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Abstract

In this work, we revisit some combinatorial and information-theoretic extension
techniques for detecting non-algebraic matroids. These are the Dress—Lovasz and
Ahlswede—Korner extension properties. We provide optimizations of these techniques
to reduce their computational complexity, finding new non-algebraic matroids on 9
and 10 points. In addition, we use the Ahlswede—Korner extension property to find
better lower bounds on the information ratio of secret-sharing schemes for ports of
non-algebraic matroids.

Keywords Matroid - Algebraic matroid - Information inequality - Secret sharing
scheme

1 Introduction

The characterization of matroids that admit a linear representation over a field is
a natural problem that was formulated in the early stages of matroid theory. This
notion of linear representation can be extended to algebraic representation over field
extensions, considering the rank function determined by the transcendence degree
instead of the linear dimension. Matroids that admit such a representation are said to
be algebraic, and the characterization of these matroids is the main objective of this
work. In addition to linear and algebraic, other kinds of matroid representations, such as
multilinear (or folded linear) and entropic (or by partitions), have also been studied. It
is known that linearly representable matroids are multilinear, and multilinear matroids
are entropic. The class of algebraic matroids contains the class of linear matroids, but

The authors are supported by the project HERMES, funded by INCIBE and by the European Union
NextGeneration EU/PRTR, and the project ACITHEC PID2021-124928NB-100, MCIN/AEI/10.13039/
501100011033/FEDER, EU. Additionally, Oriol Farras is supported by the grant 2021 SGR 00115 from
the Government of Catalonia.

B Oriol Farras
oriol.farras @urv.cat

1 Universitat Rovira i Virgili, Tarragona, Spain

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10801-025-01462-y&domain=pdf
http://orcid.org/0000-0002-7495-5980

50 Page2of20 Journal of Algebraic Combinatorics (2025) 62:50

it does not contain the class of multilinear matroids [11]. And the class of entropic
matroids does not contain the class of algebraic matroids [27].

The study of linearly representable matroids has attracted a lot of interest and
has applications in different areas, such as information theory, cryptography (secret-
sharing schemes) and coding theory (network coding). See [10, 14, 16, 39], for
example. Results on the other matroid representation classes mentioned above have
also been applied in these areas [11, 18, 27, 37, 38].

Ingleton and Main presented in [24] a necessary condition for a matroid to be
algebraic: In a full algebraic matroid of rank at least 4, if there are three pairwise but
not all coplanar lines, then all three lines have a common intersection. This result was
later generalized by Lindstrom [26].

The rank function of a full linear matroid is modular, but it is not necessarily so
for full algebraic matroids. Nevertheless, a similar combinatorial property to mod-
ularity was shown for full algebraic matroids by Dress and Lovész [17]: For every
pair of flats in a full algebraic matroid, there exists a flat called the quasi-intersection
(denoted pseudo-intersection in [12]) that simulates their intersection. The Ingleton—
Main lemma and its generalizations can also be viewed as extension properties of
algebraic matroids, similar to the Euclidean and generalized Euclidean intersection
properties of linear matroids [4, 5, 7].

In [13], Bollen did extensive work on the problem of matroid algebraicity. Using
Frobenius flocks, he found some matroids on 9 points that are not algebraic over fields
of characteristic 2, and using a recursive implementation of the Ingleton—Main lemma,
he was able to discover many matroids on 9 points that are not algebraic over any field.
The Ingleton—Main lemma loses its efficacy when applied to sparse paving matroids
with rank greater than 4, as such matroids will always satisfy the property. Also, some
matroids might be Frobenius flock representable and still not be algebraic.

While the aforementioned techniques emanate from matroid theory works, other
techniques coming from information theory can also be applied to the problem of
matroid classification. These include the common information (CI), the Ahlswede—
Korner (2K), and the copy lemma (CL) properties.

CIisanextension property of linear polymatroids that is used to show that a matroid
does not admit a linear representation. It was used (sometimes, implicitly) in many
works studying the classification of linearly representable matroids, e.g., [6, 23, 30].

AK is a property of almost entropic polymatroids and was used to find non-Shannon
information inequalities. Since algebraic matroids are almost entropic [29], we bring
AK to the core of techniques for discovering non-algebraic matroids.

The direct application of both the AK and CT techniques to the linear programming
problems for finding lower bounds on the information ratio of secret-sharing schemes
was introduced in [19]. Later, CL was also applied to this problem [22], and improved
lower bounds were found in [5, 6, 21].

1.1 Our contributions

In this work, we revisit some combinatorial and information-theoretic tools for detect-
ing matroids that do not admit an algebraic representation. We provide optimizations
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for techniques based on the Dress—Lovasz and Ahlswede—Ko6rner extension proper-
ties. Similar to [5, 6, 13], we show recursive applications of these techniques. Finding
new results on matroid extensions, we are able to reduce the computational cost of
using these techniques.

Applying these optimized techniques, we find new non-algebraic and non-almost
entropic matroids on 9 and 10 points. We continue the classification work of algebraic
matroids of Bollen [13], completing the classification of (4, 9) matroids (i.e., matroids
with rank-4 on 9 points) that do not satisfy the Dress—Lovasz property at recursive
depths smaller than 8. For (5,9) matroids, we show some smallest sparse paving
matroids that satisfy the Ingleton inequality, have rank greater than 4, and are not almost
entropic. These particular matroids would not have been found using Frobenius flocks,
as they are Frobenius flocks representable, nor using the Ingleton—Main lemma due
to the fact that they are sparse paving. Additionally, we show an identically self-dual,
sparse paving rank-5 matroid on 10 points that is not almost entropic. This matroid
has both the Tic-Tac-Toe matroid and its dual as minors.

Another contribution of this work is an improvement on the linear programming
technique for finding lower bounds on the information ratio of secret-sharing schemes
presented in [15, 19]. We define an LP problem that uses a more restrictive property
of almost entropic polymatroids [7], which is also a consequence of the AK lemma.
Using this approach, we obtain improved lower bounds for ports of matroids that are
not algebraic.

For the interested reader, the programs used in this paper are available at
https://github.com/bmilosh/algebraic-matroids-extensions.

1.2 Organization

The organization of the rest of this paper is the following. In Sect. 2, we introduce
the notations we use in this work. In Sect. 2.1, we talk about relationships between
different ways of representing a matroid. We introduce the extension properties we
are focused on in Sect. 3. We encounter the first set of optimizations in this work in
Sect. 4. The next set of optimizations come in Sects. 5.1 and 5.2. We present some
non-algebraic matroids we found in Sect. 6 and finish with some results on secret
sharing in Sect. 7.

2 Matroids and polymatroids

We refer the reader to [33] for an in-depth discussion of matroids and to [4, 5, 7] for
matroid extension properties and techniques.

Definition 2.1 Given a finite set Q and a function f: P(Q) — R, the pair (Q, f) is
called a polymatroid if the following properties are satisfied for all X, Y € Q.

P1) f@ =0.
(P2) f(X) < f()ifX CY.
(P3) F(XNY)+ f(XUY) < f(X) + f(Y).
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The set O and the function f are, respectively, the ground set and the rank function
of the polymatroid. The rank function of an infeger polymatroid only takes integer
values. A matroid is an integer polymatroid (Q, r) such that »(X) < |X| for every
X C Q. For compactness, given any sets X, Y € Q, we write the union X U Y as
XY, r(X;Y)todenote r(X) + r(Y) — r(XY), and r(X|Y) for r(XY) — r(Y).

For a polymatroid S = (Q, f) and a set B C Q, the deletion S\B of B from S
is the polymatroid (Q \ B, f) with f(X) = f(X) for every X C QO \ B, while the
contraction S/B = (Q \ B, f) of B from § is such that f(X) f(XB)— f(B) for
every X € Q ~ B. Every polymatroid that is obtained from S by applying deletions
and contractions is called a minor of S. Finally, observe that minors of matroids are
matroids.

Consider sets Q, Z with Q N Z = {J. A polymatroid (QZ, g) is an extension of a
polymatroid (Q, f) if they satisfy that g(X) = f(X) forevery X C Q.

Let M = (Q, r) be a matroid. The independent sets of M are the sets X C Q
with r(X) = | X|. Every subset of an independent set is independent. The bases of M
are its maximal independent sets, and its minimal dependent sets are called circuits.
All bases have the same number of elements, which equals r(Q), the rank of the
matroid. A set X € Q is a flat of M if r(Xx) > r(X) for every x € O \ X. The
flats with rank r(Q) — 1 are called hyperplanes. Flats X,Y C Q are modular if
r(X)+r¥) =r(XY)+r(X NY), and non-modular otherwise. In addition to the
one given in Definition 2.1, there are other equivalent sets of axioms characterizing
matroids which are stated in terms of the properties of the independent sets, the circuits,
the bases, or the hyperplanes.

In a simple matroid, all sets with one or two elements are independent. A matroid
of rank k is paving if the rank of every circuit is either k or k — 1. It is sparse
paving if, in addition, all circuits of rank k — 1 are flats, which are called circuit-
hyperplanes. The dual of M = (Q, r) is the matroid M* = (Q, r*) with r*(X) =
| X| —r(Q) + r(Q ~ X) for every X C Q. Equivalently, M* is the matroid on Q
whose bases are the complements of the bases of M.

Definition 2.2 Given a matroid M = (Q, r), a modular cut F of M is a family of
flats of M satisfying the following properties:

1. For every F1 € F and for every flat F, such that F; C Fp, F, € F,ie., F is
monotone increasing.

2. For every modular pair Fi, F, € F, F1 N F, € F, ie., F is closed under
intersection of modular pairs.

Every proper point extension of a matroid (i.e., an extension by a rank-1 element)
corresponds to a modular cut and vice versa [33, Sect. 7.2]. The modular cut generated
by the flats {F1, F>, ..., Fi}, for some k > O is simply the smallest modular cut that
contains these flats. In general, we denote the modular cut generated by a flat X as
Fx ={F € Q:X C F and F is a flat of M}.
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2.1 Matroid representations

Definition 2.3 A matroid M = (Q, r) is £-linearly representable over a field F for
some ¢ € N if there exist a vector space V and a vector subspace collection (Vy)xep
defined over [F with V, C )V such that

dim (Z Vx> ={-r(A)forevery A C Q.

X€EA

If ¢ = 1, then M is simply said to be linearly representable. Matroids that are £-linearly
representable for £ > 1 are said to be multilinear (or folded linear) matroids. While
all linear matroids are multilinear, the reverse is not true. Examples of multilinear
matroids that are not linear were shown in, e.g., [35, 38].

Consider an extension K of F. An element x of K is said to be algebraic over I if it
is the root of some non-trivial polynomial in F. Otherwise it is transcendental. Given
asubset X C K, an element y of K is algebraically independent with respect to X if
it is transcendental over the field F(X). A subset X C K is algebraically independent
over I if every element x € X is algebraically independent with respect to the set
X\x (i.e., no element x € X is the root of some non-trivial polynomial in F(X\x)),
and algebraically dependent otherwise. The transcendence degree of K over I is the
size of the largest algebraically independent subset of K over F.

Definition 2.4 A matroid M = (Q, r) is algebraically representable over a field I if
there exist an extension K of [F and a sequence of elements (¢;);cp < K such that, for
every A C Q,

r(A) = deg, F((e)ica).

where F((e;)ica) is the smallest subfield of K containing IF and (e;);ca, and deg,, is
the transcendence degree of [F((e;)ica) over F.

A matroid M whose ground set Q consists of all elements of K and is such that
F C Qs aflat of M if and only if F((e;);cF) is algebraically closed is called a full
algebraic matroid.

Fujishige [20] observed that, given a set Q = {1, ..., n} with an associated set
of random variables {S1, ..., S,}, the entropy function 4 : 20 Rxq on this set
expressed as

h(A) = H(Sa)

for every A € Q such that A # @, h(?) = 0, and H(S4) is the Shannon entropy of
the random variables indexed by A, defines the rank function of a polymatroid. Such a
polymatroid is called an entropic polymatroid. A matroid is said to be almost entropic
if itis the limit of a sequence of entropic polymatroids, and entropic if its rank function
is a multiple of the rank function of an entropic polymatroid.

All linear matroids are algebraic, but the converse is not true. Matroids with less
than 8 points are linear, and therefore algebraic, with the Vamos matroid being the
first matroid shown to be non-algebraic [24]. In the other direction, the non-Pappus
matroid is an example of an algebraic matroid that is not linear [25]. Furthermore,
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not every multilinear matroid is algebraic [11], and not every algebraic matroid is
multilinear [27]. Since every multilinear matroid is entropic, then there are entropic
matroids that are not algebraic. All algebraic matroids are almost entropic [29], but
not all almost entropic matroids are algebraic (nor entropic) [28, Remarks 4 & 5]. For
a visual depiction of these relationships, see [6, Fig. 1].

3 Extension properties of algebraic matroids

In this section, we present the techniques we use to find non-algebraic matroids. Our
techniques are based on properties satisfied by algebraic matroids: Ahlswede—Korner
extensions and Dress—Lovdsz extensions.

3.1 Dress-Lovasz extensions

Every algebraic matroid can be embedded in its full algebraic matroid, and the same
holds for linear matroids. However, unlike in the case of full linear matroids where all
pairs of flats are modular, pairs of flats of full algebraic matroids are not necessarily
modular. Instead, Dress and Lovész [17] showed that pairs of flats of full algebraic
matroids have what they called a quasi-intersection.

Theorem 3.1 [17, Theorem 1.5] Let M = (Q, r) be a full algebraic matroid. Then
for every pair of flats X, Y € Q of M, there exists a flat T C X such that, for every
flat X' contained in X,

T € X' ifand only if r(Y|X') = r(Y|X).

Moreover, X and Y are modular if and only if T = X NY.

One can deduce a necessary condition for a matroid to be algebraic from the Dress—
Lovasz result as follows. If M is an algebraic matroid for which for some pair of flats
(X, Y) thereisno T' C X satisfying Theorem 3.1, then M admits a series of proper
point extensions in which this flat 7' exists.

Definition 3.2 Let M = (Q, r) be a matroid and let X, Y € Q be a non-modular
pair of flats of M. The quasi-intersection of (X,Y) is aflat T C Q satisfying the
following conditions

(DL1) r(T|X) =0, and

(DL2) r(T|X") =0iff r(Y|X") = r(Y|X) for every flat X’ C X.

Note that the quasi-intersections of (X, Y) and (Y, X) are not necessarily the same.

Lemma 3.3 For a pair of flats (X, Y) in a matroid (Q, r), if the quasi-intersection
exists, it is unique.

Proof Suppose T1, T» € Q are two quasi-intersections of (X, Y). Then by (DL2), we
have r(T1|T;) = 0 = r(T»|Ty) and therefore, r(T}) = r(T1Tp) = r(T3). Since T} and
T, are flats, it implies that 7} = T».

O
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Definition 3.4 Let M = (Q, r) be a matroid and let X, Y € Q be a non-modular pair
of flats of M. A matroid (QZ, r) is a Dress—Lovdsz (DL) extension of M for (X, Y)
if there exists a set T € QZ that is the quasi-intersection of (X, Y).

Definition 3.5 A matroid M = (Q, r) satisfies the Dress—Lovdsz property (DL) if for
every non-modular pair of flats (X, Y) of M there is a DL-extension.

Like the matroid extension properties studied in [5, 7], we can also give a recursive
definition to the Dress—Lovdsz extension property as follows:

Definition 3.6 A matroid M is /-DL if for every pair of flats X, Y, there is a DL-
extension. It is k-DL for some k > 1 if for every pair of flats X, Y, there is a DL-
extension that is (k — 1)-DL. Algebraic matroids are k-DL for every k > 1 due to
[29].

3.2 Ahlswede-Korner lemma

The Ahlswede—Korner lemma describes a property of pairs of information sources [1,
2] that also holds for almost entropic polymatroids. We use it to find non-algebraic
matroids, as in [6], because algebraic matroids are almost entropic [29].

In this work, we use a stronger statement of this property that was proved in [19,
Proposition 3.14]. Instead of dealing with triples of sets, the AK property can still be
determined using pairs of sets with extra conditions. The following is a formalization
of that result and was recently defined in [7].

Definition 3.7 For a polymatroid (Q, f) and sets X, Y C Q, an extension (QZ, g) of
(Q, f) is an Ahlswede—Korner extension, or AK extension, for the pair (X, Y) if the
following conditions are satisfied:

(AK1) g(Z|X) =0, and
(AK2) g(X'|Z) = g(X'|Y) forevery X’ C X.

Following [6], we call Z the AK-information of (X, Y) and denote it AK(X, V). We
say that a polymatroid satisfies the AK property if for every (X, Y) there exists an AK
extension.

Note that it can sometimes happen that there is a set Z C X that satisfies the listed
conditions. In such a case, by an abuse of notation, we still call such a set an AK
information of (X, Y). The following result shows when this situation may arise.

Lemma 3.8 Let M = (Q, r) be a matroid, and let X, Y < Q be flats. There exists a
set Z C Q that satisfies (AK1) and (AK2) for (X, Y) ifand only if (X, Y) is a modular
pair.

Proof The converse statement is straightforward (just take Z = X NY') and its proof is
therefore omitted. For the forward direction, note that setting X’ = Z in (AK2) gives
r(Z|Y) = 0 and setting X' = X gives r(Z) = r(X;Y). Hence, Z = X NY,and r is
therefore modular on (X, Y). O
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We conclude this section presenting a property of linear polymatroids, the common
information property (CI). Though not a direct property of algebraic matroids, we
introduce it here because we will use the fact that it implies the AK property [19] in
some of our results.

Definition 3.9 For a polymatroid (Q, f) and sets X, Y C Q, an extension (QZ, g)
of (Q, f) is a common information extension, or CI extension, for the pair (X, Y) if
the following conditions are satisfied:

(CI1) g(Z|X) =g(Z|Y) =0, and
(CI2) g(Z) =g(X:Y).

Likewise, we call Z the common information of X and Y and denote it CI(X, Y). We
say that a polymatroid satisfies the CTI property if for every (X, Y) there exists a CT
extension.

As shown in [7, Proposition 3.17], the AK property is preserved by minors. And,
from [19, Proposition 3.16] (or, alternatively, [7, Proposition 3.13]), we have the
following relationship between the CI and AK properties. We add its proof for the
sake of completeness.

Proposition 3.10 Let M = (Q, r) be a matroid, let X, Y C Q be a non-modular pair
of flats of M, and let x, = AK(X,Y). Then r(x,) = r(X; Y). Hence, x, = AK(Y, X)
if and only if x, is the common information of X and Y .

Proof If x, = AK(X, Y), then r(x,]|X) = Oand r(Xx,) = r(X) by (AK1). By (AK2),
0=rXlxo) —r(X[Y) =r(Xx,) —7r(x,) —r(XY) +r(¥) =r(X;Y) —r(x,),

proving the first statement. If x, = AK(Y, X), then r(x,|Y) = 0, and x, satisfies
(CI1). Conversely, a common information of (X, Y) satisfies (AK1) and (AK2) for
(X,Y)and (Y, X). O

Combining Lemma 3.8 and Proposition 3.10, we have that, for flats X and Y,
AKR(X,Y) = AK(Y, X) if and only if 7 is modular on X and Y.

4 Optimizing AK for polymatroids

We observed that, similar to CI, checking if a matroid is AK can be restricted to only
the flats of the matroid as opposed to checking all possible subsets of the ground set
of the matroid. This fact is presented in the following theorem, which is proved later
in this section.

Theorem 4.1 A polymatroid (Q, f) satisfies the AK property if for every pair of flats
(X,Y), there is an extension (QZ, f) that satisfies conditions (AK1) and (AK2’),
where

(AK2’) f(X'|1Z) = f(X'|Y) for every flat X' C X.
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As a consequence of this theorem, we can check the existence of AK extensions of
a polymatroid with the following linear program. Note that while this is defined for a
single extension, it can easily be extended to an arbitrary number of extensions of the
polymatroid.

Linear Programming Problem 4.2 Given a polymatroid (Q, f), check if for every pair
of flats (U, V) there exists a polymatroid extension (Qxg, f) that satisfies (AK1) and
(AK2).

Theorem 4.1 is proved in two steps. First, we show in Lemma 4.5 that (AK2) can
be reduced to (AK2’). Then in Proposition 4.6, we show that it is enough to check
(AK1) and (AK2) for pairs of flats. But first, the following results are some of the
properties of polymatroids that will be used frequently (sometimes implicitly) in our
discussions on AK.

Lemmad4.3 Let S = (Q, f) be a polymatroid. For any X,Y C Q,
f(XY) = f(XY) = f(XY),

where X and Y are the closures of X and Y, respectively.
Proof 1t is enough to prove that f(XY) = f (XY). By monotonicity, f (XY) >
f(XY). By submodularity, we have that
FX) + fX) = fXYX)+ f(XYNX) = f(XY)+ f(XUXNY))
> f(XY) + f(X) = f(XY) + f(X).

Thus, f(XY) = f(XY). o
Lemma 4.4 Let S = (Q, f) be a polymatroid and let S = (QZ, f) be an extension
of S. ForanyU € Q,V C QZ and U = clg(U),

fUV) = f@Ov).

Proof Observe that f(UV) < f(UV) < f(cls/(U)V). By Lemma 4.3, the first and
last terms above are equal, proving the result. O

In the next result, we show that one does not in fact need to check property (AK?2)
of Definition 3.7 for every subset X’ of X it is sufficient to check it only for subsets
of X that are flats.

Lemma4.5 Let S = (Q, f) be a polymatroid and let S = (QZ, f) be an extension
of S. Take X, Y, X C Q where X = clg(X). Then

f(X|1Z) = f(X|Y) ifand only if f(X|Z) = f(X|Y).
Proof By Lemma 4.4, we have that f(XZ) = f(XZ), and f(XY) = f(XY) by

Lemma 4.3. Thus, f(X|Z) = f(XZ) — f(Z) = f(XZ) — f(Z) = f(X|Z) and,
analogously, f(X|Y) = f(X]|Y), completing the proof. O
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As a consequence of this result, (AK?2) is equivalent to (AK2). We show next that for
any matroid, the AK property can be checked using only flats of the polymatroid.

Proposition 4.6 Let S = (Q, f) be a polymatroid, let X, Y € Q, and let X = cl(X)
andY = cl(Y). If S admits an AK extension for (X, Y) then it admits an AK extension
for (X, Y).

Proof Let Z = AK(X,Y). Note that f(Z|X) = 0 by Lemma 4.3. And for all
X' C X, since f(X'|Z) = f(X'|Y), then f(X'|Z) = f(X’'|Y) again by Lemma 4.3,
completing the proof. O

Hence, if the polymatroid admits an AK extension for every pair of flats, then it
does so for every pair of sets, proving the theorem.

This reduction in the primary number of sets involved in the AK property from 3 to
2 greatly reduces computation time in checking the property. Given a matroid (Q, r)
with flats {Fy, F2, ..., Fy} for some integer k, while the 3-set formulation of the AK
property involves checking about k!/(k — 3)! triples of flats, the 2-set formulation
involves about k!/(k — 2)! pairs of flats.

5 Optimizing AK and DL for matroids

Admitting an AK extension for (X, Y) does not necessarily indicate admitting an AK
extension for (Y, X) [19, Proposition 3.16], and it might therefore be worthwhile
to apply LP 4.2 for both (X, Y) and (Y, X) simultaneously when checking for AK
extensions. Nevertheless, the results here show that this does not help in some cases.

It is important to note that results in Sect. 5.1 are negative in the sense that they
implicitly show us which pairs of sets to avoid when testing for AK. This is due to
the fact that a polymatroid satisfying the AK property does not necessarily mean it is
almost entropic. But on the other hand, if it does not satisfy AK, then we know for sure
it is not almost entropic, and therefore, also not algebraic. Hence, it is more practical
using it to find polymatroids in the latter category.

The next two results are well-known properties of matroids that we will apply at
various times for the rest of this section.

Lemma 5.1 Let Hy and H; be distinct circuit-hyperplanes of a matroid M of rank k.
Then r(Hy N Hy) < k — 2. In addition, if M is paving, then |H; N Hy| < k — 2.

Proof By submodularity,
2(k = 1) =r(H1) +r(H2) > r(HiHy) +r(H1 N Hy) = k +r(H1 N Hy),

so k —2 > r(Hy N H>). The second part of the result holds because H; N H> is an
independent set in a paving matroid. O

Lemma5.2 Let M = (Q, r) be a matroid of rank k and let X, Y be a non-modular
pair of flats of M.

(i) If X is a line, thenr(X|Y) =1andr(XNY) =0.
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(ii) If Y is a hyperplane, then r (Y |X") > r(Y|X) for every flat X' in X.

Proof Since (X, Y) are non-modular, 7 (X)+r(Y) > r(XY)+r(XNY)andr(XY) >
r(Y)+ 1. In (i), using that r(X) = 2weget24+r(¥Y) >r(¥Y)+1+r(XNY),
which implies that 7(X NY) = 0 and r(XY) = r(Y) + 1. In (ii), if X’ g Y, then
r(X'Y) =k =r(XY)and sor(Y|X") > r(Y|X).If X' C Y, thenr(X) + r(¥Y) >
r(XY)+r(XNY)>r(XY)+r(X’), which implies r (Y|X") > r(Y|X). ]

5.1 aK

The results in this section show how we reduce the computational cost of applying AK to
the detection of non-algebraic matroids. We achieve this by identifying combinations
of flats of the matroid for which the matroid is guaranteed to have an AK extension.

Proposition 5.3 Let M = (Q, r) be a matroid of rank k. Let X, Y C Q be a disjoint,
non-modular pair of flats of M such that their union is a circuit of M. Then M admits
an AK extension M’ for (X, Y).

Proof Letr(X) =¢,r(Y) =mand |XY| = s. Since X and Y are disjoint, s = £+ m.
Now, let M" = (Qx,, r) be the proper point extension of M corresponding to the

modular cut Fy. We show that M’ is an AK extension for (X, Y). We have that
r(xo|X) = 0and r(X|x,) = £ — 1. Also, note that

FXIY) = r(XY) = r(Y) = (IXY|=1) = r(Y)=s —1—m =€ —1.
Any X’ C X is independent. Therefore, for every X' C X,
F(X'|x0) = r(X'xp) — 1 = |X'| +1—1=|X| and

rX'NY)=rX'Y)—-m=|X|+m—-m=|X|,
completing the proof. O

Lemma5.4 Let M = (Q, r) be a matroid and let X, Y < Q be a non-modular pair
of flats of M such that r(X) = 2. Then M admits an AK extension for (X, Y).

Proof Let M’ = (Qx,, r) be the proper point extension of M corresponding to Fy.
By Lemma 5.2, r(X|Y) = 1 and r(X N Y) = 0. Hence, for every flat X’ C X of
rank-1, r(X’|Y) = 1 and

r(X'|x0) =r(X'xp) —r(x,) =2—-1=1
Hence, M’ is an AK extension of M by x,. O

Lemma5.5 Let M = (Q, r) be amatroid of rank k and let X, Y C Q be disjoint flats
of M. If Y is a hyperplane then M admits an AK extension for (X, Y).
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Proof Observe that the rank of the AK information of (X, Y) is
rX;Y)=rX)+r¥)—rXY)=r(X)+k—-1—-k=r(X)—1.

Since AK extensions always exist for modular pairs (see Lemma 3.8), the case r (X) = 2
is trivial. Suppose that r(X) > 2. Consider the matroid (Qeq, r) corresponding to
the modular cut Fy. Observe that cl(X1e1) = Xej for every flat X; C X such
that r(X1) = r(X) — 1. Next, consider the matroid (Qejez, r) corresponding to
the modular cut Fyx,, and see that cl(Xzeje2) = Xejey for every flat X, C X
such that r(X,) = r(X) — 2. It is clear that one can continue this until we have
cl(Xcerey...e.) = Xejez...e. for c = r(X;Y) and for every flat X, C X such
that r(X.) = r(X) — c. Now, set Z = ejes .. .e.. We have that, for every X’ C X,
r(Z|1X) =0and r(X'|1Z2) =r(X'Z) —r(Z) =r(X) —r(Z) =r(X) —c=1=
r(X'|Y). Hence, (QZ, r) is an AK extension for (X, Y). m]

Lemma5.6 Let M = (Q, r) be a matroid and let Hy, Hy C Q be hyperplanes of M.
Then M admits a CI extension for (Hy, Hp).

Proof If H| and H; are modular, then it is enough to take the extension corresponding
to the modular cut generated by their intersection. In the case where they are non-
modular, take F = {Hj, H», Q}. Since H; and H; are non-modular hyperplanes of
M, then F is the smallest modular cut of M generated by H; and H», and hence, M
admits a proper point extension corresponding to F, and therefore, a CT extension for
(Hy, H). o

This next result takes into account the following fact. If X and Y are flats of a sparse
paving matroid of rank k such that »(X) + r(Y) < k, then (X, Y) is a modular pair.
While the result only applies to sparse paving matroids, its importance comes from
the fact that sparse paving matroids are conjectured to predominate in any asymptotic
enumeration of matroids [31, 32, 36]. Hence, results applying to such matroids will
affect almost all matroids, asymptotically.

Proposition 5.7 Let M = (Q, r) be a sparse paving matroid of rank k. Let X, Y € Q
be a disjoint, non-modular pair of flats of M such that r(X) +r(Y) =k + 1 and X
is not a circuit-hyperplane. Then M admits an AK extension with respect to (X, Y).

Proof First, note that if Y is a hyperplane (resp. X is aline), then Lemma 5.5 (resp. 5.4)
applies. Therefore, since r(X) + r(¥Y) = k + 1, we have r(X), r(Y) < k — 2. Hence
X and Y are independent because M is paving.

Since X and Y are disjoint independent sets, then | XY | = |X| + |Y| =k + 1, and
since all sets of size greater than k have rank k, then r(XY) = k.

Any two subsets Z1, Zo C XY with |Z| = |Z3| = khave |Z1 N Z,| = k — 1.
Then, by Lemma 5.1, there is at most one circuit-hyperplane in XY. If XY is a circuit,
then Proposition 5.3 applies.

Now consider the case that XY contains a circuit-hyperplane. Let X1 € X and
Y1 € Y be such that X1Y; is a circuit-hyperplane. Without loss of generality, let
X1 C XandY; =Y. Let (Qx,, r) be the extension of M corresponding to Fy, . It is
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Table 1 Time taken to check AK

for (5., 9) matroid 100736 3-Set AK 2-Set AK 2-Set AK with GE heuristic

~15h ~1h < 1 min

clear that (AK1) is trivially satisfied. For (AK2), first, we have r (X |x,) = r(X) — 1 =
r(X|Y). And for all X’ C X such that X’ # X, we have that, by independence of
X'xp and X'Y, r(X'|x,) = |X'| = r(X'|Y), since no such X’ is in Fx,. And finally,
for X| C X, first note that »(X;) = r(X) — 1 and so r(X{|x,) = r(X) — 2. Then,
observe that r (X1|Y) =k — 1 — r(Y) = r(X) — 2, which concludes the proof. ]

From [5, Lemma 3.20], we know that, to check if a matroid M satisfies CI, it
is enough to take pairs (X, Y) where X and Y are flats of the matroid. And from
[19, Proposition 3.15], we know that a CI extension of M for (X, Y) is also an AK
extension of M for the same pair.

Now, if a matroid satisfies the generalized Euclidean intersection (GE) property,
then it also satisfies CI. This was first observed in [7] and we formalize it next.

Proposition 5.8 Let M = (Q, r) be a matroid. For any non-modular pair of flats
(X,Y) of M, if M admits a GE extension for (X,Y), then it also admits a CT
extension for the same pair.

Thus, taking this into account, we see that checking if a matroid satisfies the AK
property can be done even more efficiently by first eliminating the pairs for which
the matroid admits a GE extension. In our experience, this leaves only a very limited
number of pairs to check. Then, where possible, one can now apply the other results
shown here to these remaining pairs. To illustrate just how much time is saved using
this approach, we compare 3 different approaches used to check 1-AK for the (5,9)
matroid with Bollen identifier' 100736 in Table 1.

5.2 DL

In the case of the DL property, we note that, interestingly, all the optimizations shown
above for AK also apply. We state and prove those results here, starting with the DL
counterpart for Proposition 5.3.

Proposition 5.9 Let M = (Q, r) be a matroid and let X, Y C Q be a disjoint non-
modular pair of flats such that XY is a circuit. Then X is a quasi-intersection of
X, 7).

Proof Here, r(XY) = r(X) + r(Y) — 1, and so r(Y|X) = r(¥) + r(X) — 1 —
r(X) = r(¥Y) — 1. And for every flat X’ C X, X'Y is independent; hence, we have
r(Y1X)=r¥)+r(X")—r(X') =r) > r(Y|X), completing the proof. O

I This refers to the way these matroids are organized in the computer programs avail-
able at https://github.com/gpbollen/Algebraicity-of-Matroids-and-Frobenius-Flocks/blob/master/Matroid
Encyclopedia.ipynb.
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This next one combines Lemmas 5.4, 5.5, and 5.6 into one result for DL.

Lemma 5.10 Let X and Y be non-modular flats of a matroid M = (Q,r). If X is a
line or Y is a hyperplane, then X is a quasi-intersection of (X, Y) in M.

Proof By Lemma 5.2 (i), if X isaline then r(X NY) = 0. Hence r (X'Y) = r(XY) =
r(Y) + 1 for every non-trivial flat X’ ¢ X and r(Y|X’) > r(Y|X), completing the
proof for when X is a line. The proof for when Y is a hyperplane follows immediately
from Lemma 5.2 (ii). ]

Finally, we have the DL counterpart for Proposition 5.7.

Proposition 5.11 Let M = (Q, r) be a sparse paving matroid of rank k and let
X,Y C Q be a disjoint non-modular pair of flats. If r(X) +r(Y) =k + 1 and X is
not a circuit-hyperplane, then there is a quasi-intersection of (X, Y) in M.

Proof The proof analogously follows that of its AK counterpart, so some details are
omitted.

If Y is a hyperplane then Lemma 5.10 applies. Since »(X NY) = 0, then | XY | =
|X| +1Y] = k+ 1 and r(XY) = k. If there is no circuit-hyperplane in XY then
Proposition 5.9 applies. We finish by considering the case where XY contains a circuit-
hyperplane.

For all flats X" C X such that X'Y is not a circuit-hyperplane, r (Y |X") = r(Y) >
r(Y|X) by the independence of X’ and Y. Now, let X| € X and Y; C Y be such that
X1Y; is a circuit-hyperplane. If X; C X, then r(X;) = r(X) — 1 and r(Y|X1) =
r(X1Y)—r(X1) =k—1—r(X)+1 =r(Y|X). Therefore, X is a quasi-intersection
of (X,Y)in M. O

In general, we do not know if there is any link between DL and AK properties, but
in the special case of rank-4 matroids, we have the following.

Proposition 5.12 Let M = (Q, r) be a rank-4 matroid. Then it admits a DL extension
if and only if it admits an AK extension that is a matroid.

Proof Firstly, by Lemmas 5.10, 5.4, and 5.5, we only need to concern ourselves with
non-modular pairs of flats (X, Y) of M where X is a hyperplane and Y is a line. Let
L be the family of lines X" C X satisfying that X'Y is a hyperplane.

If |£] is O (resp., 1), then X (resp., X' € L) is a quasi-intersection of (X, Y), and
Fx (resp., Fx) is the modular cut corresponding to an AK extension of (X, Y).

Now suppose that |£| > 1. Note that
O rY|X)=r(X'|Y)=r(Y|X) = 1forevery X’ € L, and
(i) r(Y|L) =r(L|Y) =2foreveryline L C X, ¢ L.

Suppose that M admits a DL extension M’. By (DL2) and (i), there exists T such
that T € clpp (X') for every X’ € L. Hence, r(X'|T) = 1. Also, r(L|T) = r(L) for
every line L C X, L ¢ L, proving (AK2). Hence, M’ is an AK extension for (X, Y).

Now suppose that M’ is an AK extension, and let z, = AK(X, Y). For every flat
X’ C X, itis clear that when r(X'|z,) < r(X’) then r(z,|X’) = 0and X’ € £. On
the other hand, if r(X'|z,) = r(X’) then r(z,|X’) = 1 and X’ is a line not in £ or
r(X’) < 2. Hence, z, is a quasi-intersection of (X, Y) and M’ is also a DL extension
for (X, Y). O
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6 Some new non-algebraic matroids

Using recursive applications of the DL and AK properties, we were able to discover
some new non-almost entropic and/or non-algebraic matroids on 9 and 10 points.

Every almost entropic polymatroid S admits at least one AK extension for each
pair of subsets (X, Y) of its ground set [7, 19]. Taking k pairs of subsets, we can find
recursively an entropic polymatroid that is a recursive AK extension of S.

Hence, to show that a matroid is not almost entropic, it is enough to find a sequence
of pairs of sets for which there is no polymatroid extension of the original matroid
that contains AK information of these pairs of sets.

Example 6.1 Let Ay = {0,1,2}, A, = {3,4,5}, A3 = {6,7,8}, By = {0,3,6},
By ={1,4,7},and B3 = {2, 5, 8}. The Tic-Tac-Toe matroid (73) is the sparse paving
(5, 9) matroid with ground set O = A A3 A3z and circuit-hyperplanes C(73) = {A; B; :
i,je{l,2,3}and (i, j) # (2,2)} [3]. It is a nonlinearly representable matroid that
satisfies the Ingleton inequality [3, 6]. Its dual (75") is not 3-AK (proved in Proposition
4.14 of [5]) and is therefore not almost entropic nor algebraic. Let M = (Qe, r) be
the identically self-dual (ISD), sparse paving (5, 10) matroid with circuit-hyperplanes
C(T3) U {Ce : C € C(T5)}. Note that M\e = T3 and M/e = T;'. Since T3 is not
CT and so not folded linear [6], and T3 is a minor of M, then M is not folded linear.
Applying 2K at depth 3, we found that it is not almost entropic, and therefore, not
algebraic using the following combinations:

a = AK(4578e, 36), B = AK(1245e¢, 03),
y = AK(258eap, 17).

The matroid M is a smallest ISD, Ingleton-compliant (i.e., satisfies the Ingleton
inequality [23]) matroid that is not almost entropic. Though it is 2-DL, we do not
yet know if it is 3-DL.

The question of whether the Tic-Tac-Toe matroid is algebraic remains open.

Example 6.2 Consider the (5, 9) matroids with the following Bollen identifiers [13]:
100735, 100736, 100755, 103147, and 147269. These matroids are Ingleton-compliant
sparse paving matroids that are not 2-CI. They are also Frobenius flock representable
and satisfy Ingleton—Main at all depths. While they satisfy Dress—Lovéasz up to depth
3, we do not yet know if they are 4-DL. In any case, they are neither almost entropic
nor algebraic as we found that they fail AK at depth 4 using the following:

a = AK (12678, 03), B = AK(03678a, 15),
y = AK(1257ap, 48), T = AK(0357ay, 26).
These matroids are among the smallest Ingleton-compliant sparse paving matroids that

are not almost entropic. Since they are from the family mentioned in [5, Sect. 4.5.2],
it is likely that many of those matroids will also not be almost entropic

Example 6.3 In [13], Bollen found all matroids that are not algebraic due to failing
the Ingleton—Main lemma at depths up to 5 for (4, 9) and (5, 9) matroids. Due to time
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Table 2 Dress-Lovisz (DL) and

Ingleton—Main (IM) check (r,m) “8 “*9 .9
DL 39 27,137 27,137
DL depth 2 39 27,137 27,137
IM depth 3 39 28,418 27,144
IM depth 4 39 30,171 27,442
IM depth 5 39 30,658 27,500
DL depth 6 39 31,104 ?
DL depth 7 39 31,370 ?
DL depth 8 39 31, 373* ?

constraints, he was not able to find all (4, 9) matroids that fail the same property at
depth 6, leaving some unchecked. Going at these unchecked matroids, we were able
to find all that are not 6-DL and as well as those that are not 7-DL. And since DL and
the Ingleton—-Main lemma are equivalent for rank-4 matroids, then these are also the
remaining (4, 9) matroids that fail Ingleton—Main at depths 6 and 7. These matroids
are listed in [8]. Time constraints meant we were not able to do an exhaustive check
for non-8-DL matroids. However, by randomly selecting and testing, we were able to
find a few non-8-DL (4, 9) matroids. These are matroids 5635, 7262, and 103732. A
summary of these results is shown in Table 2, which is an update on [13, Table 6]. That
is, we updated the values for DL of depth 6,7, and 8, as discussed above. For depth 8,
the search is not exhaustive, and so this number is a lower bound.

In addition to being non-algebraic, we found matroid 129075, a non-6-DL matroid,
to be non-almost entropic due to failing AK at depth 6 with the following combinations:

o = AK(2678, 35), B = AK(2356¢, 14),
y = AK(012348,57), T = AK(012348y, 67),
U = AK(3468, ay), Vv = AK(2678at, ).

As for the other (4, 9) matroids we found to be non-algebraic, we do not yet know if
they are almost entropic.

7 Secret-sharing schemes

We conclude this work presenting new results on secret-sharing schemes obtained with
the improvements of the AK technique presented in this paper. For an introduction to
secret sharing, and more detailed definitions, see [6, 9, 34].

In order to get information-theoretic lower bounds on the efficiency of these
schemes, we consider the following definition. A secret-sharing scheme on a set
P =1{1,2,...,n}is a collection of discrete random variables ¥ = (Sg, S1, ..., Sx)
such that H(Sp) > 0 and H (So|Sp) = 0, where H is the Shannon entropy and Sy is
the random variable associated to the dealer, pg.

@ Springer



Journal of Algebraic Combinatorics (2025) 62:50 Page 17 0f 20 50

We say thatasubset X € P is authorized if H(Sy|Sx) = 0, and we say that a subset
is forbidden if H(So|Sx) = H(Sp). In this work, we only consider perfect schemes,
that is, schemes where every subset is either authorized or forbidden. The family of
authorized subsets is called the access structure of the scheme, and it is denoted by
I". The information ratio of the scheme is a measure of the scheme’s efficiency given
as max; { H (S;)}/ H (So). If the information ratio is 1, we say that the scheme is ideal.

The access structure of ideal secret-sharing schemes is ports of matroids [14].
However, the converse is not true: Only ports of entropic matroids admit ideal schemes
[14, 27, 37].

For a given access structure I', the infimum of the information ratio of all schemes
realizing I" is denoted as o (I"). Bounds on this value can be obtained using informa-
tion inequalities. Csirmaz [15] found a family of access structures {I",}, satisfying
that o (I';)) = Q(n/logn). This is the best known lower bound for the information
ratio. For matroid ports, finding non-trivial lower bounds requires using non-Shannon
information inequalities, but until now all lower bounds that have been found are
constant and smaller than 2 [6, 10, 19, 21].

Matroids that do not satisfy the AK property are not entropic. Therefore, they do
not admit ideal schemes and the ports of such matroids will require schemes with
information ratio greater than 1.

In this work, we improved the linear programming problems introduced in [19]
with the optimizations presented in Theorem 4.1 and in Definition 3.7. The resulting
linear programming problem is presented below. We define Q = Ppq. The conditions
for (QZ, f) being compatible with I" are explained in [6, 19].

Linear Programming Problem 7.1 Let X,Y < P. The optimal value of this linear
programming problem is a lower bound on o (I").

Minimize v

subjectto v > f(x) forevery x € P
(QZ, f) is apolymatroid compatible with I"
(AK1), (AK2") on Z and (X, Y)

By solving LP 7.1 for the ports of the non-Ingleton-compliant matroids on 8 points,
we were able to improve the bounds on o (I") for a number of them. In the case of
some of the ports of the Qg matroid, the new AK definition (Definition 3.7) gave better
bounds than the old one (see Sect. 3.2). Perhaps, this is an indication of the strength of
the new definition over the previous one. Using this new definition, we now have that
the current best bound on o (I') for a matroid port is 52/45, which was obtained for
some of the ports of the AG (3, 2)’ matroid. Apart from the already mentioned ports
of the Qg matroid which lower bound was gotten using 2-AK, the other results here
were gotten using 4-AK. The bounds for the ports of the named matroids presented
in Table 3 also match those gotten for the same matroid ports using the copy lemma
[21], evidencing that even without knowing if there are any symmetries inherent in
the matroid, the AK lemma can still be used to get bounds that are on par with those
gotten when symmetry conditions are taken into account in using the copy lemma.
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Table 3 Improved lower bounds on o (I") for some 8-point matroids. Best previous bounds were from [6]
unless specified

Matroid Port Previous bound Improved bound
1490 0,2,3,4,5,6 8/7 53/46
1491 0,3,7 33/29 8/7
1491 2,4,6 8/7 84/73
1492 0,1,2,3,6,7 49/43 38/33
1499 0,2,3,4,5,6 8/7 38/33
1500 0,2,4,5 8/7 38/33
1501 0,1,2,3,6,7 33/29 8/7
1502 2,3,4,7 33/29 8/7
1525 0,2,4,5 33/29 8/7
1526 0,2,3,4,5,6 8/7 38/33
1532 0,1,2,3,5,6 33/29 8/7
1579 0,2,4,5 33/29 8/7
AG(3,2) 1,3,5,7 49/43 52/45
Fg 3,4,5,6 23/20 [21] 38/33
0sg 1,4,6,7 49/43 8/7

Table 4 Bounds on o (T") for

some non-AK (5.9) matroids Matroid Sets Best bound
100735 {1,2,6,7,8}, {0, 3} 1.01136 = 89/88
100755 {0,3,6,7,8,9}, {1, 5}
100736 {1,2,5,7,9, 10}, {8, 4}
103147 {3,5,7,0,9, 11}, {2, 6}
147269

In addition to these 8-point matroids, we also present new bounds on o (I") for
ports of the 9-point matroids described in Example 6.2. For each of these matroids,
there is at least a port for which o (I') > 89/88. This was the best bound we got for
ports of these matroids. However, since we only tried one combination of sets to get
the bounds, we do not rule out the possibility that other combinations might produce
better bounds. These are shown in Table 4.
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