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A critical question in epidemic control concerns the minimal requirements for a vaccination cam-
paign to effectively halt a contagion process. However, control measures can inadvertently trigger
resurgence dynamics, driven by a reservoir of susceptible individuals left unexposed in the controlled
wave. This phenomenon, known as the “rebound effect”, is often preceded by a temporary drop
in cases, termed usually as the “honeymoon period”. In this study, we examine the fundamental
conditions for rebound dynamics within a metapopulation network framework. By elucidating the
mechanisms underlying rebound events, we derive a rigorous mathematical criterion that identifies,
based solely on the metapopulation network structure, the specific vaccination strategies likely to
precipitate a rebound. Additionally, we propose an alternative vaccination protocol designed to
eliminate rebound dynamics entirely. This approach is analytically validated and offers a robust
pathway toward sustainable epidemic control.

INTRODUCTION

Since the birth of the field of epidemic modeling, the subject of how to control and reduce the negative effects of an
epidemic has been of paramount importance for researchers. In fact, the aim of the article that for the first time
applied mathematics to the study of an epidemic, published by Daniel Bernoulli in 1766, was to quantify the number
of lives saved from smallpox through extensive inoculation campaigns [1]. Even nowadays that same question remains
extremely relevant, and in recent years we have seen a flourishing of papers dedicated to optimizing control inter-
ventions (both pharmaceutical [2, 3] or non-pharmaceutical [4–6]), where the criterion to define optimality heavily
depends on the model and on the choice of the cost function.
It has been noticed that interventions aimed at controlling the epidemic can themselves lead to unexpected negative
effects once they are lifted [7, 8]. That is easy to see in the case of lockdown policies and risk perceptions, which
lead to an increase in the number of contacts among susceptible people and therefore an increase in the reproduction
number [9, 10]. However it has been shown that vaccination campaign can also produce similar results, although
the reasons behind it are harder to understand. Even in the case of vaccines with life-long immunity, like the ones
against rubella or measles, mass vaccination campaigns might result in an initially calm period (sometimes named the
“honeymoon period” [11, 12]) followed by an delayed but sudden resurgence, which usually affects communities that
would have been left alone in the pre-vaccination era. Such an effect is usually connected to a slow build-up of the
susceptible population, which can only happen because the number of infections is kept artificially low by the vaccine
[13–17]. The same basic mechanism underlie the so-called “rebound” effect, where the interruption of the usage of a
short-lasting immunity vaccine (such as the one for the flu or COVID19) can produce epidemic peak larger than the
ones there would have been without the vaccination, depending critically on the campaign timing [8].
This paper focuses on this effect, building on the previous work by Castioni et al. [8] to extend the criterion for
epidemic rebound within the framework of network epidemiology. In particular we are going to be focusing on
metapopulation networks, a concept born in the ecological literature [18], where each node represents a different
geographical patch and individuals are free to interact not only within their own population but also those living in
with their neighboring patches [19]. In this paper we will focus on a cross-coupled model, which is used to describe
systems in which individuals do not permanently move from patch to patch and where the commuting dynamics is
so fast that it can be summarized as an element of a contact matrix [20–22] .
We will address a longstanding question in epidemic control, first posed in the ’city and villages’ model [23]: is it
more effective to prioritize vaccination for highly connected patches or for peripheral ones? Unlike previous works on
the subject, this study focuses on post-vaccination effects, particularly examining which vaccination strategy leads
to a larger epidemic rebound. Although results obtained in the mean-field scenario are not directly applicable to
networked populations, some theoretical insights offer valuable perspectives for understanding the mechanisms of
rebound dynamics in metapopulations and for identifying the optimal strategy to counteract them.
The paper is structured as follows: First, we describe the model and the type of vaccination campaign under consider-
ation. Second, we present a general criterion for determining whether a vaccination campaign may lead to a rebound.
Third, we examine the relationship between vaccination coverage (i.e., the percentage of vaccinated patches) and
the strength of network links, which in a metapopulation model typically corresponds to mobility between patches.
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FIG. 1. Rebound caused by different vaccination strategies in a star network. In this example, two vaccination
strategies are used: the first (blue) targets only the “leaves” of the graph, while the second (red) focuses solely on the hub.
The vaccination campaign starts once equilibrium has been reached, as indicated by the shaded area and the syringe symbols.
It can be clearly seen that, although strategy 1 employs more resources and lowers the susceptible population significantly, it
does not result in a rebound because the infectious population never drops to zero. On the other hand, strategy 2 is much
more effective at eradicating the disease across the whole network, thereby creating conditions for the susceptible population
to grow above its equilibrium value, resulting in a noticeable rebound.

Finally, we discuss a potential approach to eliminate the rebound effect without compromising the full utilization of
available vaccines.

The model

We consider a continuous-time epidemic model within a cross-coupled metapopulation framework, where the state
variables are represented by the vectors Si, Ii, and Ri. These vectors correspond to the fractions of susceptible,
infectious, and recovered individuals, respectively, in each patch i, satisfying the normalization condition Si+Ii+Ri =
1 for each patch. This condition ensures that the population fraction remains constant across each patch in the model.
The dynamical equations of our SIRS model are the following:

dSi

dt
= −βSiIi − pβSi

M∑
j=1

AijIj + δRi − αi(t), (1)

dIi
dt

= βSiIi + pβSi

M∑
j=1

AijIj − µIi, (2)

dRi

dt
= µIi − δRi + αi(t) (3)

where β is the local transmission rate, µ is the recovery rate, δ is the waning immunity rate, Aij is the adjacency
matrix of the contact network among patches (often referred to as the “who acquires infection from whom” WAIFW
matrix; see [19]), and p ∈ [0, 1] is the weight associated with each connection, representing the fraction by which
the transmission rate is reduced if an infectious contact originates from a different patch. In the metapopulation
context, Aij typically represents the mobility network, while p serves as a factor to modulate mobility reductions.
Throughout this paper, Eqs. (1)-(3) are always solved with the same initial conditions: Si = 0.99 and Ii = 0.01,
chosen to be identical for each patch to avoid introducing confounding sources of heterogeneity in the final results.
The vaccination rate αi(t) is both time-dependent and node-dependent. This is because it is assumed to be non-zero
for a chosen subset of target nodes and only between times tstart and tstop:

αi(t) =

{
αi, if t ∈ [tstart, tstop]

0, otherwise.
(4)



3

It should be noted that the basic reproduction number for this model depends on the network topology as follows:

R0(A) =
β

µ
(1 + pλmax(A)) , (5)

where λmax(A) is the spectral radius of the adjacency matrix A and the formula has been obtained through the next-
generation matrix framework [24] described in Appendix A . This expression is significant because it demonstrates
that an epidemic can spread even when the mean-field reproduction number, β/µ, within a single patch is less than
one. This feature is crucial for understanding whether a rebound effect may occur.
In the previous study [8], which revolved around a simple SIRS mean-field model, vaccination rates were found to
produce three distinct regimes: the coexistence regime, the eradication regime, and the total immunity regime. In the
coexistence regime, defined by α ∈ [0, αer], all compartments (susceptible, infected, and recovered) are present, and
the system’s behavior qualitatively resembles that of the standard SIRS model, but with modified stationary values.
The critical vaccination rate for eradication, αer = (1− µ/β)δ, marks the threshold at which the endemic fraction of
infected individuals drops to zero, subsequently allowing the susceptible population to build up sufficiently to fuel a
new wave of infections once the vaccination campaign is halted. As a consequence, note that, in the mean-field case,
the criterion for achieving such a rebound depends solely on the intensity of the vaccination campaign, with a critical
value given by αer. However, in the case of the network model (1)-(3), the spatial distribution of vaccines across
population patches also plays an important role, for instance, by preventing localized extinctions of cases through
colonization from neighboring patches. To isolate the specific contribution of this spatial aspect of the vaccination
campaign, we assume that whenever vaccination is activated, α > αer. That is, we investigate the role of metapopu-
lation vaccination under the assumption that the vaccination rate is always sufficient to eradicate the infection at the
level of the single patch. Unless otherwise stated, throughout this work we used the following parameters: β = 0.7,
µ = 0.5, δ = 0.01 and α = 0.008.

The rebound criterion

In [8], the authors revealed a critical feature of any finite vaccination campaign with a waning vaccine on the epi-
demiological dynamics of SIRS models. The effect is a “rebound” in the number of infected cases, caused by the
synchronization of cases after waning begins to affect the population. Notice that in this work we do not use the word
“rebound” to refer to any gentle increase in infections after the end of a vaccination campaign, since that phenomenon
is easily understood as the effect of a change in the stationary state of the dynamical system. Rather we reserve the
term to indicate those more puzzling cases in which the transition between one equilibrium and another causes a
wave whose height is much taller than the equilibrium level. A significant resurgence in cases is only possible if the
number of susceptibles is allowed to build up above the critical threshold; this, in turn, occurs only if the vaccination
campaign reduces the number of infections to a value close to zero. As previously mentioned, in the mean-field case,
this happens when α > αer, but we are now interested in determining whether a similar threshold behavior exists
concerning vaccination coverage (i.e., the number of vaccinated patches in the metapopulation).
For instance, in the case of the network model described in Eqs. (1)-(3), the condition stated above is trivially satis-
fied if we vaccinate every single patch. However, it becomes less straightforward when only a fraction of patches are
vaccinated, as this implies that we only have direct control over a subset of infections. Interestingly, it turns out
that the indirect control over the remainder of the network (which we will henceforth refer to as the reduced network)
can be quantified and exploited by once again using the reproduction number defined in Eq. (5). Specifically, if the
reproduction number of the reduced network is below one, the epidemic will spontaneously converge to zero (given a
sufficiently long campaign duration), thereby satisfying the condition for a rebound to occur once the vaccination is
lifted. In mathematical terms, if we define Ared as the reduced adjacency matrix obtained by removing all the patches
that have been vaccinated, then the rebound happens only if

R0(Ared) =
β

µ
(1 + pλmax(Ared)) < 1 (6)

A schematic explanation of this phenomenon is given by Fig. 1, where we can compare the effect of a vaccination
that targets primarily the leaves of a network (blue), while the other one favors the hub (red). In the former case the
spectral radius of A remains basically unchanged, while in the latter it drops abruptly. In other words the reduced
reproduction number R0(Ared) stays above one in the first case and it drops below one in the second, causing the
rebound to manifest only when the hubs are targeted.
This condition also provides critical insights into the effects of random vaccination strategies. For instance, vaccinat-
ing a small number of patches will not induce a rebound, as it will not significantly alter the spectral properties of the
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network, even when targeting a substantial fraction of the network’s patches. This is due to the fact that, particularly
in heterogeneous networks, the majority of patches are peripheral and play a negligible role in the overall dynamics.
To confirm this intuition, we simulated 200 different vaccination strategies targeting 160 randomly chosen patches out
of a 200 patch heterogeneous network. For each scenario, the reduced R0 and the height of the rebound were recorded
and plotted in a scatter plot shown in Fig. 2. The results reveal a clear distinction between strategies that induce
a reproduction number below or above one. In the former case, vaccination leads to a significant rebound, while in
the latter, only minor oscillations around the equilibrium value are observed. Here the size of the network (N = 200)
was chosen in order to avoid two specific finite-size effects: the obvious discrete jumps in the reduced reproduction
numbers distributions, due to the small number of well-connected hubs that control the spectral properties of the
system, and the large oscillations in the rebound size close to the threshold. The number of vaccinated patches on
the other hand was chosen specifically in order for the system to clearly display the transition.
Furthermore, the figure demonstrates that all vaccination strategies including the highest-degree patches (empty dots
in Fig. 2) have a high probability of inducing a rebound. This observation is supported by basic network theory,
specifically the Perron-Frobenius theorem, which states that λmax(A) ≤ kmax, i.e., the maximum degree serves as an
upper bound for the spectral radius of the adjacency matrix. Consequently, it follows that, especially in heterogeneous
networks, targeting the highest-degree patches is consistently more effective at reducing the reproduction number. As
a result, such targeted strategies lead to larger rebounds once vaccination efforts are lifted.
Finally, we should emphasize that, for large vaccination coverages, the reduced network will likely become discon-
nected. One might think that this necessitates treating each component separately, calculating the reproduction
number for each. However, this is not required, as Eq. (6) inherently provides the largest reproduction number among
all components in the disconnected network. Thus, if we can verify that this value is below 1, we can automatically
conclude that the same condition holds for all other components of the network as well. For this reason, throughout
this work, we will refer to R0 (Ared)—with a slight abuse of notation—as the basic reproduction number of the entire
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FIG. 2. Rebound in random vaccination campaigns. The figure shows 200 different realizations of a vaccination cam-
paign in which 160 patches out of 200, in a heterogeneous network with a power-law degree distribution generated using the
Barabási-Albert (BA) model, were vaccinated. The rebound height is measured relative to the equilibrium value of the infected
compartment, so the horizontal line corresponds to a case with no rebound at all. The empty dots represent realizations in
which the top four highest-degree patches are among the vaccinated. It can be clearly seen that the reduced reproduction
number, R0(Ared), acts as a control parameter governing the transition between simulations with and without rebound, as
predicted by Eq. (6). For this figure the parameter p has been set to 0.1.
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FIG. 3. The heatmaps in this figure show the conditions under which the rebound appears, based on the average weight p
(x-axis) and the percentage of vaccine coverage (y-axis). The left and right panels correspond to a Erdős-Rényi (a) and a
Barabási-Albert network (b), respectively, both with N = 200 and ⟨k⟩ ≃ 4. The color scale represents the rebound height
normalized by the stationary value of the I compartment. The white line corresponds to the theoretical prediction of the
critical line given by Eq. (8), obtained by calculating pcrit for each coverage value from 1 to N − 1 and smoothing it using a
mathematical process described in the Appendix B.

reduced network, rather than that of any specific component.

Targeted vaccination and critical mobility

Up to this point, we have focused on how the presence of a rebound is determined by the combination of patches
chosen for vaccination, particularly in the context of random strategies. However, examining Eq. (6), it becomes
evident that the average link weight p also plays a significant role in determining whether a rebound occurs. In this
section, we explore the interplay between p and the extent of vaccination coverage. To this end, we consider a
mobility network with a fixed structure and an average link weight p varying between 0.01 and 0.3. The vaccination
coverage is allowed to range from 1 to N − 1 (where N is the size of the network). To avoid spurious effects arising
from variations in the overall basic reproduction number—which itself depends on p, as per Eq. (5)—we rescale the
transmission rate β by making it a function of p:

β(p) =
β0

1 + pλmax(A)
, (7)

such that the reproduction number remains constant and independent of p, i.e., R0(A) = β0/µ, where β0 is the
transmission rate in a totally disconnected patch. Finally, we restrict our analysis to targeted vaccination campaigns,
where patches are vaccinated in decreasing order of their degree. This procedure is repeated for one homogeneous
(Erdős-Rényi) and one heterogeneous (Barabási-Albert) network.
Given these premises, it is possible to analytically derive the critical mobility, i.e., the value of p above which, for
a given set of vaccination targets, a rebound always occurs. This condition is obtained by substituting Eq. (7) into
Eq. (6), setting the latter equal to 1, and solving for p. The resulting expression is:

pcrit =

(
β0

µ
− 1

)
1

λmax(A)− β0

µ λmax(Ared)
. (8)



6

0.00

0.02

0.04

0.06

0.08

1000 1250 1500 1750 2000
Time

In
fe

ct
iv

es

a) Connected

0.00

0.02

0.04

0.06

0.08

1000 1250 1500 1750 2000
Time

In
fe

ct
iv

es

b) Disconnected

FIG. 4. Asynchronous vaccination in a connected (a) and disconnected (b) three-patches network. . In both
cases, the time starts from 1000 because the system was allowed to reach equilibrium before the vaccination began. The red,
green, and blue shaded areas represent the time windows during which each of the three patches was vaccinated, as explained
in Eq. (11). It is evident that the asynchronous strategy significantly reduces the rebound in the connected case compared to
the disconnected one. To ensure comparability between the two systems, they were assigned the same R0 by adjusting β(p) as
prescribed by Eq. (7). The parameters used were β0 = 0.8, µ = 0.5, δ = 0.01, and α = 0.01. Finally, p was set to 0.3 for the
connected network and to 0 for the disconnected one.

This formula not only identifies the location of the critical line but also provides two important threshold conditions.
First, since p must be a positive number, the equation becomes meaningless when the denominator is negative. This
leads to the following threshold condition:

λmax(Ared) <
µ

β0
λmax(A), (9)

which identifies the vaccination distributions where a rebound could potentially occur. Second, the other possible
limit of Eq. (8) occurs when λmax(Ared) = 0, which corresponds to vaccinating all but one patch. In this case, we
obtain the following threshold value for p:

p >

(
β0

µ
− 1

)
1

λmax(A)
, (10)

representing the value of the weight p below which no rebound is possible. Evidence for this effect is presented in
the results shown in Fig. 3. The most noticeable difference between the homogeneous and heterogeneous networks
is that the former exhibits a wide range of vaccination coverages where a rebound does not manifest, while in the
latter, this range is as narrow as just a few patches. This difference can be interpreted in light of a standard result
from network theory, which states that the spectral radius of a network is proportional to the average degree ⟨k⟩ in
homogeneous networks, while in heterogeneous networks, it is proportional to the square root of the maximum degree
kmax [25]. Incorporating this insight into the condition given in Eq. (9) clarifies the difference observed in the panels
of Fig. 3. In the homogeneous network, a significant number of patches must be removed before this impacts the
average degree, due to the relative uniformity of the network. Conversely, in the heterogeneous network, the targeted
removal of hubs can substantially reduce the spectral radius in just a few steps.
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This same reasoning explains the difference in the accuracy of the critical line between the two panels. In the
heterogeneous network, the rapid drop in kmax causes an abrupt transition between rebound and non-rebound regimes.
On the other hand, in the homogeneous network, the slow decline of ⟨k⟩ leads to a much smoother transition, which
makes the critical line less precise but still qualitatively valid. Finally, in both panels, the top-left corner is slightly
lighter than the rest of the non-rebound region. This occurs because, when the vaccination coverage approaches
100%, the number of infected individuals is non-negligible in only a few patches. As a result, the time required for
the infection to spread throughout the entire network allows the susceptible population to build up slightly beyond
its equilibrium value, fueling a minor resurgence of infections even if we are outside of the rebound regime.

Asynchronous vaccination

We understand the rebound as an effect caused by the synchronized disappearance of infection from several patches
at the same time. Therefore, it is not the sheer amount of vaccines that causes it, but rather the timing of their
administration. Using this insight, we propose an alternative vaccination strategy where the same amount of vaccines
is distributed asynchronously, i.e., with different starting times for each patch. This approach ensures that all doses
are used while preventing the number of infected individuals from approaching zero. To test this idea, we propose the
following strategy: we took a three-patch network and simulated an epidemic with the usual SIRS model in Eq. (1)-(3)
until it reached the stationary state. Then, we started a vaccination campaign targeting one patch at a time:

αasync
i =


αδ1i if t ∈ [tstart, t2]

αδ2i if t ∈ [t2, t3]

αδ3i if t ∈ [t3, tstop]

0 otherwise

(11)

Finally we compare the resulting rebound with the once obtained with the same strategy but in the case of purely
isolated patched, without network structure but with the same reproduction number. The result of this comparison
are shown in Fig. 4, where we can see that a startling difference between the connected case, where by making sure
that the infected do not drop too close to zero the rebound practically disappears, while in the case of isolated patches
the rebounds happens not one but three times, one for each patch.
In Fig. 5 we also show that the same idea works on every single strategy displayed in Fig. 2, when instead of
vaccinating all the patches at the same time we split them into five groups and vaccinate them one after the other. It
that way it can be seen that the height of the rebound sharply drops even when the reduced reproduction number is
below 1.

DISCUSSION

The literature on epidemic control, especially the one regarding vaccination, has always been overwhelmingly focused
on analyzing the impact of different types of vaccination campaign in terms of some established measures such as the
height of the peak, its position or the attack rate [3, 5]. Significant resources have been dedicated to identifying “op-
timal” vaccination strategies—those that minimize these metrics—both in the context of mean-field models [26, 27]
and network models with a complex community structure [28–31]. The former models tend to agree that the timing
of the intervention is important, while the latter tend to stress the fact that nodes ranked higher with respect to some
centrality measure (e.g. degree, betweeness, eigenvector, k-shells etc.) should be prioritize. However, less attention
has been paid to the dynamics that unfold after such campaigns end, whether due to design or resource constraints.
This gap in the literature is critical, as it overlooks the long-term consequences of vaccination efforts, particularly
in systems where reinfections or other mechanisms replenish the susceptible pool. In this study, we investigated
what happens when an epidemic control policy temporarily suppresses the number of infected individuals without
eliminating them entirely. Our findings demonstrate that such policies create conditions for a subsequent resurgence,
known as the “rebound effect”. This effect arises because the artificially low prevalence during the campaign allows
the susceptible population to accumulate, setting the stage for a sharp resurgence once the campaign ceases. Using
a metapopulation model, we have shown that this rebound phenomenon is a robust feature of epidemic models with
reinfections or similar mechanisms, independent of the specific details of the contagion process.
After establishing the existence of the rebound effect in networks with complex topologies, we identified the minimum
requirements for its occurrence. Our analytical criterion, summarized in Eq. (9), states that a rebound will occur if
the fraction of the network left unvaccinated has a reproduction number below one. Paradoxically, this leads to the
counterintuitive conclusion that the most effective vaccination strategies—those that reduce the basic reproduction
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FIG. 5. Effects of asynchronous vaccinations. In this figure, each point represents a different realization of a vaccination
campaign. The black points correspond to those plotted in Fig. 2, where vaccination for all targeted nodes began and ended
during the same time period. The purple points, on the other hand, represent the same spatial distribution of vaccines but
with an asynchronous roll-out, in which the total number of targeted nodes was divided into five groups that received their
doses one after another. The difference between the two groups is striking, highlighting that the rebound effect disappears
when asynchronous vaccinations are employed.

number (R0) the most—are also those most likely to set the stage for a severe rebound. For example, in the context
of the “city and villages” model (where one big patch is assumed to be surrounded by a number of smaller ones), the
standard strategy would be to target the city and let the villages reap the benefits indirectly. In the context of our
model however, this would invariably lead to a huge resurgence, for the reasons stated above (see Fig. 1).
It is not our intention to suggest that there are situations in which vaccines should be avoided altogether. On the
contrary, a precise understanding of the rebound effect has led us to identify asynchronous vaccination strategies as
a solution to the problem, while keeping the number of vaccines deployed unchanged. This approach is so effective
that it might explain why the rebound effect is rarely observed in real-world data: natural variations in the starting
times of vaccination strategies may smooth the effect to the extent that it becomes indistinguishable from noise.
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APPENDIX A

In order to obtain Eq. (5) one has to use the next-generation matrix approach. To do so we first rewrite the equations

for İi to match the formalism that we are using as a reference [24]. The result is

İi = Fi(x)− Vi(x). (12)

where x is just a vector that contains all the numbers of individuals coming from each compartment and has been
introduced to make the notation less cumbersome. The term Fi(x) includes all the rates of creation of new infections,
while the second term is Vi(x) = V−

i (x) − V+
i (x), which are the rates of transfer of individuals from and to i,
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respectively.
The next step in the procedure is to compute the Jacobian matrix with respect to the infectious compartments Ii of
both terms close to the disease-free equilibrium x0. We define those matrices as

Fij =
∂Fi

∂Ij
(x0), Vij =

∂Vi

∂Ij
(x0). (13)

The basic reproduction number is then found by taking the spectral radius of the so-called next-generation matrix
FV −1. In our case the rates are

Fi(x) = βSiIi + pβSi

∑
j

AijIj , (14)

V−
i (x) = µIi, (15)

V+
i (x) = 0, (16)

while the disease-free equilibrium is simply given by Si = 1 and Ii = Ri = 0 for every i. Therefore the Jacobians turn
out to be

Fij = βδij + pβAij , Vij = µδij (17)

where δij is Kronecker’s delta. Finally, after computing the inverse of V as V −1
ij = 1

µδij and taking the spectral radius

of the FV −1, one obtains the formula for the reproduction number as shown in Eq. (5) or (6).

APPENDIX B

In Fig. 3 of the main text the white critical line is presented as the solution of the equation:

pcrit =

(
β0

µ
− 1

)
1

λmax(A)− β0

µ λmax(Ared)
. (18)

In particular, this curve was calculated by sequentially removing nodes from the network, one at a time, in order of
decreasing degree. For each removal, we calculated λmax(Ared), the spectral radius of the reduced adjacency matrix.
This process produced a set of pcrit values, each corresponding to a specific vaccination coverage. However, the curve
obtained in this manner exhibits a step-like appearance due to the discrete nature of the node removal process. To
solve the problem we fitted such step-like curve to the easiest possible function, which was:

λmax(Ared) = A
Nred

N
, (19)

for the homogeneous network and

λmax(Ared) = A

(
Nred

N

)γ

, (20)

for the heterogeneous network, where A and γ are both free parameters determined by calibration. In particular the
values we used were A = 4 for homogeneous case and A = 4.8 and γ = 3.5 for the heterogeneous one. See Fig. 6 for
a comparison with the smoothed and non-smoothed solution.
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