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Abstract

Cascaded DC-DC converters with source and load converters as their first and last stages are used in wide-ranging
applications. Under certain conditions the load converter behaves as a constant power load (CPL) for the source
converter. Due to the negative incremental resistance characteristic of the CPL, the system shows instability. One
way to overcome this problem is the addition of a loss free resistor (LFR) in series with the inductor of the source
converter that stabilizes the system without the loss of global efficiency. The dynamical analysis of fixed duty ratio
(open loop) DC-DC boost converter with such a stabilizing resistor and a CPL is studied in this paper by means of
an averaged model. Fold and Hopf bifurcations associated to existence and stability of equilibrium are found and
the region covered by the basin of attraction of the stable equilibrium is examined. Criteria for choosing the system
parameters are exposed accounting for steady state stability and transient conditions. The analysis is performed first
for a bidirectional boost converter admitting only continuous conduction mode (CCM) operation and then extended

to a unidirectional boost converter where both CCM discontinuous conduction mode (DCM) can take place.
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1. Introduction

DC Distributed Power Systems (DPSs) are now
widely used in telecommunication and data centers [1],
microgrids [2, 3], electric vehicles (auxiliary power sup-
ply as well as motor drive system) [4], space stations,
aircraft, ships [5] and many more applications [6] due to
the extensive deployment of renewable energy sources
and loads of different nature. DPSs have flexible con-
figurations such as cascade, parallel or combination of
both [7]. Among them, the use of two-stage cascaded
structure of power converters is common in which the
first stage is the feeder converter and the second stage
is the load converter. The controllers of each source or
load converter are designed to regulate either a voltage,
a current, or a power reference as per the applications
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and requirements. Among them, CPL has destabilizing
effect on the system [8].

One major stability and performance problem of this
configuration is the interaction between the source and
load converters even if both the converters are stable and
have good dynamical performance individually. Un-
der tight regulation of the output voltage, the load con-
verter behaves as CPL at the output of the source con-
verter. This can be modelled as negative incremental
resistance which has destabilizing effect unlike the case
of constant voltage load (CVL) or constant current load
(CCL). Similar behavior can be observed in DC-AC in-
verter feeding motor drives [8]. For one-to-one charac-
teristic of speed and torque of the motor and tightly reg-
ulated speed, the output power becomes constant (i.e.,
for every speed, there is one and only one torque) and
the motor exhibits CPL behavior to DC-AC inverter.

Switching converters, particularly those fed with
CPL, present a fascinating area of study in power elec-
tronics due to their unique operational dynamics and im-
plications for system stability and dynamic performance
[9, 10]. A CPL is defined as a load that draws a con-
stant amount of power regardless of the input voltage
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or current, which poses specific challenges for the con-
verter’s regulation and control. In open loop, switching
converters with resistive load exhibits stable dynamics.
With resistive load, these converters may be unstable
in closed loop designed to maintain the desired output
voltage or current. Note that the instability in open loop
operation of switching converters is due to the negative
incremental resistance characteristics of the CPL and
not for any other nonlinearity of the circuit. This phe-
nomenon can result in oscillations or even collapse of
the system if not properly managed.

Control strategies become paramount in addressing
these challenges; advanced techniques like sliding mode
control [11, 12], peak current mode control [13], virtual
impedance based control [14], nonlinear control [3, 15]
or adaptive control methods [16] can help in mitigating
the instability and ensuring robust performance. Addi-
tionally, employing feedback mechanisms that account
for load variations and implement a compensator can
stabilize the dynamics of the converter. Instead of using
feedback, to make stable a DC-DC converter with CPL
in open loop operation, damping filters can be used [17].
Another way to stabilize these systems is by aggregating
parasitic resistances to some key elements such as in-
ductors and switching elements such as transistors and
diodes [18]. Because this strategy would imply a re-
duction in the efficiency of the converter, a convenient
alternative solution would be the use of a loss free resis-
tor (LFR). Namely, an LFR is a two-port element with
resistive behavior at its input port and transfers the ab-
sorbed power at the input port to its output port without
losses. This LFR can be synthesized using some switch-
ing power converters by imposing the proportionality
between the voltage and current at their input port [12].

The interaction between the converter’s switching be-
havior and the CPL needs careful analysis, often re-
quiring the use of simulation tools and experimental
setups to explore the dynamic response under different
operating conditions. Understanding these interactions
is crucial for the design of reliable power supplies in
applications ranging from telecommunications to elec-
tric vehicles, where maintaining a stable output despite
disturbances is critical. Moreover, the dynamics of
switching converters under CPL conditions can reveal
insights into energy efficiency, electromagnetic interfer-
ence (EMI), and thermal performance, as the switching
frequency and control algorithms impact these factors
significantly.

An extensive analysis have been published for the
converters feeding CPLs and operating in CCM, but
only a few of these converters operating in DCM have
been addressed. The stability analysis results were

based on averaged models, leading to inaccuracies in
predicting the onset of instability in these systems in the
parameter space. In [19], it was claimed that the open-
loop buck and boost converters operating in DCM are
stable when they are loaded by CPLs. Using a nonlinear
implicit discrete-time model [20-22], it was shown that
such claims about the stability of the buck and the boost
converter are not accurate. It is well known that closed-
loop switching converters with both resistive loads and
CPLs are prone to exhibit a large variety of complex
dynamics and undesired instabilities [23, 24].

In all the past research works, a standalone closed-
loop converter (buck, boost, resonant etc.) either under
voltage mode control (VMC) [25] or current mode con-
trol (CMC) [26, 27] were analyzed with a linear load,
either resistive [28] or constant current [29] load. The
piecewise linear state equations are employed for DC-
DC converters to obtain the discrete-time model, and the
stability analysis passes through solving the eigenvalues
problem of the Jacobian matrix of this model, which can
be obtained in closed-form. This is not directly appli-
cable to DC-DC converters loaded by a CPL [13, 30].
The ad hoc stability analysis techniques has been ap-
plied. For instance, the piecewise linear approach can
still be employed to obtain their approximate discrete-
time model and to perform the stability analysis of their
periodic orbits, but after a careful linearization of the
nonlinear model of the CPL [13]. Recently, an auto-
mated stability analysis method is developed for accu-
rate modeling of CPL considering piecewise nonlinear
state equations and stability curves are calculated in the
parameter space [31].

Overall, the study of switching converters fed by CPL
is an evolving field, intertwining theoretical analysis
with practical implementations, necessitating a multi-
disciplinary approach that includes control theory, cir-
cuit design, and system engineering. By improving our
understanding of these dynamics, we can enhance the
design of more efficient, stable, and reliable power elec-
tronic systems that cater to the growing demand for ad-
vanced power management solutions across various in-
dustries. It is interesting to note that open-loop or fixed-
ratio switching converters deliver bidirectionality, effi-
ciency and reliability while saving cost, weight in many
emerging applications particularly electric vehicle [32]
and data centers [33, 34]. The ongoing research and
development in this domain highlight the importance
of adaptive control techniques and innovative circuit
topologies that can dynamically respond to the inher-
ent challenges posed by CPL, paving the way for future
advancements in power electronics and energy manage-
ment systems.
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Figure 1: Application of fixed ratio DC-DC converters.

With an extension of earlier works [35, 36], this
work deals with the analysis of the dynamics of an
open loop DC-DC boost converter with a stabilizing
resistor in series with the inductor and a CPL. To
simplify the analysis and to provide algebraic explicit
mathematical results, an averaged model of the cir-
cuit is used with a reduced three dimensional param-
eter space. This model has two possible equilibrium
points, a node and a saddle, whose existence and stabil-
ity are linked to codimension-one fold and Hopf smooth
bifurcations, both emerging from a codimension-two
Bogdanov-Takens bifurcation. Actually, the node equi-
librium, which can be a focus or not, is the approxi-
mation of the desired limit cycle of the real switched
system. Then, we get parameter constraint for a cor-
rect operation from this analysis. Moreover, an appro-
priate design requires not only a stable limit cycle with
small amplitude, but also that its basin of attraction be-
ing wide enough to include normal initial conditions.
Then, we make an extended analysis taking into account
the global dynamics of the system, mainly related to
the saddle stable manifold or to an unstable limit cycle
(ULC) whenever it exists. The boundaries for existence
in the parameter space of this unstable large amplitude
cycle are those corresponding to Hopf bifurcation and a
global homoclinic bifurcation, which also emerges from

the Bogdanov-Takens bifurcation.

First, in Section 2 an averaged model of the boost
converter with a CPL, by using normalized variables
and parameters is introduced. Under CCM operation
of the system, different limit sets and related bifurca-
tions are demonstrated and also illustrated by means of
convenient examples in Section 3. Next in Section 4,
operation in DCM is explored with emphasis in its dif-
ferences with CCM. In both operation modes, the ac-
cessibility of the periodic orbit under reasonable initial
state conditions is extensively studied. Finally, in the
last section the main results are summarized.

2. Circuit: diagram, expressions and normalization

A schematic circuit diagram of the open-loop boost
converter feeding a CPL is shown in Fig. 2. The phys-
ical parameters V;, L, C and P represent input voltage
source, inductance, capacitance and CPL respectively.
Ry is the equivalent virtual resistor for the compensat-
ing circuitry [37]. The current through inductor (i;) and
voltage across capacitor (v¢) are taken as state variables
of the system. By considering 7 as physical time and u
as control signal of the switch S, the following differen-
tial equations are obtained by applying standard circuit
laws in Fig. 2.
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The two switches S and S are activated in a comple-
mentary way, thatisu = 1 —u. Thenifu = 1, Sis
ON (closed) and S is OFF (open). The opposite action
is done when u = 0. Considering the synchronizing
control signals applied to the switches, 75 and d are its
period and duty ratio (fraction for which u = 1), respec-
tively. From this set of variables and parameters, the
following normalized values are defined,

ve i
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where ¢, x, y are the normalized time and state variables

and
1 7 L
wy = 1| —, = 4/—=.
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Besides, normalized parameters CPL (p), complemen-
tary duty ratio (g), equivalent resistance (r) and period
(T) are

@

t=wyT, Xx=

T = a)()Ts. (3)
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Figure 2: Schematic circuit diagram of a bidirectional open-loop DC-
DC boost converter feeding CPL.

Finally, the averaged vector field, that is the normal-
ized differential averaged equations for the state vari-
ables (x, y) with parameters p, g, r are summarized as

p
-=+
X qy @)
—gx—ry+1

where X = (x,y)T is the normalized state vector. Notice
that binary variable u in the switched model has been
substituted by the duty ratio parameter d, and so (1 — u)
is replaced by the complementary duty ratio g = 1 — d,
which is valid in the open interval (0, 1).

In the averaged approach, a continuous time and field
are assumed for the evolution of the system, such that
the state variables are in fact its averaged values within
a cycle, thus replacing the exact switched model by the
averaged simplified one. Note that the small amplitude
switched limit cycles become equilibrium points in the
averaging frame. In Fig. 3, several limit cycles are rep-
resented in the state space with different values of the
parameters. Note that cycles grow as T increases around
the corresponding averaged value represented by a red
point. It must be also emphasized that relevant proper-
ties of the periodic orbits such as stability suffer min-
imal variations regarding the averaged approach ana-
lyzed below. Fig. 4 shows an illustrative example in-
cluding the evolution of the state variables at switching
instants with period 7, its averaged values and also the
exponent (that is In(m)/T) in which m is the character-
istic multiplier) computed per cycle. The red dotted line
stands for the averaging model approach in the three di-
agrams for comparisons.

— =x = F(x) with

dx Fx:x:
dt

Fy:)'):

3. Analysis of the continuous conduction mode
(CCM) operation

The CCM operation is first analyzed. This condition
is not overtaken if S is a diode and the inductor current
drops to zero. In the next section the discontinuous con-
duction mode (DCM) operation will be discussed.

3.1. Equilibrium points and associated bifurcations

Two equilibrium points exist for the averaged system
(4), whenever 4pr < 1, which will be called here xy =
(xn,yn)T and x5 = (x5, ys)T, with values obtained from
Fx) =0

L+ yT—dmp - T=4p

- 2q _ 2q
Xy = , Xg = 5
Ml Vi=ap | T 1+ VT —drp ©)
2r 2r

The corresponding pair of eigenvalues Ay and Ag as-
sociated to Xy and xg respectively, are obtained from
the calculated Jacobian matrix which is the equivalent
linear system of (4) around equilibrium (5)

2
1
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Note that under the critical parameter condition
4rp = 1, both equilibrium collapse at the common fold
point Xy with eigenvalues Ap; and A,

T 2
sz(%l,%) . A =0, Apm= qT—r. ®)
Remark 1. From these results, we conclude that in sys-
tem (4), for the critical parameter condition p = pp =
(4r)~!, the two equilibrium collapse, being null one of
the common eigenvalues thus resulting a smooth fold,
also called saddle-node, codimension-one bifurcation.

Note that for this condition, the nonzero eigenvalue
meets the condition Agy > 0if g > rordp, < 0ifg <r.
In the boundary of these two cases, we have g = r

Remark 2. In system (4), for the two critical parame-
ter conditions p = pr = (4r)”" and ¢ = r, in addition
to the equilibrium extinction, their two common eigen-
values become null, thus resulting a codimension-two
Bogdanov-Taken bifurcation.

Remark 3. Moreover, for the critical parameter point
as P = {r = 1,p = 1/4,q = 1}, such that
the codimension-two Bogdanov-Taken bifurcation is lo-
cated at one extreme value (d = 0) of the duty ratio
domain. Then, if » > 1, Hopf bifurcation cannot take
place since this bifurcation only exists if » < 1, thus
starting at codimension-two Bogdanov-Takens, accord-
ing to Remark 2 .

[
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Figure 3: Limit cycles (periodic orbits) with parameters r = 0.3, p = 0.2,T € {0.25,0.40,0.55} and g in the caption. Red points correspond to

equilibrium in the averaging approach.

1.581 0.4 - T
_- 02 04 06 08 1
e —— - -0.1082
_ .
~
0.3 ///
_- -0.1084+
] N~ J
x 1.54 \\ ¥ 02 ~
N >~ A -0.10861
2 AN 0 T~.
1.521 14
N >SS
Sa -0.10881
1.50 . . . . , 0 . . . . .
02 04 06 08 1 02 04 06 08 1
T T -0.1090-
(@) x(T) (b) ¥(T) (c) AT)

Figure 4: (a-b) state variables at the switching instants (blue dashed lines) and computed averaged values per cycle (blue line). (c) numerically
computed exponent. The red dotted line stands for the averaging model approach in the three diagrams for comparisons. Parameters are r =

0.3,p=0.2,g = 0.6 (d = 0.4) and varying T is in the abscissa.

In order to check the evolution of the eigenvalues Ay
and Ag for the two equilibrium xy and xg, with param-
eters r > 0,0 < p < pr = 4r)"" and ¢ € (0, 1), we
evaluate Wy and Wy in (6) and (7) respectively, taking
into account xy and xg in (5). Noticing that either Wy
or Wy are expressed as a square difference of two terms,
both of them positive, therefore the radicand can only
permute its sign when the difference of the two terms,
called here Xy or Xy vanishes. These magnitudes are

7 1-2rp+ /1 -4drp

Xy =—+r—2q, where oy = 5
ON P
©)
2 1-2rp—41-4r
Eszq—+r—2q,where0'S: p2 P
s P
(10)

We check that g > 0 in our parameter domain, so Xg is
always a saddle.

However, concerning xy, Xy = 0 if g qw
on (1 + VI=r/oy). Besides, Ty =0 if ¢ = r/2 with
p =0and also, Xy = 0if d = 0 with p = pg
(2 = r)(1 + 2r — r*)~2. Therefore, if r < 1, the positive
branch is valid in the range gw € (r, 1) corresponding to
p from pg to pr and the negative branch is valid in the
range qw € (r/2,r) corresponding to p from pp to 0. If
1 < r < 2, the positive branch for gy is not valid and
the negative one is given for gy € (r/2, 1) associated to
p from pg to 0. If r > 2, no branch applies for gy, so
the node is always non spiral and stable.

Crossing the positive gy branch implies a transition
for the equilibrium node x between spiral or focus and
non spiral behavior. The positive branch stands for un-
stable node and the negative one for the stable node.
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Figure 5: (a) Diagram in d — p parameter plane using r = 0.3, including bifurcation lines: fold (black), Hopf (red), homoclinic (blue), and also
the spiral to non spiral transition (dotted line). The possible equilibrium, SF or UF and SN or UN (stable or unstable focus and stable or unstable
node) are indicated in their existence regions. Besides, the ULC (unstable limit cycle) exists in the parameter region between Hopf and homoclinic
bifurcations. Notice also that the saddle equilibrium exists for p < (4r)~! and the codimension-two bifurcation is given at p = (4r)~!, g = r (boxed
point), from which the one dimensional bifurcating lines emerge. (b-d) Dynamics in the state plane with parameters in the caption (cross points in
panel (a) stand for these values), including relevant invariant sets: the stable spiral node and the saddle equilibrium (circle and diamond points), the
stable and unstable saddle manifolds (red and blue lines), and the orbit from (1, 0) state (dashed blue line). Case (b) includes also the ULC (closed
line) and case (c) approaches the homoclinic bifurcation for which the stable and unstable saddle manifolds merge together.

The next and relevant question concerns stability.
The spiral node xy, with an associated frequency
V—Wy, becomes unstable when the real part of Ay van-
ishes, which occurs at the critical value

qu =1 — AJron, (11

where oy is defined in (9). Actually, this is a smooth
subcritical Hopf bifurcation, at which an unstable limit
cycle (ULC) is born. More details about the existence
and significance of this limit cycle, which coexists with
the stable spiral equilibrium x,, will be given below.



In Fig. 5, the continuous black and red lines stands
for the smooth fold (emergence of the saddle and stable
node pairs) and the subcritical Hopf (stability boundary
of the spiral node) bifurcations respectively. The contin-
uous gray line is associated to the saddle and unstable
node pair appearance. The sparse dots line corresponds
to the transition between spiral and non spiral behavior
of the node.

The following subsections deal with the feasibility of
reaching the stable equilibrium whenever it exists, thus
concerning the boundary of its attraction basin. We will
concentrate on two conditions. As a stricter one, the in-
clusion in that basin of the state (1, 0), as a likely starting
point of the dynamics, is considered. As a second more
relaxed condition, we impose that at least one point of
the abscissa, that is x = (x,0), belongs to the basin. In
order to find critical parameter values for which these
conditions apply, two excluding cases are possible. One
refers to the ULC, and the stable saddle manifold (SSM)
is involved in the second case. As it is well known
these two invariant sets can be boundaries of an attrac-
tion basin. If the ULC exists, this set will determine the
critical condition, otherwise the SSM will do. Thus, the
existence of the ULC will be examined first.

3.2. Homoclinic bifurcation and existence of the unsta-
ble limit cycle

In order to delimit the parameter subset for which
the unstable limit cycle (ULC) exists, we must pay at-
tention to the homoclinic bifurcation emerging from
the smooth Bogdanov-Takens bifurcation of the equi-
librium examined above. This is a global bifurcation,
for which the stable saddle manifold (SSM) is super-
imposed to the unstable saddle manifold (USM) of the
same saddle equilibrium point (the heteroclinic bifurca-
tion stands for a similar interaction involving two sad-
dle points). From a numerical continuation procedure
implemented on Maple® platform, we have determined
the set of points for this bifurcation, fixing one param-
eter and solving for the other. In Fig. 5(a), made using
fixed parameter » = 0.3, the continuous blue line stands
for the homoclinic bifurcation set in the (d — p) parame-
ter plane. Figure 5(c) is a state diagram with a parameter
selection near the homoclinic bifurcation. Note that in
the parameter region between the Hopf (red) and homo-
clinic (blue) lines, the node is an spiral equilibrium, and
the unstable saddle manifold cannot end at that point
as it avoids crossing the SSM (stable saddle manifold).
Thus forces the existence of an extra invariant set in the
form of an unstable limit cycle splitting the state space
in two regions. Orbits starting inside the ULC flow to

the SF (stable focus) equilibrium, see Figure 5(b). Con-
versely, with parameters such in Figure 5(d), the SSM
itself is the separatrix of the desired orbits flowing to
the SF or the undesired ones collapsing as approaching
tox =0.

Taking into account that the codimension-two
Bogdanov-Takens exists only for parameter r < 1, with
values p = (4r)",q = r, the homoclinic bifurcation can
only be given with the same restriction » < 1. In such
a case the attracting basin of the stable focus is an un-
stable limit cycle in the parameter region between the
Hopf and the homoclinic lines. Outside this parameter
region if r < 1, or in any case if r > 1, the stable saddle
manifold defines the attraction basis of the stable (spiral
or not) node, whenever it exists. In the following sec-
tion, we will determine the parameter regions for which
orbits starting at the state (1, 0) flows to the stable equi-
librium.

A critical parameter set, dealing with the structure
of parameters defining an attracting domain passing
through the critical state (1, 0), is obtained numerically
by imposing the following three restrictions: homo-
clinic bifurcation tangent to (1,0) at the value d = 0.
Approximately, this is £, = {r = 0.695540,p =
0.262139, ¢ = 1}.

3.3. Parameter set associated to state (1,0) in the
boundary of the attracting basin of the stable equi-
librium

In order to determine the frontier in the parameter
space, for which orbits with initial state (1,0) either
flows or not to the equilibrium, one of the two possi-
ble scenario examined above must be selected accord-
ing to the given criteria. If r < 0.695540 (thus value
corresponds to r at $,) and inside the parameter area
between the Hopf and the homoclinic bifurcation lines,
the frontier line should be determined forcing the unsta-
ble limit cycle passing through (1,0). p(d) parameter
relation with r fixed is given in Fig. 6 using green long
dashed lines. Otherwise, the frontier line, if exists, is de-
termined forcing the SSM passing through (1, 0). Green
dot-dash lines, also in Fig. 6, correspond to this second
case.

As a second more relaxed condition, we impose that
at least one point of the abscissa, that is x = (x,0) be-
longs to the basin; actually, this point is tangent to the
abscissa. If this condition were not satisfied, dynamics
will not flow to equilibrium with a starting null inductor
current condition with any value of the initial capacitor
voltage. As in the above cases for boundary at (1,0),
this condition should be applied either to the ULC or to
the SSM. Orange lines in Fig. 6 stand for these more
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Figure 6: Stable saddle manifold (SSM) and unstable saddle manifold (USM) in d — p parameter plane for different values of r.

relaxed cases, dashed are for ULC and dot-dashed for
SSM.

In order to give a more complete view, some alterna-
tive representations are given in Fig. 7. In panels (a-c)
of this figure, the critical p(r) condition for the boundary
at (1,0), if exists, is plotted for fixed values of param-
eter d in the caption. Long dash green lines stand for
ULC case, green dot dash lines apply to SSM case and

black lines do for the fold existence limit. In this last
case, (1,0) belongs always to the basin of equilibrium.
The connection between those cases is represented by
boxed points. In panel (d), a set of lines in the d — p
parameter plane are plotted with several fixed values of
parameter r. From these diagrams, we can appreciate
that certain parameter combinations are more suitable
in order to optimize the attraction basin of equilibrium,
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Figure 7: Diagrams related to basin attraction boundary at (1,0): (a-c) r(p) with d in the caption, (d) p(d) with legend for r inside the panel and (e)

r, p(d) values that optimize this boundary.

thus avoiding undesired dynamics if (1,0) is assumed
as the starting state. In the panel (e), we represent the
optimal value of r (red line) in front of the duty ratio
d, thus providing a maximum available value of p with
safe conditions, which is also shown in the same dia-
gram (blue line). Note that this situation always corre-
sponds to the ULC as the attraction basin including the
state (1, 0).

4. Limit cycles in discontinuous conduction mode

Up to now, it is assumed that the circuit is bidirec-
tional and the current can flow in both directions so that
only CCM is possible, due to the use of bidirectional
switches or instead, the inductor current remains always
positive. From now, the complementary switch (S) is
assumed to be a diode (see Fig. 9), so that the inductor
current cannot be negative. The standard periodic or-
bit in the DCM operation has three time intervals. The

first two correspond to ON and OFF equations (4). The
third interval starts when y(¢) drops to zero in the OFF
condition and finish at the beginning of a new clock pe-
riod, thus re-initiating the ON state. In this third inter-
val, apart from condition y = 0, we have the differential
equation

12)

i=-=.
X

In Fig. 8, parameters r and d have been fixed. In the
panel (a) of this figure, T is also fixed and p is decreased
so as to reach the CCM-DCM boundary at the critical
value pc. Besides, in the panel (b), p is fixed and T
is increased until the critical T¢ (see numerical values
in the panel captions). If those parameters are further
varied, then limit cycle enters DCM operation, as it can
be shown in panels (c-d) of the same figure. The onset
of DCM operation is also given if d is increased or if r
is decreased, while the other parameters are constant.

In [38], DCM periodic orbits are extensively ana-
lyzed, showing a complexity outbreak when the nor-
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Figure 8: Limit cycles with parameters r = 0.3,d = 0.5 and p, T in the caption. Note that DCM is attained in (a), by decreasing p, at critical
pc =~ 0.114767, and in (b), by increasing 7', at T¢ =~ 0.501105. Further variation of the same parameter makes the dynamics entering in DCM
operation as it can be seen (c-d).

Figure 9: Schematic circuit diagram of a unidirectional open-loop
DC-DC boost converter feeding CPL where the complementary
switch (S) is replaced by a diode.

malized period T is increased. In the current work, we
are dealing only with low or moderate values of T, so
that only main existence boundaries are relevant and the
DCM limit cycle remains stable. Let us summarize here
an averaged model that fairly approaches the dynamics
in DCM. In the following, d’ is the duty ratio during the
OFF interval until y becomes null. Then 1 —d —d’ is the
ratio corresponding to condition y = 0.

Let first assume that during d and d’ ratios, the aver-
age value y; of y(¢) is approximately equal to half of the
peak value for y(¢). Then from 2y; = (1 — ry;)dT and
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(1 =ry))d =(x+ry; — Dd’, we have
. dT J - 2d
T 24rdT’ T Q2+ rdT)x-2.
From y; and d’, by considering very small variations
in x(f) and taking into account that y = O during the third
time interval, from yg(x) = y;(d + d”) the explicit which
links state variables y and x follows
B d*Tx
T Q+rdT)x -2
Note that (14) is only valid under d+d’ < 1 condition, so
the dynamics sliding on ys(x) has a natural limit xg =
(xg,yp) such that if x < xp (equivalently y > yp), the
CCM mode is restored.
2 T
= YB= 57+
q2 + rdT) 2+ rdT
Note also that using the averaging approach, the dy-
namical model is reduced in one dimension so the dy-
namics is constrained along the line yg (x) whose vector
field velocity is given by —p/x + y;d’, thus resulting

dx p 24°T

. x (Q+rdDx—2)Q2+rdl)’

i 13)

Ys (14)

XB (15)

(16)



Also, by equaling to zero the field in (16), that is the
average equilibrium condition, an approach to the lo-
cation of the DCM limit cycle is obtained. This point
called here xp = (xp, yp) has as coordinates

22+ rdT)p

: _@2+rdD)p
C Q+rdT)?p -242T 77 '

2

Xp b A7)

Regarding the hyper-surface in the parameter space
splitting DCM and CCM operation, it can be easily de-
duced from equaling yp = yp (this is equivalent to force
d +d =1 in equilibrium), thus giving to an explicit
expression for the critical value p¢, such thatif p > pc,
the periodic orbit enters in CCM.

2dT

pc
Furthermore, the DCM solution needs an extra condi-
tion, which is straightforward by imposing a positive
value for xp, so a natural limit condition is obtained
making null the denominator of xp in (17). If this crit-
ical parameter is called p;, the existence condition for
the DCM limit cycle is p; < p < pc, being

24*T

144

The existence condition p; < p < p¢, can be expressed
in terms of the dimensionless parameter K as K; < K <
K¢, in which K, K, K; are

2p 2LP
=—=—=K;
T TV?

24\’ 4d
B (2 + rdT) Ke=Grary @Y
Notice that if » = 0, the existence condition is simplified
as d? < K < d (see [38]). It is also of interest the fact
that all the above expressions contain the term rd7T =
(dTs)/(L/Rs), which is the relation between the time
interval in the ON configuration and the time constant
associated to the resistor in series with the inductor. As
far as this value is small compared with 2, the features
of the DCM limit cycle approaches more the behavior
analyzed in [38].

In Fig. 10, using parameters r,T fixed, the two
boundaries concerning the existence of DCM cycles in
the parameter plane (d, p) is depicted in panel (a). The
same limits are also plotted in (b), but in the plane
(d,K). Corresponding black solid lines stand for (18)
and (19) in (a) and for (20) in (b). Cross points over
these lines have been obtained by numerical computa-
tion; notice there is a good agreement between them and
the algebraic expressions. Summarizing, concerning the
limit cycle in CCM apart from existence and stability
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conditions analyzed in Section 3, its existence is also
limited by condition in (18). Above or below this line,
CCM or DCM is given respectively. Also DCM cannot
exist below line for condition in (18). However, there
are some extra lines in 10(b), due to partial DCM oper-
ation, which concerns mainly the attractor basin of the
periodic orbit. The unstable large limit cycle and also a
stable large limit cycle (long period and large amplitude
both) encircling the former unstable one are responsible
of the new features.

4.1. Large stable and unstable cycles operated in DCM

Initially, after emerging at the Hopf bifurcation, the
large unstable limit cycle (ULC) operates in CCM, so
no difference exists with above analysis. However, it
is extinguished when colliding with the sliding line in
the phase plane, see (14). Actually, this is a nonsmooth
fold bifurcation, from which a large stable limit cycle
(SLC) also emerges, both coexisting in some range of
parameters. In Fig. 11, made with fixed parameters
r =03,d = 035,T = 0.3 and p variable, the ampli-
tude of these large cycles is shown. Note on the right
the Hopf bifurcation at critical py =~ 0.482570, On the
right (p > pp), the (averaged) equilibrium becomes un-
stable (dotted red line). On the left (p < pp), the stable
equilibrium (solid green line) coexists with the unstable
large limit cycle, which acts as basin boundary of equi-
librium. Finally, on the left of the diagram, from the
nonsmooth fold bifurcation at pr ~ 0.43129, the two
stable (solid green line) and unstable large limit cycles
emerge, thus existing in some range for p > pg. Vio-
let lines in Fig. 10(b) concern also to the existence of
the two stable and unstable large limit cycles. More
precisely, the ULC exists between the solid red line
(Hopf) and the solid violet line (nonsmooth fold), and
the SLC exists between this last line and the dashed vi-
olet line. This last limit is due to approaching the SLC
to x = 0 (then dynamics makes nonsense). In the same
panel, cross points superimposed to the Hopf line (solid
red) account for exact computations. Actually, this is a
Neimark-Sacker bifurcation (the discrete counterpart of
the Hopf with the exact switched model). Notice that
the averaged model has good degree of precision and is
very easy to use compared to the exact switched model.

To complete the description of Fig. 10(b), the dot-
dashed green line splits the parameter plane in regions
for which the boundary of equilibrium includes (below)
or not (above) the likely starting point (1, 0). This line is
not plotted after colliding to the solid violet line (nons-
mooth fold case), because the ULC itself avoids the dy-
namics convergence from (1, 0) to equilibrium because
it entirely lies on y > 0 half plane. Notice also that
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Figure 10: (a) Lines in K(d) plane are existence boundaries for DCM periodic orbit. The upper one limits with CCM and the lower one refers
to x — oo. Cross points have obtained with the exact switched model to verify the validity of the averaging approach. In (b), beside the same
limits, the still valid boundaries reported in Fig. 5(d) are plotted in addition to the existence boundaries for the large limit cycles (low frequency

oscillations). Fixed parameters in the two diagrams are » = 0.3 and 7' = 0.3.

the homoclinic (solid blue) line only makes sense until
colliding the sliding line, see (14).

In Fig. 11(b-f), the particular large limit cycles (low
frequency oscillations) using parameters r = 0.3,p =
0.45,d = 0.35,T = 0.3 are represented, (a) both os-
cillations in the phase plane, (c-d) are x(¢) oscillograms
and (e-f) are y(7) representations. The unstable cycle
is in (c,e) and the stable one is in (d,f). The switched
dynamics and also the average one have been included
in these representations. Note the good agreement be-
tween them. Regarding the switched dynamics, it can be
either quasiperiodic, or periodic in case of phase locking
between the switching high frequency oscillation and
the low frequency oscillation .

5. Conclusions

The dynamics of an open loop DC-DC boost con-
verter feeding a CPL and a series loss free resistor has
been analyzed in continuous and discontinuous conduc-
tion mode of operation. The comparison of the results
are shown by using averaged and exact switched mod-
els. With the variation of the system parameters, the
equilibria, saddle manifolds and low frequency large
amplitude oscillations are found and their related bifur-
cations are analyzed. Accessibility of the desired dy-
namics (equilibrium in the averaging approach) is also
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considered by examination of the region covered by the
basin of attraction of equilibrium. This study can also be
extended to other converter topology to showcase sim-
ilar or new types of bifurcation mechanism leading to
complex behaviors.

After knowing the different mechanism of smooth
and nonsmooth bifurcations with the variation of the
parameters, suitable bifurcation control can be applied
to avoid/delay the bifurcation point. Therefore the reli-
able operation range could be extended in the parameter
space. As the open loop or fixed ratio converter fed CPL
has many emerging applications in electric vehicle, data
centers etc, the accumulated results from this study will
be helpful to devise novel control law to extend the sta-
bility margin of the overall system.

It is worth noting that the conventional techniques
such as the descriptive function (DF) method for pre-
dicting the existence of limit cycles and their stability
could be used for the system considered in this study.
However, encountering a DF that takes into account all
the nonlinearities of the system and catches the nonlin-
ear large signal behavior reported in this study is chal-
lenging. A DF that only accounts for one nonlinarity
and overlooks others may fail short in predicting the
global behavior of the system.
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