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Abstract
A geometric framework, called multicontact geometry, has recently been developed to
study action-dependent field theories. In this work, we use this framework to analyze
symmetries in action-dependent Lagrangian and Hamiltonian field theories, as well as
their associated dissipation laws. Specifically, we establish the definitions of conserved
and dissipated quantities, define the general symmetries of the field equations and
the geometric structure, and examine their properties. The latter ones, referred to as
Noether symmetries, lead to the formulation of a version of Noether’s Theorem in this
setting, which associates each of these symmetries with the corresponding dissipated
quantity and the resulting conservation law.
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1 Introduction

Action-dependent theories in physics are extensions of standard dynamical and clas-
sical field theories, which exhibit properties that make them particularly interesting.
They are characterized by the fact that their Lagrangian or Hamiltonian functions
incorporate additional variables that are related to the action and lead to the emer-
gence of new terms in the field or dynamical equations. These extra terms have been
used to model dissipative behavior; although the applications of these theories extend
far beyond that scope. Related to this aspect is the non-conservative nature of these
kinds of systems; however, despite this, the deviation from conservation is clearly reg-
ulated. In fact, in this framework, Noether’s Theorem links symmetries to dissipated
quantities, which, although not conserved, follow a well-established behavior.

In recent years, there has been growing interest in developing a geometrical frame-
work to study mechanical systems that exhibit dissipation. This framework is contact
geometry [1–3], which has been applied to describe dissipative Hamiltonian [4–6] and
Lagrangian systems [7–9], and has also been applied to other various fields, such as
thermodynamics, quantum mechanics, circuit theory, or control theory [3, 7, 10].

The same dissipative phenomena arise in classical field theories, leading to the
so-called action-dependent classical field theories. These kinds of theories are most
directly understood in theLagrangian approachwhere, ifM denotes them-dimensional
source of the fields, with local coordinates (x1, . . . , xm), and a classical (action-
independent) field is a section of a certain fiber bundle, taking a fiber product with∧m+1 T∗M over M yields a fiber bundle P → M , and now the Lagrangian (which
is closely related to the action) can depend on the fiber coordinates (s1, . . . , sm) of∧m+1 T∗M aswell, butwith an additional condition for a (holonomic) solution section
ψ of P → M .

Drawing inspiration from contact geometry, a geometric framework called multi-
contact geometry has been recently introduced, providing a systematic and rigorous
way to set the Lagrangian and Hamiltonian formalisms for action-dependent field the-
ories. This subject has been recently developed in [11] (although a previous, different
approach was also presented in [12]). This structure and its application to describe
these theories is based on themultisymplectic formulation of classical field theory. The
literature on this subject is vast; a few among the many works available are as follows:
for instance, see [13–15] for the Lagrangian formalism, [16–19] for the Hamiltonian
formalism, [20] for the singular case, and [21–23] as general references (see also [24–
26] for other geometric frameworks; the so-called polysymplectic and k-symplectic
formulations). Additionally, alternative but related approaches to action-dependent
field theories involve the so-called k-contact and k-cocontact structures [27–30]. It is
important to note that these formulations allow us to describe only dissipative classical
field theories of variational type, and that finding geometric structures for other kinds
of field theories with dissipation is still an open problem.

As it is well-known, symmetries play a crucial role in studying dynamical systems
and field theories. Exploring symmetries often involves analyzing ordinary and par-
tial differential equations, as they encode conservation laws and conserved quantities
that reveal fundamental properties of physical systems. As a cornerstone in this field,
Emmy Noether’s groundbreaking work [31] established a deep connection between
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certain kinds of symmetries and conservation principles (see also [32], for a modern
perspective). Initially, symmetry in physical systems was understood as the invariance
of the equations of motion under specific transformations in phase space, but, in mod-
ern geometric formulations of classical mechanics and field theories, symmetries are
typically defined through the invariance of fundamental geometric structures, ensuring
the preservation of the equations of motion as a natural consequence.

In particular, in multisymplectic field theories, the study of symmetries and
their associated conserved quantities and conservation laws has been extensively
developed within the geometric framework, where symmetries that preserve the
(pre)multisymplectic structure are known as Noether or Cartan symmetries. This geo-
metric formulation of Noether symmetries allows to easily prove Noether’s Theorem.
In particular, see, for instance, [21, 33, 34] as general references and, specifically,
[35–38] for the Lagrangian case, and [39, 40] for the Hamiltonian one).

The goal of this work is to extend the results on symmetries, conservation laws,
and Noether’s Theorem from the classical multisymplectic field theory to the case
of action-dependent field theories within the multicontact framework, both for the
Lagrangian and Hamiltonian formulations. In this context, symmetries are associated
with dissipation laws. Specifically, we aim to define the concepts of conserved and
dissipated quantities in this framework, as well as the notion of symmetry for both
the field equations and the multicontact structure; and the properties of all these kinds
of symmetries. The last ones are referred to as strong Noether symmetries, and the
ultimate objective is establishing the corresponding version of Noether’s Theorem,
linking them to their corresponding dissipated quantities. A similar partial analysis
of these subjects but in the k-contact framework of action-dependent field theories is
found in [28, 29].

The organization of the paper is as follows: Sect. 2 reviews some preliminary
concepts on multicontact geometry and the multicontact formulation of Lagrangian
and Hamiltonian action-dependent field theories. Section 3 contains the main state-
ments and results of the work. First, we define conserved and dissipative forms and
explain how they lead to conservation and dissipation laws. Second, we introduce
different types of symmetries for multicontact Lagrangian systems; namely, general-
ized, Noether, and strong Noether symmetries. After defining the canonical lifts to
the phase space of the theory, the so-called natural symmetries are distinguished, and
the relationships between all these symmetries are studied, along with their properties.
The section continues with the statement and proof of Noether’s Theorem and a discus-
sion on how all these results extend to multicontact Hamiltonian systems. Finally, in
Sect. 4, an example is analyzed: a symmetry of the damped wave equation. Appendix
A is also included to describe multivector fields and their properties.

All the manifolds are real, second-countable, connected, and of class C∞, and the
mappings are assumed to be smooth. Sum over crossed repeated indices is understood.
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2 Preliminaries

This section reviews the basics on multicontact geometry and the multicontact
Lagrangian and Hamiltonian formulations of classical field theories. See [11] for
more details.

2.1 Review onmulticontact geometry

Consider a manifold P with dim P = m + N , where N ≥ m ≥ 1, endowed with
two differential m-forms �,ω ∈ �m(P) of constant ranks. Let D ⊂ TP be a regular
distribution and let �(D) be a C∞(P)-module of sections. For each k ∈ N, define

Ak(D) := {
α ∈ �k(P) | ιZα = 0 , ∀Z ∈ �(D)

}
,

namely the set of k-forms on P that vanish when evaluated on vector fields in �(D).
At a point p ∈ P , the corresponding pointwise version is Ak

p(D) := {
α ∈ ∧k T∗

pP |
ιvα = 0 , ∀v ∈ Dp

}
. This definition of Ak(D) can equivalently be rewritten as

Ak(D) = {
α ∈ �k(P) | �(D) ⊂ ker α

}
,

where ker α = {Z ∈ X(P) | ιZα = 0} is the one-kernel of a differential form
α ∈ �k(P), with k ≥ 1.

Definition 1 TheReeb distribution associated with the pair (�,ω) is the distribution
DR ⊂ TP defined at each point p ∈ P , as

DR
p = {

v ∈ ker ωp | ιvd�p ∈ Am
p (ker ω)

}
,

with DR =
∐

p∈P

DR
p . The set of sections of the Reeb distribution is denoted by R :=

�(DR), and its elements R ∈ R are called Reeb vector fields. Assuming that ker ω
is a distribution of constant rank, then

R = {
R ∈ �(ker ω) | ιRd� ∈ Am(ker ω)

}
.

Observe that ker ω ∩ ker d� ⊆ DR. Furthermore, if ω ∈ �m(P) is a closed
differential form with constant rank, then R forms an involutive distribution.

Definition 2 A pair (�,ω) is a premulticontact structure on P if ω ∈ �m(P) is
closed and, for 0 ≤ k ≤ N − m, we have the following:

(1) rk ker ω = N .
(2) rkDR = m + k.
(3) rk (ker ω ∩ ker� ∩ ker d�) = k.
(4) Am−1(ker ω) = {ιR� | R ∈ R},
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Then, the triple (P,�, ω) is said to be apremulticontactmanifold and� ∈ �m(P) is
called apremulticontact form on P . The distributionC ≡ ker ω∩ker�∩ker d� is the
characteristic distribution of (P,�, ω). If k = 0, the pair (�,ω) is amulticontact
structure, the triple (P,�, ω) is a multicontact manifold, and � ∈ �m(P) is a
multicontact form.

It isworth noting that the notion ofmulticontact structurewas also used in a different
context in [12], where the term refers to a codimension n distribution defined on a
manifold P . However, this paper focuses on the definition introduced above.

An essential property of these structures is the following.

Proposition 1 Let (P,�, ω) be a (pre)multicontact manifold, then there exists a
unique σ� ∈ �1(P), called the dissipation form, satisfying

σ� ∧ ιR� = ιRd�, for every R ∈ R .

Then, using the dissipation form, one can define the following.

Definition 3 Let σ� ∈ �1(P) be the dissipation form. Then, we define the operator
associated with σ� as follows

d : �k(P) −→ �k+1(P)

β �−→ dβ = dβ + σ� ∧ β .

In field theories, the (pre)multisymplectic structures satisfy the following additional
condition, which guarantees that the theory is variational (see [41]).

Definition 4 Let (P,�, ω) be a (pre)multicontact manifold satisfying

ιX ιY� = 0 , for every X ,Y ∈ �(ker ω) .

Then (P,�, ω) is a variational (pre)multicontact manifold and (�,ω) is said to
be a variational (pre)multicontact structure.

2.2 Multicontact Lagrangian systems

Let π : E → M be the configuration bundle of a classical first-order field theory,
where M is an orientable m-dimensional manifold with volume form η ∈ �m(M),
and let J 1π → E → M be the corresponding first-order jet bundle. If dim M = m
and dim E = n + m, then dim J 1π = nm + n + m. Natural coordinates in J 1π
adapted to the bundle structure are (xμ, ya, yaμ) (μ = 1, . . . ,m; a = 1, . . . , n), and
are such that η = dx1 ∧ · · · ∧ dxm =: dmx .

Themulticontact Lagrangian formalism for action-dependent (or non-conservative)
field theories takes place in the bundle,P = J 1π ×M

∧m−1 T∗M , where,
∧m−1 T∗M

denotes the bundle of (m − 1)-forms on M . Now the configuration bundle is E ≡
E ×M

∧m−1 T∗M → M . Natural coordinates in P are (xμ, ya, yaμ, sμ), and thus
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dimP = 2m + n + nm. Note that in these coordinates ω := τ ∗η = dmx ∈ �m(P),
where τ : P → M is the natural projection. We have the natural projections depicted
in the following diagram:

P = J 1π ×M
∧m−1 T∗M

τ2τ1

τ

J 1π

π̄1

π1

∧m−1 T∗M

κE

π

M
(2.1)

A section ψ : M → P of τ is said to be a holonomic section in P if the section
ψ := τ1 ◦ ψ : M → J 1π is holonomic in J 1π ; that is, there is a section φ : M → E
of π such that ψ = j1φ. It is customary to write ψ = (ψ, s) = ( j1φ, s), where
s : M → ∧m−1 T∗M is a section of the projection κ : ∧m−1 T∗M → M . We also
say that ψ is the canonical prolongation of the section φ := (φ, s) : M → E ≡
E ×M

∧m−1 T∗M to P. Recall also that a multivector field is integrable when its
associated distribution is integrable (see Appendix A) and, if they are τ -transverse,
their integral submanifolds are sections of the projection τ and are called integral
sections of the multivector field. Then:

Definition 5 A multivector field X ∈ Xm(P) is a holonomic m-multivector field or
a second-order partial differential equation (sopde) in P if it is τ -transverse (see
Appendix A), integrable, and its integral sections are holonomic on P.

The τ -transversality condition can be taken to be ιXω = 1, since if X satisfies
ιXω �= 0, there always exists a nonvanishing function f such that X′ = fX satisfies
ιX′ω = 1. Then, the local expression of a locally decomposable sopde in P reads

X =
m∧

μ=1

( ∂

∂xμ
+ yiμ

∂

∂ yi
+ Fi

μν

∂

∂ yiν
+ gν

μ

∂

∂sν

)
,

and its integral sections are solutions to the system of second-order partial differential
equations:

yiμ = ∂ yi

∂xμ
, Fi

μν = ∂2yi

∂xμ∂xν
.

Note that the functions Fi
μν and gν

μ are not completely arbitrary, since they need to
satisfy some integrability condition (see Appendix A). Multivector fields in P that
possess the above local expression given above but are not necessarily integrable are
commonly referred to as semi-holonomic.
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Physical information infield theories is introduced through the so-calledLagrangian
densities. A Lagrangian density is a differential form L ∈ �m(P); hence L =
L dmx , where L ∈ C∞(P) is the Lagrangian function. Then, the Lagrangian m-
form associated with L is defined using the canonical geometric elements which P is
endowed with, and its coordinate expression reads

�L = − ∂L

∂ yaμ
dya∧dm−1xμ+

(
∂L

∂ yaμ
yaμ − L

)

dmx+dsμ∧dm−1xμ ∈ �m(P) , (2.2)

where dm−1xμ = ι∂/∂xμdmx . The local function EL = ∂L

∂ yaμ
yaμ − L is called the

energy Lagrangian function associated with L ∈ C∞(P). A Lagrangian function

L ∈ C∞(P) is regular if the Hessian matrix

(
∂2 L

∂ yaμ∂ ybν

)

is regular everywhere; then

�L is a Lagrangian multicontact form on P and the triple (P,�L, ω) is said to be a
multicontact Lagrangian system. Otherwise, L is a singular Lagrangian and, under
certain additional conditions, �L is a premulticontact form on P and (P,�L, ω) is a
premulticontact Lagrangian system.

The next step is to introduce the dissipation form which, in the Lagrangian for-
malism, has the coordinate expression,

σ�L = − ∂L

∂sμ
dxμ . (2.3)

Then, finally, we construct the form,

d�L = d�L + σ�L ∧ �L = d�L − ∂L

∂sν
dxν ∧ �L . (2.4)

For a multicontact Lagrangian system (P,�L, ω) the Lagrangian field equations
are derived from the generalized Herglotz Variational Principle [41], and can be stated
alternatively as:

Definition 6 (1) The multicontact Lagrangian equations for holonomic sections
ψ : M → P are

ψ∗�L = 0 , ψ∗ιXd�L = 0 , for every X ∈ X(P) . (2.5)

(2) Themulticontact Lagrangian equations for holonomic multivector fields X ∈
Xm(P) are

ιX�L = 0 , ιXd�L = 0 . (2.6)

Recall that holonomic multivector fields are τ -transverse. Then, note that equa-
tions (2.6) and the τ -transversality condition, ιXω �= 0, hold for every multivector
field of the equivalence class {X} (that is, for every X′ = fX, with f nonvanish-
ing; see the Appendix A). Then, the condition of τ -transversality can be imposed
by simply asking that ιXω = 1.
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In coordinates, for holonomic sections ψ(xν) =
(
xμ, ya(xν),

∂ ya

∂xμ
(xν), sμ(xν)

)
,

equations (2.5) read

∂sμ

∂xμ
= L ◦ ψ ,

∂

∂xμ

(
∂L

∂ yaμ
◦ ψ

)

=
(

∂L

∂ ya
+ ∂L

∂sμ

∂L

∂ yaμ

)

◦ ψ , (2.7)

which are precisely the equations for the integral sections of sopdemultivector fields
solutions to equations (2.6). Equations (2.7) are called the Herglotz–Euler–Lagrange
field equations.

Theorem 2 Let (P,�L, ω) be a (pre)multicontact Lagrangian system. If X ∈ Xm(P)

is a holonomic multivector field solution to (2.6) (that is, a sopde), its integral sections
are the solutions to the multicontact Euler–Lagrange field equations for holonomic
sections (2.5).

In addition, if the Lagrangian system is regular then:

(1) The multicontact Lagrangian field equations for multivector fields (2.6) have solu-
tion on P, which is not unique if m > 1.

(2) Multivector fields X ∈ Xm(P) which are solutions to equations (2.6) are semi-
holonomic (and hence holonomic, if they are integrable).

Remark 1 If the Lagrangian L is not regular and (P,�L, ω) is a premulticontact sys-
tem; in general, the field equations (2.6) have no solutions everywhere onP and, when
they do and are integrable, they are not necessarily sopdes. Hence, the requirement
to be sopde is imposed as an additional condition. In the best situations, sopde solu-
tions exist only on a submanifold P f ↪→ P which is obtained by applying a suitable
constraint algorithm. �

In this paper, we only consider the case of regular Lagrangians; that is, multicon-
tact Lagrangian systems. In the singular (premulticontact) case, the diffeomorphisms
considered must leave the submanifold P f invariant and all the vector fields and
multivector fields must be tangent to P f ; then, all results must be restricted to P f .
Nevertheless, as (semi-)holonomy is to be imposed as an additional condition, for
singular Lagrangian systems, this problem requires further research.

2.3 Multicontact Hamiltonian systems (regular case)

LetMπ ≡ ∧m
2 T∗E be the bundle ofm-forms on E vanishing by contractionwith two

π -vertical vector fields. It is endowedwith natural coordinates (xν, ya, pν
a , p) adapted

to the bundle structure Mπ → E → M , and such that η = dmx ; so dim Mπ =
nm + n + m + 1. Then, consider J 1∗π ≡ Mπ/

∧m
1 T∗E (where

∧m
1 T∗E is the

bundle of π -semibasic m-forms on E); whose natural coordinates are (xμ, ya, pμ
a ),

and so dim J 1∗π = nm + n + m.
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For the Hamiltonian formulation of action-dependent first-order classical field the-
ories, consider the bundles

P̃ = Mπ ×M

∧m−1
T∗M , P∗ = J 1∗π ×M

∧m−1
T∗M ,

which have natural coordinates (xμ, yi , pμ
i , p, sμ) and (xμ, ya, pμ

a , sμ), respectively.
We have the natural projections depicted in the following diagram:

P̃ = Mπ ×M
∧m−1 T∗M

τ̃2χ̃

p̃
τ̃1

Mπ

p

P∗ = J 1∗π ×M
∧m−1 T∗M

h

τ 2τ 1

τ

J 1∗π

π1
M

π1

∧m−1 T∗M

κ
E

π

M

Since the bundles Mπ and
∧m−1

(T∗M) are bundles of forms, they have canonical
structures, their “tautological forms” �̃ ∈ �m(Mπ) (called the Liouville form of
Mπ ) and θ ∈ �m−1(

∧m−1
(T∗M)), whose local expressions are

�̃ = pμ
a dy

a ∧ dm−1xμ + p dmx , θ = sμ dm−1xμ .

Now, let h : P∗ → P̃ be a section of p̃. It is locally determined by a function H ∈
C∞(U ), U ⊂ P∗, such that h(xμ, ya, pμ

a ) = (xμ, ya, pμ
a , p = −H(xν, yb, pν

b)).
The elements h and H are called a Hamiltonian section and its associated Hamilto-
nian function, respectively. Then, we define,

�H = −(̃τ1 ◦ h)∗�̃ + d(τ ∗
2θ)

= −pμ
i dy

i ∧ dm−1xμ + H dmx + dsμ ∧ dm−1xμ ∈ �m(P∗) . (2.8)

The form �H is a variational multicontact form and a triple (P∗,�H, ω) is said to be
a multicontact Hamiltonian system. In this case, the dissipation form is expressed
as

σ�H = ∂H

∂sμ
dxμ .
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FormulticontactHamiltonian systems, the field equations can be stated alternatively
as:

(1) Themulticontact Hamilton–deDonder–Weyl equations for sections ψ : M →
P∗ are

ψ∗�H = 0 , ψ∗ιY d�H = 0 , for every Y ∈ X(P∗) . (2.9)

(2) Themulticontact Hamilton–de Donder–Weyl equations for τ -transverse and
locally decomposable multivector fields XH ∈ Xm(P∗) are

ιXH�H = 0 , ιXHd�H = 0 . (2.10)

Equations (2.10) and the τ -transversality condition hold for everymultivector field
of the equivalence class {X}, and the transversality condition can be imposed by
asking ιXω = 1.

In natural coordinates, for a τ -transverse, locally decomposable multivector field
XH ∈ Xm(P∗), we have

XH =
m−1∧

μ=0

( ∂

∂xμ
+ (XH)aμ

∂

∂ ya
+ (XH)νμa

∂

∂ pν
a

+ (XH)νμ
∂

∂sν

)
,

if it is a solution to equations (2.10), taking into account the local expression (2.8)
these field equations lead to

(XH)aμ = ∂H

∂ pμ
a

, (XH)μμa = −
(

∂H

∂ ya
+ pμ

a
∂H

∂sμ

)

, (XH)μμ = pμ
a

∂H

∂ pμ
a

− H ,

along with a last group of equations which are identities when the above ones are taken
into account. Then, the integral sections ψ(xν) = (xμ, ya(xν), pμ

a (xν), sμ(xν)) of
all the integrable solutions XH, are solution to equations (2.9) which read

∂ ya

∂xμ
= ∂H

∂ pμ
a

◦ψ ,
∂ pμ

a

∂xμ
= −

(
∂H

∂ ya
+ pμ

a
∂H

∂sμ

)

◦ψ ,
∂sμ

∂xμ
=

(

pμ
a

∂H

∂ pμ
a

− H

)

◦ψ .

These equation are called the Herglotz–Hamilton–de Donder–Weyl equations for
action-dependent classical field theories and are compatible in P∗.

Remark 2 When m = 1, from all these definitions and results we recover the case of
action-dependent time-dependent classicalmechanics presented in [42]. The transition
from action-dependent field theory to action-dependent time-dependent mechanics is
described in [11]. �

3 Conservation and dissipation forms and symmetries

This section introduces the dissipative quantities and proves the analogue of Noether’s
theorem for Lagrangian and Hamiltonian field theories. The definitions and results
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presented within this section are natural generalizations from the multi-symplectic to
the multicontact setting [21, 38–40].

3.1 Conservation and dissipation laws

Consider a multicontact Lagrangian system (P,�L, ω). Let

Xm(�L) := {X ∈ Xm(P) | ιX�L = 0, ιXd�L = 0} .

Additionally, let
Xm(�L, ω) := {X ∈ Xm(�L) | ιXω �= 0} .

Without loss of generality, one can assume that, in the above definition, ιXω = 1,
by the arguments presented in Sect. 2. Within this work, we are mainly focused on
locally decomposable multivector fields, hence the set of all locally decomposable
multivector fields belonging to Xm(�L, ω) is denoted by Xm

d (�L, ω); so it is made
of the solutions to equations (2.6). Moreover, let Xm

I,d(�L, ω) be the subset of all the
multivector fields in Xm

d (�L, ω) that are integrable. Then, we have

Xm
I,d(�L, ω) ⊆ Xm

d (�L, ω) ⊆ Xm(�L, ω) ⊆ Xm(�L) .

Definition 7 Let (P,�L, ω) be a multicontact Lagrangian system.

1. A conserved form of the system is a differential form ξ ∈ �m−1(P) such that, for
every X ∈ Xm

d (�L, ω),

LXξ = (−1)m+1ιXdξ = 0 .

2. Adissipative form of the system is a differential form ξ ∈ �m−1(P)which satisfies
that, for every X ∈ Xm

d (�L, ω),

ιXdξ = 0 .

Note that if ξ , ζ are conserved or dissipative forms, then ξ + ζ is also a conserved
or dissipative form, respectively.

Observe also that, if ξ is a dissipative form, ιXdξ = 0, and ιX(σ�L ∧ ξ) = 0, for
every X ∈ Xm

d (�L, ω), then ιXdξ = 0, and hence ξ is a conserved form. In particular,
a sufficient condition is that σ�L ∧ ξ = 0.

The first property of conserved forms is as follows:

Proposition 3 Let ξ ∈ �m−1(P) be a conserved form of (P,�L, ω) and let X ∈
Xm
I,d(�L, ω). Then, ξ is closed on the integral submanifolds of X. In other words, if

S ⊂ P is an integral submanifold ofX and jS : S ↪→ P is the natural embedding, then
j∗S (dξ) = 0.
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Proof Let X = X1 ∧ · · · ∧ Xm ∈ Xm
I,d(�L, ω) with X1, . . . , Xm ∈ X(P) indepen-

dent vector fields tangent to the (m-dimensional) integral submanifold S. Then, since
ιXdξ = 0, we have

0 = j∗S [ιXdξ ] = j∗S [ιX1∧···∧Xmdξ ] = j∗S [dξ(X1, . . . , Xm)] ,

and as X1, . . . , Xm are arbitrary vector fields tangent to S, this implies that j∗Sdξ = 0.
��

Remark 3 Note that for every ξ ∈ �m−1(P) and X ∈ Xm
I,d(�L, ω), if ψ : M → P is

an integral section of X, taking ψ∗ξ ∈ �m−1(M), then there is a unique vector field
Xψ∗ξ ∈ X(M) such that ιXψ∗ξ

ω = ψ∗ξ . Recall that η ∈ �m(M) is the volume form
in M ; then, since the divergence of Xψ∗ξ is the function divXψ∗ξ ∈ C∞(M) defined
by,

LXψ∗ξ
η = (divXψ∗ξ ) η ,

it follows that (divXψ∗ξ ) η = d(ψ∗ξ). Therefore, by Proposition 3, if ξ ∈ �m−1(P)

is a conserved form, then d(ψ∗ξ) = 0, or, equivalently, divXψ∗ξ = 0. Thus, on every
compact domain, U ⊂ M , Stokes theorem leads to the conservation law,

∫

∂U
ψ∗ξ =

∫

U
d(ψ∗ξ) =

∫

U

(
divXψ∗ξ

)
η = 0 .

The form ψ∗ξ ∈ �m−1(M) is called the conserved current associated with the

conserved form ξ . In coordinates, ψ∗ξ = f μ dxm−1xμ, then Xψ∗ξ = f μ ∂

∂xμ
, and

the conservation law reads

divXψ∗ξ = ∂ f μ

∂xμ
= 0 .

�
The analogous to Proposition 3 in dissipative setting is the following:

Proposition 4 Let ξ ∈ �m−1(P) be a dissipative form and letX ∈ Xm
I,d(�L, ω). Then,

dξ vanish on integral submanifolds of X; that is, j∗S (dξ) = d( j∗S ξ) = 0.

Proof The proof is the same as in Proposition 3. ��
Remark 4 Note that, as in Remark 3, for every dissipative form ξ ∈ �m−1(P) and
X ∈ Xm

I,d(�L, ω), if ψ : M → P is an integral section of X, then there is a unique
vector field Xψ∗ξ ∈ X(M) such that ιXψ∗ξ

η = ψ∗ξ . Therefore, as ξ is a dissipative

form and as a consequence of Proposition 4, d(ψ∗ξ) = 0 and hence, by Definition 3,

(
divXψ∗ξ

)
η = d(ψ∗ξ) = −(ψ∗σ�L) ∧ (ψ∗ξ) .

Then, on every compact domain, U ⊂ M , Stokes theorem leads to the following
dissipation law,

∫

∂U
ψ∗ξ =

∫

U
d(ψ∗ξ) =

∫

U

(
divXψ∗ξ

)
η = −

∫

U
(ψ∗σ�L) ∧ (ψ∗ξ) .
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In coordinates, if ψ∗ξ = f μ dxm−1xμ and Xψ∗ξ = f μ ∂

∂xμ
; taking into account the

local expression of σ�L ∈ �1(P) given by (2.3), the dissipation law reads

∂ f μ

∂xμ
=

(
∂L

∂sμ
◦ ψ

)

f μ . (3.1)

�
Some examples of dissipative forms and dissipation laws are given in the two exam-

ples in Sect. 4 (see also [9, 42, 43] for examples in autonomous and non-autonomous
contact mechanics).

3.2 Generalized symmetries

In physics, the idea of symmetry is associated with transformations on the phase space
of the theory,which transform solutions to the equations of the theory to other solutions.
The case in which such transformations are locally generated by vector fields through
their flows is also distinguished, as this is the usual situation in physics. In the context
of multicontact field theories, the first definition in this sense is as follows:

Definition 8 Let (P,�L, ω) be a multicontact Lagrangian system.

1. A generalized symmetry of the system is a diffeomorphism � : P → P such that
�∗(Xm

d (�L, ω)) ⊆ Xm
d (�L, ω).

2. An infinitesimal generalized symmetry of the system is a vector field Y ∈ X(P)

whose local diffeomorphisms generated by the flow of Y are local symmetries or,
equivalently, [Y ,X] ∈ Xm

d (�L, ω), for every X ∈ Xm
d (�L, ω), where the bracket

is the Schouten–Nijenhuis bracket (see Appendix A).

Thus, (infinitesimal) generalized symmetries transform solutions to the field equa-
tions (2.6) to other solutions and, as a consequence of Theorem 2, all of them are
semi-holonomic multivector fields. Furthermore, (infinitesimal) generalized symme-
tries allow us to generate new conserved forms from another given one. In fact:

Proposition 5 Let ξ ∈ �m−1(P) be a conserved form of the multicontact Lagrangian
system (P,�L, ω). Then:

1. If � ∈ Diff(P) is a generalized symmetry, then �∗ξ is also a conserved form.
2. If Y ∈ X(P) is an infinitesimal generalized symmetry, thenLY ξ is also a conserved

form.

Proof It is immediate. In fact, for every X ∈ Xm
d (�L, ω), for the first item,

LX(�∗ξ) = �∗LXξ = 0 .

And, for the second item, bearing in mind (A. 2),

LX(LY ξ) = L[X,Y ]ξ + LY (LXξ) = 0 ,
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since [X,Y ] is an infinitesimal symmetry. ��
Remark 5 For dissipative forms, this result does not hold, unless the generalized sym-
metry preserves σ�L . In fact, if ξ is a dissipative form and �∗σ�L = σ�L ; then, for
every X ∈ Xm

d (�L, ω),we have

ιXd(�
∗ξ) = ιX

(
d(�∗ξ) + σ�L ∧ (�∗ξ)

) = ιX
(
d(�∗ξ) + (�∗σ�L) ∧ (�∗ξ)

)

= �∗(ι((�−1)∗X)(dξ + σ�L ∧ ξ)
) = �∗(ιX′dξ) = 0 ,

since X′ = (�−1)∗X ∈ Xm
d (�L, ω). And the same happens for infinitesimal symme-

tries. �
In classical field theories, symmetries of interest correspond to diffeomorphisms

and vector fields onPwhich restrict to diffeomorphisms and vector fields on M . Thus,
we define:

Definition 9 Let (P,�L, ω) be a multicontact Lagrangian system (see the diagram
(2.1)).

1. A restricted symmetry of the system is a generalized symmetry � : P → P
such that it restricts to a diffeomorphism on M ; that is, there exists ϕ ∈ Diff(M)

satisfying that
τ ◦ � = ϕ ◦ τ .

2. An infinitesimal restricted symmetry of the system is a vector field Y ∈ X(P)

whose local diffeomorphisms generated by the flow of Y are local restricted sym-
metries or, what is equivalent, it is an infinitesimal generalized symmetry which is
τ -projectable; that is, there exists Z ∈ X(M) satisfying that

τ∗Y = Z .

This means that these (infinitesimal) symmetries preserve the fibration τ : P → M .
In coordinates, they read as

�(xμ, ya, yaμ, sμ) = (
φμ(xν),�a(xν, yb, ybν , sν),

�a
μ(xν, yb, ybν , sν),�μ(xν, yb, ybν , sν)

)
,

Y = f μ(xν)
∂

∂xμ
+ Fa(xν, yb, ybν , sν)

∂

∂ ya

+ Fa
μ(xν, yb, ybν , sν)

∂

∂ yaμ
+ gμ(xν, yb, ybν , sν)

∂

∂sμ
.

Analogously, the so-called natural symmetries are also particularly relevant in physics.
These are transformations induced in the phase space by transformations in the
configuration space. To introduce them in this multicontact context, it is neces-
sary to define the concept of the canonical lift to P. Hence, consider the manifold
E ≡ E ×M

∧m−1
(T∗M), with the following projections,
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∧m−1 T∗M
κ

P ρ

τ2

E
ρ◦

ρ2

ρ1

M

E

π

Let �E : E → E be a diffeomorphism such that:

- It restricts to a diffeomorphism � : ∧m−1
(T∗M) → ∧m−1

(T∗M); that is, ρ2 ◦
�E = � ◦ ρ2, which means that �E preserves the fibration of ρ2.

- It restricts to a diffeomorphism ϕ : M → M ; that is, ρ◦ ◦ �E = ϕ ◦ ρ◦; which
means that �E preserves the fibration of ρ◦.

In other words, the following diagrams commute

E
�E

ρ2

E

ρ2

E

ρ◦

�E
E

ρ◦
∧m−1 T∗M � ∧m−1 T∗M M

ϕ
M

In coordinates,

�E (xμ, ya, sμ) = (
φμ(xν),�a(xν, yb, sν),�μ(sν)

)
.

Then, as �E : E → E preserves the fibration of ρ2 and the fibers of the projection
ρ2 are identified with E , we can take the restriction of �E to these fibers (which is
obtained by ‘freezing’ sμ), and it is a diffeomorphism �E : E → E . Thus, we can
write �E = (�E , �).

Similarly, we can consider vector fields YE ∈ X(E ) which are ρ2-projectable and
ρ◦-projectable; that is, there exist Y ∈ X(

∧m−1
(T∗M)) and Z ∈ X(M) satisfying

(ρ2)∗YE = Y ∈ X(
∧m−1

(T∗M)) and ρ◦∗YE = Z ∈ X(M). In coordinates:

YE = f μ(xν)
∂

∂xμ
+ Fa(xν, yb, sν)

∂

∂ ya
+ gμ(sν)

∂

∂sμ
. (3.2)

Then, we define:

Definition 10 1. The canonical lift of a diffeomorphism �E ∈ Diff(E ) to P is the
diffeomorphism � : P → P such that � := ( j1�E , �), where j1�E : J 1π →
J 1π is the canonical lift of �E to J 1π (see [15]).

2. The canonical lift of a vector field YE ∈ X(E ) toP is the vector field Y = j1YE ∈
X(P) whose local diffeomorphisms generated by the flow of Y are the canonical
lifts of the local diffeomorphisms generated by the flow of YE .
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In particular, in coordinates,

j1YE = f μ ∂

∂xμ
+ Fa ∂

∂ ya
−

(
∂Fa

∂xμ
− yaν

∂ f ν

∂xμ
+ ybμ

∂Fa

∂ yb

)
∂

∂ yaμ
+ gμ ∂

∂sμ
,

where f μ = f μ(xν) and gμ = gμ(sν). Recall thatρ : P → E is the natural projection,
and then note that

ρ ◦ � = �E ◦ ρ , ρ∗( j1YE ) = YE .

Definition 11 Let (P,�L, ω) be a multicontact Lagrangian system.

1. A natural symmetry of the system is a generalized symmetry � : P → P such
that it is the canonical lift of a diffeomorphism �E ∈ Diff (E ) which restricts to
two diffeomorphisms on M and

∧m−1
(T∗M).

2. An infinitesimal natural symmetry of the system is an infinitesimal generalized
symmetry Y ∈ X(P) such that it is the canonical lift of a ρ0-projectable and ρ2-
projectable vector field YE ∈ X(E ).

By definition, (infinitesimal) natural symmetries are restricted symmetries.

3.3 Noether symmetries, Noether’s theorem

To establish Noether’s theorem it is necessary to consider a special type of symmetries:

Definition 12 Let (P,�L, ω) be a multicontact Lagrangian system.

1. A Noether symmetry of the system is a diffeomorphism � : P → P satisfying
that:

(i) �∗�L = �L.

A strong Noether symmetry is a Noether symmetry which preserves the whole
multicontact structure; namely, it satisfies (i) and

(ii) �∗ω = ω.

A (strong) Noether symmetry � ∈ Diff(P) is said to be a restricted Noether
symmetry if it restricts to a diffeomorphism ϕ : M → M ; that is, such that
τ ◦ � = ϕ ◦ τ .
A (strong) Noether symmetry is said to be a natural Noether symmetry if �

is the canonical lift of a diffeomorphism �E ∈ Diff (E ) which restricts to two
diffeomorphisms on M and

∧m−1
(T∗M).

2. An infinitesimal Noether symmetry of the system is a vector field Y ∈ X(P)

such that the local diffeomorphisms generated by the flow of Y are local Noether
symmetries; or, equivalently:

(i) LY�L = 0.

An infinitesimal strongNoether symmetry is an infinitesimal Noether symmetry
which satisfies (i) and
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(ii) LYω = 0.

An infinitesimal (strong) Noether symmetry Y ∈ X(P) is said to be a restricted
infinitesimal (strong) Noether symmetry if Y is a τ -projectable vector field.
An infinitesimal (strong) Noether symmetry is said to be natural infinitesimal
(strong) Noether symmetry if Y ∈ X(P) is the canonical lift of a ρ0-projectable
and ρ2-projectable vector field YE ∈ X(E ).

In particular, in coordinates, an infinitesimal natural Noether symmetry reads

Y = f μ ∂

∂xμ
+ Fa ∂

∂ ya
−

(
∂Fa

∂xμ
− yaν

∂ f ν

∂xμ
+ ybμ

∂Fa

∂ yb

)
∂

∂ yaμ
+ gμ ∂

∂sμ
,

where gμ = gμ(sν) and f μ = f μ(xν).

Remark 6 It is immediate to prove that for (strong) Noether symmetries �1,�2 ∈
Diff(P), one obtains that their composition is also a (strong) Noether symmetry. Anal-
ogously, if Y1,Y2 ∈ X(P) are infinitesimal (strong) Noether symmetries, it follows
that [Y1,Y2] is also an infinitesimal (strong) Noether symmetry. �

The properties of these kinds of Noether symmetries are as follows:

Lemma 6 Let (P,�L, ω) be a multicontact Lagrangian system, and let RL be the
Reeb distribution related to (�L, ω).

1. If � ∈ Diff(P) is a strong Noether symmetry, then, for every R ∈ RL, we have
that �∗R ∈ RL.

2. If Y ∈ X(P) is an infinitesimal strong Noether symmetry, then, for every R ∈ RL,
we have that [Y , R] ∈ RL.

Proof Let � be a strong Noether symmetry. First, if Z ∈ ker ω, then �∗Z ∈ ker ω. In
fact,

ιZω = 0 �⇒ 0 = (�−1)∗(ιZω) = ι(�∗Z)

(
(�−1)∗ω

) = ι(�∗Z)ω .

Second, if α ∈ Am(ker ω), then �∗α ∈ Am(ker ω). In fact, for every Z ∈ ker ω,

ιZα = 0 �⇒ 0 = �∗(ιZα) = ι((�−1)∗Z) = ιZ ′(�∗α) ,

since Z ′ = (�−1)∗Z is an arbitrary element of ker ω, as Z is. Finally, for every
R ∈ RL, there is α ∈ Am(ker ω) such that ιRd�L = α; therefore,

0 = (�−1)∗
(
ιRd�L − α

) = ι(�∗R)

(
d(�−1)∗�L

) − (�−1)∗α = ι(�∗R)d�L − α′ ,

since α′ = �∗α ∈ Am(ker ω) and, hence, �∗R ∈ RL.
The result for infinitesimal strong Noether symmetries is a consequence of the

definition and the above result. ��
Lemma 7 Let (P,�L, ω) be a multicontact Lagrangian system.
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1. If � ∈ Diff(P) is a strong Noether symmetry, then �∗σ�L = σ�L .
2. If Y ∈ X(P) is an infinitesimal strong Noether symmetry, thenLYσ�L = 0.

Proof Recall that σ�L is the unique one-form satisfying σ�L ∧ ιR�L = ιRd�L, for
every R ∈ RL.

1. Let � ∈ Diff(P) be a strong Noether symmetry. Then,

0 = �∗(σ�L ∧ ιR�L − ιRd�L
)

= (�∗σ�L) ∧ ι((�−1)∗R)(�
∗�L) − ι((�−1)∗R)d(�

∗�L)

= (�∗σ�L) ∧ ιR′�L − ιR′d�L ,

and, as R′ = (�−1)∗R is an arbitrary element of RL, and σ�L is unique, this
implies that �∗σ�L = σ�L .

2. The result for infinitesimal strong Noether symmetries is a consequence of the
definition and the above item. However, we can prove it explicitly as follows:
Let Y ∈ X(P) be an infinitesimal strong Noether symmetry. By Lemma 6, it
follows that [Y , R] = R′ takes values in RL. Then,

LY (σ�L ∧ ιR�L) = LYσ�L ∧ �L + σ�L ∧ LY ιR�L
= LYσ�L ∧ �L + σ�L ∧ ι[Y ,R]�L + σ�L ∧ ιRLY�L
= LYσ�L ∧ �L + σ�L ∧ ι[Y ,R]�L
= LYσ�L ∧ �L + σ�L ∧ ιR′�L ,

and
LY ιRd�L = ι[Y ,R]d�L + ιRLY d�L = ιR′d�L .

Thus, by definition of σ�L , it follows that

LYσ�L ∧ ιR�L + σ�L ∧ ιR′�L − ιR′d�L =
LYσ�L∧ιR�L+σ�L∧ιR�L−ιRd�L = (

LYσ�L + σ�L
)∧ιR�L−ιRd�L = 0 .

Then, by the uniqueness of σ�L one gets LYσ�L = 0, and the statement follows.

��
Therefore, as a first consequence of this last lemma, we can establish the following

relation:

Proposition 8 Let (P,�L, ω) be a multicontact Lagrangian system.

1. Every strong Noether symmetry � ∈ Diff(P) of the system is a generalized sym-
metry.

2. Every infinitesimal strongNoether symmetry Y ∈ X(P) of the system is an infinites-
imal generalized symmetry.

Proof For every X ∈ Xm
d (�L, ω), one has:

123



Symmetries and Noether’s theorem for action-dependent… Page 19 of 32 108

1. If � ∈ Diff(P) is a strong Noether symmetry, then

ι(�∗X)�L = ι(�∗X)((�
−1)∗�L) = (�−1)∗(ιX�L) = 0 .

Furthermore,

ι(�∗X)d�L = ι(�∗X)

(
d�L + σ�L ∧ �L

)

= ι(�∗X)

(
d((�−1)∗�L) + ((�−1)∗σ�L) ∧ ((�−1)∗�L)

)

(�−1)∗
(
ιX(d�L + σ�L ∧ �L)

) = (�−1)∗(ιXd�L) = 0 .

Finally, the transversality condition is ιXω = f , where f is a nonvanishing func-
tion; then,

0 = (�−1)∗(ιXω − f ) = ι(�∗X)((�
−1)∗ω) − (�−1)∗ f = ι(�∗X)ω − (�−1)∗ f .

Since f is an arbitrary nonvanishing function, we can chose it so that (�−1)∗ f is
also nonvanishing. Thus, the transversality condition holds for �∗X. As a conse-
quence of all this, �∗X ∈ Xm

d (�L, ω), and hence � is a generalized symmetry.
2. Although the result for infinitesimal strong Noether symmetries and infinitesimal

generalized symmetries is a consequence of their definitions and of the above item,
it can also be obtained through an explicit calculation as follows: First, recall that
LY�L = 0; then, for every X ∈ Xm

d (�L, ω), one has (see Proposition 12):

ι[Y ,X]�L = LY ιX�L − ιXLY�L = 0 .

Second,

ι[Y ,X]d�L = ι[Y ,X]d�L + ι[Y ,X]
(
σ�L ∧ �L

)

= LY ιXd�L − ιXLY�L + LY ιX
(
σ�L ∧ �L

) − ιXLY
(
σ�L ∧ �L

)

= LY ιXd�L + LY ιX
(
σ�L ∧ �L

) − ιX
(
LYσ�L ∧ �L

)

= LY ιXd�L − ιX
(
LYσ�L ∧ �L

) = −ιX
(
LYσ�L ∧ �L

) = 0 ,

where the last equality follows because LYσ�L = 0, which holds by Lemma 7.
Finally, for the τ -transversality condition, recall that, ifX◦ ∈ Xm

d (�L, ω) satisfies
that ιX◦ω = 1; then, any multivector field X ∈ {X◦} is such that X = fX◦, with
f a nonvanishing function, and hence the transversality condition is ιXω = f ;
therefore, one has,

ι[Y ,X]ω = LY ιXω − ιXLYω = LY f .

Analogously, the function f can be chosen so that LY f is nonvanishing. Thus,
the transversality condition is also satisfied by [Y ,X]. Therefore, [Y ,X] ∈
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Xm
d (�L, ω), for every X ∈ Xm

d (�L, ω), yields that Y is an infinitesimal gener-
alized symmetry. ��
In addition, we have:

Proposition 9 Let � ∈ Diff(P) be a natural strong Noether symmetry of a multicon-
tact Lagrangian system (P,�L, ω). Then � maps holonomic sections solution to the
equation (2.5) into holonomic section solutions.
As a consequence, the same holds for infinitesimal natural strong Noether symmetries
Y ∈ X(P).

Proof Let ψ : M → P be a section solution to equations (2.5). If � ∈ Diff(P) is a
natural strong Noether symmetry, it is also a restricted symmetry, and hence restricts
to a diffeomorphism ϕ : M → M . Therefore, � preserves the fibration τ : P → M ,
and then � ◦ ψ ◦ ϕ−1 is another section of τ . On the one hand, as �∗�L = �L, we
have:

(� ◦ ψ ◦ ϕ−1)∗�L = (ϕ−1)∗[ψ∗(�∗�L)] = (ϕ−1)∗(ψ∗�L) = 0 .

On the other hand, for every X ∈ X(P),

(� ◦ ψ ◦ ϕ−1)∗[ιXd�L] = (ψ ◦ ϕ−1)∗[(�∗ιXd�L)] = (ψ ◦ ϕ−1)∗[ι
�−1∗ X (�∗d�L)]

= (ψ ◦ ϕ−1)∗[ι
�−1∗ X

(
�∗(d�L + σ�L ∧ �L)

)]
= (ψ ◦ ϕ−1)∗[ι

�−1∗ X

(
d(�∗�L) + (�∗σ�L) ∧ (�∗�L)

)]
= (ψ ◦ ϕ−1)∗[ι

�−1∗ X (d�L + σ�L ∧ �L)]
= (ϕ−1)∗[ψ∗ιX ′d�L] = 0 ,

since �∗σ�L = σ�L , by the second item of Lemma 7, and X ′ = �−1∗ X ∈ X(P) is an
arbitrary vector field. Thus,�◦ψ ◦ϕ−1 is also a section solution to the field equations.

Now, if ψ is a holonomic section on P, then it is of the form ψ = ( j1φ, s), where
j1φ : M → J 1π is a holonomic section on J 1π (see the beginning of Sect. 2.2).
Moreover,� is a natural symmetry, then it is the canonical lift toP of a diffeomorphism
on E , and then it is of the form � = ( j1�E , �), where j1�E ∈ Diff(J 1π) and
� ∈ Diff(

∧m−1 T∗M). Therefore,

� ◦ ψ ◦ ϕ−1 = ( j1�E ◦ j1φ ◦ ϕ−1, s ◦ ϕ−1) = ( j1(�E ◦ φ) ◦ ϕ−1, s ◦ ϕ−1) ,

and j1(�E ◦ φ) ◦ ϕ−1 is a holonomic section on J 1π (see [15]). Hence, by definition,
� ◦ ψ is also a holonomic section on P. ��

Taking into account Remark 5, another immediate consequence of Lemma 7 is the
analogue to Proposition 5 for dissipative forms and strong Noether symmetries:

Proposition 10 Let ξ ∈ �m−1(P) be a dissipative form of a multicontact Lagrangian
system (P,�L, ω). Therefore:
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1. If � ∈ Diff(P) is a strong Noether symmetry, then �∗ξ is also a dissipative form.
2. If Y ∈ X(P) is an infinitesimal strong Noether symmetry, then LY ξ is also a

dissipative form.

Finally, focusing on infinitesimal symmetries, we can state the fundamental result
that relates Noether symmetries with dissipated forms:

Theorem 11 (Noether’sTheorem)Let Y ∈ X(P)bean infinitesimalNoether symmetry
of a multicontact Lagrangian system (P,�L, ω), and let ξY := ιY�L. Then, for every
X ∈ Xm

d (�L), one has,
ιXdξY = 0 .

In other words, ξY ∈ �m−1(P) is a dissipative form associated with the infinitesimal
Noether symmetry Y ∈ X(P).

Proof Recall that LY�L = 0. Then,

ιXdξY = ιXdιY�L = ιX
(
dιY�L + σ�L ∧ ιY�L

) = −ιXιY d�L + ιX(σ�L ∧ ιY�L)

= (−1)m+1ιY ιXd�L + ιX
(−ιY (σ�L ∧ �L) + (ιYσ�L)�L

)

= (−1)m+1ιY ιXd�L + (ιYσ�L)ιX�L = 0

and the statement follows. ��
Remark 7 It is interesting to point out that the only requirement that an infinitesimal
symmetry is Noether (condition (i) in Definition 12) is needed to prove Noether’s
Theorem. However, the Noether symmetry must be strong (conditions (i) and (ii)) to
prove the Lemmas 6 and 7 and hence Propositions 8 (the relation with generalized
symmetries) and Proposition 10. Finally, the conditions of being natural (and then
restricted) are also needed to prove Proposition 9 (they transform holonomic section
solutions into others). �

It is also interesting to notice that the statement of Noether’s Theorem for
action-dependent multicontact field theories is the same as in the action-independent
multisymplectic case, in particular, for the case of exact Noether symmetries; with the
only difference that in the latter case we speak of conserved forms rather than dissi-
pative forms (and with the Poincaré–Cartan forms of the multisymplectic formalism
instead of the multicontact form �L and d�L) [37, 38, 40].

Another noteworthy fact is that, in the case of contact mechanics, dissipated quan-
tities are functions, and the quotient of two of them gives a conserved quantity. This
also allows us to obtain conserved quantities associated with Noether symmetries,
using Noether’s Theorem and the Lagrangian energy, which is always a dissipated
quantity [9, 42]. This procedure is not feasible in the case of field theories, since we
have dissipative forms instead of functions.

As a final comment, we should mention that our notion of strong Noether symmetry
is a generalization of the so-called strict Hamiltonian systems in the case of time-
dependent contact mechanics [42]. See [11] for the correspondence between time-
dependent contact mechanics and multicontact field theories in the case m = 1. See,
again, [9, 42, 43] for the results and examples in mechanics, and Sect. 4 for two
examples in field theory.
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3.4 Conservation and dissipation laws and symmetries for multicontact
Hamiltonian systems

To introduce natural symmetries for multicontact Hamiltonian field theories, we first
need to define the canonical lifts to P∗. Then, as at the end of Sect. 3.2, consider the
manifold E ≡ E ×M

∧m−1
(T∗M), and the diagram

∧m−1
(T∗M)

κ

P∗ ρ

τ 2

E
ρ◦

ρ1

ρ2

M

E

π

Let �E : E → E be a diffeomorphism such that it restricts to a diffeomorphism
� : ∧m−1

(T∗M) → ∧m−1
(T∗M); that is, ρ1 ◦ �E = � ◦ ρ1; what means that �E

preserves the fibration of ρ1. Let �E : E → E be the restriction of � on the fibers
of ρ1, which are identified with E , and write �E = (�E , �). In the same way, let
YE ∈ X(E ) be a ρ1-projectable vector field.

Definition 13 1. The canonical lift of a diffeomorphism �E toP∗ is the diffeomor-
phism � : P∗ → P∗ such that � := (�E , �), where �E : J 1π∗ → J 1π∗ is the
canonical lift of �E to J 1π∗ (see [40]).

2. The canonical lift of a vector field to P∗ of a ρ2-projectable vector field YE ∈
X(E ) is the vector field Y ∈ X(P∗) whose local diffeomorphisms generated by
the flow of Y are the canonical lifts of the local diffeomorphisms generated by the
flow of YE (see [40]).

In particular, in coordinates, starting from (3.2) we obtain

Y = f μ ∂

∂xμ
+ Fa ∂

∂ ya
+

(
∂ f μ

∂xν
pν
a − ∂ f ν

∂xν
pμ
a − ∂Fb

∂ ya
pμ
b

)
∂

∂ pμ
a

+ gμ ∂

∂sμ
.

If ρ : P∗ → E is the natural projection, then ρ ◦ � = �E ◦ ρ and ρ∗(Y ) = YE .
All definitions of conserved and dissipative forms, and symmetries; as well as all

the results previously obtained in the preceding sections for multicontact Lagrangian
systems (includingNoether’s theorem), are established and proven in the samemanner
for multicontact Hamiltonian systems; except for those that specifically refer to the
holonomy condition of the solutions of the field equations. In particular, this is the case
of Proposition 9 which now refers to sections ψ : M → P∗, and holds for restricted
strong Noether symmetries, not necessarily natural.
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4 Applications

4.1 A vibrating string with linear damping

The multicontact formulation of this system has been analyzed in detail in [11, 44].
Consider P = R

2 × ⊕2TR × R
2 with coordinates {t, x, y, yt , yx , st , sx } and the

Lagrangian describing a vibrating string with linear damping, of the form

L(t, x, y, yt , yx , s
t , sx ) = 1

2
(ρy2t − τ y2x ) − γ st ,

whereρ, τ, γ ∈ R. For holonomic sectionsψ(xν) =
(
xμ, ya(xν),

∂ ya

∂xμ
(xν), sμ(xν)

)
,

it leads to the Herglotz–Euler–Lagrange equation (2.7) which is

∂2y

∂t2
− τ

ρ

∂2y

∂x2
= −γ

∂ y

∂t
. (4.1)

Then, using (2.2), it follows that

�L = −ρytdy ∧ dx − τ yxdy ∧ dt +
(

ρy2t − τ y2x − 1

2
(ρy2t − τ y2x ) + γ st

)

dt ∧ dx

+ dst ∧ dx − dsx ∧ dt

= −ρytdy ∧ dx − τ yxdy ∧ dt

+
(
1

2
ρy2t − 1

2
τ y2x + γ st

)

dt ∧ dx + dst ∧ dx − dsx ∧ dt ,

and the energy Lagrangian function is EL = 1

2
ρy2t − 1

2
y2x + γ st . Moreover,

ω = dt ∧ dx .

Consider the infinitesimal symmetry Y = ∂/∂ y. It is clear that the vector field Y is an
infinitesimal strong Noether symmetry, since it leaves �L ∈ �2(P) and ω ∈ �2(P)

invariant. Then,
ξY := ιY�L = −ρytdx − τ yxdt .

Furthermore, by (2.3), one gets

σ�L = −γ dt ,

and the infinitesimal strong Noether symmetry Y also leaves σ�L invariant, as stated
in Lemma 7. To see that ξY ∈ �1(P) is a dissipative form, one has to check that
ιXdξY = 0, for every X ∈ X2(�L). First,

dξY = dξY + σ ∧ ξY = ρdx ∧ dyt + τdt ∧ dyx + ργ ytdx ∧ dt . (4.2)
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To find X, one has that

σ�L ∧ �L = −γρytdt ∧ dy ∧ dx + γ dt ∧ dst ∧ dx ,

d��L = −ρdyt ∧ dy ∧ dx − τdyx ∧ dy ∧ dt

+ (
ρytdyt − τ yxdyx + γ dst

) ∧ dt ∧ dx .

Therefore,

d��L = d�L + σ�L ∧ �L
= γρytdt ∧ dx ∧ dy − ρdyt ∧ dy ∧ dx − τdyx ∧ dy ∧ dt

+ ρytdyt ∧ dt ∧ dx − τ yxdyx ∧ dt ∧ dx .

Now, X must be solution to the equations

ιX�L = 0 , ιXd�L = 0 , ιXω = 1 . (4.3)

Recall that X = (X1, X2), where

X1 = A1
∂

∂t
+ A2

∂

∂x
+ A3

∂

∂ y
+ A4

∂

∂ yt
+ A5

∂

∂ yx
+ A6

∂

∂xt
+ A7

∂

∂sx
,

X2 = B1
∂

∂t
+ B2

∂

∂x
+ B3

∂

∂ y
+ B4

∂

∂ yt
+ B5

∂

∂ yx
+ B6

∂

∂xt
+ B7

∂

∂sx
.

Imposing equations (4.3), X takes the form

X1 = ∂

∂t
+ yt

∂

∂ y
+

(
τ

ρ
B5 − γ yt

)
∂

∂ yt
+ A5

∂

∂ yx
+ (L − B7)

∂

∂st
+ A7

∂

∂sx
,

X2 = ∂

∂x
+ yx

∂

∂ y
+ B4

∂

∂ yt
+ B5

∂

∂ yx
+ B6

∂

∂xt
+ B7

∂

∂sx
,

where A5, A7, B4, B5, B6, B7 ∈ C∞(P).
Using the expression (4.2), it is immediate to check that ιXdξY = 0, and thus ξY is

a dissipated form. To obtain the corresponding dissipation law, consider a holonomic

sectionψ(t, x) =
(
t, x, y(t, x),

∂ y

∂t
(t, x),

∂ y

∂x
(t, x), st (t, x), sx (t, x)

)
solution to the

field equations (2.5). Then, following the procedure explained in Remark 4, first we
have

ψ∗ξY = −ρ
∂ y

∂t
dx − τ

∂ y

∂x
dt ,

and therefore

Xψ∗ξY = −ρ
∂ y

∂t

∂

∂t
+ τ

∂ y

∂x

∂

∂x
,

and the corresponding dissipation law (3.1) is the field equation (4.1) itself.
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For the Hamiltonian formalism, P∗ = R
2 × ⊕2 T∗

R × R
2, with coordinates

{t, x, y, px , pt , st , sx }. The Legendre map reads,

FL(t, x, y, yt , yx , s
t , sx ) = (t, x, y, pt = ρyt , p

x = −τ yx , s
t , sx ) ,

and it is a diffeomorphism. Then, the Hamiltonian function reads

H(t, x, y, pt , px , st , sx ) = (FL−1)∗EL = 1

2ρ
(pt )2 − 1

2τ
(px )2 − γ st .

and

�H = −ρytdy∧dx−τ yxdy∧dt+
(

(pt )2

2
− (px )2

2
+ γ st

)

dt∧dx+dst∧dx−dsx∧dt .

The expression of the Noether symmetry is the same, and everything develops analo-
gously to the Lagrangian case.

4.2 The Klein–Gordon equation with dissipation

(See, for example, [45] for an exposition of the standard Klein–Gordon theory). The
configuration bundle for the standard Klein–Gordon theory is π : E → M , with
adapted coordinates (xμ, ϕ),whereM is a 4-dimensional spacetimemanifold endowed
with the Minkowski metric ημν with signature (− + ++), and the volume form
ω = d4x . On the first-order jet bundle J 1π , with natural coordinates (xμ, ϕ, ϕμ), the

Lagrangian function is L◦ = 1

2

(
ημνϕμϕν +m2ϕ2

)
, which is regular since theHessian

matrix
∂2L

∂ϕμ∂ϕν

= ημν is regular everywhere. It leads to the classical Klein–Gordon

equation

ημν ∂2ϕ

∂xμ∂xν
− m2ϕ = 0 .

Consider the manifold P = J 1π ×M
∧3 T∗M , with coordinates (xμ, ϕ, ϕμ, sμ),

and the “contactified” action-dependent Lagrangian

L = L◦ − γμs
μ = 1

2

(
ημνϕμϕν + m2ϕ2

)
− γμs

μ ∈ C∞(P) ,

and the corresponding Lagrangian density L = L d4x . The Lagrangian energy is

EL = 1

2

(
ημνϕμϕν − m2ϕ2

)
+ γμs

μ. From (2.2) and (2.4), we have the forms

�L = −ημνϕνdϕ ∧ d3xμ +
(1

2
(ημνϕμϕν − m2ϕ2) + γμs

μ
)
d4x + dsμ ∧ d3xμ ,

d�L = −ημνdϕν ∧ dϕ ∧ d3xμ + ημνϕμdϕν ∧ d4x − (m2ϕ + ημνγμϕν) dϕ ∧ d4x ;
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where, as L is regular, �L is a multicontact form, and σ�L = γμ dsμ. With these ele-
ments, themulticontact field equations lead to the followingHerglotz–Euler–Lagrange
equations:

∂sμ

∂xμ
= 1

2

(
ημν ∂ϕ

∂xμ

∂ϕ

∂xν
+ m2ϕ2

)
− γμs

μ ,
∂2ϕ

∂xμ∂xν
+ ημνγμ

∂ϕ

∂xν
− m2ϕ = 0 ,

where the second represents a Klein–Gordon equation “with dissipation”.
The symmetry group of the Klein–Gordon field theory, and also of the action-

dependent Klein–Gordon theory presented here, consists of Lorentz transformations,

xμ → �μ
νx

ν = (
δμ

ν − ωμ
ν

)
xν , ϕμ(x) → �ν

μϕν(x) = (δν
μ + ων

μ)ϕν ,

where ω
μ
ν are the infinitesimal Lorentz matrices which are skew-symmetric, ω

μ
ν =

−ων
μ. The vector fields which generate these Lorentz transformations on spacetime

M and on the configuration bundle E = E ×M
∧3 T∗M are YM = −ωμ

νx
ν ∂

∂xμ
and

YE = −ωμ
νx

ν ∂

∂xμ
, respectively, and the canonical lift to P is

j1YE = −ωμ
νx

ν ∂

∂xμ
+ ων

μϕν

∂

∂ϕμ

∈ X(P) .

It is straightforward to check that, as a consequence of the skew-symmetry of ω
μ
ν , we

have that L j1YE ω = 0 and L j1YE L = 0, and hence L j1YE �L = 0. Therefore, it
follows that j1YE is a natural strong Noether symmetry for the multicontact system
(P,�L, ω), whose associated dissipative form is

ξ j1YE
= −ω

ρ
σ x

σ

(
(
ημνϕνdϕ − dsμ

) ∧ d2xρμ +
(1

2
ημνϕμϕν − 1

2
m2ϕ2 + γμs

μ
)
d3xρ

)

.

For holonomic sections ψ(xν) =
(
xμ, ϕ(xν),

∂ϕ

∂xμ
, sμ(xν)

)
solution to (2.5), the

corresponding dissipation law (3.1) is obtained following the same patterns as in the
above example.

The Hamiltonian formulation of action-dependent Klein–Gordon field theory
takes place on the manifold P∗ = J 1∗π ×M

∧3 T∗M , with natural coordinates
(xμ, ϕ, pμ, sμ). The Legendre map is given by

FL(xμ, ϕ, ϕμ, sμ) = (xμ, ϕ, pμ = ημνϕν, s
μ) ,

and is a local diffeomorphism since L is regular. The theory is described by the
Hamiltonian function,

H = (FL−1)∗EL = 1

2

(
ημν p

μ pν − m2ϕ2
)

+ γμs
μ ∈ C∞(P∗) ,
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and we have the forms,

�H = −ημν p
νdϕ ∧ dm−1xμ +

(
1

2
ημν p

μ pν − 1

2
m2ϕ2 + γμs

μ

)

dmx + dsμ ∧ d3xμ ,

d�H = −ημνdp
ν ∧ dϕ ∧ dm−1xμ + ημν p

μdpν ∧ d4x − (m2ϕ + γμ pμ) dϕ ∧ d4x ,

which produce the Herglotz–Hamilton–de Donder–Weyl equations:

∂sμ

∂xμ
= 1

2

(
ημν p

μ pν + m2ϕ2
)

− γμs
μ ,

∂ pμ

∂xμ
+ m2ϕ + γμs

μ = 0 ,
∂ϕ

∂xμ
− ημν p

ν = 0 ,

and combining them, we recover equations (4.2).
Now, the infinitesimal Noether symmetry is written as

ZE = −ωμ
νx

ν ∂

∂xμ
− ωμ

ν p
ν ∂

∂ pμ
∈ X(P∗) ,

and the dissipative form is expressed as

ξ ZE
= ωρ

σ x
σ

(

(pμdϕ − dsμ) ∧ dm−2xμρ +
(1

2
ημν p

μ pν − 1

2
m2ϕ2 + γμs

μ
)
d3xρ

)

.

5 Conclusions and outlook

In this work, we have extended the fundamental concepts of symmetries, conservation
laws, and Noether’s Theorem from the classical multisymplectic field theory to the
setting of action-dependent field theories within the multicontact framework. By for-
mulating both the Lagrangian and Hamiltonian descriptions in this context, we have
shown how symmetries naturally give rise to dissipation laws, thereby redefining the
role of conserved and dissipated quantities in this extended framework.

A key contribution of our study is the characterization of symmetries associated
with both the field equations and themulticontact structure. This led to the introduction
of strong Noether symmetries, which provide a direct connection between symmetries
anddissipated quantities. The establishment of a generalizedNoether’sTheorem in this
setting reinforces the fundamental link between these symmetries and the underlying
physical and geometric structures governing action-dependent field theories.

While our results offer a comprehensive extension of Noether’s Theorem in the
multicontact framework, several open questions remain. Future research could further
explore the implications of strong Noether symmetries in specific physical models as
well as their role in more general geometric settings. Additional directions of study
include the analysis of equivalent Lagrangians for multicontact field theories and their
associated symmetries, as well as the extension of Noether’s Theorem in this context.
Furthermore, investigating symmetries, conservation, and dissipation laws in singular
(premulticontact) Lagrangian and Hamiltonian field theories, including the study of
geometric gauge symmetries, is an important avenue for future work. In particular, the
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procedure to obtain conserved forms and conservation laws from dissipated forms and
dissipation laws should be investigated, since themethod is not as straightforward as in
action-dependentmechanics (see [9, 42]). Finally, advances toward reduction theorems
in this framework could provide deeper insights into the structure and applications of
multicontact field theories.
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Appendix A . Multivector fields onmanifolds and fiber bundles

This appendix provides a review on multivector fields (see, for instance, [46–48] for
more details).

LetMbe a N -dimensional differentiablemanifold. Them-multivectorfields inM
(m ≤ N ) are the skew-symmetric contravariant tensor fields of orderm inM or, what

is the same thing, sections of them-multitangent bundle
∧m TM := TM∧ m· · ·∧TM.

The set of them is denoted Xm(M).
If X ∈ Xm(M), for every point p ∈ M, there is an open neighborhood Up ⊂ M

and X1, . . . , Xr ∈ X(Up) such that, for m ≤ r ≤ dimM,

X|Up =
∑

1≤i1<...<im≤r

f i1...im Xi1 ∧ · · · ∧ Xim ,

123

https://www.springer.com/gp/editorial-policies
 https://www.nature.com/nature-research/editorial-policies
https://www.nature.com/srep/journal-policies/editorial-policies
https://www.biomedcentral.com/getpublished/editorial-policies
https://www.biomedcentral.com/getpublished/editorial-policies
http://creativecommons.org/licenses/by/4.0/


Symmetries and Noether’s theorem for action-dependent… Page 29 of 32 108

with f i1...im ∈ C∞(Up). In particular, X ∈ Xm(M) is said to be a locally decom-
posable multivector field if there exist X1, . . . , Xm ∈ X(Up) such that X|Up =
X1 ∧ · · · ∧ Xm .

Given a decomposable multivector field X = X1 ∧ · · · ∧ Xm with local expression

Xα = Xi
α

∂

∂xi
,

we say that a mapψ : Rm → M is an integral map ofX if it satisfies the set of partial
differential equations

∂ψ i

∂tα
= Xi

α ◦ ψ . (A. 1)

Locally decomposablem-multivectorfields are locally associatedwithm-dimensional
distributions D ⊂ TM. This divides the set of locally decomposablemultivector fields
into equivalence classes, {X} ⊂ Xm

d (M) which are made of the locally decomposable
multivector fields associated with the same distribution. If X,X′ ∈ {X} then, for
U ⊂ M, there exists a nonvanishing function f ∈ C∞(U ) such that X′ = fX in
U . In addition, a integrable multivector field is a locally decomposable multivector
field whose associated distribution is integrable; that is, involutive. Suppose that, in
addition, we want the multivector field to have integral maps. In that case, we need to
impose the stronger integrability condition [Xα, Xβ ] = 0 for every α, β = 1, . . . ,m,
which is precisely the integrability condition of the PDE system (A. 1) [49].

In particular, let � : M → M be a fiber bundle. A multivector field X ∈ Xm(M)

is �-transverse if, for every β ∈ �m(M) such that β�(p) �= 0, at every point p ∈ M,
we have that (ιX(�∗β))p �= 0. Then, if X ∈ Xm(M) is integrable and �-transverse, its
integral manifolds are local sections of the projection �.

If α ∈ �k(M) and X ∈ Xm(M), the contraction between X and α is the natural
contraction between tensor fields; in particular, it is zero when k < m and, if k ≥ m,

ιXα |U :=
∑

1≤i1<···<im≤r

f i1···im ιX1∧···∧Xmα =
∑

1≤i1<···<im≤r

f i1...im ιXm · · · ιX1α .

The Lie derivative of α with respect to X is the graded bracket (of degree m − 1)

LXα := [d, ιX]α = (dιX − (−1)m ιXd)α .

If X ∈ Xm(M) and Y ∈ Xn(M), the Schouten–Nijenhuis bracket of X,Y [50,
51] is the graded commutator of LX and LY; that is, the multivector field [X,Y] ∈
Xm+n−1(M), such that,

L[X,Y] = [LX,LY] = LXLY − LYLX . (A. 2)
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For (locally) decomposable multivector fields, it is defined as follows: given X =
X1 ∧ · · · ∧ Xm and Y = Y1 ∧ · · · ∧ Yn , their Schouten–Nijenhuis bracket is

[X,Y] :=
∑

i, j

(−1)i+ j [Xi ,Y j ] ∧ X1 ∧ · · · ∧ Xi−1 ∧ Xi+1 ∧ · · · ∧ Xm ∧ Y1 ∧

· · · ∧ Y j−1 ∧ Y j+1 ∧ · · · ∧ Yn ,

and it extends linearly to any multivector fields in general. Let us recall that the
following properties hold [51, Proposition 3.1]: given P ∈ Xm(M), Q ∈ Xn(M), and
R ∈ X(M), then,

[P,Q] = −(−1)(m−1)(n−1)[Q,P] , (A. 3)

and
[P,Q ∧ R] = [P,Q] ∧ R + (−1)(m−1)nQ ∧ [P, R] . (A. 4)

Another useful property is the following:

Proposition 12 Let X ∈ Xk(M) and Y ∈ X(M). Then,

ι[Y ,X] = LY ιX − ιXLY .

Proof Note that the statement holds if k = 1. For locally decomposable multivector
fields X = X1 ∧ · · · ∧ Xk , the proof is performed using induction with respect to k.
Additionally, let X̃ = X1 ∧ · · · ∧ Xk ∧ Xk+1. Then, using (A. 3) and (A. 4), it follows
that

ι[Y ,X̃] = ι[Y ,X∧Xk+1] = ι[Y ,X]∧Xk+1 + ιX∧[Y ,Xk+1] = ι[Y ,X]ιXk+1 + ιXι[Y ,Xk+1]
= (LY ιX − ιXLY ) ιXk+1 + ιX

(
LY ιXk+1 − ιXk+1LY

) = LY ιX̃ − ιX̃LY ,

and the statement follows, since it can be locally extended linearly to any multivector
fields in general, not only decomposable ones. ��
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