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The permutation Jensen-Shannon divergence has been shown to be a versatile tool of great value for diverse applications
within the time-series analysis field. Here, we discuss the robustness of this ordinal measure by analyzing the finite-
size bias of its estimated values. Synthetic data generated from several stochastic and chaotic systems were carefully
analyzed as testbeds, and relevant conclusions were extracted. Finally, to demonstrate the implementation and utility of
these findings in a practical context, we analyze the data generated from a complex real-world system of high interest
today: Bitcoin prices.

Distinguishing whether two time series come from the
same system or share underlying dynamics is critical in
time series analysis. Ordinal tools, such as the permuta-
tion Jensen-Shannon divergence, are effective for quan-
tifying dissimilarity. However, determining if low diver-
gence values indicate genuine similarity or merely finite-
size effects remains challenging. This work addresses
this gap by proposing a heuristic approach to evaluate
the empirical baseline deviations of permutation Jensen-
Shannon divergence values. We offer robust guidelines
for implementing pJSd in real-world applications, ensur-
ing reliable discrimination even with limited data.

I. INTRODUCTION

It is clear that the robust characterization of time series ob-
tained from complex systems represents a vital task in reveal-
ing the mechanisms that govern the dynamics of the under-
lying systems. This is even more important in those cases in
which time series from an observable are the only informa-
tion available from the complex system under study. Actu-
ally, time series analysis comprises a fruitful set of linear and
nonlinear techniques to meet this challenge. Within this re-
search field, ordinal pattern tools have been shown to be par-
ticularly successful. The vast list of heterogeneous applica-
tions in which these ordinal methods have been implemented
since the foundational paper by Bandt and Pompe was pub-
lished more than 20 years ago1 is unquestionable evidence of
this fact—we refer interested readers to several reviews2–7 for
further details.

Many times a comparison between time series is performed
to test similarities and differences. Measuring the “distance”
between two time series is critical to determine whether they
originate from the same system or share specific underlying

characteristics. Actually, the widely implemented surrogate
analysis8 can be mentioned as a relevant example of the latter.
Quantifying similarity is also a vital ingredient in time series
clustering and classification systems. The Jensen-Shannon di-
vergence (JSd) is a tool that has been proposed to address this
comparison issue. Arising from information theory, it mea-
sures the similarity between two probability distributions by
calculating the entropy of mixing9. The interpretations and
statistical properties of this divergence measure have previ-
ously been analyzed by Grosse et al.10. Particularly, and bear-
ing in mind what is of interest in our current research, the
expected value of the JSd when computed from an ensem-
ble of finite independent and identically distributed (i.i.d.) se-
quences of symbols of length N has been approximated.

As a step further, the permutation Jensen-Shannon diver-
gence (pJSd) has recently been proposed by integrating the
two previous notions11. It is just the JSd between the ordinal
probability distributions obtained after symbolizing the two
original time series via permutation patterns. This merging
approach naturally inherits all the important advantages as-
sociated with both the ordinal symbolic analysis and the in-
formation theory tool, providing a versatile and practical tool
for heterogeneous applications. Moreover, the pJSd outper-
forms other quantifiers of similarity between signals such as
the information-based similarity index12 and the alphabetic
Jensen-Shannon divergence13.

The main purpose of this research is to try to check how
well the approximation given in Ref. 10 provides reference
values that help to decide whether two ordinal sequences are
generated from the same or different dynamical systems. It is
clear that the answer to this question is of considerable statisti-
cal relevance. We face this issue following basically a heuris-
tic approach, i.e., by testing ordinal sequences obtained from
some well-known stochastic and chaotic models. Long-range
correlated and non-stationary models, such as the fractional
Brownian motion, have also been considered taking into ac-
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 2

count that they clearly represent a harder challenge. Further-
more, we have particularly analyzed how using overlapping
versus non-overlapping schemes for successive ordinal pat-
terns affects the results.

The remainder of the work is structured as follows. In
Sec. II, the main concepts to understand how the pJSd is de-
fined are briefly introduced. After that, in Sec. III, several
numerical analyses are included to gain some insights on the
topic from controlled scenarios. Differences observed in the
results for the overlapping and non-overlapping ordinal map-
ping schemes are analyzed more carefully in Sec. IV. In
Sec. V, a real-world application on financial data of high in-
terest is included to illustrate the practical utility of our previ-
ous findings. Finally, the main conclusions obtained from this
study are summarized in the last section.

II. METHODS

Below, we briefly review the theoretical background re-
quired to understand the definition of the pJSd.

A. The Jensen-Shannon divergence

The JSd9 is a dissimilarity measure between two arbi-
trary probability distributions P = {p1, . . . , pn} and Q =
{q1, . . . ,qn} defined as the entropy of the average distribution
minus the average of the entropies, i.e.,

DJS(P,Q) = S
(

P+Q
2

)
− 1

2
S(P)− 1

2
S(Q) , (1)

where S is the Shannon entropy function, i.e. S(P) =
−∑

n
i=1 pi log2 pi, and, as usual, the convention 0 log2 0 = 0

is assumed in accordance with its mathematical limit. This
quantity is bounded between 0 and 1, with the minimum
value reached when the two distributions under comparison
are identical, while the maximum value is obtained whenever
their supports are disjoints (that is, piqi = 0 for i = 1, . . . ,n).
The JSd, which stands out for being well-defined even when
pi vanishes without vanishing qi or vice versa, has had suc-
cessful applications in heterogeneous fields, from the segmen-
tation of nonstationary symbolic sequences, such as DNA se-
quences, into stationary subsequences10,14 and the study of
proteins dynamics15 to the statistical analysis of language16.

The statistical properties of the JSd have been carefully an-
alyzed10. Due to finite size effects, this measure is nonzero
even when two time series from the same system are com-
pared. Taking into account these statistical fluctuations, a
first-order approximation for the mean of the JSd in finite,
uncorrelated sequences generated from the same system was
obtained. Assuming that two subsequences are compared, it
was demonstrated that

⟨DJS(P,Q)⟩ ≃ k−1
2Nln(2)

, (2)

with k the number of symbols and N the total length of the
symbolic sequence. We will evaluate this expression’s suit-
ability for ordinal symbolic mapping.

B. The ordinal mapping

The ordinal mapping is a simple, fast and natural way of
discretizing real-valued time series, that takes into account
the temporal evolution of the underlying data. Leveraging
this last property, ordinal patterns-based methodologies have
been widely applied to unveil subtle information about the
intrinsic dynamics of complex systems. In order to make
the manuscript more self-contained, this symbolic approach
is briefly described below.

Given a real-valued time series {xt ∈ R, t = 1, . . . ,L},
vectors of equally spaced D values of the form
(xs,xs+τ , . . . ,xs+(D−1)τ) with s = 1, . . . ,L∗ and
L∗ = L − (D − 1)τ are mapped to one of the D! possi-
ble ordinal permutations of the same size that describe the
order relation between these elements. In other words, each
element of the original vector is replaced by its respective
ranking in the subset. For example, the vector (2.5,3.7,1.2)
is mapped to the permutation pattern (2,3,1). Given the
set of permutations ΠD = {π1,π2, . . . ,πD!} of length D, the
original time series is mapped to the coarse-graining sequence
{ys ∈ ΠD,s = 1, . . . ,L∗}. The ordinal probability distribution

PD,τ
π = {p(πi), i = 1, . . . ,D!} , (3)

is then estimated by computing the relative frequency of each
ordinal pattern in the symbolized sequence. Two parameters,
the number of elements in the permutation patterns D (called
order or embedding dimension, D ≥ 2 with D ∈ N) and the
time separation between the elements in the subsequence τ

(called lag or embedding delay, τ ∈ N), must be fixed be-
fore implementing the method. Regarding their selection, on
the one hand, a rule of thumb requires L ≫ D!, with L the
number of data in the original time series, for a robust esti-
mation of PD,τ

π . It is also clear that larger values of D offer
improved characterization of the underlying temporal struc-
tures. On the other hand, a value of the lag τ = 1 (consecu-
tive data) is often used in discrete systems, and also when the
chosen sampling frequency is the optimal to characterize the
underlying dynamics of continuous systems5. However, this
arbitrary choice can lead to erroneous conclusions for systems
with scale-dependent dynamics17. In these cases, a multiscale
analysis, in which a given descriptor of the ordinal distribution
is estimated as a function of τ , can offer a more comprehen-
sive view18. Permutation entropy, defined just as the Shannon
entropy of the ordinal probability distribution given by Eq. (3),
is the most representative and widely implemented quantifier.

Given that ordinal mapping relies on the relative rank-
ing of data points, the treatment of ties in the analyzed sig-
nal requires careful consideration. A significant presence of
equal values—common in signals with low amplitude reso-
lution—can lead to spurious conclusions if they are simply
symbolized by their order of appearance19. While adding low-
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 3

level noise to break ties is a common solution, the signals an-
alyzed in this work exhibited a negligible number of equal
values. Consequently, when ties did occur, they were ranked
according to their temporal order.

The previously described overlapping approach for the or-
dinal mapping considers every consecutive D elements of the
time series for encoding into permutation patterns. Due to this
overlap, successive ordinal patterns are not independent, and
a spurious clustering effect unavoidably appears. For exam-
ple, with D = 3, the fully increasing ordinal pattern (1,2,3)
can only be followed by the following three ordinal motifs:
(1,2,3), (1,3,2) or (2,3,1), since the first two elements of the
vector should respect the increasing order. A non-overlapping
scheme is an alternative to avoid this spurious dependency, but
with the tradeoff of reducing the amount of ordinal patterns
by a factor approximately equal to D. It has been previously
shown that the overlapping scheme yields a lower permutation
entropy variance for a given time-series length, but at the same
time with a higher uncertainty in the variance estimates20. The
maximum amount of overlap between successive ordinal pat-
terns also turns out to be the optimal option within the ordinal
partition network paradigm21. In the following, we will com-
pare the pros and cons of both setups regarding the pJSd.

C. The permutation Jensen-Shannon divergence

The pJSd is a statistic used to compare the ordinal map-
ping between two time series11. It is defined as the classical
JSd but is estimated employing the ordinal pattern distribu-
tions associated with the two time series under analysis, i.e.,
DJS

(
PD,τ1

π ,QD,τ2
π

)
with PD,τ1

π and QD,τ2
π the ordinal probabil-

ity distributions obtained from the two time series. When cal-
culating pJSd, the order D chosen to implement the BP sym-
bolization recipe should be the same for both time series in
order to have the same number of possible permutation pat-
terns in the ordinal probability distributions to be compared.
However, different lags (τ1 and τ2) can potentially be selected.
This opens the possibility of contrasting the ordinal mappings
of the same time series at two different temporal scales.

In order to robustly conclude that two time series are gen-
erated from different systems, it is necessary to show that the
pJSd estimated from them is significantly larger than the base-
line value obtained when time series from the same system
are compared. When ordinal mapping is applied, the number
of symbols k in Eq. (2) is at most equal to D!. It is worth
noting here that the number of symbols could be potentially
lower than this value due to finite-size effects (some ordinal
patterns do not appear just because the length N is too small;
they are also known as missing ordinal patterns22) or due to
the fact that chaotic systems are analyzed (true forbidden or-
dinal patterns are a signature of these dynamical regimes23).
Consequently, Eq. (2) should be applied with caution when
handling analysis under these conditions.

Since Eq. (2) is an approximation obtained from symbolic
i.i.d. sequences, the fundamental question is whether the or-
dinal mapping generates i.i.d. symbols, independent of the

dynamical system that produced the original time series. As a
first approach to answering this question, in the next section,
ordinal symbolic sequences obtained from several stochastic
and chaotic processes have been tested.

III. NUMERICAL ANALYSIS

The following stochastic and chaotic systems are tested:
white Gaussian noise, ordinary Brownian motion, fractional
Gaussian noise (fGn) and fractional Brownian motion (fBm)
with Hurst exponent H = 0.75, and logistic map with bifur-
cation parameter r = 4, i.e., in the fully chaotic regime. Fur-
ther details about these systems can be found in the Appendix.
One-hundred synthetic symbolic realizations of length N were
obtained from each tested system, and then the mean value of
the JSd, ⟨DJS⟩, between the first half and the second half of
these ordinal sequences, was estimated. This averaged quan-
tity is plotted as a function of N following Fig. 2 in Ref. 10.
Ten different lengths N between 103 and 106, equidistant on
the logarithmic scale, have been considered on the horizon-
tal axis, and the theoretical reference, Eq. (2), is displayed in
dashed lines. Orders D between 3 and 6, and lag τ = 1 were
implemented to generate the ordinal symbolic sequences. It
is important to remark once again that for each model, re-
sults obtained for overlapping and non-overlapping ordinal se-
quences were included to contrast them. It is clear that tem-
poral correlations between symbols are unavoidably present
in the overlapping sequences due to the recipe implemented
to define consecutive ordinal patterns. On the contrary, these
spurious correlations are avoided when a non-overlapping
scheme is applied.

Figures 1 and 2 show the results obtained for white
Gaussian noises when implementing overlapping and non-
overlapping setups, respectively.

FIG. 1. Mean value of the pJSd, ⟨DJS⟩, for 100 independent ordinal
sequences of length N obtained from synthetic realizations of nor-
mally distributed pseudorandom numbers. JSd between the first half
and the second half of these symbolic sequences has been estimated.
Overlapping ordinal symbolic sequences with orders D between 3
and 6, increasing from a) to d), and lag τ = 1 are analyzed. Dashed
lines show the analytical approximations, Eq. (2), adapted to each
case, i.e., k = D!.

By contrasting the results obtained in these two figures, it
can be concluded that worse results are obtained when over-
lapping ordinal sequences are implemented, especially for
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 4

FIG. 2. The same as in Fig. 1 but when non-overlapping ordinal
symbolic sequences are studied.

D = 3. This is due to the spurious temporal correlations
introduced by the overlapping between consecutive ordinal
patterns. Thus, the mapped ordinal symbols are not i.i.d.,
and a shift is observed between the analytical approximation,
Eq. (2), and the numerical results. This shift is smaller for
larger orders D. Actually, the results for both schemes are
analogous for D ≥ 4. Consequently, a higher number of ordi-
nal symbols seems to mitigate this unwanted effect.

The results obtained for the ordinary Brownian motion are
shown in Figs. 3 and 4. The numerical realizations of this
fractal stochastic process are obtained as cumulative sums of
normally distributed pseudorandom numbers. We have con-
firmed that the same behavior is observed when the MATLAB
code wfbm with Hurst exponent H = 0.5 is implemented to
generate the simulations.

FIG. 3. The same as in Fig. 1 but when overlapping ordinal sym-
bolic mappings from ordinary Brownian motions are studied. The
stochastic simulations were obtained as cumulative sum of normally
distributed pseudorandom numbers.

Curiously, when ordinary Brownian motions are tested, nu-
merical results for both overlapping and non-overlapping se-
quences agree very well with the analytical expressions, even
for the smaller order D = 3. This seems to suggest that this
particular stochastic model is immune to the spurious tempo-
ral correlations introduced by the overlapping scheme. We
will dive deeper into the reasons behind this specific finding
in the next section.

It is well-known that stochastic processes with long-range
dependence are ubiquitous mathematical models for a large
number of complex systems24. Consequently, characterizing
the power-law decay of their temporal correlations through the
analysis of associated time series is a relevant challenge that is

FIG. 4. The same as in Fig. 3 but when non-overlapping ordinal
symbolic sequences are studied.

often difficult to address25,26. In the following, we analyze the
performance of the analytical approximation in these cases.

FIG. 5. The same as in Fig. 1 but when overlapping ordinal symbolic
mappings from fGn with Hurst exponent H = 0.75 are studied. The
stochastic simulations were obtained as approximate derivatives of
fBm realizations with the same Hurst exponent H (obtained by im-
plementing the MATLAB code wfbm).

FIG. 6. The same as in Fig. 5 but when non-overlapping ordinal
symbolic sequences are studied.

In Figs. 5 and 6 the results obtained for numerical realiza-
tions of fGn with Hurst exponent H = 0.75 are plotted for the
overlapping and non-overlapping scheme, respectively. Anal-
ogously, Figs. 7 and 8 show the results obtained when simu-
lations from fBm with the same H are tested. The behavior
found for fGn are very similar to those observed for white
Gaussian noises. The numerically estimated reference values
are slightly below the analytical curve when an overlapping
configuration is applied for the ordinal mapping, mainly for
the lowest order D.

The results obtained for fBm simulations (Figs. 7 and 8)
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 5

FIG. 7. The same as in Fig. 1 but when overlapping ordinal symbolic
mappings from fBm with Hurst exponent H = 0.75 are studied. The
stochastic simulations were obtained by using the MATLAB code
wfbm with H = 0.75.

FIG. 8. The same as in Fig. 7 but when non-overlapping ordinal
symbolic sequences are studied.

show clear discrepancies with the analytical curve for both,
overlapping and non-overlapping cases. The numerically esti-
mated values are higher than those expected according to the
analytical expression and the differences decrease as the or-
der D increases. Once again, increasing the number of sym-
bolic elements helps reduce the bias. We conjecture that the
mapped ordinal symbolic sequences obtained from this frac-
tal stochastic model with long-range correlations keep part of
the underlying memory. Thus, the required hypothesis, i.e., to
have i.i.d. symbolic sequences, is not satisfied.

Since chaotic dynamical regimes are also exhibited by
many complex systems, we propose to analyze a paradig-
matic example of chaotic dynamics: the logistic map (see
Appendix). The results obtained for this discrete dynamical
system with bifurcation parameter r = 4 (chaotic regime) are
summarized in Figs. 9 and 10. Large biases are observed be-
tween numerical estimations and analytical curves. In this
case, the numerical estimations are always lower than the ex-
pected analytical approximation. Moreover, the differences
increase with the order D.

Since the existence of forbidden ordinal patterns is a signa-
ture of chaotic dynamics23, we hypothesize that it is necessary
to take them into account in the analytical expression. That is,
the number of symbols k in Eq. (2) should be replaced by the
cardinality of the permutation set, card(ΠD). For the logis-
tic map: card(Π3) = 5, card(Π4) = 12, card(Π5) = 31 and
card(Π6) = 7527. As can be concluded from Figs. 11 and 12,
the agreement between the numerical and analytical results is
noticeably better with this adjustment. This finding illustrates

FIG. 9. The same as in Fig. 1 but when overlapping ordinal sym-
bolic mappings from numerical realizations of the logistic map with
parameter r = 4 are studied.

FIG. 10. The same as in Fig. 9 but when non-overlapping ordinal
symbolic sequences are studied.

the importance of considering the forbidden ordinal patterns
when setting Eq. (2).

FIG. 11. The same as in Fig. 9 but now the analytical approxima-
tions, Eq. (2), were modified taking into consideration the existence
of forbidden ordinal patterns. Thus, the number of symbols k for D
between 3 and 6 are 5, 12, 31 and 75, respectively.

Finally, in Figs. 13 and 14, binary long-range correlated
and Zipf i.i.d. symbolic sequences were tested, respectively.
It should be stressed that they are not ordinal symbolic se-
quences and that they are just included for the sake of com-
parison. In the former case, sign series28 obtained from fGn
simulations with Hurst exponents H ∈ {0.5,0.6,0.7,0.8,0.9}
were generated while pseudorandom numbers that follow a
Zipf distribution with k symbols were simulated in the latter
case. The Zipf distribution follows a power law 1/ f α with
exponent α = 1.

On the one hand, Fig. 13 confirms that the reference values
differ significantly from the approximated theoretical expres-
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 6

FIG. 12. The same as in Fig. 11 but when non-overlapping ordinal
symbolic sequences are studied.

FIG. 13. Mean value of the JSd, ⟨DJS⟩, for 100 independent cor-
related binary sequences with different Hurst exponent H of length
N. JSd between the first half and the second half of these binary
sequences has been estimated. These are not ordinal symbolic se-
quences and dashed line shows the analytical approximation, Eq. (2),
with k = 2.

FIG. 14. The same as in Fig. 13 but when Zipf i.i.d. symbolic se-
quences with k symbols are tested. These are not ordinal symbolic
sequences and the dashed lines show the analytical approximations,
Eq. (2), adapted to the number of symbols considered in each case.

sion when symbolic sequences with long-range memory ef-
fects (H > 0.5) are considered. The same dependence with N
is roughly observed but with a different constant factor. On the
other hand, Fig. 14 illustrates that this approximation works
well for pseudorandom symbolic sequences that follow other,
non-Gaussian, amplitude distributions.

Visual inspection of Fig. 13 reveals that all curves become
parallel in the asymptotic, large-N regime (N ≥ 104). This
parallel alignment suggests that long-range memory intro-
duces a multiplicative constant factor, C(H), into Eq. (2) with-
out altering the scaling exponent. Moreover, the vertical shift
grows with H, indicating that C(H) is an increasing function
of the Hurst exponent in the persistent regime (H > 1/2). This

interesting finding paves the way to look for numerical gen-
eralization that explicitly accounts for memory effects. How-
ever, this analysis is beyond the scope of the present work,
and we plan to systematically explore this extension in future
research.

By contrasting the numerical results across the considered
stochastic and chaotic systems—from Fig. 1 to Fig. 14—it can
be concluded that empirical estimations systematically devi-
ate from the theoretical baseline in highly structured ways.
Specifically, an overestimation is observed when non-trivial
temporal correlations or long-range memories are present
(Figs. 7, 8 and 13) whereas an underestimation is character-
istically associated with overlapping sampling schemes or the
structural constraints of forbidden patterns (Figs. 1, 5, 9, 10
and 11) Consequently, preserving and monitoring the sign of
this bias serves as a powerful diagnostic tool, yielding direct
insights into the underlying physical mechanisms generating
the data.

As a last remark, we note that some discrepancies, much
less noticeable, between numerical results and the theoretical
curves are observed for realizations with the shortest length
(N = 103 data), and when the largest order (D = 6) is imple-
mented for generating the ordinal symbolic sequences — see
Figs. 3, 4, 7 and 8. These discrepancies can be attributed to
finite-size effects. Some ordinal patterns do not appear, i.e.,
there are missing ordinal patterns22, just because the time se-
ries is too short and the cardinality of the permutation set is
too large. Being more precise in mathematical terms, the rule
of thumb N ≫ D! is not accomplished in these particular in-
stances.

IV. OVERLAPPING VERSUS NON-OVERLAPPING
ORDINAL MAPPING SCHEMES: A MORE IN-DEPTH
ANALYSIS

In this second part of our research, we try to understand
why estimated values are systematically lower than those ex-
pected according to Eq. (2) when the overlapping ordinal
scheme is implemented (see Figs. 1, 5 and 11). As this
effect is more evident for smaller orders, in the following,
we focus our analysis on D = 3 and D = 4. We estimate
the relative frequencies of the associated ordinal patterns for
1,000 independent realizations of Gaussian white noise for
both schemes to contrast them. It is very important to note
here that the length of the symbolic sequences N is equal to
104 for both configurations and, consequently, the length of
the original time series before being symbolized has to be
D times larger in the non-overlapping approach. The mean
and standard deviation (as error bars) of the empirical ordi-
nal pattern probabilities (EOPP) for both configurations, over-
lapping and non-overlapping, and for both orders, D = 3 and
D = 4, are depicted in Fig. 15. The ordinal patterns are ar-
ranged and indexed according to their lexicographical order,
as shown in Fig. 2 of Ref. 29. Just for illustrative pur-
poses, Π3 = {π1 = (1,2,3),π2 = (1,3,2),π3 = (2,1,3),π4 =
(2,3,1),π5 = (3,1,2),π6 = (3,2,1)}.

It can be concluded that the mean values for the EOPP are
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 7

FIG. 15. Mean and standard deviation (as error bars) of the EOPP
for 1,000 independent realizations of Gaussian white noise for both
ordinal mapping configurations, overlapping and non-overlapping,
and for orders a) D = 3 and b) D = 4. The length of the symbolic
sequences N is equal to 104 for both schemes and the ordinal patterns
are indexed according to their lexicographical order.

similar, close to 1/6 for D = 3 and to 1/24 for D = 4, as ex-
pected, for both schemes. However, the standard deviations
do not coincide: most of them are lower in the overlapping
case, with the only exception of the ones obtained for π1 and
π24 for D = 4. Moreover, in the overlapping implementa-
tion, the dispersions are not homogeneous, with larger values
for the monotone ordinal patterns than for the non-monotone
ones. A similar but less noticeable result (not shown here for
the sake of space and brevity) is observed for larger orders
D (D = 5 and D = 6). We repeated the same analysis 100
times, estimating then 100 independent values for the stan-
dard deviation of the empirical probability for each ordinal
pattern. Figure 16 shows the mean and standard deviation of
the variability of the EOPP for D = 3 and D = 4 for both
configurations. Significant differences are observed: while
variability estimations are similar for all ordinal patterns for
the non-overlapping setup, they clearly depend on the ordi-
nal pattern when an overlapping scheme is implemented, with
monotone ordinal patterns (π1 and π6 for D = 3, and π1 and
π24 for D = 4) always having the largest values.

To better contrast the observed differences for the EOPP as
a function of the order D, we estimate the global variability
ΣD as the mean of the standard deviation (SD) mean values
obtained for the relative frequencies of the ordinal patterns

ΣD =
∑

D!
i=1⟨SD(EOPP)⟩

D!
, (4)

for the two different schemes. The results obtained are shown
in Fig. 17. The global variability ΣD is smaller in the over-
lapping implementation, especially for small orders D (D = 3
and D = 4). This reduced dispersion leads to the lower than

FIG. 16. Mean and standard deviation (as error bars) of the vari-
ability of the EOPP for 100 repetitions of the analysis for Gaussian
white noises presented in Fig. 15. A comparison between the over-
lapping and non-overlapping ordinal mapping for orders a) D = 3
and b) D = 4 is included. The length of the symbolic sequences N
is equal to 104 for both schemes and the ordinal patterns are indexed
according to their lexicographical order.

expected values estimated for the ⟨DJS⟩ in the previous over-
lapping analyses (Figs. 1, 5 and 11). Moreover, this bias de-
creases as D increases, in line with the findings for ΣD.

FIG. 17. The global variability ΣD, Eq. (4), as a function of the order
D when numerical realizations of Gaussian white noise are analyzed.

Interestingly, this bias is not observed when the ordinary
Brownian motion was tested (Fig. 3). We have performed
the same analysis trying to understand the reason behind this
curious result, and 1,000 independent symbolic sequences of
length N equal to 104 data points obtained from ordinary
Brownian motion realizations were tested for both configura-
tions, overlapping and non-overlapping, and for orders D = 3
and D = 4. Figures 18 and 19 show the mean and standard
deviation (as error bars) of the EOPP and their variability, re-
spectively, while Fig. 20 shows the results obtained for the
global variability (Eq. (4)). In this case, ΣD is similar for
both schemes for each order D. Essentially, we found that
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 8

the higher variability of strictly monotone ordinal patterns in
the overlapping setup compensates for the lower variability
of non-monotone ones. We consider this finding particularly
useful, especially from a practical perspective, since the null
hypothesis can be checked by implementing an overlapping
scheme on much smaller time series and without the presence
of a significant bias.

FIG. 18. The same as in Fig. 15 but for 1,000 independent realiza-
tions of ordinary Brownian motion.

FIG. 19. The same as in Fig. 16 but here the variability of the EOPP
for ordinary Brownian motions are analyzed.

Taking advantage of this fact, in the following, we check
the robustness of this approach to identify the presence of
weak long-range correlations, i.e. Hurst exponent H slightly
larger than 0.5 that confirm dependencies between distant el-

FIG. 20. The same as in Fig. 17 but when numerical realizations of
ordinary Brownian motion are analyzed.

ements and, consequently, non-randomness, when time series
of reduced length L are available. With that goal in mind,
1,000 independent numerical realizations of fGn and fBm
were generated with L = 1,000 data points and Hurst expo-
nents H ∈ {0.50,0.52, . . . ,0.7}. In Figs. 21 and 22, ⟨DJS⟩
is plotted as a function of H when persistent dynamics are
contrasted against fully random counterparts. References are
white noises and ordinary Brownian motions in the fGn and
fBm analyses, respectively. Both schemes, overlapping and
non-overlapping, with orders D = 3 and D = 4 were imple-
mented. After comparing the results obtained, it is concluded
that applying the pJSd directly on the process (fBm) by using
an overlapping scheme seems to be the optimal framework
since the best discrimination is achieved. In particular, for
D = 4, fBm with Hurst exponent H = 0.6 is robustly distin-
guished from the ordinary Brownian motion with H = 0.5,
which represents the random reference in this case.

FIG. 21. Mean and standard deviation (as error bars) of the pJSd,
⟨DJS⟩, between numerical realizations of fGn with Hurst exponent
H ∈ {0.50,0.52, . . . ,0.7} and their fully random references, i.e.,
white noises of the same length L. A total of 1,000 independent
numerical realizations with L = 1,000 data points were generated
for each H. Results obtained for overlapping (top plots a) and b))
and non-overlapping schemes (bottom plots c) and d)), and D = 3
(left plots a) and c)) and D = 4 (right plots b) and d)) are included.
Dashed lines show the analytical value obtained from Eq. (2) adapted
to each case.

We consider this finding relevant enough because the iden-
tification of subtle long-range temporal correlations from
small time series represents a crucial challenge in several sci-
entific fields. It is clear that this information is essential for
modeling and forecasting purposes. For example, the pres-
ence of this memory effect in financial time series confirms

Th
is 

is 
the

 au
tho

r’s
 pe

er
 re

vie
we

d, 
ac

ce
pte

d m
an

us
cri

pt.
 H

ow
ev

er
, th

e o
nli

ne
 ve

rsi
on

 of
 re

co
rd

 w
ill 

be
 di

ffe
re

nt 
fro

m 
thi

s v
er

sio
n o

nc
e i

t h
as

 be
en

 co
py

ed
ite

d a
nd

 ty
pe

se
t.

PL
EA

SE
 C

IT
E 

TH
IS

 A
RT

IC
LE

 A
S 

DO
I: 

10
.10

63
/5.

03
41

34
5



Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 9

FIG. 22. The same as in Fig. 21 but for fBm. In this case the fully
random references are ordinary Brownian motion realizations.

deviations from the Efficiency Market Hypothesis (EMH) that
is ideally assumed for them30. Identifying periods of higher or
lower efficiency over time can help to understand which fac-
tors govern the performance of stock market dynamics. Next,
we will validate the practical utility of this approach by apply-
ing it to a significant financial time series: the Bitcoin hourly
price. Finally, it is worth noting that the improved perfor-
mance of ordinal analysis on the process (fBm) compared to
noise (fGn) to detect long-range dependencies aligns with pre-
vious findings31.

V. A FINANCIAL REAL-WORLD ILLUSTRATIVE
APPLICATION

To demonstrate the practical utility of the previously in-
troduced ordinal approach, we apply it to characterize the
informational efficiency of Bitcoin (BTC). Historical hourly
price data were retrieved from the CryptoCompare API via
the v2/histohour endpoint32. The resulting dataset, spanning
from January 1, 2018, to November 11, 2024, consists of
60,145 observations of hourly closing prices. The length and
granularity of this time series provide the high-frequency res-
olution necessary to investigate the complex dynamical phe-
nomena examined in this study. Moreover, the analysis was
conducted directly on prices taking into consideration that the
ordinary Brownian motion is a widely accepted basic mathe-
matical model for financial price data that satisfy the EMH33.

A sliding window approach has been implemented with
rolling windows of size L= 1,000 data points and a step equal
to one data point. This dynamical analysis offers the possibil-
ity to unveil the presence of hidden temporal correlations and,
consequently, signatures of market inefficiencies, during spe-
cific time periods within the financial record.

Figure 23 shows the mean and standard deviation (as error
bar) of the pJSd of each rolling window with respect to 100
independent numerical realizations of the ordinary Brownian
motion, which is the efficiency benchmark in this case, for
D = 4 and an overlapping scheme. We have confirmed that
this is the optimal setup since results for D = 3 and/or a non-
overlapping scheme (not shown for the sake of space) are not
so clear. The results obtained for each year were included sep-
arately for better visualization. The dates detailed on the x axis
correspond to the last date of each rolling window. It can be

concluded that the distance to the null hypothesis evolves dy-
namically, with certain time periods in which significant sta-
tistical deviations from the EMH are robustly identified. The
number of rolling windows in which the null hypothesis can
be rejected decreases with time. This trend toward greater
consistency with the EMH can be interpreted as a proof of the
evolution of the BTC market to maturity, which is in line with
the findings of previous investigations34–36. Although link-
ing inefficient time periods with historical events could yield
valuable insights, this analysis should be done carefully, and
it is beyond the scope of the present work. We believe that
the included results confirm the robustness of the proposed
approach and successfully illustrate its implementation in a
practical context.

VI. CONCLUSIONS

Discriminating whether two time series originate from the
same system and/or have the same dynamical properties is es-
sential for a better understanding and classification of them.
The pJSd has recently been proposed for such a purpose. In
order to reach reliable conclusions within this framework, it
is necessary to characterize the robustness and finite-size bias
of its estimated values. In this work, we try to fill this gap on
the basis of heuristic analyses, and some useful conclusions
have been obtained for a robust implementation of the pJSd in
practical applications. Our more important findings are sum-
marized below.

We have compared the performances of the overlapping and
non-overlapping ordinal schemes when mapping the original
time. It is clear that the overlapping approach introduces spu-
rious temporal correlations, that unavoidably generate a bias
with the analytical expression. However, we have found that
this bias is reduced by increasing the number of symbolic el-
ements, i.e., by using larger orders D. The observed discrep-
ancies are more noticeable in the case of fBm with long-range
correlations. We conjecture that the mapped ordinal sym-
bolic sequences obtained from this fractal stochastic model
are not i.i.d, keeping some of the underlying memory. On the
other hand, there is an excellent agreement between numer-
ical results and analytical approximation in the case of ordi-
nary Brownian motion (memoryless) in both, overlapping and
non-overlapping, setups.

When dealing with chaotic systems, it is necessary to take
into account the presence of forbidden ordinal patterns asso-
ciated with them. The number of admissible ordinal motifs
should be considered when setting the number of symbols k
in Eq. (2). We confirmed that for symbolic sequences with
long-range correlations, the estimated numerical values are
significantly higher than the analytical approximation. Con-
versely, agreement is excellent for pseudorandom sequences
following non-Gaussian amplitude distributions.

In-depth investigation confirms that the remarkable agree-
ment between the numerical results and the analytical approx-
imation for ordinary Brownian motion is attributable to EOPP
variability. Based on this finding, we then confirm that ap-
plying an overlapping ordinal scheme directly to the process
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Assessing the robustness of permutation Jensen-Shannon divergence estimated values for time series analysis 10

FIG. 23. Dynamical analysis of BTC hourly prices from January 2018 to November 2024. Mean and standard deviation (as error bar) of
the pJSd of each rolling window with respect to 100 independent numerical realizations of the ordinary Brownian motion estimated by using
D = 4 and an overlapping scheme are plotted for years: a) 2018, b) 2019, c) 2020, d) 2021, e) 2022, f) 2023, and g) 2024. Windows of size
L = 1,000 data points and maximum overlapping between windows, i.e. step equal to one data point, have been implemented. Dashed line
shows the analytical value obtained from Eq. (2) adapted to this case, i.e., k = 4! and N = 2× (L−D+1) = 1994.

(fBm) is the best alternative for unveiling the presence of sub-
tle long-range temporal correlations from small time series.
We demonstrate the practical utility of this framework by ap-
plying it to evaluate the efficiency of a real-world financial
time series.

The behavior observed for binary long-range correlated se-
quences (Fig. 13) suggests that the presence of memory mod-
ifies the analytical equation obtained for uncorrelated sym-
bolic sequences by introducing a multiplicative constant fac-
tor, while maintaining the same dependence on the symbolic
sequence length N. Comprehensive numerical and analytical

investigations will be pursued in future work to formally vali-
date this hypothesis.
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Appendix: Stochastic and chaotic systems

The different stochastic and chaotic systems considered
along this work are detailed below.

• fractional Gaussian noise (fGn): proposed by Mandel-
brot and Van Ness37, it is a family of stationary Gaus-
sian stochastic processes characterized by the Hurst ex-
ponent H, a real parameter strictly bounded within the
interval (0,1). When H = 1/2, the process reduces to
the standard, uncorrelated Gaussian white noise. Con-
versely, the correlations are negative (anti-persistence)
for H < 1/2 and positive (persistence) for H > 1/2.
Moreover, these correlations are summable in the for-
mer case and not summable in the latter one. Due to
this divergence property, fGn with H ∈ (1/2,1) is often
referred to as long-range correlated. fGn has a power
spectrum of the form S( f ) ∼ 1/ f β with the exponent
β = 2H −1 (−1 < β < 1).

• fractional Brownian motion (fBm): it is a family of
stochastic processes that are Gaussian, self-similar, and
endowed with stationary increments. Actually, fGn is
the stationary increment process of the non-stationary
fBm. The same Hurst parameter is shared by them,
and when H = 1/2 the classical Brownian motion is
recovered from the fBm family. Because fBm is non-
stationary, its traditional Fourier transform does not ex-
ist. However, a generalized power spectrum S( f ) ∼
1/ f β with exponent β = 2H +1 (1 < β < 3) can be as-
sociated with it. It is worth remarking that both stochas-
tic processes, fGn and fBm, have been widely accepted
to represent and analyze real-world data that exhibits
fractal properties and power-law correlations24.

• Logistic map: defined by the quadratic recurrence equa-
tion xn+1 = rxn(1−xn), it represents a prototypical ex-
ample of how simple nonlinear equations can generate
complex phenomena38. In particular, a chaotic dynam-
ics with Lyapunov exponent λ = ln2 is obtained when
the bifurcation parameter r = 4.
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