier, such instability occurs when the
non-null spatial mode of the Laplacian has a correspond-
ing Jacobian eigenvalue in the dispersion relation with
an imaginary part different from zero. This is shown in
the dispersion relation of Fig. 3, where a small change
in the parameters transitions the system from the state
presented in Fig. 3(a) to the one in Fig. 3(b), where the
modes with a positive real part (blue stars) now have a
nonzero imaginary part (red circles). This mechanism,
known as oscillatory instability [56], is responsible for
generating traveling waves in the spatial support. The
peculiar characteristics of the Rossler model, known for
its oscillatory behavior—whether chaotic or not—result
in all modes of the dispersion relation transitioning from
stable to unstable, with a decreasing slope towards the
origin as shown in Fig. 3(b). This, together with an om-
nipresent imaginary part in the dispersion relation, sug-
gests that a spatially varying oscillatory pattern can be
anticipated. In the parameter setting shown in Fig. 3(c),
we observe how initially synchronized but chaotic states
emerge, exhibiting localized amplitude disorder. Due
to its small amplitude, this disorder can be considered
negligible when near the instability threshold, as antic-
ipated by Kuramoto [52]. This is understandable con-
sidering the small amplitude approach to the problem
on one hand (see Appendix), and the two-speed pace of
the imaginary and real parts of the dispersion relation
which allows a full development of the oscillations while
the amplitude develops slightly, so one can focus on the
phase only. Notably, the phase behavior, as depicted in
a stroboscopic plot, Fig. 3(c), shows localized chaotic in-
coherence within a subgroup of oscillators, maintaining
an average phase difference from the originally synchro-
nized state. As before, the indexing of nodes is adjusted
to represent a center-peaked symmetric distribution for
both phase and amplitude differences for a better visual-
ization of the separation of the coherent and incoherent
oscillators. However, due to the stroboscopic representa-
tion of the phase—where values are sampled at discrete
intervals—a maximum in one cycle may appear as a min-
imum in another. The same behavior is confirmed by the
temporal evolution in Fig. 3(d).

Complementary comparisons between the set of criti-
cal eigenvectors and the final pattern confirm the precise
localization of the amplitude of the pattern. Figure 4(a)-
(d), display snapshots of the Brusselator equilibrium pat-
tern shown with blue circles, for different values of the
coupling strength . These patterns are analytically re-
constructed using a linear combination of the basis of the
Laplacian eigenvectors, expressed as ¢ = ij:l ma VY,
where the scalar coefficients m, have been numerically
estimated. As observed in the insets, the coefficients peak
at specific values (corresponding to the critical eigenval-

ues of their respective dispersion relations), confirming
that only a few eigenvectors shape the final patterns. Ad-
ditionally, there is a second peak corresponding to the
origin, where the eigenvector is uniformly distributed.
Importantly, the indexing of the nodes in Figure 4 re-
mains unchanged compared to Fig. 1(a), meaning that
nodes are labeled in decreasing order of their degrees.
Following the portrayal of Fig. 1(a), the localization is
stronger in the first eigenvectors of the Laplacian and
becomes weaker as their order increases. We can control
the critical eigenvector by tuning the coupling strength
k. As anticipated previously, the eigenvector localiza-
tion is centered around entries that correspond to nodes
with similar degrees, meaning that the amplitude disor-
der will localize accordingly, as shown in Fig. 4(e)-(h).
To quantify the amount of localization, in Fig. 4(i) we
have used the Inverse Participation Ratio (IPR), initially
developed to measure the Anderson localization, defined
for a non-normalized vector ® with components ®; as
IPR(®) =Y, 92/(>; @f)z [62]. The upper part shows
the IPR of the most critical eigenvector and the lower
part shows the IPR of the amplitude pattern for differ-
ent values of k used in the previous panels. The results
confirm the increasing disorder as k increases.

Similarly, it is shown in Fig. 4(j) that for the Rossler
model the localization decreases with the node index,
following the initial node indexing of Fig. 3(a). We avoid
the linear fitting of eigenvectors because, as indicated
by the dispersion relation, all the Laplacian modes are
critical. Nevertheless, the figure reveals a clear trend
of amplitude-phase differences, exhibiting the same
decrement for increasing indices as observed in the
corresponding real part of the dispersion relation. This
suggests that nodes with higher real parts of the critical
eigenvalues, A\, are more significantly disturbed than
those with lower values. Considering that the nodes are
ordered according to decreasing degree, this explains
why in Fig. 1(b) the disorder is localized in the hubs of
the network, a phenomenon already observed in other
settings [77].

A. Amplitude-phase chimera states in other
synthetic and real-world networks

In this part, we extend and validate our results by
providing further evidence that localized (chaotic) disor-
dered oscillatory patterns are also possible in other net-
work topologies, such as Erdés-Rényi (ER) and small-
world (SW) networks as demonstrated in Figure 5 (see
Appendix for details on network generation). The ran-
domness of the connections in these structures leads to
the localization of the eigenvectors within a subset of
nodes, similar to what has been presented so far. As a
consequence, amplitude and phase chimera patterns are
also observed in these topologies. Our approach is also
validated for empirical networks, Figure 6, particularly
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FIG. 3. Chaotic Amplitude-Phase Chimera States in the R6ssler Model. Real (blue stars) and imaginary (red circles)
parts of the dispersion relation: (a) with a = —0.01 and Dy = Dy = 0.2 in the pre-perturbation setting and (b) with a = 0.01
and Dy = Dy = 0 where chimera occurs, zoomed at the origin for clarity. (c) Stroboscopic analysis of phase differences (upper)
reveals chaotic, unsynchronized oscillators, with phase-synchronized ones highlighted in green. Amplitude differences (lower)
show a localized pattern. In both cases, relabeling the nodes with a center-peaked symmetric distribution helps visualize the
localization of amplitude and phase disorder. (d) Equilibrium pattern showing phase disruptions. The remaining parameters
are b= 0.2, c =30, Dy, = 0.2, kK = 0.02, and the network used is depicted in Fig. 1.

neuronal networks, where both empirical observations of
chimeras and the role of synchronization as a main func-
tioning mechanism have been documented. By apply-
ing our method to these real-world networks, we aim to
corroborate the results obtained throughout this paper,
showing that the observed patterns are not only theoreti-
cally feasible but also practically significant. This valida-
tion highlights the broader applicability and robustness
of our findings across different network types and un-
derscores their relevance in understanding the complex
dynamics of real-world systems.

Unlike the previous figures, which use the stroboscopic
representation of the chaotic behavior of the chimera
states, here we have chosen to represent the maximum
difference in the phases from their mean value using
error bar notation. In Fig. 5(a)-(c), we have shown
the amplitude-phase localization for an ER network.
It can be noticed that the amplitude, although of a

magnitude negligible compared to the phase, has weaker
localization, whereas the phase chimera shows similar
behavior as for the scale-free case in the previous
section. In Fig. 5(d)-(f), the simulation for the SW
network is presented. Here, not only do the amplitude
perturbations show less localization, but the phase ones
also show less localization compared to the ER case.
The interpretation for such a quantitative difference
from the SF network can be found in the localization
properties of the eigenvector, recalling that for the
particular case of the Rossler model, all the modes are
critical with decreasing monotonicity toward the origin
respective growth rate. As before, it is more likely
that the eigenvectors with lower Laplacian eigenvalues
manifest more, and in fact, for the SF network, such
eigenvectors are more localized in this range of the
spectrum compared to the previous two scenarios we
saw here.
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differences (red stars). The setting of parameters is as described in Fig. 2 and Fig. 3, respectively, with the only difference
that Dy, for the Brusselator is adjusted in the interval [12.99,13.2].

For the two empirical connectomes considered in Fig.
6, namely C. elegans (using the Brusselator model)
and macaque Rhesus brain (using the Rossler model),
the localization is overall higher across the range of
the Laplacian eigenvalues, which is also reflected in
the amplitude chimera localization. Notice that for the
macaque connectome, the chaoticity manifests weaker
than previously, and disorder in the phase has a high
range but low average magnitude, a result expectable
considering the marked localization of the Laplacian
eigenvectors.

IV. CONCLUSIONS AND DISCUSSION

In this paper, we explored the emergence of chimera
states in complex networks through the lens of pattern
formation theory. On the one hand, chimera states, far
from being merely mathematically elegant, play a cru-
cial role in understanding synchronization patterns across
diverse systems, from the brain to ecological networks
[37, 38]. On the other hand, pattern formation theory
has seen significant development in recent decades, offer-
ing insights into the formation of complex spatial pat-
terns in both fluid and solid systems, with applications
spanning physics [56] and biology [57]. Pattern formation
theory, through stability analysis building on nonlinear
perturbation theory, enables the prediction of patterns
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in nonlinear equilibria. Since 2010, the study of Turing
patterns in complex networks [67] has sparked numerous
investigations into pattern formation in various network
structures. Despite the advancement in pattern forma-
tion theory in networks, applications have often been con-
strained to specific network types such as modular [42]
or non-normal ones [44], which exhibit spectral localiza-
tion due to clustering or triangularization of Laplacian
eigenvectors entries.

However, a general analysis of chimera state forma-

tion in complex networks has been lacking. In this
manuscript, we aim to fill this gap. By leveraging
the fact that many complex networks possess strongly
localized eigenvectors of the Laplacian, we propose a
slight destabilization of the coupled oscillator system.
By tracking the propagation of this destabilization
through the localized entries of the critical Laplacian
eigenvector, we determine how disorder in amplitude
and/or phase is induced, while synchrony is maintained
in the rest of the network.
This approach provides a systematic explanation for
the emergence of chimera patterns from the initial time
to equilibrium, aiming in this way to fill a gap in the
existing literature. While the authors acknowledge that
further efforts are needed to connect the results of this
paper with phase-reduced models, such as the Kuramoto
model, where chimeras were originally observed and
subsequently studied, they are optimistic that this pro-
posed approach will pave the way for interesting future
findings. These include exploring the multiple different
chimera patterns known to exist in the literature [22],
elucidating the peculiar conditions under which such
states arise, and last but not least, offering tools for
analyzing their stability.
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APPENDIX
A. Methods
1. Details of the Linear Stability Analysis (LSA)

The linearized reaction-diffusion system is:

N
W =Ju; + DY Ljpu, V),
k=1
where u; is the M-dimensional vector of the perturbation
for the node j. We expand u; in terms of the basis of
eigenvectors of the Laplacian:

_ a _Aqt
u; = E c. Ve,
e

where ¢, are M-dimensional vectors representing the co-
efficients for each species, V/* are the entries of the eigen-
vectors, and A, are the growth rates of the perturbations.

Substituting this expansion into the linearized
reaction-diffusion equation:

Z)\acav}ae)\at — JZCQ‘/jae)\at+

N
+D) L Y caVierh.
k=1 «

Using the property of the eigenvalues and eigenvectors of
L we have S0 | L, V& = AV, so we get:

Z Aaco Vet =7 anVjae)‘at—&—
«@ (6%
+D Z Ao‘canae/\"t.
(0%

Equating the terms with the same exponential factor

Aat
etet:

AaCa Vi = Je Vit + DA%, V™.

Since this relationship must hold for each node j, and
assuming that for at least one node j, V/* # 0, we get:

AaCo = (J+ A°D)c,.

The growth rates A, are the eigenvalues of the matrix
(J 4+ A®D). The dispersion relation for the growth rates
Ao as a function of the eigenvalues of the Laplacian
matrix A, (A%).

2. Definitions of the Brusselator and Rdéssler Models

Brusselator Model
The Brusselator is a two-variable model of an autocat-
alytic reaction, and can be considered as a single, uncou-
pled node from a network perspective. It is described by




the following differential equations:

d

d—f =a+a%y— (b+ 1)z,
d

—di = bz — %y,

where = and y represent the concentrations of two
chemical species, and a and b are constants. The fixed
points of the system are given by (z*,y*) = (a,b/a).
This model exhibits a Hopf bifurcation, transitioning
from a stable fixed point to a limit cycle when the
parameter b exceeds the critical threshold b, = 1 + a2,
indicating the onset of oscillatory behavior.

Rossler Model
The Rossler model is a three-variable system that can
also be seen as a single, uncoupled node in a network
context, primarily used to describe both oscillatory and
chaotic dynamics. The governing differential equations
are:

a7y
dt_ Y ’

d

d—zt/:JH—ay,

d
d—j:b—l—z(az—c),

with =, y, and z as the system variables, and a, b, and
c as parameters. The system has two fixed points; here,
we are considering the fixed point given by

c—+/c? —4ab

2
;j* _ | —c+ v —4dab
2% 2a
c—+/c? —4ab
2a

The dynamics of the system undergo a significant
change as a transitions from negative to positive, leading
towards oscillatory and chaotic trajectories for values of
c considered in the paper.

These models serve as fundamental examples of
dynamical systems theory, providing insights into the
behavior of chemical reactions and chaotic systems, and
illustrating basic principles of oscillators within networks.

3.  Network Generative Models

The synthetic networks considered in this work are
undirected, unweighted, and randomly generated, as
randomness is a key ingredient for the emergence of
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spectral localization. We focus on three well-known net-
work models: scale-free, Erdés—Rényi, and small-world
networks [1].

Scale-Free networks These are constructed using the
Barabdsi-Albert (BA) preferential attachment model
[61]. The process begins with an initial fully connected
core of my nodes. New nodes are added sequentially,
each connecting to m < mg existing nodes with proba-
bility proportional to their degree. This generative rule
leads to a heavy-tailed degree distribution characteristic
of scale-free topologies.

Erdos—Rényi networks These are generated using the
Gilbert model, in which each possible edge between N
nodes is included independently with a fixed probability
p [78]. This results in a binomial degree distribution and
provides a homogeneous random graph structure that
serves as a useful benchmark for comparison.

Small- World networks These are generated using the
Watts—Strogatz algorithm [79]. The construction starts
from a regular ring lattice where each node is connected
to its k nearest neighbors. Then, with probability p, each
edge is randomly rewired to a new target node, introduc-
ing long-range connections that create the small-world
effect. This model interpolates between regular and ran-
dom structures depending on the value of p.

4. Weakly nonlinear analysis

We begin by introducing small inhomogeneous pertur-
bations, u;, to the uniform equilibrium point, thereby
slightly perturbing the system from its steady state,
xj = X; +u; for j = 1,...,N. Substituting this into
equations (1) and performing a Taylor expansion yields
the following equation for the time evolution of u;:

N
l.lj = JUj +D Z ijllk -‘rMU.jU.j +Nujujuj +... (5)
k=1

where J is the Jacobian matrix evaluated at the steady
state x*, and Mu;u; and Nuju,u; represent, respec-
tively, the second and third-order terms. Redefining p
above the supercritical Hopf bifurcation as u = pg +
€21, where p, is order one and introducing a slow time
variable 7 = €2t, the total derivative with respect to
the original time ¢ is then: d/dt — 9/0t + €20/0r.
Under the crucially imposed condition x = €2, the im-
pact of diffusion is comparable to the deviation from the
bifurcation point. In proximity to criticality, matrices
J and operators M, AN can be expanded in powers of
e J=Jg+J1+..., M = Mo+ €M +..., and
N =Ny + €N, + ... Expanding u as a series in terms
of both ¢ and 7: u;(t) = > .o, enujn) (t,7), and substi-
tuting this expansion along with the previous ones into



Eq. (5) and grouping terms by order in € yields the fol-
lowing set of equations.

a v v
(at}l - J0> ul”) =B\ (6)

for v = 1,2, 3... where I is the identity matrix and with
Bgu) defined according to the superscript v. As shown
in [53, 55], the solvability condition for the linear system
above, as per the Fredholm theorem, is directly satisfied
for v =1 and v = 2, while it must be explicitly imposed
for v = 3. In particular, for v = 1, one has Bg»l) =0,
corresponding to the linear problem for the fast variable
t with a solution

uél)(t,T) = W;(1)Upe™" + c.c., (7)

where Uy is the right eigenvector of J, corresponding to
the eigenvalue iwg. Here iwg is the intrinsic frequency of
the identical oscillators and c.c. stands for the complex
conjugate of the preceding term. The complex variable
W, () represents the amplitude of the perturbation, and
its dynamics are assumed to be slow, governed by the
slow time scale 7. This choice is based on the fact that
when the system is very close to the threshold and on
the unstable side, the growth rate causes a slow increase

in amplitude, supporting the consideration of two-time-

scale dynamics. For v = 2 instead, we obtain B§2) =

M0u§1)u§1). Next, we attempt to represent the solution
of the linear system as follows:

u§-2) = WJ-2V2€2iw0t + ’Yllgvl) + |I/Vj|2\/07

for some undetermined constant . Substituting this
ansatz into (6) and collecting terms independent of ¢,
we derive Vo = —2J51M0U0U3, where the bar in-
dicates the complex conjugate. Similarly, by group-
ing the terms proportional to e?“°! we find V, =
(2iw0]I — Jo)il M()U()Uo.

The third term in Eq. (6) is given by B{Y =
(Jy — d/drT) u§l) + ngzl iju,(gl) + QMoug-l)uf) +

Ngugl)uél)ugl). Now, by explicitly imposing the solvabil-
ity condition for ¥ = 3, an amplitude equation for the
time evolution of W;(7) is obtained [53, 55], also known
as the Complex Ginzburg-Landau (CGL) equation

N
d
EWJ'(T) = oW; — g|W;|*W; + dZijWk (8)
k=1
where the complex coefficients are given as
o = Ope + iorm = (UHNTI Uy, d = dge +
idpn = (U5)"DUg, and g = gre + igrm =

—(U¥)T2M VUl +2MVUp + 3N, U U U})

where { indicates the conjugate transpose. Here U}
is the complex conjugate of Uy. From here, one can
immediately notice the absence of dependence of the
CGL coefficients on network topology. The Complex
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Ginzburg-Landau (CGL) equation serves as a normal
form for describing the amplitude of a pattern. In
the context of diffusion on one-dimensional continuous
support, where L is replaced by 02?/0x2, the CGL
solution manifests as a traveling plane wave, dictating
the (slow) spatial modulation of the oscillatory pattern.

5. The solvability condition

Fredholm theorem states that the linear equation
Au(t) = b(¢) is solvable if (v(t),b(t)) = 0 for each vec-
tor v(t) that satisfies A*v(t) = 0. Here, A denotes a
linear operator, with u(t) and b(t) as complex vectors of
equivalent dimensions. The adjoint operator A* is de-
fined such that (A*y,x) = (y, Ax) for any vectors x and
y. The scalar product is defined as

27 [wo
(v(t),b(t)) = /O vi(t)b(t)dt.

Referring to equation (6), the Fredholm theorem first ne-
cessitates identifying v(t) such that (0/0t1 — Jo)*v(t) =
0. Considering that Jg is a real matrix, integration by
parts reveals that

oI * ol g
——J =—|=+J .
(at 0) <8t " °>
Thus, the equation becomes —(9/0tI + Jo)Tv(t) = 0.
Following the same discussion in the main text, we seek
v(t) in the form Uje™“o! for a specific vector U. Sub-
stituting this ansatz results in (Jo)T U} = —iwoUj. Tt is
common to normalize U} such that (U})TUgy = 1, which
facilitates calculations. Defining U} allows us to articu-
late the solvability condition (Uéei“‘)t,B;V)(t,T» = 0.
The expressions B§V)(t,7') prove to be periodic func-
tions with a period of 2m/wy, they are expressed as
() _ \too () ilwot ; :

Bt 7) = (Bj (T))le o, When this series

l=—00
is multiplied by (Ugei“!)T, it results in periodic func-
tions that, integrated over 27 /wq, result in zero except
when [ = 1. This leads to

27 [wo
iwot) — uy)t (BY (1)) at.
c = [ (B),

Since the integral results in zero only if the integrand
is identically zero, the solvability condition simplifies to

(U3)" (B (7)), =0 vj and for all v.

(Uger', (B (7))

6. Calculation of the CGL coefficients for the Réssler model

In this section, we provide the calculations for a spe-
cific parameter set in the original Rossler model, with



the goal of determining the CGL equation coefficients.
We begin by evaluating the Jacobian matrix at its fixed
point, before perturbation, as given above.

0 -1 -1

Jo = a 0
0= — 2 —4ab 0 c— /2 —4ab

2 2

Since carrying on analytical calculations yields lengthy
and not understandable formulae, we will proceed nu-
merically considering the parameters as in the main text:
a = —0.01, b= 0.2 and ¢ = 30, which gives

0 -1 -1
Jo = 1 —0.01 0
—0.00007 0  —0.00007

The eigenvalue we consider is A\, =~ —0.005 £ ¢, which
doesn’t have exactly a zero part because a is not exactly
zero. If so, then the fixed point would diverge. However,
its real part can be considered negligible at this level.
The corresponding right and left eigenvectors are

0.00354 + 0.70709:

Uy = 0.70712 Uj = 10.70712 — 0.00702¢
—0.00005 0.70716
Now let’s calculate J;
0 0 0
J, = 0 1 0

0.0067 0 0.0067

and recalling that ¢ = (U)TJ; Uy = 0.5 + 0.0083i
where clearly ogre > 0. We can use the same eigenvec-
tors to calculate d = (U3)TDUy = 0.2 recalling that
Dy = Dy = D, =0.2. The remaining coefficient is more
involved and is given as

g=-(U

We recall that the second and third order terms here are
defined as

ST 2MVaUp +2M Vo Uy + 3N U U U

3 2
Z TR (1))

(Mujuy), OO,
3
PR, p)
(N'u]u]u] I m% ) D2 DT M, ())m(a;)n(u;)p

Thanks to the dominance of linear terms in the Rossler
model, the third order derivatives vanish and thus
(Mujujuy), = 0, VI independently of the choice of the
vector u;. Due to the same property of the model,
we have that only the third equation contributes to the

— % [(u)l(v);g + (U)S(V)l}

where to make the notation less confusing and ready to

second order term (Muv),

0.00349 + 0.70713¢
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be used in the formula for calculating g, we have consid-
ered two different 3-dimensional vectors u, v. Now re-
ferring to [53, 55], we define Vo = 72J51M0U0U3 and
V, = (2iw0]IfJ0)71/\/loUoUo where Mg means that
the operator as defined above should be evaluated at p,
but in our case this is not relevant since the one partial
derivative involved is just a constant. Consequently

5.1082 x 10~°
Vo =25 *MoUoU; = | 5.1082 x 1073

—5.1082 x 1073
V2 = (2%.)0]1 - Jo)il M()U()UO

—3.8946 x 1078 — 1.1785 x 1024
—5.8922 x 107% — 9.98811 x 10~%
—1.7677 x 1075 + 8.788 x 1078

Proceeding similarly, we finally obtain ¢ =
1.279 x 107° + 0.00255:. Most importantly, we
verified that gre > 0, indicating that the bifurcation is
supercritical. The small value of g is due to the very
weak linearity of the Rossler model and the third entry
of the vector Uy which is very small.

B. Non-chaotic amplitude mediated chimera
patterns

Unlike the Rossler model, the Brusselator is character-
ized by only two variables and, being a two-dimensional
system, it cannot produce chaotic behavior according to
the Poincaré-Bendixson theorem [80]. Furthermore, as
discussed in the main text, the two-dimensionality of the
model prevents it from undergoing a Hopf bifurcation in
a non-zero spatial domain. Thus, the phase differences
from the original limit cycle will always be zero. To ob-
serve non-chaotic yet oscillatory behavior in the phase
difference, we consider the Réssler equations in a regime
where chaos is absent, specifically for a parameter value
of ¢ lower than previously analyzed. Figure 7 illustrates
this scenario (for the species ¢), where we particularly
emphasize the use of stroboscopic plotting at the same
frequency as the original limit cycle. Despite apparent
disorder in both amplitude and phase, no quasiperiodic-
ity is present.



14

(a) (b).; , - (¢) .
IRES = | L. |
[ == = o ™2 ST . .
& L sevesesssssesssssnssssnsssssssstee= i i,

09t 2 = o e s

= ¥

-m/2 1 '8

0.00225 ]

. = o
3 [}
0.00195 - . o 06 13
s

~< B Z
r & =047 1 25
e w T N

=02
£0.00805 ¥ <
o 100 s
-1 08 06 04 02 0 1 20 40 60 80 1 3195 3.196  3.197  3.198  3.199 32
Node Index Time x10*

KA

FIG. 7. Non-chaotic Amplitude-Phase Chimera States in the Rossler Model for the species ¢. (a) Real (blue
stars) and imaginary (red circles) parts of the dispersion relation for a = —0.01 (lower) and a = 0.01 (middle) respectively. (b)
Phase differences (upper) reveal chimera states, with indices scattered for disordered patterns; amplitude differences (lower)
show localized disorder, with nodes arranged for a center-peaked symmetric amplitude distribution. (c) Pattern evolution at
equilibrium with visible amplitude disruptions. The rest of the parameters are b = 0.2, ¢ = 5.7, Dy = Dy = 0, D, = 0.35, and

k = 0.04, and the network used is depicted in Fig. 1.
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