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ABSTRACT Transformer-based architectures have gained popularity across various domains, including
graph representation learning. However, selecting an optimal transformer configuration remains challenging,
as attention-based models are highly sensitive to parameter choices and input value ranges. Even state-of-
the-art architectures can underperform without proper tuning, while simple yet thoughtful modifications
can unlock significant performance gains by better leveraging graph structures. In this work, we propose
an enhancement to the Graphormer architecture that refines the attention mechanism by unifying spatial
encodings, edge encodings, and similarity matrices. Specifically, we introduce nonlinear transformations,
such as softmax, sigmoid, or tanh, to normalize these encodings within the attention calculation. This ensures
balanced contributions from all terms, mitigating drawbacks caused by disparate value ranges. We explore
two main approaches: 1) element-wise application of nonlinearities to bound spatial and edge encodings
and 2) row-wise softmax normalization to emphasize their relative importance within the graph structure.
The latter preserves relational information, enhancing the expressiveness of the model and improving the
prioritization of node and edge. Experiments on molecular datasets demonstrate consistent performance
improvements over the baseline Graphormer, highlighting the effectiveness of our approach. Additionally,
our model outperforms traditional graph learning models. Our findings suggest that carefully designed
nonlinear transformations over structural encodings significantly boost transformer-based graph models,
offering a simple yet powerful strategy for improved graph representation learning.

INDEX TERMS Graph neural network, graph transformers, positional encoding, nonlinear functions,
softmax, normalization, graph structure learning, molecular graphs.

I. INTRODUCTION
In the context of in silico drug discovery, graph-based
molecular representations have proven highly effective for
downstream tasks such as property prediction, drug-target
interactions, and molecular docking [1]. These molecular
embeddings can be derived from linear notations such as
SMILES [2], which encode molecules as strings, or more
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richly from molecular graphs that capture the structural
connectivity between atoms. In Machine Learning on the
other hand, Graph Neural Networks (GNNs) [3] have
unlocked new possibilities to leverage the rich features
inherent in graph data. Variants such as Graph Convolutional
Networks (GCNs) [4] and their branching implementa-
tions [5], as well as Gated Recurrent Networks (GRNs)
and Graph Autoencoders (GAEs), have achieved remarkable
success in tasks involving node classification, link prediction,
and graph prediction and generation [6].
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Despite the impressive ability offered by GNNs to
capture underlying patterns in graphs, these methods face
challenges that can result in information loss during the
learning process. One key limitation is their difficulty in
effectively handling heterogeneous graphs [7]. Since most
GNNs function as low-pass filter networks, they mainly
aggregate information from neighboring nodes [8]. This
property causes GNN-based methods, such as Message
Passing Neural Networks (MPNNs) and GCNs, to lose
expressive power when applied to sparse graphs. Specifically,
MPNNs are often constrained by the first-order Weisfeiler-
Lehman (1-WL) test, limiting their ability to distinguish
non-isomorphic structures [9]. Another prominent problem,
known as oversmoothing, which occurs when the receptive
field of the graph expands with the repeated aggregation
of nodes, leading to the representation of all nodes becom-
ing nearly identical [10], [11]. Furthermore, GCNs often
suffer from vanishing gradients, restricting them to shallow
architectures [12].

These challenges have motivated extensive efforts to
improve how GNNs utilize graph structures and their asso-
ciated information. Recent frameworks have been introduced
to address these limitations. By combining classical MPNNs
with novel architectures, researchers have mitigated many of
these limitations [13]. An important innovation in this area
is the integration of the attention mechanism [14]. Initially
popularized in the sequence-to-sequence models known as
Large LanguageModels (LLMs), attention mechanisms have
since been applied across a wide range of domains beyond
their original applications in natural language processing
(NLP) tasks. In addition to text translation and genera-
tion [15], the attention mechanism has been adopted for
image classification [16], audio processing [17], multimodal
learning [18], [19], visual reasoning [20], and molecular
property prediction tasks [21], [22]. They have also proven
effective in pattern recognition problems, including action
recognition [23] and handwritten text recognition [24].
This progress has also been extended to graph data. The

Graph Attention Network (GAT) [25] was a pioneering
framework that introduced the graph attention mechanism.
Subsequently, Graph Transformer Networks [26] combined
attention mechanisms with positional encoding (PE) to
capture structural information while aggregating features
from a wider range of nodes. This approach has significantly
enhanced graph embeddings and advanced the state of
the art in graph representation learning. The combination
of self-attention and the inductive bias introduced by the
PEs allows graph transformers to effectively aggregate
information from each node. This enables the model
to handle heterogeneous graphs with different types of
nodes and edges, while also mitigating the oversmoothing
problem [27].
The ability of self-attention to capture both local and global

dependencies in graph structures is crucial, not only for
enhancing model expressiveness and addressing limitations
like oversquashing, but also for improving downstream tasks.

Although transformer models, aided by attention mecha-
nisms, have successfully overcome the range limitations of
classical GNNs and Recurrent Neural Networks (RNNs)
[28], [29], several challenges that limit their full potential
still remain. Tasks like graph matching and link prediction
require additional consideration when adapting attention
mechanisms to ensure the proper incorporation of graph
features and their underlying patterns. Since information
about the graph structure, represented in edges and other
descriptors, can be of valuable aid in the learning process.
As such, the design of attention modules tailored to graphs
and their properties remains an active and evolving area of
research [30].

A. CONTRIBUTION
This work focuses on effectively integrating structural fea-
tures, as the choice and representation of structural encodings
depend heavily on data characteristics. Our contribution
is based on the incorporation of nonlinear functions in
the encodings that serve as positional information in the
Graphormer architecture by offering the following:

• A thorough analysis of the Graphormer model and the
effect of the different configurations of the information
used as spatial and edge encodings.

• The analysis of various nonlinear functions and their
effect on PEs, studying their impact on the representa-
tion quality and overall effectiveness of the Graphormer
model.

• We find that the adoption of softmax boosts the role
of the spatial and edge encodings that are added at
the attention calculation step. This is reflected in the
improvement of the final predictions of the model.
This approach enhances the model’s robustness and
adaptability for graph-based tasks, particularly inmolec-
ular property prediction. The novelty of this approach
is that it exploits these graph features without the
need to add computationally expensive components
to the network,.e.g., learning them with a separate
architecture or enlarging the embedding dimension by
concatenation.

The rest of the paper is organized as follows: Section II
gives an overview of the application of attention and
introduces different nonlinearities; Section III explains the
proposed method; Section IV offers an analysis of the
used encodings and their role in the overall performance
of the model; Section V elaborates on the challenges and
shortcomings of this work; and finally, Section VI concludes
the paper and highlights future directions.

II. RELATED WORK
A. POSITIONAL ENCODING IN ATTENTION
Self-attention can be learned given a cosine similarity
function denoted by weights representing the matrices of
query (Q), key (K ), and value (V ) as follows:

Aattn(Q,K ,V ) = softmax (A)V . (1)
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In the above equation, the matrix Aattn represents the
calculated attention applied to the values (V ). In classical
attention [14], the order of a token in relation to others in
an input sequence, e.g., the position of a word in a sentence,
is given by an encoding added to the embedding, providing
relative positional information. This PE could be indexed
using the sine and cosine functions, which offers a distinct
position representation of each token. An absolute sinusoidal
position pos of a token is encoded as:

PE(pos,2i) = sin
(

pos

10000
2i
d

)
, (2)

PE(pos,2i+1) = cos
(

pos

10000
2i
d

)
, (3)

where,
• pos is the token position in the sequence.
• i is the dimension index.
• d is the embedding dimension.
Before performing attention calculations, transformer

models first embed each token into a vector and add its
positional encoding to the representation:

x′
= x+ pos. (4)

This embedding is then processed through multiple
attention heads, giving rise to the term multiheaded attention
(MHA). The outputs from these heads are aggregated,
normalized, and then passed through a feedforward network
defined as:

FFN (x) = max(0, xW1 + b1)W2 + b2. (5)

The previous steps describes the encoder module of a
transformer. The output is then aggregated, normalized, and
fed into the decoder module, which also consists of stacked
MHAblocks. Finally, the output undergoes a linear projection
and is processed using a softmax function to generate the final
token probabilities. More details on the architecture can be
found in [14].

B. GRAPH REPRESENTATION LEARNING WITH
TRANSFORMERS
The success of transformers in NLP has also inspired
their adaptation to other types of data. Researchers have
explored two major directions; augmenting graph neural
networks (GNNs) with knowledge from pretrained LLMs
using text-attributed or text-paired graphs [31], and directly
applying self-attention to learn graph representations. The
latter approach benefits from the global receptive field of self-
attention, allowing each node to attend to every other node—
overcoming common GNN limitations such as oversmooth-
ing, oversquashing, and restricted expressiveness [25], [32].
Nonetheless, transformer-based models in general are not

without limitations. One known issue is the ‘‘softmax bottle-
neck’’; where the model’s expressiveness is constrained by
the low-rank nature of softmax-attention outputs. To address

this, [33] propose using mixtures of softmax functions to
better approximate complex distributions without increasing
embedding dimensionality.

Further refinements have emerged in the vision domain.
For instance, [34] argue that adding positional encodings
directly to token embeddings can dilute their effective-
ness, since the two carry fundamentally different types of
information. They propose concatenating positional vectors
instead, preserving positional distinctiveness throughout the
model. While compelling, transferring such techniques to
graphs, where structure is irregular and discrete, requires
additional innovation. Developing expressive, structure-
aware encoding methods for graph transformers remains
an open challenge. This is due to the fact that standard
transformers assume sequence order, which is absent in
graphs. As opposed to sequences or grids, nodes lack a regular
Euclidean structure. Thus making traditional PEmethods less
effective for learning directly from attributed graphs. This
irregularity complicates the representation of both topology
and node/edge attributes. To overcome this, [35] incorporates
Laplacian eigenvectors as absolute positional encodings, and
enrich this with random walk encodings and hierarchical
clustering embeddings as suggested by [36]. These encodings
are concatenated and passed through a linear projection layer:

PE(vi) = WPE [λ
(1)
i , . . . ,λ

(k)
i ,RWi,HCEi], (6)

where λ
(k)
i are the top-k Laplacian eigenvectors for node vi,

and WPE is a learned projection matrix.
Depending on the task, whether node classification,

edge prediction, or graph-level inference, different structural
aspects must be emphasized. For higher-order graph informa-
tion, architectures like Simplicial Complex Neural Networks
(SCNNs) extend GNNs to model multi-way relationships
beyond simple pairwise edges [37]. Similarly, graph trans-
formers have been adapted to incorporate topological features
either directly into node embeddings [35] or as learnable
biases applied during the attention score computation [13].
A common method to learn these topological properties
is using a graph spectra. Spectral methods like Laplacian
embeddings use the eigenvectors of the graph Laplacian to
encode global structure [38]. Building on this idea, Spectral
Attention Networks (SAN) [32] integrate spectral informa-
tion as positional encodings into transformers, enabling them
to capture complex graph topologies. Similarly, methods
like Graph Transformer (GT) [35] and its refinement,
LSPE [39], incorporate Laplacian eigenvectors to guide
attention. Other hybrid models combine attention with graph
convolutional networks (GCNs), using meta-paths to capture
richer structural semantics [26].

1) THE GRAPHORMER MODEL
The Graphormer [40] is a transformer-based model specifi-
cally designed for graph representation learning. Unlike tradi-
tional GNNs, which rely onmessage passing, theGraphormer
exploits the self-attention mechanism to capture local and
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global structural information efficiently. Additionally, instead
of assigning positions based on linear order as in LLMs,
Graphormer incorporates graph-specific features. It induces
the shortest path distances between nodes, and the edge
features, learning their embeddings as added bias, unlike
spectral methods such as SAN, which incorporate PEs only
during initialization, and remain static throughout training.
Another advantage of this bias over methods like the SAN
and LSPE, is that their reliance on Laplacian eigenvectors
limits their generalizations over graphs with highly irregular
spectra. Thus, while these encodings may offer valuable
information, their effect may not be fully witnessed when
simply adding them as previously mentioned. This was
addressed in [36] by incorporating additional encodings, e.g.,
RandomWalk and Hierarchical Cluster Encoding, to support
the structural learning of the graph. The issue with Random
Walk however, is that it cannot detect isomorphic graph
structures [36]. We argue that even if it is possible to
inject more graph features into the network to learn a better
representation, it could be worthwhile to enhance current
encodings by taking better advantage of them without adding
overhead costs to the model.

2) NODE EMBEDDING AND POSITIONAL ENCODING
In Graphormer, self-attention was modified to be more
suitable for graph representation by incorporating additional
encodings to exploit the structural information of the graph.
Specifically, node centrality, graph connectivity, and edge
features were used to augment the attention score. These
descriptors enrich the model and allow it to learn a more
complex representation depending on the use case. Whereas
the node centrality was directly embedded within the node
feature representation, connectivity, and edge encodings were
later added to the similarity score as follows:

Aij =

(
hiWQ

) (
hjWK

)⊤

√
d

+ bφ(vi,vj) + cij, (7)

where,
• Aij is an element of matrix A in 1.
• hi denotes the encoded feature of node vi.
• WQ and WK are the embedding weight matrices
associated with the queries (Q) and the keys (K).

• ⊤ is the transpose of a matrix.
• d is the dimension of the attention head used to scale the
dot product.

• bφ(vi,vj) is a learned scalar identified by a function
φ(vi, vj) that measures the spatial relation given by the
shortest distance of the path between nodes (vi, vj).

• cij is the edge encoding obtained from the averaged
dot product between the edge feature xen and the edge
embedding weights wEn . The feature xen , is the n

th edge
on the shortest path between nodes (vi, vj) consisting of
N edges:

cij =
1
N

N∑
n=1

xen
(
wEn

)⊤

. (8)

This formula extends the standard transformer attention
mechanism by incorporating graph-specific structural infor-
mation bφ(vi,vj) and edge features cij. The shortest path
distance is computed from the adjacency matrix using the
Floyd–Warshall algorithm [41], and its encoding is learned
during the model training phase. This additive formulation
ensures that both feature similarity and structural proximity
are considered in attention computation. Importantly, bφ(vi,vj)
introduces asymmetry in the score matrix A, which is critical
for encoding directed or asymmetric molecular motifs,
a property not handled by vanilla transformer attention. These
modifications enable the Graphormer to effectively model
graph-structured data while retaining the expressive power of
transformers. The final attention for node i is computed as:

Aattn(hi) =

∑
j∈N(i)

softmax(Aij) · (hjWV ). (9)

The training graphs are then passed into components
similar to the original attention model. The difference is that
the PEs are injected after the similarity score computation,
while in the original architecture, the PEs are added to the
token embeddings prior to the projection into query, key,
and value matrices. The positional bias embedding in the
Graphormer is learned during the training process, and the
final token represents the given graph which could then be
used for mainstream tasks.

C. NONLINEAR FUNCTIONS IN NEURAL NETWORKS
Activation functions are an essential component in neural
networks. They are used to map the output of a given network
or a layer. They introduce nonlinearity into the model that
extends a linear model and provides a new representation of
input x [42]. With this parameter, especially if the nonlinear
function is differentiable, back-propagation on feedforward
networks is possible, meaning that the network can be trained
with gradient-based optimization.

In the case of learning representations, the model could
better generalize the relations between the input vectors and
the output scalar they are representing. Those nonlinearities
or activation functions can be placed in the final layer of a
neural network to obtain a label in classification tasks or a
real value for regression tasks. They could also be used as
hidden units within the inner layers of a network. In some
cases, normalizing the weights can improve the optimization
process of a model and accelerate convergence [43]. It allows
the data to flow, helping the neural network to learn complex
hierarchical patterns, while preventing multi-layer networks
from collapsing into a single-layer linear model. In other
words, with normalization and proper activation functions,
neural networks can achieve high performance in many
benchmarking tasks [44].

The softmax function for example, can be used to
normalize the output of a neural network or a given layer.
It takes a vector x as input and gives an output representing a
normalized input or a probability distribution representing a
class or a label. This distribution, which has values in [0, 1],
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is proportional to the exponential of the input values [42],
which can be calculated as follows:

softmax (xi) =
exi∑
j
exj

, where x ∈ Rn. (10)

Classification networks predicting a binary label could
make use of sigmoidal output units. Logistic sigmoid (sigma)
and hyperbolic tangent tanh are examples of such units. The
logistic sigmoid function gives a Bernoulli distribution of the
layer output. To properly model this probability, the output is
restricted in [0,1], and can be calculated as follows:

σ (x) =
1

1 + e−x
, where x ∈ R. (11)

The tanh activation is used to map input values into an
output in [-1,1] and is obtained by the following formula:

tanh(x) =
ex − e−x

ex + e−x
, where x ∈ R. (12)

Each of these nonlinearities has distinguishing properties
that affect the training of the architecture, and the choice
between them is case-dependent. Sigmoidal units saturate to
a high value when their input x is very positive, and saturate
to a low value when x is very negative, and are only strongly
sensitive to their input when x is near zero. This can impede
gradient-based learning. Another key difference to note is
that softmax operates on an entire row or a vector of input,
achieving what is known as the winner-takes-all effect. This
means that the higher the probability one input of a vector
gets, the lower the remaining values for the other elements
will be, since the output has to sum up to one [42]. On the
other hand, sigmoidal units are applied element-wise andmap
a single scalar independently into the output space.

1) NONLINEARITIES IN TRANSFORMER MODELS
In classic attention, the softmax function in 10 is used to
map the Q, and the K scaled dot-product values from the
vector space into a probability distribution. These probability
distributions of the vector variable x are known as logits.
In this scenario, they represent the learnable weights that
allow themodel to relate input tokens to one another to predict
the next token. In addition to that, the softmax function plays
a role in preventing the network from facing vanishing or
exploding gradients during training.

Solutions to a number of problems have been presented in
the realm of language processing and context dependency.
In language modeling, [33] pointed out an undesirable
effect they termed the bottleneck of softmax, where they
hypothesize that natural language is high-rank, and that
having a single function computing probabilities limits the
expressiveness of language models. They illustrate that
the embedding dimension d is usually set at a certain
scale, e.g., 102, whereas the rank of a matrix A which
represents possible logits can possibly be as high as 105,
which is orders of magnitude larger than the embedding
dimension d . With a softmax function the model learns

a low-rank approximation of A. They argue that such
approximation leads the network to lose the ability to model
context dependency, both qualitatively and quantitatively.
They address this by averaging several softmax distributions
of the next token output probabilities. In [45], random
positive orthogonal features were leveraged to approximate
the softmax function. Their method has shown that this can
effectively decrease the complexity in attention calculation.
In addition to that, the imposed constraint of nonnegative
outputs was a boost to the performance of their proposed
method.

The choice of an activation function to be used as an
output mapping function or as a hidden unit remains an
active area of research. Although some units are a common
choice for a certain type of network, there is still no definitive
guideline for the optimal choice. Quite often, the choice of
an activation unit is a trial-and-error process [42]. Although
other activation units may be used, we focus on the activation
functions mentioned above.

The mixture of softmax (MoS) technique, originally
introduced to overcome the softmax bottleneck in LLMs [33],
give inspiration to the idea of normalizing the spatial and edge
encodings in graph-based models. Just as MoS addresses
bottlenecks in representation space, spatial and edge encod-
ings in graph architectures introduce additional structural
information that must be effectively integrated without
overwhelming the model. Applying softmax to normalize
these encodings ensures they contribute meaningfully to the
learned representations while preventing distortions caused
by scale differences. In transformers, the positive values
produced by the softmax function amplify the significance
of the final attention scores, helping to clarify the relative
importance of each input token. The advantage of using
softmax lies in its ability to normalize input values based on
their importance, ensuring that they sum to 1, regardless of
the original range of the input vector xi.

Section III explains our proposal, in which the properties
of a given nonlinearity could be leveraged to further influence
the role of spatial encoding in the Graphormer architecture.

III. METHODS
Our architecture builds on Graphormer [40], enhancing
the integrated positional encodings and structural biases
that better reflect the inductive priors of chemical graphs.
The following subsections detail our technical contribution
beyond the existing graph neural network variants. Fig. 1
illustrates an overview of the proposed architecture.

A. ARCHITECTURE OVERVIEW
We follow the general transformer paradigm with key
adaptations for graphs based on the previously intro-
duced Graphormer model. Defined by the following
components:

• Node and edge embeddings are intialized from
molecular graphs using atomic and bond features.
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FIGURE 1. The Graphormer model with unified positional and edge
biases.

• In Graphormer, self-attention is modified to to include
PEs and edge descriptors introduced as bias. These
biases provide information on the graph structure.

• The output of the final transformer layer is aggregated to
generate a graph-level representation that could be used
for graph classification or regression tasks.

B. REWRITING THE ATTENTION MECHANISM
We proceed to rewrite the formula 7 as a row-wise matrix
equation instead of an element-wise matrix equation, since it
is needed to define our attention mechanism. For a graph G
withm nodes, letA ∈ Rm×m be amatrix such that all elements
are Aij in 7. A can be described as follows:

A = S + B+ C . (13)

A row vector of A denoting the attention weights of a given
node can be written as follows:

Ai = Si + Bi + Ci, (14)

where,

• Si = [ [(hiWQ)(h1WK )⊤
√
d

, . . . ,
(hiWQ)(hmWK )⊤

√
d

],
• Bi = [bφ(vi,v1), bφ(vi,v2), . . . , bφ(vi,vm)],
• Ci = [ci1, ci2, . . . , cim], where cij is described in 8.
With the formulations described previously, we can

now introduce our model, which incorporates the concepts
described in Section II-C and in 7.

C. UNIFYING THE DOMAINS OF THE POSITIONAL
ENCODINGS
The values of the similarity matrix S, the positional or
spatial encoding B, and the edge encoding C , can differ
significantly in range due to representing distinct types of
information and therefore having embeddings that are distinct
in value from one another as explored in detail in Section IV.
Additionally, since the PEs in the Graphormer are injected
after similarity calculation rather than at the beginning, this
makes the disparity in quantities more prominent. We argue
that by simply moving the encodings, B and C , into the same
numerical domain as the similarity score S, we could achieve
an effect which emphasizes these properties in the overall
attention score calculation. In order to give the three terms the

same importance, we could consider normalizing them. This
can be applied element-wise to each of the terms by utilizing a
nonlinearity to bound those values to a single domain; thus 14
can be reformulated as follows:

Aij = σ
(
Sij

)
+ σ

(
Bij

)
+ σ

(
Cij

)
, (15)

where σ could describe a nonlinear function such as a tanh
or a sigmoid.

Since these units are applied element-wise, they may
disrupt the relationships between nodes. However, they
effectively normalize the features and align them with the
range of the similarity matrix S. To better preserve these
relationships, it may be beneficial to use a row-wise operation
that considers the relative contributions of all elements within
a row. In this case, we propose using the softmax function to
ensure that all three terms fall within the same range of values
[0,1]:

Ai = softmax (Si) + softmax (Bi) + softmax (Ci) . (16)

Furthermore, taking into account that using a softmax
generates a distribution with correlated probabilities, a rela-
tion between each of the nodes is estimated based on their
structural position. This not only magnifies the effect of
these encodings, but does so by mapping their positional
importance and assigning them meaningful values. The
choice of softmax is intuitive when considering its original
role in attention mechanisms. In LLMs, softmax assigns
probability scores that determine the attention each token
receives. A similar concept can be applied to graphs, where
certain nodes or edge features hold greater significance
than others. This approach allows the model to learn how
individual nodes and edges contribute to the overall graph
structure, which is particularly useful for tasks that depend on
these individual contributions. Thus, we argue that softmax
is a justified choice over other normalization methods. The
processing of layers and attention heads remains similar to
the original Graphormer.

IV. EXPERIMENTAL VALIDATION
A. THE DATASETS
To validate our proposal, experiments were carried out
on a selection of public chemical datasets to predict a
certain molecular property of a given molecule. Chemical
compounds are represented by attributed graphs, where the
graph nodes represent atoms and the edges represent bonds.
In this way, a certain molecular property can be predicted by
a graph regression task. The graphs of these chemicals were
generated from SMILE strings. The node and edge attributes
consisted of the encoded atom type, node degree, the shortest
path distances, and edge features as presented in [40].

• ESOL [46], the set consists of 1128 molecules for the
prediction of water solubility. The graphs of this dataset
range between 2-55 nodes.

• FreeSolv [47], consists of both experimental and calcu-
lated hydration free energies of small neutral molecules
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in water. The set used was comprised of 639 molecules
represented as graphs ranging between 2-24 nodes.

• Lipophilicity [48], this set contains 4200 molecules.
It measures the hydrophobicity, i.e., lipophilicity, which
is the dissolvability of substance in nonpolar solvents.
The graphs in this set range between 7-115 nodes.

• PCQM4Mv2 This is a subset of the PubChem
dataset [49] containing 3000 molecules for training,
validation and testing. In this set, graphs contain
8-18 nodes, and each node is associated with a
9-dimensional feature (e.g., atomic number, chirality)
and each edge comes with a 3-dimensional feature
vector.

The molecular properties of the atoms and bonds were
extracted using the RDKit cheminformatics open-source
library.

B. HYPERPARAMETERS AND MODEL CONFIGURATION
Our model was trained end-to-end for graph regression
tasks using the mean squared error (MSE) loss. Graphs
and their properties were extracted from the Simplified
Molecular Input Line Entry System (SMILES). Each dataset
was divided into 80% for training and the remaining 20%was
equally divided into validation and testing. The batch size was
set to 32 for the ESOL and Lipophilicity datasets and 64 for
FreeSolv. However, DeepSpeed memory optimization was
used to automatically adjust batch size. All encodings and
biases were jointly learned with the model parameters.The
learning rate started at lr= 5e-5 with an AdamW optimizer,
and Mean Squared Error (MSE) was used for evaluation.
The model was evaluated with h= 2, 8 heads, l= 6 layers,
and an embedding dimension d= 768. Training lasted
300 epochs: approximately 4 hours for ESOL, under 2 hours
for FreeSolv, and nearly 2 days for Lipophilicity. The training
was conducted on a single NVIDIA RTX A4000 GPU. The
PyTorch Hugging Face1 implementation of Graphormer was
used under an Apache 2.0 license, with code and datasets
available on GitHub.2

C. ANALYSIS OF THE DOMAINS OF THE ENCODING
MATRICES
In this section, we empirically demonstrate that the matrices
in 13 tend to operate in different numerical domains. As a
result, the contribution of each of the three terms varies
significantly. Consequently, omitting one or both terms,
such as the spatial or edge encodings, may have minimal
impact on the model’s performance. Since these encodings
carry substantially important information about the graph
structure, the findings indicate that, in their current form,
these encodings fail to take advantage of the rich information
embedded within the graphs in an effective way.

1https://github.com/huggingface/transformers/tree/v4.29.0/src/
transformers/models/graphormer

2https://github.com/ASCLEPIUS-URV/Graphormer-with-Softmax-
Biases

FIGURE 2. Box plots of the values obtained from one graph of the
matrices contributing to the attention calculation, A = S + B + C . Left: The
model with 2 heads, Right: The model with 8 heads.

Therefore, it is crucial to identify a suitable method to
enable the network to learn the underlying structure of a given
graph. This observation suggests the potential benefits of
normalizing the values of these matrices and weighting their
contributions to enhance their influence. Such adjustments
could help the model better capture and utilize the relative
features of the graph.

Fig. 2 shows the values of the similarity matrix, S, spatial
encoding matrix B, and edge encoding matrix C obtained as
explained by 7 from a single graph from the ESOL dataset.
The left box plot was generated using a Graphormer with
two heads, whereas the right box plot shows the same graph
processed through an eight-head Graphormer.

In both variations of the architecture, we observe a
significant difference in the standard deviation and mean
between the matrix S and the matrices B and C . In particular,
the minimum values of the matrices B and C tend to be
higher than the mean of the S matrix, surpassing a substantial
percentage of the values within S. It is also important to
note that the matrices S and A occupy nearly identical value
domains, with only a slight increase in A after the addition of
the encodings.

Comparing both architecture variations (2 and 8 heads),
we realize that the difference between S and the other
two matrices becomes more pronounced in the 8-head
architecture than in the 2-head architecture. In contrast,
we consider similar behaviors of B and C in both architec-
tures. We conclude that there is a tendency to increase the
difference between the standard deviation and the mean in
the matrix S and the matrices B and C when the number of
heads increases. Thus, the problem of B and C having little to
no contribution to the final value of the attention mechanism
is more pronounced when the heads increase, which is the
current tendency of recent architectures.

Similarly to Fig. 2, Fig. 3 shows the box plots of matrices
softmax(S), softmax(B)softmax(C) obtained by our proposal
with a 2-head architecture. As expected, the domains of
the values of the three first matrices are within 0 and 1.
In this case, the mean values of the three matrices are
closer, although matrix softmax(B) shows a larger standard
deviation. In this model, the values of A are clearly larger
than the values of the matrices softmax(S), softmax(B) and
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FIGURE 3. Box plots of the values obtained from one graph showing the
matrices contributing to the attention calculation,
A = softmax(S) + softmax(B) + softmax(C).

TABLE 1. MSE generated by the original model (first column), without
edge encoding (second column), the original model without the spatial
encoding (third column), and the original model and the original model
without any encoding (last column).

softmax(C) since they contribute almost similarly to the final
result. Asmentioned previously, we have visualized these box
plots given several architectures with different numbers of
heads, and in this case, we observed that this effect remains
consistent regardless of the number of heads used. Thus, the
difference between matrix domains detected in the original
architecture will not be observed with the increase in number
of heads.

D. ANALYSIS OF THE IMPORTANCE OF THE ENCODINGS
Table 1 presents the MSE generated by the original model
(first column), the original model without edge encoding
(second column), the original model without spatial encoding
(third column), and the original model without any encoding
(last column). The results show that the benefit of the
encoding is not consistent across all datasets. There were
cases where using spatial encoding yielded the same error
score as not using any encoding. This effect can be observed
with the Lipophilicty dataset. This suggests that the impact
of the spatial encodings is minimal, which further supports
our belief that the encoding value might get lost when added
to the attention score. In most cases, we observed that using
both spatial B and edge encodings C slightly decreased
the error, indicating a potential benefit of combining these
terms. In the case of the Freesolv data, the use of the spatial
encoding by itself reduced the error marginally of ∼ 0.01%.
This indicates that these encodings have a negligible effect
on this dataset, whereas they could be considered noise in
other cases. The contrary was seen with the PCQM4Mv2
data where including edge encodings led to a significant
improvement in the model’s performance. This variability
suggests that the impact of encodings may depend on the
dataset’s specific characteristics.

FIGURE 4. Gradients of tanh and sigmoid functions.

TABLE 2. Test MSE obtained by using the original model [40] (first
column), our proposal with softmax (second column), our proposal with
tangent hyperbolic (third column), and our proposal with sigmoid (last
column) on four datasets.

E. ANALYSIS OF INCORPORATING NONLINEARITIES IN
THE ENCODINGS
Table 2 shows the MSE given four models obtained from
four datasets. The original model [40] in the first column and
three combinations of our model in the other three columns,
depending on the applied nonlinear function: softmax (second
column), tangent hyperbolic, tanh, (third column) and sig-
moid (last column). From the computed MSE, we conclude
that the effects of normalizing the biases are prominently
visible in certain cases more than others. For instance, in the
ESOL and PCQM4Mv2 datasets, a clear reduction in error is
observed when all fields are normalized to the same numer-
ical domain in comparison with error scores presented in
Table 1. The comparison between the original model and the
one modified with softmax shows a promising improvement.
Consistent improvements were observed across all datasets,
with a particularly notable ∼ 27.45% decrease in MSE on
the Freesolv dataset. However, not all nonlinearities yielded
optimal results. Applying functions such as sigmoid and tanh
to the similarity scores and encodings did not consistently
improve the performance of the model in most datasets,
except for the PCQM4Mv2 dataset. Although all three
functions that have been incorporated introduce nonlinearity
that helps the model learns complex patterns, the behavior
of these functions differ from one function to another. In the
case of tanh, we could explain this outcome by the fact that its
gradients in generally larger than that of the sigmoid function,
especially around 0. As shown in Fig. 4, the gradient, tanh’,
peaks at 1 when x = 0, whereas sigmoid’ peaks at 0.25.
This could lead to larger weight updates when using tanh,
which could affect the model’s ability to learn and converge.
Additionally, the values of B and C are small in magnitude
(with values nearing 0). This means that applying tanh or
sigmoid could further squash the differences between these
values, which might weaken the ability of the model to learn
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TABLE 3. Test MSE obtained from different graph learning baseline
models, compared with our softmax Graphormer.

nuanced distinctions. This effect is not observed with softmax
since its applied vector-wise, preserving relative differences.

Fig. 5 shows eight scatter plots obtained by the four
datasets. The vertical axes are the predicted global values and
the horizontal axes are the ground truth values. The results
compare the predictions of the original model and our model
using softmax. In the case of the FreeSolv data, the predicted
values given by the original model spanned a different range
of values [−17.5, −2.5], Fig. 5 (c), compared to the range
of the ground truth values [−20, 0], Fig. 5 (d), to which
the modified model adhered. Despite the presence of outliers
in the predictions, we could argue that our model tends
to generate a narrower and more diagonal cloud of points.
Although the difference between these scatter plots may not
be clear at first glance, the MSE values in Table 2 support
the efficacy of our modification. These outcomes consolidate
the premise that the unification of widely varying domains
can positively impact the final attention score. Additionally,
the variance in results across the different test sets confirms
the sensitivity of transformer models to changes in graph
structure and hyperparameters. It is worth mentioning that
standard normalization techniques, e.g., were tested in the
initial stages of these experiments. However, they did not
yield competitive results and were not included for the sake
of brevity. This enhancement of performance using softmax
could be explained by its use of the exponential function. This
amplifies larger values relative to smaller ones, emphasizing
the most significant values. This helps in scenarios like
attention mechanisms, where it is important to highlight the
most relevant inputs while suppressing others. Additionally,
softmax ensures all outputs are non-negative, which aligns
with probability distribution property that the attention model
relies on. Normalization techniques like Z-score can result in
negative values, which may not be meaningful in this context.

F. COMPARISON WITH PRIOR ARCHITECTURES
Table 3 presents the MSE obtained from baseline graph
learning architectures. In the absence of known optimal
hyperparameters, the same configuration of Graphormer was
adopted. Comparison experiments can be found in the same
Github repository.3 We observe that the proposed model
consistently outperforms GCN, GAT, and GT across the
datasets tested. The relatively poor performance of GCN can
be attributed to its original design for node classification

3https://github.com/ASCLEPIUS-URV/Graphormer-with-Softmax-
Biases

on a single, large graph. GCNs aggregate information from
local neighborhoods and lack support for edge attributes,
which limits their ability to model fine-grained interactions in
molecular graphs. Moreover, GCNs tend to suffer from per-
formance degradation when deepened, due to oversmoothing
and vanishing gradients.

GAT models incorporate attention mechanisms, allowing
nodes to weigh the importance of their neighbors. However,
this attention is computed only over local neighborhoods,
which restricts the model’s ability to capture dependencies of
a longer range and global context. These aspects are crucial
when learning molecular graphs. Additionally, standard
GATs do not encode relative or absolute positional informa-
tion, such as node order or spatial structure, further limiting
their expressiveness in tasks where geometry matters.

GT models on the other hand, use full attention and incor-
porate positional encodings derived from graph Laplacian
eigenvectors. While this allows for global context aggrega-
tion, the absence of domain-specific inductive biases, i.e.,
spatial distance, edge encoding, or centrality, can limit per-
formance in molecular property prediction. Our architecture
augments the existing tailored structural encodings, offering
a stronger bias toward relevant molecular characteristics.

Finally, although these baseline models can achieve com-
petitive performance with extensive hyperparameter tuning
or pretraining, this process is computationally expensive,
particularly on smaller datasets that are difficult to learn
without pretraining [50]. In contrast, our methods reduce
reliance on such tuning while effectively enhancing the
learning of of both structural and global semantics, mitigating
issues like oversmoothing and oversquashing.

G. COMPLEXITY ANALYSIS
The core of our model is the introduction of a nonlinear
function in each of the three terms of the attention mechanism
as means of normalization and highlighting feature impor-
tance. The softmax function emphasizes relative differences
between elements, which might not always be desirable. For
example, if all values in a row are similar, softmax will still
artificially amplify small differences, potentially introducing
noise. Furthermore, transformer models incur longer training
time that scales quadratically with the embedding dimension
and input size [30]. Since the softmax equation is computed
per row of each one of the three matrices S, B and C , the
computational cost of softmax is linear with respect to the
number of elements of the vector xi, as can be deduced
in Eq. 10. Thus, the training of our model increases the
original attention computational cost of O(m2

· d) by an
additional O(m). Although this overhead is modest, it may
pose a concern for large graphs or real-time applications.
Nevertheless, this increase in runtime could be offset by
a reduction in the number of training epochs, as the
proper incorporation of information into the attention-based
architecture may enable the model to reach a stable minimum
more quickly.
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FIGURE 5. Scatter plots showing the real vs. predicted values of the original model (left) and our proposal (right) across multiple datasets.

V. LIMITATIONS
From a theoretical perspective, we assume that the three
matrices, S, B, and C , provide valuable information to
the attention mechanism. However, in certain applications,
depending on the nature of the graphs, incorporating one
of these matrices may not yield significant benefits. This
was observed most prominently with the Freesolv and
Lipophilicity datasets in Table 1. Graph data varies in
structure, and the relationships between its components
differ between datasets. As a result, no single combination

of encodings guarantees optimal performance in all cases.
While unifying the domains of the attention mechanisms and
encodings improves overall model performance, it remains
essential to customize these embeddings for each specific
scenario. In addition to that, during the training process
we have observed that the Graphormer model is quite
sensitive to configuration and hyperparameter settings. The
performance of the model on a single dataset varies greatly
depending on the combination of number of heads, layers,
embedding dimension and training parameters and the dataset
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FIGURE 5. (Continued.) Scatter plots showing the real vs. predicted values of the original model (left) and our proposal (right) across multiple datasets.

size. This means that the hyperparameter space is large
and exhaustive search is needed to find the optimal set of
configurations to train a model on a chosen dataset. This
observation can be extended to other graph learning methods
when examining the varying results between one model and
another with the same dataset. Finally, while our model
outperformed others across all datasets, it is important to note
that transformer-based models generally struggle to learn
effectively from small datasets [51], which characterizes
those used in this study.

VI. CONCLUSION
When compared to other graph learning baseline meth-
ods, better results are achieved with an out-of-the-box
Graphormer since it is tailored to molecular data. This is
thanks to its incorporation of spacial distance and edges
between nodes known as positional encodings. We analyze
the role of positional encodings used in the graph transformer
architecture model Graphormer. Ablation studies indicate
that the effectiveness of both node and edge encodings
varies across different datasets. Although some encoding
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combinations may slightly improve performance, these
effects are generally small and inconsistent. Therefore, the
inclusion of encodings should be tailored to the specific
dataset.

We also propose modifying the Graphormer model,
emphasizing the importance of spatial and edge encodings
in calculating the overall attention score. Our findings show
that unifying the range of these encodings within the self-
attention mechanism, alongside the initial similarity score,
enhances the final attention output. By ensuring that the
critical properties of the graph are properly weighted, the
model assigns greater significance to the relevant features,
improving its expressive power. This unified approach results
in more effective embeddings, optimized for key graph-
related tasks. In future work, additional datasets could be
included to address a broader range of applications. A wider
variety of graph structures, including graphs with different
orders, varying numbers of node attributes, or differing
quantities of graphs, would provide a more comprehensive
insight. Finally, although our proposed method showed
noticeable improvement in graph prediction tasks, other
normalization methods such as layer or batch normalization
could be tested.

Future research will focus on further analyzing the
impact of these encodings on the attention mechanism while
maintaining low computational costs. This can be achieved
by introducing learnable weights for each encoding term,
enabling the model to determine their relative contribution
based on the specific task. This approach would allow for
the dynamic selection of the most suitable encoding type
to enhance graph embedding learning. Another promising
direction is to apply these modified embeddings to generative
tasks, broadening the model’s applications beyond predictive
tasks. Continuous refinement of these methods will expand
the utility of the model and improve performance across a
wider range of applications.
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