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Abstract. Let d be a positive integer. The mutual d-visibility number
,ud(G) of a graph G is introduced as the cardinality of the largest mutual
d-visibility set. That is, X C V(G) is a mutual d-visibility set if for
any pair of vertices x,y € X, the distance between them is larger than
d, or there exists a shortest x,y-path in G whose internal vertices are
not in X. Several combinatorial and computational aspects of u%(G) are
given in this work. Finally, the NP-completeness of the decision problem
concerning finding x%(G) is proved.
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1. Introduction

The mutual-visibility problem in networks is very well known in the area of
computer science, in connection with mobile robots that navigate in a network
avoiding collisions between them. It is understood that two robots are mutu-
ally visible if there is a shortest path between them in the network in which
there is not located any other robot. There are several different approaches to
the problem. Some of them considers the “visibility” properties between the
navigating robots in such a way that any two robots must be mutually visi-
ble throughout all the possible shortest paths between them. This also means
that among all the navigating robots, there are no three of them that are
collinear. This idea becomes the so-called general position problem, which was
independently introduced in [15,22], although some first works considering it
as a pure combinatorial problem in hypercubes was already known from [17].
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In addition, it is understood that the origin of the general position problem is
the celebrated still open “no-three-in-line” problem posed by Henry Dudeney
in [8].

Another approach to the visibility problem requires the mutual visibil-
ity properties to be satisfied only through at least one shortest path between
the navigating robots. This approach was first considered from a graph theory
point of view in [7], but it has some origin in previous computer science prob-
lems in which some robot navigation models avoiding collisions were presented.
Among such works we find for instance [1,6,9,20]. Notice that somehow, also
the “no-three-in-line” problem can be taken as an origin of the this mutual-
visibility variation.

In formal way, given a connected graph G and a set of vertices X C V(G),
it is said that two vertices z,y € V(G) are X-visible, if there is a shortest z, y-
path in G whose internal vertices are not in X. Now, the set X is called a
mutual-visibility set of G if all the vertices of X are pairwise X-visible. The
mutual-visibility number of G is the cardinality of a largest possible mutual-
visibility set of G, and is denoted by p(G). A mutual-visibility set of cardinality
(@) is usually represented in the literature as a u-set.

The investigation on the mutual-visibility problem has recently continued
from a theoretical point of view, and one can find now a few interesting inves-
tigations considering several combinatorial properties of the problem. Among
them we have for instance [2-5,18,21]. We remark the fact that along the study
of the mutual-visibility problems, it has been required the definition of some
few variations of the standard mutual-visibility concept. For example, in [3],
the authors considered the mutual-visibility of Cartesian product graphs, and
to this end, the concept of total mutual-visibility number was needed.

We say that a set of vertices X is total mutual-visibility set if any two
vertices of the graph are X-visible. The total mutual-visibility number is then
defined in a natural way, as its antecessor, and is denoted by 1. (G). That is, in
this new version the “visibility” of a set .S of vertices in a graph was extended
to be satisfied not only between the vertices of S, but also between all the
vertices of the graph, with respect to the set S.

We next consider a different point of view for the mutual-visibility prob-
lem. This comes as follows. Networks can be sometimes very large, and the
navigation of robots in such networks can have some different limitations, like
for instance, lack of range to reach all the points in the network. This would
mean that a robot can have somehow a limited “visibility” and other robots
that are at some enough far distance cannot be taken into account for the “vis-
ibility properties”. This suggest the idea of considering the visibility between
the navigating robots with some kind of locality, or equivalently, considering
the visibility only between robots that are at a bounded distance.

According to this, for a given connected graph G, a set X C V(G), and
an integer d > 1, two vertices z,y € X are (X, d)-visible in G, if the distance
between these vertices is larger than d, or there exists a shortest x,y-path in
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G whose internal vertices are not in X. Also, the set of vertices X is a mutual
d-visibility set if any two vertices in X are (X, d)-visible. A largest mutual
d-visibility set of G is a u?(G)-set, and its cardinality is the mutual d-visibility
number of G, denoted by ut(G).

Next we present some additional notation and terminology, which is nec-
essary to develop our exposition. We study here only connected and undirected
graphs. Given a graph G, the notation dg(z,y) (or d(z,y) if it is clear from
the context) represents the distance between x,y € V(G), that is the length
of a shortest z,y-path. The largest distance between any pair of vertices of
G is the diameter of G, denoted by diam(G). The set Ng(v) (Ng[v]) is the
open neighborhood (closed neighborhood) of a vertex v € V(G). Similarly, for
C C V(G), the set of vertices in V(G) \ C adjacent to some vertex of C' is de-
noted by N(C). The order of G is written as n(G). The independence number
of a graph G is denoted by a(G), and it represents the cardinality of a largest
set of vertices which induces an empty graph. An «(G)-set is an independent
set of cardinality a(G). Moreover, given two graphs G and H, the join graph
G+ H is a graph formed from the disjoint union of G and H by adding an edge
between each vertex of G and each vertex of H. For the sake of readability,
notation and terminology that is only used in specific places in the paper will
be introduced just before it is used.

The plan of our article is as follows. In Section 2, we describe some
relationships between 1?(G) and other known concepts and parameters. As
examples, we determine the exact value of u%(G) when G is a path or a cycle.
Section 3 is devoted to obtain lower and upper bounds for u?(G) in terms of
parameters like the k-dissociation number and the k-packing number, among
others. In addition, in Section 3, we present upper bounds for u¢(G) involving
convex subgraphs of G and, as a consequence of this, we obtain a closed formula
for the case of corona product graphs in Section 5. The subsequent section is
dedicated to characterize the limit case of u¢(G) with respect to the order
and the number of simplicial vertices of GG. The mutual d-visibility number of
the corona and lexicographic products of two graphs G and H is studied in
Section 5, where we give the exact value of this parameter in such products. In
the penultimate section, we prove the NP-completeness of the decision problem
associated to the optimization problem of determining the mutual d-visibility
number of arbitrary graphs. Finally, in the Concluding remarks section, we
propose a list of open problems and possible research lines.

2. First Basic Remarks

It is clear that if d = 1, then the vertices of the whole graph is the u!(G)-set,
and if d > diam(G), then any p?(G)-set represents a standard mutual-visibility
set as defined in [7]. One interesting case is that of graphs G with diameter
two, in which the values of d to be considered are only d = 1 and d = 2, as
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diam(G) = 2 leads to p?(G) = u(G). For instance, among these graphs we
have the case of join graphs, complete bipartite graphs and Hamming graphs,
whose mutual-visibility numbers were studied in [3,7].

Related to Hamming graphs, we may remark the following situation. It
was proved in [3], that the problem of computing the mutual visibility number
of the Cartesian product of two complete graphs K,, and K, is equivalent to
the problem of solving one instance of the well known Zarankiewicz’s problem,
which is stated as follows. If m,n,s,t are positive integers, then we need to
find the maximum number z(m,n; s, t) of 1’s that an m X n binary matrix can
have, provided that it contains no constant s x ¢ submatrix of 1’s. Based on
the comments above, and the results of [3], we also have that, for any integers
m,n > 2,

(K, OK,) = z(m,n;2,2).

By all the reasons mentioned above, from now on we focus our attention on
the cases 2 < d < diam(G) — 1, and on graphs whose diameter is larger than
two. Moreover, the following chain of inequalities clearly holds.

w(G) = pE(G) < M DTHE) < - < pP(@) < pMG) = (@) (1)

The topic of mutual d-visibility in graphs introduced in this paper is
related to the general d-position problem in graphs, which was studied in [16].
The difference between them is that the mutual d-visibility properties need to
be satisfied only through at least one shortest path, in contrast to the general
d-position properties which are satisfied by all shortest paths. Let G be a
connected graph and let d > 1 be an integer. A set X C V(G) is a general
d-position set of G if no three different vertices in X lie on a common shortest
path of length at most d. The cardinality of a largest general d-position set in G
is the general d-position number of G, denoted by gp,(G). Clearly, any general
d-position set is also a mutual d-visibility set for any connected graph G and
any integer d > 1. In this sense, the following bound is directly obtained.

1'(G) > gpa(G) (2)
We next recall two known results on gp,(G), which are needed in our exposi-
tion.

Proposition 2.1 [16]. Ifn >3 and2<d <n—1, then
2[2] —1n=1mod (d+1),
gpd(Pn) = {

1

2 [mw otherwise.

Y
S +

Proposition 2.2 [16]. Ifn >5 and 2 <d < |n/2], then

apy(Ch) = ’ [dﬂ +1n=dmod (d+1),

otherwise.

)

—_—
Q)
s
il
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Ifd > L’ﬂ/?J, then gpd(cn) =3.

Notice that odd cycles and trees (and paths among them) are graphs
with exactly one shortest path between any two vertices. In this case, X is a
mutual d-visibility set if and only if X is a general d-position set. As direct
consequences of this fact, the following two results are respectively obtained
from Propositions 2.1 and 2.2.

Corollary 2.3. Ifn>3 and 2 <d<n—1, then

4 B 2[#_1]flnzlmod(d+l),
1% (Pn) T\ oln .
{d—ﬂ] otherwise.

In order to give the value of u¢(C,,), notice that only the part related to
odd cycles is directly obtained from Proposition 2.2. For the even cycles, we
only need to consider one extra situation when d > n/2 = diam(C),) because
for any two diametral vertices there is not a unique shortest between them.
However, in such case it can be readily seen that u?(C,) = 3. If 2 < d <
diam(C},), then there is only one shortest path between any two vertices at
distance at most d, and the arguments above again apply.

Corollary 2.4. If n > 5 and 2 < d < |n/2], then

e - 2 {ﬁJ +in= drflod (d+1),
2 L#J otherwise.

If d > |n/2|, then ud(C,) = 3.

3. General Bounds

In this section, some general bounds for the mutual d-visibility number in
graphs are presented. The results are related to other parameters which are
defined below.

Given a positive integer k and a graph G, a non-empty set X C V(G) is
a k-dissociation set of G if the following two conditions hold for every pair of
vertices z,y € X.

e d(z,y) =1 or d(z,y) >k,
e XNN(z)NN(y) =o.

A largest k-dissociation set of G is called a diss (G)-set, and its cardinal-
ity is the k-dissociation number of G, denoted by diss,(G). This concept was
introduced by Yannakakis in [23] for the particular case of k = 1, where the
parameter diss; (G) was called the dissociation number of G.

A subset X C V(G) is a k-packing of G if d(z,y) > k for all pairs of
distinct vertices x,y € X [19]. A largest k-packing of G is called a py(G)-set
and its cardinality is denoted by py(G).
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A vertex of a graph G is simplicial if its neighbourhood induces a com-
plete subgraph of G. The set of simplicial vertices of G will be denoted by
S(G).

With these concepts and notation in mind, we can develop this section.
In particular, the following result involves the three concepts described above.

Theorem 3.1. For any connected graph G of order n(G) > 3 and any integer
d>2,

p(G) > max{diss,_, (G),p,,.,(G), [S(G)[}.

Proof. Let X be adiss,_, (G)-set. We will see that X is a mutual d-visibility set
of G. For any pair of vertices u,v € X we have that d(u,v) > d or d(u,v) = 1.
If d(u,v) > d or d(u,v) = 1, then clearly u and v are (X,d)-visible. Now
suppose that d(u,v) = d and that u and v are not (X, d)-visible. Then, for
every shortest {u,v}-path P, there exists w € X N V(P). Hence, d(u,w) =1
and d(w,v) =d—1 or d(u,w) = d—1 and d(w,v) = 1, concluding that d = 2.
Thus, N(u)NN(v)NX # &, yielding a contradiction. Therefore, X is a mutual
d-visibility set of G’ and the bound p(G) > |X| = diss,_, (G) follows.

On the other hand, since no simplicial vertex is an internal vertex of a
shortest path, either S(G) = @ or §(G) is a mutual d-visibility set of G, and
s0 1(G) > |S(G)].

In order to prove pu¢(G) > Pl (G), we consider ap , , (G)-set Y. If Y is
not a mutual d-visibility set of G, then there exist two vertices u,v € Y which
are not (Y, d)-visible. Hence, for every shortest path u = ug,u1,...,u, = v,
there exits w € Y N{uy,...,u—1} (r <d). Notice that this is a contradiction
as in such a case d(u,w) < |d/2] or d(w,v) < |d/2], which is impossible as Y’
is a p,, (G)-set. Therefore, pd(G) > Y] = Plas2 (G)- O

The bounds above are tight. For instance, it is not difficult to check
that for any path p?(P,) = diss,_, (P,), while for any star graph p?(K;,) =
diss, (K1) = |[S(K1n)| = p, (K1,,) = n for every n > 2. A characterization of
graphs with p¢(G) = |S(Q)| for d € {2,3} will be given in Section 4.

Since the k-dissociation number has not been previously studied for any
k > 2, we proceed to derive a lower bound, which immediately provides a lower
bound for pu¢(G). In the next result, L(G) will denote the line graph of G, i.e.,
the graph whose vertex set is the edge set of G, where two vertices of L(G)
are adjacent if the corresponding edges in G have a vertex in common.

Theorem 3.2. For any connected graph G and any integer d > 2,
diss, _, (G) = 2p,(L(G)).

Proof. Let X be a p,(L(G))-set and let Y = {x € V(G) : z € e for some e €
X}. Since X C E(G) and dp(g)(e,e') > d, for every e = wy,e’ = 2’y €
E(G) N X we have that

dG({xv y}7 {x/a ZJI}) = min{dG(aj7 ]}/), dG(Jj, y/)7 dG(ya x/)a dG(ya y/)}
= dL(G)(e,e’) —1>d-1.
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Therefore, Y is a (d — 1)-dissociation set of G, which implies that diss,_, (G) >
Y| = 2[X] = 2p,(L(G)). O

In order to show a family of graphs where u(G) = dissqs_1(G) = 2p,
(L(@)), we observe that for any path P, of order n # 1 mod (d 4+ 1) and
2<d<mn-—1we have

n—l].

2|' n —I = 'ud(Pn) = diSSdfl(Pnfl) = 2pd(Pn71) = 2|Vd+ 1

d+1

The set S(G) of simplicial vertices of a graph G can be partitioned into

true twin equivalence classes. Two vertices u,v € S(G) belong to the same

true twin equivalence class if and only if they are true twins, i.e., whenever

Nglu] = Ng[v]. We distinguish two sets of true twin equivalence classes, the
set CS1(G) of singleton classes and the set CS2(G) of non-singleton classes.

Lemma 3.3. For any connected graph G, there exists a diss1 (G)-set X satisfy-
ing the following conditions.

(a) u € X for every singleton class {u} € CS§1(G),
(b) |CNX| =2 for every non-singleton class C € CS2(QG).

Proof. Let X’ be any dissy(G)-set. If there exists a singleton class {u} €
CS1(G) such that u & X', then N(u) N X’ # @&. Thus, for any v € N(u) N X',
we have that (X' U {u}) \ {v} is a diss;(G)-set. Now, suppose that there
exists a non-singleton class C’ € CS3(G) such that ¢’ N X’ = & and observe
that |[N(C’) N X'| < 2, otherwise X’ would not be a 1-dissociation set. If
IN(C"YNX’| <1, then we have a contradiction with the definition of diss; (G)-
set. Now, if |[N(C") N X’| = 2, then for the two vertices x, z’ belonging to
N(C")N X', and any two vertices y, y’ belonging to C’, we have that (X' U
{y,v'}) \ {z,2'} is a diss1 (G)-set. Finally, if there exists a class C” € CS2(G)
such that C” N X’ = {w}, then there exists z € (N(w) N X’) \ C”. Hence, for
any t € C" \ {w}, we have that (X' U {t}) \ {z} is a diss;(G)-set. Therefore,
the construction of X from X’ can be done by following the process described
for the previous cases. In addition, we may also recall that |C'N X| > 2 is not
possible because this would violate the definition of X being a diss; (G)-set.
t

Proposition 3.4. For any connected graph G with n(G) > 3,
§2(G) = dissy (G) + |S(G)| - 21C82(G)| - [€81(G).

Proof. Let X be a diss;(G)-set satisfying Lemma 3.3. Since X U S(G) is a
mutual 2-visibility set of G, by the inclusion-exclusion principle,

12(G) 2 |X US(G)| = dissi (G) + [S(G)] - 21CS2(G)| - [€51(G)]
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The bound above is tight. For instance, consider the graph Gj ;. s obtained
from a path Psj41 and two complete graphs K, and K, where we identify one
leaf of Psj1 with one vertex of K, and the other leaf with one vertex of K. For
k>1,r > 3ands > 3, we have u?(Gy ,.s) = 2k+r+s—2, diss1 (Gg.r.s) = 2k+4,
|S(Girs)| =7 +5—2, |CS2(Grrs)| =2 and [CS1(Gk,r,s)| = 0. Hence,

Mz(Gk,T,s) = diSS1 (Gk,r,s) + |S(Gk,r,s)| - 2|CS2(G1€,T,S)| - |CSI (Gk,r,s)|~

The bound is also achieved for trees, which will be stated in Corollary 3.6. We
will also show in Section 4 that the bound above is reached for the family of
graphs satisfying Proposition 4.4 (ii).

Until now, we have provided some lower bounds for the mutual d-visibility
number of graphs. We next concentrate on finding upper bounds for such
parameter.

Proposition 3.5. For any connected graph G of girth g(G) > 5 and any integer
d>2,

(@) < diss1 (@) and p*(G) = dissy (G).

Proof. Let X be a u(G)-set. Suppose there exist z,y, z € X such that y, z €
N(z). In this case either y ~ z or there exists w € V(G) \ X such that
w € N(y) N N(z), and so g(G) < 4. Therefore, g(G) > 5 implies that X is a
I-dissociation set of G and, as a result, u¢(G) = |X| < diss; (G). Moreover, if
d = 2, then by Theorem 3.1 we have that p?(G) = diss; (G). O

First notice that p?(Cs) = 3 = diss;(Cs). Moreover, consider a graph
F’ obtained from two disjoint cycles C5 by adding one extra edge between
any two vertices from each these cycles (sometimes also called Kayak-Paddle
graphs in the literature). Hence, p2(F') = p?(F') = 6 = diss (F’), and the
bound from Proposition 3.5 is achieved.

Since a tree has no cycles, it is assumed the agreement that ¢(T) =
+oo for every tree T'. Hence, Proposition 3.5 immediately gives the following
consequence.

Corollary 3.6. For any tree T' and any integer d > 2,
p(T) < dissy (T) and p?(T) = dissy (T).
We next give upper bounds for y¢(G) involving convex subgraphs of G.

A convex subgraph of a graph G is a subgraph H of G that includes every
shortest path in G between any pair of vertices of H.

Theorem 3.7. Given a connected graph G and any integer d > 2, the following
statements hold.

(i) If H is a convex subgraph of G, then
44(G) < n(G) — n(H) + pi(H).
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(ii) If there exist a family Vi,..., Vi of subsets of V(G), whose respective
induced subgraphs Hy, ..., Hy are conver, and V(G) = U§:1 Vi, then

k
ph(G) <> pt(Hy).
=1

Proof. Let X be a u?(G)-set. If H is a convex subgraph of G, then X NV (H)
is a mutual d-visibility set of H, which implies that u?(H) > |X NV (H)|.
Therefore, u%(G) = | X| < n(G) — n(H) + p¢(H).

Analogously, if the subgraphs Hy, ..., Hy, induced by Vi, ..., V} are con-
vex, then X NV, is a mutual d-visibility set of H; for every i € {1,...,k}.
Therefore, if V(G) = U¥_, V;, then

k k
p(G) =X <D X0V <> pt(H,).
=1 =1
O

The bounds above are tight. For instance, consider the graph G, s ob-
tained from a path Pyy; and two complete graphs K, and K, where we
identify one leaf of Py, with one vertex of K, and the other leaf with one
vertex of K. For r > 2 and s > 2 we take a convex subgraph H of G, ;,
isomorphic to a diametral path Pyy3, and so we have that p4(G, ) = r + s,
pd(H) = 4, n(Gys) = d+r+s—1and n(H) = d + 3. Hence, t?(G,) =
n(G,s) —n(H) + p4(H), which shows that the bound given by Theorem 3.7
(i) is tight. An example showing the tightness of the Theorem 3.7 (ii) shall
be given in Proposition 5.1. Observe that for graphs having a diametral path
whose vertices induce a convex subgraph, the bound given by Theorem 3.7 (i)
coincides with the bound that we next prove for arbitrary graphs of diameter
k.

Theorem 3.8. For any connected graph G of diameter k and any integer d > 2,
1(G) < n(G) — k— 1+ p(Pyy1).

Proof. Let u,v € V(G) be two diametral vertices and X a u?(G)-set. Suppose
that X contains more than p?(Pj 1) vertices from each shortest u, v-paths. Let
P11 be a shortest u, v-path such that r = | X N V(Pgy1)| is minimum among
all shortest u, v-paths. Let V(Pgy1) = {uo,u1 ..., ug}, where consecutive ver-
tices are adjacent. Since r > u?(Pyy1), there exist s, uj,up € X NV (Prga),
where ¢ < j < [ and d(u;,u;) < d. Hence, there exists a shortest u;,u;-
path u; = vg,...,v—; = wu; such that X N {vy,...,v_;_1} = &. Thus,
U= UQywvvy Uiy UlyereyVi1,U, ..., U =0 is a shortest u, v-path P,Q_H, where
|X NV (P;,,)| <r, which is a contradiction. Hence, there exists a diametral
path ug,u; . .., uy, such that | X N{ug, u1,...,ux}t| = r < p(Piy1). Therefore,
pdG) <n(G) = (k+1—7) <n(G) —k — 1+ p(Pys1). O
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FIGURE 1. A graph Gg of diameter & = 9 with p3(Go) =
n(Go) — k — 1+ p*(Pis1)

The bound above is tight. For instance, let GG, be the graph obtained
from the graph Gy shown in Figure 1 by subdividing » > 0 times the edges
formed by white coloured vertices. In this case, n(G,) = 16 + 2r, k = 9 4 2r
and for any d = r + 3 we obtain u%(G,) = 12 and u?(Pjp.2,) = 6. Hence,
u'(Gr) =n(Gr) = k =1+ p(Petr).

4. Some Extreme Cases

First, we characterize the limit cases of u¢(G) with respect to the order of
G. That is, we know that u?(G) < n(G), and we are interested in the cases
pi(G) = n(G) and p?(G) = n(G) — 1. Although a graph without vertices is
not defined, for the sake of brevity, in the statement of the next result we will
use the notation G = (K U K,.) + G’ for any integer r > 0, where we will
assume the convention Ky U Ky = K;.

Proposition 4.1. Given a connected graph G, the following statements hold.
(i) p4(G) =n(Q) if and only if G is a complete graph or d = 1.
(i) p*(G) =n(G) —1 if and only if d > 2 and G = (K, UK,.) + G', where

G’ is a non-complete graph and r is a non-negative integer.

Proof. Tt is clear that if d = 1 or G is a complete graph, then p¢(G) = n(G).
From now on we assume that G is a non-complete graph and d > 2. Thus,
Theorem 3.8 leads to

Wi(G) < n(G) — 1. 3)
Thus, from (3) we conclude that (i) follows.

Now, if G = (K; U K,) + G’ for some non-complete graph G’ and some
non-negative integer r, then we have that V(G) \ V(K}) is a mutual d-visible
set of G, and by (3) we conclude that p?(G) = n(G)—1. Conversely, if u?(G) =
n(G) — 1 then there exists a vertex v € V(G) such that V(G)\ {v} is a u¢(G)-
set, which implies that x, v,y is a shortest path for every pair of non-adjacent
vertices z,y € V(G)\{v}. Therefore, G = (K1 UK, )+G’, where V(K;) = {v},
V(K,) = V(G) \ Ng[v] and V(G’) = Ng(v). Therefore, (ii) follows. O

Now we are interested in the case of non-complete graphs G with u?(G) =

S(G)].
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FIGURE 2. A graph with p*(G) = 6 > |S(G)| = 5. Here
every non-simplicial vertex lies on the unique shortest path
between simplicial vertices at distance 4. The grey vertices
are the non-simplicial vertices in the mutual 4-visibility set

Proposition 4.2. If G is a connected graph with p(G) = |S(G)| for d > 2, then
for every vertex w € V(G) \ S(G) there exists a pair of vertices u,v € S(GQ)
with d(u,v) < d, such that w is an internal vertex of every shortest u, v-path.

Proof. Tf there exists a vertex w € V(G) \ S(G) such that for every pair
of vertices u,v € S(G) with d(u,v) < d, there exists a shortest w,v-path
not containing w, then S(G) U {w} is a mutual d-visibility set of G and so,
p4(G) > |S(G)| + 1. Therefore, the result follows. O

As the following figure shows, the converse of Proposition 4.2 does not
hold.

Lemma 4.3. For any connected graph G, there exists a p*(G)-set X such that
S(G) C X.

Proof. Let X be a p?(G)-set such that |X N S(G)| is maximum among all
w2 (G)-sets. Suppose that there exists w € S(G)\ X. If Ng(w)N(X\S(GQ)) = 2,
then X’ = X U{w} is a mutual 2-visibility set with |X’| > | X| = p?(G), which
is a contradiction. Now, if there exists a vertex u € Ng(w) N (X \ S(G)), then
the set X" = (X U{w}) \ {u} is a u(G)-set with | X" N S(G)| > | X NS(G)|,
which is a contradiction. Therefore, the result follows. O

Next we characterize the non-complete graphs G having p?(G) = |S(G)|.

Proposition 4.4. Given a connected non-complete graph G, the following state-
ments are equivalent.
(i) u*(G) =[S(G)].
(ii) For every vertex w € V(G) \ S(G), there exist two vertices u,v € S(G),
belonging to distinct classes of simplicial vertices, such that Ng(u) N
Ng(v) = {w}.
Proof. By Lemma 4.3 there exists a u?(G)-set X such that S(G) C X. Hence,
if (ii) holds, then X \ 8(G) = @. Therefore, 1?(G) = |S(G)].

Conversely, if u?(G) = |S(G)|, then by Proposition 4.2 we conclude that
(ii) follows. O
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® O Q O O ®

FIGURE 3. A graph with p?(G) = 4 > 3 = |S(G)|. In this
case, S(G) \ X # @ for every p?(G)-set X

Notice that for the graphs G satisfying Proposition 4.4 (ii) it follows that
diss; (G) = 2|CS2(G)| + |CS1(G)|. Hence, the bound given in Proposition 3.4
is achieved by graphs with u?(G) = |S(G).

As the next figure shows, for d = 3 does not exist a similar result to
Lemma 4.3.

Proposition 4.5. Let G be a non-complete graph. If for every vertex w € V(G)\
S(G), there exists a vertex v € S(G) such that Ng(v) \ S(G) = {w}, then
pi(G) = |S(GQ)| for every d > 3.

Proof. Let G be a graph satisfying the assumptions, and let X be a u?(G)-set
such that | X N S(G)| is maximum among all u?(G)-sets with d > 3. Suppose
that there exists w € X \S(G). Let W = {w’ € S(G) : Ng(w')\S(G) = {w}}.

Notice that W C X, by the maximality of |X N S(G)|. Obviously, W
forms a class true twins in G and, since G is not a complete graph, there
exists u € Ng(w) \ S(G). Let v/ € S(G) such that Ng(u') \ S(G) = {u}.
Since d > 3 and u’,u,w,w’ is the only shortest path from v’ to any vertex
w' € W, we have that v’ € X. Hence, X’ = (XU{u'})\{w} is a u?(G)-set with
|X'NS(G)| > | X NS(G)|, which is a contradiction. Therefore, X = S(G). O

Proposition 4.6. If G is a non-complete graph, then the following statements
are equivalent.
(i) 1*(G) =[S(G)].
(ii) For every verter w € V(G) \ S(G), there exists a vertex v € S(G) such
that Ng(v) \ S(G) = {w}.

Proof. First, we assume that ;3(G) = |S(G)|. Obviously, S(G) is a u3(G)-set.
Hence, if there exists a vertex w € V(G)\S(G), such that Ng(v)\S(G) # {w}
for every vertex v € S(G), then S(G) U {w} is a mutual 3-visibility set, which
is a contradiction. Therefore, (ii) follows.

Conversely, if (ii) holds, then by Proposition 4.5 we deduce (i). O

5. Corona and Lexicographic Products

The corona product G ® H is the graph obtained from the disjoint union of
G and n(G) copies of H, denoted by H;, i € {1,2,...,n(G)}. If V(GQ) =
{u1,...,us)}, then the corona product G ® H is constructed by making u;
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adjacent to every vertex in H; for each i € {1,2,...,n(G)}. It is readily seen
that K1 @H%’K1+H

Proposition 5.1. The following statements hold for every connected graph G of
order n(G) > 2 and every positive integer r.
(i) If H is a non-complete graph, then p®(G © H) = n(G)n(H) for every
integer d > 2,
(i) (G © K,) =7 -n(G) for every integer d > 3.
(iii) p?(G o K,) =7 -n(G) + a(G).

Proof. Let H be a non-complete graph, and let V(G) = {u1,...,uyq)} and
d > 2. Notice that for any u; € V(G), the subgraph of G ® H induced by
{u; } UV (H;), which is isomorphic to K7 + H, is a convex subgraph. Thus, since

V(GO H) = U?ﬁ?){uz} UV (H;), from Theorem 3.7 (ii) and Proposition 4.1
we deduce that
(@)
p(G o H) <Y pl(Ky + H) =n(G)n(H).

i=1

n(G
To conclude the proof of item (i), we only need to observe that Uil) V(H;)
is a mutual d-visibility set of G ® H, and so a

n(G)
YGoH) > ZV =n(G)n(H).

By Proposition 4.6 we derive (ii). Finally, to prove (iii) we first observe

that there exists a 4?(G® K,.)-set X such that S(G®K,.) C X, by Lemma 4.3.
Hence, there are no adjacent vertices u;,u; € V(G) belonging to X, as oth-
erwise for any simplicial vertex = belonging to the copy of K, associated to
u;, we have that u; and x are not (X,2)-visible. Thus, X N V(G) is an in-
dependent set. Furthermore, for any independent set Y of G we have that
UWV(GOK)\V(G)) =YUS(GOK,) is a mutual 2-visibility set of GO K.
Therefore, the u?(G® K,.)-sets have the form Y U(V(Go K,.)\V(G)), where Y
is any a(G)-set, which implies that 2(Go K,.) = |[Y U(V(Go K,)\V(Q))| =
Y| +7r n(G) =a(G) +r-n(G). O

Notice that the result above also shows some examples of graphs where
the equality holds for Theorem 3.7 (ii).

We next consider the lexicographic product of two graphs and compute
the exact value of its mutual d-visibility number in terms of the orders of its
factors and the total mutual-visibility number of the first factor. We recall
that the lexicographic product of two graphs G and H, denoted by G o H, is
a graph with vertex set V(G o H) = V(G) x V(H). Two vertices (u,v) and
(z,y) are adjacent if ux € E(G) or (u = z and vy € E(H)). Notice that
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Ky 0G = G+ G for any graph G, from which we can say that this product is
a kind of generalization of join graphs.

In order to study the mutual d-visibility number of lexicographic prod-
ucts we need to keep two facts in mind. First, a lexicographic product of two
graphs is connected if and only if its first factor is connected. Moreover, we
should remember the distance formula in lexicographic products. For more
information on this product, its properties and applications, we suggest [12].

Remark 5.2 [12]. For a connected non-trivial graph G' and two vertices (u,v)
and (z,y) of G o H we have that

dGoH((U, U), (.’I,‘,y)) = {dG(u’x) if u ;é T,

min{dg (v,y),2} if u==.

The following lemma will be one of our main tools.

Lemma 5.3. Let G be a connected graph of order n(G) > 2. For any graph H
there exists a u®(G o H)-set X such that |[{u} x V(H) N X| > n(H) — 1 for
every vertex u € V(G).

Proof. We can assume d > 2 and n(H) > 2. Let X be a u%(G o H)-set,
u € V(G) and X, = {u} x V(H) N X. Suppose that there exist two different
vertices v,v’ € V(H) such that (u,v), (u,v") ¢ X,. We now differentiate two
cases.

Case 1. Ng(u) x V(H)
define the set X* = (X
vertices (g, h), (z,y) € X

C X. For any vertex (u*,v*) € Ng(u) x V(H) we
\ {(u*,v)}) U {(u,v")}. Notice that for any pair of
\ X such that (u,v’) lies on a shortest path P that
makes them mutual (X,d)- Vlslble there exists the shortest path P’, obtained
from P by replacing (u,v") by (u, v), which makes them mutual (X*, d) visible.
Analogously, for any pair of vertices (u,a), (u,b) € X,, such that the shortest
path (u,a), (u,v’), (u,b) makes them mutual (X,d)-visible, there exists the
shortest path (u,a), (u*,v*), (u,b) which makes them mutual (X*, d)-visible.
Hence, X* is a u(G o H)-set with [{u} x V(H) N X*| > |X,|.
Case 2. Ng(u) x V(H) \ X # @. If we use for the set X" = X U {(u,v")}
arguments similar to those used in Case 1 for X*, then we can check that X"
is a mutual d-visibility set, which is a contradiction, as u¢(GoH) = | X| < | X"|.
Therefore, either the set X™* satisfies the statement of our lemma or we
can repeat the procedure described above until we obtain a (G o H)-set that
satisfies the lemma. O

We also need to establish the following two results obtained in [18] where
(@) denotes the domination number of G, which is the cardinality of a small-
est set S of vertices of G such that any vertex not in S has a neighbor in

S.

Proposition 5.4 [18]. Given a graph G, the following statements hold.
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(1) w(G) =n(G) if and only if G is a complete graph.
(il) w(G) =n(G)—1 if and only if G is a non-complete graph with v(G) = 1.

Theorem 5.5 [18]. Given a connected graph G and a non-trivial graph H, the
following statements hold.
() IF(G) > 2, then s(G o H) = n(G)(n(H) — 1) + s (G).
(ii) If G and H are not simultaneously complete graphs and v(G) =~v(H) =
1, then u(Go H) =n(G)n(H) — 1.
(i) If y(G) =1 and v(H) > 2, then u(Go H) =n(G)n(H) — 2.

We are now ready to present the main result of this section.

Theorem 5.6. Let G be a connected graph of order n(G) > 2 and H a graph of
order n(H) > 2. Then the following statements hold for any integer d > 2.
(i) IF4(G) > 2, then u(G o H) = n(G)(n(H) — 1) + u(G).
(i) If y(G) =1 and H = (K1 UK,) + H' for some non-complete graph H’'
and some non-negative integer v, then u?(G o H) = n(G)n(H) — 1.
(i) If y(G) =1, v(H) > 2 and H % (K1 UK,) + H' for every non-complete
graph H' and every non-negative integer r, then u¢(GoH) = n(G)n(H) —
2.

Proof. First, we proceed to prove that u4(G o H) < n(G)(n(H) — 1) + 11:(G)
for every d > 2. Let W be a u?(G o H)-set satisfying Lemma 5.3, and let

We={weV(G): {w}xV(H) W}

We proceed to show that W is a total mutual-visibility set of G. Let z, 2’ €
V(G) be two non-adjacent vertices, and let © = xo,..., 2, = 2’ be a short-
est path in G. Suppose that {z1,...,2,-1} N Wg # &. Let i« = min{j €
{1,2,...,k—1}: x; € Wg}. Since vertices in WN{xz;_1} x V(H) and vertices
in Wn{xz;41} xV(H) are (W, d)-visible, there exists (z;,v) € V(G) x V(H)\W
such that z;_1, z;, 2,1 is a shortest path. Thus, x = x¢,...,Ti—12i Tit1,- .-,
2z, = ' is a shortest path in G. Now, if {z;11,...,2k_1} N W = &, then
z and y are Wg-visible, otherwise we apply the process described for x and
y, starting from z; and y, until we obtain a shortest path in G which makes
Wg-visible the vertices x and y. Hence, W is a total mutual-visibility set of
G and so |Wg| < p(G). Thus, by Lemma 5.3 we have that

u(G o H) = |W)|
= Wel-n(H) + [V(G) \ We|(n(H) — 1)
=n(G)(n(H) - 1) + W
< n(G)(n(H) — 1) + u(G).
Therefore,

(G o H) < 1(G o H) < n(G)(n(H) — 1) + () (4)
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where the first inequality holds because p;(G’) < u(G’) for any graph graph
G’ (see [4]) and by (1). Thus, if yv(G) > 2 we conclude the proof of (i) by
Theorem 5.5 (i). Now, if G and H satisfy the assumptions of (iii), then The-
orem 5.5 leads to p:(G o H) = n(G)n(H) — 2, and Proposition 5.4 leads to
1t (G) < n(G) — 2. Thus, by (4) we conclude the proof of (iii).

On the other hand, if v(G) = 1 and H = (K; U K,.) + H’, for some
non-complete graph H' and some non-negative integer r, then Go H = (K; U
K,) + G’ where G’ is a non-complete graph. If u is a universal vertex of G
and V(K;) = {v}, then for r = 0 the subgraph G’ is induced by the set
V(G) x V(H)\ {(u,v)}, i.e., (u,v) is a universal vertex, while for r > 0, the
subgraph G’ is induced by V(G) x V(H) \ {u} x (V(K,) U {v}). Therefore,
we conclude that (ii) follows from Propositions 4.1. Observe that the case in
which G and H are not simultaneously complete graphs and v(G) = y(H) =1
is indeed included in (ii), as we are assuming K; U Ky & K. O

6. Computational Complexity

In this section we discuss the computational complexity of finding the mutual
d-visibility number of a graph.

MUTUAL d-VISIBILITY PROBLEM

INSTANCE: A connected non-trivial graph G, an integer d > 2 and a
positive integer k < |V(G)|.

QUESTION: Is p4(G) > k?

We should first mention that the MUTUAL d-VISIBILITY PROBLEM
is NP-complete for d = diam(G) [7]. Nevertheless, our reduction presented
below works for all cases d > 2, including d = diam(G). We will now formally
define another known decision problem that we need to continue our studies.

INDEPENDENCE PROBLEM
INSTANCE: A graph G and a positive integer k < |[V(G)].
QUESTION: Is a(G) > k?

Theorem 6.1 [13]. The INDEPENDENCE PROBLEM is NP-complete.

Notice that Theorem 5.1 (iii) allows to develop a polynomial reduc-
tion from the INDEPENDENCE PROBLEM to the MUTUAL d-VISIBILITY
PROBLEM when d = 2. Thus, the following conclusion is obtained.

Corollary 6.2. The MUTUAL 2-VISIBILITY PROBLEM is NP-complete.

We next show that the MUTUAL d-VISIBILITY PROBLEM remains
with the same complexity as stated before when 3 < d < diam(G) — 1. To do
this we need the following definition. A rooted graph is a graph in which one
vertex is labelled in a special way in order to distinguish it from other vertices.
The special vertex is called the oot of the graph. Let G be a labelled graph on
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FIGURE 4. The graph H, where d =4

n(G) > 2 vertices. Let Hy, Hy,...,H () be n(G) copies of a graph H rooted at
vertex v. The rooted product graph G o, H is the graph obtained by identifying
the root of H; with the i'" vertex of G' [11]. More formally, assuming that
V(G) = {u1, ..., unq)}, we define the rooted product graph G o, H = (V, E),
where V = V(G) x V(H) and

n(G)

E= U {(us, ) (ui,y) : vy € E(H)}U{(u;,v)(uj,v) : uu; € E(G)}.
i=1

Now, we shall construct a graph G? in the following way. We consider first
a graph H obtained from a path Py 1 = v1,...,v94-1, by adding two extra
vertices x,y and the edges zy, xvy_1, V4, TVG11, YVa—1, Yvq and yvgr1. See
Figure 4 for an example of a graph H with d = 4.

Next, for a given connected graph G with vertex set V(G) = {uy,...,
Un(@)} and order n(G) > 3, we make the rooted product G o, H, where the
root v of H is the vertex voq_;. Finally, to obtain G%, we add an extra vertex
denoted by z and all the edges between z and the vertices of G. As an example,
the graph (Cs)* is represented in Figure 5.

Theorem 6.3. The MUTUAL d-VISIBILITY PROBLEM is NP-complete, for
any d > 3.

Proof. First, notice that the MUTUAL d-VISIBILITY PROBLEM is a mem-
ber of NP since we can check in polynomial time that a given set is indeed a
mutual d-visibility set. Now we present a polynomial reduction from the IN-
DEPENDENCE PROBLEM to the MUTUAL d-VISIBILITY PROBLEM. To
this end, we consider a graph G and the graph G? as described above (notice
that G can be constructed in polynomial time with respect to the order of
G). Then, we show that deciding whether o(G) > k is equivalent to deciding
whether ;¢(G?9) > k + 4n(G).

Let S be a a(G)-set. Let X C V(G?) defined as follows. The set X
contains all the vertices of S (vertices (u;,v) with u; € S), all the copies of the
vertices x,y,v1,vq € V(H) (vertices (u;,x), (us,y), (us,v1), (us,vq) for every
u; € V(@)) of each copy of H in G?. See bolded vertices in Figure 5. We claim
that X is a mutual d-visibility set of G.

Clearly, any two vertices of S in G are (X, d)-visible, since they are not
adjacent and are at distance two, by using the vertex z, which is not in X.
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AL ARy

FIGURE 5. The graph G*, where G is a cycle C5 =
ujug - - - vsv1 and H as previously defined (notice that the root
of H is v7). The bolded vertices form p*(G*)-set

Also, any two vertices of the set {(u;, x), (us, y), (wi,va)}, with u; € V(G), are
(X, d)-visible because they form a clique in G?. Moreover, if (a,b) € X is one
of the pairs of vertices ((u;,v1), (ui,x)), ((ui,v1), (ui,v)), ((wi,v1), (ui,vq)),
((ug, @), (ui,v)), ((ui,y), (ui,v)), or ((ui,va), (ui,v)), where u; € V(G), then
they are (X, d)-visible, since there is no other vertex of X in the unique shortest
a, b-path. Finally, any other two vertices of X are at distance larger than d,
and thus they are (X, d)-visible. Consequently, as claimed, X is a mutual d-
visibility set of G¢, and so u?(G?%) > 4n(G) + a(G).

On the other hand, let W be a u?(G%)-set. Since the diameter of each
copy of H equals 2d — 2, and the fact that (u;, x), (u;,y), (u;, vq) form a clique,
we deduce that each copy of H — v (the subgraph of H obtained by removing
the root) in G¢ cannot contain more than 4 elements of W. Thus |[W N (V (H;)\
(ui,0))] < 4.

Now, let W/ =W NV(G) x {v}. Suppose W’ is not an independent set.
Hence, there are two vertices (u;,v), (uj,v) € W’ such that they are adja-
cent. Consider the vertices (u;, ), (i, y), (u;,vq) and (uj, x), (u;,y), (uj, vq).
Since the distance between any two vertices (u;,a) and (u;,v), and also be-
tween (u;,b) and (u;,v), where a,b € {x,y,v4} is exactly d, it follows that
wn {(Ui,ZL’), (uiay)v (uivvd)} =g or Wn {(’LL]'71'), (ujvy)a (U‘javd)} = @. Oth-
erwise, there are at least two vertices that are not (W,d)-visible. Assume
Wn{(ui,x), (ui,y), (u;,vq) } = &. We also note that no vertex (u;,vy) with £ €

Q
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{d+1,...,2d—2} is in W by using the same arguments. In addition, we deduce
that it must happen |WNV (H;)| < 3 (recall (u;,v) € W), as diam(H) = 2d—2
and the vertices (u;,v4-1), (i, Vg—2,. .., (u;,v1)) form a path of length d — 2
in H;. Now, let W = (W \ (WNV(H;)) U {(u;,x), (u;,y), (u,vaq), (u;,v1)}.
If any two vertices of W were (W, d)-visible, then any two vertices of W' are
also (W, d)-visible because (u;,v) € W and (u;,v) ¢ W” and the remain-
ing vertices added to W’ are at distance larger than d from the remaining
vertices of W\ (W NV (H;)). However, this means that we have constructed
a mutual d-visibility set with more vertices than W, which is not possible.
Consequently, W’ is an independent set of G, and so a(G) > |W’|. Now, no-
tice that W’ # @, since u?(G9) > 4n(G) + a(Q), |W N (V(H;) \ (us,v))| < 4
and a(G) > 1 always happens. Suppose next z € W, and consider a vertex
(u;,v) € W'. By using some similar arguments as the ones before, it must hap-
pen that W N {(u;, z), (us,y), (u;,vq4)} = &. However, we can again construct
mutual d-visibility set of G with more vertices than W, by removing z from
W and adding the vertices (u;, z), (u;,y), (us, vq), a contradiction. Thus, z in
not in W.
Finally, we have that
n(G)
p(GY) = W[ = W[+ Y WD (V(H:)\ (u5,0))] < a(G) +4n(G),
i=1

which leads to the equality ;?(G?) = 4n(G) +a(G). This completes the reduc-
tion, and the proof of the NP-completeness of the MUTUAL d-VISIBILITY
PROBLEM. ]

7. Concluding Remarks

In this article we have studied the total mutual d-visibility problem in graphs,
Next, we highlight some problem that can be taken as starting point for further
investigation on this concept.

e Study the behaviour of the mutual d-visibility number for the case of
Cartesian product graphs, direct product graphs, strong product graphs
and generalized Sierpinski graphs.

e Characterize all graphs G with pu¢(G) = gp,(Q).

e Characterize all graphs G with u%(G) = |S(G)|.

e Study the parameter dissy(G).
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